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Abstract—The coexistence of a single-input single-output (SISO)
primary link and a multiple-input single-output (MISO) secondary
link is considered in an extended cognitive radio channel setup,
where the secondary transmitter has to obtain (“learn”) the primary
message in a first phase rather than having non-causal knowledge
of it. An achievable rate region is derived that combines decode-
and-forward relaying with linear precoding in the second phase.
The optimal transmission strategy is found that maximizes the sec-
ondary rate with the primary rate requirement. The performance
of the proposed strategy is compared with that in [1], where dirty-
paper coding (DPC) is deployed in the second phase, in terms of
average secondary rate. The performance degradation is negligible
at certain SNR and primary link load, and the implementation is
of lower complexity. The comparison with the underlay strategy
in [2] is also performed, where the secondary transmitter has no
knowledge of the primary message.

I. INTRODUCTION

Cognitive radio (CR) is brought up to enable the coexistence
of primary and secondary users through spectrum sharing, thus
increasing the spectral efficiency. We consider the scenarios of
underlay and overlay CR, where the difference lies in whether
the secondary transmitter has knowledge of the primary message.
The tolerable quality of service (QoS) degradation of the primary
users is characterized by interference temperature constraints
(ITC) [3, 4]. A proper information theoretical model for un-
derlay CR is the interference channel (IC), where independent
transceiver pairs interfere with each other [5, 6]. There are also
studies on linear transceiver design for underlay CR. By deploy-
ing multiple antennas at the secondary transmitter, beamforming
technique was used to control the interference to the primary
receivers while maximizing the secondary rate [7, 8]. For the spe-
cial case of a multiple-input single-output (MISO) secondary link
coexisting with a single-input single-output (SISO) primary link,
a closed-form solution was derived for the optimal beamforming
at the secondary transmitter. Furthermore, additional gains could
be achieved if rate splitting and successive decoding is viable in
the secondary link [2].

In contrast, the cognitive radio channel (also known as inter-
ference channel with degraded message sets (IC-DMS)) is used
to model overlay CR, assuming that the secondary transmitter
has non-causal knowledge of the primary message. For the two
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user SISO IC-DMS, in the low interference regime, it was shown
in [9, 10] that the optimal strategy at the secondary transmitter
consists of combining selfless relaying of the primary message
and interference pre-cancellation using dirty paper coding (DPC)
[11] to transmit its own message. In contrast, the capacity of
part of the strong interference regime was obtained in [12]
using superposition coding and interference decoding. In [13], an
achievable rate region was characterized for the coexistence of
a SISO primary link and a MISO secondary link, by combining
selfless relaying of the primary message with DPC to protect the
secondary transmission from the interference due to the primary
message, and optimal beamforming and power allocation was
derived to maximize the secondary rate while satisfying the
primary rate requirement. Due to the complexity of DPC, linear
precoding at the secondary transmitter was studied in [14], where
the rate loss becomes almost constant at high signal-to-noise-
ratios (SNR).

A comparison of the transmission strategies for overlay and
underlay CR suggests that non-causal knowledge of the primary
message at the secondary transmitter leads to a significant
gain in the achievable secondary rate [13]. However, a critical
point is how the secondary transmitter obtains the primary
message. Learning the primary message requires the secondary
transmitter to be passive for certain time, and it leads therefore
inevitably to a rate loss for the secondary link which may
lower the attractiveness of the overlay strategy. Unfortunately,
fundamental studies of overlay CR do not account for this rate
loss, and the best known achievable rates may therefore be
too optimistic. Motivated by this observation, an extension of
the cognitive radio channel model was considered in [1] which
takes into account the initial transmission phase for exchanging
the primary message as well. For this extended cognitive radio
channel model, the achievable transmission scheme was studied
that combines decode-and-forward (DF) relaying [15, 16] with
the overlay strategy in [13]. Achievable rates derived for the
proposed strategy were then used to compare the performance
of the underlay and overlay strategies, using a simple geometrical
model for the relative positions of the nodes.

