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Abstract

The focus of this thesis is the modeling of cooperative predators
hunting flocks of animals. The modeling is based on biological studies
of the behavior of specific predators and their preys, lions and zebras for
this case. General rules are established in order to model the overall
hunting and escape strategies, with a focus on the former. The dy-
namics of the predator during the hunt are modeled using the unicycle
model applied locally, i.e., applied to each agent. The cooperation is
taken into account by considering the system as a multi-agent system.
Subsequently, a computer simulation based on the mathematical mod-
els is constructed and numerous simulations performed. The results
from the simulations are then compared to biological studies in order
to assess the validity of the model.

Keywords: Multi-agent, unicycle model, mathematical modeling,
cooperative predator dynamics, bio-mimicry

Sammanfattning

Huvudsyftet med den här uppsatsen är att modellera samarbetande
rovdjur i jakten efter bytesdjur. Modellen baseras p̊a biologiska studi-
er av särskilda rovdjur och deras bytesdjur, mer specifikt, lejon och
zebror. Baserat p̊a dessa fakta skapas generella regler för att kunna
beskriva beteenden vid jakt och flykt, med fokus p̊a det förstnämnda.
Systemet behandlas som ett multi-agent system därför och generalise-
ras sedan systemet är ett multi-agent system och dynamiken hos det
enskilda rovdjuret beskrivs med hjälp av en unicycle model som ap-
pliceras lokalt. Vidare görs en datorsimulering baserad p̊a denna ma-
tematiska model. Resultaten fr̊an simuleringarna jämförs sedan med
biologiska studier, för att utvärdera modellens giltighet.

Nyckelord: Multi-agent, unicycle model, matematisk modellering,
bio-mimicry
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1 Introduction

Cooperative hunting is observed in many animal populations in nature and
that particular hunting behavior is advantageous as it increases the efficiency
of the hunt. Being able to model this sort of cooperative behavior using
mathematical tools gives a better understanding of the dynamics in general
as well as of the different strategies used by the predators.

Mathematical models of dynamical systems can be used to describe the
dynamics of a predator chasing its prey. Applying those tools to multiple
agents can thus be used to describe the behavior of a group of cooperative
predators. Understanding the predators’ hunt and being able to establish
a corresponding mathematical model can be used by humans in order to
mimic that behavior when, for example, designing cooperative robots or
other multi-agent autonomous systems.

Previous research has focused on modeling the flock behavior for prey pop-
ulations. In 1986, Reynolds [1] developed a basic model to describe the
otherwise complex flocking behavior. The model used three simple rules
applied to each agent, the need to avoid collision, the attempt to match ve-
locity with the closest neighbors, as well as the need to stay close to nearby
flockmates [2]. By using individual-based models, it was possible to anal-
yse the global consequences of the local interactions [3]. A mathematical
dimension has been added to Reynolds flocking rules [4][5][6], and new as-
pects such as the flock response to a predator’s attack have been introduced
to the model [4].

This study will examine the antagonists’ part of the commonly modeled
flocking animals, namely the hunting behavior of a group of cooperating
predators. Specifically, a small pride of lions will be modeled, hunting a
somewhat larger flock of zebras in a semi-arid environment. These restric-
tions are necessary to motivate some of the parameters and constants used in
the model. Mathematical research have been made on the hunting outcome,
depending on predators alignment and hunting formation [7], and predation
area of a single predator [4]. However, to the best of the authors’ knowledge,
no research have been published on the modeling of multiple agents hunting
in group-coordinated attacks.

Problem formulation

The overall aim of this work is to create a mathematical model describing
the cooperative behavior among predators while hunting flocking prey. The
mathematical model should be truthful to reality and take in consideration
all the essential biological backgrounds. Further the inter agent cooperation
will be examined to optimize the hunting outcome. A computer simulation
that uses the developed mathematical model is to be build using suitable
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software.

2 Biological background

2.1 Physical attributes and environmental conditions

As the flocking and predatorial behavior strongly depend on the physical
attributes of the animals as well as the external environmental conditions,
it is necessary to examine these facts before developing any mathematical
model.

In this study, the modeling concerns the East African lion, Panthera leo,
hunting zebras, Equus burchellii, in a semi-arid area. The weight and length
of these lions are in average for females about 126 kg and 150 cm [8]. These
attributes are about half the weight and length of the zebras, which are on
average 250 kg and 250 cm [9]. Lions have a relatively high top-speed of 81
km/h [11], but are only capable of maintaining this speed for a very short
period of time, or a distance of a few hundred meters. The maximum speed
for the zebra is about 64 km/h, approximately 80% of the lion’s top speed
[11]. To their advantage zebras has in a higher endurance, being able to
maintain their top speed for a longer period of time. Also zebras have been
known to zig-zag while evading predators [11], implying a higher angular
velocity.

