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Sammanfattning 

Splitter från sprängladdningar har varit och är fortfarande ett stort hot, men hotet har nu 
ändrats till terrorattacker som involverar IED (Improvised Explosive Devise) snarare än 
fientliga styrkor. Detta examensarbete kommer att visa effekten och skillnaden mellan olika 
projektiler som blir skjutna på betongplattor (50 mm tjock), vilket ska replikera splitter som 
träffar byggnader. Projektilerna som användes var 8 mm sfärer, 6 mm sfärer, 8 mm cylindrar 
(RCC) och 1.1 grams FSPs (Fragment Simulating Projectile). Examensarbetet gjordes på 
begäran från FOI (Totalförsvarets Forskningsinstitut) vid Grindsjön och innehåller både 
experiment och numeriska simuleringar. Experimenten utfördes vid Grindsjön, projektilerna 
avfyras i hastigheter mellan 800 m/s och 1600 m/s. De projektiler med högst penetrationsdjup 
i betongplattorna vid lägsta hastigheter var 8 mm sfären och RCCn, FSPn pga. sitt mjukare 
material krävde högre hastighet för att åstadkomma samma penetrationsdjup. Full penetration 
erhölls vid 1510 m/s för 6 mm sfären, 1310 m/s för 8 mm sfären och 950 m/s för RCCn. 
Simuleringarna gjordes i LS-DYNA med en meshfree lösare (SPH) och resultaten visar att 
RCCn skapar en större initial elastisk våg, vilket skapar sprickor i betongblocket men det 
medför att mer kinetisk energi går förlorad, vilket resulterar i lägre penetration djup i 
betongen. De sfäriska projektiler har högre penetrationsdjup, men ger mindre elastiska vågor, 
vilka resulterar i mindre sprickbildning i betongen. Simuleringarna överskattar 
penetrationsdjupet för de projektilerna med icke plattopp, medan plattoppade projektiler 
överensstämmer väl, även betongens skademönster överensstämmer med experimenten. Ett 
riktigt splitter från en granat erhölls och simulerades, det visades att alla projektilen utom 
RCCn överensstämmer väl och RCCn bör därför inte användas vid simulering av granat 
splitter.  
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Abstract 

Fragments from explosive device have been and still are a great threat, but has now changed 
into terrorist attacks involving IED (Improvised Explosive Devise) rather than hostile forces. 
This master thesis will show the effects on concrete plates (50 mm depth) impacted by 
different projectiles, which should replicate fragments hitting buildings. The projectiles used 
were the 8 mm sphere, the 6 mm sphere, the 8 mm cylinder (RCC) and the FSP (fragment 
simulating projectile). The thesis was made at request from FOI (Swedish Research Defiance 
Agency) at Grindsjön and it contains both experiments made there and numerical simulations. 
The experiments were conducted at Grindsjön, the projectile were fired in velocities between 
800 m/s and 1600 m/s. The 8 mm and RCC obtains higher penetration depth at lower velocity, 
while the FSP, due to its soft material, will need much higher velocity. Full penetration was 
obtained at 1510 m/s for the 6 mm sphere, 1310 m/s for the 8 mm sphere and 950 m/s for the 
RCC. The simulations were made in LS-DYNA using a meshfree solver (SPH) and the results 
shows that the RCC creates a bigger initial elastic wave, which will make the concrete block 
crack more, but it will also make the projectile lose more kinetic energy resulting in lower 
penetration depth in the concrete. The spherical projectiles have higher penetration depth, but 
it gives smaller elastic waves resulting in less cracking of the concrete. The simulations 
overestimate the penetration depth for the non-flat projectiles while giving good agreements 
for the flat projectiles, also the damage pattern are consistent with the experiments.  An actual 
fragment from a grenade was obtained and simulated showing that all of the projectile except 
the RCC shows good agreements and therefore the RCC should not be used in simulating 
fragments. 
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Introduction 

Fragments from explosive device have been and still are a great threat, but has now 
changed into terrorist attacks involving IED (Improvised Explosive Devise) rather than 
hostile forces. Due to the stochastic nature of fragments from explosive devices, 
experimental methods which can be controlled were separately developed by different 
countries in the first half of the 1900 century. During the Second World War allied 
forces developed the FSP (Fragment Simulating Projectile) which should replicate the 
fragments from a HE (High Explosives) grenade from the German anti-air artillery. The 
FSP is a cylinder with trimmed edges and it is made of soft steel. The Russians uses 
spherical balls. These different fragments will give different results, leading to different 
classification on armor materials. 

In this thesis the focus will be on the impact effects caused by different geometries of 
projectiles in the high velocity range. The target material will be concrete, which is the 
most common material in urban environments; the concrete used in the experiments will 
be ordinary flagstones. The fragments will be 6mm sphere, 8mm sphere, cylinder (also 
called RCC) and FSP. The 6mm and 8mm sphere will be obtained from SKF ball 
bearings, the cylinders will be obtained from SKF roller bearings and the FSP are 
purchased from classified military dealers. 

 

Main objective 

The objective is to perform experiments where different projectiles (concentrating on 
the FSP, cylinders and spheres) will be impacted on concrete plates. The experimental 
data will then be analyzed and compared with numerical solutions. The emphasis in the 
comparison will be on damage on both the concrete and projectile and also the 
penetration depths caused by the projectiles.  

 

Report arrangement   

The experimental set-up is presented followed by the experimental material testing. The 
constitutive model used will be studied and applied on the material testing experiments 
for comparison.  The theory behind the numerical method used in solving the problem 
will be presented. Then the results and discussions along with conclusions will follow. 
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Experimental set-up and procedure 

The set-up used in the experiments was, see Figure 1 and 2, a gun pointing at a concrete 
plate that was fixed to a wooden platform. A high speed camera was fixed to the ceiling 
pointing at the impact location and a witness plate was positioned after the concrete 
plate in the firing direction. The witness plate is a thin steel plate, which needs the same 
force to be penetrated as is deadly for humans. For the RCC and FSP experiments also a 
mirror holder was used to capture the horizontal tilt of the projectile. There were also 
experiments conducted where transparencies were placed on the concrete plate to 
capture the cracking and a mirror was placed behind the concrete plate to capture the 
initial spalling, see Figure 3 for the idealized experimental set-up.  

 

 

Figure 1. Experimental set-up. 

 

The experiment check-list for each run (shoot): 

1. Ensure the equality of the concrete. 

 Checking the compression strength and dimensions of the concrete plate. 

2. Calibrating the experimental set-up 

 Aligning the concrete plate in the wooden holder, to be perpendicular to 
 the firing direction, by using a mirror (placed on the concrete plate) and a 



 

 laser mounted in the barrel of the gun, see Figure 1.
 also aligned by the laser.

3.   Pre- firing 

 Placing the projectile in a chosen position in the barrel of the gun (deeper 
 position gives higher velocity
 powder, giving the wanted impact velocity. Turn the lights on.

4. Firing 

 Starting the high velocity camera and one second later firing the gun.

 

5. Data acquisition 

 High speed camera data, maximum penetration depth and plane crater 
 dimensions were stored.

  

Figure 2. The left picture is the experimental set

concrete plate and the witness plate. The right picture is without a witness plate 

showing spalling of the concrete plate (the projectiles is also visible). 
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laser mounted in the barrel of the gun, see Figure 1. The mirror was then 
gned by the laser. 

Placing the projectile in a chosen position in the barrel of the gun (deeper 
position gives higher velocity, also called plug) and chosen amount of 
powder, giving the wanted impact velocity. Turn the lights on.

Starting the high velocity camera and one second later firing the gun.

igh speed camera data, maximum penetration depth and plane crater 
dimensions were stored. 

The left picture is the experimental set-up from its side showing both the 

concrete plate and the witness plate. The right picture is without a witness plate 

showing spalling of the concrete plate (the projectiles is also visible).  

 

The mirror was then 

Placing the projectile in a chosen position in the barrel of the gun (deeper 
) and chosen amount of 

powder, giving the wanted impact velocity. Turn the lights on. 

Starting the high velocity camera and one second later firing the gun. 

igh speed camera data, maximum penetration depth and plane crater 

 

up from its side showing both the 

concrete plate and the witness plate. The right picture is without a witness plate 
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Figure 3. Idealized experimental set-up 

The whole procedure involved firing at various plug and amount of powder, starting at 
low amount of powder and low plug, creating low impact velocity. The powder and 
plug was then increased gradually until penetration of the concrete plate was obtained.  
The data obtained from the high speed camera was imported into the software 
TRACKER were the vertical tilt, horizontal tilt and impact velocity were calculated as 
showed in Figure 4. 

  



5 
 

 

Figure 4. Screenshot from the TRACKER software showing one frame of the high speed 

video. The red diamonds shaped figures are used to calculate the velocity of the 

projectile; the two red lines at the right portion of the picture are for angle extraction 

and the purple cross is for calibrating the global coordinates. 

The maximum penetration depths were obtained with caliper measurements. The crater 
dimensions were obtained by using transparencies on the concrete plate sketching the 
boundaries of the crate. The transparencies were then scanned and imported into the 
software DIDGER where the crater area and circumference were calculated by its edge 
detection algorithm. By using the circumference to area ratio of a circle and then 
comparing it to the area and circumference of the obtained crater data, it can be 
expressed by the following inequality 

( )
2

.

4
1  area

circ

Cr

Cr

π
≤    , 

{ }

{ }

2

.

if circle

if circle 2

area

circ

Cr r

Cr r

π

π

 = = 
 

= =  
   (1) 

 

where Crarea is the obtained crater area and the Crcirc is the obtained crater 
circumference. If the inequality (1) is 1 then the crater is a perfect circle. 

 For the runs where the projectile was obtained after impacting the concrete plate, true 
strain was calculated in the direction of the velocity vector with the following equation 

0

ln(1 )       ,  
true eng eng

l

l
ε ε ε

∆
= + =     (2) 

where ∆l is the elongation length and l0 is the original length [1]. For the experimental 
results see Appendix A. 
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Material testing 

Three different materials were used in the components in the experiments, concrete 
plates, the FSP and the SKF bearing components (RCC, 6 and 8 mm sphere) see Figure 
5. Two of these materials were tested during this project (concrete plate and SKF 
bearing components) and one (FSP) was already known [2]. 

 

Figure 5. Showing projectiles from left to right, 6mm sphere, 8mm sphere, FSP and 

RCC. 

 

Concrete target 

The concrete plates had the dimensions 500 x 500 x 50 mm (height x width x depth). 
The depth had the standard deviation of 0.7 mm. The concrete plates were first tested to 
hold equal quality, this was done by testing each plate before each run with a field 
concrete tester. The field concrete tester is limited and can only give a quality value and 
therefore a compression test was needed to give the strength of the concrete. The plates 
with high deviation of the quality value were ruled out.  

The compressive strength of the concrete was tested by drilling out a cylinders from the 
plate (approved by the quality test) with the dimensions 22.5 x 50 mm (radius x depth) 
and compress it in a testing rig see Figure 6. The compression force is then used in the 
following equation to obtain the compressible strength 

2

comp

comp

F

r
σ

π
=      (3) 

where r is the radius of the cylinder and Fcomp is the force from the testing rig. The data 
from the test are presented in Table 1. 
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Table 1. Results from the compression test. 

Specimen 
Length 

/mm 

Width 

/mm 

Weight  

/g 

max load 

/kN 

max stress 

/MPa 

S1 51,39 45,2 173 59,04 36,79 

S2 48,5 45,2 169 67,78 42,24 

S3 49,3 45,2 169 64,7 40,32 

S4 48,8 45,2 172 77,02 48,00 

S5 49,8 45,1 170 64,6 40,44 

 

 

Figure 6. Uniaxial force rig testing compression strength of concrete cylinder. 

 

One cylinder was placed one month in a water filled container (see Figure 7) and then 
subjected to a compression test, the results are presented in Table 2. 
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Table 2. Results from the compression test on a wet experiment. 

Specimen 
Length 

/mm 

Width 

/mm 

Weight  

/g 

Max load 

/kN 

Max 

stress 

/MPa 

Max 

stress, 

loss 

factor[%] 

Water 

absortion 

/[g,%]  

W 51,1 45,1 179 47,39 29.7 28.5 5, 2.9 

 

 

Figure 7. Specimen W inside the water filled container. 

The concrete cylinders were also tested for their uniaxial tension strength by placing the 
cylinder on its side and then compress it (known as Brazilian test). The uniaxial tension 
strength is then obtained by superimposing the solution of a semi-infinite plate 
subjected to uniform load and the solution of a uniform tension around a circular disk 
equation, giving the stress along the vertical axis 

( )

22
1

x

P d

td r d r
σ

π

 
= − −  − 

,     (4) 

2
y

P

td
σ

π
= ,      (5) 

where P is the applied force, t is the thickness of the cylinder, d is the diameter and r is 
the radius (see Figure 8 for loading of cylinder and Figure 9 for the experiment) [3]. 
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Figure 8. Loading of a cylinder in uniaxial tension experiment. 

 

 

 

Figure 9. Specimen after tensile test.  

 

The results obtained from the tension test are presented in Table 3. A numerical 
simulation was performed in LS-DYNA to compare equation (5), the contour plot of σy 
stress is presented in Figure 10 and σx stress in Figure 11. 
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Table 3. Results from the tension test. 

Specimen 
Length 

/mm 

Width 

/mm 

Weight 

/g 

max load 

/kN 

max stress 

/MPa 

S6 50.5 45.3 173 11.18 3.11 

S7 49 45.1 170 18.23 5.25 

S8 48.5 44.8 168 11.52 3.38 

S9 50.6 44.9 171 14.49 4.06 

S10 49.5 45.1 167 14.49 4.13 

 

 

Figure 10. Contour plot of σy [MPa]in the cylinder. 

             

Figure 11. Contour plot of σx [MPa]in the cylinder. 
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The concrete parameters which will be used in the numerical simulations are 
summarized in Table 4. The percentage of mean tension strength compared to mean 
compression strength was 9.6% . 

Table 4. Concret material parameters 

Experiment 

Mean max 

stress  

/MPa 

Standar 

deviation 

/MPa 

Standard 

deviation  

 [%] 

Compression 41.56 4.1 9.9 

Tension 3.99 0.8 20.9 

 

 

SKF bearing components 

The RCC, 6 and 8 mm sphere (SKF bearing components) where tested with a Brinell 
testing rig for their hardness presented in Table 5. The geometry of the RCC is 
presented in Figure 12. 

Table 5. SKF bearing parameters. 

SKF 

Component 

Total 

weight  

/g 

Mean 

Vickers 

hardness  

/GPa 

Standard 

deviation 

/GPa 

6 mm 

sphere 
0.88 8.25 0.075 

8 mm 

sphere 
2.1 8.28 0.021 

RCC 3.1 7.68 0.043 

 

 

 



 

Figure 1

 

 

FSP 

The FSP projectile was made from steel 
[4] and are presented in Table 6. In F

Table 6. FSP parameters, from [

SKF 

Component 

Total 

weight  

/g 

FSP 1.1 
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Figure 12. The geometry of the RCC 

The FSP projectile was made from steel 4340, the material parameters are 
] and are presented in Table 6. In Figure 13 the geometry of the FSP is presented.

, from [4]. 

Vickers 

hardness 

/GPa 

Rockwell C 

3.29 31.1 

 

Figure 13. Geometry of the FSP. 

the material parameters are taken from 
the geometry of the FSP is presented. 

 



13 
 

Material models 

In the numerical simulations different material models were used. The concrete was 
modeled with the CSCM (Continuous Surface Cap Model) concrete model developed 
by D. Murray [5] and the projectiles were modeled by a rigid model and a Johnson-
Cook with damage material model. 

