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Abstract

is licentiate thesis is divided into two main parts. e rst part considers
alternating direction method of multipliers ( ) for ℓ1 regularized optimization
problems and the second part considers applications oriented input design for model
predictive control ( ).

Many important problems in science and engineering can be formulated as convex
optimization problems. As such, they have a unique solution and there exist very
efficient algorithms for nding the solution. We are interested in methods that can
handle big, in terms of the number of variables, optimization problems in an efficient
way. Large optimization problems are common in many elds of research, for example,
the problem of feature selection from huge medical data sets. is a method capable
of handling such problems. We derive a scalable and efficient algorithm based on
for two ℓ1 regularized optimization problems: ℓ1 mean and covariance ltering that
occur in signal processing, and ℓ1 regularized that is a speci c type of model based
control.

System identi cation provides tools for estimating models of dynamical systems
from experimental data. e application of such models can be divided into three
main categories: prediction, simulation and control. We focus on identifying models
used for control, with special attention to . e objective is to minimize a cost
related to the identi cation experiment while guaranteeing, with high probability,
that the obtained model gives an acceptable control performance. We use applications
oriented input design to nd such a model. We present a general procedure of
implementing applications oriented input design to unknown, and possibly nonlinear,
systems controlled using . In addition, we show that the input design problem
obtained for output-error systems has the same simple structure as for nite impulse
response systems.
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Introduction

is licentiate thesis is divided into three main parts: Part A considers the application
of alternating direction method of multipliers ( ) to ℓ1 regularized optimization
problems, Part B deals with applications oriented input design with focus on model
predictive control ( ), and Part C describes the optimal input signal design toolbox
called . Each part begins with an introduction to the respective area, therefore
none is provided here. Below follows a list of the conference papers on which this thesis
is based, and a short outline describing each chapter in the thesis.

Outline

e outline of the thesis is as follows.
Part A considers how to apply to some ℓ1 regularized optimization problems

that occur in signal processing and control design. e rst chapter (A.1) is a brief
introduction to and the general problem formulation is stated. e second
chapter (A.2) provides a short mathematical background to ℓ1 regularization, mean and
covariance ltering, and . e third chapter (A.3) describes how to apply

to mean and covariance ltering problems. In the fourth chapter (A.4),
is instead applied to ℓ1 regularized . In the fth and last chapter some conclusions
are drawn.

Part B deals with system identi cation with focus on applications oriented input
design. e rst chapter (B.1) gives a short introduction to system identi cation
and the notion of applications oriented identi cation. Also, the general problem
statement is provided. In the second chapter (B.2), a short mathematical background
is given to system identi cation in general and applications oriented input design
in particular. e third and fourth chapters (B.3 and B.4, respectively) consider
applications oriented input design for output-error ( ) systems and systems controlled
with , respectively. In the fth chapter (B.5) some conclusions are stated.

Part C describes , a model based optimal input signal design toolbox. e

1



2 CONTENTS

rst chapter (C.1) gives a short introduction to . In the second chapter (C.2),
a small user guide is provided and an example is illustrated. e toolbox has been
developed in close collaboration with Christian A. Larsson.

Contributing papers

is thesis is based on seven conference papers. Each chapter and the corresponding
conference paper that it is, partly or entirely, based on are listed below.

Part A:

• Chapter A.2.
B. Wahlberg, C. R. Rojas and M. Annergren. On ℓ1 Mean and Variance
Filtering. In Proceedings of the 45th Annual Asilomar Conference on Signals,
Systems, and Computers, Paci c Grove, November 2011.

• Chapter A.3.
B. Wahlberg, S. Boyd, M. Annergren and Y. Wang. An Algorithm for a
Class of Total Variation Regularized Estimation Problems. In Proceedings of the
16th IFAC Symposium on System Identi cation, Brussels, July 2012.

• Chapter A.4.
M. Annergren, A. Hansson and B. Wahlberg. An Algorithm for Solving
ℓ1 Regularized . To appear in Proceedings IEEE Conference on Decision and
Control, Maui, December 2012.

Part B:

• Chapter B.2.
B. Wahlberg, M. Annergren and H. Hjalmarsson. On Optimal Input Design in
System Identi cation for Control. In Proceedings IEEE Conference on Decision
and Control, Atlanta, December 2010.

• Chapter B.3.
B. Wahlberg, M. Annergren and C. R. Rojas. On Optimal Input Signal Design
for Identi cation of Output Error Models. In Proceedings IEEE Conference on
Decision and Control, Orlando, December 2011.

• Chapter B.4.
C. A. Larsson, M. Annergren and H. Hjalmarsson. On Optimal Input Design
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for Model Predictive Control. In Proceedings IEEE Conference on Decision and
Control, Orlando, December 2011.

Part C:

• All chapters.
M. Annergren and C. A. Larsson. : A model based optimal input design
toolbox. In Proceedings of the 16th IFAC Symposium on System Identi cation,
Brussels, July 2012.

Notation

Here follows a list of the notation used in this thesis.

• , alternating direction method of multipliers.

• , nite impulse response.

• , model predictive control.

• , output-error.

• R, the set of real numbers.

• Rn, the set of real vectors of dimensions n× 1.

• Rn×m, the set of real matrices of dimensions n× m.

• Rn×m
+ , the set of real positive semi-de nite matrices of dimensions n× m.

• Rn×m
++ , the set of real positive de nite matrices of dimensions n× m.

• Rn×m
− , the set of real negative semi-de nite matrices of dimensions n× m.

• Rn×m
−− , the set of real negative de nite matrices of dimensions n× m.

• Sn, the set of real symmetric matrices of dimensions n× m.

• Sn+, the set of real positive semi-de nite symmetric matrices of dimensions n×m.

• Sn++, the set of real positive de nite symmetric matrices of dimensions n× m.

• Sn−, the set of real negative semi-de nite symmetric matrices of dimensions n×
m.
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• Sn−−, the set of real negative de nite symmetric matrices of dimensions n× m.

• A ≽ B, the matrix A− B is positive semi-de nite.

• A ≻ B, the matrix A− B is positive de nite.
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Chapter A.1

Introduction

Many mathematical problems in areas such as signal processing, machine learning and
control design can be formulated as convex optimization problems. Such problems
have a unique solution and there exist good methods for solving them both accurately
and efficiently. For an introduction to convex optimization, see for example Boyd and
Vandenberghe (2004). However, due to the increasing storage capability of modern
computers, several of these problems have grown huge in terms of the number
of variables used. One example of such a problem is data analysis made on huge
nancial data sets. is calls for optimization algorithms that are well-suited for large

problems. It is suggested in Boyd et al. (2011) that is such an algorithm.
is a numerical algorithm that divides the original optimization problem into

several subproblems that are solved iteratively until convergence. For many important
applications, the subproblems are easy to solve. e main feature of is that it
reaches adequate accuracy for many large problems in a small number of iterations.
Boyd et al. (2011) show that for several well-know problems in signal processing
the subproblems in have analytic solutions, making the original problem
particularly easy to solve.

A.1.1 Problem formulation

e general problem formulation considered in Part A is how to apply to an
ℓ1 regularized optimization problem that occurs in both mean estimation, covariance
estimation and control design.

In Chapter A.2, we consider the problem of ℓ1 mean and covariance ltering,
under the assumption that the mean and covariance are piecewise constant. We show
that using provides a scalable and efficient algorithm for this problem.

7



8 Introduction

In Chapter A.3, we implement on an ℓ1 regularized open-loop control
problem. is problem may, for example, occur in ℓ1 regularized . We show that,
also here, we obtain a scalable and efficient algorithm.

A.1.2 Related work

We consider ℓ1 regularized optimization problems, where the ℓ1-norm is used to
promote sparsity of some linear combination of the decision variables. Many such
problems are versions of the (least absolute shrinkage and selection operator)
introduced in (Tibshirani, 1996). An interesting application of ℓ1 regularization is
total variation denoising (Rudin et al., 1992). is has served as inspiration for the
ℓ1 mean and covariance ltering considered in this thesis.

Mean and covariance ltering is an important problem in several elds of research,
for example economics and biology. It is used for processing data and to discover trends.
rough knowledge of the trends one can, for instance, simplify the task of identifying
parametric models describing the data.

In Kim et al. (2009), they perform ℓ1 trend ltering. ey assume that the mean
is piecewise linear and they use an interior-point method (Boyd and Vandenberghe,
2004, ch. 11.7) to solve the optimization problem. In this thesis, we consider instead
a piecewise constant mean and we use to nd the solution.

In Banerjee et al. (2008), they do model selection based on multivariate Gaussian
data, that is, they nd the sparsity pattern (elements equal to zero) of the inverse
covariance matrix of the data. To promote sparsity, an ℓ1 regularized maximum
likelihood estimator is used and to obtain a convex optimization problem, the decision
variable is chosen as the inverse covariance matrix. In this thesis, we also use an ℓ1
regularized maximum likelihood estimator and the inverse covariance matrix as the
decision variable. However, we seek to nd a piecewise constant covariance matrix
instead of its sparsity pattern, and we use .

Many implementations boil down to solving a quadratic program (Boyd and
Vandenberghe, 2004, ch. 4.4) at each sampling instance of the system. is requires
methods than can nd and implement the optimal solution at the same rate as the
sampling time. e available methods can be divided into two main groups: explicit

and on-line .
In explicit , the solutions to all possible quadratic programs are calculated off-

line and then stored in a look-up table to be used on-line. Unfortunately the size of
the table grows exponentially with respect to the time horizon, number of states and
input dimensions used in the (Wang and Boyd, 2010). erefore, explicit is
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not suitable for medium - to large scale problems. For an example of explicit , see
Bemporad et al. (2002).

In on-line , the quadratic program is solved in real-time at each sampling in-
stance. Depending on the system to be controlled and the size of the over-all quadratic
program, this may require a very fast and efficient algorithm. ree commonly used
algorithms are the interior-point method, active set method and fast gradient method.
For examples of an interior-point method used for , see Wang and Boyd (2010)
and Rao et al. (1998), an active set method, see Ferreau et al. (2008), and a fast gradient
method, see Richter et al. (2009).

Several tricks exist for improving the speed of on-line when using an interior-
point method. In Wang and Boyd (2010), they emphasize two already known ideas,
exploitation of problem structure and warm-start of algorithm, and a new idea
consisting of early termination of the algorithm. ey show in a simulation study that,
even though the optimal solution obtained in each sample is less accurate, the control
performance remains acceptable.

In addition, a Riccati recursion is commonly used in both interior-point and active
set methods to efficiently solve the set of linear equations that occur when nding the
optimal solution.

In this thesis, we consider a new formulation called ℓ1 regularized
(Gallieri and Maciejowski, 2012). We derive an efficient on-line algorithm based on

, where we make use of a Riccati recursion.
was developed in the 1970s. It is a special case of Douglas-Rachford splitting

(Eckstein and Bertsekas, 1992) and it is related to other optimization algorithms, for
example, dual ascent, method of multipliers and Bregman iterative algorithms for ℓ1
problems, Bertsekas (1999), Bertsekas (1996) and Osher et al. (2005), respectively. e
key ideas used to apply to the ℓ1 regularized optimization problems considered
in this thesis are very much inspired by the techniques described in Boyd et al. (2011).





Chapter A.2

Background

In this chapter we present the necessary mathematical background to and some
speci c applications. ese applications are ℓ1 regularized optimization problems that
may occur in mean and variance ltering, and in . e outline is as follows. First,
we describe the features and different usages of ℓ1 regularization. Second, we present
the well-known problem of estimating the mean and covariance of a stochastic signal.
ird, we provide a mathematical formulation of the considered in this thesis.
Fourth, and last, we describe in detail the general problem formulation considered,
and how it can be solved using .

A.2.1 ℓ1 regularization

Consider the problem of tting an unknown vector x∈Rnx to the equation Ax = b,
for some matrix A∈Rnb×nx and data vector b∈Rnb . e problem can be formulated
as the optimization problem

minimize
x

∥Ax− b∥. (A.2.1)

e solution of (A.2.1) is the values of x that best ful lls Ax = b with respect to the
norm ∥(·)∥. Consider now that we want to add some additional requirements on x.
ese may spring from prior knowledge about the true values of x or from some desired
properties of the solution x. For example, we might know that the norm of x is small.
Such information can be included in the objective function by adding a regularization
term that penalizes the size of the norm. For example,

minimize
x

∥Ax− b∥+ γ∥x∥, (A.2.2)

where γ is a positive scalar. ere is a trade-off between the two terms of the objective
function in (A.2.2), which is determined by the value of γ. e solution is the x that

11



12 Background

best ts Ax = b while keeping the norm of x small. A well-known version of (A.2.2)
is the least-squares approximation with ℓ1-norm regularization. at is,

minimize
x

∥Ax− b∥2
2 + γ∥x∥1, (A.2.3)

where

∥x∥1 =

nx∑
i=1

|xi|,

or if we were to consider a matrix X,

∥X∥1 =
∑
i,j

|Xi,j|,

where Xi,j denotes the matrix element on row i and column j. e optimization
problem (A.2.3) also goes under the name least absolute shrinkage and selection
operator ( ) (Tibshirani, 1996). e ℓ1-norm favors sparse solutions, that is
solutions with many elements of x equal to zero, see Boyd and Vandenberghe (2004,
p. 300-301). erefore, the solution of (A.2.3) is the x that best ts Ax = b while
keeping x sparse. A more general version of (A.2.3) is

minimize
x

∥Ax− b∥2
2 + γ∥Dx∥1, (A.2.4)

where D is a matrix of appropriate dimensions. e matrix D corresponds to some
prior knowledge (or desired properties) of x. For example, ifD is the forward difference
operator we assume that x is piecewise constant. e optimization problem (A.2.4) is
called the generalized (Tibshirani and Taylor, 2010). e and its various
versions are well-known methods in signal processing, see for example Osher et al.
(2005), and they have gained interest in other research communities, such as system
identi cation, see Ohlsson et al. (2010).

A.2.2 ℓ1 mean and covariance filtering

We consider mean and covariance ltering, that is, the problem of recovering estimates
of the mean vector and covariance matrix of a signal from a sequence of measurements.
We make three assumptions in our problem statement:

• the mean vector is piecewise constant,
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• the covariance matrix is piecewise constant,

• the measurements are a sequence of independent normal distributed random
vector variables.

By piecewise constant, we mean that the mean vector or covariance matrix remains the
same for several measurements in a row. To emphasize a piecewise constant estimate,
we make use of ℓ1 regularized maximum likelihood estimators (Wahlberg et al., 2011).

General problem

Consider a sequence of normally distributed random vector variables

yi ∼ N (ȳi,Σi), i = 1, . . . ,N,

where yi ∈ Rny is the measurement, ȳi ∈ Rny is the mean vector, and Σi ∈ Sny++ is
the covariance matrix of yi, respectively. From assumptions we know that, ȳi = ȳi+1
and Σi = Σi+1 for most values of i. We want to estimate the mean vector and the
covariance matrix given N measurements.

We use an ℓ1 regularized maximum likelihood method to solve the estimation
problem. In the maximum likelihood method, we maximize the probability of the
estimated mean vector and covariance matrix yielding measurements yi.

e likelihood of the measurements yi, given the mean vector ȳi and the covariance
matrix Σi, is provided by the conditional joint probability density function of all the
measurements,

f (y1, . . . , yN| ȳ1, . . . , ȳN,Σ1, . . . ,ΣN) =

N∏
i=1

f (yi| ȳi,Σi),

with

f (yi| ȳi,Σi) =
1

(2π)ny/2
1

(det(Σi))1/2 exp
(
− 1

2
(yi − ȳi)

TΣ−1
i (yi − ȳi)

)
.

Here, we made use of the fact that the measurements are a sequence of independent
normal distributed random vector variables. e log-likelihood is given by

l(y1, . . . , yN| ȳ1, . . . , ȳN,Σ1, . . . ,ΣN) =
N∑
i=1

log( f (yi| ȳi,Σi)) =

−
Nny
2

log(2π) +
1
2

N∑
i=1

(
log det(Σ−1

i )− yTi Σ
−1
i yi − ȳTi Σ

−1
i ȳi + 2yTi Σ

−1ȳi

)
.

(A.2.5)
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Note that maximizing the likelihood function provides the same solution as maximiz-
ing the log-likelihood function. e log-likelihood function (A.2.5) is not concave in
the variables ȳi and Σi for i = 1, . . . ,N, and is therefore difficult to maximize. For this
reason, we introduce new variables

xi = Σ−1
i ȳi, Xi = Σ−1

i ,

where xi∈Rny and Xi∈Sny++. We insert the new variables in the log-likelihood function
(A.2.5) as follows:

l(y1, . . . , yN|x1, . . . , xN,X1, . . . ,XN) =

−
Nny
2

log(2π) +
1
2

N∑
i=1

(
log detXi − yTi Xiyi − xTi X

−1
i xi + 2xTi yi

)
.

(A.2.6)

e log-likelihood function (A.2.6) is concave in the new variables xi and Xi for i =
1, . . . ,N. erefore, the negative log-likelihood function is convex. Hence, we can
maximize the likelihood of xi and Xi providing the measurements yi by minimizing the
negative log-likelihood function. us, we can formulate an ℓ1 regularized maximum
likelihood estimator of the piecewise constant mean vector and covariance matrix as
the solution to the optimization problem

minimize
xi,Xi,i=1,...,N

−1
2
∑N

i=1

(
log detXi − yTi Xiyi − xTi X

−1
i xi + 2xTi yi

)
+

λ1
∑N−1

i=1 ∥xi+1 − xi∥1 + λ2
∑N−1

i=1 ∥Xi+1 − Xi∥1,
subject to Xi ≻ 0, i = 1, . . . ,N.

(A.2.7)

We disregard the rst term in (A.2.6) since it is independent of xi and Xi. We added two
penalization terms to the negative log-likelihood function in the objective function.
e penalization terms are ℓ1-regularization terms. e weights λ1 and λ2 determine
how much emphasis should be put on nding piecewise constant xi and Xi. Note that

Xi+1 = Xi ⇔ Σi+1 = Σi,

but

xi+1 = xi ⇔ ȳi+1 = ȳi, if Σi+1 = Σi.

In other words, the estimated mean vector is in general forced to switch value between
two different time instants, if the estimated covariance matrix switches value.
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e optimization problem (A.2.7) is a convex problem and can as such be solved
using standard optimization tools, such as cvx, a package for specifying and solving
convex optimization problems (Grant and Boyd, 2011). cvx calls generic semi-de nite
programming solvers SeDuMi (Toh et al., 1999) or SDPT3 (Sturm, 1999) to solve the
problem.

In the following two sections, we explore two special cases of ℓ1 mean and
covariance ltering. e rst case is ℓ1 mean ltering, where we assume that the
covariance matrix is known and constant. e second case is ℓ1 covariance ltering,
where we instead assume that the mean vector is known and constant.

