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Abstract

The search for quieter internal combustion engines drives the quest for a better
understanding of the acoustic properties of engine duct components. Simula-
tions are an important tool for enhanced understanding; they give insight into
the flow-acoustic interaction in components where it is difficult to perform mea-
surements. In this work the acoustics is obtained directly from a compressible
Large Eddy Simulation (LES). With this method complex flow phenomena can
be captured, as well as sound generation and acoustic scattering.

The aim of the research is enhanced understanding of the acoustics of
engine gas exchange components, such as the turbocharger compressor. In
order to investigate methods appropriate for such studies, a simple constriction,
in the form of an orifice plate, is considered. The flow through this geometry
is expected to have several of the important characteristics that generate and
scatter sound in more complex components, such as an unsteady shear layer,
vortex generation, strong recirculation zones, pressure fluctuations at the plate,
and at higher flow speeds shock waves.

The sensitivity of the scattering to numerical parameters, and flow noise
suppression methods, is investigated. The most efficient method for reducing
noise in the result is averaging, both in time and space. Additionally, non-
linear effects were found to appear when the amplitude of the acoustic velocity
fluctuations became larger than around 1 % of the mean velocity, in the orifice.

The main goal of the thesis has been to enhance the understanding of
the flow and acoustics of a thick orifice plate, with a jet Mach number of 0.4
to 1.2. Additionally, we evaluate different methods for analysis of the data,
whereby better insight into the problem is gained. The scattering of incoming
waves is compared to measurements with in general good agreement. Dynamic
Mode Decomposition (DMD) is used in order to find significant frequencies in
the flow and their corresponding flow structures, showing strong axisymmetric
flow structures at frequencies where a tonal sound is generated and incoming
waves are amplified. The main mechanisms for generating plane wave sound
are identified as a fluctuating mass flow at the orifice openings and a fluctu-
ating force at the plate sides, for subsonic jets. This study is to the author’s
knowledge the first numerical investigation concerning both sound generation
and scattering, as well as coupling sound to a detailed study of the flow. With
decomposition techniques a deeper insight into the flow is reached. It is shown
that a feedback mechanism inside the orifice leads to the generation of strong
coherent axisymmetric fluctuations, which in turn generate a tonal sound.
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The important thing is not to stop questioning. Curiosity
has its own reason for existing.
One cannot help but be in awe when contemplating the mys-
teries of eternity, of life, of the marvelous structure of re-
ality.
It is enough if one tries merely to comprehend a little of the
mystery every day. Never lose a holy curiosity.

Albert Einstein (1879 - 1955)
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Nomenclature

c Speed of sound, m/s
f Frequency, Hz
He Helmholtz number (kL)
k Wave number, 1/m
k0 Wave number in the undisturbed fluid, 1/m
L Characteristic length, m
M Mach number
p Pressure, Pa
r Radial coordinate, m
Sii Reflection coefficient (upstream i = 1, downstream i = 2)
Sij Transmission coefficient from side i to j

(1 = upstream side, 2 = downstream side)

St Strouhal number (fL/U)
t Time, s
T Temperature, K
u Velocity vector, m/s
U Mean velocity, m/s
x Coordinate vector, m
x Axial coordinate, m
ρ Density, kg/m3

ω Angular frequency, Hz
φ DMD mode
Subscript
0 Ambient, or mean, variable
± Acoustic wave propagating in downstream or upstream direction
Superscript
′ Acoustic fluctuation
ŷ Complex valued amplitude for a harmonic (e−iωt)
y Time average of y

Only the most frequently used quantities and notations are defined here, the
rest are defined in the text.
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CHAPTER 1

Introduction

Road vehicles are one of the main sources of community noise in the world.
Noise is thereby an important issue in vehicle design, both due to tougher
noise legislations and higher demands on driver experience and comfort. At
low speeds engine related noise dominates, while road noise dominates at high
speeds. In general the aim is to reduce engine noise, but in special cases, e.g.
for sports car engines, it is also of interest to tune the noise (mainly the interior)
to give a specific characteristic sound.

The main contribution to the noise in an internal combustion engine comes
from the cylinders. The low frequency pulsations generated there propagate
through the intake and exhaust ducts, to be radiated by the air intake and
the exhaust pipe. All duct components will influence the sound propagation
by scattering (reflecting, transmitting and damping) incoming waves, which is
called the components’ passive acoustic properties. The duct components will
also generate sound, which is the components’ active acoustic properties. These
properties will contribute to the overall sound of the engine. Hence, to under-
stand the acoustics of the engine, each duct component must be studied. For
more general information about sound propagation, scattering and generation
see Chapter 2.

In order to have an effective noise control in duct systems, it is important
to understand the acoustic properties of the components in the system. Simu-
lations are an important tool for improved understanding of the acoustics; they
can give insight into the flow-acoustic interaction in areas where it is difficult
to perform measurements. In this work the acoustics is obtained directly from
a compressible flow simulation, or more specifically a Large Eddy Simulation
(LES). With this method the complex flow can be captured, as well as the
sound generation and the interaction between the flow and incoming waves.

An important component in many engines is the turbocharger. It consists
of a turbine and a compressor, and is used to increase the power output of an
engine for a given engine size. The turbine, which is driven by the exhaust
gases, drives the compressor, which compresses the air going into the cylinders.
Turbochargers are increasingly used due to the trend of down-sizing, where
engines are made smaller for the same power output, increasing the efficiency.
The trend has also been to produce turbochargers with a faster response, which
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4 1. INTRODUCTION

has been achieved by making them smaller with a higher rotational speed. This
gives increasing acoustic problems, since the acoustic power of the generated
sound increases rapidly with the rotational speed.

Considering the acoustics of the turbocharger, it can in general be said that
the turbocharger has a damping effect on incoming low frequency waves, at the
same time as it generates a high frequency sound. A summary of the acoustics
of turbochargers can be found in Rämmal & Åbom (2007) and Alenius (2010).
The dominating noise comes from the compressor side, since there are more
other components that damp the noise at the turbine side, e.g. silencer and
after treatment system. There are several different sound sources in a compres-
sor. One important source is fluctuating surface forces at the blades. These
force fluctuations are caused by different flow phenomena, resulting in both
a broadband noise and discrete tones at harmonics of the blade passing fre-
quency. Examples of causes for these force fluctuations are inflow disturbances
(turbulence and a non-uniform velocity field), blade tip vortices and separation
at the blades. At supersonic rotor speeds sound is also generated at harmonics
of the rotation frequency, due to rotating shock waves that are attached to the
blades. Finally, the turbulence itself can generate sound, but this is normally
negligible compared to the other sound sources in the compressor.

Another component that is common in engines is constrictions. They are
for example found in mufflers and Exhaust Gas Recirculation (EGR) systems.
EGR systems have become important in diesel engines, since they reduce the
nitrogen-oxides emissions. The idea with the system is to use some of the
exhaust gases in the cylinders, to lower the combustion temperature. This is
achieved by moving some of the exhaust gases from the outlet to the inlet duct.
Another example where a constriction is found in the engine is the throttle,
which regulates the amount of air that goes into the cylinders.

In this work a simple type of constriction is studied, in the form of an
orifice plate. This geometry differs somewhat from the constrictions normally
found in engine duct systems, but it is of interest for exploring computational
methods to study the acoustics of more complex duct components. When there
is flow through the orifice an unsteady jet is formed, starting inside the orifice
for thicker plates. The smallest diameter of the jet is smaller than that of the
orifice, which is referred to as the vena-contracta effect, shown in Figure 1.1.
The origin of this effect is flow separation at the orifice upstream edge, and
the strength of it will therefore depend on the shape of the orifice, where a
sharper edge gives a stronger effect. The flow displays an unsteady shear layer,
vortex generation, strong unsteady recirculation zones behind the plate, and at
higher flow speeds shock waves. Furthermore, the plate and the confinement,
in combination with the flow fluctuations, give rise to fluctuating surface forces.
Hence, even though the geometry is simple, the flow is expected to have several
of the important characteristics that are present, and generate sound, in more
complex components.
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Figure 1.1. A ducted orifice plate, where the grey lines show
the vena-contracta effect and the arrows the recirculation zones
behind the plate.

Besides the interest in the orifice plate as a test geometry, it is also of
interest for its acoustic properties. By reflecting, transmitting, and damping
incoming acoustic waves, constrictions will modify the resonances in the system,
which can result in high sound levels. High sound levels can also be generated
under certain flow conditions, when a high tonal noise (whistle) appears. A
more detailed overview of the acoustics of orifice plates is found in Section 1.2.

Computational Aero-Acoustics (CAA) is used to study sound generation
and acoustic scattering numerically. When scattering is studied linear meth-
ods are often used, to reduce the computational cost. The exception is for
cases that involve high amplitude oscillations and thus include non-linear ef-
fects. Kierkegaard et al. (2008) and Kierkegaard et al. (2010) e.g. used the
linearized Navier-Stokes equations to simulate the scattering of sound waves
by a ducted orifice plate. Even though it is uncommon, non-linear flow simula-
tions are also used for linear scattering problems, see Föller & Polifke (2010),
Föller et al. (2010) and Lacombe et al. (2010), who successfully used LES with
second order accurate numerical methods to compute the scattering by an area
expansion, a t-junction and an orifice plate, respectively. Though, despite the
complex simulation method, the aim in these studies was to show that the used
method works to predict the scattering, not to improve the understanding of
the acoustic-flow interactions. Furthermore, the sound generation was never
computed in these studies.

In the case of sound generation, simulations have more commonly been per-
formed for external flow problems. Furthermore, even though direct noise com-
putations have become more common, hybrid methods are often used, where a
non-linear flow solver is coupled to an acoustic solver. In hybrid methods the
sound generating mechanisms are coupled to the source terms in the acoustic
solver, but these do normally not explain the underlying source mechanisms.
An example where a hybrid method has been used for an internal problem
is Piellard & Bailly (2010), who computed the sound from a very low Mach
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number ducted diaphragm, based on data from second order accurate incom-
pressible LES. In general for duct components, hybrid methods are, however,
not required, since the radiated acoustic waves can be extracted fairly close
to the source and then propagated analytically. When using direct noise com-
putations the sources have to be found with other methods, where a common
method is to correlate the radiated sound to different flow phenomena. An
example of a direct noise computation of an internal problem is Gloerfelt &
Lafon (2008), who performed a compressible LES of a very low Mach number
jet from a ducted diaphragm. A more thorough discussion about computational
aero-acoustics can be found in Section 2.4.

The layout of the thesis is as follows. This introduction is continued with
an overview of jet flows and orifice plate acoustics, followed by the aims of
the research, including the main contributions of the thesis. Chapter 2 con-
tains an introduction to aero-acoustics, with special focus on duct acoustics
and sound generating mechanisms, as well as a part about CAA. Chapter 3
goes through the flow governing equations; LES, and the motivation for using
this model; the numerical methods used, including boundary conditions and
the used CFD code, Edge (Eliasson 2001); the accuracy of and uncertainties in
the simulations. Additionally, the problem set up is included in this chapter,
i.e. the studied geometries and flow cases are described. Chapter 4 describes
the evaluation methods used to extract the acoustics from the flow, compute
the scattering and generated sound, and identify sound generating mechanisms,
including the two flow decomposition methods Proper Orthogonal Decomposi-
tion (POD) (Holmes et al. 1996) and DMD, used to study characteristic flow
structures. Chapter 5 investigates the sensitivity of the scattering by a thin ori-
fice plate to parameter variations. Chapter 6 contains the results of the study
of the flow and acoustics of a thick orifice plate. It considers the characteristics
of the flow, sound generation and sound scattering. Finally, Chapter 7 contains
a summary with conclusions and proposed future work.

1.1. Axisymmetric Jet Flows

Here an introduction to axisymmetric jets will be presented. First free nozzle
jets will be considered. This will then be extended to free orifice jets, and
to impinging jets. Finally there will be a short discussion of the influence of
confinement.

Jets consist of a high velocity core, separated from the ambient fluid by a
thin shear layer. Axisymmetric shear layers behave in a similar manner as plane
shear layers, for which a thorough review can be found in Ho & Huerre (1984).
Thin shear layers are unstable to all incoming perturbations, which grow expo-
nentially and form vortices through the Kelvin-Helmholtz mechanism. Further
downstream these vortices merge, resulting in a significant growth of the shear
layer thickness. Using inviscid linear stability analysis, Batchelor & Gill (1962)
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showed that top hat jet profiles are unstable to small disturbances of any az-
imuthal mode number and wave number. Initially nozzle jets often have top
hat profiles, but the profile develops further downstream. By taking this into
account, Mattingly & Chang (1974) found that, theoretically, the first helical
mode dominates further downstream.

A jet is significantly influenced by the initial flow. The initial fluctuation
level has a strong effect on the development of the mean jet characteristics,
while the initial shear layer thickness has a weaker effect (Hussain & Zedan
1978b,a). Raman et al. (1994) found that, compared to an initially turbulent
shear layer, a transitional shear layer results in higher amplitude organized
disturbances close to the nozzle exit, and earlier growth of azimuthal modes.
As the fluctuation level in the initial shear layer increases the strong coherent
structures observed in laminar shear layers are weakened, and eventually dis-
appear (Bogey & Bailly 2010; Bogey et al. 2011). Additionally, increasing the
shear layer thickness for these highly disturbed jets decreases the turbulence
intensity in the downstream mixing layers (Bogey et al. 2012). For an orifice
jet, Mi et al. (2007) also found that higher initial turbulence intensity reduced
the strength and occurrence of the coherent structures.

At low Mach numbers, incoming acoustic disturbances interact with the
shear layer at its origin, due to the miss-match between the speed of sound
and the phase speed of the instability waves; however, at higher Mach numbers
the shear layer can be directly excited by acoustic disturbances (Ho & Huerre
1984). Crow & Champagne (1971) found that the response to acoustic forcing
is linear up to an rms forcing amplitude of 0.5 %. For higher amplitudes the
excited disturbance grows downstream until a harmonic is generated by non-
linear effects, retarding the growth of the originally excited disturbance.

The natural instability frequency of the shear layer is the theoretically
most amplified disturbance. Spatial disturbance waves are dispersive below this
frequency and non-dispersive above (Ho & Huerre 1984). The Strouhal number
of the most unstable jet shear layer instability varies substantially between
different measurements, 0.01-0.023, based on the initial momentum thickness
and the jet velocity. Gutmark & Ho (1983) found that this large spreading
can be attributed to the initial instability frequency being highly susceptible
to very low level spatially coherent background perturbations. They further
found that the most amplified mode is that closest to the natural instability
frequency excited by these perturbations.

The preferred mode of a jet is defined as the vortex passage frequency at
the end of the potential core (Ho & Huerre 1984). The Strouhal number of
this mode (based on nozzle diameter and jet velocity) has also been found to
vary substantially in literature, 0.24 to 0.64, and this is partially a consequence
of the variation of the initial shear layer instability frequency, i.e. the initially
most unstable shear layer frequency (Gutmark & Ho 1983). This is based
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on that the preferred mode is the n:th sub-harmonic of the initial instability
frequency, where n is the number of vortex mergings taking place before the
measurement position (Ho & Huerre 1984; Gutmark & Ho 1983). Hence, the
measurement position is crucial, since the Strouhal number is doubled if one
additional merging takes place.

In experiments a non-deterministic switching between the axisymmetric
and helical jet mode has been observed by e.g. Mattingly & Chang (1974),
Corke et al. (1991) and Yoda et al. (1992), where both modes seldom or never
coexist. Corke et al. (1991) attributed this switching to initial stochastic dist-
urbances at the nozzle exit, and found that the helical mode was suppressed
by low amplitude axisymmetric acoustic forcing. Yoda et al. (1992), however,
found strong helical modes in the far field for the case of axial (non-acoustic)
forcing, but this was at a significantly lower Reynolds number, 5000 compared
to around 105.

More recently coherent jet structures have been studied with Proper Or-
thogonal Decomposition (POD). This lead to the discovery of volcano like erup-
tions in the jet core, where fluid is ejected in the stream-wise direction, by e.g.
Citriniti & George (2000) and Jung et al. (2004). Iqbal & Thomas (2007) fur-
ther found that these eruptions are caused by passing vortex rings, where the
radial motion first is inward, causing an acceleration of the core flow, and then
the radial motion is outward, decelerating the core flow again. With POD and
Fourier transformation in the azimuthal direction it is also possible to study
different azimuthal modes in more detail. Citriniti & George (2000), Jung et al.
(2004) and Iqbal & Thomas (2007) all found that the energy initially (2-3 jet
diameters downstream of the nozzle) was distributed over several azimuthal
modes. Citriniti & George (2000) and Jung et al. (2004) also found that the
axisymmetric mode was the strongest here, while Iqbal & Thomas (2007) found
that the first helical mode was dominant, but this was attributed to different
inflow conditions. The variable used to compute the POD might, however,
influence the result, as shown by Freund & Colonius (2002), who found that
using the pressure gives POD modes that have the structure of wave packets,
while the kinetic energy results in completely different mode shapes.

The characteristics of a sharp edged orifice plate jet have been compared to
those of a nozzle jet by Mi et al. (2001), Quinn (2006) and Mi et al. (2007). The
initial velocity profile in an orifice jet is saddle-back, due to the vena contracta
effect, and thereby significantly differs from the top-hat profile found in nozzle
jets. Furthermore, the shear layer is thinner than in a nozzle jet. In all of the
above experiments coherent structures were found in both jets. Quinn (2006)
found the energy content of these structures to be higher in the orifice jet,
while Mi et al. (2001) found that the structures were less well defined in the
orifice jet. The coherent structures were found to be similar in both jets, but
the orifice jet flow has a higher degree of three dimensionality, as shown by
Mi et al. (2007). This higher degree of three-dimensionality was attributed to
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the separation at the orifice edge and the thinner shear layer, which is more
unstable. Meslem et al. (2011) also found three dimensional structures in an
orifice jet, and these structures were seen as secondary vortices on top of the
primary vortex rings.

Since shear layers are highly susceptible to incoming disturbances, strong
self-sustained oscillations can occur for impinging shear layers, and jets. This is
due to a feedback mechanism, as discussed by Rockwell & Naudascher (1979).
Upstream propagating disturbances from the impingement (acoustic or hydro-
dynamic) induce vorticity disturbances in the initial shear layer; these distur-
bances grow downstream and form vortices that hit the point of impingement,
giving rise to organized disturbances. An example of this was found by Ho &
Nosseir (1981), who studied the impingement of a high speed jet. They found
that, when the impingement position was placed close enough to the nozzle
exit, the pressure pattern at the nozzle edge changed into strong almost peri-
odic fluctuations. The period of these fluctuations was found to match the time
it takes a coherent structure to convect downstream to the point of impinge-
ment plus the propagation time for an acoustic wave back to the nozzle exit
(in the surrounding ambient fluid). A feedback mechanism has also been found
to exist without impingement, as the downstream vortex roll up and vortex
pairing are felt by the shear layer at the nozzle exit (Ho & Huerre 1984; Laufer
& Monkewitz 1980).

Confined jets have been less studied, and most work has been performed for
area expansions, or confinement also in the axial direction. In area expansions
the jet does, however, emerge from a straight pipe, and Mi et al. (2001) found
that these jets do not show any strong coherent motions at higher Reynolds
numbers, due to their thick shear layers. Khoo et al. (1992) studied a con-
fined water jet, and found that the length-scale of the fluctuations increased
downstream from the nozzle, until the confinement started to interfere with
the spreading of the jet, and the length-scale is ”locked” to the diameter of
the confining cylinder. Villermaux & Hopfinger (1994) found self-sustained
oscillations for a confined jet at Reynolds numbers between 1000 and 5000.
The frequency of these oscillations was two orders of magnitude lower than
that for the preferred mode of the jet, and the oscillations were found to be
determined by a feedback formed by the recirculation region downstream of
the plate, convecting disturbances upstream. For ducted orifices, strong self-
sustained oscillations, giving rise to so called whistling, can also appear due
to feedback from acoustic reflections in the up- and downstream ducts (Testud
et al. 2009; Lacombe et al. 2011).

1.2. Orifice Plate Acoustics

Here, an overview of the acoustic properties of in-duct orifice plates is given.
It is divided into two parts, one for the passive properties (sound scattering)
and one for the active properties (sound generation).
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1.2.1. Passive Properties

When an acoustic wave impinges on an orifice plate it is partly reflected and
partly transmitted through the orifice. At the same time, some of the acous-
tic energy is absorbed as it is converted to vorticity at the orifice edges, due
to the acoustic fluctuations. In the linear no-flow case there are only small
amounts of vorticity created, and this vorticity will stay in a thin boundary
layer next to the plate inside the orifice. When the acoustic amplitude is in-
creased and the problem becomes non-linear, the absorption of acoustic energy
increases, as subsequent vortex shedding starts to appear at the orifice edges.
The shed vortices are then transported away from the orifice with the acoustic
velocity before they are dissipated. For more information about the acoustic
non-linarites of orifices see e.g. Ingard & Ising (1967). When flow is introduced
in the duct the generated vorticity will be convected downstream with the flow,
and acoustically induced vortex shedding can be observed at the upstream edge
also in the linear case.

The vortex shedding cycle for an incoming wave of period T, in the non-
linear no-flow case, has been studied by e.g. Leung et al. (2005) and Rupp
et al. (2010). At time zero a local upstream flow is created in the orifice, and
it generates a puff of vorticity at the upstream side of the orifice; at time T/4
the vorticity puff takes its maximum strength; at time T/2 the flow through
the orifice changes direction, the puff is completely shed as a vortex, and a new
puff is generated at the downstream side. A shed vortex is only convected a
short distance before it is dissipated.

The amplitude at which the scattering becomes non-linear depends on the
mean flow rate. When flow first is introduced the amplitude where the absorp-
tion process becomes non-linear increases significantly, and it then increases
successively with increasing flow rate (Rupp et al. 2010). Testud et al. (2009)
reported the appearance of non-linear effects when the root mean square of the
acoustic velocity fluctuations exceeded 10 % of the mean velocity in the orifice
(during measurements at low Mach numbers).

In the plane wave frequency range quasi-steady models exist for the linear
scattering by thin orifice plates. For lower Mach numbers the theory found in
e.g. Åbom et al. (2006) can be used, while the theory presented by Durrieu
et al. (2001) is more appropriate for higher Mach numbers, where the scat-
tering is highly Mach dependent. In both theories the scattering is frequency
independent, and related to the flow Mach number and the vena-contracta
coefficient (jet area divided by orifice area). The difference is that the latter
include a theory for a Mach number dependent vena-contracta, instead of a
constant value. Both these theories show, in accordance with measurements,
that when the Mach number is increased the reflection increases and the trans-
mission decreases. This trend has also been observed for thick orifices, see e.g.
Rupp et al. (2010).



1.2. ORIFICE PLATE ACOUSTICS 11

When the plate thickness is increased the scattering becomes frequency
dependent. For most frequencies and flow configurations there will be absorp-
tion of sound by vorticity production, as for thin plates, but for special cases
(with flow) there can be a net increase in acoustic energy. The details of this
flow-acoustic interaction is not fully understood, but for low Mach numbers
the Powell-Howe vortex-sound theory can be applied, see Powell (1964) and
Howe (2002). The general idea is that the vorticity generated by the acoustic
wave is amplified by extracting energy from the mean flow, and then interact
with the plate further downstream, e.g. at the downstream edge, generating
more acoustic energy than originally absorbed by the vorticity. The gener-
ated sound will automatically have the same frequency as the incoming sound,
but for a net amplification of acoustic energy it has to interfere constructively
with the incoming wave. Thus, if the duct where the orifice plate is placed
has resonances at these amplified frequencies, so called whistling can occur, as
described in Section 1.2.2.

Although whistling is a non-linear phenomenon, the whistling potential of
an orifice plate is a linear phenomenon, which can be investigated by studying
the orifice’s instability frequencies, i.e. the frequencies where there is a net
amplification of acoustic energy, see Åbom (2010). Due to non-linear effects as
the amplitude grows in the loop, it is not obvious that the whistling frequency
matches the instability frequencies found in the linear case. However, Testud
et al. (2009) and Lacombe et al. (2011) found good agreement between the po-
tential and real whistling frequencies, even though Lacombe et al. (2011) found
cases where there were two potential whistling frequencies, but only one real,
or the opposite. For higher Reynolds numbers, and low Mach numbers, Testud
et al. (2009) found that orifices have a whistling potentiality for Strouhal num-
bers of 0.2-0.35, based on the orifice thickness and the jet velocity. They also
found that this Strouhal number is sensitive to the area contraction ratio of
the orifice, and that it increased for lower Reynolds numbers. Additionally, for
thicker orifices two frequency regions with whistling potential were found. La-
combe et al. (2011) similarly found whistling potentiality for Strouhal numbers
of 0.2-0.4.

1.2.2. Active Properties

There are several different mechanisms that can generate sound in a confined
flow, as discussed in Section 2.2. In the case of an orifice plate, the vortices shed
from the orifice edges and the unsteady downstream separation can produce
sound when they interact with the plate, and cause pressure fluctuations at its
sides. The large scale fluctuations appearing when the jet breaks down, and the
turbulence, produce so called turbulence sound, which can become significant
at higher Mach numbers. Furthermore, when the jet Mach number exceeds
unity there will be shock waves present, which produce sound if they are not
stationary.
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The acoustics of free jets has been, and still is, extensively studied in lit-
erature. In free jets sound is generated by turbulent fluctuations. For initially
laminar shear layers the sound spectra also has a significant contribution of
sound generated by vortex pairing in the shear layer (Bridges & Hussain 1987;
Schram et al. 2005). As the turbulence intensity of the initial shear layer is
increased this vortex pairing noise, as well as the overall sound level, is reduced
(Bridges & Hussain 1987; Bogey & Bailly 2010; Bogey et al. 2011). For a tur-
bulent shear layer the noise is then additionally reduced by thickening the shear
layer (Bogey et al. 2012). Wave packets, i.e. intermittent disturbances that are
convected downstream, can be important for the sound radiation in aft-angles,
even though it only may contain a small fraction of the turbulent kinetic energy
(Jordan & Colonius 2013). Anderson (1954) studied jet tones for orifice jets
at Reynolds numbers up to 10,000, and found that for low Reynolds numbers
the tones appear relatively free of broadband sound, but as the Reynolds num-
ber is increased the broadband sound first drowns the sub-harmonics, then the
harmonics and finally the fundamental.

Åbom et al. (2006) measured the sound radiated by a ducted thin circular
orifice plate, and found indications that the main sound source was the pressure
fluctuations at the plate. Gloerfelt & Lafon (2008) simulated the sound gener-
ation by a slit shaped diaphragm in a square duct, at low Mach number, and
concluded that the main sound source was the breakdown of coherent jet struc-
tures, before the jet reattached to the wall. In the case of Åbom et al. (2006),
they found smooth sound spectra, with higher sound levels at the downstream
side, which can be explained by higher flow fluctuation levels at this side. Fur-
thermore, they identified the sound source by finding that the spectra measured
at different flow speeds collapsed when scaled with a scaling law originally sug-
gested by Nelson & Morfey (1981). The scaling is based on the assumption
that the sound is generated by pressure fluctuations at the plate, which are
seen as a compact dipole source. In the case of Gloerfelt & Lafon (2008), they
found a broad peak in the sound spectra, at Strouhal numbers 0.26-0.51. This
peak was further found to be correlated to the coherent jet-column structures
and their deformation and acceleration, leading to the conclusion this was the
main source mechanism.

Under special conditions the flow through the orifice can generate a strong
tonal sound, through a phenomenon known as whistling. Whistling is believed
to be generated by the flow and resonances in the system in the following
way: when air flows through the orifice vortices are shed at the upstream
edge; these vortices interact with the plate further downstream, possibly at
the downstream orifice edge, and an acoustic pulse is triggered; if this pulse is
reflected at boundaries of the system, so that it reaches the upstream edge in or
close to in phase with the shedding of a new vortex, the shedding is triggered
and strengthened. In this way a feedback mechanism is established, with a
periodic vortex shedding that triggers acoustic pulses, which feeds energy into a
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duct resonance, resulting in a high tonal sound. Whistling is mainly important
for thick plates, since the whistling frequency increases with decreasing plate
thickness, leading to very high theoretical frequencies for thin plates.

For low Mach numbers, whistling has been shown to occur for Strouhal
numbers in the range 0.2-0.4, giving a maximum amplitude of the tonal sound
at St=0.25, based on the plate thickness and jet velocity (Testud et al. 2009;
Lacombe et al. 2011). The exact whistling frequency has further been found to
depend on the ducts, where the frequency locks on successive acoustic modes
(Lacombe et al. 2011). The onset of whistling is a linear phenomenon, thus the
frequencies where whistling potentially can occur can be determined by linear
methods, and by studying the scattering of incoming waves, as discussed at the
end of the Section 1.2.1.

1.3. Aims of the Research

The aim of this research is enhanced understanding of the acoustics of engine
duct components, such as the turbocharger compressor. One foundation for
this understanding is simulations, which are carried out with a common second
order accurate (density based) LES solver. The order of accuracy is limited by
the need of using non-Cartesian and non-structured grids, due to the complexity
of the geometry. On such grids the formal order of accuracy is limited to two,
if computational efficiency is to be maintained. The first step has been to
investigate methods that are appropriate for these types of studies. For this, a
simple constriction, in the form of an orifice plate, is used. The flow through
this geometry is expected to have several of the important characteristics that
generate and scatter sound also in more complex IC-engine components. Hence,
an investigation of the acoustics of the orifice plate is used as a base for future
studies.

When it comes to the acoustics of orifice plates, traditionally, most inves-
tigations have been concerned with finding the scattering by thin plates, and
non-linear scattering properties. More recently, the whistling phenomenon has
been studied for thicker plates. These studies have, however, been concerned
with how whistling can be predicted, and have been carried out for low Mach
numbers (Testud et al. 2009; Lacombe et al. 2011, 2010; Kierkegaard et al.
2012). In this work, we focus on the flow inside the orifice, for intermediate to
high jet Mach numbers (0.4-1.2) in a thick orifice plate. The goal is to under-
stand the sound generating mechanisms and the interaction between the flow
and incoming waves in more detail.

1.3.1. The Specific Goals

The first goal of the thesis is to investigate the sensitivity of the scattering
by an orifice plate to numerical parameters, including numerical method, grid
and boundary conditions. The sensitivity to the evaluation methods used,
specifically the flow noise suppression methods, is also studied.
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• The geometry used is a thin (2 mm) sharp edged orifice plate. It is
placed in a circular duct, and has an area contraction ration of 0.28.
Large eddy simulations are performed for a jet Mach number of 0.5 and
a jet Reynolds number of 350,000.