Concrete target 

Concrete is showing a very complex behavior. Concrete has about a ten times higher 
compressive strength than tension strength, in high confinement pressure the concrete 
acts ductile while in low confinement pressure the behavior is brittle. Concrete has a 
softening response in uniaxial compression which depends on the confinement pressure 
and also exhibits a residual strength. Volume expansion will occur under compressive 
loading with low confining pressure (dilation), this will not occur under high confining 
pressure (above 100MPa). Concrete exhibits shear enhanced compaction (hardening due 
to pore compaction) and it is also strain rate dependent.  

 

Concrete material model in LS-DYNA 

The concrete model assumes isotropy and it is modeled with Hooke's law in the elastic 
region and the Young's modulus is fitted with the following equation made by the CEB-
FIP Model Code [6] that was empirically obtained from the experiments. 

1/3

10
c

C

f
E E

 
=  

 
.     (6) 

The Poisson's ratio is constant at 0.15 and the bulk and shear modulus are then obtained, 
giving the following elastic properties, 

Table 7. Concretes elastic properties. 

Unconfined 
Compression 

strength  
/MPa 

Young's 
Modulus  

/GPa 
Poisson's Ratio 

Bulk Modulus 
/GPa 

Shear Modulus 
/GPa 

42 29.4 0.15 14 12.8 

 

The yield surface is modeled with a cap (smooth intersection) and it contains a failure 
surface combined with a cap hardening surface see Figure 14 and 15. 
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Figure 14. The yield surface in the meridonal plane. 

 

Figure 15. The yield surface in the deviatoric plane. The red lines are iso-pressure lines 

(the lines enclosing smaller area are at lower pressure) and the σi are the deviatoric 

principal stresses. 

The yield function is defined as following 

2 2

1 2 3 2 1 2 3 1 1( , , , ) ( , , ) ( ) ( , )f cf J J J J J J J F J F Jκ κ= − ℜ    (7) 

where the stress invariants are defined as following 

1

2

3

3

1

2

1

3

J P

J S S

J S S S

αβ αβ

αβ βχ χα

=

=

=

     (8) 
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and κ is a cap hardening parameter. 

In equation (7) the Ff is the linear failure surface with an exponential decay, defined as 
following 

1

1 1( ) exp bJ

fF J a Jλ θ−= − +      (9) 

where a, b, λ and θ are constants obtained from empirical data [6], 

Table 8. The yield surface parameters of the concrete model employed. 

Unconfined 
Compression 

strength  
/MPa 

a  
/MPa 

λ   

/MPa 

b  
/MPa-1 

θ  
/MPa-1 

42 15.6 10.5 1.929E-02 0.333 

     

Uniaxial 
Compression  

/MPa 

Uniaxial Tension 
/MPa 

Triaxial Tension 
/MPa 

  

42 3.2 3.2   

 

The constants a, b, λ and θ are giving 3.2 MPa in tension strength and are in the STD 
margin (see Table 3) and will not be changed. 

In equation (7) the Fc is the cap which is used to model plastic volume change related to 
pore collapse and the motion of the cap gives the pressure-volumetric strain hardening 
(dilation). The equations describing the cap is defined as 

( )

2

1
12

( )
1    

( , )

         1           else

c c

J
J

F J X

κ
κ

κ κ

 −
− ≥

= −



    (10) 

where ( ) ( ) ( ( ))fX L RF Lκ κ κ= + , R is the elliptic ratio of the cap and L(κ) = κ if κ> κ0 

else L(κ) = κ0. The elliptic ratio R is set to 5 [5]. 

The Rubin scaling function ℜ in equation (7) is changing the shape of the yield function 
Ff in the deviatoric plane and gives the state of stress in relation to the triaxial tension 
test see Figure 17. The shape of the yield surface will be triangular for low pressures 
and approach a circular shape for high pressures. The computations of the Rubin scaling 
functions will not be presented here but can be found in the "Users manual for LS-
DYNA concrete model 159" [5]. 

The stress σαβ is updated every time step from the strain rate increment and if the stress 
lies outside the yield surface a elastic-plastic behavior will be initiated. The stress will 
then, by an associative return algorithm, be returned the yield surface, see Figure 16. 
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Figure 16. The yield surface in the meridonal plane, where the blue line is the stress 

 update (trial stress) and the red line is showing the associative return 
algorithm. 

The rate effects are implemented by a viscoplastic formulation and applied on the yield 
surface as described by Simo et al. [7] and softening effects are implemented by a 
damage model (non-physical), defined as following 

(1 )d vpd
αβ αβσ σ= − .     (11) 

The viscouse stress is scaled by the damage parameter d which spans between [0:1] and 
it also scales the Young's modulus linearly. The damage parameter d is split into a 
brittle and a ductile part from tension load and compression load respectively. When 
softening is applied to a material model convergence problems often occur, this is due 
to maximum accumulation of energy in the smallest element (mesh dependency). The 
solution is to use a regulation formulation which keeps the fracture energy constant 
regardless the element size. The fracture energy is kept constant by including an 
element length parameter in the fracture energy which is then included in the 
computation of the damage parameter d. 

Rate effects are implemented by an enhancement curve from Ross and Tedesco [8], see 
Figure 17. 
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Figure 17. The rate enhancement factor for compression and tension. The LS curves are 

proposed in the LS-DYNA manual [9] and the US factor is used in the material model 

and are obtained from Ross and Tedesco [8]. 

 

Concrete material model in LS-DYNA -single element verification 

The concrete material model is verified by a one element tension/compression test in 
LS-DYNA see Figures 18 and 19. 

 

Figure 18. Compression test of concrete where the blue curve is the damage parameter 

d (labeled effective plastic strain in LS-DYNA) and the red curve is the stress [MPa] in 

the normal direction of the compression.  
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Figure 19. Tension test of concrete where the green curve is the stress [MPa] in the 

direction normal to the applied load.  

This model is implemented in LS-DYNA with the MAT_CSCM_CONCRETE card. 

Concrete material model in LS-DYNA -material testing verification 

Simulation representing the experimental material testing was done to validate the 
material model used in the impact simulations. The geometry in the compression test 
was the same as the one used in the material testing experiments. In the tension test half 
symmetry was used in the simulations. The uniaxial maximum tension stress was found 
by a Brazilian simulation and the compression strength by a compression simulation. 

 

 

 

 



 

Figure 20. On the left the geometry for the numerical simulations

simulations is shown and on the right the 

compression test. 

The green rigid plate in Figure 
force was appliedon the boundary) and the yellow
test simulation was solved with a non
the arclength algorithm. The rigid plates were used to ensure stability when the top 
nodes start to soften. To avoid slipping friction was applied
cost only a half of the geometry was modeled (symmetry
applied). The compression test was solved with the explicit solver using mass scaling to 
increase the time step [10]. The top nodes in the compression model were pres
motion while the bottom nodes were fixed.

The concrete cylinder failed at a force of 12.5 kN in the Brazilian 
is a stress of 3.2 MPa in the center line of the concrete cylinder, see 

Figure 21. The numerical simulation of the Brazilian 

cylinder. The fringe levels are the stress contours in the x

19 

geometry for the numerical simulations used in the Brazilian 

is shown and on the right the geometry for the numerical

igure 20 was subjected to increasing nodal force
on the boundary) and the yellow rigid plate was fixed. The

solved with a non-linear implicit solver in LS-DYNA which uses 
the arclength algorithm. The rigid plates were used to ensure stability when the top 
nodes start to soften. To avoid slipping friction was applied, and to lower comp

geometry was modeled (symmetry boundary conditions were 
The compression test was solved with the explicit solver using mass scaling to 

. The top nodes in the compression model were pres
motion while the bottom nodes were fixed. 

The concrete cylinder failed at a force of 12.5 kN in the Brazilian test simulation
is a stress of 3.2 MPa in the center line of the concrete cylinder, see Figure 

. The numerical simulation of the Brazilian test simulation 

cylinder. The fringe levels are the stress contours in the x-direction (MPa).

 

used in the Brazilian 

geometry for the numerical model of the 

was subjected to increasing nodal forces (half of the 
plate was fixed. The Brazilian 

DYNA which uses 
the arclength algorithm. The rigid plates were used to ensure stability when the top 

and to lower computational 
boundary conditions were 

The compression test was solved with the explicit solver using mass scaling to 
. The top nodes in the compression model were prescribed a 

test simulation which 
igure 21. 

 

 on the concrete 

direction (MPa). 



 

The concrete cylinder failed at a
nodes, see Figure 22 and the damage results f

 

Figure 22. The numerical simulation of the compression experiment of the concrete 

cylinder. The fringe levels are the damage contours.

 

Figure 23. Specimen after compression test

only solid parts left). 
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The concrete cylinder failed at an average pressure of -42 MPa on the top or bottom 
and the damage results from the experiment see Figure 23

 

 

numerical simulation of the compression experiment of the concrete 

cylinder. The fringe levels are the damage contours. 

 

Specimen after compression test, showing the top or bottom (which

on the top or bottom 
rom the experiment see Figure 23. 

 

numerical simulation of the compression experiment of the concrete 

ottom (which are the 
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Projectiles 

The models used for the projectiles in LS-DYNA are the rigid model and the Johnson 
Cook model. For high velocity impact the pressure needs to be defined via an equation 
of state, in this case the Mie-Gruneisen equation of state, according to Zukas [11]. 

 

Rigid material model 

The rigid model will be used when the projectiles are a 6mm sphere, 8mm sphere and a 
cylinder (RCC).The rigid material model is defined only with the density to calculate 
the inertia in the model, see Table 9 for parameter. There will not be any deformation of 
the projectiles with the rigid material model. The main advantage with this model 
compared to an elastic or strain rate dependent model is the reduced computation effort 
in the contact algorithm. 

 

Table 9. Material parameter for the inertia in the rigid material model. 

Density  
/(kg/m3) 

7800 

 

 
This model is then implemented in LS-DYNA with the MAT_RIGID card. 

Johnson-Cook material model  

Deformation of the FSP (Fragment Simulating Projectile) will be simulated with a strain 
rate and temperature dependent material models; the Johnson-Cook material model [2]. 
The Johnson Cook material model is a phenomenological model and the flow stress is 
defined as following 

( ) ( ) 0

0 0

, , 1 ln 1

m

n p

y p p p

p m

T T
T A B C

T T

ε
σ ε ε ε

ε

     −   = + + −         −        

�
�

�
  (12) 

where 
pε is the equivalent plastic strain, 

pε� is the equivalent plastic strain rate,  T is the 

temperature, 
m

T is the melting temperature and  0T is the room temperature. The 

constants A, B, C, m and n are material constants obtained from material tests. The 
constant A is representing the yield stress while B and n are representing the strain 
hardening and the constant C is representing the strain rate effects. The material 
parameters for steel 4340 (the material used for the FSP) are obtained from Johnson 
Cook [2] and are the following 
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Table 10. Material parameter used in Johnson Cook material model. 

Material 
A  

/MPa 
B  

/MPa 
n C m 

4340 STEEL 792 510 0.26 0.014 1.03 

 

Table 11. Elastic and heat material parameters. 

Material 
Density 
/(kg/m3) 

Shear 
Modulus 

/GPa 

Melt 
temperature 

/K 

Room 
temperature 

/K 

Specific heat 
/(J/(kg K)) 

4340 STEEL 7830 80.77 1793 293 477 

 

This model is then implemented in LS-DYNA with the MAT_JOHNSON_COOK card. 

The Johnson-Cook material model needs an equation of state when subjected to high 
pressure. The Mie-Gruneisen equation of state was used and the material parameters 
employed were taken [2]. 

Table 12. The employed Mie-Gruneisen equation of state parameters. 

Cs /(m/s) 
(c in LS-
DYNA) 

Ss 
(s1 in LS-
DYNA) 

0γ  

(Gruneisen gamma) 

α (first order volume 

correction to 0γ ) 

4578 1.33 1.67 0.43 

 

This model is then implemented in LS-DYNA with the EOS_GRUNEISEN card. 
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Numerical model 

 

The notation used in this chapter is as following; Greek superscripts are implying 
summation on repeated indices and Roman subscripts are labeling particles and will not 
imply summation on repeated indices. 

,div
v

v
x

β
β β

β

∂
∇ = = =

∂
v vi ,      (1.13) 

,grad
v

v
x

α
α β

β

∂
∇ ⊗ = = =

∂
v v

,   (1.14) 

curl 
v

x

β
αβχ χ

α
ε

∂
∇× = =

∂
v v e

.   (1.15) 

 

The method used in the simulation was the Smoothed Particle Hydrodynamics (SPH) 
which was formulated by Lucy [12] and also by Gingold and Monaghan [13] in 1977. 
The method was first developed to solve astrophysical problems like simulations of 
supernovae [14], collapse and formation of galaxies [15], black holes [16] and much 
more. Since the particle movements in astrophysics are similar to the movement of 
fluids etc. it was later formed for solving fluid and solid mechanics.  

The SPH is a mesh-free particles method in Lagrangian (particles deform with mesh) 
formulation, it should be noted that SPH is not a discrete particle method because in 
SPH the shape functions are defined and like FEM (Lagrangian elements) they are used 
to interpolate displacement fields giving strains that will be used in continuum based 
constitutive models giving stresses. In discrete particle methods the particles are point 
masses connected to each other with springs and dampers, this method can therefore not 
be used with continuum based constitutive models. 

In SPH methods the integration points are inside the particles making the method truly 
mesh-free unlike the EFG (Element-Free Galerkin [17]) method where the integration 
points are fixed to a background mesh, see Figure 24. 
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Figure 24. Different kind of numerical methods are presented, in SPH the particles with 

their radius of influence is shown, the LAG (Lagrangian elements) components are 

shown for comparison and the EFG is shown with its background mesh (dashed lines) 

and particles.   

 

In this recall of the SPH formulation the main focus will be on SPH with material 
strength (constitutive model) and hypervelocity impact application. The key stages in 
solving SPH are the following: 

Preprocessing  

• Placing the particles in the problem domain. A simple mesh can be formed 
which then will be transformed into SPH particles (normally the node or 
center of the element are changed to a SPH particle). The particles 
positions should be as regular as possible for maintaining accuracy [10]. It 
is important to understand that the mesh is only for placing the particles 
easily and will not be present in the computations.  

SPH formulation (each line in Figure 25 represent a bullet in the following list): 

• The integral representation of a function f over a domain of influence and 

its derivatives are derived,  this is one of the two fundamental steps in 

SPH. The weak form is introduced here as the integral representation, this 

will ensure stability. Particle approximation is the second fundamental 

step, where the integral representation is approximated with sums over the 

neighboring particles that are inside the influence domain. The influence 

domain is also called the smoothing function and it can have different 

shapes. 

• The governing equations controlling the phenomena, in our case the 

conservation laws and equilibrium equations are used and the constitutive 

equations with material strength. 
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• Applying the SPH particle approximations on the governing equations will 

discretized them into ODEs, explained later in detail. 

• The normalization and artificial viscosity are modification to obtain stable 

solutions. The SPH method has problems at the boundaries and therefore 

modifications have to be made. 

• This discretized PDs creates a band or sparse matrix which can be solved 

with a sparse explicit or implicit algorithm, in our case a explicit Leap-

Frog scheme was used. 

 

Figure 25. SPH formulation. 