The main contribution of this work is the study of the impact
when linear precoding is deployed at the secondary transmitter
instead of DPC for the system model considered in [1], given
the high complexity of practical implementation of DPC. The
optimal transmission strategy is derived to maximize the sec-



ondary rate while satisfying the primary rate requirement. The
performance of the proposed strategy is compared with that of
the overlay strategy in [1] and the underlay strategy in [2], in
terms of average secondary rate, through numerical evaluation.

II. PRELIMINARIES

A. Notation

Vectors and matrices are represented in lower and upper case
boldface letters, respectively. | · | is the absolute value of a scalar,
|| · || is the Frobenius norm of a vector or matrix, and (·)H
stands for Hermitian transpose. !a ! a

!

aHa
"!1

aH denotes

the orthogonal projection onto the space of a, and !"
a ! I!!a,

where I is the identity matrix, denotes the orthogonal projection
onto the orthogonal complement of the space of a. In this
paper all logarithms are taken to the base of 2 and all rates
are expressed in bits.

B. System Model

We consider the coexistence of a SISO primary link and
a MISO secondary link in the scenario of overlay CR. As
depicted in Figure 1, the transmission is divided into two phases.
The first phase is to inform the secondary transmitter of the
primary message d1, and the second phase corresponds to the
cognitive radio channel setup, where linear precoding is deployed
at the secondary transmitter for the transmission of d1 and
the secondary message d2. The secondary transmitter has N
antennas and is half duplex. The received signal in the first phase
is

y(1)1 = h11x
(1)
1 + n1 (1)

yst = httx
(1)
1 + nst (2)

where x(1)
1 is the signal transmitted by the primary transmitter,

n1 and nst are the noises, and y(1)1 and yst are the received
signals at the primary receiver and secondary transmitter, re-
spectively. Similarly, for the second phase

y(2)1 = h11x
(2)
1 + hH

21x
(2)
2 + n1 (3)

y(2)2 = h12x
(2)
1 + hH

22x
(2)
2 + n2 (4)

where x(2)
1 and x

(2)
2 are the signals transmitted by the primary

and secondary transmitters, and y(2)1 and y(2)2 are the received
signals at the respective receivers.
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Fig. 1. Illustration of the two-phase transmission scheme.

The noises are independent complex white Gaussian with
unit variance: where n1, n2 " CN (0, 1) and nst " CN (0, I).

hij (hij for vector channel) denotes the channel gain from
transmitter i # {1, 2} to receiver j # {1, 2}, which is assumed
to be constant during the two phases, and the vector channel
between the two transmitters in the first phase is denoted as htt,
all of which are complex Gaussian distributed: h11 " CN (0, 1),
h12 " CN (0, 1), h21 " CN (0, I), h22 " CN (0, I) and
htt " CN (0, I).

The entire transmission is carried out over n channel uses, k
channel uses are used during the first phase, and (n!k) channel
uses are used during the second phase. The fraction of channel
uses in the first and second phases are given by ! = k/n and
1! !, respectively.

III. TRANSMISSION STRATEGY AND PROBLEM

FORMULATION

A. Transmission Strategy

The transmission strategy combines DF relaying [15, 16] with
the overlay strategy in [14] for the extended cognitive radio
channel model.

In the first phase, which has relative duration !, the primary

transmitter uses a code C0 with rate R0 = R!
1/! and power P (1)

1
to broadcast d1 to both the primary receiver and the secondary

transmitter, i.e. x(1)
1 =

#

P (1)
1 u11(d1), where R!

1 is the primary
rate requirement. Define the rates

R(1)
1 = ! log

$

1 + P (1)
1 |h11|2

%

, (5)

Rt = ! log
$

1 + P (1)
1 ||htt||2

%

, (6)

that characterize the primary transmission rate and the rate
between the two transmitters in the first phase, respectively,
assuming maximum ratio combining is used at the secondary
transmitter for reception. To ensure decodability at the secondary
transmitter after the first phase, Rt $ R!