The size of the hunting pride may vary but according to Stander [12] a
typical number of participating agents is given by 3.6. In 83% of the killings
the prey fell into the category “large prey” consisting of zebra, wildebeest
and springbok. The average flock size of all types of prey is 17.

2.2 Hunting strategy

Lions often hunt in groups as cooperative hunters, hunts characterized by
coordinated stalking followed by a coordinated attack. The captured prey
is shared among all within the pride, a behavior often referred to as “the
free lunch-concept” [7]. The hunting goal of the group is therefore limited
to catching at least one prey, and the hunting strategy is defined according
to that goal.

Lions want to optimize their use of energy so that they can run at full
speed when close to the prey. The hunt is therefore usually separated in two
different phases, a stalking and an attacking phase. The first phase consists
of the lions approaching the flock of prey while stalking, i.e. crouching in
the tall grass to remain unseen, until close enough to an individual prey to
initiate an attack [13]. This distance is highly dependent on the environment
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[10] but a typical value is around 30 m [7]. From this distance the attack is
initiated. During the attack phase, the lion will charge toward the chosen
individual prey, maintaining a speed close to its top speed until the prey is
captured or evades out of reach.

A specialized version of the general stalk-attack hunt have been observed in
nature and is described by Stander [13]. This strategy is based on the lions
taking different stalking routes: left wings, center and right wings (Figure
1).

Figure 1: Center-wing positioning [13]

In this strategy the lions in the far out wing positions stalk all the way
around the flock of prey and approach from behind in a diagonal angle.
The most common case is that the attack is initiated by lions in the wing
positions, and a successful kill is generally the result of either a “rush” or
slightly more often, an “ambush”. A rush is when the lion that initiated the
attack also is the one to capture it. The ambush is done by a lion (almost
always in the center position) waiting for the other lions in wing positions
to chase the prey directly into its grasp.

Another kind of hunt is described by Haque et al.[7] in which the lions line
up in a U-shaped formation and charge together through the flock of prey.
This strategy also uses the notions of center and wing positions, although
the hunt strategy itself is very different.
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3 Mathematical modeling

Based on the biological facts (Section 2), a mathematical model with three
lions will be developed. For the flocking prey an existing model with ten
zebras will be used. The model will study different formation strategies,
among which the above mentioned real life strategies are included. The
model is developed in two major steps: An implementation of the overall
hunting strategy follows the modeling of a single agent’s dynamics.

3.1 Modeling a single agent’s dynamics

The dynamics of the predator moving in a certain direction are modelled
using the unicycle model (Section 3.1.3). The modeling will use the state
space model introduced below (Section 3.1.1) to model each predator’s dy-
namics by taking in consideration that the system is a multi-agent system
(Section 3.1.2).

3.1.1 General form of the state-space model

Figure 2: Simple input-output system

A simple system
∑

with input and output (Figure 2) can be described with
a state space representation, i.e., as a system of differential equations such
as (1) and (2). At each time t, the output y(t) is determined by the input
u(t) or h(t). It is necessary to know what the system

∑
consists of, in order

to change the input, so that it gives the required output y(t).

For linear continuous systems:{
ẋ(t) = A(t)x(t) +B(t)u(t)
y(t) = C(t)x(t) +D(t)u(t)

(1)

with x(t) the input, y(t) the output and where A(t), B(t), C(t) and D(t)
are state, input, output and feed-forward matrices respectively [14].

For nonlinear systems: {
ẋ(t) = f(x(t),u(t))
y(t) = h(x(t),u(t))

(2)

with the first being the state equation where f(x(t),u(t)) is a linear combi-
nation of states and inputs [19]. For systems where the output y is a new
state x the term h(x(t),u(t)) can simply be rewritten as x(t).
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This possibility to model complicated systems as systems of differential equa-
tions is suited for the study of dynamical systems. It is advantageous to
use such modelling since the mathematical systems theory is a well studied
and documented field, it would therefore be helpful to use already existing
tools.

3.1.2 Multi-agent system

Multi-agent systems are groups of autonomous, interacting entities within a
shared environment [15]. The agents can continuously learn their behaviors
and adapt to the environment [16]. Agent-based methods should also be
robust and easy to implement. They therefore represent a simple way of
analysing, designing and implementing complex systems, such as computer
software systems, robotics, distributed control and economics [15][16].

Multi-agent systems are also easy to control since intelligent behavior heirs
not only from the agent’s interaction with the environment, but also by
the interaction between agents [18]. The use of a distributed control is
also advantageous as each agent gets an assigned objective and a given
specilization[18].

In other words, this means that designing a control that acts individually
on each agent will ease the modeling in general and more specifically the
behaviour of the controlled system.