 

SPH formulation  

The SPH method is formulated on two fundamental key stages. The first stage is the 
integral representation of a function f and its derivatives; this is done by multiplying the 
function at position x' with a Dirac delta function and integrate it over the problem 
domain, 

( ) '( ') ( ')f f dδ
Ω

= − Ω∫ xx x x x ,    (16) 

where x is a position vector, δ is the Dirac delta function and Ω is the volume of the 
problem domain. The Dirac delta function is a generalized function and lacks some 
properties like continuity and differentiability; it also cannot be used in collocation of 
particles. Therefore the delta function is replaced with a smoothing function W 

(explained in more detail later), making the function an approximation.
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( ) ( )' '( ') ( ', )        or       ( ') ( ', )  f f W h d f f W h d
Ω Ω

≈ − Ω = − Ω∫ ∫x xx x x x x x x x , (17) 

where ( )f x  is a SPH convention defining the kernel approximation operator and h is 

the smoothing length of the smoothing function. The spatial derivative of a function f in 
integral representation is obtained by taking the divergence of the function and 
substituting it into equation (17) as following  

( ) ( ) '( ') ( ', )f f W h d
Ω

∇ ≈ ∇ − Ω∫ xx x x xi i   .   (18) 

Applying the product rule on the integrand, 

( ) ( ) ( )( ') ( ', ) ( ') ( ', ) ( ') ( ', )f W h f W h f W h∇ − = ∇ − + ∇ −x x x x x x x x xi i i  , 

inserted into equation (18) gives 

( ) ( ) ( )' '( ') ( ', ) ( ') ( ', )f f W h d f W h d
Ω Ω

∇ ≈ ∇ − Ω − ∇ − Ω∫ ∫x xx x x x x x xi i i  (19) 

The first integral is then changed to a surface integral by the divergence theorem giving  

( ) ( ) ( ) '( ') ( ', ) ( ') ( ', )
S

f f W h dS f W h d
Ω

∇ ≈ − − ∇ − Ω∫ ∫ xx x x x n x x xi i i   (20) 

where n is the outward unit normal vector acting on the surface S. The smoothing 

function is defined as a compact domain ( ', )W h−x x =0 when outside its domain (also 

called support domain), making it vanish if the support domain of W is inside the 
problem domain giving the following equation 

( ) ( ) '( ') ( ', )f f W h d
Ω

∇ = − ∇ − Ω∫ xx x x xi i .   (21) 

 

The second stage is to create particle approximations. Because the problem domain 
consists of discrete particles the continuous integral derived in equation (17) and (21) 
must be transformed into a summation over the particles in the support domain see 
Figure 26. 
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Figure 26. Particles in a 2D-domain, where the red spheres are particles, the green 

sphere (in center of the grid) is the particle into consideration with the blue surface as 

its smoothing function W, the area of the smoothing function is the support domain and 

the entire area is the problem domain. 

Instead of having a infinitesimal volume 'dΩ
x

 every particle starts with a finite volume 

V, this volume is then related to the mass as following,  

m V ρ= ,      (22) 

 where ρ is the density. If the concept that all the particles in the support domain 
contributes to the function is employed to equation (17), 

( )
1

( ) ( , )
N

i i i

i

f f W h V
=

≈ −∑x x x x ,    (23) 

where N is the number of particles in the support domain. Inserting equation (22) gives 

 ( )
1

( ) ( , )
N

i

i i

i i

m
f f W h

ρ=

≈ −∑x x x x     (24) 

and generalized for every particle  
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( )
1

( )
N

i
j i ij

i i

m
f f W

ρ=

=∑x x           where ( , )ji j iW W h= −x x .  (25) 

The particle approximation of a spatial derivative of a function is obtained analogous to 
how equation (21) was obtained; employing this on equation (24) gives, 

( )
1

( ) ( , )
N

i

i i

i i

m
f f W h

ρ=

∇ ≈ − ∇ −∑x x x xi i .    (26) 

For an arbitrary particle, 

( )
1

( )
N

i
j i j ji

i i

m
f f W

ρ=

∇ = ∇∑x xi i     (27) 

where 
( , )

j i j i

ji

ji ji

W h
W

r r

− ∂ −
=

∂

x x x x
,    (28) 

 rij is the distance between particle i and j.  

For gradient operator (instead of divergence (27) ) the following approximation will be 
presented without derivation  

( )
1

( )
N

i
j i j ji

i i

m
f f W

ρ=

∇ ⊗ = ⊗ ∇∑x x .    (29) 

Monaghan [18] formulated the "golden" approximation rules, approximation rule 4 will 
be formulated and later used to approximate the governing equations,   

( , )iA A A W h∇ = ∇ − ∇ −x xi i     (30) 

where  

1

( , ) ( , ) 1 0i iW h W h

=

∇ − = ∇ − = ∇ =x x x xi i i
�������

   (31) 

Smoothing functions 

There are many different kind of smoothing functions also called "kernels", the reason 
why there are many is due to their large influence on the overall solution. In the paper 
Monaghan [18] stated that it is always best from a physical interpretation to use a 
Gaussian curve, but if computational cost is considered the B-spline function is often a 
better choice , the properties a smoothing function posse are the following: 

• Must be normalized over the support domain, 

'( ', ) 1W h d
Ω

− Ω =∫ xx x ,        (32) 

this will ensure unity and C0 consistency. 
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• Compact support , 

( ') 0 when 'W hκ− = − >x x x x ,    (33) 

where κ is a scaling factor and h is the smoothing length. The compact support 
will make the system a discrete system and the computational effort will 
decrease. 
  

• The smoothing function should always be positive to ensure meaningful 

physical phenomena. 

 

• The smoothing function should monotonically decrease with distance. If this is 

not satisfied a closer particle may not have more influence than a particle further 

away from the particle under consideration, this will also contribute to 

unphysical behavior. 

 

• In equation (16) it was showed that the integral representation originated from a 

delta function and therefore the smoothing function must satisfy its conditions 

0
lim ( ', ) ( ')
h

W h δ
→

− = −x x x x .    (34) 

 

• Symmetric property of the smoothing function should be satisfied (even 

smoothing function). Particles which are at the same distance to the particle 

under consideration should have the same influence no matter the position. Also 

the smoothing function should be adequately smooth, which will generate better 

approximation.  

The Gaussian curve that was proposed by Gingold and Monaghan [13] as a smoothing 
function is adequately smooth for high order derivatives and therefore very accurate and 
stable. But the Gaussian curve lacks a compact domain and the derivatives tends slowly 
to zero resulting in a computationally expensive choice, see Figure 27. 
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Figure 27. The Gaussian smoothing function and its derivative. 

The equations used for the Gaussian curve are the following 

 

2
'

( ', ) ( ) e
h

W h hβ

− 
−  
 − =

x x

x x       (35) 

where β(h) is a correction term for different space dimensions [19]. 

The most popular smoothing function used in commercial software is the B-spline 
smoothing function [10]. It is closely related to the Gaussian with its smoothness even 
for high derivatives but it also has a compact domain. It is composed of three different 
curves which makes the computation effort higher and its more complicated to 
implement, see Figure 28. 
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Figure 28. The B-spline smoothing function and its derivative. 

The equations used to construct a B-spline Smoothing function are the following 

( ) ( )

( )

2 3

3

'2 1
' / ' /                    0 1

3 2

'1
( ', ) ( )               2 ' /                             1 2

6

                           0                                               

h h
h

W h h h
h

β

−
− − + − ≤ <

−
− = − − ≤ <

x x
x x x x

x x
x x x x

x '
2

h







 −

≥


x

(36)

 

where β(h) is a correction term for different space dimensions [19]. 

There is also a quadratic smoothing function from Johnson et al. [20] who used it for 
high velocity impact simulations with promising results. The main improvement is the 
always decreasing derivative for a particle moving away from the particle under 
consideration, see Figure 29. 
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Figure 29. The quadratic smoothing function and its derivative 

The equations used to construct a quadratic Smoothing function are the following, 

( ) ( )
2 '3 3 3

( ', ) ( ) ' / ' /         0 2  
4 16 4

W h h h h
h

β
− 

− = + − − − ≤ ≤ 
 

x x
x x x x x x

 (37)
 

where β(h) is a correction term for different space dimensions [19]. 

Governing equations 

The conservation equations of continuum mechanics (in Lagrangian description), with 
the assumption that there is no mass/heat sources, chemical potential, diffusion process, 
heat conduction and body forces reduces to the following equations. The conservation 
of mass, 

        or        0
D D v

Dt Dt x

β

β

ρ ρ
ρ ρ

∂
= − ∇ + =

∂
vi    (38) 

where v is the velocity field v = dx/dt and ρ is the density. The conservation of linear 
momentum, 

1 1
        or        0

D Dv

Dt Dt x

α αβ

β

σ

ρ ρ

∂
= ∇ − =

∂

v
σi    (39) 

where σ is the Cauchy stress. The conservation of energy used by Gingold and 
Monaghan [13], 

1
:         or        0

De De v

Dt Dt x

αβ α

β

σ

ρ ρ

∂
= ∇ ⊗ − =

∂
σ v

   (40)
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where e is the specific internal energy. Equations (38) and (39) are derived in G.A. 
Holzapfel [21]. Equation (40) is derived in Appendix B. The stress tensor σ is divided 
into a volumetric part and a deviatoric part 

,         ( , )  
vol dev vol

p eαβ αβ αβ αβ αβσ σ σ σ ρ δ= + = −
 

   (41) 

where p is the pressure (p = -1/3tr(σ)) and it is normally computed from an equation of 
state. In the elastic plane the rate form of Hooke's law for small strains 

1
( )

3dev dev
G G

αβ αβ αβ αβ χχσ ε ε δ ε= = −� � ��      (42) 

where G is the shear modulus and the strain rate tensor( �ε ) is obtained from the 
derivative of the spatial velocity field v(x,t), 

v
l

x

α
αβ

β

∂
=

∂
      (43) 

which is then decomposed into a symmetric part and an antisymmetric part 

1 1
,      ,     

2 2

v v v v
l d w d d w w

x x x x

α β α β
αβ αβ αβ αβ βα αβ βα

β α β α

   ∂ ∂ ∂ ∂
= + = + = = − = −   

∂ ∂ ∂ ∂   
 (44) 

where d (symmetric part of l) is the strain rate tensor( �ε ) used in equation (42). Equation 
(42) is not material frame indifferent (objective) and therefore the Jaumann rate can be 
used  

ˆ dev dev
devdev dev dev devw w G w w

αβ αβ αχ χβ αχ χβ αβ αχ χβ αχ χβσ σ σ σ ε σ σ= − + = − +��    (45) 

where w (spin tensor) is defined in equation (44). 

Particle approximations of the governing equations 

The conservation equations must be approximated according to the SPH theory. The 
conservation of mass will be presented both as a differentiation and as only a 
summation. Next the linear momentum will be considered, for solving it the Cauchy 
stress is needed and it will be obtained by applying material strength, using a simple 
elastic constitutive model (plastic models can also be implemented but it will not be 
presented here). The deviatoric part of Cauchy stress rate will be formulated as a 
Jaumann rate that contains a spin tensor and a strain rate tensor. The spin and strain rate 
tensor will therefore also be approximated and last the energy equation will be 
approximated. 

The approximation of the conservation of mass will give the density so the easiest way 
is to insert ρ inside (25) giving,  

1

N

i i ji

i

mWρ
=

=∑ ,     (46) 
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but this equation has problems close to edges giving particles smaller density than the 
particles further away, see boundary conditions chapter. This problem can be resolved 
by using special boundary conditions, like ghost particles which will be discussed later.  
Another approach suggested by Monaghan [22] and preferred by the SPH community 
when phenomena with strong discontinuities are modeled, like high velocity impacts, is 
to apply the particle approximation on the conservation of mass.  By using 
approximation rules from equation (27) on the RHS of equation (38) while the density 
is evaluated at the current particle j one gets 

1

N
j jii

j i

i i i

D Wm
v

Dt x

β

β

ρ
ρ

ρ=

∂
= −

∂
∑      (47) 

The previous approximation is not accurate and therefore approximation rule 4 is used 
giving 

1 1

Approx. rule 4

N N
j ji jii i

j i j j

i ii i i i

D W Wm m
v v

Dt x x

β β

β β

ρ
ρ ρ

ρ ρ= =

∂ ∂
= − +

∂ ∂
∑ ∑

�������

   (48) 

1

N
j jii

j ji

i i i

D Wm
v

Dt x

β

β

ρ
ρ

ρ=

∂
= −

∂
∑     

 (49) 

where ( )ji j i
v v vβ β β= − . 

The approximation of the linear momentum (39) can be obtained similarly to the 
derivation of equation (48) by first using equation (27) and approximation rule 4 giving 

1

N
j j i ji

i

i i j j

Dv W
m

Dt x

α αβ αβ

β

σ σ

ρ ρ=

− ∂
=

∂
∑ .    (50) 

If the identity 1 αβσ =
αβσ  is considered the following conservation equation is obtained 

( )
�

0

1 1 1
1

Dv

Dt x x x

α αβ αβ
αβ

β β β

σ σ
σ

ρ ρ ρ
=

∂ ∂ ∂
= = +

∂ ∂ ∂
,   (51) 

approximated with equation (27) gives  

1

N
j j i ji

i

i i j j

Dv W
m

Dt x

α αβ αβ

β

σ σ

ρ ρ=

+ ∂
=

∂
∑     (52) 

Considering the product rule on /αβσ ρ gives 
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2

RHS of (1.25)

1

x x x

αβ αβ αβ

β β β

σ σ σ ρ

ρ ρ ρ

 ∂ ∂ ∂
= − 

∂ ∂ ∂  �����

    (53) 

inserted in the linear momentum gives 

2

Dv

Dt x x

α αβ αβ

β β

σ σ ρ

ρ ρ

 ∂ ∂
= + 

∂ ∂ 
    (54) 

using approximation equation (27) gives 

2
1 1

N N
j ji j jii i i

i

i ii i j j i j

Dv W Wm m

Dt x x

α αβαβ

β β

σσ
ρ

ρ ρ ρ ρ= =

∂ ∂
= +

∂ ∂
∑ ∑ .   (55) 

which then is rearranged to 

2 2
1

N
j j jii

i

i i j j

Dv W
m

Dt x

α αβαβ

β

σσ

ρ ρ=

  ∂
= +   ∂ 
∑ .    (56) 

Equation (52) and (56) are both symmetric particle approximations of linear 
momentum, these symmetry properties reduce particle inconsistency, see tensile 
instability chapter. Equation (50) is not symmetric and does not produce any motion 
when there is no stress across a density discontinuity. Next the strain rate and spin 
tensor will be approximated using equation  (29) 

.

1

1 1

2 2

N
ji jiApprox i

j

i i j j

W Wmv v
v v

x x x x

α β
αβ αβ α β

β α β α
ε ε

ρ=

 ∂ ∂ ∂ ∂
= + → = +    ∂ ∂ ∂ ∂   

∑� �   (57) 

but tr( ε� )=divv is not satisfied in the approximation and according to L. D. Libersky and 
A.G. Petschek [23] approximation rule 4 has to be used giving 

1 1

Approx. rule 4

1 1

2 2

N N
ji ji ji jii i

j i i j j

i ii j j i j j

W W W Wm m
v v v v

x x x x

αβ α β α β

β α β α
ε

ρ ρ= =

   ∂ ∂ ∂ ∂
= + − +      ∂ ∂ ∂ ∂   
∑ ∑�

�������������

 . (58) 

After simple rearrangements, 

( ) ( )
1 1

1 1

2 2

N N
ji jii i

j i j i j

i ii j i j

W Wm m
v v v v

x x

αβ α α β β

β α
ε

ρ ρ= =

∂ ∂
= − + −

∂ ∂
∑ ∑�  ,  (59) 

the spin tensor is then approximated similarly  

( ) ( )
1 1

1 1

2 2

N N
ji jii i

j i j i j

i ii j i j

W Wm m
w v v v v

x x

αβ α α β β

β αρ ρ= =

∂ ∂
= − − −

∂ ∂
∑ ∑  .  (60) 
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If equations (59) and (60) are inserted into equation (45) the deviatoric stresses can be 
computed by a differentiation scheme for the elastic case with small rotations. 