ℓ1 mean filtering

We assume that the covariance matrix is known and constant. Hence, we have Σi = Σ
for i = 1, . . . ,N. We want to minimize the negative log-likelihood function (A.2.5)
with respect to the mean vector ȳi for i = 1, . . . ,N, while keeping ȳi piecewise
constant. e optimization problem can be formulated as

minimize
ȳi,i=1,...,N

−1
2
∑N

i=1(yi − ȳi)
TΣ−1(yi − ȳi) + λ1

∑N−1
i=1 ∥ ȳi+1 − ȳi∥1. (A.2.8)

Here, we used the original variables because they yield a simpler expression. Also, the
ℓ1 mean ltering with the original variables is a convex formulation. e optimization
problem (A.2.8) is equivalent to (A.2.7), except for a scaling by Σ−1 in the ℓ1
regularization term in (A.2.7).

ℓ1 covariance filtering

We assume that the mean vector is known and constant. at is, we have ȳi = ȳ, or
in the new variables xi = x, for i = 1, . . . ,N. We want to minimize the negative log-
likelihood function with respect to the covariance matrix Σi for i = 1, . . . ,N, while
keepingΣi piecewise constant. We can without loss of generality assume that the mean
vector is zero. e optimization problem is equivalent to (A.2.7) with xi set to zero for
i = 1, . . . ,N. at is,

minimize
Xi,i=1,...,N

−
∑N

i=1

(
log detXi − yTi Xiyi

)
+ λ2

∑N−1
i=1 ∥Xi+1 − Xi∥1,

subject to Xi ≻ 0, i = 1, . . . ,N.
(A.2.9)
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Figure A.2.1 Example A.2.1: ℓ1 variance ltering. Estimated variance (. ), true variance
(. ), and measurements (... ).

Example A.2.1 (ℓ1 variance filtering)
Consider a scalar signal yi ∼ N (0,Σi) for i = 1, . . . 1000, where

Σi =


2 if 0 < t ≤ 250,
1 if 250 < t ≤ 500,
3 if 500 < t ≤ 750,
1 if 750 < t ≤ 1000.

We want to estimate the variance based on 1000 measurements. To obtain the estimates
we solve problem (A.2.9). We choose, after some manual tuning, λ2 = 220. We use
cvx (Grant and Boyd, 2011) to solve the optimization problem. Figure A.2.1 shows
the resulting estimates of Σi, the true values of Σi and the measurements yi for i =
1, . . . , 1000.

Remark. Note that the variance estimates obtained in Example A.2.1 have a bias.
However, the placement in time for the segments with the same variance are estimated
well. One idea is to rst estimate the placement of the segments and then, in a second
step, estimate the level of the variance in each segment.
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A.2.3 Model predictive control

is a model based control design. In each iteration of the control loop, an optimiza-
tion problem is solved that provides the input signal to apply to the system. Figure
A.2.2 shows the considered control loop. e main ingredients in the optimization
problem are the model, the decision variables, the cost function and the constraints.

Model

We consider multivariate systems that are linear, time invariant, asymptotically stable,
causal and in discrete time. e system is given in state-space form as

S : x(t+ 1) = Ax(t) + Bu(t) + v(t),
y(t) = Cx(t) + w(t),

where x(t) ∈ Rnx is the state vector, u(t) ∈ Rnu is the input vector, v(t) ∈ Rnv is the
process noise, y(t)∈Rny is the output vector and w(t)∈Rnw is the measurement noise.
e matrices A, B andC are the system matrices and S denotes the system. We consider
a model of the system S given on the innovations form (Ljung, 2010, p. 99),

M : x(t+ 1) = Ax(t) + Bu(t) + Ke(t),
y(t) = Cx(t) + e(t),

(A.2.10)

where the matrix K is the Kalman gain (Ljung, 2010, p. 98-99), e(t) is a noise signal
andM denotes the model. e model is used in the to predict the output response
of the system.

Decision variables

e decision variables are the predicted input signals for a xed number of time steps
ahead of time. at is, the optimization problem is solved with respect to the input
vector û(t+ i|t) for i = 0, . . . ,Hu − 1, where û(t+ i|t) is the predicted input vector
given measurements up to time t and the model in (A.2.10) and Hu is the control
horizon, which determines how far ahead in time we predict the input signal. e
predicted input signal û(t|t) is then applied to the system.

Cost function

We consider the control objective of driving the output signal towards a reference
trajectory, the servo problem, while penalizing steps in the input signal. Such a control
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Figure A.2.2 Block diagram of the control loop with . Here, r(t) is the reference signal,
v(t) is the process noise, w(t) is the measurement noise, y(t) is the output signal, x̂(t|t) is
the estimated state provided by the observer at the current time t, and û(t|t) is the optimal
input signal given by the solution of the optimization problem.

objective can be described by the cost function

V(t) =∥x̂(t+Hp|t)∥2
2,Q̄ +

Hp∑
i=1

∥ŷ(t+ i− 1|t)− r(t+ i− 1|t)∥2
2,Q+

Hu∑
i=1

∥∆û(t+ i− 1|t)∥2
2,R,

(A.2.11)

where ∥x∥2
2,A = xTAx. e cost function penalizes the terminal state, output deviation

from the reference signal r(t+ i|t) and steps in the input signal. In (A.2.11), x̂(t+ i|t)
and ŷ(t+ i|t) are the predicted state and output vectors, respectively, at time t+ i given
measurements up to time t and the model in (A.2.10). Moreover,

∆û(t+ i|t) = û(t+ i|t)− û(t+ i− 1|t).

e prediction and control horizons are denoted Hp and Hu respectively, and we
assume that ∆û(t + i|t) = 0 for all i ≥ Hu. e matrices Q̄ ∈ Snx+ , Q ∈ Sny+ and
R∈Snu+ are weights.
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Constraints

We usually have constraints on the magnitudes of the input signal and the output
signal. However, any constraint that is convex in the decision variable can be used. We
denote the constraints as

û(t+ i|t) ∈ U , i = 1 . . .Hu − 1,
ŷ(t+ i|t) ∈ Y, i = 1 . . .Hp,

where U and Y are the sets of feasible input and output signals, respectively.

Optimization problem

We can formulate the optimization problem solved in each iteration of the as

minimize
û(t+i−1|t),i=0,...,Hu−1

V(t),

subject to x̂(t+ i|t) = Ax̂(t+ i− 1|t) + Bû(t+ i− 1|t), i = 1, . . . ,Hp,
ŷ(t+ i− 1|t) = C x̂(t+ i− 1|t), i = 1, . . . ,Hp,
û(t+ i|t) ∈ U , i = 0, . . . ,Hu − 1,
ŷ(t+ i|t) ∈ Y, i = 0, . . . ,Hp,
∆û(t+ i|t) = 0, i ≥ Hp,

(A.2.12)
for some initial state x̂(t|t). e initial state is usually provided by an observer. e
optimization problem (A.2.12) is similar to standard formulations such as the ones
found in Maciejowski (2002).

Receding horizon

e optimization problem in (A.2.12) is solved with respect to the predicted input
vector û(t+ i− 1|t) for i = 1, . . . ,Hu. e input vector at the rst time step, û(t|t),
is applied to the system. e state vector is updated according to measurements and,
if necessary, an observer. e optimization problem in (A.2.12) is updated and solved
again. e described procedure is repeated until some nal time step, in accordance
to the receding horizon idea, see Maciejowski (2002, p. 7-10). Note that closed loop
stability is not in general guaranteed. Typically, the terminal state penalty in the cost
function can be used to obtain closed loop stability (Maciejowski, 2002, ch. 6).
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A.2.4 Alternating direction method of multipliers

is a numerical algorithm for solving optimization problems. e method
combines the problem separability offered by the dual ascent method with the nice
convergence properties of the method of multipliers. For an overview of the dual ascent
method and the method of multipliers, see Bertsekas (1999, ch. 6) and Bertsekas
(1996), respectively. e algorithm is a special case of Douglas-Rachford
splitting (Gabay, 1983, ch. 5.1). In Douglas-Rachford splitting, extra variables are
introduced that allow for decomposability of the optimization problem. In the
following sections, we give a short introduction to the dual ascent method and the
method of multipliers, and go through the algorithm. A rigorous overview and
historical background of , with appropriate references, is provided by Boyd et al.
(2011).

Dual ascent method

e dual ascent method is a numerical algorithm for solving optimization problems of
the form

minimize
x

f (x),

subject to Ax = b.
(A.2.13)

e Lagrangian of (A.2.13) is de ned as

L(x, xd) = f (x) + xTd (Ax− b), (A.2.14)

where xd is the dual variable. e dual ascent method consists of two steps, which are
iterated until convergence. First, the Lagrangian (A.2.14) is minimized with respect to
x. Second, the dual variable is updated. Formally,

xk+1 = arg min
x

{L(x, xkd)}, (A.2.15)

xk+1
d = xkd + αk(Axk+1 − b), (A.2.16)

where k denotes the iteration number, and αk is the size of the step taken in the
direction of Axk+1 − b. We see that if f (x) is separable in the elements of x, the
minimization problem (A.2.15) can be decomposed into several problems and solved
in parallel, see Example A.2.2. Unfortunately, the conditions under which the iterates
xk and xkd are guaranteed to converge to the optimal solution are quite conservative
(Boyd et al., 2011, ch. 3.1).
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Example A.2.2 (Separability)
Consider the optimization problem

minimize
x1,x2

f1(x1) + f2(x2),

subject to
[
a11 a12
a21 a22

] [
x1
x2

]
=

[
b1
b2

]
.

e minimization problem (A.2.15) is[
xk+1
1
xk+1
2

]
= arg min

x1,x2
{ f1(x1) + f2(x2) + x kd,1(a11x1 + a12x2 − b1)+

xkd,2(a21x1 + a22x2 − b2)},

which is equivalent to solving the two minimization problems

xk+1
1 = arg min

x1
{ f1(x1) + x kd,1a11x1 + x kd,2a21x1},

xk+1
2 = arg min

x2
{ f2(x2) + x kd,1a12x2 + x kd,2a22x2},

separately.

Method of multipliers

e method of multipliers is a penalty method (Bertsekas, 1996, ch. 5) for solving
optimization problems. In the method of multipliers, the equality constraint in the
optimization problem is added as a soft constraint in the objective function, giving a
new but equivalent optimization problem:

minimize
x

f (x),

subject to Ax = b,

⇔ minimize
x

f (x) + (ρ/2)∥Ax− b∥2
2,

subject to Ax = b,
(A.2.17)

where ρ is a positive scalar. e parameter ρ is usually referred to as the penalty
parameter, since it penalizes violations of the equality constraint. e Lagrangian of
the new problem (A.2.17) is

Lρ(x, y) = f (x) + xTd (Ax− b) +
ρ

2
∥Ax− b∥2

2. (A.2.18)
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e Lagrangian in (A.2.18) is also called the augmented Lagrangian of (A.2.13), since
it is the Lagrangian of (A.2.13) with an added penalty term related to the equality
constraint. e problem (A.2.17) is solved using the dual ascent method as in (A.2.15)-
(A.2.16). at is,

xk+1 = arg min
x

{Lρ(x, xkd )}, (A.2.19)

xk+1
d = xkd + ρ(Axk+1 − b). (A.2.20)

Note the difference between (A.2.16) and (A.2.20): e step size αk is now constant
and equal to the penalty parameter ρ. By adding the penalty term to the objective
function and consequently performing the dual ascent method with the augmented
Lagrangian of the original problem (A.2.13), we obtain convergence of the iterates x k

and y k under much milder assumptions than for the ordinary dual ascent method.
However, we can see in (A.2.18) that we can no longer separate the minimization
problem in (A.2.19) into several ones without imposing requirements on A, in addition
to requiring f (x) to be separable.

Remark. e reason for using ρ as the step size is that it provides nice convergence
properties in terms of dual optimality. For the method of multipliers, ρ directly gives
dual optimality, see Boyd et al. (2011, ch. 2.3). For , ρ gives nice convergence to
dual optimality, see Boyd et al. (2011, ch. 3.3).

ADMM algorithm

In this section we give an overview of the key elements of . e overview follows
Boyd et al. (2011, ch. 5).

We consider the general optimization problem

minimize
x

f (x),

subject to x ∈ C,
(A.2.21)

where f is a convex function and C is a convex set. We can re-write optimization
problem (A.2.21) as

minimize
x,xc

f (x) + IC(xc)

subject to x = xc,
(A.2.22)

where IC(xc) is the indicator function on C, de ned as

IC(xc) =
{

0 if xc ∈ C,
∞ if xc /∈ C.
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By augmenting the decision variable x to (x, xc) and modifying the objective function,
problem (A.2.22) is equal to problem (A.2.13) for appropriate A and b. e augmented
Lagrangian for problem (A.2.22) is

Lρ(x, xc, xd) = f (x) + IC(xc) + xTd (x− xc) +
ρ

2
∥x− xc∥2

2. (A.2.23)

In this thesis, we consider the scaled augmented Lagrangian instead of (A.2.23) (Boyd
et al., 2011, ch. 3.1.1). at is, we express the augmented Lagrangian using the scaled
dual variable xs = xd/ρ,

Lρ(x, xc, xs) = f (x) + IC(xc) + ρxTs (x− xc) +
ρ

2
∥x− xc∥2

2 =

= f (x) + IC(xc) +
ρ

2
∥x− xc + xs∥2

2 −
ρ

2
∥xs∥2

2.
(A.2.24)

e reason for using the scaled augmented Lagrangian is simply that it gives shorter
expressions in the algorithm than if we were to use the original formulation.
e difference between applying the method of multipliers and to (A.2.22) lies
in the rst step (A.2.19). In the method of multipliers we do a joint minimization
over both x and xc, whereas in we separate the rst step into two. erefore, the

algorithm consists of three main steps. First, we minimize the scaled augmented
Lagrangian with respect to x. Second, we minimize it with respect to xc. ird, we
update the dual variable. at is, at iteration k we perform the following:

xk+1 = arg min
x

{Lρ(x, xkc , xks )}, (A.2.25)

xk+1
c = arg min

xc
{Lρ(xk+1, xc, xks )}, (A.2.26)

xk+1
s = xks + (xk+1 − xk+1

c ). (A.2.27)

e rst step (A.2.25) simpli es to

xk+1 = arg min
x

{
f (x) +

ρ

2
∥x− xkc + xks ∥2

2

}
, (A.2.28)

where we can see that, as long as f (x) is separable in the elements of x, the minimization
problem (A.2.28) can be decomposed into several problems and solved in parallel. e
second step (A.2.26) simpi es to

xk+1
c = arg min

xc

{
IC(xc) +

ρ

2
∥xk+1 − xc + xks ∥2

2

}
,
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which is equivalent to a Euclidean projection of xk+1 + xks onto the set C. Letting ΠC
denote the Euclidean projection onto C, we can write (A.2.26) as

xk+1
c = ΠC(xk+1 + xks ). (A.2.29)

e sequential minimization over x and xc is why the method is called the alternating
direction method of multipliers.

Convergence

One of the major bene ts with is its convergence property, which is inherited
from the method of multipliers. Under mild assumptions on f (x) and C, we have

f (xk) + IC(xkc ) → p⋆, xk − xkc → 0,

as k → ∞, where p⋆ denotes the optimal value of the objective function. However, the
rate of convergence is highly dependent on the chosen step size (or penalty parameter)
ρ. ere are different heuristics available for choosing ρ, see Boyd et al. (2011).

Stopping criterion

e algorithm is iterated until some stopping criteria are ful lled. In this
thesis, we consider criteria based on the primal and dual residuals of the optimization
problem. e primal and dual residuals of (A.2.22) are

ekp = (xk − xkc ), ekd = −ρ(xkc − xk−1
c ).

e stopping criteria considered are

∥ekp∥2 ≤
√
nϵabs + ϵrel max{∥xk∥2, ∥xkc ∥2},

∥ekd∥2 ≤
√
nϵabs + ϵrelρ∥xks ∥2,

(A.2.30)

where ϵabs > 0 and ϵrel > 0 are absolute and relative tolerances, respectively, and n is
the length of the vector x. For more details, see (Boyd et al., 2011, ch. 3.3).



Chapter A.3

An ADMM Algorithm for ℓ1 Mean
and Covariance Filtering

We derive an efficient and scalable algorithm, where we have exploited the structure
of the problem statement, to solve the ℓ1 mean and covariance ltering problems
described in Chapter A.2.2.

A.3.1 Problem formulation and method

e ℓ1 mean and covariance ltering problems have an objective function consisting
of two parts. e rst part relates to tting the estimates to the measurements, and the
second part relates to nding piecewise constant estimates, the ℓ1 regularization term.
e rst part is dependent on the decision variable, while the second part is dependent
on the difference between consecutive decision variables. In this section, we describe
the general problem formulation, and show how we can use the separability of the
objective function to solve the problem efficiently using .

Optimization problem

We consider the problem

minimize
x,r

∑N
i=1 Φi(xi) +

∑N−1
i=1 Ψi(ri),

subject to ri = xi+1 − xi, i = 1, . . . ,N− 1,
(A.3.1)

with variables x = (x1, . . . , xN) ∈ Rn×N, r = (r1, . . . , rN−1) ∈ Rn×N−1, and
where Φi : Rn → R ∪ {∞} and Ψi : Rn → R ∪ {∞} are convex functions. e
optimization problem (A.3.1) can be formulated as (A.2.21), with decision variables x

25
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and r, objective function

f (x, r) =
N∑
i=1

Φi(xi) +
N−1∑
i=1

Ψi(ri),

and constraint set

C = {(x, r) | ri = xi+1 − xi, i = 1, . . . ,N− 1}. (A.3.2)

Consequently, we can re-write (A.3.1) using the indicator function as in (A.2.22). is
leads to the problem

minimize
x,xc,r,rc

∑N
i=1 Φi(xi) +

∑N−1
i=1 Ψi(ri) + IC(xc, rc),

subject to xi = xc,i, i = 1, . . . ,N,
ri = rc,i, i = 1, . . . ,N− 1,

(A.3.3)

with additional decision variables xc = (xc,1, . . . , xc,N) and rc = (rc,1, . . . , rc,N−1).
e scaled augmented Lagrangian for problem (A.3.3) is

Lρ((x, r), (xc, rc), (xs, rs)) =
N∑
i=1

Φi(xi) +
N−1∑
i=1

Ψi(ri) + IC(xc, rc)+

ρ

2
∥(x, r)− (xc, rc) + (xs, rs)∥2

2 −
ρ

2
∥(xs, rs)∥2

2,

(A.3.4)

where xs = (xs,1, . . . , xs,N) and rs = (rs,1, . . . , rs,N−1) are the scaled dual variables
associated with the equality constraints in problem (A.3.3), see (A.2.24).