3.1.3 The unicycle model

The unicycle model is used to describe the kinematics of an object moving
at a given speed. It considers the object as a rigid body, and restrains it
from moving sideways. The unicycle model describes the object’s trajectory
and uses the magnitude of the velocity v and the angular velocity w as input
[17].


ẋ = v · cos θ
ẏ = v · sin θ
θ̇ = ω

(3)

with (x, y, θ) describing the object’s position and orientation in a global ref-
erence frame. We can therefore control the dynamics by controlling v and ω
for each agent.

Here, the agents are modelled to have a length of 2L. Assume that (x, y, θ)
give the center coordinates for each agent. Then the head’s coordinates
(xh, yh, θh) can be given by:
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xh = x+ L · cos θ
yh = y + L · sin θ
θh = θ

(4)

Controlling v and ω can be done by introducing a controller u that will
use each agent’s head coordinates to construct the desired dynamics in the
following sense.

f(xh, yh) = u (5)

The function f describes the predator’s behavior and will be defined later in
detail. Since u describes the desired dynamics of each agent’s head it can
be expressed as:

(
ẋh
ẏh

)
= u (6)

The left hand side of equation (6) can also be expressed by taking the deriva-
tive of equation (4). Further, (ẋ, ẏ) are substituted by their values in equa-
tion (3)

{
ẋh = v cos θ + L(− sin θ)ω
ẏh = v sin θ + L cos θ · ω (7)

The system of equations (7) is rewritten in matrix form as:

(
ẋh
ẏh

)
=

(
cos θ −L sin θ
sin θ L cos θ

)
·
(
v
w

)
(8)

We define A as the following.

A =

(
cos θ −L sin θ
sin θ L cos θ

)
In order for the system to have a solution we verify that the matrix A is
invertible, a condition satisfied for detA 6= 0.

detA = L
(
cos2θ + sin2θ

)
6= 0 ; ∀L 6= 0

A is found to be invertible. The velocity vector can therefore be defined
as:
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(
v

w

)
= A−1

(
ẋh
ẏh

)
(9)

Substituting
(
ẋh
ẏh

)
in equation (9) with u from equation (6) gives

(
v

w

)
= A−1u (10)

Equation (5) into (10) yields

(
v

w

)
= A−1 · f(xh, yh, θh) (11)

Thus equation (11) shows the relation between v and w and the controller
u.

3.1.4 Summing up the dynamics

As stated in Section 3.1.3, the simple unicycle model in (3) gives the kine-
matics of an agent based on a given velocity. The calculated velocities v and
ω in (11) will therefore give the new movement of the agent (ẋ(t), ẏ(t), θ̇(t))
as


ẋ(t) = v · cos θ
ẏ(t) = v · sin θ
θ̇(t) = ω

(12)

Considering that the system is continuous, an integration of the new velocity
ẋ(t) = (ẋ(t), ẏ(t), θ̇(t)) over an infinitesimal portion of time ∆t will give a
new (x, y, θ) coordinate.

Building up such small iterations, the dynamics of the lion following a zebra
moving in a beforehand unknown path can be obtained.

x(ti + ∆t) = x(ti) +

∫ ti+∆t

ti

ẋ(t)dt (13)

where x(ti) = (x(ti), y(ti), θ(ti)) is the current position.
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3.2 Modeling the group dynamics

The controller used in Section 3.1.3 to steer the group dynamics for the
predators is complex and contains multiple parameters. For simplification
the controller is modelled as a sum of forces applied on each agent. The usage
of the word ”force” is a well established notation in this field, however, it
does not refer to the physical interpretation of a force, but rather a desired
velocity. The sum is expressed as following

u = Ftotal = Fform + Fhunt + Favoid + ξ (14)

The formation force Fform is applied to make each agent in group of preda-
tors align itself into the hunting formation discussed earlier (Section 2.2).

The hunting force Fhunt is applied to each agent of the group and is directed
from the lion to the hunting target.

The avoid force Favoid is applied for obstacle avoidance. This force, as all
of the above will be described later in detail.

ξ is a stochastic term added to mimic noise and prevent deadlocks, e.g. if
an agent approches an obstacle in the critical angle where a right turn is as
good as a left turn, the ξ will decide which one to take.