The approximated equations of energy will be split by equation (41) and the part with 
the pressure will give  

�
2 2

cons. of mass

p v p v p v p D

x x x Dt

αβ α β β

β β β

δ ρ
ρ

ρ ρ ρ ρ

∂ ∂ ∂
− = − = − =

∂ ∂ ∂
   (61) 

and inserting approximated equation (49) will give  

1

N
j j jii

ji

ij j i i

v p Wmp
v

x x

β

β

β βρ ρ ρ=

∂ ∂
− =

∂ ∂
∑     (62) 

then consider the product rule on (pv) and analog to equation (53) the following 
equation is obtained after using approximation equation (49) 

1

1 N
j jii

i ji

ij j i i

v Wmp
p v
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Adding equation (62) and (63) will give  
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Equation (40) has also a deviatoric part, that part has already been approximated and 
therefore it can just be inserted, the approximated energy equation is then 
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There are no general approximations due to lack of rigorous convergence theory and 
therefore there are many approximations which are more useful than others for different 
cases. 

Solving scheme 

The equations that will be solved numerically are the following, first the conservation of 
mass giving the density is computed, 
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then the velocity is computed from the conservation of linear momentum, 
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then the energy will be computed , 
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after that all the governing equations have been computed the constitutive equations 
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and supportive equations 

Dx
v

Dt

t t t

α

α=

= + ∆

      (70) 

will be solved. 

 

 

Equation of state 

The Mie- Gruneisen equation of state for solid can be found in Zukas [11] and is, 
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where Γ is the Gruneisen parameter , the η= ρ/ρ0-1 is the compression and pH is the 
pressure from the Hugoniot curve, 
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In equation (72) a0, b0 and c0 are computed from the linear shock velocity relation,  

S S S pU C S U= +      (73) 
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where Us is the shock velocity, Up is the material particle velocity, Cs is the constant in 
the linear relation between the shock velocity and particle velocity and SS is the slope. 

( )

( ) ( )( )

2

0 0

0 0

2

0 0

1 2( 1)

2 1 3 1

s

S

S S

a C

b a S

c a S S

ρ=

= + −

= − + −

    (74) 

 

Artificial viscosity 

To simulate phenomena like shock waves in SPH artificial viscosity is used to dampen 
out numerical oscillation that occurs. The idea is to transform some kinetic energy into 
heat energy, this was developed first by von Neumann-Richmyer [24].  In the numerical 
simulations the shock wave is spread over several elements reducing the sharp variation. 
The artificial viscosity for SPH was formulated by Monaghan and Gingold [25] as 
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where  
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where c is the sound speed , αΠ  and βΠ are constants producing bulk viscosity and 

particle penetration suppression respectively , factor 0.1 jihϕ = is for preventing 

numerical divergence when particles are close to each other. The artificial viscosity is 
added into the pressure terms in the SPH formulations. 

 

 

 

Numerical scheme 

The numerical method that can be applied on the IVP ODEs is the Leap-frog method 
which will save memory in contrast to RK4. Due to the symmetric properties of the 
Leap-frog method it is time-reversible which will guarantee correct conservation 
equations. The Leap-frog scheme will be implemented by using the supportive equation 
and one of the approximations of conservation of linear momentum (67)  
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where A is the RHS of the approximation of linear momentum. Using the central 
difference  
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on the supportive equation gives ( 1
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the constant "2" in equation (79) will disappear because the previous equation is defined 
in the interval [0:1] meanwhile equation (79) is defined in [-1,1]. The problem that 

arises with equation (80) is the lack of  1/2

j

t+v  in the first loop; this can be solved by 

using the Eulerforward in the beginning  
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Then equation (78) will also be approximated with the central difference  
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The energy, the deviatoric stress and the density are computed with the central 
difference scheme, the velocity vector will be needed in integer steps which will be 
solved be taking the average as following 
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and the stepsize for the intermediate steps will be obtained as following 
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Now the algorithm can be finally outlined,  
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where 
j

kD is the conservation of mass approximation , 
j

kA is the conservation 

approximation of linear momentum moment,
j

kE is the approximation of energy 

approximation and 
j

k
σ is the Cauchy stress tensor. The algorithm is presented in Figure 

30. 

 

Figure 30. The Leap-frog algorithm scheme. 

The Leap-frog algorithm is conditionally stable; the stability is controlled by the 
Courant-Friedrichs-Lewy (CFL) condition. The CFL condition must be in the interval  

0 < CFL ≤ 1 and the equation giving the timestep is the following 

h
t CFL

c s
∆ ≤

+
     (91) 

where h is the smoothing length, c is the sound speed and s is the maximum particle 
speed. 

 

Boundary conditions 

One of the most problematic parts of SPH simulations is to impose boundary 
conditions. One of the problems in creating boundaries is that there is no actual element 
at the boundary defining the boundary. When the particles closest to the boundary are 
summarized there will be fewer particles in there domain, this is called particle 
deficiency. In general particle deficiency results in lower density at the boundaries. This 
problem can be solved by three methods see Figure 31. 

The first method is to place ghost particles on the boundaries creating repulsive force 
that prevents the inner particles to penetrate the boundaries. The second method is to 
place ghost particles on the other side of the boundary mirroring the inner particles. The 
second method can be used for symmetric, free and fixed conditions. For free condition 
the ghost particles have the same properties as the real particles while in the fixed 
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conditions the ghost particles has the same properties except the inverted sign of the 
normal velocity component. The third method is to use renormalization, described later. 

 

Figure 31. Illustrating the different boundary conditions where the curves are the 

smoothing functions for a 1-dimensional case. 

 

Renormalization  

The renormalization formulation can be found in Randles and Libersky [26]. This 
method will give better approximations when the SPH elements are non-uniformly 
distributed e.g. at boundaries or after impact. 

 The method is described with the stress gradient that can be formulated as following 
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Now the challenge is to make equation (92) exact for a linear stress field. If a linear 

stress field is inserted ( a b x
αβ αβ αβ χ χσ = + ) where a and b are constant tensors, 

changing from divergence of the smoothing function W to the gradient and double 
contract the RHS with the yet unknown tensor B giving, 
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The left hand side of equation (93) will now be derived 
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Inserting equation (94) into (93) gives 
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If the RHS of equation (95) except b is unity equation (95) will be satisfied only if B is 
the inverse as 
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Double contracting the conservation approximation of linear momentum (50) with the 

tensor B gives the renormalized conservation approximation of linear momentum. 
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and for obtaining the energy using the same procedure as earlier and defining the linear 

velocity field as v a b x
α α α β β= + , gives the same B .The strain field is then 
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 this can be inserted into the conservation of energy approximation equation (40) giving  
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Smoothing length 

Commercial SPH solvers have normally variable smoothing length h is for maintaining 
accuracy and consistency. If there are too few particles in the support domain for a 
particle, it will suffer from lower accuracy but if the support domain is too large the 
local properties will be smoothed out and accuracy will also be lowered. The 
commercial solver LS-DYNA, used in this thesis uses  
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Appling Euler forward (explicit) on the previous equation gives 
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where dt is the stepsize, rearrangements give 

1( ) ( ) ( )
n n n

v
h t h t h t t

x

α

α+

∂
= + ∆

∂
.    (102) 

 

Tensile instability 

A known problem in the SPH method is tensile instability, which is due to particle 
deficiency. Particle deficiency occurs on boundaries and when particles are moving in 
and out of the boundaries of each particles smoothing function without advection. 
Particle deficiency will lead to incorrect density and unequal smoothing length, this can 
then result in particles clumping together or total mesh blowup, see Figure 32. 

 

Figure 32. Tensile instability example with two elastic rings colliding making particles 

clump and eventually a whole mesh blowup, where t1 and t2 are positive and greater 

than zero. 
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Numerical simulations 

The numerical model in LS-DYNA will be presented. First the different geometries will 
be presented, with a full model and a quarter model. The projectiles will be modeled in 
both Lagrange and SPH description. The method used in the SPH model will be 
presented along with; the particle approximations used, the contact formulation, the 
smoothing length and some methods to solve instabilities. 

Geometry 

The geometry and mesh of the concrete plate were created in LSPP(LS-DYNA PrePost 
3.2). A quarter model and a full model were constructed, both are a mix between SPH-
elements and Lagrange elements. The projectiles were also created in a quarter and full 
version in LSPP, the SKF-bearing components were modeled with Lagrange elements 
and the FSP and fragment was created with SPH. 

Concrete plate  

The full model was created according to the concrete plate geometry defined earlier, in 
the high strain zone SPH elements were used and in the low strain zone Lagrange 
element were used, see Figure 33 

 

Figure 33. The full model used in the numerical simulations, the red region (external) is 

composed by Lagrange elements, the green region (center) is the SPH elements region  

and the black part in the center of the model is the projectile (RCC). 

Model details are represented in Table 13. 
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Table 13. The amount of elements and nodes in the full model. 

Model part Elements Nodes Elements/mm 

Concrete -Lagrange 210 000 254 256 0.34 

Concrete -SPH 500 000 -- 1 

 

The boundary between SPH and Lagrange was modeled with the 
CONTACT_TIED_NODES_TO_SURFACE_CONSTRAINED_OFFSET card, this 
will make the outer SPH elements tie to the closest Lagrange element, see Figure 34. 
The tied method is the computationally least expensive method to combine SPH and 
Lagrange elements in one part, the downside is loss of accuracy if high stress field are 
present in the SPH- Lagrange boundary.  

 

Figure 34. The boundary between the Lagrange and the SPH particles. The SPH 

elements are visualized with 50% of their smoothing length. 

The SPH element should be as regularly positioned as possible to avoid particle 
deficiency [10] and therefore the optimal boundary is square and not circular, see Figure 
35. 
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Figure 35. The circular boundary will have irregular distances between the boundary 

and the SPH particles, while the rectangular boundary will have fewer non-regular 

distances between the boundary and SPH particles. 

 

Quarter model of concrete plate 

The quarter concrete model was created similarly to the whole model except being cut 
to a quarter and having symmetry boundary conditions. The symmetry boundary 
condition for the SPH elements is enforced with the LS-DYNA card 
BOUNDARY_SPH_SYMMETRIC_PLANE which uses ghost particles (method 2), for 
more details see the SPH theoretical part. The Lagrangian symmetric boundary is 
enforced with the LS-DYNA card BOUNDARY_SPC_SET where the nodes are fixed 
in the normal to the symmetric plane direction and in the transversal direction and the 
rotation in the tangential direction, see Figure 36. 
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Figure 36. The quarter plate model where the yellow region is composed by the 

Lagrange elements, the red region is composed by SPH elements. The Lagrange portion 

of the boundary on the left side of the concrete plate is enforced by locking the 

transversal movement in the y-direction and rotation in the x-direction and the 

boundary on the bottom side of the concrete plate is enforced by locking the transversal 

movement in the x-direction and rotation in the y-direction. 

The quarter model was build with two different sizes of SPH regions and different SPH-
element spacing for optimal computational time and low accuracy loss. The amount of 
nodes and elements are presented in Table 14. 

Table 14. Amount of elements and nodes in the quarter model. 

Quarter model Lagrange elements SPH elements SPH elements/mm 

100x100x50mm SPH 
region 

52 000 500 000 
1 

54x54x50mm SPH 
region 

62 000 145 800 
1 

54x54x50mm SPH 
region 

62 000 492 075 
1.5 

54x54x50mm SPH 
region 

62 000 61 510 
0.75 
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Lagrange Projectiles 

The SKF-bearing components did not show any high strains in the experiments and 
were therefore modeled with Lagrange elements, see Figure 37 for the whole model and 
Figure 38 for the quarter model projectiles.  

 

Figure 37. The mesh of the SKF bearing components. 

 

Figure 38. The quarter mesh models of the SKF bearing components. 

The quarter projectile models were subjected to the same boundary conditions as the 
concrete quarter model.  

SPH Projectiles 

The FSP and the fragment were modeled with SPH due to the high strains present in the 
simulation, see Figure 39 for the FSP mesh and Figure 40 for the fragment model. 
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Figure 39. The SPH elements positions in the FSP, the SPH elements are visualized 

with 50% of their smoothing length. The left Figure is the whole model and the right 

Figure is the quarter model. 

 

Figure 40. The SPH elements positions in the fragment, the SPH elements are visualized 

with 50% of their smoothing length, in the right portion the actual fragment is shown. 

 

Contact 

After running the simulation a while the surface of the projectile will overlap the SPH 
particles and when this occurs the contact algorithm places springs in-between 
separating the surface and SPH particles at equilibrium. This algorithm is 
computationally expensive, because the springs need to be loaded slowly to avoid a 
mesh blowup and also to not lose where the contact surface is located. The time step 
was scaled down with a curve enforcing small time steps (10-5 ms) in the first 0.1 ms of 
the simulation and also the CFL condition was scaled down with a factor 10. The 
contact card used was CONTACT_AUTOMATIC_NODES_TO_SURFACE between 
Lagrange and SPH elements where the nodes were defined as the SPH elements and the 
surface was defined as the current projectile. The stiffness in the springs that are used to 
s was scaled up with a factor 10 and the contact algorithm "SOFT=1" was used with 
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maximum update frequency (bulk sorting). The "SOFT=1" algorithm option is also 
taking into account the time step when computing the contact stiffness for stability 
considerations; this option is improving the contact stability when different materials or 
mesh densities are used. The SPH to SPH contact is integrated in the SPH formulation 
and therefore no special treatment is necessary. 

Particle approximation 

Different particle approximations and smoothing function can be chosen in LS-DYNA 
by changing the option FORM in the card CONTROL_SPH. The particle 
approximations used for SPH to Lagrange contact in LS-DYNA was FORM = 1 which 
is the renormalization that makes an exact linear stress field by computing the stress in 
every element (found in the SPH theory part in the Renormalization chapter) and 
normalizing the conservation of linear momentum and energy. Due to tensile 
instabilities that occur when a SPH projectile is used FORM = 1 cannot be used and a 
simpler formulation is used, FORM = 0 or FORM = 2. The drawback with FORM = 0 is 
the lack of objectivity, but in the quarter models no rotation is present and it can 
therefore be used. The option FORM = 2 is a symmetric formulation and is therefore 
stable, but can produce spurious motion when there is no stress gradient present across a 
discontinuity. The following equations are the linear momentum alternatives when the 
FORM option is changed
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where equation (103),(104) and (105) are derived in the SPH theory part. 

 

Smoothing length 

The smoothing length used in LS-DYNA is variable according to  
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where h is the smoothing length, see SPH theory. The smoothing length was limited by 
the input HMIN = 0.2, HMIN=2 in the SECTION_SPH part as following 

0 00.2 ( ) 2h h t h< < .     (107) 

The initial smoothing length is defined as following 
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0 max CSLHh r=      (108) 

where rmax is the maximum distance between the particles at initiation of the problem (1 
when whole model is used), and CSLH is a scaling input option that was set to 1.2 
making every (except the particle located on or close to the boundary) SPH particle 
neighboring 57 particles.  

 

Maximum particle velocity 

At SPH to SPH contact and high strain rates single particles can be instable (tensile 
instability), a simple yet effective way is to delete the SPH elements exceeding a given 
resultant velocity. From previously computed numeric simulations (results not shown) 
the maximum particle velocity was chosen as following 

max 02.2 proj
v v=      (109) 

where 0

proj
v  is the initial velocity of the projectile. 

 

Initial conditions 

The projectiles initial velocity was set with the LS-DYNA card INITIAL_VELOCITY. 
The velocities were set according to a local coordinate system defined with the LS-
DYNA card DEFINE_COORDINATE_NODES. This coordinate system enabled 
rotational velocities as well as translation velocities, see Figure 41. 

 

Figure 41. The local coordinate system inside the FSP projectile enabling rotational 

velocities and the global coordinate system located in the lower left corner of the 

Figure. 
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Artificial bulk viscosity 

The artificial bulk viscosity spreads the shock wave presented in the material over 
several elements reducing the sharp variation in the dependent variable, see SPH theory. 
The artificial bulk viscosity for SPH elements is defined differently than the one for 
Lagrange elements and therefore a card that only changes the artificial bulk viscosity in 
the specific part has to be used. The card used for the local change of the artificial bulk 
viscosity was HOURGLASS (this card will not do anything to the zero energy modes) 

where the linear constant αΠ (Q2 in LS-DYNA) is set to 1 and the quadratic βΠ (Q1 in 

LS-DYNA) is set to 1.5. 