ADMM algorithm

We apply the algorithm as described in Chapter A.2.4 to the problem formula-
tion (A.3.3).

e objective function f is separable in xi and ri, therefore the rst step (A.2.28)
of the algorithm consists of the 2N− 1 separate minimization problems:

xk+1
i = arg min

xi
{Φi(xi) + (ρ/2)∥xi − xkc,i + xks,i∥2

2}, i = 1, . . . ,N,

and

rk+1
i = arg min

ri
{Ψi(ri) + (ρ/2)∥ri − rkc,i + rks,i∥2

2}, i = 1, . . . ,N− 1.
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In many cases, we can derive an analytic solution to these minimization problems.
Also, note that we can perform the 2N− 1 updates in parallel.

e second step (A.2.29) of the algorithm consists of the Euclidean
projection of (xkp , rkp ) = (xk+1 + xks , rk+1 + rks ) onto the constraint set C de ned
in (A.3.2). at is,

(xk+1
c , rk+1

c ) = ΠC(xkp , r
k
p ).

e projection can be performed efficiently if we use the particular structure of the set
C. An efficient projection is derived in the next section.

e third step (A.2.27) of the algorithm consists of the updates of the scaled
dual variables:

xk+1
s,i = xks,i + (xk+1

i − xk+1
c,i ), i = 1, . . . ,N,

and
rk+1
s,i = rks,i + (rk+1

i − rk+1
c,i ), i = 1, . . . ,N− 1.

As in the rst step, these updates can be performed in parallel. We can formulate
as Algorithm A.3.1.

Algorithm A.3.1 (ADMM algorithm)
Given the optimization problem

minimize
x,r

∑N
i=1 Φi(xi) +

∑N−1
i=1 Ψi(ri),

subject to ri = xi+1 − xi, i = 1, . . . ,N− 1,

with variables x = (x1, . . . , xN) ∈ Rn×N and r = (r1, . . . , rN−1) ∈ Rn×N−1. e kth
iteration of the algorithm is:

1. Solve (xk+1, rk+1) = arg min(x,r){Lρ((x, r), (xkc , rkc ), (xks , rks ))}:

xk+1
i = arg min

xi
{Φi(xi) + (ρ/2)∥xi − xkc,i + xks,i∥2

2}, i = 1, . . . ,N, (A.3.5)

rk+1
i = arg min

ri
{Ψi(ri) + (ρ/2)∥ri − rkc,i + rks,i∥2

2}, i = 1, . . . ,N− 1. (A.3.6)

2. Solve (xk+1
c , rk+1

c ) = arg min(xc,rc){Lρ((x
k+1, rk+1), (xc, rc), (xks , rks ))}:

(xk+1
c , rk+1

c ) = ΠC(xkp , r
k
p ).
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3. Update:

(xk+1
s , rk+1

s ) = (xks , r
k
s ) + ((xk+1, rk+1)− (xk+1

c , rk+1
c )).

Step 1-3 are iterated until the stopping criteria (A.2.30) is ful lled.

Euclidean projection

We derive an efficient procedure of calculating the projection onto the set C de ned in
(A.3.2), that is

(xc, rc) = ΠC(xp, rp). (A.3.7)

e projection (A.3.7) is equivalent to the solution to the optimization problems

minimize
xc,rc

∥xc − xp∥2
2 + ∥rc − rp∥2

2,

subject to rc = Dxc,

⇔ minimize
xc

∥xc − xp∥2
2 + ∥Dxc − rp∥2

2,

(A.3.8)

where D ∈ R(N−1)n×Nn is the forward difference operator de ned as

D =


−In In

−In In
. . . . . .

−In In

 ,
and In is the identity matrix of dimensions n × n. e solution to problem (A.3.8) is
equivalent to the solution of the corresponding Karush-Kuhn-Tucker ( ) conditions.
e condition for (A.3.8) is

∇xc(∥xc − xp∥2
2 + ∥Dxc − rp∥2

2) = 0,

see Boyd and Vandenberghe (2004, p. 244). Equivalently,

(INn + DTD)xc = xp + DTrp. (A.3.9)

Once we have the solution xc to (A.3.9), we get the optimal rc in (A.3.7) as rc = Dxc.
We can use Cholesky factorization to solve the set of linear equations (A.3.9). We

follow the algorithm stated in Boyd and Vandenberghe (2004, p. 670), see Algorithm
A.3.2.
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Algorithm A.3.2 (Solving a set of linear equations by Cholesky factorization)
Suppose we are given a set of linear equations Ax = b, with A∈Sn++. e solution is
obtained as follows:

1. Cholesky factorization. Factor A as A = LLT.

2. Forward substitution. Solve Lx̃ = b.

3. Backward substitution. Solve LTx = x̃.

See Boyd and Vandenberghe (2004, p. 670).

erefore, we rst perform the Cholesky factorization of the matrix INn + DTD.
e matrix is block tridiagonal,

INn + DTD =


2In −In
−In 3In −In

. . . . . . . . .
−In 3In −In

−In 2In

 .

e corresponding L is block banded of the form

L =


l1,1
l2,1 l2,2

l3,2 l3,3
. . . . . .

lN,N−1 lN,N

⊗ In,

where⊗ denotes the Kronecker product. e coefficients li,j can be explicitly computed
via the recursion

l1,1 =
√

2,

li+1,i = −1/li,i, li+1,i+1 =
√

3 − l 2
i+1,i, i = 1, . . . ,N− 2,

lN,N−1 = −1/lN−1,N−1, lN,N =
√

2 − l 2
N,N−1.

us, we can formulate an efficient algorithm for solving the projection (A.3.7),
see Algorithm (A.3.3).
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Algorithm A.3.3 (Projection)
Suppose we wish to compute the projection

(xc, rc) = ΠC(xp, rp),

with

C = {(x, r) | ri = Dxi, i = 1, . . . ,N− 1, ri∈Rn, xi∈Rn},

where D ∈ R(N−1)n×Nn is the forward difference operator, and LLT is the Cholesky
factorization of INn + DTD. e solution (xc, rc) is obtained as follows:

1. Form b = xp + DTrp:

b1 = xp,1 − rp,1, bN = xp,N + rp,N−1,
bi = xp,i + (rp,i−1 − rp,i), i = 2, . . . ,N− 1.

2. Solve Lx̃c = b:

x̃c,1 = (1/l1,1)b1,

x̃c,i = (1/li,i)(bi − li,i−1x̃c,i−1), i = 2, . . . ,N.

3. Solve LTxc = x̃c:

xc,N = (1/lN,N)x̃c,N,
xc,i = (1/li,i)(yi − li+1,ixc,i+1), i = N− 1, . . . , 1.

4. Set rc = Dxc:

rc,i = xc,i+1 − xc,i, i = 1, . . . ,N− 1.

us, we have an efficient algorithm for solving the projection problem (A.3.7).
e solution is obtained with O(nN) oating point operations. Also, note that we can
precompute the inverses 1/li,i for i = 1, . . . ,N. erefore, the projection algorithm
only consists of multiplication, addition and subtraction.
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A.3.2 Applications

ℓ1 mean filtering

Consider the ℓ1 mean ltering problem (A.2.8) de ned in section A.2.2. e problem
is equivalent to

minimize
x1,...,xN,r1,...,rN−1

∑N
i=1

1
2(yi − xi)TΣ−1(yi − xi) + λ

∑N−1
i=1 ∥ri∥1,

subject to ri = xi+1 − xi, i = 1, . . . ,N− 1,
(A.3.10)

with variables x1, . . . , xN, r1, . . . , rN−1. Problem (A.3.10) is of the form (A.3.1), with

Φi(xi) =
1
2
(yi − xi)TΣ−1(yi − xi), Ψi(ri) = λ∥ri∥1.

ADMM steps

For problem (A.3.10), Step 1 of Algorithm A.3.1 can be further simpli ed. e
solution to the minimization problems in (A.3.5) is equivalent to the solution to the
corresponding conditions. e conditions for (A.3.5) are

∇xi((yi − xi)TΣ−1(yi − xi) +
ρ

2
∥xi − xkc,i + xks,i∥2

2) = 0, i = 1, . . . ,N,

see Boyd and Vandenberghe (2004, p. 244). Equivalently,

xk+1
i = (Σ−1 + ρI)−1(Σ−1yi + ρ(xkc,i − xks,i)), i = 1, . . . ,N.

Problem (A.3.6) is

rk+1
i = arg min

ri
{λ∥ri∥1 + (ρ/2)∥ri − rkc,i + rks,i∥2

2}, i = 1, . . . ,N,

which simpli es to the scalar component-wise soft thresholding,

(rk+1
i )j = Sλ/ρ((rkc,i − rks,i)j), j = 1, . . . , n,

where Sκ is the vector soft thresholding operator, de ned as

Sκ(a) =

{
0 if all elements of a are equal to zero,
(1 − κ/∥a∥2)+a otherwise.

Here, the notation (v)+ = max{0, v} denotes the positive part of v, see Boyd et al.
(2011, ch. 4.3.3).
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ℓ1 covariance filtering

Consider the ℓ1 covariance ltering problem (A.2.9) de ned in Section A.2.2. e
problem is equivalent to

minimize
X1,...,XN

−
∑N

i=1
(
log detXi − yTi Xi yi

)
+ λ

∑N−1
i=1 ∥Ri∥1,

subject to Ri = Xi+1 − Xi, i = 1, . . . ,N− 1,
(A.3.11)

with variables X1, . . . ,XN∈Sn++ and R1, . . . ,RN−1 ∈ Sn. Problem (A.3.11) is of the
form (A.3.1), with

Φi(Xi) = −log detXi + yTi Xi yi, Ψi(Ri) = λ∥Ri∥1.

ADMM steps

Also here, Step 1 of Algorithm A.3.1 can be simpli ed. Problem (A.3.5) requires solving

Xk+1
i = arg min

Xi≻0
{−log detXi + yTi Xi yi + (ρ/2)∥Xi − Xk

c,i + Xk
s,i∥2

F} =

arg min
Xi≻0

{− log detXi + Tr(Xiyi y
T
i ) + (ρ/2)∥Xi − Xk

c,i + Xk
s,i∥2

F},
(A.3.12)

for i = 1, . . . ,N, where ∥(·)∥F is the Frobenius norm and Tr(·) denotes the trace
of a matrix. We can solve these minimization problems analytically using orthogonal
eigenvalue decomposition as described in Boyd and Vandenberghe (2004, ch. 6.5). We
rst compute the eigenvalue decomposition of

ρ
(
Xk
c,i − Xk

s,i

)
− yi y

T
i = QΛQT

where Λ = diag(λ1, . . . , λn). en, we let

x̃j =
λj +

√
λ2
j + 4ρ

2ρ
, j = 1, . . . , n,

and we set
Xk+1
i = Q diag(x̃1, . . . , x̃n)QT.

Problem (A.3.6) is

Rk+1
i = arg min

Ri
{λ∥Ri∥1 + (ρ/2)∥Rc,i − Rk

s,i + Tk
i ∥2

F},
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which simpli es to
Rk+1
i = Sλ/ρ(Ski − Tk

i ),

where Sκ is the component-wise matrix soft thresholding operator. Hence,

(Rk+1
i )l,m = Sλ/ρ((Ski − Tk

i )l,m),

for l = 1, . . . , n, m = 1, . . . , n.

Example A.3.1 (ℓ1 mean filtering using ADMM)
Consider a scalar signal yi ∼ N (ȳi, 1) for i = 1, . . . , 400, where

ȳi =


0 if 0 < t ≤ 100,
1 if 100 < t ≤ 200,
0 if 200 < t ≤ 300,
2 if 300 < t ≤ 400.

We want to estimate the mean based on 400 measurements. To obtain the estimates we
solve problem (A.2.8) using . To improve convergence of the algorithm,
we use over-relaxation with α = 1.8, see Boyd et al. (2011, ch. 3.4.3). e weight λ on
the ℓ1 regularization term is chosen as 10% of λmax, where λmax is the maximal value
of λ that provides a non-constant estimate of the mean. Here, λmax ≈ 108 and so
λ = 10. We choose absolute tolerance ϵabs = 10−4 and relative tolerance ϵrel = 10−3

in the stopping criterion, see (A.2.30). e resulting residuals are shown in Figure A.3.1
and the estimates are shown in Figure A.3.2.

Remark. e expression for λmax is derived for the scalar ℓ1 mean and covariance
ltering problems in Wahlberg et al. (2011). It is shown that the optimality conditions

of the considered optimization problems with λ ≥ λmax are only ful lled if

xi =
1
N

N∑
t=1

yt, i = 1, . . . ,N,

for the ℓ1 mean ltering problem, and if

Xi =
1
N

N∑
t=1

y2
t , i = 1, . . . ,N,
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Figure A.3.2 Example A.3.1: ℓ1 mean ltering. Estimated mean (. ), true mean (. ),
and measurements (... ).

for the ℓ1 covariance ltering problem. at is, the estimates are constant and equal to
the empirical mean and sample covariance, respectively.

We also used cvx (Grant and Boyd, 2011) to solve the ℓ1 mean ltering problem
in Example A.3.1. e computation time for cvx was approximately 20 seconds, while
the proposed algorithm implemented in C took 2.2 milliseconds, 10000 times
faster than the generic solver. We did not exploit the possibility to solve (A.3.5) and
(A.3.6) of the algorithm in parallel. erefore, further speed-up is expected if a
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multiple core CPU is used.

A.3.3 Conclusions

We have derived an efficient and scalable algorithm for certain optimization
problems occurring in signal processing. e key property of the algorithm is that it
exploits the structure of the problem at hand. We illustrated the method on ℓ1 mean
and covariance ltering, and simulation results were provided for the scalar ℓ1 mean
ltering problem. e algorithm has one tuning parameter, the step size ρ, which

is chosen heuristically (Boyd et al., 2011).





Chapter A.4

An ADMM Algorithm for ℓ1
Regularized MPC

We derive an efficient and scalable algorithm, where we have exploited the structure
of the problem statement, to solve the ℓ1 regularized . By this, we mean an
where the increments of the input signal are penalized using the ℓ1-norm.

A.4.1 Problem formulation and method

We consider an open loop control problem of nding an input sequence that minimizes
a nite horizon cost function, given a model and an initial state. e problem is
formulated as

minimize
u0,...,uH−1

∥xH∥2
2,Q +

∑H
i=1 ∥yi−1∥2

2 + λ
∑H

i=1 ∥zi−1∥1,

subject to xi = Axi−1 + Bui−1, i = 1, . . . ,H,
yi−1 = Cxi−1 + Dui−1, i = 1, . . . ,H,
zi−1 = Exi−1 + Fui−1, i = 1, . . . ,H,

(A.4.1)

where xi ∈ Rnx is the state vector, ui ∈ Rnu is the input vector, and yi ∈ Rny and
zi ∈ Rnz are auxiliary variables. Formulation (A.4.1) captures several optimization
problems that may occur in ℓ1 regularized (Gallieri and Maciejowski, 2012).

ADMM formulation

e optimization problem (A.4.1) is of the same form as the optimization problem
(A.2.21). e vector variables are

x = (x0, . . . , xH), y = (y0, . . . , yH−1),

u = (u0, . . . , uH−1), z = (z0, . . . , zH−1),

37
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the objective function is

f (x, y, u, z) =∥xH∥2
2,Q +

H∑
i=1

∥yi−1∥
2
2 + λ

H∑
i=1

∥zi−1∥1,

and the constraint set is given by

C = {(x, y, u, z)| xi = Axi−1 + Bui−1, i = 1, . . . ,H
yi−1 = Cxi−1 + Dui−1, i = 1, . . . ,H,
zi−1 = Exi−1 + Fui−1, i = 1, . . . ,H}.

us, the formulation of the optimization problem (A.4.1) is

minimize f (x, y, u, z) + IC(xc, yc, uc, zc),
subject to x = xc, y = yc, u = uc, z = zc.

(A.4.2)

Step 1 of ADMM

e rst step of Algorithm A.3.1 is almost the same as the one for ℓ1 mean ltering in
Chapter A.3.2. We solve 4H+ 1 separate minimization problems because f (x, y, u, z)
is separable in its arguments. For the vector variables x, y and u the minimization
problems have a quadratic cost function and no constraints. e solutions are

xk+1
i = xkc,i − xkd,i, i = 0, . . . ,H− 1,

xk+1
H = (2Q+ ρIn)−1ρ(xkc,H − xkd,H),

yk+1
i = (2 + ρ)−1ρ(ykc,i − ykd,i), i = 0, . . . ,H− 1,

uk+1
i = uk

c,i − uk
d,i, i = 0, . . . ,H− 1.

For the vector variable z, the minimization problem is

zk+1
i = arg min

zi
{λ∥zi∥1 + (ρ/2)∥zi − zkc,i + zkd,i∥

2
2}, (A.4.3)

with component-wise solutions (zk+1
i )j = Sλ/ρ((zkc,i − zkd,i)j), for i = 0, . . . ,H− 1,

and j = 1, . . . , p, where Sλ/ρ is the soft thresholding operator (Boyd et al., 2011,
ch. 4.3.3).



A.4.1. Problem formulation and method 39

Step 2 of ADMM

e second step of Algorithm A.3.1 consists of a projection of the vector

(xkp , y
k
p , u

k
p , z

k
p ) = (xk+1 + xkd , y

k+1 + ykd , u
k+1 + uk

d , z
k+1 + zkd )

onto the constraint set C. at is,

(xk+1
c , yk+1

c , uk+1
c , zk+1

c ) = ΠC((xkp , y
k
p , u

k
p , z

k
p )).

e projection can be formulated as the optimization problem

minimize ∥(xk+1
c , yk+1

c , uk+1
c , zk+1

c )− (xkp , ykp , u
k
p , zkp )∥2

2,

subject to (xk+1
c , yk+1

c , uk+1
c , zk+1

c ) ∈ C.
(A.4.4)

To simplify notation in the rest of this section, we will drop the use of the superscripts
k and k+ 1. An equivalent optimization problem to the one in (A.4.4) is

minimize vTQv+ qTv
subject to Fv = g, (A.4.5)

where

v = (xc,0, uc,0, . . . , xc,H−1, uc,H−1, xc,H),
g = (xc,0, 0, . . . , 0),
q = (r0, s0, . . . , rH−1, sH−1, 0),

ri = −2(xTp,i + zTp,iE+ yTp,iC),

si = −2(uTp,i + zTp,iF+ yTp,iD),

Q =

[
T 0
0 Q

]
, T = IH ⊗

[
P S
ST R

]
,

P = Inx + CTC+ ETE,

R = Inu + DTD+ FTF,

S = CTD+ ETF,

F =


Inx 0 0 0 . . . 0
−A −B Inx 0 . . . 0
...

. . . . . . . . . . . .
...

0 . . . . . . −A −B Inx

 .
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e symbol ⊗ denotes the Kronecker product. e optimization problem (A.4.5) is a
linear quadratic regulator problem with an additional linear term in the cost function.
Its solution is equivalent to the solution of its conditions (Boyd and Vandenberghe,
2004, p. 244). e conditions of the optimization problem (A.4.5) are[

2Q FT

F 0

]
w−

[
−q
g

]
= 0, (A.4.6)

with w = (v, vd), where vd is the Lagrange multiplier corresponding to the equality
constraint Fv = g. e solution to the optimization problem in (A.4.4) is obtained
by extracting xc and uc from v, and calculating yc and zc from the equations de ning
the constraint set C.

e conditions (A.4.6) are a system of linear equations and can be efficiently
solved using a Riccati recursion as in Glad and Jonson (1984). e procedure is
described in detail in Algorithm A.4.1, but rst we introduce some simplifying
notation. We consider the system of linear equations[

Q̃ FT

F 0

] [
ξ
λ

]
=

[
rξ
rλ

]
, (A.4.7)

where Q̃ and F are block-diagonal matrices de ned as

Q̃ =

[
T̃ 0
0 Q̃

]
, T̃ = IH ⊗

[
T̃11 T̃12

T̃
T
12 T̃22

]
,

and

F =


Inx 0 0 0 . . . 0
−A −B Inx 0 . . . 0
...

