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Abstract

Many of today’s engineering systems have a network structure. Consider

for instance power systems, where multiple grids of different geographical

coverage are interconnected to form larger grids, a set of vehicles moving in

formation or distributed control systems, where several controllers act locally

with limited information. These systems are all comprised of multiple sub-

systems and the full system can easily become very large, which can make it

intractable for analysis or controller design.

Model reduction is a means to overcome this issue. Most traditional model

reduction algorithms do not preserve the network structure, however some al-

gorithms can be used to reduce the subsystems locally, while retaining the

network topology and approximating the global behavior of the interconnec-

tion. These algorithms will be the focus of this thesis.

In the first half of the thesis we will deal with one such structure preserv-

ing model reduction algorithm. An important property of model reduction

algorithms is their ability to give some performance guarantees prior to their

application, for instance in terms of an upper bound of the model error. This

can be achieved by formulating the reduction method as a linear matrix in-

equality, but since they are not always feasible it imposes a limitation on its

usefulness. However it is showed in this thesis that certain network structures

where the subsystems are either stable or strictly positive real always allow

for solutions of their corresponding linear matrix inequalities. We show that

common boiler-header systems modeled with grey-box identification belong

to this class of systems and we demonstrate how the model order of them can

be significantly reduced.

In the other half of the thesis the focus lies on power systems and the model

reduction of them. We formulate it as a structured model reduction problem

and propose an algorithm for the reduction of part of the grid while retaining a

high-fidelity model of the study area. This can be of relevance for a subsequent

contingency analysis. We also demonstrate how reduced models can be of

use for controller design by suppressing certain modes. The algorithm is

applied to the Klein-Rogers-Kundur 2-area system which dynamics is well-

understood and to a much larger real-sized model of the Nordic power grid.

We conclude that a significant model reduction can be done without losing

critical dynamics of the study area.
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Chapter 1

Introduction

The constant evolution of engineering is continually raising the requirements on
analysis and synthesis of technological systems. This drives the need for more high-
fidelity models that can be used to predict the behavior of the systems and to design
new ones. Examples of such man-made systems are VLSI circuits, whose increase
in complexity has been described by Moore’s law and power systems that become
larger and larger as more grids get interconnected. Also many natural phenomenon
require enormous models to capture their dynamics. Weather systems are extremely
complicated chaotic systems that require supercomputers to make accurate weather
forecasts. Although the computational power has been steadily rising over the last
decades, there is a limit to how much information that can be processed, which
motivates the need to work with reduced models that capture the salient features
of the system.

Depending on the circumstances there are different reasons for working with
reduced models. As previously mentioned, very large systems are not possible to
simulate even with the use of supercomputers, especially when different contingen-
cies have to be considered and analyzed, as is the case for power systems and the
contingency analysis of them. Another reason appears in the case of controller
design, where the aim is to design another dynamical systems that takes measure-
ments, calculates a control signal and actuates it on the controlled system. Popular
methods for this are H∞ and H2 control design, both of which render controllers
with complexity of the same magnitude as the controlled system. This is unwanted
since controllers often are implemented on microprocessors with limited storage
and computational power. The remedy is to either reduce the process prior to the
control design or to reduce the order of the controller, which is a special case of
structured model reduction since it requires a low-order controller, that makes the
closed-loop system behave well [1].

Process modeling is a crucial step towards making system analysis or controller
design and there is a plethora of available methods. On a high level, the methods
can either be categorized as system identification methods or methods based on first
principles, i.e. fundamental laws of science. System identification methods typically

3



4 Introduction

do not require any knowledge of the physical process, but simply treats the system
as a black-box. The objective is to find a mathematical description of the black-box
that can predict the output of the system as a response to an input signal in some
optimal sense. The choice of model order here becomes a tuning parameter and
there are many criteria for making this selection, such as the Akaike information
criterion (AIC), the Bayesian information criterion (BIC) and the final prediction
error (FPE) [2]. If one on the other hand uses first principles to derive a model, the
approach is to use fundamental laws of nature. Often this will result in a model
based on partial differential equations (PDE). One way of simulating PDEs is by
discretizing the spatial dimension to convert the equations into ordinary differential
equations (ODEs), which are easier to simulate on computers. But this step can
result in a very high-order model, especially if there are three spatial dimensions
with a high need for good spatial resolution. Model reduction can here provide the
means to reduce the complexity of the model, while retaining its key characteristics.