 

Lagrange element options 

The Lagrange elements used in the explicit simulation uses the artificial bulk viscosity 
parameters Q1 = 1.5 and Q2 = 0.06. The element formulation defined in 
SECTION_SOLID is a constant stress formulation (one integration point). 
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Results 

First the experimental results will be presented and then the numeric results will be 
presented. In the numerical result some parameter were changed and observed to give 
confidence in the numerical model and then the solutions are presented. Finally a 
comparison between experiment and numeric results will be presented. 

Experimental results 

The results from the impact experiments are presented in Figures 42, 43 and 44. 

 

Figure 42. The penetration depth as a function of velocity is presented .The distance 

between the same horizontal colored dashed curves is showing the boundary interval 

where full penetration can occur and above the interval full penetration will occur. 

The circles in Figure 42 are the experiments performed, the full circles are the 
experiments when spalling occurred and the not filled circles are experiments without 
spalling. Each continuous line each represent a projectile; every line is a quadratic 
polynomial fit of the related experimental data, and this fit showed the least deviation 
error between fitted curve and experiments. The points show that lower velocity gives 
lower penetration depth of the concrete, and that heavier projectiles needs lower 
velocity to achieve the same penetration depth as lighter projectiles. The slope shows 
the cost of velocity for gained penetration depth in the concrete. The 6 mm sphere, 8 
mm sphere and the RCC which are built from the same hard material (8 GPa Vickers 
hardness) the slopes follow the same trend, while the FSP which is build from a softer 
material (3.2 GPa Vickers hardness) has a higher slope. The interval where full 
penetration can occur was found for each projectile as following: the bottom dashed line 
(lower penetration bound) was set to the same velocity as the experiment with the 
highest velocity without full penetration and the top dashed line (higher penetration 
line) was set to the lowest full penetration velocity. The highest penetration value for 
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the 6 mm sphere is 35 mm (the spalling on the other side of the concrete will make it 
impossible for the projectile to penetrate the 50 mm depth) indicating less spalling than 
the 8 mm sphere which maximum penetration is 32.5 mm and the RCC with a 
penetration of 31 mm. The circles at 50 mm penetration depth are the experiments were 
the projectiles have fully penetrated the concrete plate. 

 

 

 

Figure 43. The penetration depth as a function of kinetic energy is presented. The 

distance between the same horizontal colored dashed curves is showing the boundary 

interval where full penetration can occur and above the interval full penetration will 

occur. 

Figure 43 is similar to Figure 42 except that this time the mass is also taken into 
consideration. The curves are again a quadratic polynomial fit, the dashed lines where 
obtained in the same was as in Figure 42 and the circles are the experimental data. The 
circles indicate the amount of energy needed for a projectiles material and geometry to 
obtain certain penetration depth in the concrete plate, where a low slope (6 mm and 8 
mm) shows that the needed kinetic energy per penetrated distance is low. The 6 mm and 
8 mm sphere have similar material, the same trend is observed in there curves, showing 
that the diameter in spherical geometries does not change the trend of the curve. The 
RCC has similar material but different geometry than the 6 and 8 mm sphere, the curve 
is showing that the flat surface of the RCC needs more energy in penetrations higher 
than 14.5 mm (for 8mm sphere), similar trend is observed for the FSP showing a high 
kinetic energy decrees. 
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Figure 44. The crater area as a function of velocity is presented. 

The circles in Figure 44 are the experimental results. The random results of the crater 
area are showing that the concrete plates used were not similar enough. The FSP 
experiments are concentrated to a specific velocity region, because the projectiles were 
only fired in that range. 

Numerical model verifications 

To confirm the numerical solution several parameters in the numerical model were 
changed and observed. These results will govern which model simplifications and 
parameters that will be used in the impact simulations. 

Mesh density 

The changes in mesh density was observed, showed in Figure 45 and 46 

 

Figure 45. The side view of two different meshes, the distance between two SPH 

elements in the left model is 0.66 mm and in the right model 1.33 mm.  
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Figure 46. The displacement of the projectiles, in this mesh studies a RCC projectiles at 

an initial velocity of 1000 m/s were used. 

Figure 46 is showing good agreement between the mesh used in the numerical 
simulations (1 mm) and the finer mesh (0.66 mm). The finer mesh could not be used in 
the simulations due to the increased computational effort. 

Particle approximation 

Different particle approximations (see numerical model section) have also an effect on 
the solution obtained and was therefore investigated, see Figure 47. 

 

Figure 47. The displacement of the projectiles, in this formulation studies 8 mm sphere 

projectiles at an initial velocity of 900 m/s were used. 
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The particle approximations used with rigid projectiles was FORM 1 which is different 
than FORM 0 which was used in the simulations with deformable projectiles. The 
FORM 1 formulation is known to be more stable and exact [26] but better stability was 
not observed and due to some instability problems FORM 0 had to be used with 
deformable projectiles. The FORM 3 formulation was found to be even more unstable 
and was therefore excluded from the simulations.  

Friction simulation 

The simulations were conducted without friction; the effect of friction was investigated 

by setting a kinetic friction coefficient (μk = 0.45) [27] in the contact card, see Figure 
48. 

 

Figure 48. The displacement of the 8 mm projectile with and without friction. 

 

From Figure 48 it is showed that friction does not contribute to the solution, this is 
mainly due to the lack of shear contribution from the fully damaged SPH elements 
closest to the projectile.  

Concrete variation 

As discussed previously (experimental results), variation of concrete was observed. The 
concrete deviation was simulated with two different initial velocity in Figure 49 and 50 
showing the displacement at different concrete compressive strength. 
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Figure 49. The rigid body displacement of the 6 mm projectile with the same initial 

velocity in different concrete strength. 

 

 

Figure 50. The rigid body displacement of the 6 mm projectile with the same initial 

velocity in different concrete strength. 

The compression strength contributes to variation of penetration depth, with the initial 
velocity 800 m/s the penetration varies 3 mm while at initial velocity of 1400 m/s the 
penetration varies 7 mm.  
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Model verification 

The difference between RCC simulated with whole models or quarter models is 
presented in Figure 51. The difference is that the RCC has a tendency to start 
introducing a jaw angle after impact and therefore penetrating deeper.  

 

Figure 51. The displacement difference between whole model and quarter model. 

In dynamic simulations symmetries are often not used due to their inability to simulate 
other waves than the resonant waves, but the symmetry in the quarter model is in the 
cross section and the waves in those directions does not have big influence. The 
important waves which create spalling are traveling in the thickness of the plat, see 
Figure 52. This was verified by impact simulation of spheres of both whole models and 
quarter models (results not shown). 
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Figure 52. Wave 2 is showing the important waves that produces spalling (high tension 

stress) when they are superimposed. Wave 1 are the waves that will not be fully 

represented due to the symmetry conditions, but they have little influence on the 

solution. 

This concludes that the RCC will always be simulated with a full model meanwhile the 
spherical and FSP projectiles will be simulated with quarter models. 

 

The influence of the boundary between the SPH particles and Lagrange elements in the 
concrete plate was investigated by plotting the pressure surface created by a spherical 
projectile while looking for irregularities. The pressure iso-surfaces were not affected by 
the square region of the SPH particles due to the pressure waves circular form, see 
Figure 53. 

 

Figure 53. The iso-surfaces of pressure in the concrete block after penetration by a 

spherical projectile. The blue square is the SPH particle region. 

 



 

Models implemented in the  impact simulations

In Table 15 the models that will be used in the impact simulations
computatuional effort and acceptable accuracy, 

Table 15. Models parameters used in impact simulations.

Projectile Model

6 mm Quarter model

8 mm Quarter model

RCC Full model

RCC  
(with jaw angle) 

Full model

FSP Quarter model

Fragments Full model

 

Projectile influecnce on impact 

Figure 54. The elastic pressure (in GPa) w

a 8 mm sphere and cylinder
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in the  impact simulations 

the models that will be used in the impact simulations
and acceptable accuracy, will be presented. 

. Models parameters used in impact simulations. 

Model 
Mesh denisty 

/(projectiles/mm) 
Particle 

approximation 

Quarter model 1 FORM  1 

Quarter model 1 FORM  1 

Full model 1 FORM  1 

Full model 1 FORM  0 

Quarter model 1 FORM  0 

Full model 1 FORM  0 

influecnce on impact dynamics 

. The elastic pressure (in GPa) wave when the concrete plate is penetrated by 

a 8 mm sphere and cylinder (RCC). 

the models that will be used in the impact simulations for minimal 

Friction 

No 

No 

No 

No 

No 

No 

 

when the concrete plate is penetrated by 
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The elastic pressure wave is initiated by the impact of the projectile, the wave travels 
then thru the concrete plate with a circular form. The pressure shown in Figure 54 is 
both from the contact pressure and the elastic wave. The geometry of the projectile does 
not change the geometry of the wave, only the amplitude of the wave, where the RCC 
has both higher amplitude in the pressure wave and higher contact pressure. The higher 
amplitudes are due to the flat top of the RCC. At the free boundary the elastic pressure 
wave bounces and changes sign. In Figure 54 it is shown that the wave traveling 
horizontally thru the whole plate will not come back before the projectile has stopped 
decelerating and this is why the "Wave 1" in Figure 52 can be neglected and quarter 
symmetry can be used. The elastic wave was calculated with the following equation 
[28], 

2

0

(1 )

(1 2 )(1 )
elastic

E v
c

v vρ

−
=

− −
,    (1.110) 

where E is the Young's modulus, v is the poisons ratio and 0ρ  is the initial density. The 

elastic wave speed was analytically computed to 4170 m/s which was identical to the 
one obtained from the numerical solutions. It takes the wave 0.12 ms to come back 
which is around the same time the projectile stops. 

In Figures 55 and 56 it is shown that that the geometry is the most crucial part in the 
amplitude of the pressure wave. The pressure between two different density spherical 
projectiles (change in kinetic energy, see Table 16) shows almost no difference in 
elastic wave amplitude (Figure 55), while the amplitude difference between a RCC and 
a spherical projectile shows great difference (Figure 56). This shows that the difference 
in elastic waves is mainly governed by the geometry of the projectile. 

Table 16. Projectile parameters used in Figures 55 and 56. 

Projectile 
Density 
/kg/m3 

Weight  
/g 

Kinetic energy  
/J 

Velocity  
/(m/s) 

8 mm sphere  7800 2.09 1046 1000 

8 mm sphere 
(changed density) 

11 700 3.14 1568 1000 

RCC  
(8 mm cylinder) 

7800 3.14 1568 1000 

 



 

Figure 55. The pressure (in GPa) at selected particles for the 8 mm sphere projectile 

with the same weight as the RCC projectile

the gray shaded area is the interval for the same particles but with a 8 mm sphere 

projectile with normal weight.

 

 

 

Figure 56. The pressure (in GPa) at selected particles for the 

shaded area is the interval for the same particles but with a 8 mm sp
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. The pressure (in GPa) at selected particles for the 8 mm sphere projectile 

with the same weight as the RCC projectile (8 mm sphere with density of 11 700 

is the interval for the same particles but with a 8 mm sphere 

projectile with normal weight. 

. The pressure (in GPa) at selected particles for the RCC projectile

is the interval for the same particles but with a 8 mm sphere projectile.

 

. The pressure (in GPa) at selected particles for the 8 mm sphere projectile 

(8 mm sphere with density of 11 700 kg/m3
), 

is the interval for the same particles but with a 8 mm sphere 

 

projectile, the gray 

here projectile. 



 

Impact simulations 

The numerical concrete impact 
levels will be presented from the side view 
Then velocity and displacement will be presented in 
of the plate will be presented showi
The 6mm, 8mm and FSP where simulated 
simulated with a full model. Different impact a
66 and different fragment simulation
fields for different geometries will be presented
compatible the kinetic energy and velocity 
the rigid projectiles.  

 

Figure 57.Concrete plate side view 

RCC) have zero velocity (except for the case for full penetration). The contours presents 

the damage levels [0:1], material reaching damage level 1 can be interpreted as gravel. 

The damage patterns (explained in material model section)
projectile compressing the material at contact and also from the waves that are created 
from the projectile (the whole time
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concrete impact results will be presented as follow: first the damage 
levels will be presented from the side view for all the projectiles in Figures 
Then velocity and displacement will be presented in Figure 61. The front

will be presented showing the spalling and craters in Figures 
The 6mm, 8mm and FSP where simulated with a quarter model while the RCC was 

a full model. Different impact angle for RCC will be presented in 
fragment simulations will then be presented in Figure 

fields for different geometries will be presented in Figure 71 where
mpatible the kinetic energy and velocity were equalized by changing the density 

Concrete plate side view when the projectiles (8mm sphere, 6mm 

RCC) have zero velocity (except for the case for full penetration). The contours presents 

the damage levels [0:1], material reaching damage level 1 can be interpreted as gravel. 

(explained in material model section) in Figure 45 a
projectile compressing the material at contact and also from the waves that are created 

the whole time) while impacting the material. The damage pattern 

first the damage 
igures 57 and 60. 

he front and the back 
igures 62, 63 and 64. 
while the RCC was 

ngle for RCC will be presented in Figure 
igure 68. The stress 

where to make them 
by changing the density of 

 

, 6mm sphere and 

RCC) have zero velocity (except for the case for full penetration). The contours presents 

the damage levels [0:1], material reaching damage level 1 can be interpreted as gravel.  

in Figure 45 are from the 
projectile compressing the material at contact and also from the waves that are created 

The damage pattern 



 

from the compression is the "tunnel like" damage in direct contact 
the damage from the waves is further apart from the projectile creating an elliptic sweep 
around the compression damage, undamaged material is present between the wave 
damage and the compressive damage, see Figure 45.

At contact elastic waves are created 
changing into negative amplitude. The negative amplitudes will give a negative pressure
which then will cause damage when superimposed with the high stress 
The negative pressure is an important part in the damage procedure due to
high compressive strength but low tension strength see Figure 

 

Figure 58. The negative pressure is superimposed with principal stress difference 

creating damage, the graph in the lower right part of the 

showing the that the material model can only take low stress difference while in 

negative pressure zone. 

 

 The damage due to the waves is tensile damage, this is shown in Figure Brittle w
only the tensile damage is visualized.
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from the compression is the "tunnel like" damage in direct contact with the projectile, 
waves is further apart from the projectile creating an elliptic sweep 

around the compression damage, undamaged material is present between the wave 
damage and the compressive damage, see Figure 45. 

c waves are created these waves are then reflected at the boundaries
changing into negative amplitude. The negative amplitudes will give a negative pressure

en will cause damage when superimposed with the high stress from the contact. 
pressure is an important part in the damage procedure due to

rength but low tension strength see Figure 58. 

. The negative pressure is superimposed with principal stress difference 

creating damage, the graph in the lower right part of the Figure is the yield stress 

showing the that the material model can only take low stress difference while in 

The damage due to the waves is tensile damage, this is shown in Figure Brittle w
only the tensile damage is visualized. In Figure 59 it also shown with the extended 

with the projectile, 
waves is further apart from the projectile creating an elliptic sweep 

around the compression damage, undamaged material is present between the wave 

these waves are then reflected at the boundaries 
changing into negative amplitude. The negative amplitudes will give a negative pressure 

from the contact. 
pressure is an important part in the damage procedure due to concretes 

 

. The negative pressure is superimposed with principal stress difference 

is the yield stress 

showing the that the material model can only take low stress difference while in 

The damage due to the waves is tensile damage, this is shown in Figure Brittle where 
shown with the extended 



 

thickness of the plate that the damage occurs close to the projectile and not 
the boundary, showing that the waves superimposed on its own will never cause 
damage, the waves needs 
damage between the damage 
higher stress difference, is due to the high pressure from the contact making the pressure 
positive and high. 