. . . . . . . . . . . .
...

0 . . . . . . −A −B Inx

 .
e vectors ξ, λ, rξ and rλ can be divided into sub-vectors

ξ = (x0, u0, . . . , uH−1, xH), λ = (λ0, . . . , λH),
rξ = (rx,0, ru,0, . . . , ru,H−1, rx,H), rλ = (rλ,0, . . . , rλ,H),

where xi is given by the system equations

xi+1 = Axi + Bui + rλ,i+1.
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It is shown in Rao et al. (1998), that there exists a matrix Si and a vector Ψi such that

λi + Sixi = Ψi, i = 0 . . .H,

where SH = Q̃, ΨH = rx,H, and x0 = rλ,0. e matrices Si and the vectors Ψi for
i = 0, . . . ,H can be found through backward recursion. We then obtain ξ and λ
through forward recursion. See Algorithm A.4.1.

Algorithm A.4.1 (Riccati recursion)
e algorithm is as follows:

1. Backward recursion. Update Si and Ψi:

Fi+1 = T̃11 + ATSi+1A, Hi+1 = T̃12 + ATSi+1B,
Gi+1 = T̃22 + BTSi+1B, ψi+1 = Ψi+1 − Si+1rλ,i+1,

Si = Fi+1 −Hi+1G−1
i+1H

T
i+1,

Ψi = rx,i + ATψi+1 −Hi+1G−1
i+1(ru,i + BTψi+1).

2. Forward recursion. Update λi, ui+1 and xi+1:

λi = −Sixi +Ψi,

ui+1 = G−1
i+1(ru,i + BTψi+1 −HT

i+1xi),
xi+1 = Axi + Bui + rλ,i+1.

See Rao et al. (1998).

Step 3 of ADMM

In the third step of Algorithm A.3.1, we update the scaled dual variables. at is,

xk+1
d,i = xkd,i + (xk+1

i − xk+1
c,i ), i = 0, . . . ,H,

yk+1
d,i = ykd,i + (yk+1

i − ỹk+1
c,i ), i = 0, . . . ,H− 1,

uk+1
d,i = uk

d,i + (uk+1
i − uk+1

c,i ), i = 0, . . . ,H− 1,

zk+1
d,i = zkd,i + (zk+1

i − zk+1
c,i ), i = 0, . . . ,H− 1.
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Unstable model

If A is unstable, the Riccati recursion might not provide the correct solution to (A.4.7).
To avoid this, we prestabilize the state-space equations using state feedback control, see
Rao et al. (1998), Keerthi and Gilbert (1986), Rossiter et al. (1998). at is, we let

xi+1 = Axi + Bui,
ui = −Lxi + vk,

(A.4.8)

where L is the feedback vector. We can reformulate (A.4.8) as

xi+1 = (A− BL)xi + Bvi,

and treat vi as the unknown input signal. e solutions obtained from the Riccati
recursion is the values of xi and vi. e solution in terms of the original parameters xi
and ui can be obtained as [

xi
ui

]
=

[
I 0
−L I

] [
xi
vi

]
.

A.4.2 Application

In this section, we describe how the algorithm can be used to solve an ℓ1
regularized problem without inequality constraints.

Model

We consider a linear and discrete model of a system. e model is given by

x(t+ 1) = Ax(t) + Bu(t) + Ke(t),
y(t) = Cx(t) + e(t), (A.4.9)

where x(t) ∈ Rnx is the state vector, u(t) ∈ Rnu is the input vector and y(t) ∈ Rny is
the output vector.

Cost function

e control objective is to drive the output vector to zero, the regulator problem
(Maciejowski, 2002), while using a piece-wise constant input signal. Such a control
objective can be described by the cost function

V(t) = ∥x̂(t+Hp|t)∥2
2,Q̄ +

∑Hp
i=1 ∥ŷ(t+ i− 1|t)∥2

2,Q+

λ
∑Hu

i=1∥∆û(t+ i− 1|t)∥1.
(A.4.10)
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Optimization problem

e control objective can be achieved by minimizing the cost function in (A.4.10)
given the model in (A.4.9) in each time step t, in accordance with the receding horizon
idea (Maciejowski, 2002, p. 7-9). We can formulate the optimization problem as

minimize
û(t+i|t),i=0,...,Hp−1

V(t),

subject to x̂(t+ i|t) = Ax̂(t+ i− 1|t) + Bû(t+ i− 1|t),
i = 1, . . . ,Hp,
x̂(t|t) = x(t),
ŷ(t+ i− 1|t) = Cx̂(t+ i− 1|t), i = 1, . . . ,Hp.

(A.4.11)

e optimization problem in (A.4.11) is similar to (A.2.12). e signi cant difference
is the use of the ℓ1-norm of ∆û(t+ i|t) instead of the ℓ2-norm in the cost function in
(A.2.11). e former typically promotes sparse∆û(t+i|t) for i = 0, . . . ,Hu−1, while
the latter promotes small but non-zero elements of ∆û(t+ i|t) for i = 0, . . . ,Hu− 1,
see Boyd and Vandenberghe (2004, p. 300-301). To simplify notation in the rest of
the chapter we denote x̂(t+ i|t) as xi, ŷ(t+ i|t) as yi, and so forth.

MPC formulation

We consider the optimization problem (A.4.11). We set the predicted output vector to
be the predicted state vector, and the prediction horizon equal to the control horizon,
H = Hp = Hu, which gives the problem

minimize ∥xH∥2
2,Q̄ +

∑H
i=1 ∥xi−1∥2

2,Q + λ
∑H

i=1 ∥∆ui−1∥1,

subject to xi = Axi−1 + Bui−1, i = 1, . . . ,H.
(A.4.12)

e optimization problem in (A.4.12) can be reformulated by replacing ui with ∆ui
in a similar way as in Maciejowski (2002, ch. 2.4). We introduce three new vector
variables x̃i ∈ Rn+l, ỹi ∈ Rn and zi ∈ Rl in the following way:

minimize ∥x̃H∥2
2,Q̃

+
∑H

i=1 ∥ỹi−1∥2
2 + λ

∑H
i=1 ∥zi−1∥1,

subject to x̃i = Ã x̃i−1 + B̃∆ui−1, i = 1, . . . ,H,
ỹi−1 = C̃ x̃i−1 + D∆ui−1, i = 1, . . . ,H,
zi−1 = Ex̃i−1 + F∆ui−1, i = 1, . . . ,H.

(A.4.13)

Here, x̃i is the state vector augmented with the input vector at the previous time step,
i.e. x̃i = (xi, ui−1). e matrices Ã, B̃ and C̃ are given by

Ã =

[
A B
0 Il

]
, B̃ =

[
B
Il

]
, C̃ =

[
c 0

]
,
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Table A.4.1 Parameters of the quadruple water tank process and their values.

Parameter True value Description

ai {0.17 0.15 0.11 0.08} cm2 area of outlet of tank i
Ai 15.5 cm2 area of tank i
γj 0.625 parameter of valve j
kj 4.14 cm3/(sV) parameter of pump j

where c is chosen such that Q = cTc, and the matrices D, E, F and Q̃ are given by

D = 0, E = 0, F = Il, Q̃ =

[
Q̄ 0
0 0

]
.

e optimization problem (A.4.13) is of the same form as (A.4.1), with ∆ui acting
as the input. erefore, we can solve (A.4.13) efficiently using and a Riccati
recursion. Note that in this particular case, we can precalculate Fi, Hi, Gi and Si in the
Riccati recursion, before we start the iterations.

A.4.3 Simulation study

In this section, we apply the algorithm to an ℓ1 regularized problem. All the
examples are performed with ρ = 1. To improve convergence we use over-relaxation
withα = 1.8, see Boyd et al. (2011, ch. 3.4.3), and we warm-start each iteration
with the variable values obtained in the previous iteration. We use stopping criteria
(A.2.30) with ϵabs = 10−5 and ϵrel = 10−4. e considered system is a quadruple
water tank process, described in the following section.

System

e system is the quadruple water tank process presented in Johansson et al. (1999).
e process is shown in Figure A.4.1, where x = (x1, x2, x3, x4) are the water levels,
u = (u1, u2) are the pump voltages, and γ1 and γ2 are the parameters associated with
the valves. All the parameters of the process and their corresponding value are listed in
Table A.4.1.
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Figure A.4.1 Quadruple water tank process.

Model

A nonlinear model of the process can be derived from Torricelli’s principle,

dx1

dt
= − a1

A1

√
2gx1 +

a3

A1

√
2gx3 +

γ1k1

A1
u1,

dx2

dt
= − a2

A2

√
2gx2 +

a4

A2

√
2gx4 +

γ2k2

A2
u2,

dx3

dt
= − a3

A3

√
2gx3 +

(1 − γ1)k2

A3
u1,

dx4

dt
= − a4

A4

√
2gx4 +

(1 − γ2)k1

A4
u2.

(A.4.14)
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We obtain the linear model to be used in the by linearizing the nonlinear plant
description (A.4.14) around its equilibrium points. e linearized model is

dx̄(t)
dt

=


−1
τ1

0 1
τ3

0
0 −1

τ2
0 1

τ4

0 0 −1
τ3

0
0 0 0 −1

τ4

 x̄(t) +


γ1k1
A 0
0 γ2k2

A
0 (1−γ2)k2

A
(1−γ1)k1

A 0

 ū(t),

y(t) =
[
1 0 0 0
0 1 0 0

]
x̄(t) + e(t),

where x̄ = x− x0, ū = u− u0 and τi = A
ai

√
2x0i
g . e measurement noise e is assumed

to be zero-mean Gaussian with covariance matrix 10−3I2. e equilibrium points of
the system are x0 = (15, 15, 3, 12) cm and u0 = (7.8, 5.25) V. e linear model is
discretized assuming zero-order hold sampling at a sampling rate of 1 Hz.

Example A.4.1 (Quadruple water tank process)
We set H = 5, Q = I2, and Q̃ = 0. e system is initialized with x(0) =
(16, 16, 4, 13) cm and u(0) = u0. A Kalman lter is used to estimate the complete
state vector during simulation. e iterates for 10 time steps. We perform the
same simulation for λ equal to 0.05, 0.1, 2 and 5. e applied input sequences
are shown in Figure A.4.2 and the output sequences are shown in Figure A.4.3. We
see that the applied input signal varies over time for low values of λ. As λ gets larger,
the input signal becomes piece-wise constant, and eventually completely constant. We
also see that a more restrictive control strategy, that is, a high value of λ, gives worse
control performance in terms of response time and static error.

Example A.4.2 (Number of iterations in ADMM)
Figure A.4.4 shows the number of iterations required in for ful lling the
stopping criteria in Example A.4.1. We also investigate the number of iterations
required without warm-starting the algorithm. e conclusion is that a warm-start
improves the convergence of when the plant inputs are close to constant and
no rapid changes in the plant states occur. When this is not the case, we get similar
performance with as without warm-start. It is natural that the bene t of warm-starting
increases when the states move less.
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Figure A.4.2 Example A.4.1: Applied input sequences. e applied input sequences
denoted (. ), (. ), (. ) and (. ) correspond to λ equal to 0.05, 0.1, 2 and 5,
respectively.
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Figure A.4.3 Example A.4.1: Measured output sequences. e measured output sequences
denoted (. ), (. ), (. ) and (. ) correspond to λ equal to 0.05, 0.1, 2 and 5,
respectively. e equilibrium point of the water levels is 15 cm.



A.4.3. Simulation study 49

.....
0
.

2
.

4
.

6
.

8
.

10
.0 .

200

.

400

.

t

.

ite
ra

tio
ns

in

Figure A.4.4 Example A.4.2: Number of iterations in required for ful lling the
stopping criteria. e iteration sequences (. ), (. ), (. ) and (. ) correspond to λ
equal to 0.05, 0.1, 2 and 5, respectively. e number of iterations required drops when no
rapid changes in system inputs or states occur.

Example A.4.3 (Convergence of ADMM)
Here we investigate the same set-up as in Example A.4.1. We only consider λ = 0.1
and the rst optimization problem solved in the iterations. We calculate the error
of the cost function in (A.2.11) for each iteration in . e error is de ned as ek =
V ∗ − V k, where V ∗ is the true optimal value of the cost and V k is the value obtained
in the kth iteration. e true optimal value is approximated with the solution
obtained by running for 1000 iterations. e optimal value is veri ed using cvx
(Grant and Boyd, 2011). e resulting error is shown in Figure A.4.5. e true optimal
value is V ∗ = 4.58108, and the nal value obtained from is V 264 = 4.58105,
where 264 is the number of iterations required to ful ll the stopping criteria. A rapid
drop in the error occurs in the rst iterations in . e algorithm iterates
until the stopping criteria are ful lled, however, for improved visibility of the drop we
only show the rst 50 iterates. Note that since the solution is not necessarily
feasible it is possible to achieve a value of the cost function at iteration k that is lower
than the optimal one. e corresponding primal and dual residuals are shown in Figure
A.4.6. We see a rapid drop in error and residuals for the rst 20 iterations in
(e20 = −0.03, e20

p = 0.11 and e20
d = 0.06), con rming that converges rapidly

to a moderate accuracy.
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Figure A.4.6 Example A.4.3: Primal and dual residuals. e primal (. ) and dual (. )
residuals are calculated for each iteration in in the rst iteration of . e vertical
line shows where the stopping criteria are ful lled.

Example A.4.4 (Time of iterations in ADMM)
We consider the set-up in Example A.4.1 with λ = 0.1 and a prediction horizon H
varying from 5 to 100 in steps of 5. We only consider the rst optimization problem
solved in the iterations and we x the number of iterations in to 1000. We
calculate the mean value of the time required for an iteration in . Figure A.4.7
shows the resulting means with respect to the prediction horizon. We see that the mean
time of the iterations in is linear in the prediction horizon. is is expected since
the computational cost of the Riccati recursion is linear in H (Rao et al., 1998).
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Figure A.4.7 Example A.4.4: Mean value of time required for an iteration in . e
mean values are calculated over 1000 iterations in , for a prediction horizonH varying
from 5 to 100 in steps of 5. e mean time is linear in the prediction horizon.

Example A.4.5 (Required accuracy)
Example A.4.3 shows how close the solution is to the optimal one for ϵabs =
10−5 and ϵrel = 10−4 in the stopping criteria (A.2.30). However, the stopping
criteria used may be too conservative with respect to required control performance.
For example, if we in Example A.4.1 with λ = 0.1 restrict the number of iterations in

to 10, we could have a sampling rate of 100 Hz in the , see Figure A.4.7.
e input signals obtained with both 10 and 1000 iterations in are shown in
Figure A.4.8. e corresponding output signals are shown in Figure A.4.9. We see that,
although the signals differ from each other, they still have the same over-all behavior.

A.4.4 Conclusion

We have derived a method for solving optimization problems with an ℓ1 regularized
cost function subject to recursive equality constraints. e optimization problem
occurs in control applications, for example ℓ1 regularized . e method is based
on the algorithm. We have shown that the costly projection step in is
equivalent to solving a linear quadratic regulator problem with an additional linear
term in the cost function. Such problems can be efficiently solved using Riccati
recursion. Future work consists of expanding the proposed method to ℓ1 regularized
cost functions subject to both recursive equality and inequality constraints.
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Figure A.4.8 Example A.4.5: Applied input sequences. e applied input sequences (. )
and (. ) correspond to 10 and 1000 iterations in , respectively. Although, the
sequences differ the over-all behavior is the same.
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(. ) and (. ) correspond to 10 and 1000 iterations in , respectively. Although,
the sequences differ the over-all behavior is the same.





Chapter A.5

Conclusion

In Chapter A.3 we considered a general optimization problem (A.3.1), and derived
an efficient and scalable distributed algorithm for solving it. e algorithm is of
type. We exempli ed the algorithm in Chapters A.3 and A.4 on ℓ1 mean and covariance
ltering, and ℓ1 regularized .

For all three examples above, the most expensive step of the algorithm is the
Euclidean projection step. For the ℓ1 mean and covariance ltering problems, we
showed that the projection is equivalent to solving a set of linear equations, the

conditions. By using Cholesky factorization the projection reduces to a number
of addition, subtraction and multiplication operations. For the ℓ1 regularized
problems, the projection, once again, is equivalent to solving a set of linear equations,
the conditions. By using Riccati recursion, we are able to solve the equations in an
efficient manner.

A.5.1 Future work

ere are several open questions regarding tuning of the algorithm. For example:

• How should one choose the penalty parameter ρ?

• How should one initialize the decision variables?

ere are some heuristics mentioned in literature, but no formal guidelines or theoretic
results. Any results on this topic would be extremely valuable, in terms of enabling an
optimally tuned algorithm for a speci c problem.

In addition, there are some other related applications of that would be
interesting to explore. One is to include inequality constraints in the ℓ1 regularized
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problem. A second one is the problem of estimating states under abrupt changes,
see Ohlsson et al. (2012), where it is believed that can be applied.



PART B
Applications Oriented Input Design
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Chapter B.1

Introduction

We are surrounded by models in our day-to-day life. For example, when driving a car
we (hopefully) know how hard to brake to be able to stop at a certain point; we are
able to predict the speed of the car given how much we push on the brake pedal. is
knowledge has been acquired through experience of driving the car. We can say that
the driver has a mental model of the car.

A model of the car is also used when designing it. Before construction, a rigorous
simulation study is performed to ensure that the car will behave appropriately. To be
able to perform these simulations, a mathematical model of the car is necessary. If the
simulation study works out well, a prototype of the car — another form of model —
is built to be able to perform the simulation study in real life.

Two natural questions regarding modeling of systems are “How do we nd a
model of a system?” and “How do we know how accurate the model is?”. To answer
these questions we make use of system identi cation. ere exist several techniques
for acquiring models and a corresponding measure of their accuracy. In this thesis,
we consider the so-called prediction error method ( ). In we nd models
through system identi cation experiments. In the experiment we excite the system
with a particular input signal and record the corresponding output signal. en we
nd the model that best ts, according to some measure, the input and output signal.

We can talk about the application of a model, that is its intended purpose. In the
examples above, we rst considered a model used for prediction, and second a model
used for simulation. A natural third question then arises, “How do we ensure that
the model found is suitable for the application?”. To answer this question we make
use of applications oriented input design. Applications oriented input design takes the
model application into account when designing the input signal to be used in the
identi cation experiment.

For good introductions to the area of system identi cation, we highly recommend
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Ljung (1999), Söderström and Stoica (1989) and Goodwin and Payne (1977). e
background material provided in this thesis follows mainly Ljung (1999).