1.0.1 Defining the Model Reduction Problem

The systems we will be considering in this thesis are going to be continuous time-
invariant dynamical systems. The nonlinear systems will be on the form

Σnonlinear :

{

d
dtx = f(x, u)

y = g(x, u),
(1.1)

where x are the states of the system, u is the input signal and y is the output. A
special case of these systems are the linear time-invariant (LTI) systems

ΣLTI :

{

d
dtx = Ax+Bu

y = Cx+Du,
(1.2)

which we will pay particular attention to, because of the rich theory surrounding
them.

Power systems which will be one of the main foci of this thesis do not fall
into either of the two categories described above as they are modeled by nonlinear
differential algebraic equations (DAE)

d

dt
xd = f(xd, xa, u)

0 = g(xd, xa, u)

y = h(xd, xa, u),

where xd and xa are the dynamic and algebraic variables respectively. However we
will linearize the system about its steady-state which will yield equations on the
form

E
d

dt
x = Adaex+Bdaeu

y = Cdaex+Ddaeu,
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where xT = (xTd x
T
a ) now represent deviations from the steady-state values and

Adae =

(

A11 A12

A21 A22

)

=

(

∂f
∂xd

∂f
∂xa

∂g
∂xd

∂g
∂xa

)

Bdae =

(

B1

B2

)

=

(

∂f
∂u
∂g
∂u

)

Cdae =
(

C1 C2

)

=
(

∂h
∂xd

∂h
∂xa

)

Ddae = D1 = ∂h
∂u

E =

(

I 0

0 0

)

.

Assuming that A22 is invertible the system can be rewritten as

d

dt
x = Aodex+Bodeu

y = Codex+Dodeu,

where
Aode = A11 −A12A

−1
22 A21 Bode = B1 −A12A

−1
22 B2

Code = C1 − C2A
−1
22 A21 Dode = D1 − C2A

−1
22 B2

which is the standard ODE form.
The complexity of a system (1.1, 1.2) will be defined by the number of states

xT = (x1, x2, ..., xn) required to describe it. The objective of model reduction
then is to reduce the number of states from n to r, where r << n, in such a
way that the essential dynamics of the system is retained. In addition to this
fundamental requirement on the model reduction algorithm, it is necessary that
the computational complexity of it is manageable. Evidently the computational
time required by the model reduction algorithm has to be significantly smaller
than the time required for an analysis of the original full-sized model. Often it is
also necessary that the model reduction algorithm preserves some of the properties
of the full model. In particular the preservation of stability is important and if the
full system is passive, this can also be a required property of the reduced system.

It is vital that the error introduced by the model reduction algorithm is small.
Depending on what algorithm that is used and what kind of system that is reduced,
this will have different meanings. For the popular principal orthogonal decomposi-
tion (POD) algorithm applicable to nonlinear systems a small model error means
that the projection of the full state vector onto a subspace contains most of the
energy of the full state vector. For LTI systems the notion of system norms makes
it easy to define what is meant by the size of the model error. If the original system
is denoted by G(s) and the reduced system by Ĝ(s), the size of the model error is
simply ‖E(s)‖ = ‖G(s)− Ĝ(s)‖, where ‖ · ‖ is some system norm. There are many
such norms as we will see in the next chapter and the choice of it will affect the
qualities of the reduced model.



6 Introduction

1.1 A Short Introduction to Power Systems

Ever since the late 19th century power systems have been a key enabler for modern
technology and today it is the backbone of every developed society. The power
grids are among the largest ever man-made systems; The Synchronous Grid of
Continental Europe ties together most of the European Union at a unison frequency
and in North America the Eastern and Western Interconnection together with a few
minor interconnections span the entire continent from the east to the west coast [3].
The American National Academy of Engineering (NAE) recognized its importance
by awarding it first place as it selected the 20 engineering achievements of the 20th
century with the largest impact on society [4].