1 has to be satisfied.
Assuming ||htt|| > |h11|, after the first phase, the primary
receiver only has partial knowledge (i.e. its observation) about
d1. In the second phase, the primary and secondary transmitters
cooperate to resolve this ambiguity at the primary receiver. The
code C0 is subdivided into disjoint (lower-rate) sub-codes Ci
(bins), which are designed to be good channel codes. That
is, each codeword of C0 belongs to a sub-code Ci. The index
i of the sub-code containing the codeword sent in the first
phase is transmitted cooperatively by the primary transmitter

(using power P (2)
1 ) and the secondary transmitter (using a

fraction pa of its available power P2). Knowing this index, the
primary receiver can decode d1 based on its channel observation
from the first phase, by considering only codewords from the
(low-rate) sub-code Ci. In addition, the secondary transmitter
employs the remaining power pb for the transmission of d2.
Relayed and private messages are broadcasted by the secondary
transmitter using independent beamformers w1 and w2, i.e.

x(2)
1 =

#

P (2)
1 u12(d1), x

(2)
2 =

%
paw1u12(d1) +

%
pbw2u2(d2).



Define the rates

R(2)
1 = (1! !) log

&

'

(
1 +

|
#

P (2)
1 h11 +

#

pa

1!"
hH
21w1|2

1 + pb

1!"
|hH

21w2|2

)

*

+
,

(7)

R2 = (1! !) log

&

'

(
1 +

pb

1!"
|hH

22w2|2

1 + |
#

P (2)
1 h12 +

#

pa

1!"
hH
22w1|2

)

*

+
,

(8)

that characterize the cooperative transmission rate (i.e. transmis-
sion of the bin index) and the secondary rate achievable in the
second phase by our strategy, respectively. Note that the powers
are scaled up to take into account the duration of the second
phase. Using DF relaying arguments [15, 16], it is possible to
show that the achievable primary rate is

R1 = R(1)
1 +R(2)

1 . (9)

The achievable rate region is R = (R1, R2), for any feasible
choice of beamformers, phase splitting, and power allocation that
ensures decodability of the primary message at the secondary
transmitter after the first phase.

B. Problem Formulation

The problem of maximizing the secondary rate R2 while
satisfying the primary rate requirement R!

1 is formulated as

max
"

w1,pa
w2,pb

P
(1)
1 ,P

(2)
1

R2 (10a)

s.t. Rt $ R!
1, (10b)

R1 $ R!
1, (10c)

||w1|| = ||w2|| = 1, (10d)

!P (1)
1 + (1! !)P (2)

1 & P1, P
(1)
1 > 0, P (2)

1 $ 0, (10e)

pa + pb & P2, pa $ 0, pb $ 0, (10f)

0 < ! < 1, (10g)

where (10b) ensures the decodability of the primary message
at the secondary transmitter after the first phase, (10c) fulfils
the primary rate requirement, and (10e) and (10f) are the
power constraints at the primary and secondary transmitters,
respectively.

IV. SYSTEM OPTIMIZATION

In this section we solve the problem formulated in Sec-
tion III-B. First we introduce the following lemma.

Lemma 1. The function

" log

,

1 +
P

"

-

defined for " # (0, 1] and P > 0, is strictly increasing in ".

Using this lemma, we prove the following proposition.

Proposition 1. If the channels h21 and h22 are not colinear,

both the primary and secondary transmitters use full power at

the optimum, i.e.

1) !P (1)
1 + (1! !)P (2)

1 = P1,

2) pa + pb = P2.

Proof: First we prove Statement 1. Let the set of parameters

(!, P (1)
1 , P (2)

1 , pa, pb,w1,w2) attain the optimum and be such

that !P (1)
1 + (1 ! !)P (2)

1 < P1.
The proof is divided into several cases.

a) P (2)
1 > 0: In this case we can find P̃ (1)

1 > P (1)
1 such

that the corresponding rate R̃(1)
1 in the first phase satisfies

R̃(1)
1 +R(2)

1 > R!
1.