3.2.1 Implementation of the hunting strategy

Summation of the three forces Fhunt, Fform, and Favoid will give the overall
predator behavior. The behavior varies depending on the hunting phase
described above (Section 2.2). During the stalking phase, the primary goal
of the lions is to organize themselves in the desired center-wing formation
rather than initiating an attack. The lions move at the stalking speed until
reaching the intended formation for the final attack (Section 2.2). Once
the formation is organized and the lions have reached the critical distance,
referred to as attackdistance, they initiate an attack. The speed is then set
to the attack speed (their maximum speed). They can maintain this speed
for the remaining part of the hunt.

v =

{
stalking speed if outside the attackdistance
hunting speed if inside the attackdistance

The target the predator is pursuing is denoted as xtarget. This target will
change depending on which phase the hunt is in. The chosen target for each
predator is to be defined as.
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xtarget =


xz,com if Y > preddist.
xz,l if Y < preddist. and Yi > Y + λ
xz,l,i if Y < preddist. and Yi < Y + λ

(15)

• xz,com is the center of mass of the flock of zebras, defined by

xz,com =

∑nz
1 mz · xz,i
nzmz

where nz and mz are the number and mass of the zebras.

• xz,l is the position of the zebra closest to any of the lions.

• xz,l,i is the position of the zebra closest to the lion i. This choice
is introduced to mimic the lions behavior in the end of the hunt. It
ensures that if all conditions are satisfied the lions will always catch
the prey closest to itself instead of pursuing the whole pride’s target
xz,l. Further motivation and the numerical constraints will be specified
later in detail.

• preddist. is the predation distance, i.e., the distance where the lions
start to move towards a specific zebra. Notice that this distance is
not the same as the attackdistance. The latter is when the lions start
running toward the flock at full speed, while predation distance is a
distance within which the lions pick one single zebra as the target.

• Y is defined as the minimum distance from any of the lions to any of
the zebras.

Y = mini,j(di,j) ∀i ∈ (1, ..., nl) and ∀j ∈ (1, ..., nz)

where nl and nz are the number of lions and zebras respectively.

• Yi is defined as the minimum distance from the lion i to any of the
zebras.

Yi = minj(di,j) ∀j ∈ (1, ..., nz)

The impact of the different forces will change during the different phases of
the hunt according to the parameters described above.

3.2.2 Hunting force

The force describing the hunting can be formulated in the following way:

Fhunt = chunt ·
xtarget − xl
|xtarget − xl|

(
1 +

α

(β · |xtarget − xl|)2

)
(16)
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• xl is the position of the predator.

• xtarget is the position of the target in question.

• chunt is the hunting force constant. It is positive and it defines the
magnitude of the force.

• α ≈ 1

• and β ≈ 0.1

The first term in the expression is the normed vector between the predator
and its target. The second term is inversely proportional to the square of
the distance to the target. It is introduced so that the hunting force will
increase when the distance to the target is decreasing. This will make the
hunting force dominate the behavior in the end of the hunt. The lion will
thus focus less on keeping formation, and more on siezing the prey, when the
distance is short enough. Further, the use of an inverse quadratic function
allows the hunting force to even compete with the obstacle avoidance force.
The lion will be able to move in close to the obstacle in order to seize its
prey, but by the design of the parameters (to be specified) the lion will still
stop when faced with the obstacle wall.

3.2.3 Formation force

The force Fform is applied to align the predators in the center wing formation
as in Figure 3.

Figure 3: Center wing formation

The formation is defined by first choosing the center agent as the one closest
to the center of mass for the predators (Figure 4). The wing positions are
then calculated in the following steps.

The vector v is defined as:

v =
xz,com − xcl
|xz,com − xcl|

(17)

where xcl is the position of the chosen center lion.
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A rotation matrix R for the wished for angle φ as in Figure 3 is defined such
that:

R =

(
cosφ − sinφ
sinφ cosφ

)
(18)

The product of the rotation matrix R and v give the direction of the wings
from the center lion.

vlw = R · vT (19)

vrw = v ·R

Finally, the left and right wing position vectors, lw and rw respectively,
are given by multiplying the expression above to the wing’s length wd and
adding the product to the center position cl.

lw = cl + wd · vlw (20)

rw = cl + wd · vrw

The parameters deciding the formation are wd and φ and by alternating
these, different formations and hunting strategies could be obtained. We
have defined both these in two different ways. In the first definition they
are both set to constant values. The second way to define these parameters
is to set them as proportional to the distance from the center lion to the
target. This will make them large in the beginning of the hunt and then
decrease with the distance to the prey.

wd(xcl,xtarget) = εwd · (|xtarget − xcl|) + ηwd (21)

φ(xcl,xtarget) = εφ · (|xtarget − xcl|) + ηφ (22)

εi and ηi are constants defined for the parameter i.

The lions that have not been chosen as the center lion are now positioned to
the wings. This is done by comparing their current position to the different
wing positions. First the lion closest to the right wing position rw is chosen
for this position, then the remaining lion to the left wing position lw (see
Figure 5).

The formation forces differ for the center lion and for the wing lions. The
formation force acting on the lions chosen for the wing positions is pointing
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Figure 4: Choosing the center lion Figure 5: Placing the wing lions

in the direction from their current position to their desired wing position.
The magnitude of the force is set to be a function of this distance.