• The passive acoustic effect of the orifice plate (i.e. the scattering) is
investigated with an acoustic two-port method. The scattering matrix
is computed and compared for different parameter variations.

• The study confirmed that the most effective ways of suppressing tur-
bulence noise are cross-section and phase averaging, where the former
only works in the plane wave range. Furthermore, non-linear effects
appeared when the amplitude of the acoustic velocity fluctuations was
above around 1 % of the mean velocity, in the orifice. The scattering
was found to be insensitive to the wall boundary condition (slip/no-
slip), which was attributed to the sharp orifice edges.

The main goal of the thesis is to enhance the understanding of the flow
and acoustics of a thick (15-20 mm) ducted orifice plate through numerical
studies. An additional goal has been to evaluate methods appropriate for such
an analysis and for extracting acoustic two-port data from LES results. The
characteristic features of the studies are as follows:

• The geometry under consideration is shown in Figure 1.1. The orifice is
circular, while two different duct cross-sections are considered, a circular
and a square, both having an area contraction ratio of 0.36. The orifice
edges are sharp, with the exception of one case, which has a chamfered
upstream edge.

• Large eddy simulations are performed for a jet Mach number of 0.4 to
1.2. This gives a jet Reynolds number ranging from 200,000 to 600,000.
The inflow, and thus the initial jet shear layer, is laminar.

• The scattering matrix is computed to find reflection and transmission
coefficients for incoming waves, as a function of frequency and mass flow.
The results are compared to measurements, with in general good agree-
ment. The exception is an amplification of acoustic energy found in one
case in a small frequency range, where the flow has strong fluctuations.
This discrepancy is attributed to differences in the inflow conditions.

• The generated sound spectra are studied as a function of mass flow. The
result showed that strong tonal sounds were generated in all subsonic
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cases. The frequency of the tones was found to scale with the jet veloc-
ity and the inverse of the plate thickness.

• A Dynamic Mode Decomposition (DMD) is performed, in order to find
the shapes and structures of modes at significant frequencies in the flow
(Schmid 2010). This enabled the coupling of radiated sound to flow
structures, showing that strong axisymmetric, but not helical, jet struc-
tures generate a tonal sound in the plane wave range. Furthermore, a
study of how the flow fluctuations are affected by incoming plane waves
illustrate that they amplify axisymmetric jet modes, but give an in-
significant contribution to the flow fluctuations at other frequencies.

• The strong frequencies in the flow have been found to be chosen by a
feedback mechanism. This was identified by a correlation of the flow
fluctuations at the orifice in- and outlet, and the DMD.

• The main sound generating mechanisms have been identified as a fluc-
tuating mass flow at the orifice openings and a fluctuating force at the
plate sides. This was found by correlations between flow and the gen-
erated sound, and an estimation of the acoustic power radiated by a
compact source.

1.3.2. Main Contributions

• This is the first LES study presenting an approach for a complete aero-
acoustic characterization of duct components, i.e. analysing both pas-
sive and active acoustic properties. Furthermore, it is the first time
harmonic excitations are used in combination with LES to study the
passive acoustic properties.

• The use of flow decomposition methods, like DMD, for identifying flow
structures that generate sound and interact with incoming waves is il-
lustrated. Additionally, methods for determining the time variation of
the amplitude of these structures are suggested.

• A detailed study has been conducted for a feedback phenomenon inside
the orifice, generating strong coherent axisymmetric fluctuations, which
in turn generate a strong tonal sound.



CHAPTER 2

Aero-Acoustics

Aero-acoustic problems consist of two parts: sound generation, and sound prop-
agation and scattering, i.e. reflection and transmission of waves by objects. In
this chapter there will be an introduction to sound propagation, scattering and
generation. For more information please refer to a book like Pierce (1989)
or Howe (1998). This chapter will, additionally, include an introduction to
computational aero-acoustics.

2.1. Wave Propagation and Scattering

Acoustic waves are disturbances from a mean fluid state, propagating with the
speed of sound. Acoustic fluctuations are seen in all fluid variables, but the
theory will here be presented with the acoustic pressure, which later is related
to the other variables. The amplitude of the acoustic waves is normally low,
compared to the mean values in the fluid; the propagation is, therefore, often
assumed to be linear. This assumption holds for amplitudes up to around 1 %
of the mean. First, the theory for linear propagation in an ideal stationary fluid
will be presented, and then the effect of flow, dissipation and non-linearities
will be discussed.

The linear propagation of sound in a stationary and homogenous fluid is
described by the homogeneous wave equation,

∂2p′

∂t2
− c2∇2p′ = 0, (2.1)

where p′ is the acoustic pressure and c is the isentropic speed of sound. The
solution to the homogeneous wave equation in 1 dimension is

p′(x, t) = g(x− ct) + h(x+ ct), (2.2)

where g and h are two (plane) waves that propagate in the positive and negative
x-direction, respectively.

Special types of waves are harmonic waves. They have a time dependence
proportional to sin(ωt) and cos(ωt), where ω = 2πf is the angular frequency
and f is the frequency. However, for simplicity, the time dependence is often
written as a complex exponential, eiωt. The harmonic behaviour also means

16
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that the wave has a fixed wavelength, λ = c/f , which corresponds to the length
one period of the wave occupies in space. Harmonic waves are important,
since acoustic waves with more general time dependence can be written as
a sum of their harmonic components. If this is combined with the solution
to the homogeneous wave equation, Equation (2.2), the 1D acoustic pressure
fluctuations can be written as

p′(x, t) =
∑
ω

p̂+(ω)ei(ωt−k0x) + p̂−(ω)ei(ωt+k0x), (2.3)

where p̂+ and p̂− are the complex valued Fourier amplitudes of waves prop-
agating in the positive and negative x−direction, at each frequency ω, and
k0 = ω/c is the wavenumber in the undisturbed fluid, which is related to the
wavelength as

k0 = 2π/λ. (2.4)

2.1.1. Sound Propagation in Ducts

For higher frequencies, the sound pressure in ducts varies over the duct cross-
section. Assuming harmonic time dependence, the pressure in the duct is a
sum of modes, which have specific pressure patterns at cross sections of the
duct:

p′(x,y, t) =
∑
n

(
p̂+,nΨn(y)ei(ωt−k

+
1,nx) + p̂−,nΨn(y)ei(ωt−k

−
1,nx)

)
, (2.5)

where x is the axial position, y is the in plane coordinate, Ψ(y) is the shape
of the nth mode (n = 0, 1, 2, ...), p̂ is the amplitude of mode n at frequency
ω, and k±1,n is the axial wave number for waves propagating in the positive
and negative x−direction. The axial wave number is related to the ”1D” wave
number k0 and the ”in-plane” wave number k⊥,n through:

k±1,n = ±
√
k2

0 − k2
⊥,n, (2.6)

where the k⊥,n can be taken as a positive real number for ducts with rigid
walls. This gives that the axial wave number k1,n becomes imaginary when
k⊥,n > k0, and hence the mode cannot propagate and the amplitude decays
exponentially. The frequency at which a certain mode starts to propagate is
called the cut on (or cut off) frequency. For rigid walled ducts the zeroth
mode has k⊥,n = 0, a constant pressure over the cross section, and is referred
to as the plane wave mode. For low frequencies this is the only mode that
can propagate. The other mode shapes and their corresponding wave numbers
depend on the shape of the duct cross section. They are determined from
the wave equation, Equation (2.1), and boundary conditions. For rigid walled
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ducts, the mode shapes form an orthogonal set over the duct cross-section, i.e.∫∫
S

Ψm(y)Ψn(y)dS = Sδmn.

In a square rigid duct the mode shapes and wave numbers are:

Ψms(y) = Ψm

(mπy
H

)
Ψs

(sπz
H

)
, Ψj(x) =

{
cos(x), j is even
sin(x), j is odd

(2.7a)

k⊥ms =
(mπ
H

)2

+
(sπ
H

)2

, (2.7b)

where m, s = 0, 1, 2, ... are the mode numbers in the two in plane directions,
and H is the height of the duct.

In circular ducts the wave equation is for convenience expressed in cylin-
drical coordinates:

1

c2
∂2p′

∂t2
− 1

r

∂

∂r

(
r
∂p′

∂r

)
− 1

r2

∂2p′

∂ϕ2
− ∂2p′

∂x2
= 0, (2.8)

where r is the radial position and ϕ is the angle in the azimuthal direction. For
a rigid walled duct the mode shapes and wave numbers then become

Ψms(y) = eimϕJm(kmsr), (2.9a)

J′m(k⊥msR) = 0, (2.9b)

where m = −∞, ...,−1, 0, 1, ...,∞ and s = 0, 1, 2, ... are the azimuthal and
radial mode orders, respectively, Jm is the Bessel function of order m, and R
is the radius of the duct. The solution to J ′m = 0, giving the in-plane wave
numbers, can be found in tables.

When flow is introduced in the duct the problem becomes more compli-
cated. The waves now propagate with the speed of sound plus/minus the flow
speed U in the down- and upstream directions, respectively. This influences
the axial wave number, which becomes

k±1,n = − Mk0

1−M2
±
k0

√
1− (f cn/f)2

1−M2
, (2.10a)

f cn =
c0k⊥n

2π

√
1−M2, (2.10b)

where M = U/c is the Mach number of the flow, f cn is the cut on frequency of
mode n, and ± corresponds to waves propagating in the down- and upstream
direction, respectively. The mode shapes are, however, independent of the flow,
assuming a plug flow profile.
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For a plane wave Equation (2.10a) simplifies to

k± =
±k0

1±M
. (2.11)

The acoustic pressure can be linearly related to the acoustic density (ρ′)
and the axial component of the acoustic velocity (u′) through

ρ′ =
p′

c2
, u′±,n = ±

p′±,n
ρ0c

k±1,n
k0

, (2.12)

where ρ0 is the ambient, or mean, density and ± is for down- and upstream
propagating waves. For plane waves k1,0 = k0, and this expression simplifies
to the plane wave relation

u′± = ±
p′±
ρ0c

, (2.13)

where the index n = 0 is dropped for convenience (for plane waves).

The up- and downstream propagating plane waves, for different variables,
can be related to the total acoustic fluctuations in the following way:

p′ = p′+ + p′−, ρ′ = ρ′+ + ρ′−, u′ = u+ − u−. (2.14)

In the above theory it has been assumed that the fluid is ideal and there
is no dissipation, i.e. a sound wave can propagate an infinitely long distance
without a decrease in amplitude. In reality this is not true, and the amplitude
of the wave will decrease gradually. The decrease is, however, small and can
often be neglected over short distances. If dissipation is accounted for it is done
by adding a small complex part to the wave number, kd = iα+k. The amount
of dissipation depends on the fluid and the duct diameter, and the dissipation
mainly occurs next to the wall in the thermo-viscous acoustic boundary layer.
It is also affected by convection, see e.g. Dokumaci (1998), and for very low
frequencies by turbulence, see e.g. Knutsson & Åbom (2010).

If the amplitude of the waves is increased the propagation becomes non-
linear. The shape of the wave will then be distorted as the wave propagates,
and energy will be transferred among different harmonics, i.e. waves with
frequencies that are a multiple of the same base frequency f0 (f = nf0, n =
1, 2, ...). The distortion of the wave shape is in the form of wave steepening,
where the wave front becomes more and more steep due to the compression part
of the wave propagating slightly faster than the expansion part. This means
that the distance from the expansion to compression part of the wave decreases,
until eventually a shock wave is formed after the so called shock wave formation
distance, which depends on the wave amplitude, see e.g. Pierce (1989).
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2.1.2. Acoustic Power in a Duct

The time averaged acoustic power of a propagating wave is

W =

∫∫
Sr

I · erdS, (2.15)

where Sr is the surface of the wave front, er is the normal direction of this
surface, and I is the acoustic intensity definded as

I± = p′±u′±, (2.16)

where ± is for waves propagating in the down- and upstream direction, respec-
tively, and the overbar denotes time average.

In a duct, the acoustic power in the axial (wave propagation) direction
can be determined for each acoustic mode, using the relation between acous-
tic pressure and velocity (Equation 2.12). Additionally assuming rigid walled
ducts, which have mode shapes that form an orthogonal set over the duct cross-
section (

∫∫
S

Ψm(y)Ψn(y)dS = Sδmn), the following expression is obtained for
the acoustic power of mode n:

W
±
x,n =

p′2±,n
ρ0c

k±1,n
k0

S, (2.17)

where S is the duct area. Assuming harmonic time dependence this expression
can be further simplified through

p′2± =
1

2
Re{p̂±p̂∗±}, (2.18)

where ∗ denotes the complex conjugate. The total acoustic power is then
obtained by adding the power from the different modes

W x =
∑
n

W x,n. (2.19)

Introducing flow in the duct, parallel to the wave propagation direction,
the expression for the acoustic power of mode n becomes (Morfey 1971):

W
±
x,n =

p′2±,n
ρ0c

k±1,n
k0

(
1−M2

1∓ (k±1,n/k0)M

)2

S. (2.20)

This expression is, however, only valid for frequencies above cut on, when the
axial wave number (k1,n) is not complex, see Equation (2.10).
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Figure 2.1. Definition of wave propagation directions for
waves impinging on an object. The wave amplitudes are re-
ferred to a certain reference cross-section.

2.1.3. Wave Scattering

When a sound wave impinges on an object it will partly be reflected, trans-
mitted and absorbed. This effect of the object is known as its passive acoustic
property.

Consider sound waves impinging on the general object in Figure 2.1. If
p̂b− = 0, the reflection and transmission of p̂a+ are defined as R(ω) = p̂a−/p̂a+

and T (ω) = p̂b+/p̂a+, respectively. These quantities will be complex and con-
tain information both about the amplitude of the reflection/transmission, and
if the object introduces a phase shift to the wave.

The reflection at boundaries is an important example of wave reflection. At
a rigid wall the velocity is zero, and there will be total reflection, R = 1. When
a duct terminates into free space (or a large baffle) the acoustic pressure is,
based on the Kutta condition, approximately constant, implying that for low
frequencies p′ ≈ 0 at the end of the duct. This will also give total reflection,
but the reflected wave will be 180◦ off phase with the incoming wave, R = −1.
However, in reality the pressure is not exactly constant, and the reflection
decreases for higher frequencies.

2.2. Sound Generation

Many different flow phenomena can generate sound. The aerodynamic sound
sources are often divided into three categories. Within each category sound is
generated by the same type of mechanisms, which in turn can be caused by
different underlying phenomena. The three categories are termed monopole,
dipole and quadrupole type of sources, and are explained below.

Monopole sound sources correspond to sound generation by fluctuating
volume flows. This can occur if there is unsteady flow injection, from e.g. a
tail pipe; unsteady heat injection, from e.g. combustion; if the fluid is displaced
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by a moving piston, e.g. a loudspeaker in a box. Another cause for this type
of sound generation is high Mach number flows, where there are non-isentropic
flow fluctuations, and the non-acoustic density fluctuations correspond to a
volume fluctuation in the fluid.

Dipole sound sources correspond to sound generation by fluctuating surface
forces. For stationary surfaces the fluctuating force can be caused by e.g.
unsteady flow separation, unsteady vortex shedding, or vortices hitting the
surface. For moving surfaces it can be that the surface is moving through a
non-uniform flow field or with a varying velocity.

Quadrupole sound sources correspond to sound generation by free field
turbulent fluctuations, or by varying tangential shear stresses at a surface. The
generated sound is therefore often called turbulence noise, and it is broadband,
just as the turbulent fluctuations. However, this is normally a week source,
except for in high speed jets (Mach numbers close to and above one). It is
therefore often neglected when other type of sources are present.

A source is said to be compact if the Helmholtz number He= kL is small,
where L is a characteristic size of the source. The frequency generated by a
source scales with the flow velocity U and the size of the source, and is therefore
often expressed in terms of the Strouhal number St= fL/U .

2.2.1. Acoustic Analogies

In the presence of sources linear acoustics is governed by the wave equation
with sources (S): (

∂2

∂t2
− c2 ∂

2

∂x2
i

)
ρ′ = S(xi, t). (2.21)

In the absence of sources, i.e. in a free stationary field, this equation reduces to
the classical homogeneous wave equation, Equation (2.1). The source term is
determined by deriving the wave equation from the equations for conservation
of mass and momentum.

The oldest and most widely known wave equation with source terms is
that by Lighthill (1952), which is derived without any simplifications from
the continuity and the momentum equations. It represents sound generation
by fluid fluctuations in a confined region of a free field, where the fluid is
stationary. The Lighthill source term is

S(xi, t) =
∂2Tij
∂xi∂xj

=
∂2

∂xi∂xj

(
ρuiuj + Pij − c2(ρ− ρ0)δij

)
, (2.22)

where Tij is the Lighthill stress tensor and Pij = pδij + σij is the compres-
sive stress tensor, where p is the pressure, σij is the stress tensor and δij is
the Kronecker delta (vanishing if i and j differ and unity if they are equal).
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The Lighthill source term represents a distribution of quadrupoles of strength
density Tij . However, in practice the Lighthill stress tensor (Tij) will not only
contain the generation of sound, but also the convection of sound with the flow,
refraction of sound due to mean flow gradients, and gradual dissipation by heat
conduction and viscosity.

The most general form of the wave equation with aerodynamic sources is
that for sound generation by fluid fluctuations and surfaces in arbitrary motion,
proposed by Ffowcs Williams & Hawkings (1969). This equation is, like the one
by Lighthill (1952), derived without any simplifications. It is here presented
for the case of impermeable surfaces, i.e. where the surface velocity equals the
velocity of the fluid at the surface:

(
∂2

∂t2
− c2 ∂

2

∂x2
i

)
ρ′H(f) =

∂

∂xi

(
Pijδ(f)

∂f

∂xj

)
+
∂

∂t

(
ρ0viδ(f)

∂f

∂xi

)
∂2

∂xi∂xj
[TijH(f)] , (2.23)

where f is a marker function defining surfaces and non-fluid regions. It is
defined so that f = 0 at surfaces, f < 0 inside solid objects and f > 0 in the
fluid domain. H(f) is a Heaviside function, which is chosen to be unity in the
fluid domain and zero inside objects. δ(f) is the Dirac delta function, which is
the generalized derivative of the Heaviside function. Furthermore, it is possible
to write ∂f

∂xi
= |∇f |ni for a point on the surface, where ni is the unit normal

vector of the surface.

The first term on the right hand side of Equation (2.23) ( ∂
∂xj

(...)) is only

present on surfaces and represents a dipole distribution of source strength den-
sity Pijnj . The second term ( ∂∂t (...)) is only present on moving surfaces. It
is of monopole character and represents the volume displacement effect that

occurs as the surface moves through the fluid. The third term ( ∂2

∂xi∂xj
(..)) is

the Lighthill source term. If there are no surfaces present, only this source
term remains and the equation is reduced to the classical equation by Lighthill
(1952), Equation (2.21) and (2.22).

Since there are no assumptions in the derivation of Equation (2.23), it is
valid under subsonic, transonic and supersonic conditions. However, in the
presence of shocks Tij will contain discontinuities other than those at surfaces,
and hence the equation has to be reformulated.

2.2.2. Estimation of Radiated Acoustic Power

Assuming compact sources (He � 1), i.e. that the acoustic source region is
small compared to the acoustic wave length, the acoustic power radiated by
a source can be estimated, for monopole, dipole and quadrupole sources. A
basis for the derivation of the source estimation presented here can be found in
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Åbom & Bodén (1995). In the frequency domain, the acoustic energy radiated
by compact monopoles (m) and dipoles (d) in a 1D infinite duct with flow is

Wm =
c ˆ|M|

2

8ρ0S
(1±M)2, M =

∫∫
(ρu)′dA, (2.24a)

W d =
ˆ|F|

2

8ρ0cS
, F =

∫∫
p′dA, (2.24b)

where A is the area of the source and S is the area of the duct cross-section.

For semi-infinite ducts, i.e. when the acoustic energy only can be radiated
in one direction, the factor 8 in the denominator is reduced to a factor 2.

2.3. Acoustic Two-Ports

An acoustic two-port establishes the linear relation between the acoustic prop-
erties up- and downstream of a duct component, as a function of frequency in
the plane wave range. If the two-port is known for the components in a system
it is possible to build a linear network model for the acoustics of the system.
There are several different formulations of the two-port, and here it is conve-
nient to use the scattering matrix formulation, see Glav & Åbom (1997). The
scattering matrix (S) relates the amplitudes of the incoming and the outgoing
waves, up- (a) and downstream (b) of the component, see Figure 2.1. In the
general case the scattering matrix can be written as

(
p̂a−
p̂b+

)
= S

(
p̂a+

p̂b−

)
+

(
p̂sa−
p̂sb+

)
, S =

(
S11 S12

S21 S22

)
, (2.25)

where S11 is the upstream reflection coefficient, S22 is the downstream reflec-
tion coefficient, S21 is the up- to downstream transmission coefficient, S12 is
the down- to upstream transmission coefficients, and psa and psb are the gener-
ated sound radiated in the up- and downstream directions, respectively. The
elements of the scattering matrix will be complex, and thus contain informa-
tion about both the amplitude of the coefficients and a possible phase shift
taking place between the up- and downstream sampling positions (used for the
acoustic variables).

To determine the four scattering-matrix elements, it is assumed that the
level of the incoming sound is high enough to neglect the sound generated by the
object itself. Then, in direct analogy with the experimental procedure in Åbom
(1991), two independent cases, with different incoming waves, are required.
This is obtained either with the acoustic excitation up- and downstream of the
component (the two-source method), or with two different loads. Using the
result from these two cases the scattering matrix is calculated from
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(
S11 S12

S21 S22

)
=

(
p̂1
a− p̂2

a−
p̂1
b+ p̂2

b+

)(
p̂1
a+ p̂2

a+

p̂1
b− p̂2

b−

)−1

, (2.26)

where the superscript (1 or 2) denotes the first or second case.

The sampling of acoustic variables is usually done at a distance from the
studied object, since it is desirable to avoid sampling in acoustic near fields or
in regions with high flow fluctuation levels. In acoustic near fields there can
be higher order modes, which rapidly decay further away from the object, and
this might influence the result. In regions of high flow fluctuation levels it is
difficult to extract the low amplitude acoustic fluctuations. When the sampling
is performed at a distance from the object, the phase of the scattering matrix
elements contain not only a possible phase shift due to the object, but also the
phase shift from the wave propagation between the object and the sampling
positions. To avoid this, the scattering matrix can be moved to the object with
the following equation (Lavrentjev et al. 1995):

S′ = T+ST−1
− , (2.27a)

T+ =

(
eika+x

′
a 0

0 eikb+x
′
b

)
, T− =

(
e−ika−x

′
a 0

0 e−ikb−x
′
b

)
, (2.27b)

where S′ is the modified scattering matrix that has been moved to the object,
x′a and x′b are the distances from the up- and downstream measuring positions
to the object, and k+ and k− are the wave numbers for waves propagating in the
down- and upstream directions, respectively, at the up- (a) and downstream (b)
sides of the orifice, see Equation (2.10a). The phase of the modified scattering
matrix is sensitive to the flow Mach number, thus a small error in the latter
can give a significant effect on the scattering matrix, as shown by Holmberg
(2010).

If the active part of the two-port is to be determined in the presence of
reflecting boundaries, the reflections at these boundaries and the scattering
matrix of the object must be known. The reason is that some of the pressure
fluctuations may correspond to reflected waves that were generated earlier. The
generated sound can then be calculated with the following expression (Lavren-
tjev et al. (1995)):

ps = (E− SR)(E + R)−1p, (2.28)

where E is the identity matrix, p is the measured acoustic pressure up- and
downstream of the object (i.e. the fluctuating pressure with the flow noise
suppressed), ps is the generated waves and R is the reflection matrix:

p =

(
pa
pb

)
ps =

(
psa−
psb+

)
R =

(
Ra 0
0 Rb

)
, (2.29)
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where Ra and Rb are the reflections in the up- and downstream ducts.

To calculate the generated sound from Equation (2.28), the scattering ma-
trix and the reflection matrix have to be determined at the cross section where
the pressure (p) is sampled. This cross section must, as stated earlier, usually
be at a distance from the object. The scattering matrix can be moved using
Equation (2.27a), where the distances xa and xb in Equation (2.27b) have to
be negative if it is moved further away from the object. The reflection matrix
is moved in a similar way.

2.3.1. Plane Wave Decomposition

To compute the scattering matrix, the sampled acoustic fluctuations have to be
decomposed into up- and downstream propagating waves. To compute these
waves a plane wave decomposition method is used. It is based on the assump-
tion that the acoustic fluctuations can be written as a sum of the down- and
upstream propagating waves, Equation (2.14). If both the pressure and the ve-
locity are available, which is the case in Computational Fluid Dynamics (CFD),
the plane wave relation, Equation (2.13), can be used to decompose the waves
according to:

p+ =
1

2
[p′ + ρ0c0u

′], p− =
1

2
[p′ − ρ0c0u

′]. (2.30)

If only the pressure is available, which normally is the case in measurements,
the wave is instead decomposed assuming harmonic waves

p′ = p̂e−iωt, (2.31)

p+ = p̂+e
−i(ωt−k+x), k+ = k/(1 +M), (2.32)

p− = p̂−e
−i(ωt+k−x), k− = k/(1−M). (2.33)

By measuring the pressure at two positions (x = 0 (1) and x = s (2)) the
pressure can now be determined using the two-microphone method (see e.g.
Chung & Blaser (1980))

p̂1 = p̂+ + p̂−, (2.34)

p̂2 = p̂+e
ik+s + p̂−e

−ik−s. (2.35)

If the pressure is measured at additional positions it is possible to get an over-
determined system, which reduces the error. Furthermore, with more measur-
ing positions it is possible to solve the non-linear system of equations to get
also the wave numbers and the Mach number, see e.g. Holmberg et al. (2011).
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2.3.2. Transmission Loss

The transmission loss (TL) is a measure of how much acoustic power that is
lost when a sound wave passes an object. More exactly, it is the difference
between the power of the wave approaching the object and the power of the
transmitted wave, when there is a reflection free termination. If the scattering
matrix for the object is known, the transmission loss is calculated as (Åbom
1991)

TL =

 10log
(

Aa(1+Ma)2ρbcb
Ab(1+Mb)2ρaca|Ta|2

)
Downstream

10log
(

Ab(1−Mb)2ρaca
Aa(1−Ma)2ρbcb|Tb|2

)
Upstream

, (2.36)

where A is the duct area.

2.4. Computational Aero-Acoustics

Computational Aero-Acoustics (CAA) is used to numerically solve aero-acoustic
problems. The most direct method is Direct Noise Computation (DNC), where
the acoustics is simulated as part of the flow through compressible non-linear
CFD. Theoretically, this method works for all types of acoustic problems, but
it is computationally very expensive, and errors can be significant due to the
amplitude of the acoustic fluctuations only being a small fraction of the flow
fluctuations.

When wave propagation and scattering is studied, linear methods are often
used to reduce the computational cost. The exception is for cases that involve
high amplitude oscillations, and thereby non-linear propagation, like e.g. the
buzz-saw noise generated in compressors at high rotational speeds; the high am-
plitude oscillations generated at the cylinders in internal combustion engines;
the whistling phenomenon where the acoustic amplitude grows until it is lim-
ited by non-linear effects. For simple cases of linear wave propagation analytical
functions are available. One example is sound propagation in a straight duct,
where the sound field is known at some cross-section; another example is the
free field propagation of sound from a source region to an observer. However,
numerical methods are required when the geometry becomes more complex,
the acoustic field is required in a larger region, or flow effects on the propa-
gation are important. This involves the solution of either the wave equation
or some more complex set of equations, e.g. the Linearized Euler Equations
(LEE), which are the linearized flow governing equations where viscous effects
have been neglected. The wave equation is normally only solved for simple
geometries, while LEE, and similar methods, are used to solve more general
wave propagation problems. Kierkegaard et al. (2010) e.g. used the linearized
Navier-Stokes equations to predict whistling by a ducted orifice plate.
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Even though it still is uncommon, direct noise computations have been
used to solve linear scattering problems. Föller & Polifke (2010) and Lacombe
et al. (2010) successfully used LES to compute the scattering by an area expan-
sion and the whistling ability of an orifice plate, respectively, with second order
accurate numerical methods. They simulated the entire two-port in one simu-
lation, by using completely non-reflecting boundary conditions and statistically
independent broadband excitation signals at the boundaries.

Sound generation is essentially a non-linear phenomenon, hence non-linear
methods are required. Here, a short summary of some methods will be pre-
sented, but for more information see e.g. Colonius & Lele (2004), or Wagner
et al. (2007) for details about LES for acoustics.

If the acoustic field only is of interest in a small domain close to the source
region direct noise computations can be performed. Different CFD models may
be used for this, but the most common is probably direct numerical simulation
(DNS) for simple geometries and low Reynolds numbers, and LES for more
complex geometries and higher Reynolds numbers. An area where DNC com-
monly is used is jet noise, where e.g. Bogey & Bailly (2007) performed an LES
of a jet at Mach 0.6 and 0.9, and correlated the flow fluctuations at the jet
centreline and shear layers with the radiated pressure fluctuations. Cavalieri
et al. (2010) used LES to explore the sound generation by intermittent high
amplitude events in a jet at Mach 0.9, using Fourier decomposition in the az-
imuthal direction and a continuous wavelet transform in the temporal direction.
Gloerfelt & Lafon (2008) performed an LES of a jet from a ducted diaphragm,
and identified the sound generating mechanism by correlation between the ra-
diated sound and the flow fluctuations. Silva et al. (2010) proposed a method
for separating the acoustic pressure from the hydrodynamic pressure in a low
Mach number LES, to study the acoustics of confined reactive flows, showing
good results compared to a hybrid method. More information about DNC and
its applications can be found in e.g. Bailly et al. (2010).

If acoustic information is required at a larger distance from the source
hybrid methods are needed, and these are the most commonly used methods
today. In these methods the full non-linear equations are solved in the source
region, and the result is used as input to a linear propagation equation. The
linear equation is then used to propagate the sound to the observer, and can
be solved on a much coarser grid. Different CFD models may be used in the
source region. Geiser et al. (2010) compared the use of DNS and LES for a
jet, and found a good agreement in the forward direction, while there were
larger discrepancies in the side-line and backward directions, where the sound
is dominated by small scale fluctuations that are not captured in an LES.