The first steam powered electric power station was built by The Edison Electric
Light Company in 1882 in New York to provide electricity for the load which
consisted entirely of incandescent lamps, marking the start of the power system
era [5]. As more grids were built, there was a big debate whether to use DC or AC
technology, the so called war of currents. DC grids, having Edison as its principal
proponent, started out being the American standard but with the development
of the transformer, AC technology soon conquered the market with its capability
of efficiently transmitting power at high voltages on the transmission side before
stepping it down on the distribution side. Adding to the advantages of the AC
system, Tesla developed the polyphase system [5]. These ideas proved very powerful
and up till today they still form the basis on which the modern power system stand.

Although there are many new emerging technologies with the coming of the
smart grid, today’s power system to a large extent relies on ideas developed a cen-
tury ago. A few very large power plants, usually thermal or hydro plants, converting
mechanical energy via a turbine and a synchronous generator, feed electric power
into the grid at voltage levels typically in the range of 11-35 kV before stepping
it up to the transmission level, which is usually 230 kV and above [5]. By trans-
mitting power at a very high voltage over the main distance to the loads, current
levels can be kept down, thus minimizing power losses which are proportional to the
current squared [5]. The transmission system is followed by the subtransmission
system, which transmits smaller quantities of power to the distribution substations
at voltage levels of 69 kV to 138 kV. Large industries can tap the grid at this point
to supply their machines with high voltage levels. Reaching the distribution grid,
a substation will step down the voltage to distribution levels. Typically there will
be further reduction of the the voltage level close to the residential and commercial
consumers to provide the service voltage, ranging from 110-260 V depending on
national standards, before feeding the power to the loads [6].

Power systems are huge dynamical systems, but viewing them as an aggrega-
tion of relatively few basic components the modeling of them becomes tractable.
Transmission lines can be modeled with equivalent π circuits and together with the
network topology they define the admittance matrix Y = G + jB of the system.
Similar to standard mesh circuits, the relationship between the node voltages of
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the buses or nodes and the injected currents is described by

I = Y V.

But since it is more natural to work with power flows than currents, it is common
to work with the node equations

Pi = V 2
i Gii +

N
∑

j=1;j 6=i

ViVjBij sin(θi − θj)

+

N
∑

j=1;j 6=i

ViVjGij cos(θi − θj)

Qi = −V 2
i Bii +

N
∑

j=1;j 6=i

ViVjGij sin(θi − θj)

−

N
∑

j=1;j 6=i

ViVjBij cos(θi − θj), (1.3)

where P and Q are the injected real and reactive power and Vi and θi are the
voltage and phase of bus i [6].

Synchronous generators are the principal suppliers of electric energy in power
systems [5]. The purpose of the generator is to convert mechanical energy to elec-
trical energy. It consists of two main parts: the rotor and the stator, both of which
are manufactured from magnetic steel. On the stator, the three identical armature
windings are placed, and it is these that supply power to the grid. The voltage
across them is induced by the time-varying magnetic field generated by the DC
excitation winding placed on the rotor.

The rotor will experience two torques in opposite directions. The turbine will
provide mechanical energy to make it rotate, while the back-emf from the stator
acts in opposition to it. This fundamental property of the generator is described
by

J
d2θ

dt2
= Tm − Te = Ta, (1.4)

where J is the total moment of inertia of the rotor, θ is the angular position of the
rotor, Tm is the mechanical torque, Te is the electrical torque and Ta is the net
accelerating torque on the rotor. Let us also introduce the angular velocity

ωr =
dθ

dt

of the rotor. We see that as long as the driving torque and the opposing torque
generated are balanced, the system will not deviate too far from the desired syn-
chronous speed. The angular position θ is here measured with respect to a station-
ary reference frame. We can instead use a synchronously rotating reference frame



8 Introduction

and introduce the notation
θ = ωst+ δ (1.5)

where ωs is the synchronous speed of the reference frame and δ is the so called
load angle which can be interpreted as the angle deviation from the synchronously
rotating reference frame. If we use (1.5) and normalize (1.4) so that the quantities
get expressed in per unit, we can rewrite it as

2H

ωs

d2δ

dt2
= Pm − Pe = Pa per unit (1.6)

where H is a normalized inertia constant and Pm, Pe and Pa are the mechanical,
electrical and net power respectively. This equation is known as the swing equation
and it is the simplest useful model of a synchronous generator. The swing equation
sometimes also contains a damping term [6].