Now let P̃ (2)
1 = #P (2)

1 and p̃a = #pa. Let R̃(2)
1 denote

the secondary rate evaluated for P̃ (2)
1 and p̃a. Since R(2)

1 is

continuous on both P (2)
1 and pa, we can find 0 & # < 1 such

that R̃(1)
1 + R̃(2)

1 > R!
1. At the same time, the new rate R̃2 for

the secondary link is

R̃2 = (1! !) log

&

'

(
1 +

pb

1!"
|hH

22w2|2

1 + #|
#

P (2)
1 h12 +

#

pa

1!"
hH
22w1|2

)

*

+
.

We have R̃2 > R2 assuming that either h12 '= 0 and/or hH
22w1 '=

0, and if h12 = hH
22w1 = 0, we can find a shorter duration for

the first phase that satisfies (10b)-(10g). From Lemma 1 we know
that this yields a larger secondary rate.

In either case, we have contradicted our initial assumption on
the optimality of the set of parameters.

b) P (2)
1 = 0 and pa > 0: In this case we can find P̃ (1)

1 >
P (1)
1 such that the corresponding rate R̃(1)

1 in the first phase

again satisfies R̃(1)
1 +R(2)

1 > R!
1.

Now we can find p̃a < pa such that the corresponding rate

R̃(2)
1 in the second phase satisfies R̃(1)

1 + R̃(2)
1 > R!

1. However,
assuming hH

22w1 '= 0, this leads to a secondary rate R̃2 that is
larger than the one that would be obtained for pa. Again we have
reached a contradiction. If hH

22w1 = 0, we can proceed as in the
previous case, shortening the first phase and invoking Lemma 1
to reach a similar contradiction.

c) P (2)
1 = pa = 0: Note that in this case R(2)

1 = 0 and

therefore R(1)
1 $ R!

1. We can find P̃ (1)
1 > P (1)

1 such that the

corresponding rates R̃(1)
1 and R̃t in the first phase satisfy

R̃(1)
1 > R!

1 and R̃t > R!
1.

Now we can find !̃ < ! such that the new rates R̂(1)
1 and

R̂t in the first phase still satisfy R̂(1)
1 $ R!

1 and R̂t $ R!
1.

However, for P (2)
1 = pa = 0, we know from Lemma 1 that

R2 increases with decreasing !. Once more, this contradicts our
initial statement.

Now we prove Statement 2. Again, let the set of parameters

(!, P (1)
1 , P (2)

1 , pa, pb,w1,w2) attain the optimum and be such
that pa + pb < P2. Then we can increase the power pb in a
direction orthogonal to h21. In this way we increase the rate R2

without lowering R(2)
1 (hence without violating contraint (10c)).

This contradicts our assumption on the optimality of the set of
parameters.



Remark 1. If the channels h21 and h22 are colinear, we lose the
advantage of having multiple transmit antennas, since we cannot
increase the secondary rate without creating interference. In this
case it is possible to find cases where the optimal parameters
satisfy pa + pb < P2.

Now we introduce the following proposition that solves prob-
lem (10).

Proposition 2. Assuming that the channels h21 and h22 are not

colinear, for certain ! # (0, 1) and P (1)
1 # (0, P1

"
],

1) if R(1)
1 $ R!

1,

w2 =
h22

||h22||
, pb = P2. (11)

2) if R(1)
1 < R!

1 and Rt $ R!
1, (10) is solved by

w1($1,$2,%1) = ej#1
.

%1
!"

h22
h21

||!"
h22

h21||

+ ej#2
.

1! %1
!h22h21

||!h22h21||
, (12)

where

$1 =
&

|&| , (13)

& =

#

P (2)
1 h11 +

/

pa
1! !

ej#2
.

1! %1h
H
21

!h22h21

||!h22h21||
,

(14)
and by

w2(%2) =
.

%2
!h21h22

||!h21h22||
+
.