The input to a propagation equation can be either in the form of source
terms, which are computed in the source region and interpolated to the acoustic
grid, or in the form of a boundary condition, containing the generated acoustic
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fluctuations extracted from an integration surface around the source region.
An advantage with using a formulation based on source terms is that it may
give information about the sound generating mechanisms. However, it is not
always possible to study the source terms individually at different positions in
space, since acoustic fluctuations generated at different positions might be out
of phase, and cancel each other out when added together. On the other hand,
it might be possible to test which sources in which regions that have the largest
impact on the resulting sound field. A disadvantage with source terms is that
the result is sensitive to phase errors in the solution, since this will cause errors
in the source cancellation, and hence might result in errors in the predicted
sound levels. Another disadvantage is that the result is sensitive to the inter-
polation scheme used to move data to the acoustic grid, as shown by Piellard
& Bailly (2010). Additionally, numerical errors might act as sound sources. If
information about the source terms is not required, the above problems can
be avoided by using an integral method, i.e. by using an integration surface
around the source region. A disadvantage with this method is, however, that
it is sensitive to where the integration surface is placed, since it is important to
include all sources and that no turbulent fluctuations are interpreted as acous-
tic waves at the surface. This has been observed by e.g. Gröschel et al. (2008),
who found a strong sensitivity to the position of the integration surface.

The simplest types of hybrid methods are based on acoustic analogies, see
Section 2.2.1. The source terms in these types of analogies represent different
sound generating mechanisms, see Section 2.2, and should therefore represent
the amount of sound generated by the different mechanisms. The disadvantage
with the acoustic analogies is that it is the free-field wave equation that is
solved, which does not include convection and refraction effects due to a mean
flow. These effects are instead incorporated in the source terms. Hence, it can
be difficult to separate the real acoustic sources from convection and refraction
”sources”, and the result becomes sensitive to numerical errors. Additionally,
the quadrupole source term present in these analogies consists of a second
derivative, which easily yields numerical errors. Ffowcs Williams and Hawkings
analogy can, however, also be used as an integral method, which prevents these
problems. This is a common method, and it has been used by e.g. Lai &
Luo (2007) to predict the sound from flow over an open cavity. Despite their
shortcomings, acoustic analogies can be, and often are, useful in predicting
the far-field sound. Although, they are mainly used for external flow problems,
where there is no flow outside the source region, and with higher order accurate
numerical methods. There are, however, examples of acoustic analogies being
used for internal flows, where Piellard & Bailly (2010) used Lighthill’s acoustic
analogy to compute the sound from a ducted diaphragm, using data from
second order accurate LES.
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Considering more complex hybrid methods, LEE with source terms is the
most common method. An alternative, newer, method is the Acoustic Pertur-
bation Equations (APE), which were derived by Ewert & Schröder (2003) from
the LEE with source terms. Recently, a reformulation of the APE was also
introduced by Koh et al. (2011), who proposed a new entropy source term, im-
proving the result for problems with non-uniform density distributions. APE
have the advantage over LEE of being hydrodynamically stable. This is ob-
served in sheared flows, in the time domain, where LEE can become unstable
when vortices growing in shear layers are not damped by viscosity or non-
linearities, as they physically would be. A possible disadvantage with the APE
is that they were derived for sound generation by vorticity, and hence are most
appropriate for this type of sound generation. Other corrections to LEE have
also been proposed, in order to avoid unstable solutions, but they will not be
discussed here. These more complex hybrid methods have in common that
they describe linear wave propagation in a mean flow, and both this mean flow
and source terms are input to the equations. This is an improvement com-
pared to the acoustic analogies, since it allows for a better separation of source
mechanisms and convection and refraction effects. Furthermore, the methods
are less sensitive to errors in the source data. When it comes to studying the
sources themselves, these methods have proven capable of showing the origin
of the sound for some cases. Addad et al. (2003) e.g. performed a hybrid LES
- LEE simulation, of a forward-backward facing step, which clearly showed the
acoustic pressure oscillations and their origin. Gröschel et al. (2008) performed
a hybrid LES-APE simulation of a jet, showing which source term that caused
the sound generation, and the result was better compared to measurements
than that computed with a Ffowcs Williams and Hawkings integral method.



CHAPTER 3

Simulations: Models, Methods & Setup

In the work presented here, direct noise computations have been performed.
This approach is used with the aim of finding methods appropriate for the
acoustic analysis of duct components, where non-linear effects can be impor-
tant both for the generation and scattering of sound. Furthermore, the sound
is assumed to be radiated into straight ducts, so the generated sound can be ex-
tracted fairly close to the source and then be propagated analytically, assuming
acoustic near fields and flow-acoustic interaction effects are negligible.

3.1. Governing Equations

The equations governing the flow, including the acoustics, are the compressible
equations for conservation of mass, momentum and energy, also called the
Navier-Stokes equations, together with an equation of state. A derivation of
the conservation equations on different forms can be found in e.g. Anderson
(1995). In conservation form the equations, using standard index notation, are:

∂ρ

∂t
+
∂(ρui)

∂xi
= 0, (3.1a)

∂(ρui)

∂t
+
∂(ρuiuj)

∂xj
= − ∂p

∂xi
+
∂σij
∂xj

+ fi, (3.1b)

∂

∂t
[ρ(e+ 1

2u
2)] +

∂

∂xi
[ρui(e+ 1

2u
2)] = −∂(pui)

∂xi
+
∂(σijuj)

∂xi
− ∂qi
∂xi

+ fiui,

(3.1c)

where ρ is the density, ui is the velocity component in the i-direction, u2 = uiui,
p is the static pressure, σij is the viscous stress tensor, e is the internal energy
per unit mass, fi is a possible external force field (per unit volume) acting on
the fluid (e.g. gravity) and qi is the heat flux. In this work the external force
field, fi, is used to excite acoustic waves in some cases, by adding a fluctuating
force in a cross-section.

In order to close the conservation equations an equation of state is needed.
Assuming that air is an ideal gas, we use

p = ρRT, (3.2)

31
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where R is the specific gas constant and T is the absolute temperature. Air is
further assumed to be calorically perfect, i.e. the temperature is low enough so
that the vibrational and electronic modes of the molecules are not excited. The
internal energy will then be proportional to the temperature, and is related to
the pressure, velocity and density through the following equation:

p = (γ − 1)

(
ρe+

ρu2

6

)
, (3.3)

where γ is the ratio of specific heats at constant pressure (cp) and volume (cv).

Air is also assumed to be a Newtonian fluid, which means that the stress
due to fluid motion is assumed to be a linear function of the strain, i.e. the
gradients of the flow state variables. The viscous stress tensor represents the
stress due to fluid motion, and is then given by

σij = 2µ(Sij − 1
3Skkδij), (3.4)

where µ is the dynamic viscosity, which is a function of temperature, and Sij
is the rate of strain tensor, defined as

Sij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
. (3.5)

The heat flux is assumed to obey Fourier’s law,

qi = −K ∂T

∂xi
, (3.6)

where K is the heat conductivity, which is a function of temperature.

3.2. Turbulence & LES

In contrast to laminar flows, which are smooth and deterministic in character,
turbulent flows are chaotic and random, and hence can be characterized only
by their stochastic properties. They are characterized by a mean and a random
fluctuating part. The transition from laminar to turbulent flow occurs when
the inertial forces (non-linear in terms of velocity) in the flow become strong
enough, as compared to the viscous forces. This is described in terms of the
Reynolds number (Re), which is the ratio of the inertial to the viscous forces,

Re =
V L

ν
, (3.7)

where V is a characteristic velocity for the flow, L is a characteristic length scale
and ν = µ/ρ is the kinematic viscosity. In a pipe, laminar flow can in theory be
maintained up to infinite Reynolds numbers in the absence of perturbations.
In reality perturbations are, however, always present, and transition usually
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Figure 3.1. Turbulent kinetic energy spectra, with approx-
imate positions corresponding to the integral length scale L,
the Taylor length scale λg and the Kolmogorov length scale η.

occurs at Reynolds numbers of the order of 103, depending on the experimental
set-up (i.e. perturbation type and strength). In simulations, on the other hand,
it is possible to have laminar flow also at high Reynolds numbers, depending
on the numerics.

Turbulent flows contain a large number of eddies of different sizes. The
energy distribution among the different scales of the turbulent fluctuations are
shown in a schematic plot, Figure 3.1. The large scale eddies contain most of
the energy, which is supplied by the mean flow. The energy is then successively
transferred to smaller and smaller eddies, and eventually when the eddies be-
come small enough they are dissipated to heat by viscosity. The characteristics
and the size of the large scale eddies, in the energy containing range, are deter-
mined by the geometry and the particular (problem specific) flow field, and the
size of these eddies is referred to as the integral length scale L. The smallest
scales (found in the dissipative range) are the so called Kolmogorov scales η,
which are universal and isotropic away from boundaries, and scale as Re−3/4L
for high Reynolds numbers. In between the energy containing range and the
dissipative range lies the inertial sub-range, which contains intermediate sized
eddies that are characterized by their inertia and the transfer of energy to
successively smaller scales. In this sub-range, the spectrum of the turbulent
kinetic energy is independent of viscosity, and the slope is proportional to the
power of the wave number, with the exponent −5/3. For deeper insight into
the characteristics of turbulence and turbulent flows see a textbook, e.g. Pope
(2000).
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3.2.1. Turbulence Modelling

The turbulent fluctuations are included if the equations governing the flow,
Equation (3.1), are solved with Direct Numerical Simulations (DNS), where
all the scales of the fluctuations in the flow are resolved. With this method
the computational effort increases as approximately Re3. Thus, as the Rey-
nolds number is increased DNS becomes computationally very expensive, and
eventually impossible with the computational resources available today. The
turbulence therefore has to be modelled.

The most commonly used turbulence models are Reynolds Average Navier
Stokes (RANS) models. In these models the flow variables are split into a
mean and a fluctuating part. Inserting this decomposition into the governing
equations, and averaging them, gives equations for the mean variables that
look similar to the basic governing equations, but with one additional term,
the Reynolds stress tensor u′iu

′
j (where u′i are the velocity fluctuations). There

is no analytical expression for the Reynolds stress tensor, so to solve the aver-
aged equations for the mean quantities it has to be modelled. Different RANS
models have been suggested. The eddy viscosity models are the most simple
and the most often used ones, especially in industrial applications. In these
models the Reynolds stress is assumed to be proportional to the rate of strain,
Equation (3.5), and to a so called eddy viscosity νT . Several different methods
for modelling the eddy viscosity exist, but they all have in common that they
assume it to be isotropic and to only depend on the local flow field, and they
are calibrated against simple flow cases, e.g. flow over a flat plate. The most
well known and used eddy viscosity models are probably the Spalart-Allmara
model, k − ε and k − ω.

The advantage with RANS, especially the eddy viscosity models, is that
it is computationally cheap, since the turbulent fluctuations do not have to be
resolved, and a coarse mesh can be used. Furthermore, if the mean is com-
puted as an ensemble average, the mean flow may still be time dependent. The
main disadvantage is then that the range of time-scales resolved in such models
must be separated from the turbulent scales, since the models are designed for
statistically stationary turbulent flows (which are used for model calibration).
Additionally, by nature, higher frequencies can be smoothed out by introducing
dissipation, which may cause problems with low amplitude acoustic fluctua-
tions. Thus, when the acoustic frequencies lie in the range of larger turbulent
scales (i.e. between the integral and Taylor scales, see Figure 3.1) RANS mod-
elling is inherently problematic, and hence, only Large Eddy Simulation (LES)
is the alternative, if DNS is not possible.

LES is computationally much cheaper than DNS (O(Re2) instead of O(Re3)),
even though it is much more expensive than RANS. The idea of LES is that
the larger energy containing scales are resolved in the simulation, while the
small dissipative scales are modelled. The definition of ”small scales” is such
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Figure 3.2. The turbulent kinetic energy spectra divided into
one resolved and one unresolved, modelled, part for LES.

that they are not dependent on the specific geometry, and the turbulent kinetic
energy spectra is cut somewhere in the inertial sub-range, into a resolved and
an unresolved (modelled) part, as illustrated in Figure 3.2. Under such condi-
tions one may assume that the behaviour of these small scales is universal, and
hence can be modelled.

In LES the Navier-Stokes equations, Equation (3.1), are filtered with a
spatial low-pass filter, splitting the variables into a resolved and an unresolved
part. This filtering introduces additional terms in the equations, so called
Sub-Grid-Scale (SGS) terms. In order to solve the filtered equations, these
SGS terms have to be modelled. However, given that the small (unresolved)
scales tend to be universal at high Reynolds numbers, it is easier to suggest
appropriate SGS models than RANS models.

The filter length scale (∆) is normally determined by the mesh, and a

common expression is ∆ = V
1/3
cell , where Vcell is the cell volume. Though, there

are other formulations that might be more appropriate for less uniform grids.
Sometimes the filter length scale is set to the size of a couple of cells, in order to
enable one to better estimate the SGS terms (as in the Scale Similarity Model,
SSM). Several types of explicit filters exist, but it is also common to let the
discretization scheme itself act as a low-pass filter.

A model for the SGS terms should account for the effects of the sub-grid
scales on the resolved scales, and for their most important physical property,
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which is dissipation of turbulent kinetic energy. Instantaneously, there is also
energy transfer from the smaller to the larger scales, a phenomenon known as
backscatter. Nevertheless, this effect may be neglected if the spatial resolution
is fine enough (i.e. resolving a portion of the inertial sub-range). Under such
conditions the separation of scales between the energy bearing eddies and the
unresolved scales is large enough to ensure small errors.

A common way of introducing the dissipation at the small scales is by
introducing additional viscosity, for example as eddy viscosity in analogy to
some RANS models:

τSGS = −2νtS, (3.8)

where τSGS is the SGS stress tensor, νt is the eddy viscosity that can be
modelled in different ways, and S is the filtered rate of deformation. In the
compressible case the above expression is somewhat modified, but it is common
to model the eddy viscosity as in the incompressible case. The downside of the
eddy viscosity SGS models is that they can introduce too much dissipation,
whereby the effective Reynolds number of the problem is reduced, as shown by
Bogey & Bailly (2005). An alternative way of modelling the dissipative effect
of the smallest scales is by filtering the solution, where e.g. an explicit filter
is used to remove fluctuations with a length scale close to the cell size. This
approach is used less often, and mostly coupled with some explicit model (e.g.
SSM).

The Smagorinsky model is the oldest SGS model, and it is often used due
to its simplicity. The model is obtained from dimensional analysis, implying
that the eddy viscosity is modelled as

νt = (Cs∆)2
√

2SijSij , (3.9)

where Cs is a model constant. In the original Smagorinsky model Cs is a
constant that has been calibrated for isotropic turbulence. By allowing this
modelling constant to vary the modelling error can be reduced, and this is done
in the so called dynamic Smagorinsky model, where the constant is adapted
to the local flow at every time-step. The dynamic model has the advantage
that it vanishes in the near wall region and in fully resolved flow regions, and
it is therefore better able to capture transition processes. The drawback of the
model is that it is more complex, and the constant may become ”too” negative,
leading to numerical stability problems.

An alternative to using an explicit model for the sub-grid scales is to use
implicit LES. With this approach the dissipation present from the numerical
scheme is assumed to take care of the dissipation at small scales, and thereby
account for the most important role of the SGS terms. One may show, using
dimensional arguments, that the SGS model is second order in the filter length,
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so as the resolution is improved, and the filter length decrease, the SGS terms

behave as ∆
2
. Hence, if the filter length is small enough no explicit expression

for the SGS terms is needed, and for a second order accurate scheme, the
SGS terms are of the of the same order of magnitude as the discretization

error, ∆
2 ∼ ∆x2. Furthermore, the idea of implicit LES can be described by

studying the modified incompressible momentum equation that is satisfied by
the numerical filtered solution, containing numerical errors (e.g. truncation
errors),

∂vi
∂t

+ vj
∂vi
∂xj

= −1

ρ

∂p

∂xi
+ ν

∂2vj
∂xi∂xj

− ∂

∂xi
(τSGSij + τnumij ), (3.10)

where over-lined variables are filtered and τnumij is additional numerical stresses,
which represent the numerical error. From this expression it is easily seen
that the dissipation from the SGS stresses and the numerical discretization
are additive. This implies that by using an appropriate numerical method the
numerical scheme can act as an SGS model, and no explicit model is needed.
The problem with implicit LES is that the numerical dissipation is difficult to
control, i.e. the amount of dissipation is a function of the grid, the discretization
scheme and the flow. Therefore it is often argued that it is more physical to
use an explicit model together with a low dissipation numerical scheme. At
the same time it can be argued that if numerical dissipation already is present
in the LES solver, which is the case in all general CFD codes where lower
order accurate schemes often are used, it is not desirable to add additional
dissipation in the form of an explicit SGS model. However, if implicit LES is
used, it is important to be aware of the fact that the result is strongly dependent
on the grid resolution and the numerical scheme if the spatial resolution is
not adequate (i.e. not well within the inertial sub-range). As the grid is
refined, and the resolved range is extended towards the Kolmogorov scale,
which can be attained nowadays for low Reynolds numbers, LES tends to DNS
and thereby the implicit LES (as well as most explicit SGS models) are in fact
approximations rather than models in a strict meaning. For more information
on implicit LES see Grinstein et al. (2007).

The numerical computations presented in this work have been performed
with implicit LES. This method was chosen based on the second order spatial
scheme, which adds numerical dissipation that does not seem to require any
further enhancement. We also make sure that the spatial resolution is such that
a proportion of the inertial sub-range is resolved; a range, whereby Kolmogorovs
theory, the mean transfer of turbulent kinetic energy from large to small scales
is independent of viscosity (numerical or molecular), see e.g. Pope (2000).
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3.3. Numerical Methods

The Navier-Stokes equations are a system of non-linear partial differential equa-
tions, and no general analytical solution exists. Instead, numerical techniques
are used and the result depends on the specified boundary conditions, and oc-
casionally also on the initial condition. To solve the problem numerically the
equations are discretized, giving a set of coupled non-linear algebraic equations
that are solved. There are three common discretization methods for fluid dy-
namic problems, finite volume (FV), finite difference (FD) and finite elements
(FE). For all numerical simulations presented in this thesis the general com-
pressible CFD code Edge has been used, see Eliasson (2001). This code has a
density based solver and uses the finite volume discretization method.

3.3.1. Temporal Discretization

There are two main types of temporal discretization, explicit and implicit. Ex-
plicit methods are simpler than implicit methods and require less computational
effort for each time-step, since the flow field at the new time is calculated using
the flow field only at the old time-step. The drawback with explicit schemes is
that very small time-steps can be required for stability. In implicit methods an
iterative, steady-state like, procedure is used to calculate the flow field at the
subsequent time, allowing for significantly larger time steps. This can signifi-
cantly reduce the computational time for some problems, making the implicit
methods the most commonly used.

In LES it is desirable to make sure that no physical information can propa-
gate further than one grid cell at one time step. This gives a coupling between
the temporal and the spatial discretization of the problem. This condition is
expressed in terms the Courant Friedrichs Lewy (CFL) condition, which states
that the Courant number must be less than one

CFL =
U∆t

∆x
≤ 1, (3.11)

where ∆t is the time step, ∆x is the cell size and U = |u|+ c is the maximum
physical propagation speed, where u is the convection velocity and c is the speed
of sound. This is the same condition that theoretically is required for stability
of explicit schemes, even though an even lower value often is required in reality,
depending on the exact discretization scheme and the implementation.

In this work an explicit temporal discretization has been used, since a small
time step is desirable also for physical reasons. The explicit time marching
consist of a low storage, four stage, formally second order accurate Runge-
Kutta scheme. The advantage of this scheme is that it requires the lowest
possible storage for a Runge-Kutta scheme. The disadvantage is that it can
formally not be of more than second order accuracy for non-linear problems.
To only have a second order accurate scheme can be considered low for acoustic
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problems, but to ensure stability the maximum Courant number was around
0.6, ensuring a small time-step compared to the spatial discretization size. This
implies that the spatial discretization is the most important parameter for the
accuracy of the problem.

3.3.2. Spatial Discretization

The spatial discretization is a formally second order accurate central scheme.
Central schemes have the advantage of having very low numerical dissipation,
which is desirable in LES for acoustics. The disadvantage is that they can
introduce spurious oscillations and unphysical dispersion, which implies that
the speed of sound becomes frequency dependent. To ensure stability the un-
physical oscillations must be damped numerically, which commonly is done by
adding some type of artificial, numerical, dissipation to the equations. Here,
a Jameson type of artificial dissipation is added to the central scheme, see
Jameson et al. (1981). The dissipation is a blend of second and fourth order
differences, where the former is active in the neighbourhood of shocks and is
small in smooth flow regions, and the latter is switched off in the vicinity of
shocks. The implementation of the artificial dissipation in the equations is by
adding an extra, dissipative, flux to the inviscid fluxes.

As a comparison to the central scheme, a second order blended upwind -
central scheme has been tested. The advantage with upwind schemes is that
they are less dispersive and do not introduce unphysical oscillations. The dis-
advantage is that they are dissipative. The blended scheme used is of Roe flux
difference splitting type. The convective term is then computed as a central
part with additional upwind dissipation.

3.3.3. Navier Stokes Characteristic Boundary Condition
with Plane Wave Masking

Here, the Navier Stokes Characteristic Boundary Condition (NSCBC) with
plane wave masking, introduced by Polifke et al. (2006), will be presented. The
boundary condition is an extension of the NSCBC introduced by Poinsot & Lele
(1992), in order to give better non-reflecting characteristics at low frequencies.
A further extension of this boundary condition was presented by Kaess et al.
(2008), giving an arbitrary reflection coefficient, but this will not be discussed
here. In the simulations performed on the thick plate geometries in this work,
this boundary condition has been used at the outlet, while only the plane wave
masking part is used at the inlet.

As described by Poinsot & Lele (1992), there are five characteristic veloci-
ties, accompanied by characteristic waves. The amplitudes of these waves are
given by
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L1 = (u1 − c)
(
∂p

∂x1
− ρc∂u1

∂x1

)
, (3.12a)

L2 = u1

(
c2
∂ρ

∂x1
− ∂p

∂x1

)
, (3.12b)

L3 = u1
∂u2

∂x1
, (3.12c)

L4 = u1
∂u3

∂x1
, (3.12d)

L5 = (u1 + c)

(
∂p

∂x1
+ ρc

∂u1

∂x1

)
, (3.12e)

where u1 is the velocity in the propagation (main flow) direction, and u2 and
u3 are the two perpendicular velocity components. L1 corresponds to acoustic
waves propagating upstream (for subsonic flows) and L5 corresponds to acous-
tic waves propagating downstream. L2 corresponds to entropy waves, which
are convected downstream, and L3 and L4 correspond to the convection of u2

and u3, respectively, in the x1 direction.

The approach used in the NSCBC technique is to assume a local 1D inviscid
problem. This is done by rewriting the flow governing equations in a form based
on the characteristics Li, and neglecting transverse and viscous terms, at each
point on the boundary. In terms of the primitive variables, we then get the
following system:

∂p

∂t
+

1

2
(L5 + L1) = 0, (3.13a)

∂u1

∂t
+

1

2ρc
(L5 −L1) = 0, (3.13b)

∂ρ

∂t
+

1

c2

[
L2 +

1

2
(L5 + L1)

]
= 0, (3.13c)

∂u2

∂t
+ L3 = 0, (3.13d)

∂u3

∂t
+ L4 = 0. (3.13e)

This system of equations allows us to specify values for the wave amplitudes
at a boundary. L2 to L5 have to be specified at the inlet, while L1 has to be
specified at the outlet for subsonic flows and at the inlet for supersonic flows.

In order to get a perfect non-reflecting boundary condition, all Li would
have to be set equal to zero. This is, however, not possible, since it will cause
the primitive variables to drift away from their target values. Instead, a linear
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relaxation term is introduced, generating a corrective signal whenever the pres-
sure or velocity deviates from its target value. Poinsot & Lele (1992) formulated
the following corrective signal for an outlet boundary:

L1 = K(p− pT ), (3.14)

where pT is the target pressure, K = σ(1 −M 2)c/L is a constant, M is the
maximum Mach number in the flow, L is a characteristic size of the domain
and σ is a constant. A similar expression can be obtained for the inlet,

L5 = Kρc(u− uT ), (3.15)

where uT is the target velocity. In general the following expression can be used:

Li = K · const · (ϕ− ϕT ), (3.16)

where ϕ is the normal velocity for L1, the density for L2, the tangential velocity
for L3 and L4, and const is a constant chosen so Li gets the correct unit (e.g.
c2 for L2). This boundary condition is effective for waves with relatively high
frequencies. Furthermore, if the value of K is too small a drift away from the
target pressure can be observed, but if it is too large the reflection increases.

In order to get a non-reflecting boundary condition also for low-frequency
waves, Polifke et al. (2006) have modified the NSCBC by adding plane wave
masking. In this method one explicitly subtract the plane wave acoustic contri-
bution to the pressure in Equation (3.14), to the velocity in Equation (3.15) and
to the density in Equation (3.16). The other variables are not affected. This is
done by using the acoustic down- and upstream propagating waves (p+ and p−),
and their coupling to the acoustic fluctuations p′, u′ and ρ′, Equation (2.12)
to (2.14). At a non-reflecting outlet boundary condition p− = 0, and at a
non-reflecting inlet p+ = 0, which gives acoustic pressure fluctuations p′ = p+

at the outlet and acoustic velocity and density fluctuations u′ = −p−/(ρc),
ρ′ = p−/c

2 at the inlet. If these fluctuations are subtracted from the variables
at the boundary in the NSCBC, the boundary condition for the characteristic
wave amplitudes L1 and L5 take the form

L1 = K(p− p+ − pT ), (3.17a)

L5 = Kρc(u+ p−/(ρc)− uT ). (3.17b)

This boundary condition will now be non-reflecting, at the same time as it
ensures mean flow control by allowing a larger value for the constant K, i.e.
the possibility of pressure drift is decreased.

To implement the boundary conditions of Equation (3.17), the up- and
downstream propagating waves have to be calculated, which is done with the
plane wave decomposition, Equation (2.30). Only plane waves, with wave fronts
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parallel to the boundary are masked, so turbulent fluctuations are reduced by
taking the area average of the variable over the duct cross-section, just inside
the boundary. To get the fluctuating acoustic variables, the mean value has to
be subtracted. This value must therefore be given as an input to the boundary
condition.

Finally, the outlet pressure is specified through Equation (3.13a), using
Equation (3.17a) to get L1 and Equation (3.12e) to get L5. Then, as only the
plane wave masking part of the boundary condition is used at the inlet, the
velocity and density are specified as

uin = uT − p−/(ρc), (3.18a)

ρin = ρT + p−/c
2. (3.18b)

3.4. Numerical Accuracy and Uncertainties

When a numerical computation is performed there are several sources of error
that may affect the accuracy of the result. First of all, there can be modelling
errors, which means that the governing equations, Equation (3.1 - 3.6), are
not correctly describing the flow. These equations have, however, with good
results been used for a long time for different types of flows, and should not
introduce any significant error. The error would instead be in the implicit LES
assumption, i.e. that the equations are still correctly describing the flow when
the small scales are not resolved.

The largest error source in LES is probably the discretization error, which
comes from the discretization of the equations and the flow variables. This
error depends on the numerical schemes used to solve the problem and on the
spatial and temporal resolution. In the study presented here, formally second
order accurate schemes have been used both in time and space. Furthermore,
it is assumed that it is the spatial resolution that is limiting the accuracy, since
the explicit temporal scheme used requires a small time-step compared to the
corresponding spatial discretization.

As a computer performs computations with a limited number of significant
digits there can also be round off errors. However, in this work the computa-
tions have been performed with double precision, which practically eliminates
the round off error.

Additional possible (statistical) errors can come from short simulation
times. When a new simulation is started it takes some time before the flow
field reaches statistical steady state. So unless this startup transient is to be
studied, it should be avoided to include it in the data analysis. Furthermore,
when unsteady flow is studied it is the statistics that are of interest, so av-
eraging has to be performed to avoid errors from too few samples. One then
have to make sure that the sampling time is long enough. In this work the
effect on the scattering matrix from varying the number of averages has been
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studied for a numerical test case, to ensure an acceptable level of the error, see
Section 5.3.4 and 6.6.1.

An uncertainty, which is not exactly an error, but significantly can affect
the result in some cases, is the boundary conditions. In the best case one may
have measured the boundary conditions, giving the mean and the level of the
velocity fluctuations at the boundary. Some problems are very sensitive to
changes in the boundary conditions, and a few per-cent change in e.g. the inlet
velocity might have a significant effect on the result. This is of importance to
know, since it normally is assumed that the result is valid even if the conditions
only approximate those in the simulation. In some situations one assumes ideal
flow conditions at the boundaries, e.g. fully developed pipe flow. However, even
such conditions are hardly met by experiments.

To verify the results one can do a numerical accuracy study, where the
discretization errors are investigated by computing the flow on successively
finer grids. Numerical accuracy studies are used both to get the apparent
order of accuracy of the numerical schemes, as compared to the formal order
of accuracy, and to investigate the numerical uncertainty in the results, or the
level of the numerical error. For this work a grid refinement study has been
performed, using three grids, see Appendix A.

To validate computational results they can be compared to experimental or
DNS results, where the latter only can be used for low Reynolds number flows,
and therefore not for the problems presented in this work. When simulations
are compared to measurements the resulting error is the sum of all errors and
uncertainties, and it is difficult to identify the origin of possible discrepancies.
Furthermore, the accuracy of the measurements and possible differences be-
tween the real and the specified boundary conditions have to be considered.
The exact boundary conditions are often not given for the experiment, espe-
cially if the flow is non-stationary. It may also be difficult to numerically specify
the physical boundary condition. This can give discrepancies in the flow field
between the simulations and measurements that are not due to errors.

The result of the computations performed in this work are compared to
measurements performed by Tiikoja (2012), with an in general good agree-
ment. The comparison was performed for the scattering matrix, since so far
the active part is not available from the on-going experiments at KTH. The
main uncertainty in the comparison is the inlet conditions, for which only the
mean variables were measured.

3.5. Setup

The geometry studied is an orifice plate placed in a duct. The orifice is cir-
cular and centrally located on the plate. Two different basic geometries are
considered. One of the geometries has a thin plate, and is used to study the
sensitivity on the scattering from numerical methods, boundary conditions and
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flow noise suppression methods. The other geometries have a thick plate, for
which the acoustic properties are investigated, for enhanced understanding.