 

 

Figure 59. In the left portion of the 

shown, in the middle portion only tensile damage is visualized and at the right 

the plate had extended thickness.

 

The waves created from the
the RCC creating cracks in the concrete plates, while the 
created a more uniformed damage. The wave damage 
phenomena spalling. The 6 mm and 8 mm 
symmetry while the RCC is simulated with a full model, the RCC have a tendency to 
start tilting because a straight 
numerical truncation error 
equilibrium. In Figure 45 the 8 mm projectile at 1000 m/s is showing more particle 
flying from the initial impact zone and this is 
concrete plate and the Figure
zero velocity of the projectile. 
rigid mass points in the simulations. 

66 

thickness of the plate that the damage occurs close to the projectile and not 
, showing that the waves superimposed on its own will never cause 

 to be superimposed with the contact stresses.
damage between the damage from the elastic waves and the contact damage

is due to the high pressure from the contact making the pressure 

In the left portion of the Figure the reference damage by the projectile is 

shown, in the middle portion only tensile damage is visualized and at the right 

thickness. 

the RCC projectile are more intense due to the flat surface of 
CC creating cracks in the concrete plates, while the sphere shaped projectiles 

created a more uniformed damage. The wave damage crack creates the well known 
phenomena spalling. The 6 mm and 8 mm sphere projectile is simulated with quarter 

e RCC is simulated with a full model, the RCC have a tendency to 
a straight penetration is a unstable equilibrium and at the smallest 
error by the software the projectile will start to tilt to find a new 

In Figure 45 the 8 mm projectile at 1000 m/s is showing more particle 
flying from the initial impact zone and this is because the projectile fully penetrated the 

Figure was obtained at the end time of the simulation and not at 
zero velocity of the projectile. The red SPH particles in Figure 57 are interpreted as 
rigid mass points in the simulations.  

thickness of the plate that the damage occurs close to the projectile and not relevant to 
, showing that the waves superimposed on its own will never cause 

osed with the contact stresses. The lack of 
the elastic waves and the contact damage, despite 

is due to the high pressure from the contact making the pressure 

 

the reference damage by the projectile is 

shown, in the middle portion only tensile damage is visualized and at the right Figure 

are more intense due to the flat surface of 
shaped projectiles 

crack creates the well known 
projectile is simulated with quarter 

e RCC is simulated with a full model, the RCC have a tendency to 
and at the smallest 

the projectile will start to tilt to find a new 
In Figure 45 the 8 mm projectile at 1000 m/s is showing more particle 

the projectile fully penetrated the 
at the end time of the simulation and not at 

are interpreted as 



 

Figure 60. The side view on the concret

velocity (except for the case for full penetration). The contours presents the damage 

levels [0:1], material reaching 

The FSP is modeled via SPH and is therefore fragmented.

The FSP was simulated under
results. The FSP is build from softer steel than the other projectiles and therefore the 
FSP was modeled with a Johnson
deformation of the FSP makes it at higher velocities resemble a cylindrical projectile
see Figure 77. The damage patterns by the FSP are between a cylindrical and spherical 
projectile. 
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The side view on the concrete plate when the FSP projectile

velocity (except for the case for full penetration). The contours presents the damage 

levels [0:1], material reaching value of damage equal 1 can be interpreted as gravel. 

SPH and is therefore fragmented. 

under higher velocities for comparison with
results. The FSP is build from softer steel than the other projectiles and therefore the 
FSP was modeled with a Johnson-Cook model allowing the projectile 

the FSP makes it at higher velocities resemble a cylindrical projectile
. The damage patterns by the FSP are between a cylindrical and spherical 

 

e plate when the FSP projectile has zero 

velocity (except for the case for full penetration). The contours presents the damage 

l 1 can be interpreted as gravel. 

her velocities for comparison with experimental 
results. The FSP is build from softer steel than the other projectiles and therefore the 

the projectile to deform. The 
the FSP makes it at higher velocities resemble a cylindrical projectile, 

. The damage patterns by the FSP are between a cylindrical and spherical 
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Figure 61. The left Figure is the velocity inside the concrete plate of the different projectiles with 

the same initial velocity and the pink dashed line is indicating zero velocity. The right Figure 

is the displacement of the different projectiles. 

 

The penetration depth in the 900 m/s case, see Figure 61, is largest for the 8 mm sphere 
due to its shape and weight, the RCC is heaviest but due to its flat top the impact is 
creating high initial velocity loss. The RCC is starting to tilt after the initial penetration 
and this is present in the left part in Figure 61 showing a sudden lowering in velocity 
loss at 350 m/s. The FPS has closely related velocity loss to the 6 mm sphere, much due 
to similar radius and, as explained earlier, the FSP starts to resemble a sphere after 
impact. The FSP projectile will reach a negative velocity because of the elastic part of 
the concrete model and reflected waves pushing the projectile back, the RCC will be 
pushed more back due to the tilt. 

The front and back views of the simulations showed in Figures 57 and 60 are presented 
in Figure 62 for the FSP and Figures 63 and 64 for the RCC, 6mm sphere and 8 mm 
sphere. 
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Figure 62.The front and back view on the concrete plate when the FSP projectiles have 

zero velocity. The contours presents the damage levels [0:1], material reaching damage 

level 1 can be interpreted as gravel.  

 

 



 

Figure 63.The front view on the concrete plate when the projectiles (8mm 

sphere and RCC) have zero velocity (except for the case for full penetration). The 

contours presents the damage levels [0:1], material reaching damage level 1 can be 

interpreted as gravel.  

Both the 6 mm and 8 mm spheres creates circular crates, the 6 mm sphere 
smaller than the 8 mm. The RCC creates more irregular shaped crates due to th
tendency to start introducing
crater, but larger than the crater by the 6 mm sphere despite only hav
diameter.  The reason to the larger crates by the FSP is 
impact making its diameter larger than 6 mm.
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view on the concrete plate when the projectiles (8mm 

and RCC) have zero velocity (except for the case for full penetration). The 

contours presents the damage levels [0:1], material reaching damage level 1 can be 

Both the 6 mm and 8 mm spheres creates circular crates, the 6 mm sphere 
. The RCC creates more irregular shaped crates due to th

tendency to start introducing a jaw tilt. The FSP crates are smaller than the 8 mm sphere 
but larger than the crater by the 6 mm sphere despite only hav

The reason to the larger crates by the FSP is because it compresses upon 
impact making its diameter larger than 6 mm. 

 

view on the concrete plate when the projectiles (8mm sphere, 6mm 

and RCC) have zero velocity (except for the case for full penetration). The 

contours presents the damage levels [0:1], material reaching damage level 1 can be 

Both the 6 mm and 8 mm spheres creates circular crates, the 6 mm sphere creates are 
. The RCC creates more irregular shaped crates due to the RCCs 

are smaller than the 8 mm sphere 
but larger than the crater by the 6 mm sphere despite only having a 5.46 mm 

it compresses upon 



 

Figure 64.The back view on the concrete plate when the projectiles (8mm 

sphere and RCC) have zero velocity (except for the case for full penetration). The 

contours presents the damage levels [0:1], material reaching damage level 1 can be 

interpreted as gravel.  

The 6 mm sphere starts creating spalling at 1400 m/s and will therefore 
spalling in Figure 64. The results in Figure 51 can be misleading because they only 
show the last layer of SPH elements, this layer may not have much damage but if the 
side views are also observed one can see that spalling will probably
SPH represents 1 mm), as an example observe RCC in 900 m/s. Similar
results, the spherical projectiles creates circular spallings
one explained for the crate results,
its deformable properties starts to disintegrate pushing its parts thru the concrete making 
small central hole, this behavior is nonphysical and is due to the SPH to SPH contact 
properties. 
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view on the concrete plate when the projectiles (8mm 

and RCC) have zero velocity (except for the case for full penetration). The 

contours presents the damage levels [0:1], material reaching damage level 1 can be 

The 6 mm sphere starts creating spalling at 1400 m/s and will therefore 
. The results in Figure 51 can be misleading because they only 

show the last layer of SPH elements, this layer may not have much damage but if the 
side views are also observed one can see that spalling will probably occur (on

s an example observe RCC in 900 m/s. Similar
the spherical projectiles creates circular spallings. For the same reason as the 

the crate results, the RCC spalling is more irregular. The FSP due to 
properties starts to disintegrate pushing its parts thru the concrete making 

small central hole, this behavior is nonphysical and is due to the SPH to SPH contact 

 

view on the concrete plate when the projectiles (8mm sphere, 6mm 

and RCC) have zero velocity (except for the case for full penetration). The 

contours presents the damage levels [0:1], material reaching damage level 1 can be 

The 6 mm sphere starts creating spalling at 1400 m/s and will therefore not show any 
. The results in Figure 51 can be misleading because they only 

show the last layer of SPH elements, this layer may not have much damage but if the 
occur (one layer of 

s an example observe RCC in 900 m/s. Similar to the crate 
or the same reason as the 

regular. The FSP due to 
properties starts to disintegrate pushing its parts thru the concrete making 

small central hole, this behavior is nonphysical and is due to the SPH to SPH contact 
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Jaw angle variations 

The RCC with different initial jaw angles at the initial velocity 1000 m/s, see Figure 57, 
for no jaw angle comparison see Figure 57.  

 

Figure 65.The angle of the RCC while impacting the concrete plate, with different 

initial angles. 

 

The jaw angle after impact will change in the opposite direction to the jaw angle, this is 
due to the initial impact by the tip of the RCC giving it a moment. The rotation will then 
cease when the resultant velocity of the projectile is low. At 20 degree jaw angle the 
RCC is most effective in penetrating the concrete plate. The tunnel damage made by the 
projectile is going in the opposite direction of the initial jaw angle. The kinetic energy 
loss is greater with higher initial jaw, see Figure 53. At an initial angle of 30 degrees the 
energy loss is close to the energy loss of an 8 mm sphere. 
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Figure 66.The side view on the concrete plate when the RCC projectiles have five 

different velocities (in the same run) with different jaw angles. The contours presents 

the damage levels [0:1], material reaching damage level 1 can be interpreted as gravel.  

 

 

Figure 67.The kinetic energy of different jaw angles of the RCC. 

 

 

Fragment simulations 

Different fragments from a grenade were simulated, in Table 17 the material and weight 
of the fragments are presented and in Figure 68 the side, back and front view of the 
damage levels after impact are presented. The fragment simulations are then used in 
comparison to the projectiles used, to show which does most resemble them. The 
damage patterns by the three fragments simulated are related, except that the heavier 
fragments are making more tensile damage. 
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Figure 68. The side, back and front view on the concrete plate when three different 

fragments impact. The contours presents the damage levels [0:1], material reaching 

damage level 1 can be interpreted as gravel.  

Table 17. The fragment properties. 

 Fragment 1 Fragment 2 Fragment 3 

Weight 
/g 

2.48 1.3 0.7 

Material 4340 Steel 4340 Steel Rigid 

 

 Geometry effect comparison 

The stress fields and energy states were compared by using the same kinetic energy and 
velocity in all projectiles, see Table 18. This was done by changing the density in the 
rigid projectiles making their energy equal to the FSP. The fragment used was fragment 
2, which has the same kinetic energy at the required initial velocity.  

 

 

 

 

Table 18. Same kinetic energy projectile parameters. 
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Projectile 
Density  
/(kg/m3) 

Weight  
/g 

Kinetic energy  
/J 

Velocity  
/(m/s) 

6 mm sphere  11 495 1.3 650 1000 

8 mm sphere  4849 1.3 650 1000 

RCC 3233 1.3 650 1000 

Fragment 2 7800 1.3 650 1000 

FSP 7800 1.3 650 1000 

 

 

Figure 69.The kinetic energy progress in time of the fragments with equivalent initial kinetic 

energy and velocity. 
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Figure 70.The internal energy progress in time of the fragments with equivalent initial kinetic 

energy and velocity. 

In Figures 69 and 70 it is shown that the energy transformation due to the geometry of 
the projectile alone is closest to the FSP in kinetic energy release and the 8 mm sphere 
was closest in the internal energy increase. The worst geometry to use for simulating the 
fragment is the RCC. The third principal stress and shear stress was compared to see 
which of these energy equalized projectile have the closest extreme values (maximum 
and minimum) and contour shapes to the fragment, see Figure 71. The RCC is showing 
a sharp shear stress with a much larger than the one of the fragment and a greater third 
principal stress (both the affected area and minimum value), makes the RCC the worst 
candidate to imitate a fragment. The 6 mm and 8 mm sphere showed good agreements 
with the fragment (both in shape of affected area and max/min values), see Table 19. 

 



 

Figure 71.The side view on the concrete plate when the proj

sphere and RCC) have zero velocity (except for the case for full penetration). The 

contour presents the third principal stress and the shear stress.

 

Table 19. The maximum of the

 6 mm sphere

Third principal 
stress  
/MPa 

-0.75

Shear stress [min, 
max] /MPa 

[-0.25, 0.11

 

 

 

78 

.The side view on the concrete plate when the projectiles (6mm 

and RCC) have zero velocity (except for the case for full penetration). The 

contour presents the third principal stress and the shear stress. 

of the third principal stress and the maximum shear stress.

sphere 8 mm sphere RCC 

0.75 -0.80 -2.64 

0.11] [-0.26, 0.13] [-0.76, 0.57] [-0.31, 

 

mm sphere, 8mm 

and RCC) have zero velocity (except for the case for full penetration). The 

principal stress and the maximum shear stress. 

FSP Fragment 2 

-1.11 -0.75 

0.31, 0.12] [-0.19-, 0.22] 
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Combined results 

The comparison between the numerical models and the experiments will be presented.  
In Figures 72 and 73, the comparison between penetration depth and initial velocity is 
presented.  

 

 

 

Figure 72.The comparison between numerical and experimental penetration depth, with 6 mm 

sphere and 8 mm sphere as penetrator. 

 

 

Figure 73.The comparison between numerical and experimental penetration depth, with FSP and 

RCC as penetrator. 



80 
 

 

In Figure 72 both the numerical and experimental results have the same slope, but they 
are translated, a constant overestimation of penetration depth (5-8 mm) is present. The 
RCC is simulated well but the FSP have the same type of error as the spherical 
projectile. The spalling and full penetration velocities are presented in Table 20, were it 
is shown that spalling velocity was overestimated with 3.2-12.5% and complete 
penetration velocity was overestimated with 10-23%. 

 

Table 20. The spalling and penetration velocities from experimental and numerical 

simulations. 

 6 mm sphere 8 mm sphere RCC FSP 

Experimental 
spalling velocity 

/(m/s) 
1340 930  700  1050  

Numerical 
spalling velocity 

/(m/s) 
1400 900  800  1100  

Experimental 
penetration 

velocity 
/(m/s) 

1510  1310  950  ---- 

Numerical 
penetration 

velocity 
/(m/s) 

---- 1000  1050  1500  

 

 

The comparison between spalling and crates will be presented in the following Figures 
74 and 75, these figures represent the majority of the spalling and crater appearance. 
Both numerical and experimental results showed more irregular shaped crates and 
spalling for the RCC projectile, while for the spherical projectile more regular shaped 
craters and spallings were observed. 

 

 



 

Figure 74. The top portion of the figure 

numerical simulation of the

presents the damage levels [0:1], material reaching damage level 1 can be interpreted 

as gravel. The bottom portion of the figure represents

after a RCC impact at 840 m/s.
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portion of the figure are the side, back and front

the concrete plate subjected to RCC impact.  The contours 

presents the damage levels [0:1], material reaching damage level 1 can be interpreted 

portion of the figure represents the actual spalling and crater 

after a RCC impact at 840 m/s. 