B.1.1 Problem formulation

e general problem formulation considered in Part B is the problem of designing
the cheapest system identi cation experiment that ensures that the estimated model
is suitable for its application with high probability. e idea is to determine what
information about the system is of importance to the application, and to design the
experiment such that it reveals as much of this information as possible. In this thesis, we
consider the application where the model is used in the control design, more speci cally
in .

In Chapter B.2.3, we describe the applications oriented input design problem for
nite impulse response ( ) systems. e particular structure of the system allows

for a simple form of the input design problem. We then consider an application.
In Chapter B.3, we instead derive the applications oriented input design problem for

systems. It turns out that, when using a clever parametrization of the input signal,
the input design problem has the same form as in the case. Once again, we consider
an application. In the last chapter of Part B, Chapter B.4, we propose an algorithm
for applications oriented input design on a system controlled using . e difference
between the proposed algorithm and the applications considered in the preceding
chapters is that we here consider a more realistic situation where the true system is
unknown and can be nonlinear.

B.1.2 Related work

e theory of designing identi cation experiments in an optimal sense reaches back
to the 1970’s, see for example Fedorov (1972). Different measures of optimality have
been used, for example D-optimality (Goodwin and Payne, 1977, ch. 6) where the
determinant of the matrix P−1 is maximized, and control-oriented input design where
the control performance associated with the model is taken into account in the input
design. For an overview of the development of system identi cation from optimal
experiment design to control-oriented input design, see Gevers and Bombois (2006).

In the 1990’s new convex methods were developed, such as semide nite program-
ming and the usage of linear matrix inequalities ( ), see Boyd et al. (1994). ese new
methods were incorporated in system identi cation by Cooley et al. (1998), Lindqvist
and Hjalmarsson (2001) and Jansson (2004) where they use s in the formulation
of the input design problem. e main bene t from the new approach is that it allows
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for additional constraints to be taken into account in the input design problem while
maintaining a convex formulation. For example, constraints related to the application
of the model.

In the rst decade of 2000, concepts such as plant-friendly identi cation (Rivera
et al., 2003), least costly identi cation for control (Bombois et al., 2006) and
applications oriented input design (Hjalmarsson, 2009) were introduced. A plant-
friendly identi cation procedure mainly entails keeping output deviations low to
ensure product quality, minimizing experiment time and avoiding too many steps in
the input to minimize tear on actuators (Rivera et al., 2003). A big motivation for
such an identi cation procedure is that it is estimated that 75% of the cost related to
a control project in industry is dedicated to the identi cation of a model (Hussain,
1999). In Bombois et al. (2006), the plant-friendliness is captured by the least costly
identi cation objective. e cost to be minimized is de ned as experiment time,
degradation in performance caused by the experiment or a combination of the two
(Bombois et al., 2006). In addition, the authors introduce the notion of an admissible
model set. A model contained in the admissible set is deemed acceptable in terms of
the associated control performance and a model not contained in the set is deemed
unacceptable. In (Hjalmarsson, 2009), a similar framework is presented. For example,
the notion of an admissible set is used but it is called an application set. e applications
oriented input design problems considered in this thesis are related to this framework
and is described in detail in Chapter B.2.2.

A key element in several identi cation procedures is the possibility to parametrize
the input spectrum using a nite number of parameters and to minimize some cost
function with respect to those parameters. e optimal values of the parameters are
then used to realize an actual input signal, see for example Jansson (2004). Two
methods of spectrum parametrization are nite dimensional spectrum parametrization
and the partial correlation approach. For a nice description of the similarities and
differences between the two methods, we refer the reader to the introduction of
Hildebrand et al. (2010). For a more rigorous overview, see Jansson (2004). In Chapter
B.2.2, we describe the nite dimensional spectrum parametrization. In Chapter B.3.1
we provide a time domain derivation, instead of the usual frequency domain derivation,
of the partial correlation approach for systems.

e part of the thesis dealing with optimal input design for is closely related
to work by Christian A. Larsson, such as Larsson et al. (2011b), Larsson et al. (2011a)
and Larsson (2011). Here, we present an algorithm basically based on two steps: (1)
obtain an initial model; (2) perform optimal input design based on the initial model.
Advantages of such a two-step approach are described in Barenthin et al. (2005).





Chapter B.2

Background

In this chapter we present the necessary mathematical background to system identi ca-
tion in general and applications oriented design in particular. ree main applications
are considered:

1. systems.

2. systems.

3. Systems controlled using .

e outline is as follows. First, we describe system identi cation with focus on the
statistical result obtained when using . Second, we present the applications oriented
input design framework. ird, we discuss the application for systems that will serve
as a basis for the application for systems, which is described in the next chapter. For
a mathematical background of , we refer the reader to Part A.

B.2.1 System identification

e theory of system identi cation provides tools for estimating mathematical models
of systems. e mathematical models can be of different types. For example, the model
can be a curve representing a response of a system to a particular input signal. e
Bode diagram is an example of such a curve, where the gain and phase shift of the
system is plotted against frequency when the input signal is a sinusoid. In this thesis,
however, we focus on parametric models. at is, we consider models described by
transfer functions or state-space formulations. e task of system identi cation is to
estimate the parameter values that provide a model that best describes the true system
according to some measure.
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.

Figure B.2.1 e system under consideration. Here, u(t) is the input signal, e(t) is the
noise signal, y(t) is the output signal, and G(q) and H(q) are the transfer functions of the
system.

System

We consider multivariate systems that are linear, time invariant, asymptotically stable,
causal and in discrete time. e motivations for these system characteristics are listed
in Table B.2.1. e system is described by

S : y(t) = G(q)u(t) +H(q)e(t), (B.2.1)

where y(t) ∈ Rny is the output signal, u(t) ∈ Rnu is the input signal, e(t) ∈ Rne is the
noise signal, and S denotes the system. e noise sequence {e(t)} is assumed to be
white with zero mean and covariance matrix Λ0. e functions G(q) and H(q) are the
transfer functions matrices of the system. We let q and q−1 denote the forward and the
backward shift operators, respectively. Recall that these are de ned as

qu(t) = u(t+ 1),

q−1u(t) = u(t− 1),

(Ljung, 1999, p. 24-25). e system S is depicted in Figure B.2.1.

Model

e system to be identi ed is represented by a model parametrized with an unknown
parameter vector. e purpose of system identi cation is to nd the values of the
unknown parameters that, according to some measure, best describes the system. e
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Table B.2.1 Motivation for the characteristics of the considered systems.

Characteristic De nition Motivation

Linear e output depends linearly on
the input.

e experiment design con-
sidered is based on asymp-
totic properties of the estimated
models obtained when the sys-
tem is linear.

Time
invariant

e dynamics of the system do
not depend on absolute time.

e experiment design con-
sidered is based on asymp-
totic properties of the estimated
models obtained when the sys-
tem is time invariant.

Asymptotically
stable

e output will converge for
any input.

Only open loop identi cation
is considered. e system has
to be stable since no stabilizing
feedback can be present.

Causal e output at time t is only
dependent on the inputs up to
time t.

e systems considered are real
physical systems.

Discrete time e relationship between the
input and the output is de-
scribed by difference equations.

e data obtained in identi -
cation experiments are sampled
with some time unit.

model is given by

M(θ) : y(t) = G(q, θ)u(t) +H(q, θ)e(t),

E {e(t)} = 0, E
{
e(t)e(t)T

}
= Λ0,

(B.2.2)

where θ ∈ Rn is the unknown parameter vector, M(θ) denotes the parameterized
model, E {·} denotes the expected value, and Λ0 denotes the noise signal’s true
covariance matrix. We assume that Λ0 is known and that the model structure, G(q, ·)
and H(q, ·), can capture the dynamics of the system. In other words, there exist a
parameter vector θ0 such that S = M(θ0), that is

S : y(t) = G(q, θ0)u(t) +H(q, θ0)e0(t),

E {e0(t)} = 0, E
{
e0(t)e0(t)T

}
= Λ0.

(B.2.3)
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Prediction error method

We use to identify the parameter vector θ. e method provides the asymptotic
properties of the estimated models that are necessary for the experiment design
described in this thesis.

Data

In an identi cation experiment, we excite the unknown system with some input signal
and record the corresponding output signal. We denote the collected data ZN, where
ZN = {u(0), y(0), . . . u(N), y(N)}. Here N is the number of measurements made.

Prediction error

e prediction error is the difference between the output recorded in the identi cation
experiment and the predicted output provided by the model. Given the collected data
ZN and the model M(θ), the one-step-ahead prediction of y is

ŷ(t | θ) = H(q, θ)−1G(q, θ)u(t) +
[
Iny −H(q, θ)−1] y(t). (B.2.4)

e prediction error then becomes

ϵ(t, θ) = y(t)− ŷ(t | θ) = H(q, θ)−1 [y(t)− G(q, θ)u(t)] ,

(Ljung, 1999, p. 197-198).

Estimated model

provides the estimate of the parameter vector that minimizes a measure of the size
of the prediction error. e measure is required to be a scalar and convex function of
the prediction error. We use the quadratic criterion,

θ̂N = arg min
θ

1
2N

N∑
t=1

ϵ(t, θ)TΛ−1
0 ϵ(t, θ),

where θ̂N denotes the estimated parameter vector based on N measurement in the
identi cation experiment (Ljung, 1999, p. 218-219).
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Asymptotic properties of the estimated model

e estimated parameter vector has, under mild assumptions, the asymptotic properties

θ̂N → θ0 as N → ∞, with probability 1, (B.2.5a)
√
N(θ̂N − θ0) → N (0, P) as N → ∞, (B.2.5b)

P =

[
lim

N→∞

1
N

N∑
t=1

E
{
ψ(t, θ0)Λ

−1
0 ψ(t, θ0)

T}]−1

, (B.2.5c)

ψ(t, θ) =
d
dθ

ŷ(t | θ). (B.2.5d)

For details see Ljung (1999, p. 282 and p. 309-316). From (B.2.5b), we see that

NCov θ̂N → P as N → ∞. (B.2.6)

In this thesis, we assume that N is nite but sufficiently large for the asymptotic
properties (B.2.5) to hold approximately.

e inverse of the matrix P can be expressed, in the frequency domain, as an affine
function of the input spectrum, see Lemma B.2.1. We use this fact in the applications
oriented input design.
Lemma B.2.1 Consider open loop identi cation. e matrix P, de ned in (B.2.5c), can
be expressed in the frequency domain as

P =

[
1
2π

∫ π

−π
Γu(e jω, θ0)(Λ

−1
0 ⊗ Φu(e jω))Γu(e−jω, θ0)

Tdω+

1
2π

∫ π

−π
Γe(e jω, θ0)(Λ

−1
0 ⊗ Λ0(e jω))Γe(e−jω, θ0)

Tdω

]−1

,

where

Γu =

vec F1
u

...
vec Fn

u

 , Γe =

vec F1
e

...
vec Fn

e

 ,
F i
u = H−1 dG(e jω, θ)

dθi
, F i

e = H−1 dH(e jω, θ)
dθi

, for i = 1 . . . n,

and Φu(e jω) is the spectrum of the input signal. Here, vec U means a row vector with the
rows of the matrix U stacked over each other.
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Proof. See Barenthin Syberg (2008, p. 39-40).

System identification set

Given the asymptotic property (B.2.5b), we can provide a con dence ellipsoid of θ̂N.
e con dence ellipsoid is de ned as

Eid(α) =

{
θ | (θ − θ0)

TP−1(θ − θ0) ≤
χ2
α(n)
N

}
, (B.2.7)

where χ2
α(n) is the value of the χ2-distribution at probability α and n degrees of

freedom. We call the con dence ellipsoid Eid(α) the system identi cation set. en
θ̂N lies inside Eid(α) with probability α as N → ∞ (Silvey, 1970, p. 91).

Example B.2.1 (System identification set)
We consider an model given by

M(θ) : y(t) = θ1u(t− 1) + θ2u(t− 2) + e(t),

E {e(t)} = 0, E
{
e(t)2

}
= Λ0,

where θ = [θ1 θ2]
T. e system is obtained as S = M(θ0). e one-step-ahead

prediction of y, de ned in (B.2.4), is

ŷ(t|θ) = θ1u(t− 1) + θ2u(t− 2).

e inverse of the matrix P, de ned in (B.2.5c), is

P−1 = lim
N→∞

1
NΛ0

N∑
t=1

[
E {u(t− 1)u(t− 1)} E {u(t− 1)u(t− 2)}
E {u(t− 2)u(t− 1)} E {u(t− 2)u(t− 2)}

]
. (B.2.8)

We assume that the input sequence {u(t)} has zero mean and is quasi-stationary, that
is, the limit in (B.2.8) exists. Consequently

P−1 =
1
Λ0

R2,

where R2∈S2
+ is the covariance matrix of u(t). e corresponding system identi cation

set, de ned in (B.2.7), is

Eid(α) =

{
θ | (θ − θ0)

T 1
Λ0

R2(θ − θ0) ≤
χ2
α(n)
N

}
.

See Wahlberg et al. (2010).
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B.2.2 Applications oriented input design

We consider models estimated from experimental data and physical knowledge of the
systems. e models are used for various purposes, for example model based control
design. In model based control, the model is used to determine which control action to
apply to the system. Given a feasible control objective, acceptable control performance
is obtained if the model is suitable, that is, if the model provides an adequate description
of the system dynamics that are of importance for the control objective. e theory of
applications oriented input design provides tools for designing the input signal used in
the identi cation experiment. e theory guarantees, with high probability, that the
obtained model gives acceptable control performance when used in the control design.

Application cost

e application cost is a measure of the control performance achieved when a model
is used in the control design. e application cost is a scalar function of the parameter
vector θ and is denoted Vapp(θ). We require that Vapp(θ) ≥ 0 for all θ and Vapp(θ0) =
0. Note that if Vapp(θ) is twice differentiable in a neighborhood of θ0, this implies

V ′
app(θ0) = 0, V ′′

app(θ0) ≽ 0.

Application set

An increasing application cost re ects a deteriorating control performance. Most
applications have an upper limit on the deterioration allowed. As long as the application
cost is below the limit, the control performance is considered acceptable. We can de ne
an application set, where the parameter vectors inside the set are acceptable and those
outside the set are unacceptable with respect to control performance. e application
set is de ned as

Θapp(γ) =

{
θ |Vapp(θ) ≤

1
γ

}
, (B.2.9)

where the upper limit on the application cost is de ned using a positive scalar γ.
e concept of an application cost was introduced by Bombois et al. (2006) and
Hjalmarsson (2009).
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Example B.2.2 (Application set)
We consider the system in Example B.2.1, where G(q, θ) = θ1q−1 + θ2q−2 and
H(q, θ) = 1. We use a model based control design consisting of a P-controller

F(β, θ) =
β2

βθ1 − θ2
, 0 < β ≤ 1.

e closed loop system is

Gc(β, θ, θ0) =
F(β, θ)G(q, θ0)

1 + F(β, θ)G(q, θ0)
,

with nominal (θ = θ0) closed loop poles −β and −βθ0
2/(βθ

0
1 − θ0

2). e control
objective is to reject a constant output disturbance. erefore, we want the application
cost to emphasize the disturbance rejection capability of the control design. For
example, we can choose the application cost to be

Vapp(θ) =

(
lim
q→1

1
1 + F(β, θ0)G(q, θ0)

− lim
q→1

1
1 + F(β, θ)G(q, θ0)

)2

,

that is, the difference between the static gain of the sensitivity function when the
controller is based on θ0 and when the controller is based on θ. e application set
then becomes

Θapp(γ) =

{
θ

∣∣∣∣∣
(

βθ0
1 − θ0

2
βθ0

1 − θ0
2 + β2(θ0

1 + θ0
2)

− βθ1 − θ2

βθ1 − θ2 + β2(θ0
1 + θ0

2)

)2

≤ 1
γ

}
.

Note that we consider the expression θ1 + θ2 occurring in Gc(β, θ, θ0) to be known.
e summation θ1 + θ2 is equivalent to the static gain of G(q, θ) and can easily be
identi ed using a constant input signal. See Wahlberg et al. (2010).

Applications oriented input design problem

e problem of designing the input signal used in the identi cation experiment can
be formulated as an optimization problem. e optimization problem consists of
three main parts: (1) the decision variables, (2) the objective function, and (3) the
constraints.
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Decision variables

We know that the input signal directly affects the estimated parameter vector obtained
in the identi cation experiment. We can use the relationship between the input signal
and the estimates to formulate the optimization problem. Lemma B.2.1 shows that P−1

is an affine function of Φu, the spectrum of the input signal used in the identi cation
experiment. Consequently, (Cov θ̂N)−1 is an affine function of Φu, see (B.2.6), and
we can design our estimates by designing the input spectrum. us, a suitable choice
of decision variable in the optimization problem is the input spectrum Φu.

Objective function

Applications oriented input design provides an input spectrum that is optimal accord-
ing to some measure. Typically, we want the input spectrum to give the cheapest pos-
sible identi cation experiment. erefore, the objective function of the optimization
problem is a cost related to performing the identi cation experiment, for example the
required power of the input signal. For simplicity, we require the objective function to
be a convex function in the decision variable Φu. is is a necessary condition for the
optimization problem to be convex.

Constraints

e most important part of applications oriented input design is that the input
spectrum provides models that, when used in the control design, give an acceptable
control performance. Based on the asymptotic properties of , we know that our
estimated parameter vector θ̂N lies inside Eid with some high probability α. We also
know that, in order for our model to give an acceptable control performance, θ̂N must
lie inside of Θapp. erefore, to be able to ensure that the estimated parameter vector
is an acceptable parameter vector, we require Eid ⊆ Θapp.

Optimization problem

e optimization problems occurring in applications oriented input design can be
formulated as

minimize
Φu

fcost(Φu), (B.2.10a)

subject to Eid(α) ⊆ Θapp(γ), (B.2.10b)
Φu(ω) ≽ 0, for all ω, (B.2.10c)
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where fcost(Φu) is the cost related to the identi cation experiment. e last constraint
(B.2.10c) is required by de nition since all spectra are positive entities.

e optimization problem (B.2.10) is difficult to solve due to the two constraints.
e region constraint (B.2.10b) may not be convex. at is, while the system
identi cation set is an ellipsoid, see (B.2.7), the application set can be of any shape.
e spectrum constraint (B.2.10c) consists of in nitely many matrix inequalities since
it is required to hold for all ω. We need to make approximations of the two constraints
in order to make the optimization problem convex and tractable, and consequently
possible to solve efficiently.

Region constraints approximation

We consider two methods of approximating the region constraint with a convex
constraint. e methods are called the ellipsoidal approximation and the scenario
approach.

Ellipsoidal approximation

We make an ellipsoidal approximation of the application set using a second order
Taylor expansion of the application cost evaluated at θ0. at is,

Vapp(θ) ≈ Vapp(θ0) + (θ − θ0)V ′
app(θ0) +

1
2
(θ − θ0)

TV ′′
app(θ0)(θ − θ0).