3.5.1. Thin Plate Case

The thin orifice plate geometry is illustrated in Figure 3.3. The plate is 2 mm
thick, has a 30 mm in diameter orifice, with sharp edges, and is placed in
a 57 mm in diameter circular duct, giving an area contraction ratio of 0.28.
Simulations are performed with an inlet Mach number around 0.1.

The walls in the domain are specified as adiabatic, i.e. no heat transfer to
or from the walls, and either slip or no-slip boundary conditions have been used.
The no-slip boundary condition is the physical one (for viscous flows), where all
velocity components are forced to zero at the wall. The slip boundary condition
only forces the normal velocity to zero, which is compatible with inviscid flows.
At the duct walls the slip boundary condition is used in all computations except
one, where it is tested that this simplification does not affect the flow in a way
that influence the acoustics. The reason for using this boundary condition is
that it gives significantly less dissipation of propagating waves and it preserves
the validity of Equation (2.12), by keeping the theoretical mode shapes, which
are destroyed close to the wall with the no-slip boundary condition as the
acoustic velocity is forced to zero. The slip boundary condition also decreases
the grid size, since in the absence of a boundary layer a coarser grid can be
used next to the duct walls.

At the outlet boundary the static pressure has been set to 100 kPa. At
the inlet the three velocity components and the density have been specified.
When acoustic waves are excited downstream a time varying pressure is used,
where an oscillating part is added to the mean value. When acoustic waves are
excited upstream a time varying normal velocity and density are used, where
oscillations are added to the mean values. The velocity and density oscillations
are in phase, and the amplitudes are related with Equation (2.12).

Ø 57 Ø 30

2

Figure 3.3. The thin orifice plate geometry. All dimensions
are in mm.
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Computational Grid

Four different grids have been used for this geometry, but the basic structure
is the same for all of them. To ensure a good mesh in the circular geometry
a structured hex grid, based on an O-grid, has been used. The grid looks the
same at each cross-section of the duct, with smaller cells at the radius of the
plate edges. In the axial direction the cells are shortest at the plate, and then
successively stretched towards the inlet and the outlet boundaries. At the plate
the cell size is one tenth of the plate thickness in the axial direction, and there
are larger cells at the duct walls. In the axial direction the cells are stretched
with 2.2 % to a maximum cell length of 6.5 mm, which means that for an
acoustic wave of 1500 Hz there are a minimum of 30 cells per wavelength.

One of the grids is for a geometry with longer ducts, where the upstream
duct is 15 duct diameters and the downstream duct is 35 duct diameters. The
three other grids are for a geometry with shorter ducts, where the upstream
duct is 5 duct diameters and the downstream duct is 15 duct diameters. The
grid in the long duct geometry has the structure described above, resulting
in 4.9 million nodes. The basic grid in the short duct geometry also has this
structure, resulting in 2.4 million nodes. This grid has then been refined at
the duct walls, in order to use a no-slip boundary condition, resulting in a grid
with 3.3 million nodes. Finally, the resolution at duct cross sections and at the
plate has been improved compared to the basic short duct grid, resulting in a
grid with 5.5 million nodes. This gave an axial cell length at the plate that is
one twentieth of the plate width. The stretching in the axial direction has at
the same time been increased to 4 %, but with the same maximum cell length.

3.5.2. Thick Plate Cases

The geometries studied here have a thick orifice plate placed in a duct. Four
geometries are considered, as illustrated in Figure 3.4. The orifice is 24 mm
in diameter, with an area contraction ratio of 0.36, in all geometries. In the
cases called Square the plate is placed in a square duct, while it for the other
cases is placed in a circular duct. The plate is 20 mm long, except for in the
geometry Thinner, where it is 15 mm. In the case Cut there is a 2 mm chamfer
of the plate upstream edge, i.e. part of the upstream edge is cut away, to get
a smoother inflow. The duct is 0.4 m long upstream of the plate and 0.88 m
long downstream of the plate.

Three different mass flows are considered, giving in total eight different
cases, summarized in Table 3.1. The labelling of the cases shown in Table 3.1
refer to the different geometries shown in Figure 3.4, and will be used through-
out this work.

The walls in the domain are specified as no-slip and adiabatic, i.e. no heat
transfer to or from the walls. The no-slip boundary condition is the physical
one (for viscous flows), where all velocity components are forced to zero at the
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Table 3.1. The investigated cases, and their boundary conditions.

ṁ [g/s] Min ρin [kg/m3] Tin [K] pout [kPa]
Circ m50 50 0.092 1.24 294 100
Square m50 50 0.092 1.25 292 100
Cut m50 50 0.098 1.25 293 100
Thinner m50 50 0.096 1.25 294 100
Circ m100 100 0.16 1.45 294 101
Square m100 100 0.16 1.46 293 101
Circ m150 150 0.18 1.91 297 103
Square m150 150 0.18 1.95 292 103

wall. At the outlet boundary the non-reflecting Navier-Stokes characteristic
boundary condition with plane wave masking is used. At the inlet a plane
wave masking boundary condition is used. The theory behind the in- and
outlet boundary conditions is described in Section 3.3.3.

Acoustic waves are excited by adding an external fluctuating force in a
cross-section, in Equation (3.1). The reason for using a different excitation
method in this geometry than in the thin plate geometry is the non-reflecting
boundary conditions, which make it trickier to excite waves at the boundary.

Computational Grid

All geometries have the same grid structure. The quality of the grid was
determined by a grid refinement study, see Appendix A. To ensure a good
mesh in the circular geometry a structured hex grid, based on an O-grid, is
used. The grid looks the same at each cross-section of the duct, with smaller
cells at the radius of the plate edges. The size of the grids in the four geometries
are approximately: 5.9 million nodes in the circular duct with a 20 mm plate,
6.0 million node in the square duct, 6.2 million nodes in the cut plate geometry,
and 5.8 million nodes in the thinner plate geometry.

The cell height is around 0.24 mm at the plate and 0.7 mm at the duct
walls, although the latter varies around the circumferential in the square duct.
There are 200 nodes around the circumference. In the upstream triangular part
of the chamfered plate, there are 8 nodes in both axial and radial direction,
giving 0.286 mm cells, with small wedge cells at the upstream edge.

In the axial direction the mesh is basically the same for all cases. Inside
the orifice the cells are 0.3125 mm long in the 20 mm thick, sharp edged plate;
0.306 mm long in the 15 mm thick plate; 0.286 mm long the first 2 mm and
0.305 mm long the next 18 mm in the cut plate geometry. Downstream of the
plate the cells are first stretched 5 %, until a cell-length of 0.9 mm; then after
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(a) Circular

(b) Thinner

(c) Cut

(d) Square

Figure 3.4. The studied geometries. All dimensions are in mm.
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0.18 m the cells are stretched 10 %, until a cell length of 2.5 mm; finally 0.68 m
downstream of the plate there is a 0.2 m long duct segment where the cells are
stretched 30 %, until a cell length of 20 mm. Upstream of the plate the cells
are first stretched 5 %, until a cell-length of 2 mm; then after 0.06 m the cell
are stretched 5 % again, until a cell-length of 2.2 mm; finally 0.2 m upstream
of the plate there is a 0.2 m long duct segment where the cells are stretched
30 %, until a cell length of 20 mm.



CHAPTER 4

Evaluation Methods

4.1. Determining the Acoustic Two-Port

An acoustic two-port model is used to characterize the acoustics of a studied
object. The scattering matrix formulation is adopted, for which the theory
is presented in Section 2.3. The plane wave decomposition is performed with
Equation (2.30), using the acoustic pressure and velocity fluctuations, which are
easily accessible in a simulation. The scattering matrix is moved to the object,
since flow fluctuations and acoustic near fields prevent us from sampling data
too close.

For the passive part of the two port, i.e. the scattering matrix, it is assumed
that the generated sound can be neglected, and it is determined with the two-
source method (Åbom 1991). Two simulations are then performed, where
acoustic waves are excited upstream and downstream of the plate, respectively.
A harmonic excitation signal is used to ensure a good signal to noise ratio, and
since the boundaries are slightly reflective, which for broadband excitations can
lead to resonances that dominate over other frequencies. However, to reduce the
computational time, several sine waves, with different frequencies, are excited
simultaneously. Furthermore, the frequencies are randomly phase shifted to
get a lower total amplitude, in order to minimize any non-linear effects.

4.1.1. Flow Noise Suppression

In turbulent flows acoustic waves are accompanied by turbulent fluctuations.
In order to get accurate results, this so called flow noise has to be suppressed.
The properties that separate the acoustic fluctuations from the non-acoustic
flow fluctuations are that they have harmonic time dependence; they propagate
with the speed of sound plus/minus the mean flow velocity in the down- and
upstream directions, respectively; at each cross-section they can be projected
on specific mode shapes depending on frequency. For low frequencies only the
plane wave mode, where the acoustic variables are constant at a cross-section,
can propagate through the duct. Furthermore, in the case of externally excited
incoming waves, these have to be separated from the flow generated sound.
This, in combination with the fact that the interesting frequencies are known
for incoming waves (but not for generated), leads to some differences in the
procedure used to extract the waves. The most efficient way to suppress flow

49
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noise is averaging both in time and space (projection over known acoustic
modes), but the time averaging requires long time series, which are not available
in LES due to the high computational cost. In this section the methods used
to suppress flow noise are first summarized, and then described in more detail.

The procedure for extracting plane waves is the following, where it is as-
sumed that externally excited waves have higher amplitude than the generated
sound:

• The variables are averaged over duct cross-sections.
• The plane wave decomposition is used, to get up- and downstream prop-

agating waves.
• The characteristics based filtering method proposed by Kopitz et al.

(2005) is used, to suppress non-acoustic fluctuations by averaging over
several successive cross-sections.

• For externally excite waves, time averaging and then Fourier transfor-
mation is performed

– Phase averaging suppresses fluctuations at other frequencies and
with a time varying phase shift.

– Fourier transformation is used to extract the wave amplitudes at
the externally excited frequencies.

• For generated plane waves the power spectral density (PSD) is calcu-
lated, using Welch’s method.

– This method includes a time averaging, with 50 % overlapping
time-segments.

– It is assumed that the contribution from the waves reflected at the
boundaries can be neglected, and hence only the outgoing waves
are studied.

To extract generated higher order modes it is assumed that the boundary re-
flection is negligible over cut on, so only outgoing waves exist. The procedure
differs slightly from that used for plane waves, in order to reduce the amount
of data processing, but the general idea is the same:

• The PSD is calculated with Welch’s method, for each acoustic mode.
• The projection on acoustic modes, and the averaging over cross-sections,

is performed in the middle of the PSD calculation. It is done in the fre-
quency domain, for each time-segment (directly after the Fourier trans-
formation).

– The pressure amplitude is projected onto a set of acoustic modes
for each cross-section.

– The result for each cross-section is moved to the orifice plate, and
an average of the cross-sections is computed.
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Excitation Amplitude

It is important that excited sound waves have a higher amplitude than possible
flow generated sound waves, since generated sound at the excitation frequen-
cies is neglected. Simultaneously, the amplitude has to be low enough to avoid
non-linear effects. How the amplitude of the excited waves influence the scat-
tering matrix has been evaluated by a numerical test case.

Cross-Section Average

In the plane wave frequency range the acoustic pressure and velocity are con-
stant over duct cross-sections. Turbulent fluctuations can then be reduced by
calculating the cross-section average:

pac =
1

A

∫
A

p′ dA, uac =
1

A

∫
A

u′ dA. (4.1)

Projection onto Higher Order Modes

Assuming only outgoing waves, Equation (2.5) (in the frequency domain) is
written as a linear system of equations in the following way:

p̂(x,y, ω) =
∑
n

Dn(x, ω)Ψn(y), Dn = p̂n(ω)e−ik1,nx (4.2a)

⇒ (for N modes)

p̂ = D1Ψ1 +D2Ψ2 + ...+DNΨN (4.2b)

⇔
ΨD = Fp, (4.2c)

Ψ =


Ψ1(y1) Ψ2(y1) . . . ΨN (y1)
Ψ1(y2) Ψ2(y2) . . . ΨN (y2)

...
. . .

Ψ1(yM ) Ψ2(yM ) . . . ΨN (yM )

 ,

D =


D1(x, ω)
D2(x, ω)

...
DN (x, ω)

 , Fp =


p̂(x,y1, ω)
p̂(x,y2, ω)

...
p̂(x,yM, ω)

 ,
which is solved for D for each frequency (ω) and duct cross-section (x), using
the mode shapes (Ψn) of the studied duct, the pressure fluctuations (p̂) from
the simulation at M positions in a cross-section, and k1,n = k−1,n upstream and

k1,n = k+
1,n downstram of the orifice plate.
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Characteristics Based Filtering

To suppress possible non-acoustic fluctuations the characteristics based filtering
(CBF) method has been used, as proposed by Kopitz et al. (2005). By using
the known acoustic propagation speed (c ± U), the acoustic fluctuations at
successive cross-sections can be related to each other through

p+(x, t) = p+(x+ ∆x, t+ ∆x/(c+ U)), (4.3a)

p−(x, t) = p−(x+ ∆x, t−∆x/(c− U)), (4.3b)

where ∆x is the distance between the cross-sections. This is used to calculate
the mean of the fluctuations at several successive cross-sections:

p+(x, t) =
1

n

n∑
i=1

p+(x+ ∆xi, t+ ∆xi/(c+ U)i), (4.4a)

p−(x, t) =
1

n

n∑
i=1

p−(x+ ∆xi, t−∆xi/(c− U)i). (4.4b)

Average of Cross-Sections for Higher Order Modes

Based on Equation (2.5), and assuming only outgoing waves, the pressure am-
plitude of each mode can be moved to the plate by multiplying it with eik1,nx.
The axial wave number k1,n is determined from Equation (2.10a), using k−

upstream of the object and k+ downstream of the object. Without noise the
resulting pressure amplitudes should be the same for all cross-sections. The
noise is therefore suppressed by computing the average of them.

Phase Averaging

To suppress noise, phase averaging, also called synchronized time domain av-
eraging, is performed for the cases with an external harmonic excitation. The
signal is divided into several segments, with one period of the investigated
frequency in each segment. In the case of several excited waves, which are
harmonics of a lower common frequency, the time series is split into segments
consisting of one period of this frequency. The average of the time segments is
then calculated. Thereby the fluctuations at other frequencies than those under
consideration are eliminated. Theoretically the amplitude of the background
noise is expected to be reduced as 1/

√
N , where N is the number of averages.
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Fourier Transform

A Fourier transformation is performed to get the complex wave amplitudes.
For the scattering matrix only fluctuations at the excited frequencies are ex-
tracted, to calculate the scattering matrix through Equation (2.26).

PSD of Generated Broadband Sound

When broadband sound is investigated it is more appropriate to study the
Power Spectral Density (PSD) than the direct Fourier Transform. The PSD
is calculated with Welch’s method. The time-series is then split into shorter
segments, and to avoid leakage each segment is multiplied with a Hamming
window, which smoothly forces the time signal to zero at the start and end of
the segments. The PSD of the segments is calculated and averaged to give the
sound spectra. When a broadband signal is studied it is possible to split the
signal into overlapping segments, in order to suppress more noise; here 50 %
overlap is used.

4.1.2. Numerical Test Case

In order to test the post processing, and how low the excitation amplitude can
be set, numerical test waves have been used. They are added to a flow field
from a simulation without excited waves, and this is post processed in the same
way as the simulation results. To calculate the scattering matrix two different
test cases are required. They were chosen as a sum of test waves excited at the
inlet and outlet, respectively.

A test wave is created by first considering the wave pt = p̂e−iωt, where the
amplitude p̂ can be specified for waves excited at the inlet and outlet. The
resulting acoustic waves p+ and p− are then determined at all evaluation cross-
sections for the two cases, using mean variables from the simulation. For a
wave excited at the inlet the test waves become

p+ =

{
pt · eik+ax if x < xo
Tudpt · ei[k+axo+k+b(x−xo)] if x > xo

, (4.5a)

p− =

{
Rupt · ei[k+axo+k−a(xo−x)] if x < xo
0 if x > xo

, (4.5b)

where x is the distance from the inlet to the cross-section; xo is the distance
from the inlet to the plate; Tud is the transmission coefficient from upstream to
downstream; Ru is the upstream reflection coefficient; k+ and k− are the wave
numbers for down- and upstream propagating waves, respectively, where a and
b stands for values up- and downstream of the orifice (different flow speeds). For
a source at the outlet the test waves are calculated in a similar way. The total
wave amplitude is then calculated by adding the result for all waves. Finally,
the pressure and velocity fluctuations are calculated with p′ = Re{p+ + p−}
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and u′ = Re{(p+ − p−)/(ρ0c0)}, based on Equations (2.13) and (2.14), and
added to the simulation pressure and velocity at each evaluation cross-section
and time step.

4.2. Identifying Acoustic Sources

When sound generation is simulated it is not only of interest to study the
generated sound spectra, but also to investigate the sound generating mech-
anisms. There is no straight forward universal method for identifying the
acoustic sources, as discussed in Section 2.4. Instead, a good understand-
ing of possible source mechanisms is required to choose an appropriate method
for identifying them. For the orifice plate geometry the low frequency sound
generation is believed to be connected to the axial force on the plate (Nelson
& Morfey 1981), or possibly a fluctuating mass flow at the orifice openings.

When tonal sound is considered a first step is to study the frequency of
different flow fluctuations, since sound normally is generated by fluctuations
at the same frequency. Flow decomposition methods can also give a good
insight into the sound generation, as they decompose the flow field into different
structures, as described in Section 4.3. Dynamic mode decomposition is then
of most importance, since it decomposes the flow into structures corresponding
to different frequencies. This allows one to study what the flow looks like at
frequencies where sound is generated.

One way of identifying the origin of the generated sound is correlations.
The radiated acoustic waves are correlated to different flow fluctuations, e.g.
the pressure fluctuations at the plate. A high correlation at a time shift cor-
responding to the acoustic propagation speed implies that the studied fluctua-
tions are responsible for the sound generation.

Assuming a compact source, the theoretical sound power radiated from a
certain source can be computed. Different sources can then be compared to
each other and to the sampled acoustic power. The radiated acoustic power
can be estimated with Equation (2.24a) for a monopole source, and with Equa-
tion (2.24b) for a dipole source. This gives an idea of how important different
source mechanisms are.

4.3. Flow Decomposition Methods

Flow decomposition methods are used to decompose a time varying flow field
into a spatial and a temporal part. The spatial part corresponds to modes
that represent certain structures in the flow, depending on the decomposition
method. The temporal part gives the time evolution of these modes. Here two
decomposition methods will be considered, Proper Orthogonal Decomposition
(POD) and Dynamic Mode Decomposition (DMD), also known as Koopman
mode decomposition.
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In POD the so called POD modes are a set of ortho-normal modes that
represent flow structures with different energy content. The modes are ordered
after their relative energy content, with the most energetic modes first. The aim
with introducing POD into the field of turbulence, first done by Lumley (1967),
was to detect energetic coherent structures, which characterize important fea-
tures of the flow. Normally, the coherent structures are the most energetic
structures in a flow and will correspond to the first POD modes. This means
that for a flow where the coherent structures have high energy content, the
POD will decompose the flow field into a mean part (normally contains most
of the kinetic energy), a part with coherent structures that evolve in time, and
a turbulent (incoherent) part:

u(x, t) = a0ϕ0(x)︸ ︷︷ ︸
u(x)

+

J∑
j=1

aj(t)ϕj(x)︸ ︷︷ ︸
coherent

+

∞∑
j=J+1

aj(t)ϕj(x)︸ ︷︷ ︸
incoherent︸ ︷︷ ︸

fluctuations

, (4.6)

where j denotes the mode number, aj(t) the POD time coefficients, ϕj(x)
the POD modes and u(x, t) the flow field at all known positions at time t.
Reconstructing the flow field with a limited number of POD modes now allows
the study of coherent structures independent of turbulence. However, as shown
by Chen et al. (2012a) one has to be careful when interpreting the POD modes,
since individual modes often do not contain individual physical flow structures,
instead several modes have to be added to find the physical structures.

In DMD the so called dynamic modes represent structures that correspond
to characteristic frequencies in the flow, and these frequencies give the time
evolution of the flow. The method was proposed by Schmid & Sesterhenn
(2008), see also Schmid (2010), as a method to compute an approximation to
the Koopman modes from a sequence of instantaneous flow fields. It is based
on the Koopman analysis used to study non-linear dynamical systems (see e.g.
Lasota & Mackey (1994) and Mezić (2005)). If the mean is subtracted, and
for purely periodic functions, the dynamic modes reduce to a discrete Fourier
transform (Chen et al. 2012b). In the case of small, linear, perturbations around
a mean flow, the modes are equivalent to those found by global stability analysis
(Schmid 2010). The dynamic modes are ordered according to their relative
energy content, giving that the mean flow field, as in the POD, often becomes
the zeroth mode. Each mode is also associated with a growth rate, which
specifies how the amplitude of the mode grows or decays in time. Theoretically
the flow field can be reconstructed as

u(x, t) =

∞∑
j=1

ηje
(βj−iωj)tφj(x), (4.7)
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where φj denotes the mode, ωj the frequency, βj the growth rate and ηj is an
amplitude.

The computation of both the POD and the DMD relies on snapshots of
the flow field, but the sampling frequency required differs significantly between
the two methods. For POD the snapshots should be statistically independent.
For DMD the sampling frequency has to be high enough to resolve the highest
frequency of interest in the flow.

One should note that the POD and DMD differ in character; while POD is
an energy based decomposition, in order to have an optimal (fast converging)
series, DMD is a frequency based decomposition. Therefore, the energy content
in the first modes is higher in POD. This is due to the fact that the POD modes
often contain a range of frequencies. Muld (2010) studied the flow over a cube
and found that the POD mode spectra were broadband in certain frequency
regions. The first mode contained low frequencies and the second mode mid
frequencies, where the behaviour of the modes was similar to the dynamic
modes in the same frequency range. Rowley et al. (2009) studied a jet in a
cross flow, and concluded that if it is of interest to study the dynamics of
low frequency structures separately from high frequency structures DMD is
more suitable, since the frequencies can be interacting in POD. Furthermore,
Schmid (2010) studied a jet between two cylinders, and found that even though
POD captures the coherent structures, no dynamic information is available for
these structures. The reason for this is that the POD decomposition is based
on spatial orthogonality and a temporal averaging. This gives a significant
difference from the DMD, which is based on a temporal orthogonalization (i.e.
frequencies). Additionally, it may be mentioned that Freund & Colonius (2002)
studied the use of near-field POD for determining the sound field, and found
that almost all POD modes had to be included to get a good result. All of this
makes DMD the preferred method for acoustics, as it is of interest to distinguish
what is happening at certain frequencies.

4.3.1. Proper Orthogonal Decomposition

POD decomposes the flow field in an optimal manner with respect to energy.
That is, the truncated reconstruction captures the kinetic energy of the flow
field with a minimal number of terms, compared to any other decomposition.
Mathematically this is formulated as

max
ϕ ∈ L2(0, 1)

〈
|(u(x, t),ϕ(x))|2

〉
‖ϕ(x)‖2

, (4.8)

where (f, g) is the inner product, ‖·‖ is the L2 − norm, and 〈·〉 denotes a time
average. The norm in the denominator is required to get orthogonal modes.
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The POD modes are computed based on a series of statistically independent
instantaneous flow fields, snapshots, which are written into a matrix as:

X =



u(x1, t1) . . . u(x1, tM )
...

. . .
...

u(xN , t1) . . . u(xN , tM )
v(x1, t1) . . . v(x1, tM )

...
. . .

...
v(xN , t1) . . . v(xN , tM )
w(x1, t1) . . . w(x1, tM )

...
. . .

...
w(xN , t1) . . . w(xN , tM )


, (4.9)

where N denotes the number of nodes, i.e. spatial positions where the flow
is known, and M the number of snapshots. u, v and w are the three velocity
components.

To compute the POD modes the method of Lagrange multipliers is used to
recast the maximization problem, Equation (4.8), into an eigen-value problem,
whose kernel is the averaged autocorrelation function, see e.g. Holmes et al.
(1996). On discretized form the eigen-value problem becomes

RΩ ϕj(x) = λj ϕj(x), (4.10)

where λj is the kinetic energy of mode j and the autocorrelation matrix RΩ is
defined as

RΩ = XXT , (4.11)

giving an N ×N matrix and an eigen-value problem of the same size to solve.
For LES data N is very large, making this an almost impossible task. The
problem is then rewritten in the following way, giving what is often called the
snapshot method.

Consider the singular value decomposition (SVD) of the snapshot matrix,

X = UΣVT , (4.12)

where U and V are orthonormal matricies and Σ is a diagonal matrix. The
autocorrelation matrix can now be written as

RΩ = XXT = UΣ2UT (4.13a)

⇔
RΩU = UΣ2. (4.13b)
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Comparing Equation (4.13b) and (4.10) gives that the columns of U are the
eigenvectors of RΩ, i.e. the POD modes, and the diagonal elements in Σ2 are
the eigenvalues. Now consider the autocorrelation matrix RT of size MxM :

RT = XTX = VΣ2VT (4.14a)

⇔

RTV = VΣ2. (4.14b)

That is, RT shares eigenvalues with RΩ. In the snapshot POD method the
eighenvalue problem in Equation (4.14) is solved instead of the original prob-
lem, Equation (4.10). This is due to it being significantly smaller for LES data,
where M << N . The POD modes ϕj(x) and their time-coefficients aj(tk) are
then calculated based on Equation (4.12),

U =
[
ϕ0(x) . . .ϕM−1(x)

]
= XVΣ−1, (4.15a)

 a0(t0) . . . a0(tM−1)
...

. . .
...

aM−1(t0) . . . aM−1(tM−1)

 = ΣVT . (4.15b)

The POD can also be computed for other variables than the velocity, e.g.
pressure. The snapshot matrix, Equation (4.9), is then changed to contain the
considered variable at all known positions. For more details about POD see
e.g. Holmes et al. (1996).

For the case of non-equidistant sampling points (grids) a weighting fac-
tor do should be included in the computation of the autocorrelation matrix,

RT,jl =
∑N
o=1(XjoXoldo). This is due to the summation corresponding to an

integration in continuous space. The weighting factor is in this work defined as
the cell size divided by the average cell size, but it has been shown not to sig-
nificantly influence the shape of the modes. In the same way temporal weights
have to be used in the case of non-equidistant time-stepping, but in this work
the time-step is equidistant.

4.3.2. Dynamic Mode Decomposition

The theory behind DMD is summarized below, followed by a part about how it
is computed. For more details see e.g. Schmid (2010) or Rowley et al. (2009).

Consider a non-linear system evolving in time as

ym = f(ym−1), (4.16)
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where ym contains the full information of the system, e.g. velocities or pressure,
at time m. The linear operator K, called the Koopman operator, operates on
a scalar valued function g(y) in time according to

Kg(ym−1) = g(ym). (4.17)

The dynamics of the system can then be analyzed by studying the eigenvalues
λi and eigenfunctions ηi(y) of the Koopman operator:

Kηj(y) = λjηj(y). (4.18)

Now, consider a vector valued observable g(y), e.g. the velocity at N
discrete positions in the domain. Assuming that all components of g lie within
the space spanned by the eigen-functions of K, it is possible to expand g with
these eigen-functions

g(y) =

∞∑
j=0

ηj(y)φj , (4.19)

where φj are the Koopman (dynamic) modes. Using the above definitions it is
possible to express g(y) at time m as an iterate of the system at time 0,

g(ym) =

∞∑
j=0

ηj(ym)φj =

∞∑
j=0

Kmηj(y0)φj =

∞∑
j=0

λmj ηj(y0)φj . (4.20)

This shows that the Koopman (DMD) eigenvalues govern the temporal be-
haviour of the system, where the phase determines the frequency and the mag-
nitude determines the growth rate of the corresponding Koopman mode:

λmj = (aj + i · bj)m = e(βj+iωj)∆t m, (4.21)

where ∆t is the time step between the samples m.

For a linear system, ym = Aym−1, it can be shown that the eigenvalues
and eigenvectors of A correspond to the Koopman eigenvalues and modes, re-
spectively (Rowley et al. 2009).

Computation of the Dynamic Modes

To compute the Koopman modes and eigenvalues for a system where y is the
observable, e.g. the velocity in all grid points, it is assumed that

ym+1 = Aym, (4.22)
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which is exactly true for linear systems, while it for non-linear problems gives
a linear tangent approximation. This gives that the Koopman eigenvalues and
modes are equal to the eigenvalues and eigenvectors of A.

Computing the eigenvectors of A directly is not possible in many real
problems, since A will have the size (NxN), where N is the length of y. To
compute these values it is then assumed that ym can be written as a linear
combination of y at previous times:

ym+1 = c1y1 + ...+ cmym. (4.23)

Defining the snapshot matrix Xm
1 (for time 1 to m), in the same order as for

the POD in Section 4.3.1, and the companion matrix S,

Xm
1 =

[
y1 y2 ... ym

]
, S =


0 0 . . . 0 c1
1 0 0 c2
0 1 0 c3
...

. . .
...

0 0 . . . 1 cm

 , (4.24)

it is now possible to write

Xm+1
2 = AXm

1 = Xm
1 S, (4.25)

where Xm+1
2 is defined in analogy with Xm

1 , for time 2 to m+1. The Koopman
eigen-values (λj) then become equal to the eigenvalues of S, and the Koopman
modes become

Φ =
[
φ1 φ2 φ3 . . .

]
= Xm

1 Ψ, (4.26)

where Ψ contains the eigenvectors of S. This can be shown by

S = ΨΛΨ−1, (4.27a)

Λ =


λ1 0 . . . 0
0 λ2 0
...

. . .

0 0 . . . λm

 , (4.27b)

AXm
1 = Xm

1 S = Xm
1 ΨΛΨ−1 ⇔ AXm

1 Ψ = Xm
1 ΨΛ. (4.27c)

In reality, Equation (4.25) does normally not hold exactly. To take this into
account one define a residual r, such that

Xm+1
2 = AXm

1 = Xm
1 S− reT , (4.28)
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where e = (0, 0, . . . , 1). S is then determined as the matrix that minimizes r,
giving approximate Koopman eigenvalues and modes. These are the so called
dynamic modes and their corresponding eigenvalues, called Ritz values.

The method of determining the dynamic modes based on S, from Equa-
tion (4.28), is numerically not very robust, i.e. it is sensitive to noise, since S
is sparse (see Equation 4.24). An alternative method, based on the singular
value decomposition (SVD) of the snapshot matrix, is therefore used.