For certain kind of analyses it is sufficient to model the generator with a second
order model, but if high-fidelity transients are required, more states need to be
added. On top of that there are typically controllers present. To maintain a desired
level of the terminal voltage an automatic voltage regulator (AVR) is used. It
controls the amount of current supplied through the field winding by the exciter
[6]. The terminal voltage is fed back to the controller which can for instance be
constituted of a lag-filter to give a low steady-state error of the voltage [7]. To
control the driving torque Pm a turbine governor (TG) is used to actuate on the
valves as a response to frequency deviations [6]. The AVR and the TG are both
examples of local control of the generator using local measurements, but since
generators interact with each other there is also a need for control on a system
level. One example of that is the power system stabilizer (PSS), which is used to
damp oscillations between generators. The PSS, which is often designed as a lead-
filter to add phase around some specified modes works by modifying the reference
voltage of the AVR [7].

The mathematical description of the generator and the controllers take on the
form of nonlinear differential algebraic equations

ẋdyn = f(xdyn, xalg)

0 = g(xdyn, xalg), (1.7)

where xdyn and xalg are the dynamic and algebraic variables of the system re-
spectively. These variables can represent the rotor angle, its angular velocity, the
terminal voltage, internal variables of the controllers etc. The entire power system
is comprised of many generators described by equations on the form (1.7) and they
are interconnected by a network modeled by (1.3). Together these equations pro-
vide a model of the whole power system. The equations of the generators (1.7) and
the algebraic equations of the grid (1.3) are coupled by the power that is injected
at the terminal node of the generators and by the terminal voltage magnitude and
phase.
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Today’s power grids span enormous geographical areas and the future points to-
wards even larger grids. In Europe the Synchronous Grid of Continental Europe is
providing power to the majority of continental Europe. Recently it has extended its
span by incorporating the grid of Turkey [8]. The same trend is seen in the Nordic
countries, where the eastern part of Denmark, Norway, Sweden and Finland are
connected to the same wide-area synchronous grid (Fig. 1.1). The large supergrids
are a means to increase reliability of the grid. In the case of lost generators, a larger
grid increases the chance that power can be rerouted to meet the needs of the con-
sumers. The supergrids also makes the incorporation of renewable energy sources
more manageable. The big advantage of having a small carbon footprint comes at
the price their inherent intermittency. But by connecting renewable sources dis-
tributed over large geographical areas, which can be facilitated by a supergrid, the
variability can be smoothed out, since weather conditions with enough separation
are relatively uncorrelated [9].

Figure 1.1: The Nordic wide-area synchronous grid (Courtesy of Nordregio
http://www.nordregio.se/, Designer: P.G. Lindblom).

The expansion of the power grid also introduces new challenges not least the
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existence of poorly damped inter-area modes. In the Synchronous Grid of Continen-
tal Europe such modes can be found in the East-West and North-South direction.
These modes are excited by rapid changes to the system, which can be for instance
switching operations or losses of big power plants. The situation may be exacer-
bated by the possible extension further east and with an interconnection of North
Africa and the Middle East [10]. With this new trend the importance of wide area
measurement (WAM) has increased significantly, which has been made possible
by the introduction of phasor measurement units (PMUs), which are synchronized
throughout the grid by GPS satellites. The data generated by the PMUs is gathered
in phasor data concentrators, which are used by the transmission system operators
to detect any poorly damped modes in the system [8].

The stability of the power systems is also evaluated using security assessment
and contingency analysis, where the idea is to simulate the system for every contin-
gency considered likely enough and determine whether the system remains stable.
With the deregulating of the energy market there is a high diversity of operating
condition of the power system, which makes it harder to do good off-line security
assessments. Instead it is preferable to do on-line dynamic security assessment
(DSA), but this requires a lot of computational power. To handle this challenge,
reduced models are typically used to model neighboring power systems. By reduc-
ing the model order of the system, integrating the differential algebraic equations
becomes cheaper, which is a necessity to make the problem tractable [11].

Discussing the future of power grids, it is unavoidable not to touch on the so
called smart grids. Although today’s power grids are already highly advanced with
plenty of control and safe planning of operation, new requirements will have to be
met with the future incorporation of more renewable energy sources. This is one of
the main reasons for the coming modernization of the power grid by retrofitting it
with new communication systems, computation and control. The EU’s SmartGrids
technology platform has summarized the benefits of smart grids as follows [12]:

• Better facilitate the connection and operation of generators of all sizes and
technologies.