Fform,leftwing = cwing · lw−xleftlion
|lw−xleftlion| · fform,wing(|lw− xleftlion|) (23)

Fform,rightwing = cwing ·
rw−xrightlion

|rw−xrightlion| · fform,wing(|rw− xrightlion|) (24)

with cwing as the wing formation force constant, defined as following

cwing =

{
cwing if Y < 65
0 else

(25)

In this way the formation force will only be applied when the lions are near
the flock of prey, i.e., close enough to start stalking into positions.

In order to make the formation force dominate the hunting force if the agent
is far away from its position, the function fform,wing is set to be proportional
to the square of the distance from the lion’s position to its desired formation
position. That is done to ensure that when the distance from the lions to
the zebra is large (Y > preddist.), the focus is laid on holding the formation
(in form of Fform) rather than initiating an attack (as Fhunt). Thus we get
the following.
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Fform,leftwing = cwing · lw−xleftlion
|lw−xleftlion| · |lw− xleftlion|2 (26)

Fform,rightwing = cwing ·
rw−xrightlion

|rw−xrightlion| · |rw− xrightlion|2 (27)

The force Fform, center applied to the center position is also a function of
the distance between the wing lions actual positions and their sought after
position, i.e. if the wings are not yet in position, the center will adjust
its distance to the prey to help the group fall into formation. Its direction
is decided by a superposition that takes both the wing lions positions into
consideration. Each element in this superposition is decided by performing
element-wise multiplication of the vector Ωi,wing with the vector v. The
vector Ωi,wing is defined below, it takes the sign of each coordinate in the
vector from the wing lions’ actual positions to their desired positions.

Ωl,wing = sgn(lw− xleftlion) (28)

Ωr,wing = sgn(rw− xrightlion) (29)

The magnitude for each of the components in the superposition is propor-
tional to the distance from the wing lions’ actual positions to their sought
after positions.

Fform,center = −ccenter · (Ωl,wing · |lw− xleftlion|
+Ωr,wing · |rw− xrightlion|) · v (30)

where ccenter is the center formation force constant, and is defined as a
multiple of cwing.

The magnitude of the force is linear and not quadratic as for the wing lions.
The motivation here is the fact that the main focus for the center position
is to control and steer the formation in the right direction rather than help
create the formation by adjusting its own position. If all the formation forces
were equal in magnitude and arbitrary in direction, the lions would exchange
their positions too freely. This would result in ever changing coordinates for
every position, and the lions might end up “running in circles” because they
lack a rigid point of reference.

With the center lion not being as willing to prioritize formation above hunt-
ing, this position becomes somewhat of a leader. The wing positions on the
other hand will focus on adjusting their current position into the desired
one, so that the formation holds.
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3.2.4 Obstacle avoidance

During the hunt, the lion and zebra have to take in consideration objects
in nature, such as bodies of water , trees, rocks, etc. The obstacle force
is introduced for obstacle avoidance. This model simplifies all those to a
unique sort of obstacle, a circle with arbitrary radius r and a center at
(xo, yo).

The vector ∆dj = (∆xj ,∆yj) from an animal at (x, y) to the obstacle j can
be expressed as.

{
∆xj = (xj,o − x)− rj cos θ
∆yj = (yj,o − y)− rj sin θ

(31)

The force is designed so that it is only applied when an animal is facing the
obstacle in question, i.e. if the animal’s head is closer to the obstacle than
the center of the animal is. One way of defining the direction of the obstacle
force is to model the obstacle as a source field. This force Fantiparallel will
be applied in the direction from the source to the animal. The direction is
shown in Figure 6 and defined by

nj,antiparallel ‖ ∆dj (32)

This is a well established representation, and it has previously been used to
model obstacle avoidance for flocking animals [6]. Although, for predators
this model will fall short. For example, if the obstacle is positioned between
the predator and its prey the primary goal for the predator is rather to
encircle the obstacle than to be repulsed by and even braked by it. Therefore,
an additional direction, ensuring a smooth encirclement of obstacle, needs
to be introduced.

This is chosen as the direction perpendicular to ∆dj . Since there are always
two possible such directions, the one being closest to the current direction
of the animal, should be chosen. This direction is shown as Fperp1 in Figure
6 and defined as

nj,perp1⊥∆dj (33)

Applying a force in this direction could also lead to complications. If the
obstacle force was substantially larger than the other forces it could lead to
an non-ending orbit of the obstacle. The direction for the obstacle avoidance
force is therefore chosen as the superposition of the two directions above,
and the final direction is given by.
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nj,avoid =
1√
2
· (nj,perp1 + nj,antiparallel) (34)

Figure 6: Obstacle avoidance force

The magnitude of the obstacle avoidance force from the obstacle j is in-
troduced to be a function of the distance ∆dj , where ∆dj is the distance
between the animal and the obstacle j.