Xm
1 = UΣVT , (4.29)

where U and V are orthonormal matricies and Σ is a diagonal matrix. It
should be noted that the columns of U are the POD modes of Xm

1 , as shown
in Section 4.3.1. This means that the SVD, and thereby the DMD, can be cal-
culated through the POD. A ”full” companion matrix is defined as a similarity
transformation of S: S̃ = UTAU. This can be expressed as follows, using the
SVD (Equation 4.29), in combination with Equation (4.25):

S̃ = UTXm+1
2 VΣ−1. (4.30)

The DMD eigenvalues (λj) then become equal to the eigenvalues of S̃ and the
dynamic modes become

Φ = UΞ = Xm
1 VΣ−1Ξ, (4.31)

where Ξ contains the eigenvectors of S̃. This follows from the definition of S̃,
and can be shown in the same way as the relation between the Koopman modes
and the eigenvectors of S, Equation (4.27) (change S to S̃, Ψ to Ξ and Xm

1 to
V).

The amplitude ηj in Equation (4.20) can be calculated by rewriting the
equation on matrix form for the vector observable ym:

Xm
1 = ΦDT, (4.32a)

where

D =


η1 0 0 . . .
0 η2 0
0 0 η3

...
. . .

 , T =


1 λ1 λ2

1 . . .
1 λ2 λ2

2

1 λ3 λ2
3

...
. . .

 , (4.32b)

⇒ D−1 = T(Xm
1 )−1Φ = TVΣ−1Ξ. (4.32c)

Here Equation (4.31) has been used for Φ and it is assumed that the eigenvec-
tors of the ”full” companion matrix Ξ have been normalized to unity. Further-
more, T can be identified as the so called Vandermonde matrix.

Looking at Equation (4.32) it is observed that
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DT =
(
VΣ−1Ξ

)−1
, (4.33)

giving that the first column of
(
VΣ−1Ξ

)−1
corresponds to the amplitudes

ηj . Thus, if the columns in the matrix VΣ−1Ξ are normalized before used
in Equation (4.31), the magnitude of the modes should give their significance,
while ηj are amplitude factors at the start time and can be large for modes
with a high negative growth rate. Hence, it might be more appropriate to study
the magnitude of the modes, at least when considering cases with a few strong
frequencies.

The dynamic modes and their eigenvalues can now be computed based on
Equation (4.29), (4.30) and (4.31) (with VΣ−1Ξ normalized), for any quantity
of interest y, e.g. the velocity. The magnitude of a mode is defined as its
L2-norm. The frequency ωj and growth rate βj of a mode are defined as

ωj = arctan

(
Im(λj)

Re(λj)

)
/∆t, (4.34a)

βj = ln (Mag(λj)) /∆t, (4.34b)

where 1/∆t is the sampling frequency for the snapshots, which should be set to
a minimum of 3 times Nyquist criterion, i.e. 6 times the highest frequency of
interest, based on observations by Schmid (2010). The modes and their eigen-
values will come in complex conjugate pairs, where it is the positive frequencies
that are of interest. For the modes the real part is studied to see the general
flow structure. If it is of interest to reconstruct a mode in time, this is done
through

uj(t) = Re
{
ηjφje

(βj−iωj)t
}
, (4.35)

or, for strong modes with a small growth rate, the time variation may be studied
through Re

{
φje
−iωjt

}
.

In DMD it is assumed that the modes have a certain time variation. In
reality, a mode at a certain frequency might be present only part of the time,
which is not captured. An idea is then to calculate time coefficients for the
DMD-modes in a similar way as for the POD modes. Consider Equation (4.15),
from this it is possible to write

[
aj(t0) . . . aj(tM−1)

]
= ϕj(x)TX. This

basically assumes that the modes are orthogonal, which is not the case in
DMD, where the orthogonality is in time, not in space, but assuming that for
each mode a set of other orthogonal modes are created to represent the flow, it
should be possible to get an estimate of the time variation of the mode from:[

aj(t1) . . . aj(tm)
]

= φTj Xm
1 , (4.36)

where the DMD mode φj has been normalized.



CHAPTER 5

Sensitivity Analysis of the Scattering Matrix

In this chapter the scattering by a thin ducted orifice plate is simulated, with the
aim to study the sensitivity to some parameter variations. First, the flow field
in the duct is illustrated. Thereafter, the sensitivity to numerical parameters
(mesh spacing, spatial discretization scheme) and boundary conditions (duct
wall, inlet Mach number) are investigated. This is followed by an investigation
of the effect of the flow noise suppression methods presented in Section 4.1.1.
The geometry and case setup are described in Section 3.5.1. (The orifice has
an area contraction ratio of 0.28, and the plate is 2 mm thick.) A geometry
with shorter ducts is used to test the influence of numerical parameters and
boundary conditions, while one with longer ducts is used to test the influence
of flow noise suppression methods.

The basic simulation setup has an inlet Mach number of 0.1, a slip bound-
ary condition at the duct walls, and a no-slip boundary condition at the plate
wall. The mean flow is illustrated in Figure 5.1, showing that a jet is formed
as the air is forced through the small opening, and that recirculation zones
appear behind the plate. A large pressure drop occurs over the plate, with
some pressure recovery further downstream. The pressure drop over the geom-
etry is 23 kPa, for this case. The density field shows significant compressibility
effects, as is also reflected in the mean jet Mach number of 0.5. Figure 5.2
shows a snapshot of the instantaneous flow field. It can be observed that the
instantaneous flow is highly unsteady, with vortex generation in the thin shear
layer.

An example of the flow spectra is illustrated in Figure 5.3, depicting the
axial velocity at four centreline positions, downstream of the plate. The figure
shows that the initial jet is not turbulent, which is related to the inflow being
laminar. Some distance downstream of the plate a fully developed turbulence
spectrum starts to appear, with the characteristic −5/3 slope also shown in the
figure. The fact that we observe this slope indicates that the grid resolution is
good enough to resolve part of the inertial sub-range, as required in LES.

The scattering matrix is determined with the evaluation method outlined in
Section 4.1. For this, two simulations are performed, where acoustic waves are
excited at the inlet and outlet boundaries, respectively. A harmonic excitation

63
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Figure 5.1. Mean flow field in the thin orifice plate geom-
etry (Figure 3.3). The bottom figure shows in-plane velocity
vectors (of the same length) coloured by Mach number.

signal is used to ensure a good signal to noise ratio, and due to the bound-
aries being reflective, which for broadband excitations can give resonances that
dominate over other frequencies. To reduce the computational time, a sum of
sine waves with different frequencies is excited simultaneously.

In the following the term upstream coefficients correspond to the upstream
reflection and the up- to downstream transmission, i.e. the scattering matrix
elements that affect waves coming from the upstream side. Similarly, the term
downstream coefficients correspond to the downstream reflection and the down-
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Figure 5.2. Instantaneous flow in the thin orifice plate geom-
etry. The top figure shows the Mach number and the bottom
figure shows vortex cores, in the form of λ-2 iso-surfaces.
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Figure 5.3. Axial velocity spectra at the centreline (where
the orifice is at x = 0 and the duct diameter is 57 mm), to-
gether with the characteristic -5/3 slope present in homoge-
nous isotropic turbulence.

to upstream transmission, i.e. the scattering matrix elements that affect waves
coming from the downstream side.
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5.1. Sensitivity to Numerical Methods

5.1.1. Grid Dependence

Two grids have been tested for the simulation of the scattering matrix, where
one has a finer resolution around the plate. The scattering matrices found with
the two grids are shown in Figure 5.4. It is observed that refining the mesh
does not significantly influence the result, implying that the original mesh is
good enough to capture the scattering. Additionally, the grid refinement only
changes the pressure drop over the orifice with around 4 %. Hence, the coarser
grid is used in the following simulations.

The differences that may be observed between the two grids are within the
uncertainty in the results, due to a small difference in the inlet Mach number
(caused by a slightly different temperature in the two simulations) and a shorter
simulation time for the finer grid. Furthermore, the largest differences are
found in the downstream reflection and the up- to downstream transmission,
which are the most sensitive to flow noise, and thereby the simulation time, see
Section 5.3.4.

5.1.2. Spatial Discretization Scheme

The sensitivity to the spatial discretization scheme was investigated by switch-
ing from the central scheme otherwise used to a blended, upwind and central,
scheme. As expected, the blended scheme is much more dissipative than the
central, which is seen by e.g. studying a movie of the flow. Here, however, only
a snapshot of the instantaneous flow field can be shown, see Figure 5.5. Study-
ing the mean pressure drop over the geometry, it is reduced from 23 kPa to
21 kPa when switching to the blended scheme. A comparison of the scattering
matrix computed with the central and blended schemes is shown in Figure 5.6.
No strong influence of the discretization scheme on the result is observed, ex-
cept for in the downstream reflection.

5.2. Sensitivity to Boundary Conditions

5.2.1. Slip vs No-Slip Duct Walls

When the acoustic velocity is averaged over a duct cross-section it is assumed
that it is constant, i.e. that there are no effects from the wall where it physically
goes to zero. For aero-acoustic computations of scattering by in-duct objects,
where the effects of the boundary layer are most often neglected, as for plane
waves, it is therefore preferable to use a slip boundary condition at the duct
walls. Using slip walls also reduces the required mesh size, since no boundary
layer has to be resolved, whereby a substantial reduction of the computational
time is attained.

Figure 5.7 shows that having a slip boundary condition, instead of a no-
slip, on the duct walls has some influence on the flow field next to the wall
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Figure 5.4. The scattering matrix computed with two dif-
ferent grids around the plate. The top four figures are the
amplitude and the bottom four are the phase (in radians).
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Figure 5.5. Instantaneous Mach number computed with a
blended (upwind and central) scheme at the top and with a
central scheme at the bottom.

and close to the orifice. With a no-slip boundary condition a small circulation
zone appears in the corner in front of the plate. Furthermore, downstream of
the plate the duct wall boundary condition affects the characteristics of the
recirculation zone.

A comparison of the scattering matrix computed with slip and no-slip duct
wall boundary conditions is shown in Figure 5.8. Here it may be mentioned
that the case with a no-slip boundary condition has a finer grid resolution next
to the duct walls. Using a slip boundary condition seems to reduce some of
the noise in the result, but it does not change the average level of the reflec-
tion and transmission coefficients. This effect might be due to the averaging
over cross-sections that is performed, but it might also be an effect from the
shorter simulation time in the no-slip simulation. Thus, the result shows that
the scattering by the orifice plate is not sensitive to the duct wall boundary
condition.

The influence of the plate wall boundary condition has been investigated by
simulating the scattering with slip and no-slip plate wall boundary conditions,
for an inlet Mach number of 0.08. The result, shown in Figure 5.9, indicates
that enforcing a zero velocity at the plate wall does not significantly change the
scattering, compared to using a slip boundary condition. The small differences
that may be observed are caused by noise. An explanation for the observed
insensitivity to the plate wall boundary condition is the sharp plate edges. This
is in accordance with the work by Boij & Nilsson (2006), demonstrating that
in the plane wave range the scattering at a sudden area expansion is mainly
due to the vortex sound interaction at the edge where separation occurs.
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Figure 5.6. The scattering matrix computed with a blended
(upwind and central) or a central spatial discretization scheme.
The top four figures are the amplitude and the bottom four
are the phase (in radians).
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Figure 5.7. In-plane mean velocity vectors, for a no-slip duct
wall boundary condition at the top and a slip duct wall bound-
ary condition at the bottom.

5.2.2. Influence of Inlet Mach Number

The scattering by an object is influenced by the flow through it, and therefore
by the Mach number. The scattering matrix has been computed for two slightly
different inlet Mach numbers, 0.1 and 0.08. The result is shown in Figure 5.10,
which shows that the Mach number significantly influences the amplitude of
the scattering, while there is no clear effect on the phase. The different noise
levels in the results are within the uncertainty, due to a shorter simulation time
at the lower Mach number. The result shows that increasing the inlet Mach
number increases the reflection and decreases the transmission, in accordance
with measurements and theory presented by e.g. Durrieu et al. (2001).
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Figure 5.8. The scattering matrix computed with a slip or
no-slip duct wall boundary condition. The top four figures are
the amplitude and the bottom four are the phase (in radians).
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Figure 5.9. The scattering matrix computed with a slip or
no-slip plate wall boundary condition. The top four figures are
the amplitude and the bottom four are the phase (in radians).
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Figure 5.10. The scattering matrix computed with two dif-
ferent inlet Mach numbers. The top four figures are the am-
plitude and the bottom four are the phase (in radians).
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5.3. Effect of Flow Noise Suppression Methods

The flow will contain both acoustic and turbulent fluctuations, and when the
acoustics is studied it is important to be able to accurately suppress the flow
noise and extract the acoustic waves. When waves are excited externally it
is also important to distinguish them from the flow generated sound. In LES
this is further complicated by short time series, due to long simulation times.
The methods used for extracting the acoustic waves have been described in
Section 4.1.1. Here the result of an evaluation of the different methods used,
and their influence on the time-signal and the resulting scattering matrix, is
presented for the case of an inlet Mach number of 0.08.

The evaluation of some of the flow noise suppression methods has been
performed with fluctuations corresponding to test waves added to the flow
(without external excitations), as described in Section 4.1.2. The result was
put through the post processing outlined in Section 4.1, and the calculated
scattering matrix components are compared to their exact values.

The position of the duct cross-sections used for this evaluation, compared
to the position of the orifice plate and the domain boundaries, is shown in
Figure 5.11. The distance between two adjacent cross-sections is either around
0.88D or 1.75D (depending on the position), where D is the duct diameter. The
inlet is situated 15D upstream of the plate, the first upstream cross-section is
14D from the plate and the last upstream cross-section is 1.57D from the plate.
The first downstream cross-section is situated 3.5D downstream of the plate,
the last downstream cross-section is 28D from the plate and the outlet is 35D
from the plate. The cross-sections are numbered in successive order, giving
that the first upstream cross-section is number 1, and the first downstream
cross-section is number 11.

Figure 5.11. Position of the cross-sections used for evaluat-
ing the post-processing methods. The distance between two
cross-sections is either 0.88D or 1.75D, where D is the duct
diameter. The cross-sections are numbered in successive order,
i.e. the first upstream cross-section is number 1 and the first
downstream cross-section is number 11.
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5.3.1. Excitation Amplitude

The theoretical lower limit for the acoustic excitation amplitude was investi-
gated with a numerical test case. The full evaluation of the scattering matrix
was performed with different amplitudes of the test waves, and the result is
shown in Figure 5.12. It is clear that when the amplitude decreases the ran-
dom error increases. It is also observed that the biggest problem occurs for the
transmission from up- to downstream and for the downstream reflection.

In reality the amplitude cannot be set arbitrarily high, since this would lead
to non-linear effects, where the result depends on the excitation amplitude, and
the method used no longer is valid. However, in Figure 5.12 it is shown that
a rather high amplitude is required for each frequency component, which can
result in a high total amplitude when the components are added together. To
check for non-linear effects, the scattering was simulated with three different
total excitation amplitudes. The highest total amplitude has the highest ampli-
tude for each frequency component, and all frequencies are in phase. The cases
with lower total amplitude have a lower amplitude per frequency component,
and the components are randomly phase shifted. The case with the lowest
total amplitude also has fewer simultaneously excited frequencies. The result,
shown in Figure 5.13, indicates that non-linear effects are a problem, since the
result depends on the excitation amplitude and a higher excitation amplitude
gives a noisier result. That the amplitude dependent noise is not flow noise is
clear for two reasons. The first is that a higher amplitude should reduce the
flow noise, which also was seen for the test waves. The other one is that it is
strong in the upstream reflection, which is insensitive to flow noise, due to the
laminar inflow. The noisy result with a higher amplitude is instead caused by
energy being transferred among different harmonics, and all excited frequencies
are harmonics of the lowest frequency (100 Hz). As the amplitude is reduced
the non-linear effects are reduced, and since the present non-linearities do not
significantly influence the level of the scattering matrix elements, it is assumed
that the lowest excitation level used can be considered linear.
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Figure 5.12. The scattering matrix for test waves with vary-
ing amplitude. The amplitude is per frequency component.
The bottom figure shows the phase, where star symbols are
for a 100 Pa amplitude and circles are for a 50 Pa amplitude.
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Figure 5.13. The scattering matrix from three simulations
with different excitation amplitudes. uac/U in the orifice is
approximately 12 % (high), 6 % (medium) and 3 % (low).
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A measure for non-linear effects can be expressed in terms of the amplitude
of the velocity fluctuations relative to the mean velocity in the orifice. Here,
the mean velocity in the orifice is 122 m/s, and without externally excited
waves the maximum amplitude of the velocity fluctuations is around 1.5 m/s.
The velocity fluctuations from the highest excitation amplitude are shown in
Figure 5.14. The maximum acoustic velocity is above 15 m/s, which means
that it is at least 12 % of the mean velocity in the orifice. For the medium
amplitude case the maximum velocity fluctuations are around 7 m/s, which
is just below 6 % of the mean velocity. For the lowest amplitude case the
maximum velocity fluctuations are below 4 m/s, which is around 3 % of the
mean velocity. These results indicate that non-linear effects start to appear
when the amplitude of the acoustic velocity fluctuations becomes larger than
around 1 % of the mean velocity. This can be compared with the low Mach
number measurements performed by Testud et al. (2009), for which non-linear
effects did not appear until the rms acoustic fluctuations became around 10 %
of the mean velocity. However, in the measurements by Crow & Champagne
(1971) it was found that the response of a free nozzle jet to acoustic forcing
only is linear up to an rms forcing amplitude of 0.5 %. Thus, it appears that
the lowest level used in this study is a reasonable choice for a linear excitation
level.

0 0.02 0.04 0.06 0.08 0.1 0.12
−15

−10

−5

0

5

10

15
Velocity

0.2 0.3 0.4 0.5 0.6
−20

−15

−10

−5

0

5

10
Velocity

Figure 5.14. Axial velocity fluctuations in the middle of the
orifice, for the case of externally excited waves at the high-
est amplitude. Left: waves excited upstream. Right: waves
excited downstream.
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5.3.2. Cross-Section Average

In the plane wave frequency range the acoustic pressure and velocity are con-
stant in duct cross-sections. Turbulent fluctuations can therefore be reduced
by calculating the cross-section average fluctuations. In Figure 5.15 the fluc-
tuations at a point in the middle of the duct are compared to the cross-section
average fluctuations, both without and with externally excited waves. It is clear
that much of the unwanted flow fluctuations are averaged away, especially for
the velocity.
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Figure 5.15. Comparison of the fluctuations at a point in the
middle of the duct and the cross-section (plane) average fluc-
tuations, 3.5 duct diameters downstream of the plate. From
a simulation without externally excited waves at the top, and
with an externally excited 1000 Hz wave at the bottom.
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5.3.3. Characteristics Based Filtering

Fluctuations that do not propagate with the speed of sound are suppressed
using the Characteristics Based Filtering (CBF) method proposed by Kopitz
et al. (2005). By averaging over a number of duct cross-sections, using the
acoustic propagation speed, non-acoustic disturbances (e.g. turbulence) are
averaged away.

An evaluation of the CBF method was performed by computing the scat-
tering matrix for the test waves with different cross-sections. The reason for
using test waves is that in the simulations the result might be influenced by
other effects than flow disturbances, e.g. non-linear propagation or near field
effects close to the orifice or boundaries. The scattering matrix is shown in
Figure 5.16 for the variation of upstream cross-sections, in Figure 5.17 for dif-
ferent downstream cross-sections and in Figure 5.18 for different downstream
cross-section combinations. When the upstream cross-sections are varied all
downstream cross-sections are used, and the other way around. The positions
of the cross-sections in the duct are illustrated in Figure 5.11.

Figure 5.16 shows that varying the upstream cross-sections does not affect
the result. This is as expected, since the inflow is laminar, and hence, no flow
disturbances are present upstream of the plate. The result indicates that the
error, compared to the exact solution, is due to flow generated sound at the
studied frequencies, which is much more difficult to filter away.

Figure 5.17 and 5.18 show that there are no significant non-acoustic fluc-
tuations in the downstream cross-sections either, except in the cross-section
closest to the plate (approximately 3.5 duct diameters downstream). This is
probably due to the fact that the cross-sections are situated downstream of the
breakup of the jet, where the mesh is stretched, dissipating turbulent fluctu-
ations. These results imply that, as long as the evaluation cross-sections are
situated far enough from the object, the CBF method does not improve the
result. However, if the evaluation is performed with cross-sections closer to the
object, and/or if the axial grid spacing is significantly refined, the CBF method
should suppress non-acoustic fluctuations.
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Figure 5.16. The scattering matrix for test waves computed
with different, or averages of different, upstream cross-sections.
The bottom figure is the phase, where star is all cross-sections,
circle is cross-section 10, square is cross-sections 9 & 10, and
diamond is cross-section 1.
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Figure 5.17. The scattering matrix for test waves computed
with different downstream cross-sections. The bottom figure is
the phase, where star is all cross-sections, circle is cross-section
11, square is cross-section 13, and diamond is cross-section 29.
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Figure 5.18. The scattering matrix for test waves computed
with different, or averages of different, downstream cross-
sections. The bottom figure is the phase, where star is all
cross-sections, circle is cross-section 13, square is cross-sections
13 to 16, and diamond is cross-sections 15 to 18.
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5.3.4. Phase Averaging

Phase averaging, also called synchronized time domain averaging, is an efficient
way to suppress noise when discrete frequencies are studied. By averaging over
one period of the wave, fluctuations that are not at that frequency or harmon-
ics of it, or that have a non-constant phase, are eliminated. How good this
elimination becomes depends on the number of periods used for the averaging.
An example of the effect of phase averaging on the time signal is illustrated in
Figure 5.19, for different number of averages of a 1000 Hz test wave. It is clear
that increasing the number of averages gives a time signal that looks more and
more like a sine wave.

The scattering matrix computed with different number of averages of the
test waves is shown in Figure 5.20. It is observed that increasing the number
of averages has a strong effect to start with, especially for the amplitude of the
elements, but as the number of averages increase the visible effect decreases. It
can also be observed that it is the downstream reflection, and the transmission
from up- to downstream, that are most affected by the number of averages
used.
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Figure 5.19. Phase averaging of a 1000 Hz test wave, using
different number of periods (P) for the averaging.
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Figure 5.20. The scattering matrix for test waves computed
with different number of averages. The bottom figure is the
phase, where star is 65 averages, circle is 39 averages and
square is 19 averages.



CHAPTER 6

Results – Flow and Acoustics of a Thick Plate

The flow and acoustics of a thick orifice plate are studied for eight cases, de-
scribed in Section 3.5.2, and summarized in Table 3.1. The labelling of the
cases shown in the table will be used throughout this chapter. The core of the
jet is defined as the part of the jet where the Mach number has reached a value
higher than the mean in that cross-section. However, even if the Mach number
is below the mean at the centre of the jet, this region is counted as part of the
core.

The mean flow, in terms of Mach number, is illustrated in Figure 6.1 to 6.3.
A jet is formed as the air goes through the orifice. The jet has a thin shear layer,
which grows downstream, indicating the growth of vortices. For the two lower
mass flows this growth starts before the end of the plate. At the lowest mass
flow, shown in Figure 6.1, the geometry has a significant influence on the jet.
The thinner plate gives a higher Mach number, while the plate with a chamfer
of the upstream edge (geometry Cut) gives a lower Mach number, caused by
a weaker vena contracta effect. A square duct gives a non-axisymmetric jet,
with a stronger vena contracta effect in a diagonal cross-section. Increasing
the mass flow to 100 g/s has a more pronounced effect on the jet in the square
duct, which becomes more similar to the jet in the circular duct, see Figure 6.2.
Increasing the mass flow further, to 150 g/s, gives a supersonic jet, with a shock
diamond pattern similar to what you find in free supersonic jets, see Figure 6.3.

The jet Mach number, and the pressure and density drop over the plate
are summarized in Table 6.1. The table indicates that compressible effects are
present in all cases, as the density changes, and this effect increases with the
Mach number. The pressure drop is mainly dependent on mass flow, and not
geometry. However, a thinner plate gives a slightly larger pressure drop. The
jet Mach number is defined as the mean Mach number in the jet core in the
middle of the orifice.

The results in Table 6.1 can be compared to measured data presented in
Table 6.2. This data comes from an experimental investigation of the acous-
tic scattering by the orifice plate, performed by Tiikoja (2012). In the case
Circ m50 there is a very good agreement between the simulations and the mea-
surements. As the mass flow is increased a deviation starts to appear, where
the simulations predict a higher pressure loss than found in the measurement.

86
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Table 6.1. Jet Mach number, and pressure and density drop
over the plate.

Mjet ∆p [kPa] ∆ρ [kg/m3]
Circ m50 0.39 4.4 0.05
Thinner m50 0.40 5.2 0.06
Cut m50 0.36 4.5 0.06
Square m50 0.38 4.5 0.05
Circ m100 0.84 21 0.25
Square m100 0.81 22 0.26
Circ m150 1.21 60 0.69
Square m150 1.23 61 0.72

Table 6.2. Measured pressure and density drop over the plate.

∆p [kPa] ∆ρ [kg/m3]
Circ m50 4.4 0.05
Circ m100 19 0.22
Square m100 20 0.23
Circ m150 44 0.52
Square m150 45 0.53

This deviation is small for the mass flow 100 g/s, but large for the mass flow
150 g/s. The trend with a slightly higher pressure drop in the square than
the circular duct is, however, captured in the simulations. The exact origin of
the discrepancy at the highest mass flow is not known. It may, however, be
noted that the downstream pressure is significantly lower in the simulations
than in the measurements, 103 kPa compared to 114 kPa. With supersonic
flow in the constriction a lower downstream pressure should result in stronger
shocks in the jet, and hence a larger pressure drop. Furthermore, in the mea-
surements the static pressure is sampled in one point at the duct wall, while a
cross-section average is used in the simulations. Thus, variations of the pres-
sure in the cross-section will cause discrepancies between measurements and
simulations, and the upstream pressure is measured 15 duct diameters down-
stream of a bend. However, this cannot explain the large discrepancy found
at the highest mass flow. Another cause for discrepancies at the highest mass
flow is inadequately resolved shear layers and shock waves. This would give
a significant effect on the pressure drop, since the shock waves contain strong
pressure gradients and a thicker shear layer will result in a higher jet velocity.
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(a) Circ m50

(b) Thinner m50

(c) Cut m50

(d) Square m50

(e) Square m50, plane cut diagonally

Figure 6.1. Mean Mach number.
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(a) Circ m100

(b) Square m100

(c) Square m100, plane cut diagonally

Figure 6.2. Mean Mach number.

Figure 6.4 shows snapshots of the instantaneous flow field for four of the
cases, to give an indication of the flow unsteadiness. The instantaneous flow
is highly unsteady, with vortex generation and recirculation zones. In the
supersonic cases the upstream part of the jet does, however, seem quite steady,
at least in the circular duct. Additionally, in the case Circ m100 the Mach
number goes above one instantaneously (not shown here).

Two examples of the velocity spectra are illustrated in Figure 6.5, depicting
the axial velocity spectra at four positions along the duct centreline, in the
cases Circ m50 and Circ m150. The figure shows that the incoming flow is not
turbulent, but at the lower mass flow there are peaks in the upstream duct due
to disturbances propagating upstream from the orifice. Inside the orifice the
fluctuation level starts to increase, and there are peaks due to the instability
of the jet, in the subsonic case. Some distance downstream of the plate a fully
developed turbulence spectrum starts to appear, with the characteristic −5/3
slope also shown in Figure 6.5. The fact that we observe this slope indicates
that the grid resolution is good enough to resolve part of the inertial sub-range,
as required in LES.
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(a) Circ m150

(b) Square m150

(c) Square m150, plane cut diagonally

Figure 6.3. Mean Mach number.

The reflection coefficients (defined as the ratio between the amplitudes of
the reflected and incident acoustic waves) are shown in Figure 6.6 for the inlet
and outlet boundaries. They are illustrated for the case Circ m100, but are
similar for all cases. The reflection is determined assuming plane waves. It is
then assumed that the reflection for higher order modes also is small, since it is
the mesh stretching that removes reflections at higher frequencies. Figure 6.6
shows that the reflection is almost zero, except for in a small frequency band
at the inlet boundary, where it reaches a maximum of 25 % around 1400 Hz.
Additionally, it may be noted that the outlet reflection coefficient increases fast
as the frequency goes to zero, and the inlet reflection coefficient has a couple of
peaks at higher frequencies. The difference between the in- and outlet bound-
aries is that the inlet only has a plane wave masking boundary condition and
a stretched grid, while the outlet has a Navier Stokes characteristic boundary
condition with plane wave masking and a stretched grid.
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(a) Circ m50

(b) Square m50

(c) Circ m150

(d) Square m150

Figure 6.4. Instantaneous Mach number, for four of the cases.

6.1. Mean Flow Characteristics

The flow has several characteristic length and velocity scales. Some of the
length scales are set by the geometry (orifice diameter, orifice length and duct
diameter), while some are determined by the flow (jet diameterDjet, shear layer
thickness δ and shear layer momentum thickness θ). Characteristic length and
velocity scales, based on the flow, are shown in Table 6.3 and 6.4, respectively.
The jet diameter is the equivalent diameter to the jet core area. The shear
layer thickness is defined as the orifice radius minus the jet radius, at the inlet
to or in the middle of the orifice. The momentum thickness is determined from
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θ =
1

2πR

∫∫
A

u

U

(
1− u

U

)
dA, (6.1)

where U is the bulk velocity at the orifice inlet, A is the orifice cross-sectional
area and R is the orifice radius. The inlet velocity (Uin) is the bulk velocity
in the inlet duct; the velocity at the orifice inlet (Uorif,in) is the bulk velocity
at the inlet to the orifice; the jet velocity (Ujet) is the mean velocity in the jet
core in the middle of the orifice, and at the orifice inlet. For the case Cut m50
two velocities are given at the orifice inlet, where the one in parenthesis is
determined at the end of the chamfer. In general it is observed that the jet
diameter becomes slightly larger, and the shear layer thinner, with increasing
mass flow. However, the momentum thickness is more geometry, than mass
flow, dependent. The velocity obviously increases with increasing mass flow,
but the increase seems to be slower than linear due to compressibility effects.
Furthermore, a chamfer of the upstream edge gives larger momentum thickness
and jet diameter, as well as a lower jet velocity, as expected.