1! %2
!"

h21
h22

||!"
h21

h22||
,

(15)
pb = P2 ! pa, (16)

where

%2 =

0

%MRT if %MRT & z(1!")
||h21||2pb

z(1!")
||h21||2pb

otherwise
(17)

%MRT =
||!h21h22||2

||h22||2
, (18)

z =
|
#

P (2)
1 h11 +

#

pa

1!"
hH
21w1($1,$2,%1)|2

2
R!

1!R
(1)
1

1!" ! 1

! 1 $ 0,

(19)

P (2)
1 =

P1 ! !P (1)
1

1! !
, (20)

for certain pa # [0, P2], $2 # [0, 2'], and %1 # [0, 1].

The optimal objective value in (10a) can be obtained by search-

ing over !, P (1)
1 , pa, $2, and %1.

Proof: Case 1 is straightforward. For Case 2, given ! and

P (1)
1 , P (2)

1 is known by Proposition 1, and the problem has the
similar form as (4) in [14], which can be solved by Proposition
1 in [14].

Remark 2. For Case 2 in Proposition 2, a search over 5 param-
eters is needed to obtain the optimal objective value, which is

quite computation-prohibitive. By semidefinite relaxation, prob-
lem (4) in [14] is reformulated as a semidefinite programming
(SDP) problem, which can be solved by CVX efficiently [17],
and then the optimal rank-one solution can be obtained by
rank-one decomposition [18], when the number of antennas at
the secondary transmitter is more than two. Since the problem
in Case 2 has the similar form as (4) in [14] given ! and

P (1)
1 , it can be solved by semidefinite relaxation and rank-one

decomposition, for certain ! # (0, 1) and P (1)
1 # (0, P1

"
], with

more than two antennas at the secondary transmitter; moreover,
the noncolinearity of the channels h21 and h22 is not required,
as long as the power constraint (10f) is fulfiled. This means
a search over 2 parameters is needed, where a SDP problem is
solved for each set of parameters; then the optimal beamforming
vectors can be obtained by applying rank-one decomposition to
the resulted SDP solution at the optimal objective value.

V. NUMERICAL EVALUATION

We first compare the performance of the overlay strategy
proposed in Section III-A, with that of the overlay strategy
in [1] where DPC is deployed at the secondary transmitter to
protect the secondary transmission from the interference due to
the primary message, in terms of average secondary rate. The
two strategies are labeled as “LP overlay” and “DPC overlay”,
respectively. For the simulation, we set N = 3 and P1 = 10 dB,
and vary P2 as the SNR of the secondary link. The primary
link load is defined as the ratio of the primary rate requirement
and the actual channel capacity of the primary link for the
instantaneous channel realization. As shown in Figure 2, the
performance degradation of the proposed strategy is negligible
at certain SNR and primary link load, and the implementation is
of lower complexity compared to the overlay strategy based on
DPC.

We now compare the performance of the proposed strategy
with that of the underlay strategy in [2], where the secondary
transmitter has no knowledge of the primary message, and rate
splitting and successive decoding is deployed in the secondary
link whenever viable. As shown in Figure 3, average secondary
rate, as well as the percentage when the performance of the
proposed strategy is better than the underlay strategy, is shown
at certain SNR and primary link load.

VI. CONCLUSION

In this work we have considered the coexistence of a SISO
primary link and a MISO secondary link in the extended cogni-
tive radio channel setup, where the transmission is divided into
two phases. In the first phase, the secondary transmitter learns
the primary message by listening to the primary transmission;
in the second phase, the secondary transmitter and the primary
transmitter cooperate to complete the primary transmission and
the secondary transmission. We have found the set of phase
splitting, power allocation, and beamformers that maximizes
the secondary rate while satisfying a primary rate requirement.
We have compared the performance of the proposed strategy
with an overlay strategy based on DPC, where the performance
degradation of the proposed strategy is negligible at certain
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SNR and primary link load, and the implementation is of lower
complexity, as well as with an underlay strategy where the
secondary transmitter has no knowledge of the primary message.
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