 

front view on the 

RCC impact.  The contours 

presents the damage levels [0:1], material reaching damage level 1 can be interpreted 

the actual spalling and crater 



 

Figure 75. The top portion of the figure

numerical simulation of concrete plate at 8 mm 

the damage levels [0:1], material reaching damage level 1 can be interpreted as gravel. 

The bottom portion of the figure represents

sphere impact at 918 m/s.  

 

The fracture patterns are showed in 
results. 

82 

portion of the figure are the side, back and front

numerical simulation of concrete plate at 8 mm sphere impact.  The contours presents 

the damage levels [0:1], material reaching damage level 1 can be interpreted as gravel. 

rtion of the figure represents the actual spalling and crater after 8 mm 

 

The fracture patterns are showed in Figure 76 with both numeric and experimental 

 

front view on the 

impact.  The contours presents 

the damage levels [0:1], material reaching damage level 1 can be interpreted as gravel. 

the actual spalling and crater after 8 mm 

with both numeric and experimental 



83 
 

 

Figure 76. The comparison between damage patterns in the experiments and numerical 

simulations.  

The crater is as shown both in experiments and numerical simulations smaller than the 
spalling. The damage pattern for the penetration consists with: a crater, a tunnel like 
damage and finally spalling, this damage pattern is present in both numerical 
simulations and experiments in all velocities (when spalling is present).   

The deformation of the FSP is compared to the experimental results in Figures 77 and 
78. 
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Figure 77. The top figures are the deformed FSPs in the numerical simulations, the 

SPH elements are visualized with 40% of their smoothing length. The bottom figures 

are the FSPs obtained from the experiments. 

 

Figure 78. The true strain obtained from measuring the FSP from the experiments and 

the FSP from the numerical simulations.  

 

In Figure 78 the numerical model shows an underestimation on strain of the FSP 
projectile. The change in jaw angle after impact is presented in Figure 79 with both 
numeric and experimental results. In the experiment the projectile had the tendency to 
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make the final jaw angle into the opposite direction of the initial jaw angle. 

 

Figure 79. The change in jaw angle during penetration with an initial velocity of 957 

m/s. The two top figures are from experiments and at the bottom figure is a confirming 

numerical experiment. 
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Discussion 

The experimental and numerical results will be discussed. The errors in the comparison 
between the numerical and experimental results will also be discussed along with the 
numerical model. 

Experimental results  

The material testing is showing high deviation of compression strength in the concrete 
blocks, this is both due to the poor quality of the concrete inside and the unknown 
concrete source they are created from.  Also the size of the concrete specimen was 
deviating from the material testing standard followed, making the compression tests 
questionable.  The aggregate size in the concrete plates were mostly unknown and in the 
case where some were found they had the same dimension as the projectiles, making a 
direct hit on aggregate deviating from the penetration depth obtained without a hit on 
the aggregate. The spalling and crater sizes presented in Figure 44 is showing great 
deviations, which is due to the actual fracture mechanics in the specific concrete plate. 

 

Numerical results 

The comparison between numerical simulations and experiments are showing that for a 
non-flat geometry they don't agree. The error in the simulation can be either in the SPH 
solver or in the constitutive model. The material model was developed for simulating 
impacts by vehicles into concrete blocks at highways. These impacts occur at much 
lower strain rates than high velocity impacts that are studied here. The constitutive 
models needs to be changed to be compatible with the SPH formulation, the material 
model used works with SPH but have not been evaluated. The SPH shows good 
agreement in full penetration experiment at velocities above 2000 m/s and are often 
used in those conditions. But the SPH method may not give good results when a 
projectile only has velocities around 1000 m/s and don't fully penetrate. The SPH 
method has also problems when damage is present in the material model, this was 
shown by T. Belytschko et. al [29].  
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Conclusions 

In both the simulations and experiments it is shown that the geometry and material of 
the projectile has strong influence on the penetration depth, spalling shape and energy 
levels. 

In the experiments the 8 mm spheres and RCC obtains higher penetration depth at lower 
velocity, while the FSP, due to its soft material, will need much higher velocity. 

In the simulations the velocity and displacement graphs (Figure 61) shows that the RCC 
projectile have the highest initial deceleration, while the FSP projectile have the lowest 
penetration depth. Each projectile has different kinetic energy and to compare them the 
energy level and initial velocity were equalized for all the projectiles by changing their 
density. The density change will make the geometry the only variable, three conclusions 
can be drawn from these simulations: the actual fragment used in the numeric 
simulations had most in common (energy levels) with the 6 mm and 8 mm sphere, the 
geometries have strong influence on energy levels and the RCC is creating 3 times 
higher minimum principal stress and higher shear stress, see Table 16 and Figure 71, 
than the other projectiles and fragment.  

The pressure wave from the RCC has higher amplitude than from the spherical 
projectile and the pressure waves amplitude is strongly influenced by the geometry of 
the projectile. The RCC creates a bigger initial elastic wave, which will make the 
concrete block crack more, but it will also make the projectile lose more kinetic energy 
resulting in lower penetration depth in the concrete. The spherical projectiles have 
higher penetration depth, but it gives smaller elastic waves resulting in less cracking of 
the concrete. 

The RCC projectile is not simulating well the fragment (see Figure 40) used in this 
thesis, but due to its difference from the spheres and FSP it can be used in other 
simulations involving more cracks and damage than penetration depth.  

Combining the numeric and experimental results shows difficulties in imitate 
experimental results with numerical simulations. The errors occurred with non flat 
geometries resulting in a constant overestimation of penetration depth (5-8 mm), while 
the slope of the velocity versus penetration depth curves was well simulated, see 
Figures 72 and 73. 

The damage patterns from the side of the concrete plate in experiments resembled the 
damage pattern in the simulations (see Figure 76), also the spalling shape from an 8mm 
sphere is more circular than the spalling from a RCC; this was also verified by 
experiments, see Figures 74 and 75. The velocities when spalling occurred was 
overestimated with 3.2-12.5% and complete penetration velocity was overestimated 
with 10-23 % see Table 17. The possible source of error is discussed in the discussion 
chapter. 

The deformations of the FSP projectiles were simulated well (see Figure 64) and the 
different jaw impact angles (from 0 degrees to 30 degrees) showed little difference in 
penetration depth despite the initial kinetic energy difference (see Figure 77) and the 
numeric simulations also showed that the jaw angle after impact will change in the 
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opposite direction to the initial jaw angle, this was verified in the experiments see 
Figure 79.   

The SPH model can be used with a correction function from experiments or the model 
can be refined, which then can be used to simulate the difference between different 
fragment impacts on concrete. 

 

Further work 

In future work it would simplify if a well known concrete source with good quality was 
used.  Higher dimensions of projectiles making the aggregate size reduce its importance 
and if small projectiles are of high importance the aggregates must be modeled 
explicitly. The insight in commercial software is very restricted and therefore 
developing a SPH method would be necessary to be able to understand and improve the 
SPH formulations. 
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Appendix A 

The raw experimental results will be presented in this appendix. 

 

Some notation: 

In damage column: 

• S = Spalling is present. 

• B = Lose material on the back side. 

• F = Lose material on the front side. 

• G = Full penetration. 

• K = The projectile is inside the concrete, and visible from both sides. 

• P = Complete circular crack on the back side (just before spalling) 

• p = Same as "P" but the crack is not complete. 

• i = One crack (from crater to boundary) in the concrete plate 

• ii = Two crack (from crater to boundary) in the concrete plate 

• iii = Three crack (from crater to boundary) in the concrete plate 

• I = Concrete plate has separated due to cracks. 

 

In store column: 

• H = High-speed video stored. 

• Hs = High-speed video stored, with mirror. 

• Hb = High-speed video stored, with front side mirror for crate initiation. 

• Hb = High-speed video stored, with back side mirror for spalling. 

• A = Area and circumference of crater and spalling stored. 

• P = Projectile retrieved. 

• p = Projectile retrieved (but not 100 % sure it is the correct one). 

• OH = Transparency used on the concrete plate.  

  

In penetration depth: 

• k = the projectile is still in and the measurements are on them. 

 



SKR 1320 X13 X12 O* S

Nr Plate 

Nr

Projectile Caliber Strength of 

concrete /r- 

value

Thickness of 

concrete

Mass of propellant 

in each test

Powder Plug Velocity

1 1 Sphere 8 mm 30 49,7 1,5 PK2 300 918

2 2 Sphere 8 mm 30 51,6 2 PK2 300 1140

3 3 Sphere 8 mm 30 48,6 2,3 PK2 300 1241

4 4 Sphere 8 mm 29 48,9 2 PK2 300 1150

5 5 Sphere 8 mm 30 48,5 1,75 PK2 300 1055

6 6 Sphere 8 mm 30 51,4 1,75 PK2 200 961

7 7 Sphere 8 mm 30 50,5 1,5 PK2 300 942

8 8 Sphere 8 mm 29 50,6 1,5 PK2 200 921 Ram

9 9 Sphere 8 mm 30 50,5 1,5 PK2 100 708

10 10 Sphere 8 mm 31 49,8 1,5 PK2 150 792

11 11 Sphere 8 mm 30 50,8 1,5 PK2 175 830

12 12 Sphere 8 mm 30 50,7 1,5 PK2 190 820

13 13 Sphere 8 mm 30 49 1,5 PK2 190 842

14 47 Sphere 8 mm 29 48,6 2 R123 300 280

15 48 Sphere 8 mm 30 50,6 2 R123 350 670

16 49 Sphere 8 mm 30 48,5 2 R123 375 771

17 50 Sphere 8 mm 20(wet) 50,1 2 R123 400 720

18 51 Sphere 8 mm 29 50,5 2 R123 400 705

19 52 Sphere 8 mm 30 50,6 2 R123 400 720

20 53 Sphere 8 mm 31 50,5 2 R123 425 784



SKR 1320

Nr Plate Nr Damage Penetration 

depth front

Penetration 

depth back

Stored alignment 

length /m

Projectile 

stretching, 

speed direction

Projectile 

stretching, 

perpendicul

ar

1 1 S,B 26 8,1 H,A,p 3,243 -0,006 0,011

2 2 G,F  ----  ---- H,A,p 3,243 -0,006 0,011

3 3 G  ----  ---- H,A,p 3,243 -0,01 0,004

4 4 G,B,i  ----  ---- H,A,p 3,243 -0,01 0,004

5 5 K,B,F 24,75 k 18,6 k H,A 3,243  ----  ----

6 6 S,B,F 26,5 13,3 H,A,P 3,243 -0,001 0,018

7 7 S,B 24,5 9,3 H,A 3,243  ----  ----

8 8 P 23,1  ---- H,A 3,243  ----  ----

9 9 15,8  ---- H,A,P 3,243 0 0,001

10 10 19,3  ---- H,A,P 3,243 0 0

11 11 21,4  ---- H,A,P 3,243 0 0

12 12 20,13  ---- H,A 3,243  ----  ----

13 13 P,F 21,4  ---- H,A,P 3,243 0 0

1 47 4,65  ---- Hsf 1,009  ----  ----

2 48 14,4  ---- Hsf 1,009  ----  ----

3 49 19,8  ---- Hsf 1,009  ----  ----

4 50 18,1  ---- Hsf 1,009  ----  ----

5 51 16,6  ---- Hsf 1,009  ----  ----

6 52 16,8  ---- Hsf,OH 1,009  ----  ----

7 53 18,9  ---- Hsf,OH 1,009  ----  ----



SKR 1320

Nr Plate Nr Jaw angle, 

proj X-

direction

Jaw angle, 

proj Y-

direction

Crater 

circumfere

nce, front

Crater area 

front

Crater 

circumferen

ce back

Crater area 

back

Circle 

number 

front

Circle 

number back

1 1  ----  ---- 22,61 28,24 38,48 86,63 0,6941821 0,7352043

2 2  ----  ---- 31,79 54,61 29,67 59,25 0,6790488 0,8457911

3 3  ----  ---- 29,64 51,15 34,16 76,24 0,7316428 0,8210262

4 4  ----  ---- 24,88 36,75 34,23 70,09 0,7460475 0,7517131

5 5  ----  ---- 26,88 39,63 32,21 68,9 0,6892478 0,8345409

6 6  ----  ---- 20,85 25,17 45,33 80,16 0,7275803 0,4902258

7 7  ----  ---- 29,03 53,21 40,49 84,11 0,7934308 0,6447063

8 8  ----  ---- 24,23 38,64  ----  ---- 0,827066  ----

9 9  ----  ---- 22,73 30,28  ----  ---- 0,73649  ----

10 10  ----  ---- 20,82 27,752  ----  ---- 0,8045308  ----

11 11  ----  ---- 24,99 39,93  ----  ---- 0,8034829  ----

12 12  ----  ---- 24,91 38,76  ----  ---- 0,7849576  ----

13 13  ----  ---- 23,19 32,1  ----  ---- 0,75009  ----

14 47  ----  ---- 8,18 4,2  ----  ---- 0,7887739  ----

15 48  ----  ---- 19,21 24,67  ----  ---- 0,840087  ----

16 49  ----  ---- 23,82 36,42  ----  ---- 0,806615  ----

17 50  ----  ---- 18,42 22,59  ----  ---- 0,8366558  ----

18 51  ----  ---- 20,38 26,64  ----  ---- 0,8060013  ----

19 52  ----  ---- 20,77 28,29  ----  ---- 0,8240808  ----

20 53  ----  ---- 21,35 28,31  ----  ---- 0,780466  ----



SKR 1321 X13 X12 O* S

Nr Plate 

Nr

Projectile Caliber Strength of 

concrete /r- 

value

Thickness of 

concrete

Mass of propellant 

in each test

Powder Plug Velocity

1 14 Sphere 6 mm 29 49,2 1 PK2 300 900

2 15 Sphere 6 mm 29 50,7 1,5 PK2 300 1243

3 16 Sphere 6 mm 30 50,1 2 PK2 300 1483

4 17 Sphere 6 mm 28 50,2 1,75 PK2 540 1540

5 18 Sphere 6 mm 30 49,3 1,75 PK2 400 1448



SKR 1321

Nr Plate Nr Damage Penetration 

depth front

Penetration 

depth back

Stored alignment 

length /m

Projectile 

stretching, 

speed direction

Projectile 

stretching, 

perpendicul

ar

1 14 16,2  ---- H,A,P 3,243 0 0

2 15 p,F 19,3 k  ---- H,A 3,243  ----  ----

3 16 K,B 29,7 k 17,8 k H,A 3,243  ----  ----

4 17 G,F  ----  ---- H,A,P 3,243  -0.027 0,008

5 18 S 29,1 k 10,7 H,A 3,243  ----  ----



SKR 1321

Nr Plate Nr Jaw angle, 

proj X-

direction

Jaw angle, 

proj Y-

direction

Crater 

circumfere

nce, front

Crater area 

front

Crater 

circumferen

ce back

Crater area 

back

Circle 

number 

front

Circle 

number back

1 14  ----  ---- 21,32 29,35  ----  ---- 0,811416  ----

2 15  ----  ---- 21,92 21  ----  ---- 0,5492222  ----

3 16  ----  ---- 16,83 16,93 21,38 31,66 0,7511014 0,8703729

4 17  ----  ---- 17,98 19,26 26,18 47,91 0,7486637 0,8784089

5 18  ----  ---- 14,88 14,74 30,13 56,14 0,8365685 0,7771127



SKR 1322 X13 X12 O* S

Nr Plate 

Nr

Projectile Caliber Strength of 

concrete /r- 

value

Thickness of 

concrete

Mass of propellant 

in each test

Powder Plug Velocity

1 19 FSP 5.46 mm 29 49,2 0,5 Norma R123 300  ----

2 20 FSP 5.46 mm 29 50,7 1 Norma R123 300 160

3 21 FSP 5.46 mm 30 49,3 1,5 Norma R123 300 717

4 22 FSP 5.46 mm 28 50,2 2 Norma R123 300 1130

5 23 FSP 5.46 mm 30 49,4 2 Norma R123 350 1082

6 24 FSP 5.46 mm 29 50,7 2 Norma R123 400 1080

7 25 FSP 5.46 mm 29 49,2 2 Norma R123 450 1288

8 26 FSP 5.46 mm 30 50,7 2 Norma R123 500 1355

9 27 FSP 5.46 mm 29 50,1 2,5 Norma R123 300 1393

10 28 FSP 5.46 mm 29 50,2 2,5 Norma R123 350 1462

11 29 FSP 5.46 mm 30 50,2 2,5 Norma R123 400 1452

12 30 FSP 5.46 mm 28 49,3 2,5 Norma R123 450 1525

13 31 FSP 5.46 mm 30 50,2 2,5 Norma R123 500 1613

14 32 FSP 5.46 mm 28 49,3 2,5 Norma R123 450 1589

15 33 FSP 5.46 mm 30 50,1 2,5 Norma R123 450 1574

16 34 FSP 5.46 mm 29 50,2 2,5 Norma R123 450 1558

17 35 FSP 5.46 mm 29 49,3 2,5 Norma R123 400 1530

18 36 FSP 5.46 mm 29 50,7 2,5 Norma R123 400 1552

19 37 FSP 5.46 mm 29 49,4 2,5 Norma R123 400 1489

20 38 FSP 5.46 mm 30 50,2 2,5 Norma R123 350 1445

21 39 FSP 5.46 mm 28 50,7 2,5 Norma R123 350 1515

22 40 FSP 5.46 mm 30 49,2 2,5 Norma R123 350 1471

23 41 FSP 5.46 mm 30 50,7 2,5 Norma R123 300 142223 41 FSP 5.46 mm 30 50,7 2,5 Norma R123 300 1422