According to de nition Vapp(θ0) = V ′
app(θ0) = 0, therefore,

Vapp(θ) ≈
1
2
(θ − θ0)

TV ′′
app(θ0)(θ − θ0),

and we get the ellipsoidal approximation of the application set as

Θapp ≈ Eapp(γ) =

{
θ | 1

2
(θ − θ0)

TV ′′
app(θ0)(θ − θ0) ≤

1
γ

}
.

Note that a higher value of γ will lead to a better ellipsoidal approximation. us,
the region constraint (B.2.10b) can be approximated by Eid(α) ⊆ Eapp(γ), which is
equivalent to

P−1 ≽ χ2
α(n)
N

γV ′′
app(θ0)

2
, (B.2.11)

(Hjalmarsson, 2009, appx. 3). e constraint (B.2.11) is an in the coefficients of
input spectrum (see Section “Spectrum constraint approximation”) and is therefore
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..

Θapp

..

×

.

θ0

.

Eapp

.

θ

Figure B.2.2 Ellipsoidal approximation. e ellipsoidal region Eapp approximates the true
application region Θapp. e ellipsoidal region is centered at the true parameter vector θ0.

convex. e geometrical interpretation of the ellipsoidal approximation is illustrated
in Figure B.2.2.

Example B.2.3 (Ellipsoidal approximation)
We once again consider Examples B.2.1 and B.2.2. e Hessian of the application cost
in Example B.2.2 is

V ′′
app(θ0) =

2β4(θ0
1 + θ0

2)
2

(βθ0
1 − θ0

2 + β2(θ0
1 + θ0

2))
4

[
β2 −β
−β 1

]
.

e ellipsoidal approximation of the region constraint is

1
Λ0

R2 ≽ χ2
α(n)γ
N

β4(θ0
1 + θ0

2)
2

(βθ0
1 − θ0

2 + β2(θ0
1 + θ0

2))
4

[
β2 −β
−β 1

]
,

(Wahlberg et al., 2010).

Scenario approach

Optimization problem (B.2.10) is a semi-in nite optimization problem, that is, the
problem has a nite number of decision variables (see Section “Spectrum constraint
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Figure B.2.3 Scenarios approach. A nite number of points θi, denoted ◦ in the gure,
are used to approximate the application region Θapp. e points, also called scenarios, are
drawn according to some probability distribution.

approximation”) and an in nite number of constraints, due partly to the region
constraint (B.2.10b). e region constraint corresponds to an in nite number of
constraints since every point inside Eid is required to lie inside Θapp. e idea of the
scenario approach is to choose a nite number, say M, of points inside Eid and require
them to lie inside Θapp. Provided that M is large enough, we can ensure that, as long
as the M constraints are ful lled, the in nitely many constraints are ful lled with high
probability. us, the region constraint (B.2.10b) can be approximated by

(θi − θ0)
TP−1(θi − θ0) ≥

χ2
α(n)γ
N

Vapp(θi), for i = 1 . . .M <∞.

e scenario approach for approximating a semi-in nite optimization problem with
a nite one was presented by Cala ore and Campi (2006). A lower bound on M is
provided by Campi and Garatti (2007). e scenario approach was introduced as a
method for approximating the region constraint (B.2.10c) by Larsson et al. (2011b).
e geometrical interpretation of the scenario approach is illustrated in Figure B.2.3.
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Spectrum constraint approximation

In this thesis, we consider spectra given by

Φu(ω) =

∞∑
k=−∞

cke jωk,

where ck ∈Rnu×nu and ck = c−k. erefore, the decision variable in the optimization
problem (B.2.10) is the sequence of {ck}∞k=−∞. To avoid an in nite number of
decision variables we make use of nite dimensional parametrization, see Jansson and
Hjalmarsson (2005), where Φu(ω) is restricted to

Φu(ω) =

m−1∑
k=−(m−1)

cke jωk, (B.2.12)

where the truncated sum (B.2.12) is required to be non-negative for all ω, in
accordance to constraint (B.2.10c). is constraint corresponds to an in nite number
of constraints in ω, but can be formulated as an using Lemma B.2.2.
Lemma B.2.2 Let {A, B, C, D} be a state-space realization of

∑m−1
k=0 cke jωk. Given

that A is stable, (A,B,C) is minimal and DT = D ≽ 0, there exists a matrix Q = QT

such that

K(Q, {A,B,C,D}) ,
[
Q− ATQA −ATQB
−BTQA −BTQB

]
+

[
0 CT

C D+ DT

]
≽ 0, (B.2.13)

if and only if Φu(ω) =
∑m−1

k=−(m−1) cke
jωk ≽ 0, for all ω.

Proof. Lemma B.2.2 is a consequence of the Positive Real Lemma, see Yakubovich
(1962) and Wu et al. (1996, thm. 1). For a thorough description and reference list see
Boyd et al. (1994, ch. 2.7.2 and p. 34-p. 35).

us, we can approximate the spectrum constraint (B.2.10c) with the

K(Q, {A,B,C,D}) ≽ 0,

and by adding the symmetric matrix Q as a decision variable.
Remark. In Chapter B.3.1, we use another method for parameterizing the input

spectrum. e resulting spectrum is the same as the one obtained with the partial
correlation approach (Jansson, 2004), but we derive it in the time domain instead for
in the usual frequency domain.
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Approximate optimization problems

Given the approximations made of the region and spectrum constraints, we can
formulate two convex approximations of optimization problem (B.2.10). If we use
the ellipsoidal approximation we get

minimize
Q,c0,...,cm

fcost(ck),

subject to P−1 ≽ χ2
α(n)
N

γ
2V

′′
app(θ0),

K(Q, {A,B,C,D}) ≽ 0,
Q = QT.

(B.2.14)

If we instead use the scenario approach we obtain

minimize
Q,c0,...,cm

fcost(ck),

subject to (θi − θ0)
TP−1(θi − θ0) ≥ χ2

α(n)γ
N Vapp(θi), i = 1 . . .M,

K(Q, {A,B,C,D}) ≽ 0,
Q = QT.

(B.2.15)

In both formulations the optimal input spectrum is obtained as the truncated sum in
(B.2.12).

B.2.3 Applications oriented input design for FIR system

Suppose that we want to apply applications oriented input design to an system, that
is, we want to solve (B.2.14) or (B.2.15) for an system. anks to the structure,
we obtain a very nice expression for the matrix P−1. In fact, the structure makes it
possible to obtain the optimal input spectrum directly in the time domain, that is, we
do not have to make the spectrum approximation described in Chapter B.2.2. e
matrix P−1 for an system is given by

P−1 =
1

2πΛ0

∫ π

−π

dG(e jω, θ)
dθ

Φu(e jω)
dG(e−jω, θ)

dθ

T

dω

∣∣∣∣∣
θ=θ0

,

see Lemma B.2.1. e corresponding expression for P−1 in the time domain is

P−1 =
1
Λ0

E

{[
dG(q, θ)

dθ
u(t)
][

dG(q−1, θ)

dθ
u(t)
]T}∣∣∣∣∣

θ=θ0

. (B.2.16)
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e derivative of the transfer function G(q, θ) is

dG(q, θ)
dθ

= [q−1, . . . , q−n]. (B.2.17)

erefore, we can write

P−1 =
1
Λ0

Rn, (B.2.18)

where Rn ∈ Sn is a Toeplitz matrix, with elements Rn,i,j = E {u(t)u(t− |i− j|)}. In
other words, Rn is the covariance matrix of u(t). us, the approximate optimization
problems can for systems be written as

minimize
Rn

fcost(Rn,i,j),

subject to Rn ≽ χ2
α(n)Λ0
N

γ
2V

′′
app(θ0),

(B.2.19)

using the ellipsoidal approximation, and

minimize
Rn

fcost(Rn,i,j),

subject to (θi − θ0)
TRn(θi − θ0) ≥ χ2

α(n)Λ0γ
N Vapp(θi), i = 1 . . .M,

(B.2.20)

using the scenario approach.

Example B.2.4 (Optimization problem)
We consider Examples B.2.1, B.2.2 and B.2.3. We want to minimize the variance of
the input signal used in the identi cation experiment. e corresponding optimization
problem, using ellipsoidal approximation, can be written as

minimize
R2

R2,1,1,

subject to R2 ≽ χ2
α(2)Λ0
N

γ
2V

′′
app(θ0),

where R2,i,j denotes the element of R2 on row i and column j. us, R2,1,1 = E
{
u(t)2

}
is the input variance (or input power). Let us denote

V ′′
app(θ0) =

[
v1 v2
v2 v3

]
.

e optimization problem can be solved analytically and the solution is given by

R2,1,1 = R2,2,2 =
χ2
α(2)Λ0

N
γ

2
max{v1, v3}, R2,1,2 = R2,2,1 =

χ2
α(2)Λ0

N
γ

2
v2.

(Wahlberg et al., 2010)
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Example B.2.5 (Disturbance rejection using MPC on FIR system)
Consider the state space model

M(θ) :

[
x1(t+ 1)
x2(t+ 1)

]
=

[
0 0
1 0

] [
x1(t)
x2(t)

]
+

[
1
0

]
u(t)

y(t) =
[
θ1 θ2

] [x1(t)
x2(t)

]
+ d(t) + e(t),

E {e(t)} = 0, E
{
e(t)e(t)T

}
= Λ0.

(B.2.21)

e true parameters are (θ0
1, θ

0
2) = (10,−9), and S = M(θ0). e noise variance is

Λ0 = 10−2. e disturbance is given by d(t) = 1 for t > 0, and we assume zero initial
conditions. We use the ellipsoidal approximation of the applications oriented input
design problem for , see (B.2.19). e system is controlled using , therefore
it is not possible to analytically nd V ′′

app(θ). We use numerical differentiation to
compute V ′′

app(θ0). e disturbance is assumed to be unknown in the algorithm;
it is estimated for future t. e feedforward open loop control

u(t) =
−d(t)
b1 + b2

(B.2.22)

rejects the disturbance in two time steps. e cost function is

V(t) =
Hp∑
i=1

∥ ŷ(t+ i− 1|t)∥2
2,

where the prediction horizon is Hp = 10. e control horizon is Hu = 10. No
constraints on the input or output signals are used in the control problem. e
application cost function is

Vapp(θ) =
1
10

10∑
i=1

[y(t, θ)− y(t, θ0)]
2, (B.2.23)

where y(t, θ) is the output signal under the feedback control based on the model
(B.2.21). We choose γ = 100. We use cvx (Grant and Boyd, 2011) to solve the
optimization problems. Figure B.2.4 shows the ellipsoidal sets, along with the estimates
θ̂N, when the optimal input signal is used in the identi cation experiment with no
disturbance d(t). One thousand θ̂N were estimated using one hundred measurements
of u(t) and y(t). In total 99.3% of the estimated parameters are inside the ellipse Eid.
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e eigenvector corresponding to the larger semi-axis of Eapp in Figure B.2.4
is [0.70 − 0.72]T with eigenvalue 0.002. e larger eigenvalue is 0.062 with the
corresponding eigenvector [−0.72 − 0.70]T . is means that it is most important to
have a good estimate of the sum of the parameters, that is, the static gain should be
close to that of the true system. is makes sense since we do not put any constraint
on u(t) and the feed forward solution (B.2.22) is close to optimal.

e level curve of Vapp(θ) = 1/γ, γ = 100, is given in Figure B.2.5, along with
its ellipsoidal approximation Eapp. We see some discrepancy in the center point, but
the basic geometry is captured. A higher γ will lead to a better approximation of Vapp.
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Figure B.2.4 Example B.2.5: Resulting regions and estimates. Eid (. ) lies inside Eapp
(. ). e estimates are denoted (. . . ), and the true parameter is denoted (. ).

.....
8

.
10

.
12

.

−10

.

−8

.

θ1

.

θ 2

Figure B.2.5 Example B.2.5: True and approximated application set. Eapp is (. ), the
level curve of Vapp = 1/γ is (. ) and the true parameter is (. ).





Chapter B.3

Applications Oriented Input Design
for Output Error Models

We show that by parameterizing the input signal to the system, we obtain an
expression for the matrix P−1 that is completely determined in the time domain.
e expression coincide with the one obtained using the partial correlation approach
(Jansson, 2004), the difference lies in the derivation. e structure of P−1 allows us to
solve the applications oriented design problems in a similar fashion as for systems,
see Chapter B.2.3. e speci c parameterization used was proposed by Stoica and
Söderström (1982).

B.3.1 Problem formulation and method

In this section we describe the system and the corresponding applications oriented
input design problems when the parameterization proposed in Stoica and Söderström
(1982) is used. We also show the alternative derivation via the partial correlation
approach to the expression of the matrix P−1.

System

We consider a single-input-single-output system that can be described using the
structure

S : y(t) =
B(q)
F(q)

u(t) + e(t). (B.3.1)

81
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.. B(q)
F(q)

. Σ. u(t).. y(t).

e(t)

Figure B.3.1 An system. Here, u(t) is the input signal, e(t) is the noise signal, y(t) is the
output signal, and G(q) = B(q)/F(q) is the transfer function of the system.

e system is equivalent to (B.2.1), with G(q) = B(q)/F(q) and H(q) = I. Both B(q)
and F(q) are polynomials of the backward shift operator q−1,

B(q) = b1q−1 + · · ·+ bnq−n, F(q) = 1 + f1q
−1 + · · ·+ fnq

−n.

We assume that F(q) has all roots inside the unit circle, and that B(q) and F(q)
have no common roots. e system S is depicted in Figure B.3.1. For more details
regarding structures, see for example Ljung (1999, p. 85-86). e parametrized
model corresponding to (B.3.1) is given by

M(θ) : y(t) =
B(q, θ)
F(q, θ)

u(t) + e(t),

E {e(t)} = 0, E
{
e(t)2

}
= Λ0,

(B.3.2)

where the parameter vector θ ∈ R2n is de ned as θ = [b1, . . . , bn, f1, . . . , fn]
T. We

assume that S = M(θ0).

System identification set

Let us look at the expression for P−1 in the time domain for an system,

P−1 =
1
Λ0

E
{[

dG(q, θ)
dθ

u(t)
][

dG(q−1, θ)

dθ
u(t)
]T}∣∣∣∣∣

θ=θ0

. (B.3.3)

e derivative of the transfer function G(q, θ) is

dG(q, θ)
dθ

=

[
q−1

F(q, θ)
, · · · , q−n

F(q, θ)
,
B(q, θ)
F(q, θ)

−q−1

F(q, θ)
, · · · , B(q, θ)

F(q, θ)
−q−n

F(q, θ)

]T
=S(θ)[q−1, . . . , q−2n]T

1
F(q, θ)2

,

(B.3.4)
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where S is a Sylvester matrix de ned as

S(θ) =



1 f1 f2 · · · fn · · · 0
1 f1 · · · fn−1 fn 0

1 · · · fn−2 fn−1 fn 0
...

. . .
...

...
...

. . .
...

0 0 0 · · · 1 f1 f2 · · · fn
0 −b1 −b2 · · · −bn · · · 0

0 −b1 · · · −bn−1 −bn 0
0 · · · −bn−2 −bn−1 −bn 0

...
. . .

...
...

...
. . .

...
0 0 0 · · · 0 −b1 −b2 · · · −bn


,

see Stoica and Söderström (1982). Due to the requirements on B(q) and F(q) (they
cannot have common roots), the matrix S(θ) is non-singular. Let us de ne a ltered
input signal such that

ũ(t) =
1

F(q)2 u(t).

us we can write

dG(q, θ)
dθ

u(t) = S(θ)[ũ(t− 1), . . . , ũ(t− 2n)]T,

and

P−1 =
1
Λ0

S(θ0)R̃2nS(θ0)
T, (B.3.5)

where R̃2n∈S2n is a Toeplitz matrix, with elements R̃2n,i,j = E{ũ(t)ũ(t− |i− j|)}. In
other words, R̃2n is the covariance matrix of ũ(t). us, the system identi cation set of
the considered system is

Eid(α) =

{
θ | (θ − θ0)

TS(θ0)R̃2nS(θ0)
T(θ − θ0) ≤

χ2
α(n)Λ0

N

}
. (B.3.6)

Remark. We have derived, in the time domain, a nite expression for the matrix
P−1 when considering systems, see (B.3.5). We can derive the same result using the
partial correlation approach (Jansson, 2004). We have

P−1 =
1

2πλ0

∫ π

−π
Ψ(ejω)Φu(ω)Ψ(e−jω)Tdω, (B.3.7)
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where

Ψ(ejω) =
dG(ejω, θ)

dθ
= S(θ)[e−jω, . . . , e−2njω]T

1
F(ejω, θ)2

.

erefore, we can write (B.3.7) as

P−1=

1
2πλ0

∫ π

−π
S(θ)


1 ejω . . . e(2n−1)jω

e−jω 1 . . . e(2n−2)jω

...
...

. . .
...

e(−2n+1)jω e(−2n+2)jω . . . 1

S(θ)T
Φu(ω)

|F(ejω, θ)2|2
dω.

(B.3.8)

We use the same ltered input signal as before

Φũ(ω) =
1

F(ejω, θ)2
Φu(ω). (B.3.9)

Inserting (B.3.9) in (B.3.8) gives

P−1=
1

2πλ0

∫ π

−π
S(θ)


1 ejω . . . e(2n−1)jω

e−jω 1 . . . e(2n−2)jω

...
...

. . .
...

e(−2n+1)jω e(−2n+2)jω . . . 1

S(θ)TΦũ(ω)dω.

(B.3.10)
A spectrum can be expressed as Φũ =

∑∞
k=−∞ r̃ke jωk where r̃k = E {ũ(t)ũ(t− k)}

(Jansson, 2004). Inserting this in (B.3.10) gives

P−1=

1
2πλ0

∫ π

−π
S(θ)


1 ejω . . . e(2n−1)jω

e−jω 1 . . . e(2n−2)jω

...
...

. . .
...

e(−2n+1)jω e(−2n+2)jω . . . 1

S(θ)T
∞∑

k=−∞
r̃ke jωkdω.

All elements of the matrix inside the integral that has an imaginary number in the
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exponential gives a contribution of zero to the integral. erefore,

P−1=

1
2πλ0

∫ π

−π
S(θ)

(̃
r0


1 0 . . . 0
0 1 . . . 0
...

...
. . .

...
0 0 . . . 1

+ · · ·+ r̃2n−1


0 0 . . . 1
0 0 . . . 0
...

...
. . .

...
1 0 . . . 0


)
S(θ)Tdω=

1
λ0

S(θ)R̃2nS(θ)Tdω,

which is equivalent to the result derived previously in the time domain, that is, (B.3.5).

Objective function

We consider two different objective functions in the applications oriented input design
problem. e rst objective is to minimize the variance of the input signal. e second
objective is to minimize the variance of the output signal.

e variance of the input signal for the system is given as

E
{
u(t)2

}
= E

{
(F(q, θ0)

2ũ(t))2
}
= f̄(θ0)

TR̃2n+1 f̄(θ0), (B.3.11)

where f̄(θ)∈R2n+1 is a vector consisting of the coefficients of the polynomial F(q, θ0)
2.