In order to get a better view of the shape of the jet, normalized axial and
radial velocity profiles are shown in Figure 6.7 to 6.10. The radial position
has been normalized with the duct radius in the circular duct, and with the
duct height in the square duct. One orifice diameter upstream of the plate,
Figure 6.7, the profile mainly depends on the duct shape, and hence only the
cases with a mass flow of 100 g/s are shown. The only significant difference
at a mass flow of 50 g/s is that there is no back-flow region in the square
duct corners. Inside the orifice, Figure 6.8 and 6.9 (radial and axial velocities,
respectively), the shape of the duct has a significant effect on the shape of
the jet at the lowest mass flow, but not at higher mass flows. In all cases,
except Cut m50, a saddle back profile is, however, obtained initially, which is a
characteristic profile for orifice jets (Mi et al. 2001; Quinn 2006). Increasing the
mass flow only has a small effect on the velocity profile, except when increasing
from 50 g/s to 100 g/s in the square duct. A chamfer of the plate upstream edge
primarily affects the upstream part of the jet, and makes the separation at this
edge smaller. Downstream of the plate, Figure 6.10, the axial velocity profiles
are mainly influenced by shape of the plate upstream edge, the duct shape (at
the lowest mass flow), and the jet becoming supersonic. The appeared smaller
jet diameter in the square duct is caused by the normalized radius having a
larger span in the square duct (i.e. the radius is larger than the duct height in
the corners).

Profiles of the level of turbulence (rms velocity fluctuations), normalized
with the jet velocity, are illustrated in Figure 6.11 and 6.12, inside and down-
stream of the orifice, respectively. The fluctuation level does, as expected, have
a peak in the jet shear layer. Inside the orifice the fluctuation level is signif-
icantly lower for supersonic jets, and when a chamfer is added to the plate
upstream edge. However, downstream of the plate the fluctuation level instead



94 6. RESULTS – FLOW AND ACOUSTICS OF A THICK PLATE

Table 6.3. Characteristic flow based length-scales, given in
mm. The jet diameter (Djet) is determined in the middle of
the orifice.

Djet δorif,in δorif,middle θorif,in
Circ m50 19.9 0.47 2.1 0.43
Thinner m50 20.1 0.48 2.0 0.43
Cut m50 21.0 0.27 1.5 0.83
Sq m50 19.9 0.47 2.1 0.53
Circ m100 20.5 0.37 1.8 0.36
Sq m100 20.5 0.34 1.8 0.40
Circ m150 21.5 0.24 1.2 0.36
Sq m150 21.4 0.27 1.3 0.40

Table 6.4. Characteristic velocities, given in m/s. Ujet is
determined in the middle of the orifice, while Ujet,in is at the
orifice inlet.

Uin Uorif,in Ujet,in Ujet Umax
Circ m50 32 93 98 130 140
Thinner m50 33 98 102 136 145
Cut m50 34 72 (99) 80 (101) 122 128
Square m50 32 93 97 127 141
Circ m100 53 180 187 270 281
Square m100 54 180 187 262 278
Circ m150 61 223 229 369 403
Square m150 60 224 230 369 405

seems to be higher with a chamfer of the upstream edge. Furthermore, in
the case Cut m50, the fluctuation level is not completely axisymmetric. This
non-axisymmetry may also be observed in the axial velocity profile, Figure 6.9,
where the separation at the upstream edge is slightly larger at the side where the
fluctuation level is higher. The duct shape influences the fluctuations mainly
inside the orifice, with the fluctuations in a diagonal cross-section, in the square
duct, being higher in the middle and downstream part of the orifice, but lower
at the orifice inlet.
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Figure 6.7. Normalized axial velocity profiles one half orifice
diameter upstream of the plate, for a mass flow of 100 g/s, in
the circular and square ducts.
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Figure 6.8. Normalized radial velocity profiles inside the ori-
fice. 1-inlet, 2-middle, 3-outlet. The thinner lines in the square
duct cases are across the diagonal.
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Figure 6.9. Normalized axial velocity profiles inside the ori-
fice. 1-inlet, 2-middle, 3-outlet. The thinner lines in the square
duct cases are across the diagonal.
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Figure 6.10. Normalized axial velocity profiles downstream
of the plate. 1=0.5D, 2=1D, 3=1.5D, where D is the orifice
diameter. The thinner lines in the square duct cases are across
the diagonal.
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Figure 6.11. Velocity fluctuation profiles (rms including all
velocity components) inside the orifice. 1-inlet, 2-middle, 3-
outlet. The thinner lines in the square duct cases are across
the diagonal.
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Figure 6.12. Velocity fluctuation profiles (rms including all
velocity components) downstream of the plate. 1=0.5D,
2=1D, 3=1.5D, where D is the orifice diameter. The thinner
lines in the square duct cases are across the diagonal.
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6.2. Flow Statistics

The power spectral density (PSD) of the pressure in four points along the
centreline and in the shear layer is shown in Figure 6.13 to 6.16. The evaluation
of the spectra was performed with a frequency resolution of 25 Hz, and at least
one-hundred averages. The spectra show several strong peaks for all cases,
except those with the highest mass flow.

For the lowest mass flow cases, the fluctuation level is higher in the shear
layer than at the centreline. This is as expected, since the incoming flow is
laminar and the fluctuations originate from small disturbances that grow in
the unstable shear layer. In the square duct the shear layer fluctuation level is
higher when studying a point at the diagonal, instead of in the y- or z-normal
plane. In the case Circ m50 the fluctuation level is somewhere in between those
in the two planes in the square duct. This indicates that the fluctuation level
increases when the separation at the plate upstream edge becomes larger, see
Figure 6.1 and 6.9. This effect was also observed in the case Cut m50, where
the jet is slightly asymmetric and the rms velocity is higher at the side with a
larger separation, see Figure 6.9 and 6.11.

Increasing the mass flow to 100 g/s, the amplitude of the peaks in the
spectra becomes higher at the centreline than in the shear layer, in the circular
duct. In the square duct the fluctuation level follows the same trends as in the
lower mass flow case. This difference might be caused by the flow in the circular
duct oscillating around Mach one in the centre of the jet. If this oscillation is
at, or around, a certain frequency it would cause high fluctuation levels in
the pressure at that frequency. This theory is supported by the fact that the
background fluctuation level still is lower at the centreline, and it is only the
amplitude of a couple of the peaks that is higher.

Increasing the mass flow further, to 150 g/s, the spectra become more
broadband, with only a few small wider peaks. The fluctuation level increases
significantly downstream along the centreline, while it is more constant in the
shear layer. This significant difference observed in the spectra, compared to
the lower mass flow cases, should be attributed to the supersonic jet.

The Strouhal numbers (and corresponding frequencies) of the strongest
peaks are summarized in Table 6.5 and 6.6. Table 6.5 shows the Strouhal
numbers of peaks present both in the shear layer and at the centreline, while
Table 6.6 shows the Strouhal numbers of peaks present either in the shear layer
or at the centreline. The Strouhal number is St = fL/U , where L is the plate
thickness, U is the jet velocity and f is the frequency.

First, we consider the frequencies in Table 6.5, i.e. peaks present both
in the shear layer and at the centreline. The strongest peaks are at similar
frequencies for the same plate thickness and mass flow. Decreasing the plate
thickness or increasing the mass flow increases the frequency of the fluctua-
tions. In the square duct cases there are fewer peaks than in the circular duct



6.2. FLOW STATISTICS 101

10
2

10
3

10
4

10
−2

10
0

10
2

10
4

Frequency [Hz]

P
S

D
Circ m50

 

 

0L

0.5L

L

1.5L

10
2

10
3

10
4

10
−2

10
0

10
2

10
4

Frequency [Hz]

P
S

D

Circ m50

 

 

0L

0.5L

L

1.5L

10
2

10
3

10
4

10
−2

10
0

10
2

10
4

Frequency [Hz]

P
S

D

Thinner m50

 

 

0L

0.5L

L

1.5L

10
2

10
3

10
4

10
−2

10
0

10
2

10
4

Frequency [Hz]

P
S

D

Thinner m50

 

 

0L

0.5L

L

1.5L

10
2

10
3

10
4

10
−2

10
0

10
2

10
4

Frequency [Hz]

P
S

D

Cut m50

 

 

0L

0.5L

L

1.5L

10
2

10
3

10
4

10
−2

10
0

10
2

10
4

Frequency [Hz]

P
S

D

Cut m50

 

 

0L

0.5L

L

1.5L

Figure 6.13. PSD of the pressure fluctuations at the centre-
line to the left and in the shear layer to the right. For the
cases in a circular duct with a mass flow of 50 g/s. L is the
length of the orifice and 0 is at the orifice inlet.

cases. Comparing the Strouhal number of the peaks in the cases Circ m50
and Square m50, it appears as if the lowest frequency ”mode” is absent in the
square duct.
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Figure 6.14. PSD of the pressure fluctuations at the centre-
line to the left and in the shear layer to the right. The top
shear layer spectrum is in the z-normal plane and the bottom
spectrum is in a diagonal plane. L is the length of the orifice
and 0 is at the orifice inlet.

Strong peaks in the pressure spectra indicate frequencies where distur-
bances grow in the shear layer to form vortices. The frequencies observed are
believed to be chosen by a feedback mechanism, where small disturbances grow
in the shear layer and form vortices that are convected downstream, hit the
plate downstream edge, generating an acoustic pulse that propagates upstream
to trigger a new disturbance at the upstream edge, as described by Rockwell
& Naudascher (1979). This theory is supported by the fact that the strong
peaks disappear when the jet becomes supersonic, and the acoustic disturban-
ces no longer can propagate upstream to close the feedback loop. The theory
is further supported by the similar frequencies observed in the cases Circ m50
and Cut m50, which have the same plate thickness and mass flow, but differ-
ent shear layer momentum thicknesses, and the natural instability frequency of
the shear layer is sensitive to this momentum thickness, see e.g. Ho & Huerre
(1984). Furthermore, studying the Strouhal numbers in Table 6.5, they seem
to scale well with the plate thickness and jet velocity.
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Figure 6.15. PSD of the pressure fluctuations at the cen-
treline to the left and in the shear layer to the right. In the
square duct, the top shear layer spectrum is in the z-normal
plane and the bottom spectrum is in a diagonal plane. For the
cases with a mass flow of 100g/s. L is the length of the orifice
and 0 is at the orifice inlet.
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Figure 6.16. PSD of the pressure fluctuations at the cen-
treline to the left and in the shear layer to the right. In the
square duct, the top shear layer spectrum is in the z-normal
plane and the bottom spectrum is in a diagonal plane. For the
cases with a mass flow of 150g/s. L is the length of the orifice
and 0 is at the orifice inlet.
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Table 6.5. Strouhal number of peaks in the PSD found both
in the shear layer and at the centreline, based on plate thick-
ness and jet velocity. The corresponding frequencies are given
in parenthesis.

St1 (f [Hz]) St2 (f [Hz]) St3 (f [Hz]) St4 (f [Hz])
Circ m50 0.43 (2800) 0.79 (5150) 1.6 (10325)
Thinner m50 0.44 (3962) 0.87 (7925) 1.3 (11900)
Cut m50 0.43 (2625) 0.86 (5250) 1.3 (7875) 1.7 (10500)
Sq m50 0.85 (5400) 1.7 (10800)
Circ m100 0.51 (6900) 1.0 (13800)
Sq m100
Circ m150 0.49 (9075)
Sq m150 0.48 (8825)

Table 6.6. Strouhal number of peaks in the PSD found only
in the shear layer (subscript s) or at the centreline (subscript
c), based on plate thickness and jet velocity. The correspond-
ing frequencies are given in parenthesis.

Sts1 (f [Hz]) Sts2 (f [Hz]) Stc (f [Hz])
Circ m50 0.4 (2600) 1.2 (7750) 1.2 (7950)
Thinner m50 1.4 (10375)
Cut m50
Sq m50 1.50 (9500)
Circ m100 0.26 (3450) 0.77 (10350) 0.71 (9625)
Sq m100 0.66 (8650)
Circ m150 0.25 (4575) 0.60 (11000)
Sq m150 0.24 (4375) 0.49 (9000)

The information propagation velocity between the orifice inlet and outlet
is investigated by correlating the mass flow fluctuations at the orifice inlet and
outlet. For all subsonic cases, except Square m100, the result is an oscillat-
ing function of time. The main period of these oscillations correspond to the
strongest frequency in the flow (St1 for the cases Thinner m50 and Circ m100,
and St2 for the other cases), but an effect from other strong frequencies in
Table 6.5 is also observed. By studying the peaks in the correlation the infor-
mation propagation speed is determined, where a positive speed is downstream
and a negative upstream. This speed is shown in Table 6.7, together with the
up- and downstream acoustic propagation speeds, and the correlation level.
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Table 6.7. Information propagation speed in the orifice,
given in m/s. Computed through the correlation between the
mass flow fluctuations at the orifice in- and outlet. The corre-
lation level is also specified, as well as the acoustic propagation
speeds.

Speed Corr c+ U U − c
Circ m50 -190 0.95 470 -210
Thinner m50 -200 0.97 476 -204
Cut m50 -190 0.98 462 -218
Square m50 -190 0.99 467 -213
Circ m100 -64 0.92 597 -57
Square m100 -167 (-62) 0.57 (0.34) 589 -65
Circ m150 -133 0.73 679 59
Square m150 -143 0.61 679 59

Table 6.7 indicates that a mass flow fluctuation in the outlet cross-section
propagates upstream as an acoustic disturbance, giving an oscillation also in
the inlet cross-section, for the subsonic jets. This should then correspond to
the upstream pulse in the feedback loop.

In the highest mass flow cases and Square m100, the correlation is much
weaker than in the other cases, see Table 6.7. In the cases with a supersonic jet
the correlation does not have a clear oscillating behaviour, but rather one peak
at the maximum correlation. This peak gives a negative information propa-
gation speed, but since no information should be able to propagate upstream
through the supersonic jet core, the information has to propagate upstream
outside of the jet core. In the case Square m100 the correlation still has an os-
cillating behaviour, but it is not as clear as in the other subsonic cases. Further-
more, the strongest peak does not correspond to any clear physical propagation
speed, while the second strongest peak corresponds to downstream convection.
The third strongest peak, given in parenthesis in Table 6.7, corresponds to an
upstream propagating acoustic pulse. This case differs from the other subsonic
cases in the way that it does not have any clear axisymmetric flow structures,
as will be shown later. This means that the most significant fluctuations are
cancelled out when integrating over the cross-section to get the mass flow, and
hence this analysis gives an inadequate result.

The difference in Strouhal number observed between the cases Circ m50
and Circ m100 might be due to the upstream acoustic propagation speed being
important for high Mach number flows. This would, however, indicate that the
lowest frequency peak in the 100 g/s mass flow case corresponds to the second



6.2. FLOW STATISTICS 107

peak in the 50 g/s mass flow case, since a lower acoustic propagation speed will
result in a lower frequency.

Looking at Table 6.5, St2 and St3 are in general harmonics of St1, and
St4 is a harmonic of St2. The case Circ m50 does, however, deviate from this
trend. St4 is still the first harmonic of St2, but St2 and St3 are not harmonics
of St1. A possible explanation to why the two first peaks are not harmonics
in this case is that disturbances at these frequencies might be convected at
different speeds. This is in accordance with the fact that free shear layers may
be dispersive for frequencies below their natural instability frequency (Ho &
Huerre 1984). Hence, with a feedback mechanism governing the frequency, the
feedback loop might have different periods for different frequencies, and not
only harmonic frequencies are generated.

Pressure peaks only present in the shear layer, summarized in Table 6.6,
are accompanied by high fluctuation levels in the circumferential velocity (not
shown here), indicating azimuthal modes, which commonly are found in the
near-field of jets (Citriniti & George 2000; Jung et al. 2004; Iqbal & Thomas
2007). Of the lowest mass flow cases Circ m50 is the only one that seems
to have azimuthal modes. In this case, and the case Circ m100, the second
azimuthal mode seems to be the second harmonic of the first mode, while
the first harmonic is at the same frequency as St2 and St1, respectively, in
Table 6.5. The Strouhal numbers of most azimuthal modes differ significantly,
indicating that the plate thickness and jet velocity might not be the correct
scaling parameters for this phenomenon. The frequencies do not scale with the
momentum thickness and jet velocity at the orifice inlet either, and it is not
clear which scaling that should be used.

Peaks present only at the centreline indicate that the fluctuations are not
caused by disturbances growing in the shear layer, and should thus have another
origin. The frequencies do not match an acoustic resonance in the orifice, or in
the ducts. It may, however, be noted that the frequency is similar for the cases
Square m50 and Square m100. Furthermore, the peak in the case Thinner m50
is at a similar frequency as the peak St4 in the case Circ m50, which is stronger
at the centreline.

Studying the Strouhal numbers of the strong flow fluctuations, it is noted
that they differ from those found in studies of the acoustics of orifice plates.
Tonal sound related to acoustic - flow interaction has by Testud et al. (2009)
and Lacombe et al. (2011) been found to have a maximum around St = 0.25.
In this study St1 is approximately twice of this, while Sts1 has this value for
a couple of the cases, see Table 6.5 and 6.6. This discrepancy is discussed in
combination with the sound generation at the end of Section 6.4. The main
differences between this and previous studies is, however, that this study is for
higher Mach numbers and the inflow is laminar.
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Table 6.8. Most unstable shear layer frequencies, based on
Strouhal numbers found in experiments summarized in Gut-
mark & Ho (1983).

Frequency [Hz]
Circ m50 2280 - 5240
Thinner m50 2370 - 5460
Cut m50 964 - 2220
Square m50 1830 - 4210
Circ m100 5190 - 11947
Square m100 4680 - 10750
Circ m150 6360 - 14630
Square m150 5750 - 13230

Approximate shear layer instability frequencies for the different cases are
shown in Table 6.8. The frequencies are based on Strouhal numbers found in
experiments and summarized in Gutmark & Ho (1983), and the momentum
thickness and jet velocity at the orifice inlet. The most unstable shear layer
frequencies lie within a broad range. It may, however, be observed that the
strongest peaks in the flow spectra in general are within this range, or at a
harmonic of a peak in this range. The exception is the cases Cut m50 and
Square m50. In the case Cut m50 an explanation might be that using the
momentum thickness and jet velocity at the orifice inlet is inappropriate, since
the separation really takes place at the downstream end of the chamfer. Using
the values at the end of the chamfer will put at least the first peak in the most
unstable frequency range. For the latter case, Square m50, the first peak ends
up above the most unstable range, which might be connected to it seeming to
correspond to the second peak, St2, in the other cases.

6.3. Flow Structures

In this section the velocity field is decomposed into different flow structures,
using Proper Orthogonal Decomposition (POD) and Dynamic Mode Decom-
position (DMD). The theory of these decomposition methods is presented in
Section 4.3. A POD is performed for the case Circ m50, in order to demon-
strate what you can get from the method. A DMD is performed for all cases,
in order to find flow structures corresponding to interesting frequencies in the
flow. The decompositions are performed on the flow in a domain extending
from 2.1 orifice diameters upstream to 4.2 orifice diameters downstream of the
plate.

This section is divided into four parts. In the first part, the DMD is
presented for the different cases. In the second part, an attempt is made at
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Figure 6.17. Convergence of the DMD residual in Equa-
tion (4.28) divided by the number of snapshots N , with in-
creasing number of snapshots. For the case Circ m50.

studying the time evolution of the most interesting DMD modes, in the case
Circ m50. In the third part, the case Circ m50 is used to illustrate why it is
appropriate to use the magnitude of the DMD modes for the mode spectra,
without the mode amplitude factor. Finally, in the fourth part, the POD is
presented for the case Circ m50.

6.3.1. Dynamic Mode Decomposition

A measure of whether enough snapshots have been employed is that the resid-
ual in Equation (4.28), divided by the number of snapshots, should converge
towards some value. This test was performed for the case Circ m50. The re-
sult, shown in Figure 6.17, indicates that 3000 snapshots is enough, and this
has been used for the presented DMD computations. Another measure of the
quality of the DMD is found by plotting the real versus the imaginary part of
the eigenvalues, which should be close to the unit circle. Figure 6.18 shows this
type of plot for the different cases, illustrating that most of the 3000 eigenval-
ues do lie approximately on the unit circle. Furthermore, the eigenvalues that
are not on the unit circle correspond to less significant low magnitude modes.

The DMD mode magnitude spectra are shown in Figure 6.19. Comparing
these spectra with the point spectra in Figure 6.13 to 6.16 it is clear that the
DMD in general captures the significant frequencies in the flow, except in the
case Square m150. With the exception of this case, most of the peaks summa-
rized in Table 6.5 and 6.6 are found in the DMD spectra, at approximately the
same frequencies. The exception is the peaks Stc in Table 6.6, which basically
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Figure 6.18. DMD eigenvalues, real versus imaginary part.
The colour gives the magnitude of the corresponding mode,
where red is the strongest. Blue is mode zero.
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only are present in the centreline point spectra. This indicates that weaker flow
fluctuations in a part of the domain do not become significant when studying
an average over the domain. In four cases additional peaks are found in the
DMD spectra. In the case Circ m50 there is a peak at 1487 Hz. In the case
Thinner m50 additional peaks are found at 1996 and 5977 Hz, where the first
seems to be a sub-harmonic of the first peak in the point spectra, and the
second one is the second harmonic of the first. In the case Cut m50 additional
peaks are found at 1312 Hz and its harmonics, where every second of these
harmonics correspond to the peaks found in the point spectra. In the case
Circ m150 there is a small additional peak at 7826 Hz.

The DMD modes found in the different cases are depicted in Figure 6.20 to
6.27. The modes are illustrated with λ-2 iso-surfaces, showing vortex cores, and
with iso-surfaces of a positive and a negative axial velocity. The λ-2 iso-surfaces
are coloured by the axial velocity, in order to see the structures more clearly.
A maximum of four modes are shown for each case; however, the remaining
modes are harmonics of the ones shown, and hence have a similar structure.

When vortices are studied in a fluctuating structure or flow where the mean
has been subtracted, care has to be taken, as additional ”unphysical” vortices
may be present. Consider the 2D convection of vortices along a line, by a
steady mean flow. The basic flow field is a steady uniform velocity, onto which
the vortices are added. Every time a vortex passes there is a region where the
velocity increases and one where it decreases. Taking the mean of this flow, with
the vortices, it will not be a uniform velocity. Instead, there will be a velocity
distribution with a higher velocity in the region where the vortices increase
the velocity and a lower velocity in the region where the vortices decrease the
velocity. Now, if this mean flow is subtracted from an instantaneous snapshot
of the flow it will seem like there are counter rotating vortices between the real,
physical, vortices. This is clearly seen for the ring vortices in Figure 6.20 to
6.24, which consist of pairs of counter rotating vortices.

Studying the shape of the modes in Figure 6.20 to 6.27 it is observed that
some of the modes consist of more or less axisymmetric vortex rings, while other
modes have a clear azimuthal structure. In the same way as Mi et al. (2001),
Quinn (2006) and Mi et al. (2007) noted that the coherent structures in free
orifice jets are similar to those in free nozzle jets, we can notice that the confined
thick orifice plate jets studied here exhibit similar coherent structures as free
nozzle jets. It may also be mentioned that the azimuthal mode at 2569 Hz
in the case Circ m50 is similar to the three dimensional structures Meslem
et al. (2011) sketched as secondary vortices on top of the primary vortex rings.
Additionally, in axisymmetric structures an oscillation of the jet core velocity
is observed. This oscillation should corresponds to the volcano like eruptions
found in the jet core by e.g. Citriniti & George (2000), Jung et al. (2004) and
Iqbal & Thomas (2007).
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Figure 6.19. DMD mode magnitude spectra.
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(a) DMD mode at 1487 Hz.

(b) DMD mode at 2569 Hz.

(c) DMD mode at 2829 Hz.

(d) DMD mode at 5131 Hz.

Figure 6.20. DMD modes in the case Circ m50. Left: λ-2
iso-surfaces, coloured by axial velocity. Right: iso-surfaces of
a positive and a negative axial velocity.
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(a) DMD mode at 1996 Hz.

(b) DMD mode at 3968 Hz.

(c) DMD mode at 5977 Hz.

(d) DMD mode at 7943 Hz.

Figure 6.21. DMD modes in the case Thinner m50. Left:
λ-2 iso-surfaces, coloured by axial velocity. Right: iso-surfaces
of a positive and a negative axial velocity.
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(a) DMD mode at 1309 Hz.

(b) DMD mode at 2623 Hz.

(c) DMD mode at 3937 Hz.

(d) DMD mode at 5244 Hz.

Figure 6.22. DMD modes in the case Cut m50. Left: λ-2
iso-surfaces, coloured by axial velocity. Right: iso-surfaces of
a positive and a negative axial velocity.
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(a) DMD mode at 5403 Hz.

(b) DMD mode at 10810 Hz.

(c) DMD mode at 16210 Hz.

Figure 6.23. DMD modes in the case Square m50. Left: λ-2
iso-surfaces, coloured by axial velocity. Right: iso-surfaces of
a positive and a negative axial velocity.

Comparing the DMD modes to the significant frequencies summarized in
Table 6.5 and 6.6, it is observed that the more axisymmetric modes are found in
Table 6.5, while the azimuthal modes are found in Table 6.6. This is true also for
the modes not illustrated here. This observation confirms the hypothesis that
fluctuations present both in the shear layer and at the centreline correspond to
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(a) DMD mode at 3469 Hz.

(b) DMD mode at 6896 Hz.

(c) DMD mode at 10340 Hz.

(d) DMD mode at 13800 Hz.

Figure 6.24. DMD modes in the case Circ m100. Left: λ-2
iso-surfaces, coloured by axial velocity. Right: iso-surfaces of
a positive and a negative axial velocity.
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(a) DMD mode at 8671 Hz.

(b) DMD mode at 17250 Hz.

Figure 6.25. DMD modes in the case Square m100. Left:
λ-2 iso-surfaces, coloured by axial velocity. Right: iso-surfaces
of a positive and a negative axial velocity.

axisymmetric structures, while those present only in the shear layer correspond
to azimuthal structures.

Studying the DMD modes it is observed that an approximately even num-
ber of vortices fit within the length of the orifice, in the subsonic jets. This is
in accordance with the feedback theory suggested and discussed in Section 6.2.
Furthermore, the first axisymmetric mode in the case Circ m100, St1 in Ta-
ble 6.5, seems to correspond to the second axisymmetric mode St2 in the lower
mass flow cases (except Cut m50). This supports the argument that the dif-
ference in Strouhal number, observed between the mass flows in Table 6.5, is
due to the high jet Mach number. That is, when the Mach number increases
the time it takes an acoustic pulse to propagate upstream becomes significant
(compared to the downstream convection time), giving that the frequency does
not increase linearly with the jet velocity, as it will for lower Mach numbers.

The cases Circ m50, Thinner m50 and Circ m100 have in common that they
have an azimuthal mode at a lower frequency (2569 Hz, 1996 Hz and 3469 Hz,
respectively), with axisymmetric modes at the odd harmonics (1, 3, ...) of this
frequency, and azimuthal modes at the even harmonics, see Figure 6.20, 6.21
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and 6.24. For each case, all azimuthal modes seem to have the same azimuthal
mode number, while the stream-wise wavelength becomes shorter for higher
frequency modes. In addition to these modes the case Circ m50 has a weak
lower order azimuthal mode at 1487 Hz, and a strong axisymmetric mode at
the first harmonic of this mode, which is at a slightly higher frequency than
the first of the already discussed azimuthal modes.

It may be noted that the azimuthal modes have a more or less helical
(spiralling) structure, in the different cases. Studying the modes as a function of
time it is observed that the ones with a more helical shape tend to rotate around
the circumferential direction, like in the case Circ m100. Furthermore, in this
case, the azimuthal peaks actually consist of two modes, which are counter
rotating helical structures. The azimuthal modes with a less helical structure
appear to only be convected downstream, like the mode at 2569 Hz in the case
Circ m50. Additionally, in the Case Thinner m50 the mode at 1996 Hz seems
to be a sum of two counter rotating helical structures. This can be explained
by the helical structures found in free jets normally consisting of two counter
rotating structures at the same frequency. Hence, since the DMD divides the
flow into modes based on the temporal behaviour, these two structures may
end up in the same mode. This can also explain the shape of the mode at
2569 Hz in the case Circ m50, since two counter rotating helical structures of
the same strength will appear as downstream convecting disturbances, if added
together.

In the case Cut m50 all of the modes have something of an axisymmetric
structure, see Figure 6.22. However, compared to the other cases the structures
become more axisymmetric downstream, and are quite broken up initially. Fur-
thermore, the mode identified as the first axisymmetric structure in Table 6.5,
based on the Strouhal number, seems to be the second one, with a shorter
stream-wise wavelength. The difference between this case and the other ones
in the circular duct is attributed to the upstream edge chamfer changing the
flow field.

In the square duct subsonic jets the axisymmetry is clearly broken up by
the non-axisymmetric inflow, see Figure 6.23 and 6.25. In the case Square m50
the axisymmetric vortex rings are broken into four parts, with the break at
the azimuthal positions between the duct corners. With the exception of this
breakup, the flow structures are, however, axisymmetric. Furthermore, as was
already indicated in Table 6.5, the longest wavelength axisymmetric mode is
absent, and the lowest frequency peak correspond to the ”second” axisymmetric
mode, with a shorter stream-wise wavelength. This breakup of the vortices into
four parts is also seen in the case Square m100, but here it is not axisymmetric
vortex rings that are broken up, it is an azimuthal structure of order two.

When the jet becomes supersonic, in the cases Circ m150 and Square m150,
the characteristics of the DMD change significantly. As in the point spectra,
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(a) DMD mode at 4573 Hz.

(b) DMD mode at 7826 Hz.

(c) DMD mode at 9041 Hz.

(d) DMD mode at 11080 Hz.

Figure 6.26. DMD modes in the case Circ m150. Left: λ-2
iso-surfaces, coloured by axial velocity. Right: iso-surfaces of
a positive and a negative axial velocity.
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(a) DMD mode at 2153 Hz.

(b) DMD mode at 4295 Hz.

(c) DMD mode at 6513 Hz.

(d) DMD mode at 8771 Hz.