• Allow consumers to play a part in optimizing the operation of the system.

• Provide consumers with greater information and options for choice of supply.

• Significantly reduce the environmental impact of the whole electricity supply
system.

• Maintain or even improve the existing high levels of system reliability, quality
and security of supply.

• Maintain and improve the existing services efficiently.

• Foster market integration.
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Model reduction can serve as one among many tools to achieve these goals.
Reduced order models reduce simulation times of the high-order models used to
describe power systems. It is also easy to imagine that model reduction can play
an important role in the development of new controllers required to meet the higher
levels of system reliability and quality. Using model based controller design meth-
ods like LQG and H∞ design yields controllers with a model order of the same
magnitude as the process which is going to be controlled. This either necessitates
a subsequent model reduction of the high-order controller or reduction of the high-
order process prior to the controller design [1].

1.2 Problem Formulation

The classical model reduction problem deals with the model order reduction of for
instance a process or a controller considered as an independent unit without any
interconnection to other systems. There are however many circumstances where one
wants to reduce one or several subsystems that are dependent and interconnected
with other subsystems that belong to a larger network without losing the network
topology. One such example of this is the model reduction of a controller in a
closed-loop system. It requires special considerations since the network may amplify
certain frequency ranges more than others and so the reduced models benefit from
higher accuracy in those ranges.

This area of model reduction is called structured model reduction and it is the
underlying theme of this thesis. One of the desired properties of model reduction
algorithms is their ability to say something about the model error a priori to their
application. This can be handled by formulating the model reduction problem as
a linear matrix inequality (LMI), but such inequalities may not always be feasible,
which is why this thesis examines under what conditions it is possible to guarantee
the existence of solutions to these LMIs.

The other main focus lies on the application of structured model reduction to
power systems. With power systems spanning vast geographical areas it is often
natural to divide them into a part which requires detailed analysis, called the study
area and the rest of the network, called the external area (Fig. 1.2). This latter
part of the grid is typically not as important to model with high fidelity, which
means that the modeling of the power system can be formulated as a structured
model reduction problem, where the objective is to reduce the order of the external
area in such a way that the model fidelity of the study area is retained.

1.3 Thesis Outline and Contributions

The thesis is a compilation of one journal paper and another soon to be submitted
journal paper based on two conference contributions. It begins with a background
to model reduction in Chapter 2 followed by possible future directions in Chapter
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Figure 1.2: The interconnection of the study area and the external area of a power
system.

3 and the two journal papers are found in Chapters 4 and 5.

Chapter 2: A Short Background to Model Reduction

The chapter aims at giving an overview of the most popular model reduction
methods. It covers the classical model reduction methods applicable to LTI systems,
but also introduces structured model reduction and nonlinear model reduction. The
contributions made by the author are interwoven with existing theory in an attempt
to show how they fit into the bigger picture.

Chapter 3: Conclusions and Future Work

The chapter summarizes the contributions presented in the thesis and directions
are given in which it would be possible to proceed to extend the results achieved
so far.

Chapter 4: Structured Model Order Reduction of Parallel Models in

Feedback

LMI-based model reduction algorithms can be used to give a priori error bounds
on the model error, however it is not always the case that these LMIs are feasible.
Here we will identify conditions such as cascades of stable systems and negative
feedback-loops of strictly positive real systems which always permit solutions to
the LMIs. We apply this algorithm to a boiler-header system and prove that this
system belongs to one of the classes of systems that have feasible LMIs.

The chapter is a copy of the journal paper:

• P. Trnka, C. Sturk, H. Sandberg, V. Havlena and J. Rehor, "Structured Model
Order Reduction of Parallel Models in Feedback", to appear in IEEE Trans-
actions on Control Systems Technology.

which was partly based on

• C. Sturk, H. Sandberg, P. Trnka, V. Havlena and J. Rehor, "Structured Model
Order Reduction of Boiler-Header Models", in the 18th IFAC World Congress,
2011.
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Chapter 5: Structured Model Reduction of Power Systems

Power systems are naturally fitted into the framework of structured model re-
duction. They can be seen as interconnections of smaller power grids, some of
which it is desirable to reduce. We are here considering the network to be com-
posed of one study area, which we want a high-fidelity model of and one external
area, which is the bulk of the grid that we want to reduce while minimizing the
effect of the reduction on the study area. We present a new algorithm and apply it
to the Klein-Rogers-Kundur 2-area system as a proof of concept and then extend
the analysis to a real-sized model of the Nordic power grid. In addition we show
how reduced models can be used to derive model based controllers.