We can see that to be able to minimize the variance of the input signal we need to
solve an optimization problem with respect to R̃2n+1, that is, we need to augment the
corresponding matrix R̃2n in the expression for P−1 by one dimension.

e variance of the output signal for the system is given as

E
{
y(t)2

}
= E

{
(B(q, θ0)F(q, θ0)ũ(t))2

}
= b̄(θ0)

TR̃2nb̄(θ0), (B.3.12)

where b̄(θ0) ∈ R2n is a vector consisting of the coefficients of the polynomial
B(q, θ0)F(q, θ0). Note that, in this case, we do not need to augment R̃2n.

Applications oriented input design problems

We can formulate the input design problems corresponding to the two objective
functions (B.3.11) and (B.3.12) as convex problems in the time domain. We use
the ellipsoidal approximation of the regional constraint, where we use (B.3.6) as the
expression for the system identi cation set. e problem of minimizing the input
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variance can be formulated as

minimize
R̃2n+1

f̄(θ0)
TR̃2n+1 f̄(θ0),

subject to R̃2n ≽ χ2
α(n)Λ0
N

γ
2S(θ0)

−1V ′′
app(θ0)S(θ0)

−T,

R̃2n+1 ≽ 0,

(B.3.13)

where the last matrix inequality ensures that R̃2n+1 can be a covariance matrix. e
problem of minimizing the output variance can be formulated as

minimize
R̃2n

b̄(θ0)
TR̃2nb̄(θ0),

subject to R̃2n ≽ χ2
α(n)Λ0
N

γ
2S(θ0)

−1V ′′
app(θ0)S(θ0)

−T.
(B.3.14)

e solution to these problems gives the optimal covariance matrix of ũ(t). Once we
have realized ũ(t), we can easily recover u(t) by the ltering operation

u(t) = F(q, θ0)
2ũ(t).

B.3.2 Example

We consider the problem of estimating the frequency response using an model. A
suitable choice for the application cost is

Vapp(θ) = |G(e jω, θ)− G(e jω, θ0)|2,

where ω denotes the frequency. e Hessian of the application cost evaluated at the
true parameter vector is

V ′′
app(θ0) = 2Re

{[
d
dθ

G(e jω, θ)

][
d
dθ

G(e −jω, θ)

]T}∣∣∣∣∣
θ=θ0

.

Here Re{(·)} is the real part of {(·)}. We can get a more detailed expression for the
Hessian by re-using the derivation in (B.3.4). We get

V ′′
app(θ0) = 2

1
|F(e jω, θ0)|4

S(θ0)[e −jω, . . . , e−2njω]T[e jω, . . . , e2njω]ST(θ0).

erefore, we have the relationship

S(θ0)
−1V ′′

app(θ0)S
−T(θ0) = 2

1
|F(e jω, θ0)|4

M, (B.3.15)
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where M∈S2n is a Toeplitz matrix with Mi,j = cos(|i− j|ω). us, we can formulate
the minimum input variance problem (B.3.13) as

minimize
R̃2n+1

f̄ (θ0)
TR̃2n+1 f̄ (θ0),

subject to R̃2n ≽ χ2
α(n)Λ0γ

N
1

|F (e jω ,θ0)|4
M,

R̃2n+1 ≽ 0,

(B.3.16)

and the minimum output variance (B.3.14) as

minimize
R̃2n

b̄(θ0)
TR̃2nb̄(θ0),

subject to R̃2n ≽ χ2
α(n)Λ0γ

N
1

|F (e jω ,θ0)|4
M.

(B.3.17)

Minimizing output variance

We provide an analytic solution to problem (B.3.17) in the following lemma.
Lemma B.3.1 e solution to problem (B.3.17) is

ũ(t) =

√
2
χ2
α(n)Λ0γ

N
1

|F(e jω, θ0)|2
cos(ωt) ⇔ u(t) =

√
2
χ2
α(n)Λ0γ

N
cos(ωt).

when ω ̸= 0, π, and

ũ(t) =

√
χ2
α(n)Λ0γ

N
1

|F(e jω, θ0)|2
cos(ωt) ⇔ u(t) =

√
χ2
α(n)Λ0γ

N
cos(ωt),

otherwise.

Proof. e proposed solution ũ(t) has covariance matrix

R̃ sol
2n =

χ2
α(n)Λ0γ

N
1

|F(e jω, θ0)|4
M,

which is the right hand side of the in (B.3.17). Since R̃2n ≽ R̃ sol
2n for all other

feasible R̃2n, we have

b̄(θ0)
TR̃2nb̄(θ0) ≥ b̄(θ0)

TR̃ sol
2n b̄.

at is, the objective function of (B.3.17) is minimized for R̃ sol
2n .
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Minimizing input variance

In the case of minimizing the input variance, the proposed solution in Lemma B.3.1
is feasible but not necessarily optimal. We can derive an analytic solution in the case
of n = 1.e model is then given by

G(e jω) =
be−jω

1 + fe−jω , | f | ≤ 1.

e minimum variance problem (B.3.16) becomes

minimize
r̃0,r̃1,r̃2

[1, 2f0, f
2

0 ]

r̃0 r̃1 r̃2
r̃1 r̃0 r̃1
r̃2 r̃1 r̃0

 [1, 2f0, f
2

0 ]T, (B.3.18a)

subject to
[
r̃0 r̃1
r̃1 r̃0

]
≽ χ2

α(n)Λ0γ

N
1

|F(e jω, θ0)|4
M, (B.3.18b)r̃0 r̃1 r̃2

r̃1 r̃0 r̃1
r̃2 r̃1 r̃0

 ≽ 0. (B.3.18c)

To simplify the notation in the derivation of the solution to problem (B.3.18), we
set

M =

[
1 d
d 1

]
,
χ2
α(n)Λ0γ

N
1

|F(e jω, θ0)|4
= C.

We also re-write the objective function (B.3.18a) as

J(r̃0, r̃1, r̃2) = ar̃0 + br̃1 + cr̃2, (B.3.19)

with a = 1+ 4f 2 + f 4 > 0, b = 4f+ 4f 3 and c = 2f 2 ≥ 0. We will use the fact that
a+ b+ c = (1 + f )4 and a− b+ c = (1 − f )4.

Both constraints are active for the optimal solution. Using eigenvalue decom-
position, we can re-write constraint (B.3.18b) as[

1 1
−1 1

]T [ r̃0 − C r̃1 − Cd
r̃1 − Cd r̃0 − C

] [
1 1
−1 1

]
=[

2(r̃0 − r̃1 − C+ Cd) 0
0 2(r̃0 + r̃1 − C− Cd)

]
≽ 0.
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us, we require

r̃0 ≥ C+ |r̃1 − Cd|. (B.3.20)

ere are three cases when constraint (B.3.20) is active,

• Case 1a: r̃1 > Cd ⇒ r̃0 = C(1 − d) + r̃1.

• Case 1b: r̃1 < Cd ⇒ r̃0 = C(1 + d)− r̃1.

• Case 1c: r̃1 = Cd ⇒ r̃0 = C.

We can use the same decomposition idea on the second constraint (B.3.18c) and
obtain  1 0 1

0 1 0
−1 0 1

T r̃0 r̃1 r̃2
r̃1 r̃0 r̃1
r̃2 r̃1 r̃0

 1 0 1
0 1 0
−1 0 1

 =

2(r̃0 − r̃2) 0 0
0 r̃0 2r̃1
0 2r̃1 2(r̃0 + r̃2)

 ≽ 0.

us, we require

r̃0 ≥ |r̃2| (B.3.21)

and

r̃2 ≥ 2r̃ 2
1
r̃0

− r̃0. (B.3.22)

e original constraint (B.3.18c) is active when any of (B.3.21) and (B.3.22) are active.
Consequently, there are two cases

• Case 2a: r̃0 > |r̃2| ⇒ r̃2 =
2r̃21
r̃0 − r̃0.

• Case 2b: r̃2 >
2r̃ 2

1
r̃0 − r̃0 ⇒ r̃0 = |r̃2|.

We now have three different scenarios to consider.
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Case 1a and 2a

Case 1a together with case 2a yields

r̃2 = r̃0 +
2C 2(1 − d)2

r̃0
− 4C(1 − d).

e objective function can therefore be written as

J(r̃0) =ar̃0 + b(r̃0 − C(1 − d)) + c
(
r̃0 +

2C 2(1 − d )2

r̃0
− 4C(1 − d )

)
.

By setting the derivative of J(r̃0) to zero we get the solution to problem (B.3.18) as

r̃0 =
2| f ||C||1 − d |

(1 + f )2
,

r̃1 = r̃0 − C(1 − d),

r̃2 = r̃0 +
2C 2(1 − d)2

r̃0
− 4C(1 − d).

(B.3.23)

Note that r̃1 > Cd is equivalent to r̃0 > C. erefore, the solution (B.3.23) is only
valid as long as 2| f ||1 − d |/(1 + f )2 > 1.

Case 1b and 2a

Case 1b gives together with case 2a yields

r̃2 = r̃0 +
2C2(1 + d)2

r̃0
− 4C(1 + d).

e objective function then becomes

J(r̃0) =ar̃0 + b(C(1 + d)− r̃0) + c(r̃0 +
2C 2(1 + d)2

r̃0
− 4C(1 + d)).

Once again we set the derivative of J(r̃0) to zero and get the solution to problem
(B.3.18) as

r̃0 =
2| f ||C ||1 + d |

(1 − f )2
,

r̃1 = C(1 + d)− r̃0,

r̃2 = r̃0 +
2C 2(1 + d)2

r̃0
− 4C(1 + d).

(B.3.24)

Also here, r̃1 < Cd is equivalent to r̃0 > C. erefore, the solution (B.3.23) is only
valid as long as 2| f ||1 + d |/(1 − f )2 > 1.
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Case 1c and 2b

Case 1c can only provide a valid solution together with case 2b. We have r̃0 = C, r̃1 =
Cd, r̃2 > C(2d 2 − 1). Since c ≥ 0 in the objective function, the objective function is
minimized only if r̃2 is minimized. at is, r̃2 = C(2d 2 − 1). erefore the solution
is r̃0 = C, r̃1 = Cd, r̃2 = C(2d 2 − 1). For the constraint r̃0 ≥ |r̃2| to be active, we
require d = ±1.

Optimal solution

Given the result for the three different scenarios, we can state the following regarding
the optimal solution to the problem of minimizing input variance for n = 1, problem
(B.3.18). If either of the inequalities

2| f ||1 − cos(ω)|
(1 + f )2

> 1,
2| f ||1 + cos(ω)|

(1 − f )2
> 1,

where d was replaced back to cos(ω), hold, then we have already given the optimal
solution. If neither of the inequalities are ful lled the optimal solution becomes r̃0 =
C, r̃1 = Ccos(ω), r̃2 = Ccos(2ω), which is the same as for the minimization of
output variance problem, see the proof of Lemma B.3.1.

Example B.3.1 (Minimize input variance)
Consider the rst order OE frequency response

G(q) =
be−iω

1 + fe−iω . (B.3.25)

e true parameters are b0 = 1 and f0 = 0.9. Problem (B.3.18) is solved with γ = 100,
Λ0 = 10−2, N = 100 and α = 0.95. Figure B.3.2 shows the input variance of the
solution to problem (B.3.17) and problem (B.3.18) for ω ∈ [0, π]. We have scaled the
result so that r0 for problem (B.3.17) is equal to 1.

MPC example

Two cases of an system controlled using are studied. First, we consider the
control objective of rejecting a constant output disturbance. Second, we consider the
rejection of a constant input disturbance.
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Figure B.3.2 Example B.3.1: Resulting input variance. e solution to the output variance
problem (B.3.17) is (. ) and the solution to the input variance problem (B.3.18) is (. ).
We see that they coincide for ω = π.

Example B.3.2 (Constant output disturbance)
Consider the state space model with an additive constant disturbance d(t) on the
output

M(θ) :

x1(t+ 1)
x2(t+ 1)
x3(t+ 1)

 =

1 − f f −b
1 0 0
0 0 0

x1(t)
x2(t)
x3(t)

+

b0
1

 u(t) +

1
0
0

 v(t)

y(t) =
[
1 0 0

] x1(t)
x2(t)
x3(t)

+ e(t),

E {e(t)} = 0, E
{
e(t)2

}
= Λ0.

(B.3.26)

e true parameters are θ0 = [b0 f0]
T = [0.1 − 0.9]T, and S = M(θ0). e noise

variance is Λ0 = 10−2. We assume that the state x(t) = [y(t), y(t − 1), u(t − 1)]T

can be measured. We de ne v(t) as

v(t) = d(t+ 1) + (f− 1)d(t)− fd(t− 1),

where d(t) = 1 for t ≥ 0, and zero otherwise. erefore, v(t) = 0 for t ≥ 1. We
initialize the control loop such that y(−1) = u(−1) = 0 and y(0) = 1.
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e objective function in the is chosen as

V(t) =
10∑
i=1

∥ ŷ(t+ i− 1|t)∥2
2.

We use no constraints on the input signal.
e application cost is de ned as

Vapp(θ) =
1
10

10∑
i=1

[y(t, θ)− y(t, θ0)]
2, (B.3.27)

where y(t, θ) is the output signal under the feedback control based on the model
(B.3.26). e Hessian of Vapp is found using numerical differentiation.

We solve the input variance minimization problem (B.3.16) with γ = 1000, N =
100 andα = 0.95. Note that we assume that the disturbance d(t) is not present during
the identi cation experiment, but we do have white noise e(t).

e Hessian of the application cost is

V ′′
app(θ0) =

[
222 15.2
15.2 1.08

]
.

e larger semi-axis of Eapp corresponds to the eigenvector [0.07 − 1.00]T with
eigenvalue 0.04, and the smaller to the eigenvector [−1.00 − 0.07]T with eigenvalue
223. We performed 1000 identi cation experiments of the model parameters, and
94.6% of them lay inside Eid. Figure B.3.3 shows the resulting region and estimates.

Example B.3.3 (Constant input disturbance)
Consider a modi cation of Example B.3.2 where we have a constant input disturbance
instead of output disturbance. us, v(t) in (B.3.26) is modi ed to

v(t) = b[d(t)− d(t− 1)],

with d(t) = 1 for t ≥ 0, and zero otherwise, and x(0) = 0. All other settings remain
the same.

e Hessian of the application cost is

V ′′
app(θ0) =

[
0.88 0.056
0.056 0.004

]
.
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e larger semi-axis of Eapp corresponds to the eigenvector [0.06 − 1.00]T with
eigenvalue 0.0005, and the smaller to the eigenvector [−1.00 −0.06]T with eigenvalue
0.89. e application set, and also the system identi cation set, is larger than
in Example B.3.2. We performed 1000 identi cation experiments of the model
parameters, and 95% of them lay inside Eid. Figure B.3.3 shows the resulting region
and estimates.
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Figure B.3.3 Example B.3.2: Resulting regions and estimates. Eid (. ) lies inside Eapp
(. ). e estimates are (. . . ), and the true parameter is (. ).
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Figure B.3.4 Example B.3.3: Resulting regions and estimates. Eid (. ) lies inside Eapp
(. ). e estimates are denoted (. . . ), and the true parameter is denoted (. ).
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B.3.3 Conclusion

We have derived how to implement applications oriented input design on systems.
By using the parametrization proposed by Stoica and Söderström (1982), we were able
to recover the case described in Chapter B.2.3. e bene ts with this is that we
can solve the design problems more accurately since we do not need to approximate
the spectrum of the input signal. e spectrum is in this case fully described by a nite
dimensional matrix in the time domain. It was shown that the resulting expression of
the matrix P−1 is the same as one would obtain using the partial correlation approach.





Chapter B.4

Applications Oriented Input Design
for MPC

We introduce an algorithm for applications oriented input design on a system
controlled using . e algorithm is very much inspired by those in Lindqvist and
Hjalmarsson (2001) and Barenthin et al. (2005).

B.4.1 Problem formulation and method

ere are three main challenges with implementing an applications oriented input
design scheme for .

First, we do not known the true parameters of the system (of course). However,
they are necessary in the input design, for example when evaluating the application
cost.

Second, the evaluation of the application cost requires that we control the system
with an based on almost arbitrary models. at is, we use an with M(θ) for
different values of θ. is is in general not feasible to do on a real process. We have to
consider both safety and time constraints. We cannot predict how the system behaves
when using an arbitrary model in the control design. Furthermore, the system reacts
in real time which might be too slow to evaluate the application cost in a reasonable
amount of time.

ird, we currently do not know how to include time domain constraints in the
input design. erefore, we might for example generate an optimal input signal that
violates the maximum input magnitude allowed to the process. Consequently, we
cannot use the designed input in the identi cation experiment. (An idea is to develop
and adapt the result presented in Manchester (2010) to the applications oriented input
design framework, but that has not yet been done.)

97



98 Applications Oriented Input Design for MPC

We propose a method to overcome these challenges, and we discuss each part of
the method thoroughly in the following three sections.

Unknown true parameters

We propose to use an initial estimate θ̂N of the parameters instead of the true values in
the applications oriented input design. at is, θ0 is replaced by θ̂N in all the necessary
expressions. e initial estimate can be obtained by any method preferred. We can, for
example, do a short white noise identi cation experiment, or perhaps we have enough
physical knowledge of the system to come up with an estimate without any experiment.

e idea is that the initial estimate does not need to be accurate, and therefore can
be obtained relatively cheaply.

Provided there exists a θ0 such that S = M(θ0), the estimate will converge from
the initial estimate to the true parameter values with probability 1, as more and more
measurements are used in the identi cation experiment. We have no formal proof of
this for the general case, however there are several references with discussions on the
matter and proofs for speci c cases. In Lindqvist and Hjalmarsson (2001), the authors
propose an adaptive input design algorithm where an initial estimate is used instead of
the true parameter vector. e algorithm is speci cally for open loop identi cation and
a spectrum of type. A similar two-step procedure is proposed in Barenthin et al.
(2005). In the rst step an initial model is estimated using a pseudo random binary
sequence as input signal. e initial model is then used instead of the true system in
the input design. In addition, Gerencsér et al. (2009) provide a proof of convergence
of the estimates for systems.

Evaluation of application cost

We evaluate the application cost in simulation with the initial model acting as the true
system. Let us look at the application cost formulation for used in Example B.2.5.
at is, the application cost is given by the average difference between the output signal
when using the true system in the control design and when using an arbitrary model,

Vapp(θ) =
1
M

M∑
t=1

∥y(t, θ0)− y(t, θ)∥.

When evaluating the application cost in simulation instead of on the real process, we
introduce an approximative application cost de ned as

Ṽapp(θ, θ̂) =
1
M

M∑
t=1

∥y(t, θ̂, θ̂)− y(t, θ, θ̂)∥. (B.4.1)
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e rst argument of y(·) is the time. e second argument is the parameter vector
in the model used by the , that is, the uses the models M(θ̂) and M(θ),
respectively. e third argument is the model used as the true system, that is, S =
M(θ̂).

e idea is that the obtained application set evaluated with respect to an initial
estimate is similar in shape to the application set evaluated with respect to the true
parameter vector, because, the directions in the model space that are of importance to
the control performance remain approximately the same. erefore, it is expected that
the system identi cation set obtained with respect to an initial estimate lies inside the
true application set.