Figure 6.27. DMD modes in the case Square m150. Left:
λ-2 iso-surfaces, coloured by axial velocity. Right: iso-surfaces
of a positive and a negative axial velocity.
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Figure 6.28. DMD growth rate for the case Circ m50, where
the right figure is a zoom of the left. The colour gives the mag-
nitude of the corresponding mode, where red is the strongest.
Blue is mode zero.

the DMD spectra in Figure 6.19 show less distinct peaks for this mass flow,
and in the case Square m150 there are almost no visible peaks. The shapes of
a few stronger DMD modes in these cases are illustrated in Figure 6.26 and
6.27. It is difficult to deduce the mode shapes from the λ-2 iso-surfaces, but
the iso-surfaces of a positive and a negative axial velocity give some idea of the
shape of the modes, at least in the circular duct case. It is seen that different
modes seem to have different azimuthal orders, and a stream-wise wavelength
that is not connected to the plate thickness. This indicates that the supersonic
jet, where no information can propagate upstream through the jet core, is more
similar to a free jet.

6.3.2. DMD Mode Time Evolution

When a DMD is performed a specific time dependence is assumed, e(−iω+β)t.
We have already studied the frequencies ω/(2π). Additional information may
be gained from the growth rate β, which is plotted in Figure 6.28 for the case
Circ m50. Most modes have a negative growth rate, and thus decay over time.
A couple of modes do, however, have a positive growth rate, giving that they
grow over time. Studying the growth rates for the three strongest modes it is
seen that they are negative, but there is another quite strong mode close to the
one at 2829 Hz, having the same shape, but a positive growth rate.

The DMD is performed with data from a short time period, and only gives
how a mode ”in average” grows or decays during this time period. Thus, one
has to be careful when using the growth rate to analyse the time evolution of
a mode. In reality the time variation of a mode might be different than that
assumed, at least for longer time periods. A mode might alternate between
growing and decaying, and might only be present part of the time. It is therefore



6.3. FLOW STRUCTURES 123

of interest to study how different modes really vary in time. Here, a couple of
tests are performed to find the time variation of the three strongest modes in
the case Circ m50. The result is presented in Figure 6.29.

In Figure 6.29(a) the normalized DMD modes have been projected on ve-
locity snapshots, as suggested in Section 4.3.2, Equation (4.36). The modes are
projected both on the snapshots used to compute the DMD, and on snapshots
sampled with a lower sampling frequency. Projecting the modes on the DMD
snapshots the amplitude oscillates with a frequency close to that of the mode,
indicating that this is an appropriate method to study the time variation. Fur-
thermore, two regimes are clearly observed, one around 0.01 to 0.02 seconds
and one around 0.025 to 0.04 seconds. Projecting the modes on snapshots with
a lower sampling rate, it is obvious that the mode around 2600 Hz comes and
goes in time, with what seems to be a non-deterministic pattern. For the two
other modes it is, however, difficult to see any clear time variation.

Figure 6.29(b) compares the DMD mode spectra computed with the entire
available time period and two shorter time segments. These shorter time seg-
ments are taken from the two regimes observed for the amplitude coefficients in
Figure 6.29(a), giving 666 snapshots for each time segment. The time segment
used to compute the DMD has a significant influence on the spectra. In the
first time segment the peak at 2829 Hz is missing, and there are stronger peaks
at several harmonics of 2569 Hz, including the peak at 5131 Hz. In the second
time segment the peak at 2569 Hz, and its harmonics, are missing and the peak
generally around 5150 Hz is at a slightly higher frequency. This variation of the
spectra is also indicated by the time-coefficients in Figure 6.29(a), especially for
the 2569 Hz mode. The magnitude of the modes can, however, not be directly
related to the amplitude of the time coefficients. The amplitude of the time
coefficient for the 2569 Hz mode is e.g. higher than that for the 5131 Hz mode
in the first time segment, while the DMD mode at 5131 Hz is stronger in this
time segment. Furthermore, it is not clearly seen in Figure 6.29(a) that the
mode at 2829 Hz is absent in the first time segment, or that the frequency at
5131 Hz is moved to a slightly higher frequency in the second time segment.

The short time segments used for DMD do not give any information about
how the modes vary over longer time periods. An additional indication of when
different modes are present can be taken from point data, by studying how the
velocity spectra vary in time. Figure 6.29(c) illustrates the time variation of
the axial velocity spectrum in the shear layer, in the middle of the orifice.
The figure is produced by calculating the Fourier transform of shorter time-
segments, with 50 % overlap, and plotting them as a function of time in a
colour graph. The result is noisy, since no averaging is performed, but it gives
an indication of when the different modes are present, and that all of the
modes grow and decay non-deterministically in time. It was also tried to do a
wavelet transform, which gives a less noisy result, but the frequency resolution
was not good enough to separate the peaks around 2600 and 2800 Hz. From
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(a) DMD modes projected on snapshots of the velocity. Left: 3000 closely spaced snapshots.

Right: 1000 sparsely spaced snapshots. Real part of mode in blue and imaginary in red.
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Figure 6.29. Time variation of modes and flow fluctuations
at interesting frequencies, for the case Circ m50.
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point data it is further possible to define time instants when the amplitude at
interesting frequencies reaches above a target value, and thus can be counted
as present. Figure 6.29(d) shows such an analysis, which gives a clearer picture
than Figure 6.29(c). Here, it may be noticed that, in general, the modes at
around 2600 and 2800 Hz do not appear simultaneously. This non-deterministic
switching between an axial and helical mode has been observed previously in
experiments by e.g. Mattingly & Chang (1974), Corke et al. (1991) and Yoda
et al. (1992).

6.3.3. DMD Amplitude Factors

In Section 4.3.2 it was argued that it is more appropriate to study the mag-
nitude of the DMD modes than their amplitude factor ηj (see Equation 4.20),
at least when considering cases with a few strong frequencies. The reason is
that ηj correspond to the amplitude factors at the start time, and can be large
for modes with a high negative growth rate. This is illustrated in Figure 6.30,
which shows this amplitude factor as a function of frequency, the DMD mode
spectrum with the magnitude of the modes multiplied with the amplitude fac-
tor, and the growth rate as a function of the amplitude factor, for the case
Circ m50. It is clearly seen that even though the amplitude factor is small
compared to the magnitude of the modes, Figure 6.19, it has a significant in-
fluence on the spectrum, which no longer looks similar to the point spectra,
Figure 6.13. Furthermore, larger values of η are accompanied by large nega-
tive growth rates, indicating that these modes are noise and not of interest.
Hence, it seems to be more appropriate to study the magnitude of the modes,
as assumed.

6.3.4. Proper Orthogonal Decomposition

In this section the POD of the case Circ m50 is presented, based on two different
sets of data. The first set of data is the one used for the DMD, with a sampling
frequency of ∆f = 66667 Hz, and 3000 snapshots. The second set of data is
sampled with ∆f = 400 Hz, and consists of 1000 snapshots.

The relative amount of energy captured with different number of modes is
shown in Table 6.9, and the energy distribution among the modes is illustrated
in Figure 6.31, based on the POD eigenvalues. With the exception of the 0th
mode, the amount of energy in each mode is small. Nevertheless, the first few
modes contain significantly more energy than higher modes, and the amount of
energy per mode decreases rapidly with increasing mode number for the first
10 modes. The trend for the energy distribution among the modes is similar for
both sets of data. However, the total amount of energy captured by the POD
modes is higher in the case ∆f = 66667 Hz, 2.1 · 1013 compared to 7.0 · 1012 in
the case ∆f = 400 Hz. This difference is probably caused by the larger number
of snapshots used in the former case, giving a larger number of modes.



126 6. RESULTS – FLOW AND ACOUSTICS OF A THICK PLATE

0 0.5 1 1.5 2

x 10
4

0

5

10

15

20

25

30

Frequency [Hz]

η

(a) DMD amplitude factor.

0 0.5 1 1.5 2

x 10
4

0

0.5

1

1.5

2
x 10

9

Frequency [Hz]

η
 |

φ
|

(b) DMD mode magnitude multiplied with
the amplitude factor.

0 5 10 15 20
−8000

−6000

−4000

−2000

0

2000

η

β

(c) Variation of growth rate with DMD mode amplitude factor.

Figure 6.30. Characteristics and effects of the DMD mode
amplitude factor. For the case Circ m50.

Table 6.9. Relative amount of energy contained in different
number of POD modes, in percent. For the case Circ m50,
and two sets of data with different sampling frequency.

0th mode 10 modes 20 modes 50 modes 100 modes
∆f = 66667 Hz 95.2 96.9 97.3 98.0 98.5
∆f = 400 Hz 95.2 96.9 97.3 97.9 98.4
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Figure 6.31. Relative amount of energy in the POD modes
(excluding mode zero). For the case Circ m50.
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Figure 6.32. Relative amount of energy in the POD modes
(excluding mode zero). For the case Circ m50 and data sam-
pled with ∆f = 66667 Hz.

Figure 6.32 illustrates how the energy distribution among the modes is
affected by decreasing the number of snapshots used, or by adding cell weights
for non-equidistant grids. Drastically decreasing the number of snapshots gives
that the energy is distributed over fewer number of modes, and the energy per
mode is in general higher. The exception is the modes three and four, which
have more energy when using more snapshots, see Figure 6.32(a). Adding
cell weights to compensate for the non-equidistant grid decreases the relative
amount of energy in the 0th mode from 95.2 % to 92.4 %, while it increases
the relative amount of energy in the following modes, see Figure 6.32(b).

The shapes of the first POD modes are similar for both sets of snapshots,
see Figure 6.33 and 6.34. Adding cell weights does not change the shape of
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(a) Mean velocity magnitude. (b) POD mode 0, for ∆f =

66667 Hz.

(c) POD mode 0, for ∆f =

400 Hz.

Figure 6.33. Mean velocity magnitude and magnitude of 0th
POD mode, with the same colour scaling.

these structures significantly. As shown by Chen et al. (2012a) one have to
be careful when interpreting individual POD modes, since they often do not
contain individual physical flow structures. It is, however, common that the
0th mode corresponds to the mean velocity field, which is the case here, see
Figure 6.33. Furthermore, comparing the POD modes in Figure 6.34 to the
DMD modes for the same case, Figure 6.20, a strong similarity is seen between
the POD modes 1, 3 and 5, and the three strongest DMD modes. This indi-
cates that the POD modes in this case actually might capture individual flow
structures. The modes do, however, come in pairs, where mode 2, 4, and 6 have
the same shape as, but are out of phase with, mode 1, 3 and 5, respectively (as
the real and imaginary parts of the DMD modes).

Figure 6.35 shows the time-coefficients of the POD modes 1 to 6 in the case
∆f = 66667 Hz. Here it is clear that the modes come in pairs, which follow each
other quite closely, but are out of phase. Furthermore, comparing these time
coefficients with those obtained by projecting the three strongest DMD modes
on the flow field, Figure 6.29(a), a strong similarity is seen. This is, however,
not surprising, since the shapes of the POD modes are similar to those of the
DMD modes. More information is obtained through a Fourier transformation
of the POD time coefficients. The result, shown in Figure 6.36, indicates that
each mode is dominated by the frequency of their corresponding DMD mode.
Thus, in this case each mode does not consist of a bunch of frequencies as
observed in the studies by Muld (2010) and Rowley et al. (2009). Hence, the
POD based on closely spaced snapshots does give an idea of the time-evolution
of the flow and different flow structures.

The time coefficients for the POD modes may actually, in this case, give a
better view of the time variation of the flow fluctuations than the DMD modes,
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(a) POD mode 1, for ∆f = 400 Hz. (b) POD mode 1, for ∆f = 66667 Hz.

(c) POD mode 3, for ∆f = 400 Hz. (d) POD mode 3, for ∆f = 66667 Hz.

(e) POD mode 5, for ∆f = 400 Hz. (f) POD mode 5, for ∆f = 66667 Hz.

Figure 6.34. λ-2 iso-surfaces of the first POD modes,
coloured by the axial POD component.
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Figure 6.35. Time coefficients a for the first POD modes.
For the case Circ m50 and data sampled with ∆f = 66667 Hz.
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Figure 6.36. Spectra of the first POD mode time coefficients.

or at least the two methods work as a complement to each other. In contrast
to the POD, the DMD does not directly give the ”true” time variation of the
modes, as it assumes a constant growth rate. However, it would be difficult
to identify the POD modes as individual physical flow structures without the
comparison with the DMD modes.

This difference in how the time evolution of the modes is captured in POD
and DMD makes POD more appropriate to use for a reconstruction of the flow
field. Figure 6.37 illustrates λ-2 iso-surfaces of the instantaneous velocity field
and the velocity reconstructed from one-hundred, fifty and ten POD modes,
respectively, at two different time instants. The λ-2 iso-surfaces are coloured
by the axial velocity in order to see the structures more clearly. The effect of
the POD to filter away small scale fluctuations is clearly observed, as well as
the time variation of the large scale structures.

Reconstructing the velocity field from the DMD modes is in theory also
possible, but it requires more modes, and one would also have to take the growth
rate and the amplitude factor ηj into account, see Equation (4.7). Each peak
in the DMD spectra often contain several modes, with similar frequency and
shape, but different growth rates, and in order to capture the true time variation
of the structure all these modes have to be considered. Additionally, modes
with high initial amplitude or a positive growth rate might have a significant
influence on the result. Thus, it is more complex to choose the modes to include
in a reconstruction of the flow from DMD.
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(a) Flow snapshot, t = 0.111 s. (b) Flow snapshot, t = 0.139 s.

(c) Modes 0-99, t = 0.111 s. (d) Modes 0-99, t = 0.139 s.

(e) Modes 0-49, t = 0.111 s. (f) Modes 0-49, t = 0.139 s.

(g) Modes 0-9, t = 0.111 s. (h) Modes 0-9, t = 0.139 s.

Figure 6.37. λ-2 of the velocity reconstructed from POD at
two different time instants, and the corresponding snapshots.
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6.4. Generated Sound

The generated sound has been extracted with the methods outlined in Sec-
tion 4.1. The evaluation was performed with a frequency resolution of 25 Hz.
In the plane wave range at least 100 time averages were used, and the aver-
aging over successive cross-sections was performed with four cross-sections at
the upstream side and seven at the downstream side. For higher order modes
around 50 time averages were used, and three cross-sections were used at the
upstream side and five at the downstream side. After the extraction of the
radiated sound, the acoustic power was calculated with Equation (2.20) and
(2.18).

The acoustic power in the plane wave mode is shown in Figure 6.38. The
power in higher order modes is shown in Figure 6.39 and 6.40, for all cases ex-
cept Thinner m50 and Cut m50. In the circular duct m denotes the azimuthal
mode number and s the radial mode number. Only positive azimuthal modes
are shown, since the negative were found to have approximately the same am-
plitude. In the square duct, the same applies for the modes misj and mjsi,
and hence only one of them is shown.

Studying the lowest mass flow it is observed that strong tones are gen-
erated in all geometries, see Figure 6.38 to 6.40. Furthermore, for the plane
wave mode, the sound level is generally higher at the upstream side. This is
surprising, since the fluctuation level is higher at the downstream side, and
measurements on a thin orifice plate by Åbom et al. (2006) showed higher
sound levels at the downstream side. The lower sound level at the downstream
side might be caused by dissipation of the acoustic plane waves by the strong
flow fluctuations in the jet breakdown zone, and the stretched grid in combi-
nation with a longer distance from the plate to the evaluation planes (on the
downstream side).

Increasing the mass flow to 100 g/s, the background noise level is increased
and the number of peaks in the sound spectra are reduced. In the square duct
the only significant peak present is in the first higher order mode. At this mass
flow more sound is radiated in the downstream direction, with the exception of
the lowest frequency peak. This difference, compared to the lower mass flow,
is probably caused by the higher fluctuation level in the jet and its breakdown
(due to the higher jet velocity), generating additional sound.

Increasing the mass flow further, to 150 g/s, only broadband sound is gen-
erated. Furthermore, the acoustic power in the downstream duct is higher than
at lower mass flows, but almost no sound is radiated in the upstream direction.
This effect is explained by the supersonic jet. Since there is no inlet turbulence,
all flow fluctuations originate from the jet, its unstable shear-layer, and break-
down. These disturbances cannot propagate upstream through the supersonic
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Figure 6.38. Acoustic power in the plane wave mode. A level
of 10−4 in the spectra corresponds to a sound pressure level of
76 dB, neglecting flow.
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Figure 6.39. Acoustic power in higher order modes, in the
circular duct.

jet, and hence no sound will be radiated in the upstream direction. These fluc-
tuations do, however, radiate a significant amount of broadband sound in the
downstream direction.

The amplitude of the plane wave mode decreases for higher frequencies,
where higher order modes take over. The amplitude of the higher order modes
does, however, also decrease for higher frequencies, especially for lower mass
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Figure 6.40. Acoustic power in higher order modes, in the
square duct.

flows. This effect becomes weaker as the mass flow, and thereby the down-
stream turbulence level, increases, and more energy is radiated in the down-
stream direction, especially at higher frequencies. In the circular duct the first
radial mode is the strongest of the higher order modes, which is explained by
the axisymmetric geometry. Furthermore, at the lowest mass flow there is a
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Table 6.10. Peaks in the generated sound plane wave mode.
Strouhal numbers, based on plate thickness and jet velocity,
and corresponding frequencies in parenthesis.

St1 (f [Hz]) St2 (f [Hz]) St3 (f [Hz]) St4 (f [Hz])
Circ m50 0.43 (2800) 0.79 (5150) 1.2 (7950) 1.6 (10325)
Thinner m50 0.44 (3962) 0.87 (7925)
Cut m50 0.43 (2625) 0.86 (5250) 1.3 (7875) 1.7 (10500)
Square m50 0.85 (5400) 1.7 (10800)
Circ m100 0.51 (6900) 1.0 (13800)
Square m100 0.35 (4625) 0.69 (9000)
Circ m150 0.49 (9075)
Square m150

Table 6.11. Peaks in the generated sound higher order
modes. Strouhal numbers based on plate thickness and jet
velocity, and corresponding frequencies in parenthesis, in Hz.

Stm0s1 (f) Stm0s2 (f) Stm1s0 (f) Stm2s0 (f)
Circ m50 1.6 (10525)
Square m50 1.7 (10800)
Circ m100 1.0 (13800) 0.61 (8250) 0.93 (12600)

0.77 (10350)
Square m100 0.66 (8650)
Circ m150
Square m150

strong peak in this mode at cut on. With the exception of this mode, the acous-
tic energy is quite evenly distributed over the different higher order modes in
the downstream duct.

The peaks in the sound power spectra, Figure 6.38 to 6.40, are summarized
in Table 6.10 for plane wave modes, and in Table 6.11 for higher order modes.
The Strouhal number is based on the plate thickness and the jet velocity. The
frequencies of these peaks can be compared to the jet flow fluctuations studied
in Section 6.2, and summarized in Table 6.5 and 6.6.

In the circular duct geometries all peaks in the plane wave spectra corre-
spond to flow fluctuations present both at the jet centreline and in the shear
layer. Fluctuations that in Section 6.3.1 were shown to correspond to axisym-
metric flow structures. For the middle mass flow the second peak is above cut
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on for the first radial mode; hence, the radial mode also has a strong peak at
this frequency. Studying other higher order modes, Circ m50 has a peak at cut
on of the first radial mode. These types of peaks at cut on are commonly seen
in sound pressure spectra, but they are normally reduced when the acoustic
power is calculated. In the case Circ m100 smaller peaks are also observed
in the two first azimuthal modes. There are two peaks in the first azimuthal
mode, which correspond to flow fluctuations in the jet shear layer. The second
of these is significantly stronger, and was in Section 6.3.1 found to correspond
to a helical flow structure of order five.

In the square duct, strong peaks in the plane wave sound power spectra
are only observed at the lowest mass flow. Here, two peaks are seen, where
the higher frequency peak also is present in a higher order mode. Both these
peaks correspond to axisymmetric flow structures, with fluctuations at the jet
centreline and in the shear layer, as for the circular duct cases. The case
Square m100 also has one strong peak, which is in the first higher order mode,
and corresponds to a flow fluctuation in the jet shear layer, and an azimuthal
flow structure. Furthermore, this case has two weak broadband peaks in the
plane wave mode, which correspond to smaller broadband peaks in the flow
fluctuations at the jet centreline.

The strongest tones are generated in the case Circ m100, which also has
the strongest flow fluctuations at the corresponding frequencies. This might
be due to the flow oscillating around Mach one in the jet core, radiating high
amplitude pressure fluctuations.

Comparing the generated sound to previous studies of orifice plate acous-
tics some differences can be observed. High amplitude tonal sound (sound
pressure level > 120 dB) is traditionally related to whistling due to feedback
from resonances in the system, and has been found in the Strouhal number
range 0.2-0.4, with a maximum at 0.25 (Testud et al. 2009; Lacombe et al.
2011). In this work the boundary reflection is negligible in the frequency range
where tonal sound appears, and the tonal peaks are believed to be caused by
a feedback mechanism inside the orifice. Furthermore, the peaks are found at
higher Strouhal numbers than in previous studies, see Table 6.10 and 6.11. It
may, however, be noted that the lowest Strouhal number where a tonal sound
appears seems to increase with the jet Mach number, for the subsonic cases,
and this study is performed at a higher jet Mach number than previous stud-
ies. Another difference compared to previous studies is the inflow, which in this
case is laminar with a plug velocity profile. Furthermore, studying the DMD
of the flow, the cases Circ m50, Thinner m50 and Circ m100 have helical flow
structures at frequencies corresponding to a Strouhal number of around 0.25.
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6.4.1. Time Variation of the Sound Spectra

In Section 6.3.2 it was found that the strength of the DMD modes vary in
time, for the case Circ m50. Hence, the strength of the sound generated by
these flow structures should vary in time in a similar manner. To check this,
a wavelet transform was performed on the generated plane wave sound. The
result shows a strong variation of the amplitude of the two tonal peaks at
2800 and 5150 Hz, see Figure 6.41. Furthermore, there seems to be a non-
deterministic switching between the two peaks, where they never or seldom
coexist. This is in accordance with the results for the time variation of the
corresponding DMD modes.

Comparing the sound radiated at the up- and downstream sides, it seems
like the same tone is generated simultaneously at both sides, which is as ex-
pected. The time-shift seen between the two sides is caused by the downstream
evaluation cross-section being further away from the plate. The tone at 5150 Hz
is present most of the time. However, on the upstream side the peak at 2800 Hz
is stronger when it is present, while it is weaker at the downstream side.

6.5. Sound Generating Mechanisms

In Section 6.4 it was found that the plane wave sound spectra has peaks at
frequencies where the jet has axisymmetric flow structures. In the circular
duct these peaks are also seen in the first higher order radial mode, if they are
above cut on. The fact that axisymmetric, but not azimuthal, flow structures
generate plane waves can be intuitively understood. Integrating the flow fluc-
tuations over a cross section an azimuthal structure will give a net contribution
of zero, while an axisymmetric structure gives a contribution that under certain
conditions can be radiated as an acoustic plane wave.

Azimuthal flow structures can radiate acoustic energy into azimuthal acous-
tic modes, if the frequency is above cut on. This is seen in the case Circ m100,
where an azimuthal flow structure of order five radiates acoustic energy into
the first azimuthal mode. Furthermore, in the case Square m100 an azimuthal
flow structure of order two radiates sound into the first higher order mode.

Given that the main part of the studied sound is radiated into the plane
wave mode, only the sources of this sound will be considered here. Further-
more, since the most important part of this sound is generated at frequencies
where the jet has strong axisymmetric structures, it is assumed that these fluc-
tuations are responsible for the generated sound. The question is then how the
conversion to acoustic energy occurs.

Studying classic acoustic theory there are three types of sound generation
mechanisms that may contribute in this flow. These mechanisms are a fluctu-
ating mass source, fluctuating surface forces and turbulence, see Section 2.2.
There is no real source of mass in the flow, but the oscillating mass flow at the
orifice openings, caused by the oscillation of the jet core velocity, may be seen
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Figure 6.41. Amplitude of generated plane sound waves as
a function of time, where red is max and blue min, for the case
Circ m50.

as a fluctuating mass source (in the same way as the pulsating flow coming out
of a tailpipe). Fluctuating surface forces are an apparent part of a confined
flow, and the pressure fluctuations in the jet will interact with the plate up-
and downstream sides. Downstream of the plate, where the jet breaks down,
there are high fluctuation levels that may contribute to the generated sound,
but this so called turbulence noise is in general week, compared to the sound
generated by the two other types of sources. It is therefore assumed that the
turbulence only is responsible for a minor part of the sound generation, except
in the highest mass flow cases. Thus, here there will be a focus on the sound
generation by a fluctuating mass flow and fluctuating surface forces.

Figure 6.42 and 6.43 show the theoretical acoustic power radiated from a
fluctuating mass source at the orifice openings and a fluctuating pressure at the
plate sides, compared to the acoustic power actually radiated into the ducts.
The estimated theoretical power is based on Equation (2.24) and it is computed
separately for each side of the orifice plate, assuming semi-infinite ducts. The
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mass flow is determined by integration over the orifice opening, while the force is
determined by integration over the plate side wall. In general, the figures show
a quite good agreement between the estimated and radiated acoustic power,
especially in the upstream duct. The surface force fluctuations theoretically
radiate slightly more acoustic energy than the mass flow fluctuations in the
downstream duct, but the two sources seem to generate sound of the same
order of magnitude.

In the upstream duct the generated acoustic power is similar to that es-
timated both by a fluctuating mass flow and a fluctuating surface force, see
Figure 6.42. At higher frequencies the agreement is better for the mass flow
fluctuations, while the force fluctuations are estimated to radiate slightly more
energy in some regions. The case Square m150 does, however, deviate from this
trend. The noisier result from the mass flow fluctuations (and the upstream
force fluctuations in the case Cut m50) is caused by a significantly shorter time-
series available, giving only two averages for the spectra. The good agreement
between the estimated and generated acoustic power suggests that these two
mechanisms are responsible for the sound generation, but it is not clear if one
of the sources is more significant. Furthermore, the two sources are correlated,
so it is not possible to estimate the total power by just adding them together.

In the downstream duct we will first study the subsonic cases (mass flows
50 g/s and 100 g/s). There is an agreement between the generated acoustic
power and the estimated power, but it is not as good as in the upstream duct,
see Figure 6.43. In general, less acoustic power is radiated into the duct than
estimated, especially for higher frequencies. This indicates that there is more
dissipation of acoustic energy at the plate downstream side. This dissipation
may be caused by the high turbulence level, and/or a stretched grid and a longer
distance from the plate to the evaluation cross-sections. At higher frequencies
it might also be that energy goes into higher order acoustic modes.

Now, we consider the sound in the downstream duct in the highest mass
flow cases. Here, there is a poor agreement between the estimated and radiated
acoustic power, see Figure 6.43. Significantly more acoustic power is generated
than estimated by the two studied sources. This discrepancy can probably be
attributed to turbulence noise, which becomes important in the breakdown of
the supersonic jet. Furthermore, the sound estimated from surface force fluctu-
ations is significantly higher than that estimated from mass flow fluctuations.
This effect should also be attributed to the high flow fluctuation levels in the
breakdown of the supersonic jet.

In order to confirm that the two studied sound generation mechanisms
actually are responsible for the radiated sound, an additional test is performed.
On each plate side, the mass flow fluctuations at the orifice opening and the
surface force fluctuations at the plate side are correlated to the acoustic plane
wave fluctuations in the duct. This gives an oscillating function of time, as
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Figure 6.42. Estimated acoustic power radiated from a fluc-
tuating orifice mass flow (monopole) and plate force (dipole),
and the actual acoustic power, in the upstream duct, as a
function of frequency normalized with the cut on frequency.
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Figure 6.43. Estimated acoustic power radiated from a fluc-
tuating orifice mass flow (monopole) and plate force (dipole),
and the actual acoustic power, in the downstream duct, as a
function of frequency normalized with the cut on frequency.
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Table 6.12. Information propagation speed in m/s. Acous-
tic, and given by the correlation between acoustic fluctuations
in the duct, and mass flow and force fluctuations at the orifice
plate, respectively. The correlation level is also specified.

(a) Upstream duct.

Mass flow Force Acoustic
Speed Corr Speed Corr c0 − U

Circ m50 298 0.97 307 0.95 311
Thinner m50 298 0.98 307 0.98 310
Cut m50 298 0.99 307 0.98 309
Square m50 307 0.98 316 0.98 311
Circ m100 275 0.97 287 0.97 289
Square m100 281 0.90 294 0.87 289
Circ m150 276 0.76 286 0.90 284
Square m150 276 0.91 276 0.92 282

(b) Downstream duct.

Mass flow Force Acoustic
Speed Corr Speed Corr c0 + U

Circ m50 364 0.71 375 0.64 377
Thinner m50 364 0.57 364 0.52 378
Cut m50 381 0.79 393 0.80 379
Square m50 375 0.89 400 0.86 376
Circ m100 385 0.40 395 0.39 408
Square m100 385 0.18 405 0.37 408

expected when correlating two signals with fluctuations at the same frequencies.
By studying the peaks in the correlation the information propagation speed,
from the orifice plate to the acoustic sampling cross-section, is deduced. In
Table 6.12 the acoustic propagation speed in the ducts is compared to this
information propagating speed, calculated from the mass flow fluctuations and
the surface force fluctuations, respectively. However, doing this, one has to
consider that the acoustic propagation speed is based on the speed of sound and
the bulk velocity in the ducts, which will not give the true acoustic propagation
speed close to the plate. The level of the correlation is also stated in the table,
where the correlation is calculated between the signals normalized with their
rms values, in order to get a correlation between zero and one.

For the highest mass flow cases it was not possible to get an information
propagation speed from the correlation in the downstream duct. This is in
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accordance with the radiated sound being higher than that estimated from the
considered sources, see Figure 6.43. Thus, it gives an additional indication that
these are not the main sound sources in these cases.

Table 6.12 shows a good agreement between the information propagation
speed and the acoustic propagation speed. The correlations with the surface
force fluctuations in general predict a slightly higher information propagation
speed than the correlation with the mass flow fluctuations. This is explained by
the fact that it is fluctuations coming from the orifice that cause the pressure
fluctuations at the plate sides, which then appear slightly after the fluctuations
at the orifice opening in time. Thus, the fluctuations at the orifice opening and
the plate side are highly correlated, but those at the plate side are slightly after
in phase.

Studying the level of the correlations in Table 6.12, overall it is quite good,
indicating that the fluctuating mass flow at the orifice openings and the fluc-
tuating surface force on the plate sides are the main sound generating mecha-
nisms. The exception is the highest mass flow cases in the downstream duct,
where the supersonic jet breaks down. The correlation level is visibly better in
the upstream duct, which can be attributed to the absence of turbulent fluc-
tuations. It may also be noted that a lower correlation is related to a worse
agreement between the radiated and estimated acoustic power, Figure 6.42 and
6.43. In most cases the correlation level is basically the same for the mass flow
and surface force fluctuations, but in some cases one gives a better correlation
than the other. The fact that it is not always the same parameter that gives the
best correlation demonstrates that both mechanisms contribute to the sound
generation.