24 42 FSP 5.46 mm 29 49,4 2,5 Norma R123 300 1400

25 43 FSP 5.46 mm 29 50,2 2,5 Norma R123 300 1369

26 44 FSP 5.46 mm 30 49,3 2,5 Norma R123 250 1375

27 45 FSP 5.46 mm 28 50,2 2,5 Norma R123 250 1365

28 46 FSP 5.46 mm 30 49,3 2,5 Norma R123 250 1341

29 82 FSP 5.46 mm 1,2 PK4 420 982

30 83 FSP 5.46 mm 1 PK4 420 895



SKR 1322

Nr Plate Nr Damage Penetration 

depth front

Penetration 

depth back

Stored alignment 

length /m

Projectile 

stretching, 

speed direction

Projectile 

stretching, 

perpendicul

ar

1 19 0,7  ----  ---- 3,243

2 20  ----  ---- Hs,A 3,243

3 21  ----  ---- Hs,A 3,243

4 22 18,4  ---- Hs,A,p 3,243 0,026 -0,031

5 23 20,2  ---- Hs,A,p 3,243 0,026 -0,031

6 24 18,7  ---- Hs,A,p 3,243 0,026 -0,031

7 25 S 24,9 10,23 Hs,A 3,243

8 26 p,F,i 23,7  ---- Hs,A 3,243

9 27 S,F,B 25,7  ---- Hs,A 3,243

10 28 S,F,i 26,9 14,9 Hs,A 3,243

11 29 S 24,8 11,1 Hs,A 3,243

12 30 S,F 27 13,2 Hs,A 3,243

13 31 S,F,B,i 30 11,7 Hs,A 3,243 -0,062 0,026

14 32 S,ii 26,4 12,6 Hs,A 1,493

15 33 S,I 28,2 17,4 Hs,A 1,009

16 34 S,i 26,4 13,1 Hs,A 1,009

17 35 S,i 25,9 11,9 Hs,A 1,009

18 36 S,F,i 25,8 13,2 Hs,A 1,009

19 37 S,F 24,8 14,1 Hs,A 1,009 -0,241 0,024

20 38 S,F,i 24,4 10 Hs,A 1,009

21 39 S 23,8 k 16,6 Hs,A 1,009

22 40 S,B,i 23,4 12,5 Hs,A 1,009

23 41 P,i 23,6  ---- Hs,A 1,00923 41 P,i 23,6  ---- Hs,A 1,009

24 42 S,i 23,8 10,6 Hs,A 1,009

25 43 S 24,2 9 Hs,A 1,009

26 44 S 25,5 10,7 Hs,A 1,009

27 45 S 25,3 11,6 Hs,Hb,A 1,009

28 46 P 25  ---- Hs,Hb,A 1,009

29 82 15,5 k  ---- H,A,P -0,02741935 -0,018349

30 83 21  ---- H,A,p 0 0



SKR 1322

Nr Plate Nr Jaw angle, 

proj X-

direction

Jaw angle, 

proj Y-

direction

Crater 

circumfere

nce, front

Crater area 

front

Crater 

circumferen

ce back

Crater area 

back

Circle 

number 

front

Circle 

number back

1 19  ----  ----

2 20  ----  ----

3 21  ----  ----

4 22 86,3 0 15,29 14,81  ----  ---- 0,7960676  ----

5 23 0 88,6 19,05 23,68  ----  ---- 0,5306744  ----

6 24 0 89,3 14,71 15,22  ----  ---- 0,8838919  ----

7 25 15,8 15 24,5 23,77 31,51 63,76 0,4976304 0,8069774

8 26 79,2 9,5 24,92 30,18  ----  ---- 0,6107072  ----

9 27 3 0 14,85 12,58 56,29 30,824 0,7168654 0,1222465

10 28 38,1 0 26,46 36,05 37,34 82,27 0,6470464 0,7414856

11 29 23,8 1 21,18 28,59 32,51 69,4 0,8008886 0,8251547

12 30 0 0 15,37 17,1 35,99 75,57 0,9096163 0,7331546

13 31 5,7 29,7 27,04 40,32 34,4 64,33 0,6929741 0,683135

14 32 5,8 4,4 24,49 37,39 30,46 62,43 0,7834076 0,845558

15 33 17,3 7,8 20,86 30,44 26,65 49,88 0,8790749 0,8825552

16 34 1 0 25,92 34,45 31,17 61,225 0,6443608 0,7918904

17 35 1,3 0,6 16,65 20,869 32,03 65,17 0,9459823 0,7982588

18 36 1,7 1,1 27,02 40,1 34 72,32 0,6902137 0,7861591

19 37 13,6 0,6 26,37 35,48 39,55 91,08 0,64117 0,7317115

20 38 38,9 6,1 23,79 34,27 36,39 80,62 0,7609131 0,7650478

21 39 15,7 31 26,35 35,19 33,96 78,97 0,6368951 0,8604718

22 40 2,5 0,9 23,44 36,36 30,26 52,98 0,8316077 0,727083

23 41 7,1 0 27,09 31,48  ----  ---- 0,5390469  ----23 41 7,1 0 27,09 31,48  ----  ---- 0,5390469  ----

24 42 0,5 3,3 22,94 36,41 30,86 59,32 0,8694482 0,7827429

25 43 0 6,4 20,39 24,27 30,5 56,96 0,7335761 0,7694496

26 44 3,3 0 20,96 26,54 31,97 66,71 0,7591511 0,820192

27 45 5 1 22,47 33,26 35,4 79,9 0,827801 0,8012169

28 46 6,6 6,6 13,694 12,11  ----  ---- 0,811509  ----

29 82 20,05 24,75 0,773671

30 83 19,82 24,84 0,7946102



SKR 1323 X13 X12 O* S

Nr Plate 

Nr

Projectile Caliber Strength of 

concrete /r- 

value

Thickness of 

concrete

Mass of propellant 

in each test

Powder Plug Velocity

1 54 RCC 8 mm 30 49,7 2 R123 300 551

2 55 RCC 8 mm 30 51,6 2 R123 350 767

3 56 RCC 8 mm 30 48,6 2 R123 325 684

4 57 RCC 8 mm 29 48,9 2 R123 375 700

5 58 RCC 8 mm 30 48,5 2 R123 400 840

6 59 RCC 8 mm 30 51,4 2 R123 425 806

7 60 RCC 8 mm 30 50,5 2,3 R123 300 696

8 61 RCC 8 mm 29 50,6 1 N310 300 618

9 62 RCC 8 mm 30 49,7 tungt 1,5 N310 300 825

10 63 RCC 8 mm 31 51,6 0,5 N310 400 442

11 64 RCC 8 mm 30 48,6 0,75 N310 400 632

12 65 RCC 8 mm 30 48,9 1 N310 400 758

13 66 RCC 8 mm 30 48,5 1 N310 425 792

14 67 RCC 8 mm 30 51,4 1 N310 450 832

15 68 RCC 8 mm 30 50,5 1 N310 475 836

16 69 RCC 8 mm 30 50,6 1 N310 500 939

17 70 RCC 8 mm 29 50,5 1,2 N310 400 835

18 71 RCC 8 mm 30 48,9 tungt 1,2 N310 450 943

19 72 RCC 8 mm 30 48,5 1,2 N310 475 957

20 73 RCC 8 mm 30 51,4 verk. Öppn 1,2 N310 500 993

21 74 RCC 8 mm 29 50,5 tungt 1,2 N310 475 958

22 75 RCC 8 mm 30 50,6 tungt 1,2 N310 475 957

23 76 RCC 8 mm 31 49,7 1,2 N310 485 97623 76 RCC 8 mm 31 49,7 1,2 N310 485 976

24 77 RCC 8 mm 30 51,6 1,2 N310 490 970

25 78 RCC 8 mm 30 48,6 verk. Öppn 1,2 N310 500 1030

26 79 RCC 8 mm 30 48,9 1,2 N310 490 982

27 80 RCC 8 mm 30 48,5 1,2 N310 490 983

28 81 RCC 8 mm 29 51,4 1,2 N310 490 988



SKR 1323

Nr Plate Nr Damage Penetration 

depth front

Penetration 

depth back

Stored alignment 

length /m

Projectile 

stretching, 

speed direction

Projectile 

stretching, 

perpendicul

ar

1 54 14,7  ----- Hs,A,P,OH 1,009 0 0

2 55 S,i 21,3 13 Hs,A 1,009

3 56 p 17,9  ----- Hs,A,P 1,009 0 0

4 57 18,8  ----- Hs,A 1,009

5 58 S,kula i 16,4 k 16 Hs,A 1,009

6 59 i,kula i 14,2 k 15,3 Hs,A 1,009

7 60 S,B,i 20,5 11,5 Hs,A 1,009

8 61 16,2  ----- Hs,A,P 1,009 0 0

9 62 S,F,kula i 15,4 k 20,8 Hs,A 1,009

10 63 F 12,5  ----- Hs,A,P 1,009 0 0

11 64 17  ----- Hs,A 1,009

12 65 S,kula i 10,7 k 19,1 Hs,A 1,009

13 66 S,i,kula i 12,3 k 19,5 Hs,A 1,009

14 67 S,i,kula i 15,5 k 18,4 Hs,A,P 1,009 -0,00625782 0,002503

15 68 S,i,kula i 13,7 k 15,2 Hs,A,P 1,009 -0,00375469 0,005006

16 69 K,i 20,9 k 21,9 k Hs,A,P 1,009 -0,01126408 0,006258

17 70 S,B,i,kula i 14,5 k 17,4 Hs,A 1,009

18 71 K,i,(spalling 35m/s) 17 k 25,1 k H,A,P 1,009 -0,01251564 0,006258

19 72 G,i,(spalling 30m/s)  -----  ----- Hs,A 1,009

20 73 G,i,(spalling 30m/s)  -----  ----- Hs,A,P 1,009 -0,01251564 0,010013

21 74 K,i 20,8 k 21,6 k Hs,A 1,009

22 75 K,B,i 20,7 k 22,1 k Hs,A 1,009

23 76 K,i,(spalling 43m/s) 23,0 k 21 k Hs,A,P 1,009 -0,01001252 0,00625823 76 K,i,(spalling 43m/s) 23,0 k 21 k Hs,A,P 1,009 -0,01001252 0,006258

24 77 K,F,i, V 21,3 k 22,6 k Hs,A,P 1,009 -0,01376721 0,008761

25 78 G,(spalling 67m/s)  -----  ----- Hs,A,P 1,009 -0,01376721 0,005006

26 79 G,F,i  -----  ----- Hs,A 1,009

27 80 G,B  -----  ----- Hs,A,P 1,009 -0,01376721 0,006258

28 81 G,B  -----  ----- Hs,A,P 1,009 -0,01251564 0,003755



SKR 1323

Nr Plate Nr Jaw angle, 

proj X-

direction

Jaw angle, 

proj Y-

direction

Crater 

circumfere

nce, front

Crater area 

front

Crater 

circumferen

ce back

Crater area 

back

Circle 

number 

front

Circle 

number back

1 54 2,8 5,3 17,12 19,39 0,8313428

2 55 10,6 0 22,74 35,81 37,03 80,7 0,8702284 0,7395644

3 56 2,6 0 20,66 29,23 0,8605538

4 57 4,8 0 18,42 23,43 0,8677665

5 58 1,4 1,4 25,27 35,46 31 65,87 0,6978115 0,8613391

6 59 0 7,3 25,61 47,32 43,85 85,98 0,9066412 0,5619117

7 60 6 6,1 22,53 30,31 31,35 32,93 0,7503665 0,4210431

8 61 1,4 0 18,29 22,87 0,8591097

9 62 0 19,6 19,99 24,04 37,9 103,9 0,7559947 0,9089646

10 63 0 0 15,34 15,31 0,8175877

11 64 2,2 0 22,26 34,4 0,8724047

12 65 1 0 21,73 31,19 37,57 97,67 0,8300529 0,8695382

13 66 1 0 28,62 38,89 42,05 102,6 0,5966348 0,729164

14 67 1 5,7 26,23 36,47 37,81 94,63 0,6661147 0,8318123

15 68 15,4 0 24,74 35,01 37,43 87,69 0,7187909 0,786539

16 69 0 0 26,77 46,12 33,13 80,24 0,8087279 0,9186666

17 70 1 0 26,78 48,88 36,68 70,53 0,8564853 0,6587568

18 71   ----- 1,7 24,14 41,35 38,02 104,35 0,8916837 0,9071479

19 72 3,2 2,1 26,39 36,66 39,76 92,79 0,6614904 0,7375955

20 73 2,8 1,8 30,03 61,71 32,11 64,25 0,8599135 0,7830732

21 74 2,1 7,4 27,52 46,01 29,52 57,66 0,763423 0,83148

22 75 15,1 1,2 21,8 33,81 44,48 122,67 0,8940093 0,7791457

23 76 12,4 0 28,38 37,82 29,35 58,96 0,5900742 0,860104323 76 12,4 0 28,38 37,82 29,35 58,96 0,5900742 0,8601043

24 77 5,6 2,9 26,83 33,71 34,36 83,78 0,588474 0,8917516

25 78 5,8 0 22,89 34,72 30,97 64,78 0,8327181 0,8487277

26 79 5,8 2,7 20,47 30,19 32,32 75,82 0,9053933 0,9121178

27 80 0 3,6 27,93 53,4 31,66 66,91 0,8602194 0,8388399

28 81 0 0 23,25 28,74 31,1 62,6 0,6681142 0,8133237



 

 

Appendix B 

Equation (40) is obtained by taking the mechanical energy from [1], 
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where K(t) is the kinetic energy, Pint(t) is the internal energy and Pext(t) is the external 

energy. Equation (1) can then be written 
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and the total energy defined from [1] , 
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Subtracting the mechanical energy from the total energy gives 
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 with , ( )v l d w
αβ α β αβ αβ αβ αβ αβσ σ σ= = +  and that σ is symmetric due to the 

conservation of angular momentum making w vanish gives, 
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With Reynolds transport theorem (found in [1]) on the left side on the previous equation 
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giving 
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which will then give equation (40) in the local form. 

 

 

 



 

 

 

 

 

 

 