∆dj =
√

(∆x2
j + ∆y2

j ) (35)

Fj,avoid =


favoid(∆dj) if j is the closest obstacle

a · favoid(∆dj) else
(36)

The factor a ≈ 0.1 is introduced in order to balance the force such that the
animal reacts more to the closest obstacle than the others.

favoid was then chosen to be the function inversely proportional to the
square. An additional constant γ is also introduced to make the animal
react more naturally to the obstacles adjusting at an earlier state, rather
than making hasty adjustments at the last minute.
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favoid(∆dj) = cavoid ·
1

(γ ·∆dj)2
(37)

• cavoid is the obstacle avoidance force constant.

The total obstacle force on each animal can now be expressed as the sum of
the forces Fj,avoid multiplied with the direction nj,avoid.

Favoid =
∑
j

Fj,avoid · nj,avoid (38)

4 Constraints

4.1 Velocity constraints

Since there exist limits on the linear and angular velocities of animals in
the physical world, these are taken into consideration when modelling their
movements. To implement those constraints on v and w respectively, a
saturation function is introduced.

sat

(
v

w

)
=


(
v
w

)
if

v < v̄
w < w̄

,
(
v̄
w

)
if

v ≥ v̄
w < w̄

(
v
w̄

)
if

v < v̄
w ≥ w̄ ,

(
v̄
w̄

)
if

v ≥ v̄
w ≥ w̄

(39)

giving the maximum possible values at any time v? and w?.

(
v?

w?

)
= sat

(
v

w

)
(40)

Inserting (9) into (40) yields:

(
v?

w?

)
= A−1 · u (41)

Based on the biological facts (Section 2.1) the relationship between the max-
imum velocities is set to

vsat,L ≈ 1.25vsat,Z

wsat,L ≈ 0.5wsat,Z
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4.2 Energy constraint

Another physical constraint is the animal’s amount of energy, which gives
a limitation for how long the maximum speed may be sustained. The
maximum amount of energy the lion may consume during a hunt is set
to Etot.

The accumulated kinetic energy Ekin spent by running at a given speed v(t)
during a given period of time t is given by

Ekin =

∫ T

0

1

2
mv2(t)dt (42)

When the lion has used all (or most of) the available energy, i.e. Ekin ≈ Etot,
it will give up the race. With the consumed energy being propotional to the
square of the velocity, the importance of the stalking phase is evident. With
a lower stalking speed, the amount of energy consumed during the stalking
phase is negligible compared to that of the hunting phase, thus keeping a
low speed until the optimal attack position is obtained is crucial.

Considering the zebras higher endurance (Section 2.1) the relation of the
animals total amount of consumable energy is set to

Etot,L ≈
Etot,Z

2
(43)
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5 Simulation

5.1 Simulation

The developed model was examined through simulations implemented with
the software Simulink. Figure 7 shows a simplified version of the system as
block diagrams.

Figure 7: Block diagram over simulation

A simulation starts by importing the initial conditions for objects and agents,
namely x- and y-coordinates as well as direction θ for agents and radii for
objects. Based on the agents initial conditions, the coordinates of the agents
head are calculated in block 1 (Figure 7).

In the next block the forces are applied while taking the agents position and
heading (direction) into account (Equation 7). The sum of these forces are
then used to determine the tangential speed and angular velocity in block
3 (Equation 10). After passing through the saturation block 4 (Equation
40) the velocities pass through the energy constraint 5, which calculates the
energy consumed in the upcoming iteration based on the tangential speed
(Section 4.2). This energy is stacked and unless the limit Etot is reached, the
velocity variables are send forward to the next block. Here the tangential
speed and direction is used to evaluate the movement (ẋ, ẏ) to be undertaken
by the agent. Finally these data are, along with the angular velocity ω,
passed to the integrator, to give the new coordinates (x, y, θ) for the agent
(Section 3.1.4), and the next iteration begins (Equation 13).

In a typical run of the simulation the zebras would be created in a flock at
random positions within some interval, already containing randomly placed
obstacles. The lions would be created outside of this area, within a randomly
placed interval. The distance from the pride to the flock is large enough for
the lions to start off by stalking the prey and organize into the formations
without being noticed.

Typical values for all constants used in the model can be seen in the table
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below.