Time domain constraints

We include any time domain constraints that we may have in the formulation of the
application cost. For example, input constraints are included in the formulation
and therefore implicitly included in the application cost.

Input design algorithm for MPC

e proposed method can be formalized as an identi cation design algorithm, see
Algorithm B.4.1. e algorithm is illustrated in Figure B.4.1.

Algorithm B.4.1 (Input design algorithm for MPC)

1. Input signal. Generate an input signal, according to some spectrum, to be used
in the identi cation experiment.

2. Identi cation experiment. Perform an identi cation experiment using the input
signal in step 1, to obtain an initial estimate of the parameter vector.

3. Application set. Obtain the application set by evaluating the approximative
application cost with the initial estimates in step 2 as the true parameter vector.

4. Applications oriented input design. Solve the applications oriented input design
problem corresponding to the application set in step 3. is gives the optimal
input spectrum.

5. Repeat identi cation experiment.Repeat step 1 and step 2 with the spectrum equal
to the optimal one in step 4.
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Figure B.4.1 e method of applications oriented input design for .



B.4.2. Example 101

Table B.4.1 Constraints in quadruple water tank system.

Parameter Limit Description

xi,max 25 cm maximum water level of tank i
xi,min 0 cm minimum water level of tank i
uj,max 15 V maximum voltage of pump j
uj,min 0 V minimum voltage of pump j

Table B.4.2 Parameters to be identi ed.

Parameter True value Description

ai {0.17 0.15 0.11 0.08} cm2 area of outlet of tank i
A 15.5 cm2 area of each tank
γj 0.625 parameter of valve j
kj 4.14 cm3/(sV) parameter of pump j

Remark. e initial estimate obtained in step 1 and step 2 of Algorithm B.4.1 can
be found in any way, not necessarily through an identi cation experiment. Also, one
can repeat the algorithm several times to obtain better estimates.

B.4.2 Example

We have implemented the proposed Algorithm B.4.1 on a simulation of the quadruple
water tank process controlled by considered in Chapter A.4.3.

Quadruple water tank process

e setting of the process remains the same as in Chapter A.4.3, except that we have
constraints on the water levels and pump voltages, see Table B.4.1. e purpose of
the system identi cation is to estimate the parameters to be used in the linearized and
discretized model in the . e parameter vector is

θ = [a1, a2, a3, a4, A, γ1, γ2, k1, k2]
T,

see Table B.4.2 for a description.
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Model predictive controller

e objective of the is to perform reference tracking of the water levels in the
two lower tanks. e implemented is provided by the Toolbox in MATLAB
(R2010a). e constructs an optimal control strategy by minimizing the standard
cost function de ned by MATLAB subject to the constraints of the process. We use
the cost function

V(t) =
Hp∑
i=1

∥ ŷ(t+ i− 1|t)− r(t+ i− 1|t)∥2
2,Q +

Hu∑
i=1

∥û(t+ i− 1|t)∥2
2,R + ρϵ2,

with MATLAB’s default settings on Q and R. e parameter ϵ is a slack variable with
corresponding weight ρ. We use MATLAB’s default setting on ρ as well.

Acceptable control performance

We de ne acceptable control performance as a maximum of 1% degradation from the
nominal case, that is, the control performance when the true system is used as the model
in the control design. Mathematically, we limit the acceptable control performance
with

γ = 100/V(θ0),

where

V(θ0) =
1
M

M∑
t=1

∥y(t, θ0)− r(t)∥2.

Here, r(t) is the reference signal. However, as argued before, we do not know the true
parameter vector nor do we want to evaluate the true system with an initial model used
in the control design. erefore, we use an initial estimate instead of the true parameter
vector and obtain the output signal from an evaluation in simulation instead. us,

γ = 100/Ṽ(θ̂N), (B.4.2)

where

Ṽ(θ̂N) =
1
M

M∑
t=1

∥y(t, θ̂N, θ̂N)− r(t)∥2.
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Example B.4.1 (Optimal input spectrum)
e prediction and control horizons are 10 time steps. No noise is used when
evaluating the approximative application cost. We consider applications oriented input
design problem (B.2.15), that is, the input design problem using the scenario approach.
e problem is solved with Λ = 10−3I2, N = 400 and α = 0.95, using (Grant
and Boyd, 2011). We use γ as de ned in (B.4.2), but with Ṽ(θ0) and M = 400. We
use approximately 3000 scenarios in each spectrum design.

First we calculate the optimal input spectrum using the true parameter vector as
the initial estimate. en we calculate it using an initial estimate obtained from an
identi cation experiment using white noise as excitation signal. e white noise has
the covariance matrix 0.1I2 and we use 400 measurements. Both spectra are depicted
in Figure B.4.2.

We see that the spectrum obtained using an initial estimate is close to the one
obtained using the true parameter vector. e optimal input spectrum is almost
spatially white. Also, it has a higher power at low frequencies, indicating that the static
gain of the system is of importance. is makes sense since the considered application
is reference tracking.

Example B.4.2 (Control performance comparison)
We redo the input design as described in Example B.4.1. Given the optimal input
spectrum, we do 100 realizations of an input signal and 100 identi cation experiments
of the system. For comparison we also do 100 identi cation experiments using 100
different realizations of a white signal with power equal to the optimal input signal.

e corresponding output trajectories of the true system when using 50 of the
models estimated in the are plotted in Figure B.4.3. Note that we have not added
any noise to the system in these plots. When evaluating Ṽapp(θ, θ0), see (B.4.1),
97% of the models estimated using an optimal input signal ful ll the performance
requirements, while only 29% of the models estimated using white noise do so. In
fact, if we would like to achieve the same probability of success with a white noise
signal as with an optimal input signal (of equal power), we would need 7.5 times more
measurements in the identi cation experiment.
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Figure B.4.2 Example B.4.1: e input spectra obtained using optimal input design based
on θo (. ) and an initial estimate of the parameters (. ). ϕij(ω) is the cross spectrum
between ui and uj.
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Figure B.4.3 Example B.4.2: Output trajectories. e upper plot shows the output
trajectories for 50 different models used in the . e models were obtained using
optimal input design. e lower plot also shows the output trajectories for 50 different
models used in the , but with white noise as input in the identi cation experiments.
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Example B.4.3 (Effects of nonlinearities)
We know that for linear systems, we can decrease the variance of an estimated parameter
vector by increasing the variance (power) of the input signal or increasing the number
of measurements (experiment length) used. ey are interchangeable. However, this is
not the case for nonlinear systems. A too high power of the input signal might cause
the system to move outside of its linear region, causing an increased variance in the
estimate.

We once again redo Example B.4.1, but with N = 100 and N = 10000. We allow
for 0.01% performance degradation, that is γ = 10000/Ṽ(θ0). For each value of N,
100 identi cation experiments are performed.

e corresponding output trajectories of the true system when 50 of the models are
used in the are shown in Figure B.4.4. As before, no noise has been added to the
process in these plots. When evaluating Ṽapp(θ, θ0), see (B.4.1), 97% of the models
estimated using N = 10000 ful ll the performance requirements, while none of the
models estimated using N = 100 do so. We see that the low power design performs
better than the high power design. For nonlinear systems, we cannot interchange power
with experiment length as freely as for linear systems.

B.4.3 Conclusion

We have introduced a method for applications oriented design on an unknown
system controlled by , see Algorithm B.4.1. ree main issues with such an
implementation are discussed: unknown true parameters, evaluation of application cost
and time constraints. We suggest:

• To use a cheap initial estimate instead of the unknown true parameters in the
applications oriented input design.

• To perform the evaluation of the application cost in simulation instead of on
the real system.

• To include any time constraints in the application cost.

A simulation example was made, illustrating Algorithm B.4.1. e example shows that
one can no longer freely interchange between input power and experiment length,
when the unknown system is nonlinear.
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Figure B.4.4 Example B.4.3: Output trajectories. e upper plot shows the output
trajectories for 50 different models used in the . e models were obtained using
N = 100 in the input design, that is, a high input variance design. e lower plot also
show the output trajectories for 50 different models used in the , but with N = 10000
in the input design, that is, a low input variance design.





Chapter B.5

Conclusion

We have presented the theory and methodology of applications oriented input design
and exempli ed the method on systems, systems, and a nonlinear system, all
controlled using . ere are several issues with applications oriented input design
that one needs to resolve to achieve a successful implementation. In the following
sections, we discuss the issues in some detail.

e original optimization problem is in general non-convex due to the region
constraints in the model space. To get around the non-convexity, we present two differ-
ent convex approximation: the ellipsoidal approximation and the scenario approach.
us, we can formulate the applications oriented input design problem as a convex
optimization problem.

e original optimization problem is also in nite dimensional due to the positivity
constraint on the input spectrum. To avoid an in nite dimensional problem, we use
a nite dimensional parametrization of the input spectrum. We can then guarantee
positivity of the spectrum by using the lemma. us, we can formulate the
applications oriented input design problem as a tractable, nite dimensional problem.
In the case of an or system, we derived a nite dimensional parametrization of
the input spectrum without the use of the lemma. e results are the same as the
ones obtained using the partial correlation approach.

e design of the optimal input spectrum requires knowledge of the true parame-
ters of the system. ese are, of course, not known. We suggest that one use an initial
estimate instead of the true parameters in the expressions in the design. e initial
estimate can be obtained in any way possible. e idea is, however, that the estimate
does not need to be accurate and can therefore be found relatively cheaply.

Another problem is the evaluation of the application cost. When the controller is
an , we do not have a closed loop expression for the application cost. erefore, we
need to evaluate the cost on the actual system and record the output signals. However,
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this is not feasible, both with respect to safety and time constraints. Safety is an issue
since the system would be controlled using an based on almost arbitrary models,
and time is a problem since the system reacts to inputs in real time which in general
is too slow for evaluating the application cost in a reasonable amount of time. us,
we suggest that one evaluates the application cost in simulation, letting a linear model
based on the initial estimates replace the true system in the control loop.

Currently, we have no method of adding constraints on the input signal in the time
domain in the applications oriented input design. However, one can add the constraints
implicitly by including them in the formulation of the application cost, and one can
take them into account when realizing the signal in accordance to the optimal input
spectrum. Another approach is to try to use the result presented in Manchester (2010).

To be able to test applications oriented input design on a real industrial process,
we need full knowledge of the implemented on that process. is is generally not
possible since the is usually hidden behind a user interface and protected by the
company providing it.

B.5.1 Future work

ere are several interesting problems within applications oriented input design that
need to be addressed. How should one choose the experimental cost to be minimized?
is is not a trivial question since the cost should re ect the quite complex notion
of a plant-friendly identi cation procedure. How should one choose the application
cost and the level of degradation allowed? Does there exist a general expression for
such a cost, or will it always be plant-speci c? To nd a cost that suits the theoretical
framework as well as real industrial demands is of high importance. e problem
of adding constraints in the time domain to the applications oriented input design
framework is an interesting challenge. Perhaps one can build upon the work in
Manchester (2010). In addition, the general problem of implementing and testing
the input design on a real industrial process is crucial to solve. Particularly, the issue of
the hidden .



PART C
MOOSE, Model Based Optimal Input

Design Toolbox
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Chapter C.1

Introduction

is a model based optimal input design toolbox developed for MATLAB. e
objective of the toolbox is to simplify the implementation of some optimal input design
problems encountered in system identi cation. provides an extra layer between
the user and a convex optimization environment. e toolbox has been developed in
close collaboration with Christian A. Larsson.

e theory of optimal input design has a limited spread in the control community
at large. One of the reasons is thought to be the lack of software tools available to be
able to perform optimal input design with only little knowledge in system identi cation
theory. is is the main motivation for the development of . We wish to provide
a tool that simpli es the implementation of optimization problems that occur in
applications oriented input design.

is designed to handle applications oriented input design problems for
identi cation using or the maximum likelihood method. We can formulate the
general problem as

minimize
Φu

fcost(Φu),

subject to Eid(α) ⊆ Θapp(γ),

Φu(ω) ≽ 0, for all ω,

(C.1.1)

where the optimization is done over the input spectrumΦu. e optimization problem
(C.1.1) is solved through the scenario approach or the ellipsoidal approximation. Both
the input design problem and the methods for solving it are described in detail in Part
B.

e interface is very much inspired by cvx (Grant and Boyd, 2011). A set
of keywords is used to declare the input design problem in the user-interface. is
implemented using the object-oriented possibilities in MATLAB. Several features such
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as the models, spectra, constraints, and optimization problems are de ned as abstract
classes. erefore, it is easy to expand these features, for example, by adding another
type of spectrum. It is important to note that does not include an optimization
solver, that is, does not actually solve the input design problem. parses
the problem in such a way that it can be interpreted by cvx, which in turn calls either
SDP3 or SeDumi to solve the problem.



Chapter C.2

Using MOOSE

e applications oriented input design problem (C.1.1) is set up in MATLAB by
using a series of keywords in a declaration block. For a theoretical background
regarding applications oriented input design, please see Part B.

C.2.1 MOOSE declaration block

Any input design problem formulated in needs to be initiated within a
declaration block. A declaration block begins with the command

mooseBegin

and ends with the command

mooseEnd

C.2.2 Models

Two types of models are supported by , transfer function and state space models.
e transfer function model is de ned as

Mtf (θ) : y(t) = G(q−1, θ)u(t) +H(q−1, θ)e(t), (C.2.1)

where G and H are transfer functions and q−1 is the backward shift operator. e state
space model is de ned as

Mss(θ) : x(t+ 1) = F(θ)x(t) + G(θ)u(t) + K(θ)e(t),
y(t) = H(θ)x(t) + e(t),

(C.2.2)
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where F, G, H and K are matrices. For both models, the noise signal e(t) is a white
random process with covariance matrix Λ. To declare a Mtf in you type

model G H Lambda

where G and H are the discrete transfer functions in the model (C.2.1). ey are declared
using MATLAB’s tf-command. e third argument, Lambda, is the covariance matrix
of the noise. To declare a Mss, type instead

model F G H K Lambda Ts

where F, G, H, K are the matrices in the model (C.2.2). e fth argument, Lambda, is
the covariance matrix of the noise and the sixth argument, Ts, is the sampling time.
An initial estimate of the unknown parameters θ is used when declaring both Mtf and
Mss. assumes that the models are completely parameterized, and all coefficients
in the model are considered as separate parameters. When this is not the case, you
can declare which of the parameters in the model are known and which you need to
estimate. For instance a transfer function model Mtf can be declared in the following
way:

G = tf({[ - ]},{[ ]}, );
H = tf({ },{ }, );
Gindex = ’{[ ]},{[ ]}’;
Hindex = ’{ },{ }’;

model G(Gindex) H(Hindex) Lambda

e unknown parameters are numbered 1, 2, . . . and the known parameters are
numbered 0. Each number is assigned to the parameter situated at the same position
in the tf-declaration of G and H. If you know that two or more coefficients are the
same, you assign them the same number. A state space model Mss can be declared in
the following way:

model F(Findex) G(Gindex) H(Hindex) K(Kindex) Lambda Ts

e numbering syntax is the same as for Mtf but the arguments, Findex, Gindex,
Hindex and Kindex are matrices instead.

It is possible to name your models. is is done by writing

model modelName = G H Lambda

and equivalently for state space models.
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C.2.3 Objectives

ere are two default objectives supported by . ey are D-optimality (Goodwin
and Payne, 1977, ch. 6) and minimization of input power. ese objectives are declared
as

objective dOptimality

and

objective minimize(inputPower)

Note that when the objective is D-optimality, the maximum input power needs to be
set to obtain a well posed optimization problem. is is done by declaring

spectrumName.maxPower = maximumPower;

Sometimes it is desirable to express the objective using the spectrum coefficients,
number of samples and so forth. As long as the objective function remains convex
in the decision variables, the design problem will remain convex. is is not fully
implemented in the current version of and is therefore not documented here.

C.2.4 Identification constraints

e keyword identification constraints does nothing. It is only provided to make
the problem declaration more readable. e spectrum, probability and numSamples
keywords can be viewed as identi cation constraints, that is, constraints regarding the
identi cation procedure of the system.

Input spectrum

Two types of input spectra are supported by , the spectrum and the auto-
regressive ( ) spectrum. To declare an spectrum in , type

identification constraints
spectrum spectrumName = FIR( )

where spectrumName is the name of the spectrum. e name can be omitted. e
argument, in this example 50, is the number of coefficients in the spectrum. To
de ne an spectrum, exchange FIR with AR in the declaration above. e argument
is then the number of poles in the spectrum.
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Probability

To declare the probability that you want to have in your optimal input design you type

identification constraints
probability probabilityName = .

where the probability is given in decimal form.

Number of samples

e number of samples to be used in the identi cation experiment is declared in the
following way:

identification constraints
numSamples numSamplesName =

C.2.5 Application constraints

e keyword application constraints does nothing. It is, as for identification
constraints, only provided to make the problem declaration more readable. Currently
scenarios and ellipsoid are available to de ne the application constraints, that is,
constraints regarding the required performance of the model.

Scenarios

e keyword adds scenario constraints to the application constraints. e syntax is

application constraints
scenarios(mat,gamma)

e argument mat is a fat matrix where the rst rows contain the scenarios and the last
row the application cost values at each scenario. e argument gamma is the accuracy
which sets the maximum allowed application cost value.

Ellipsoid

e keyword adds an ellipsoid to the application constraints. e syntax is

application constraints
ellipsoid(fun,gamma)
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e argument fun can be a function handle to an application cost or the Hessian of the
application cost evaluated at the true parameter values. e format of the application
cost must be

function V = Vapp(theta)

e argument gamma is the accuracy which sets the value for the level curve that gives
the ellipsoid.

C.2.6 Spectral factorization

Once a problem has been solved you can get the stable minimum phase spectral
factor of the optimal input spectrum. e spectral factor is useful for input signal
generation, since a signal with the desired statistical properties can be obtained by
ltering white noise through the spectral factor, see for example Söderström (2002).

e syntax to get the spectral factor is

optH = mooseProblem.spectralFactor;

Note that only nds the optimal input spectrum. erefore, we do not obtain a
uniquely de ned input signal. In addition, we currently do not include any constraints
on the realization of the input signal in optimization problem (C.1.1). us, the
obtained input signal may violate constraints such as a maximal allowed magnitude.

C.2.7 Example

Here, we illustrate on Example B.2.5. e corresponding implementa-
tion is

% Setup system and model
theta = [ - ]’;
Lambda = ;
G = tf([ theta ’], , ,’variable’,’z^- ’);
H = tf( , , ,’variable’,’z^- ’);
% Hessian of application cost
VappBiss = [ . .

. . ];
% MOOSE declaration block
mooseBegin

model G H Lambda
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application constraints
ellipsoid(VappBiss , )

identification constraints
spectrum phiU = FIR( )
probability alpha = .
numSamples N =

objective minimize(inputPower)
mooseEnd
optimalFilter = mooseProblem.spectralFactor;
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