6.6. The Scattering Matrix

Here, the aim is to investigate the possibility of studying passive acoustic prop-
erties of duct components with LES and a common CFD solver. First, the
scattering matrix is shown for numerical test waves added to the flow field,
in order to investigate the required excitation amplitude and simulation time.
Then the simulated scattering matrix is illustrated and compared to measure-
ments in the plane wave range, for five cases.

6.6.1. Numerical Test Case

Test waves have been added to a flow field without external excitations, as
described in Section 4.1.2. The result was put through the post processing
outlined in Section 4.1, and the calculated scattering matrix components were
compared to their exact values. The test waves have been used to perform the
following tests:

• Influence of excitation amplitude, i.e. how much the excitation ampli-
tude can be lowered without flow disturbances causing problems.
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Figure 6.44. Scattering matrix for test waves, computed
with different number of averages (N). Case Square m100.

• Influence of number of averages used for the phase averaging, i.e. test
how long simulation time that is required. The phase averaging is per-
formed with a period corresponding to the fundamental frequency of the
test waves.

The first test has been performed for the cases Square m100 and Square m150,
while the second test only has been performed for the case Square m100.

The effect of varying the number of averages is illustrated in Figure 6.44,
for the case Square m100 and an excitation amplitude of 75 Pa. It is observed
that increasing the number of averages decreases the error, as expected.

The effect of varying the excitation amplitude is illustrated in Figure 6.45,
for the case Square m100 computed with 50 averages, and the case Square m150
computed with 100 averages. The figure shows that a higher amplitude is re-
quired for the higher mass flow case. Furthermore, if the amplitude is increased
the number of averages can be reduced, compare with Figure 6.44.

6.6.2. Comparison with Measurements

The scattering matrix has been computed for the cases Circ m50, Circ m100,
Square m50, Square m100 and Square m150. For each case, at least two simu-
lations were performed, with an excitation of harmonic waves at the plate up-
and downstream side, respectively. The evaluation was performed as outlined
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Figure 6.45. Scattering matrix for test waves with varying
amplitude (A).
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in Section 4.1, using 50 averages and a frequency resolution of 100 Hz, for all
cases except Square m150. For this case 125 averages and a frequency resolution
of 125 Hz were used. For all cases, the first 20 periods of a 100 Hz wave have
been removed from the sampled data, to avoid start-up effects. The amplitude
of the incoming waves is around 80-100 Pa for each frequency component, for
all cases except Square m150. For lower frequencies there are reflections at the
inlet, as shown in Figure 6.6, giving a more varying amplitude of the incoming
waves (from 50 Pa up to 130 Pa). In each simulation, a maximum of 11 fre-
quencies are excited, giving a total acoustic amplitude of around 400 Pa. For
the case Square m150 the amplitude per frequency component was doubled,
since the test waves in Section 6.6.1 suggest that this is required. The num-
ber of frequencies per simulation was, however, lowered to five, giving a total
acoustic amplitude of around 600 Pa.

The computed scattering is compared to measurements, which are illus-
trated in Figure 6.46 and 6.47, for a mass flow of 50 and 100 g/s, respectively.
In the circular duct geometry two sets of measurements have been performed
(one year apart), denoted circ 1 and circ 2. The measurements should have
the same experimental setup and boundary conditions, with the exception of
small modifications of the up- and downstream duct systems. In the square
duct geometry only one set of measurements were performed, and it did not
include the 50 g/s mass flow case. Comparing the results from the three mea-
surements some systematic differences are observed, see Figure 6.46 and 6.47.
In the circular duct, the second set of measurements has higher S11, lower S21

and lower level of the peaks in S12. Considering the discrepancies between
the measurements in the circular duct, the square duct seems to give a similar
scattering as the circular, with the exception of the peak. This comparison has
also been performed for a mass flow of 150 g/s, with similar results as for the
mass flow 100 g/s.

The computed scattering matrices are compared to the second set of mea-
surements performed in the circular duct geometry in Figure 6.48 to 6.50. In
general, there is a good agreement between the simulations and the measure-
ments, and between the circular and square duct results, especially considering
the uncertainty in the measurements demonstrated in Figure 6.46 and 6.47.
The exception is around 2800 Hz at the lowest mass flow, and around 4500 Hz
at the middle mass flow. The good agreement between the simulations in the
circular and square ducts is believed to be due to the fact that both geometries
have the same area contraction ratio, and the pressure drop over the plate is
similar, see Table 6.1.

In the case Circ m50 a strong amplification of acoustic energy appears at
2800 Hz. The ratio of outgoing to incoming acoustic power is 5.1 for waves
coming from the downstream side and 2.2 for waves coming from the upstream
side. The scattering matrix for this case is illustrated in Figure 6.48. This am-
plification can be explained by studying the DMD of the flow in Section 6.3.1.
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Figure 6.46. The scattering matrix measured at different
times, ṁ = 50 g/s.
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Figure 6.47. The scattering matrix measured at different
times for two geometries, ṁ = 100 g/s.
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Figure 6.48. Scattering matrix at ṁ = 50 g/s.

Figure 6.19 shows that the DMD spectrum has two peaks in the studied fre-
quency range. The first of these peaks is at 2569 Hz, and corresponds to an
azimuthal flow structure, which does not interact with incoming plane waves,
see Figure 6.20. The other peak is at the frequency where an amplification of
acoustic energy appears for incoming waves, and it corresponds to an axisym-
metric flow structure (Figure 6.20). Since a plane wave also is an axisymmetric
disturbance, it can interact with, amplify and phase lock the flow instability.
Furthermore, this mode has the capability of generating a strong tonal sound
in the plane wave range, which seems to be radiated mainly in the upstream
direction.

In the measurements and the case Square m50 there is also an amplification
of acoustic energy for waves coming from the downstream side, but it is much
weaker than in the case Circ m50. In the measurements the ratio of outgoing to
incoming acoustic power is 1.3 in the measurements illustrated in Figure 6.48,
while it is 1.6 in the first set of measurements illustrated in Figure 6.46. Looking
at the DMD for the case Square m50 it does not show any peaks in the con-
sidered frequency range, see Figure 6.19. Comparing the flow structures found
in this case, Figure 6.23, to those found in the case Circ m50, Figure 6.20, it
is observed that the longer wavelength axisymmetric mode that interacts with
incoming waves in the case Circ m50 is missing in the case Square m50. The
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Figure 6.49. Scattering matrix at ṁ = 100 g/s.

small amplification of acoustic energy around 2800 Hz present also in this case
does, however, indicate that this mode can be excited.

The differences observed in the scattering, and the flow fluctuations, be-
tween the different cases at the lowest mass flow, are believed to be caused by
differences in the inflow. In the simulations the flow going into the orifice is lam-
inar. In the circular duct the flow is also axisymmetric, giving an axisymmetric
jet. With a square duct the axisymmetry of the jet is somewhat destroyed. In
the measurements the incoming flow is turbulent, there are some fluctuations
in the mass flow, and the flow might not be completely axisymmetric (due to
bends in the upstream pipe system and a not sufficiently long straight duct up-
stream of the test section). Furthermore, the discrepancies observed between
the two measurements that should have the same setup (Figure 6.46) are an
indication of sensitivity to the boundary conditions. Inflow disturbances and
turbulence can contribute to weakening the coherent structures in the near
field of the jet, i.e. the vortex rings that are believed to couple to the incoming
waves, as found by Mi et al. (2007). Non-axisymmetry might also contribute to
weakening these structures, which is consistent with the conclusion of Mi et al.
(2001), that the coherent structures become weaker as the jet shape becomes
more 3D. This could be an explanation to the difference observed between the
simulations and the measurements, as well as between the circular and square
ducts.
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Figure 6.50. Scattering matrix at ṁ = 150 g/s.

At the middle mass flow, Figure 6.49, there is a good agreement between
the measurements, the case Circ m100 and the case Square m100, except in
the down- to upstream transmission around 4500 Hz. However, increasing the
outlet pressure from 100 kPa to 107 kPa in the case Circ m100, to better match
that in the measurements, gives a significantly better agreement between the
simulations and the measurements. This effect is attributed to compressible
effects, since the background pressure is not supposed to influence the scat-
tering in the incompressible regime. Furthermore, at this mass flow, which is
close to Mach one, a small change in the outlet pressure will affect the density
and temperature, and may thereby affect the jet velocity and Mach number,
which are important for the scattering, and for the frequencies where peaks are
observed. In this case there is a small peak that is moved to a slightly higher
frequency when the outlet pressure is increased. The origin of this peak is,
however, unknown, since the frequency does not correspond to any flow insta-
bilities at this mass flow, see Table 6.5 and 6.6. The appeared absence of this
peak in the case Square m100 is also unknown.

Studying the highest mass flow, Figure 6.50, there is a good agreement
between the case Square m150 and measurements performed in the circular
duct. However, it may be noticed that the down- to upstream transmission is
not exactly zero in the simulations, as it is in the measurements. This may be
related to noise, as more averaging is performed in the measurements, reducing
the contribution of background noise.
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6.7. Acoustic - Flow Interaction

In order to get a deeper insight into how an incoming wave affects the flow,
three simulations have been performed with one incoming harmonic wave, for
the case Circ m50. In two of the simulations a 2800 Hz wave is excited up- and
downstream of the plate, respectively. In the third simulation a 4000 Hz wave
is excited downstream of the plate. The first of these frequencies corresponds
to where there is a strong amplification of incoming waves, while the latter
is in a frequency region where incoming waves are damped. For each case, a
DMD was computed for the velocity, see theory in Section 4.3.2. The DMD
was calculated with 3000 snapshots, in a region extending from 5 mm upstream
to 10 mm downstream of the plate, in accordance with the DMD performed on
the flow in Section 6.3.1.

A comparison of the DMD spectra without an external excitation (Sec-
tion 6.3.1) and with an acoustic excitation at 2800 Hz is shown in Figure 6.51.
All spectra show the three distinct peaks at around 2600 Hz, 2800 Hz and
5150 Hz. An incoming acoustic wave at the middle peak increases its am-
plitude, while decreasing the level of the background fluctuations. This is as
expected, since the jet shear layer oscillations are known to be sensitive to in-
coming coherent disturbances (Gutmark & Ho 1983). A wave coming from the
downstream side seems to give a higher level of all peaks than a wave coming
from the upstream side. In both cases the level of the first peak is, however, de-
creased compared to the natural flow case. Adding an acoustic excitation does
not significantly change the shape of the flow structures, which are illustrated
in Figure 6.20 (and described Section 6.3.1).

The peak at 2800 Hz might not be the most unstable for the jet shear layer.
Instead it seems to be caused by a feedback mechanism inside the orifice, in a
similar manner to that explained by Rockwell & Naudascher (1979), and dis-
cussed in Section 6.2. Vortices grow along the jet shear layer inside the orifice,
and at the outlet they trigger an acoustic pule that propagates upstream, to
trigger a new vortex. This is consistent with the correlation between the fluc-
tuations at the orifice inlet and outlet corresponding to the upstream acoustic
propagation speed. The larger effect of the downstream excitation might be
due to it strengthening this feedback, while an upstream excitation just adds
some extra energy to the fluctuations, and phase locks them to the incoming
wave.

The DMD spectra for the case of a 4000 Hz wave excited downstream of the
plate is compared to the case without an external excitation in Figure 6.52. A
significant difference between the spectra is seen; for the case with an incoming
wave the peak at 2600 Hz is stronger, there is a peak at 7750 Hz, and the peak
at 2800 Hz and the background noise are weaker. The modes corresponding to
the strong peaks have basically the same shapes as those without an external
excitation, see Figure 6.20.
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Figure 6.51. Comparison of DMD mode spectra without an
acoustic excitation and with an acoustic excitation at 2800 Hz,
in the case Circ m50.

No clear peak is observed at 4000 Hz, but zooming in a small increase
from the background noise level can be seen at this excitation frequency, in
Figure 6.52. The mode corresponding to this frequency is illustrated in Fig-
ure 6.53, showing that it is axisymmetric, which is as expected, since it is ex-
cited by an axisymmetric disturbance. The excitation frequency barely being
visible in the spectrum can be explained by the low amplitude of the acoustic
excitation, compared to the amplitude of the flow fluctuations.

The strong peak at 2600 Hz was surprising, since this is an azimuthal
mode, which does not have a natural mechanism for interacting with an in-
coming axisymmetric wave at 4000 Hz. A possible explanation is found in
Section 6.3.2, where it was discovered that the strength of different modes vary
non-deterministically in time. Thus, it might be that the time-series used for
this case match when the helical mode is stronger. Furthermore, the excited
axisymmetric mode at 4000 Hz might ”take over” from that at 2800 Hz, giving
more room for the helical mode.

The peak at 7750 Hz is probably related to the stronger peak at 2600 Hz.
Studying the DMD of the flow in Section 6.3.1, and the time evolution of
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Figure 6.52. Comparison of DMD mode spectra without an
acoustic excitation and with an acoustic excitation at 4000 Hz
downstream, in the case Circ m50.

Figure 6.53. DMD mode at 4000 Hz, with a wave at this fre-
quency excited at the downstream side, in the case Circ m50.
Left: λ-2 iso-surfaces, coloured by axial velocity. Right: iso-
surfaces of a positive and a negative axial velocity.

the modes in Section 6.3.2, it is clear that 7750 Hz is the second harmonic
of 2600 Hz, within the used frequency resolution. Furthermore, looking at
the structure of the mode at 7750 Hz, it is observed that it has the same
azimuthal mode number as the 2600 Hz mode, but with a shorter stream-wise
wavelength, which in general seems to be the case for harmonics of azimuthal
modes in Section 6.3.1.



CHAPTER 7

Summary & Conclusions

This work has investigated the use of LES for flow duct acoustics. The general
aim was to enhance the understanding of the acoustics of more complex duct
components, such as the turbocharger compressor. Here, a basis for getting
to this understanding has been laid, but no more complex components have
actually been studied. In particular, methods to extract linear aero-acoustic
models in the form of acoustic two-ports have been studied. Techniques to
identify flow structures that act as acoustic sources have also been addressed,
as well as methods for identifying the actual sound generating mechanisms.
LES has been used to provide detailed data which, in combination with these
methods and techniques, has been used to enhance the understanding of the
flow, the acoustics, and their coupling, for a ducted orifice plate.

7.1. Flow Noise Suppression Methods

First, the sensitivity of the scattering of incoming acoustic waves to numerical
parameters and different flow noise suppression methods has been studied.
The scattering by a thin orifice plate was investigated with an acoustic two-
port method, using a sum of incoming harmonic waves. The simulations were
performed for a jet Mach number of 0.5, and the evaluation resulted in the
following conclusions:

• The plane wave decomposition method, using both pressure and velocity,
works well for identifying up- and downstream propagating waves, also
with a no-slip boundary condition at the duct walls.

• The amplitude of incoming waves has to be carefully chosen. It must
be high enough to dominate over flow generated sound, and low enough
to avoid non-linear effects. The results indicate that non-linear effects
start to appear when the amplitude of the acoustic velocity fluctuations
becomes more than around 1 % of the mean velocity, in the orifice.

• Cross-section averaging is an efficient way of suppressing turbulent fluc-
tuations in the plane wave range.

156
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• Phase averaging efficiently suppresses statistical noise (if a sufficient
number of periods are used).

• The characteristics based filtering method suppresses non-acoustic fluc-
tuations by averaging over several cross-sections, using the acoustic
propagation speed. This does, however, not give a significant effect if
the mesh is stretched, to dissipate turbulence before the cross-sections.

7.2. Evaluation Methods

An important contribution of this work has been to study and adapt evaluation
methods that can enhance the understanding of the flow and the acoustics of
duct components.

• An acoustic two-port approach is used to find the acoustic properties of
the orifice plate as a function of frequency and mass flow.

– The scattering matrix is computed to find reflection and trans-
mission coefficients for incoming waves, giving an in general good
agreement with measurements. For this two simulations were per-
formed, exciting a sum of harmonic waves up- and downstream
of the object, respectively. The acoustic waves were extracted by
suppressing flow noise with the methods mentioned above. The
disadvantage of using a harmonic excitation signal instead of a
broadband, used by e.g. Lacombe et al. (2010), is that it requires
many simulations to get results for many frequencies. The ad-
vantage is that it becomes easier to suppress flow noise, which
becomes more important as the flow speed, and thereby the am-
plitude of the flow fluctuations, increase.

– The active part of the two-port was determined by computing the
generated sound spectra, which agree well with the fluctuations
found in the flow. The acoustic waves were extracted by pro-
jecting the fluctuations on different acoustic modes (cross-section
average for plane waves), and averaging over a few successive
cross-sections.

• Dynamic Mode Decomposition (DMD) was performed, in order to find
significant frequencies in the flow and their flow structures.

– This enabled the coupling of radiated sound to different flow phe-
nomena, and a study of how the flow fluctuations are affected by
incoming waves.

– The DMD assumes a specific time dependence: e(−iω+β)t, where
ω is the frequency and β a growth rate. In reality, a mode might
alternate between growing and decaying, and may only be present
part of the time. Hence, the true time-dependence should be con-
sidered. A method that was tested, and worked in this case, was
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to project the normalized DMD modes on velocity snapshots, as
done in POD to get time-coefficients.

• A Proper Orthogonal Decomposition (POD) was performed in order to
find energetic flow structures and their time-evolution.

– The shape of the first modes was not significantly affected by the
sampling frequency for the snapshots, even though more snap-
shots seem to be required if a high sampling frequency is used
(i.e. not statistically independent snapshots).

– It was found that in this case, which displays strong structures
at specific frequencies, the shape of the first POD modes were
similar to the DMD modes, and the time coefficients had strong
peaks at the corresponding DMD frequencies.

• Correlations between radiated acoustic waves and flow fluctuations can
indicate the origin of the waves. A source should have a high correlation
at a time delay corresponding to the acoustic propagation time.

• The acoustic power radiated by a compact source can be estimated, giv-
ing an indication of the strength of different sources.

7.3. The Acoustics of a Thick Orifice Plate

Another important contribution of this work has been to enhance the under-
standing of the flow and acoustics of a thick orifice plate, using the methods
described above. The orifice is circular, while two different duct cross-sections
are considered, a circular and a square, having the same area. The orifice
edges are sharp, with the exception of one case, which has a chamfered up-
stream edge. Simulations were performed for three jet Mach numbers, 0.4, 0.8
and 1.2, with the following observations:

• At frequencies where the jet has strong axisymmetric flow structures a
strong tonal sound is generated, and incoming plane waves are amplified.

– An incoming plane wave amplifies axisymmetric flow structures.
– An incoming plane wave at a frequency where the jet has no insta-

bility excites an axisymmetric flow structure, but its amplitude is
insignificant compared to the natural fluctuations in the flow.

– The amplification of acoustic energy is much stronger in the sim-
ulations than the measurements. The difference is attributed to
differences in the inflow. In the circular duct simulations the
inflow is laminar and completely axisymmetric. In the measure-
ments the inflow is believed to be highly turbulent, have some
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mass flow fluctuations, and possibly not be completely axisym-
metric, disturbances that can break up the strong coherent mo-
tions that interact with the sound.

• Azimuthal jet modes generate sound if they are above cut on for an
azimuthal acoustic mode they can radiate energy into, i.e. projecting
the flow fluctuations on the acoustic mode should give a non-zero result.

• The fluctuating mass flow at the orifice openings and the fluctuating
force at the plate sides are probably the main mechanisms for radiating
acoustic energy into the plane wave mode, in the subsonic cases.

– The radiated sound is highly correlated to these fluctuations, with
a time delay corresponding to the acoustic propagation speed.

– The estimated acoustic power radiated by these sources agrees
quite well with that actually radiated.

• In the supersonic cases, the sound radiated in the downstream direction
seems to be caused by turbulence, and fluctuations in the breakdown of
the jet. Barely any sound is radiated in the upstream direction, since
the flow fluctuations mainly responsible for the sound are in the down-
stream part of the supersonic jet.

• The strong frequencies found in the subsonic jets are believed to be
chosen by a feedback mechanism inside the orifice, where disturbances
grow in the shear layer and form vortices, which trigger an acoustic
pulse at the end of the orifice, propagating upstream to trigger a new
disturbance in the shear layer at the upstream edge.

– The mass flow fluctuations at the orifice inlet and outlet correlate
well to an upstream propagating acoustic pulse.

– In the supersonic cases, where no information can propagate up-
stream through the jet, there are no such strong frequencies.

– The frequencies of the vortex rings scale well with the plate thick-
ness and jet velocity, for the same mass flow. The Strouhal num-
ber of the first axisymmetric structure (based on the orifice thick-
ness and jet velocity) is 0.43 of a jet Mach number of 0.4, and 0.5
for a jet Mach number of 0.84.

– The frequency of the fluctuations is similar for two cases with
the same plate thickness and mass flow, but different shear layer
momentum thicknesses, and the natural instability frequency of
the shear layer is sensitive to this momentum thickness.

– The DMD indicates that an approximately even number of vor-
tices are present inside the orifice at strong frequencies.
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• In the circular duct, with a jet Mach number of 0.4, there is a non-
deterministic switching between an azimuthal mode and an axisymmet-
ric mode, at similar frequencies, giving a switching on and off for the
tonal sound generated by the axisymmetric structure.

– An indication of this mode switching was found by projecting the
DMD modes on the flow snapshots, in the same way as the time
coefficients are retrieved in POD.

– A more detailed picture was found by studying a time resolved
Fourier transform of point data, giving when the frequencies cor-
responding to different structures were present.

An investigation of the acoustics of an orifice plate, and different evaluation
methods for enhanced understanding, has been carried out. However, some
questions still remain. The strong amplification of acoustic energy of incoming
waves found in the simulations is significantly weaker in the measurements.
Furthermore, the Strouhal number where this amplification occurs is higher
than in previous, low Mach number, investigations, and it seems to increase
with the Mach number.

7.4. Future Work

Since additional questions remain regarding the acoustics of the orifice plate,
these can be of interest to resolve. The first step is to perform simulations
with inflow disturbances, both turbulent and a disturbed velocity profile, to
investigate the discrepancies found between measurements and simulations.

Another investigation, which would be of interest, but lies outside the scope
of this work, is to investigate the increase in whistling Strouhal number with
increased Mach number. For this, simulations should be performed for a larger
range of Mach numbers.

The major extension would, however, be to go into more complex geome-
tries, and start an investigation of the acoustics of the turbocharger compres-
sors, using the tools that have been introduced and studied in this thesis. For
this, a standard operating point should first be studied, where the acoustics
already is better known. On should then start studying the flow and acoustics
at lower mass flows, i.e. close to surge, where noise problems often occur, but
the underlying phenomena are less clear. A further area of interest is explaining
the low frequency sound generation as an early indicator of compressor surge.



Do not go where the path may lead, go instead where there
is no path and leave a trail.

Ralph Waldo Emerson (1803–1882)
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APPENDIX A

Grid Study

A grid convergence study has been performed on the case Square m100, see Ta-
ble 3.1 and Figure 3.4. It is done following the procedure of Celik et al.(2008),
summarized below. The Richardson extrapolation has, however, not been per-
formed, since it is not the mean solution that is of interest. Rather, we use the
grid study to estimate the accuracy of the results in terms of some variables.
The procedure is applied to a several parameters, both local (point values) and
global (e.g. pressure drop).

By using solutions on a sequence of grids and assuming an asymptotic
convergence of the discrete solution, one may compute both the order of the
convergence of the solution, pa, and the level of the error. First, the apparent
order of accuracy is calculated as

pa =
1

ln(r21)
|ln|ε32/ε21|+ q(pa)|,

q(pa) = ln

(
rpa21 − s
rpa32 − s

)
,

s = sign(ε32/ε21),

where ε32 = φ3−φ2, ε21 = φ2−φ1, and φi is the solution on grid i, where i = 1
is the finest grid. r32 = h3/h2 and r21 = h2/h1 are the grid refinement factors,
where hi is a representative cell size for grid i. In this work r32 = r21 = r,
giving q(pa) = 0.

The expressions above are based on the the assumption of an asymptotic
behaviour of the solution. Negative values of ε32/ε21 are an indication of non-
monotonic convergence, and should be reported, as the assumption may lead to
inconsistent extrapolation. Furthermore, it should be observed that the above
procedure does not work if εij is close to zero, which may occur when the
solution has already been reached on both grids i and j, or when the solution
is not converging at all (possible on too coarse grids). This might also indicate
non-monotonic convergence.
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The apparent order of accuracy can be compared to the formal order of
accuracy of the code. Agreement between these two indicates that the grids
are within the asymptotic range of behaviour for the parameter under consid-
eration, but the converse does not necessarily imply the opposite.

The approximate relative error ea and the grid convergence index GCIfine,
of the fine grid, are calculated as

ea =

∣∣∣∣φ1 − φ2

φ1

∣∣∣∣ ,
GCIfine =

1.25 · ea
rp21 − 1

.

In plots discretization error bars can be presented in the same manner as
experimental uncertainty. These error bars should be calculated with GCIfine,
based on an average order of accuracy (pa).

Grids

Three grids are used, where both finer grids have a refinement factor of r =
h2/h1 = h3/h2 = 1.3 - 1.33. The grids have 3.86, 9.16 and 21.87 million cells.

The dimensions of the coarsest grid are described here. The other grids are
created based on this one and the given refinement factor. The cell height is
around 0.4 mm at the plate, and the circumferential cell length is 0.4 mm at the
orifice edges. The cells are then coarsened in the radial direction away from the
plate, but refined again at the duct walls, although the cell height there varies
around the circumferential. Inside the orifice the cells are 0.408 mm long, in
the axial direction. Downstream of the plate the cells are first stretched 4 %,
until a cell-length of 1 mm; then after 0.18 m the cells are stretched 10 %,
until a cell length of 2.5 mm; finally 0.68 m downstream of the plate there
is a 0.2 m long duct segment where the cells are stretched 30 %, until a cell
length of 31 mm. Upstream of the plate the cells are first stretched 4 %, until
a cell-length of 2.5 mm; then 0.2 m upstream of the plate there is a 0.2 m long
duct segment where the cells are stretched 30 %, until a cell length of 82 mm.

Results

Table A.1 shows the discretiztion error for the pressure drop over the plate; the
mean pressure at the plate downstream edge (pedge), at two circumferential po-
sitions; the bulk velocity in the middle of the orifice (ujet); the axial velocity at
the centreline of the orifice outlet (ucentre). The result indicates an acceptable
error for three of the variables, but there is a large error in the pressure drop
and a significant error in the orifice outlet velocity. These errors are probably
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Table A.1. Discretization error. φi is the solution on grid i,
where 1 is the finest, pa is the apparent order of accuracy, ea
is the relative error in the fine compared to the middle mesh,
and GCIfine is the grid convergence index.

φ1 φ2 φ3 pa ea GCIfine
Pressure drop 20000 21300 22800 0.6 6.4 % 47 %
pwall, x=2, 0◦ 90500 90100 89600 1.2 0.43 % 1.4 %
pwall, x=2, 45◦ 91000 90000 89600 3.7 1.2 % 0.81 %
ujet, x=1 202 199 192 3.2 1.5 % 1.4 %
ucentre, x= 2 227 233 237 1.9 2.3 % 4.9 %

related and are a significant problem, since the former is an important param-
eter. For the pressure drop, the large error is coupled to a low apparent order
of accuracy, which might indicate that all grids are not within the asymptotic
range.

The pressure drop over the domain is shown in more detail in Figure A.1,
where the pressure along the duct centreline is depicted. The error bars are
based on GCIfine, calculated with the average apparent order of accuracy
pa. Studying Figure A.1 a large variation of the apparent order of accuracy
is observed. This fact, together with the observable deviation of the coarsest
grid result (Figure A.1), implies that the coarsest grid should not be used for
assessing the accuracy of the pressure drop. This is also seen in Table A.2,
which shows average parameters for plotted error-bars. This can be coupled to
oscillatory convergence in some regions, but it might also be that the coarsest
mesh is not within the asymptotic range. The latter is further implied by the
fact that the percentage of oscillatory convergence is low, see Table A.2, and
that the fine and middle mesh solutions follow each other better than the coarse
mesh solution. If, instead of using all three grids, one uses only the two finest,
one may easily compute the relative error to be about 7 %. However, overall,
the error is within an acceptable range, and there is only a small discrepancy
between the solutions on the finer grids.

Figure A.2 shows axial and radial velocity profiles inside the orifice. A
significant error can be observed in the shear layer, where the finest grid predicts
the thinnest shear layer and the highest radial velocities, at the orifice inlet.
There are also some problems with the axial velocity at the orifice outlet, but
the error is still seen to be within an acceptable error. As for the pressure along
the centreline, the apparent order of accuracy varies much from point to point,
see Table A.2, and the fine and middle mesh solutions follow each other better
than the coarse mesh solution.
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Figure A.1. Grid study for the pressure along the centreline,
where L is the length of the plate, which starts at 0. Top left:
solution on the finest grid, with error bars. Top right: solution
on different grids. Bottom: Apparent order of accuracy.

In general the error was found to be within a reasonable level, better than
many experimental results. However, as stated above, there are indications that
the coarsest mesh might be too coarse, and cannot be used for error estimation
(i.e. it is outside the asymptotic range). This resulted in the decision to create
a new grid for the computations. This grid has been based on the middle grid,
but it is coarser in the circumferential direction and in the axial direction of
the duct, where the resolution is less of a problem.
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Table A.2. Overview of average parameters for plotted error bars.

pa max(pa) min(pa) max(ea) φ1 − φ2 osc. conv.
p centre 2.5 22 0.007 2 % 2100 7.4 %
x-vel, x=0, 0◦ 3.5 18 0.15 11 % 9.8 16 %
x-vel, x=1, 0◦ 7.9 14 0.17 59 % 10 3.7 %
x-vel, x=2, 0◦ 2.2 12 0.015 59 % 6e-6 3.3 %
r-vel, x=0, 0◦ 2.0 17 0.0014 20 % 9.7 32 %
r-vel, x=1, 0◦ 4.0 31 0.012 11500 % 17 16 %
r-vel, x=2, 0◦ 6.3 34 0.053 44500 % 26 27 %
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Figure A.2. Grid study of axial and radial velocity profiles
inside the orifice, where L is the length of the orifice. The
solution on the fine grid with error bars, and the solution on
the three grids, where solid lines are the coarse mesh, dashed
lines the middle mesh and dash-dotted lines the fine mesh.