Table 1: Paramenters and constants
Parameters Constants

chunt = 35 ml = mz = 1
cwing = 0.034 L = 0.5
ccenter = 10cwing nl = 3
cavoid = 35 nz = 10
ηwd = 35 α = 0.1
ηφ = -120 β = 0.1
εwd = 1.5 γ = 0.2
εφ = 3.5 λ = 2
wdc = 15 preddist. = 35
φc = 65 attackdistance = 33

stalkingspeed = 8
huntingspeed = 35

The results from a simulation are shown in Figures 8-12 below. This specific
simulation was run with a fixed center-wing formation.

Figure 8: Initial positions Figure 9: Applying formation

Figure 8 and 9 shows the initial stalking part of the hunt, in this phase the
focus lies on organizing in the desired center-wing formation. By comparing
the positions of the wing lions in Figure 8 to their positions in Figure 9 it is
obvious that the focus of the wings have been to reach their positions in the
formation rather than to move straight towards the prey. The center lion on
the other hand has more or less been moving along a straight line towards
the center of mass of the prey, slowing down at times to assist the wing lions
in reaching their positions. Altogether, the formation force dominates the
hunting force for all the lions during this part of the hunt. Also, at this
stage the predators are not yet detected by the prey.

In Figure 10 the predators have reached the critical distances, preddist and
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Figure 10: Initiating attack Figure 11: Pursuing prey

attackdistance (see Table 1 for numerical values) where a specific target
is chosen and an attack at full speed (huntingspeed) is initiated. In the
beginning of the attack the formation force is still significant compared to
the hunting force since it is crucial for a successful outcome that the prey is
approached with a formation. The formation force will then decrease along
with the distance to the target. This could be noticed in Figure 11, which
shows the final part of the hunt. The hunting force has now become the
dominant force, making the wings narrow in towards the target. Finally,
Figure 12 shows the prey being captured. If the simulation is run without
the formation force, the results are seen in Figures 13-15.

Figure 12: Catching prey Figure 13: Start positions

The hunt will then result in the lions running in a straight line, not coop-
erating at all , except sharing the same initial target. As the prey flock
scatters the lions have no real benefit from hunting together.
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Figure 14: Attack without formation Figure 15: Escaping prey

6 Results and Discussion

6.1 General results for cooperative predators

Running the simulation shows that it is possible to model predatory behavior
based on a small number of forces and some constraints. Some important
differences have been observed in the comparison to the well-established
modeling of flocking animals. When modeling predators with sophisticated
cooperation, the agents need to have individual roles, and our model even
implies a necessity of a leading role (Section 3.2.3).

When modeling flocking animals, the agents knowledge of each other is often
limited to the nearest neighbours [2], and flocking is only attained within a
certain minimal inter-agent distance [6]. In our predator model, the three
predators are always interacting in some way, regardless of the distance.
However, the only agent having full awareness of the hunting group is the
one in center position. This agent takes the positions of both its fellow agents
into consideration when chosing its behavior. The wing agents however, only
adjust their movement in relation to the center agents position (and prey
flock), and only affect each others behavior indirectly.

6.2 Specific results from the simulation

The model shows good bio-mimicry when it comes to the importance of a
formation strategy. If the number of lions is reduced to one when running
the simulation, there is little chance for the lion to succeed. Even with two
lions, the zebras have a good chance of escaping, and the few successful
hunts are mostly lucky outcomes of the random placement of obstacles.
When running the simulation with three lions, with the formation constants
cwing and ccenter set to zero, i.e. with no formation force whatsoever (Figures

24



13-15), the outcome differs little from that of the lone lion. Thus the number
of predators does not seem to influence the success rate when there is no
formation.

With a basic fixed center-wing formation in place, and the simple strategy
of charging towards the flock of prey, slight improvements were observed
in the success rate. However, to really maximize the success rate, a more
sophisticated formation strategy is required. This was obtained by studying
variations on the center-wing line up, by configuring the basic positions.
The parameters used to adjust the formation were the wing distance wd,
and the angle φ. Adjusting these automatically alters the formation force,
and changes the way the lions approach their prey. In this way different
formation strategies are created. Some of the most interesting cases are
presented in the following sections.

6.2.1 Catcher’s Mitt

With a semi-broad angle and semi-long wing distance the result can be
seen in Figure 9. The lions would attack in the formation of an equilateral
triangle centering on their target [7], making it more difficult for the zebras
to escape by turning to the sides. This formation often ended in a straight
forward sprint, thus favoring the zebras, having higher endurance than the
lions.

Successful hunts were only obtained when the lions were able to stalk their
prey close enough, and intercepting the zebras with their superior top speed,
or if during the sprint, the targeted zebra had to avoid an obstacle. In real
life situations this is not a rare case of a successful hunt [7], if the conditions
for stalking are good enough. Lions have been known to stalk well within
distance of an unknowing prey to attack and make a successful catch before
the prey even start running. However, this success rate is more an outcome
depending on the environment [10], e.g. tall grass or bushes giving the prey
a shorter alert distance, rather than the predator cooperation. Therefore it
is of lesser interest for this thesis, and most simulations are run with a fixed
and higher alert distance.

6.2.2 Herding Strategy

Another result was given with a slightly broader angle but with a consid-
erably longer, and variable wing distance. This was obtained by setting
the wing distance proportional to the center-target distance, as in equation
(21). In this way the lions in wing positions will go far out to the sides of the
flock and approach, together with the center, in a formation large enough
to partially surround several zebras, as seen in Figure 16. As the lions close
in on their target, the wing distance shortens and as the wing lions close in,
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the zebras are clumped together. This increases the density of the flock and
makes it easier to seize one of the zebras. The herding strategy effectively
reduces the zebras defensive ability to scattered. This can be seen in Figure
17.

Figure 16: Surrounding zebras Figure 17: Higher density of zebras

6.2.3 Encirclement Strategy

By far the best success rate was obtained with a slightly more advanced
formation model, obtained by alternating both the wing distance wd and the
center-wing angle φ. With φ set to a function of the center-target distance
(equation 22), the wings would start off by going in a broad angle around the
flock (Figure 18), to later narrow in (Figure 19), and approach the the flock
more or less from the back, (Figure 20) in an diagonal angle. This mimics the
observations by Stander [12], and would often lead to the (most) common
version of a real life successful hunt; the previously described ambush.

Figure 18: Initiate encirclement Figure 19: Full encirclement
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Figure 20: Initiate ambush Figure 21: Catch by center lion

6.2.4 Success rate

To obtain the results for the different formations discussed in the previous
sections a simulation of 100 runs with randomly chosen initial position for
agents. The number of obstacles was selected randomly, as well as their
positions. This was done to be able to estimate the success rate of each
formation and compare this to the success rate of a non cooperative hunt.
Result from the simulations can be seen in Table 2.

Table 2: Results of simulations
Success rates

Formation Total Few obst. Many obst.

No formation 35.0% 36.4% 33.9%
Catcher’s Mitt 38% 36.2% 40.5%
Herding 71.0% 65.2% 75.9%
Encirclement 85.0% 86.5% 83.3%

From Table 2 the importance of a formation becomes obvious. The most
successful formation, the encirclement formation, had more than twice as
high success rate as the one without formation. Almost as efficient was the
herding tactic, while the Catcher’s Mitt formation gave a result quite similar
to the simulation without formation. The low success rate for this formation
could perhaps be explained by the fact that it showed higher dependence
of the placement of the obstacle than the other two formations did. The
simulations also indicated each model’s efficiency depending on the number
of obstacles. From the column 3 and 4 in Table 2 it is seems that the
herding tactic was more efficient in an obstacle dense environment, while as
the encirclement strategy was more succesful in an environment with fewer
obstacles. Although, it should be mentionned that these conslusions are
moreless to be seen as indications rather than statictical results. In order
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to gain a full understanding of the efficiency for the different formations
numerous simulations are required.

6.2.5 Individual targets

A crucial part of the model is for all the lions to hunt the same zebra, but
within some limitations. In real life lions are very focused on one specific
zebra once an attack is initiated. This is modeled by the lions cooperatively
hunting the zebra closest to any of the lions, rather than the zebra closest
to themselves. In some special cases this might not be the best strategy
though, in both real life and simulation. When the formation is closing in
on a target and manages to get more than one zebra in its grasp, difficulties
may arise in staying focused on a specific target. At short distances the
zebra that is closest to any of the lions (referred to as xz,l) might change
frequently between iterations. This would make the lions unable to focus
on a specific zebra long enough to seize it. Therefore an extra constraint
is introduced saying that, for each lion, if there is a zebra within a certain
distance, (referred to as Yi) to itself, it may switch target to this zebra
(xz,l.i) and pursue independent of the group. The condition for this change
was expressed in Section 3.2.1.

Yi < Y + λ (44)

Since solitary hunting will often favor the zebra, this tactic is more of an
exception, and is only profitable to the lions if the distance Y i is kept rather
short. This is to represent the real life case when during an attack of a
certain zebra, another zebra for some reason gets in the way of an attacking
lion. Certainly a lion would go for the zebra almost within arm’s length,
regardless of if his fellow lion is even closer to the initial target, several
meters away.

7 Conclusion

We have concluded that it is possible to model the cooperative behavior
among predators when hunting a flock of prey. The developed model mimics
the behavior observed in biological studies for the special case of lions and
zebras. By using individual-based models on the multi-agent system the
overall hunting behavior was obtained. Differences from modeling of flocking
animals have been noticed, as well as the significance of a strategic formation.
Models similar to the one developed here may be used to model cooperative
aspects of, for example other autonomous robotic systems.
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