The material presented is a copy of a soon to be submitted journal version,
which is based on two conference submissions and some additional work:

• C. Sturk, L. Vanfretti, F. Milano and H. Sandberg, "Structured Model Re-
duction of Power Systems", in 2012 American Control Conference (ACC),
2012.

• C. Sturk, L. Vanfretti, Y. Chompoobutrgool and H. Sandberg, "Structured
Power System Model Reduction of Non-Coherent Area", IEEE Power and
Energy Society General Meeting 2012.

Other Contributions

• C. Sturk, E. Franco and R.M. Murray, "Tuning a synthetic in vitro oscilla-
tor using control-theoretic tools", IEEE Conference on Decision and Control
(CDC), 2010.





Chapter 2

A Short Background to Model Reduction

This chapter will serve as a brief overview of the most popular model reduction
algorithms. It begins with an explanation of system norms, which is a key concept
in model reduction, since the objective many times is formulated as achieving a
model error that is small in some particular system norm. It is followed by the
classical model reduction theory which deals with LTI systems. An extension is
made to LTI systems which have a network structure, that should be retained in
the reduced model. The chapter is concluded with a brief coverage of what can be
done when the system is nonlinear.

2.1 System Theory and Norms

Norms are a very useful concept used to define the size of the elements of vector
spaces. It is a generalization of the absolute value for numbers and can among other
things be applied to vectors, signals and systems. To be precise, a norm ‖ · ‖ on a
vector space V is a function mapping V → [0, ∞) which, for each v ∈ V satisfies [13]

1. ‖v‖V = 0 if and only if v = 0.

2. |α| · ‖v‖V = ‖αv‖V , for all scalars α.

3. ‖u+ v‖V ≤ ‖u‖V + ‖v‖V , for all u, v ∈ V .

For vectors v ∈ Cn the standard p-norm is defined as

|v|p =

(

∑

i

|vi|
p

)1/p

and with the choice of p = 2 we get the popular Euclidean norm. Analogously to
the definition of the vector p-norm, we can define a norm for signals v that belong
to the function space Lnp (−∞, ∞), which contains signals on the domain (−∞, ∞)

15
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with finite norm. The superscript here means that the signals are of dimension n.
The p-norm is defined as

‖v‖p =

(∫ ∞

−∞

|v(t)|ppdt

)1/p

,

i.e. first the spatial vector p-norm is taken, before integrating it over time.
We can also define norms for systems, which is what we need to measure the

size of the model error introduced by the reduced model. Before writing down these
norms, we will say a few words about systems and in particular about LTI systems.
A systems is a mapping from one signal space, the input space to another signal
space, the output space [14]:

G : S1 7−→ S2

: u 7−→ y = Gu

There are many ways in which to represent a system. State-space representations
as in (1.2) G is one form, another is the impulse response matrix g(t). Given that
the system is described by (1.2), its impulse response matrix can be written as

g(t) :

{

0 t < 0

CeAtB +Dδ(t) t ≥ 0.

The matrix element gij(t) has the interpretation of being the output signal i gen-
erated by an applied impulse δ(t) on input j. The impulse response matrix is the
weight that an input signal u gets weighted by when the output signal y is generated
by the system

y(t) =

∫ t

0

g(t− τ)u(τ)dτ,

assuming that the system is causal and that the input signal is identically zero
before t = 0.

Systems can either be viewed in the time-domain as it is done with the state-
space representation and the impulse response matrix, or they can be viewed in the
frequency-domain. To describe them in the frequency-domain, we will introduce
the one-sided Laplace transform

F (s) =

∫ ∞

0

f(t)e−stdt.

The transfer function matrix representation of a system can now be defined as the
Laplace transform of the impulse response matrix g(t)

G(s) =

∫ ∞

0

g(t)e−stdt.
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These different representations of LTI systems can be used to introduce the
concept of system norms. There are many different system norms, but the ones
that have the most relevance for model reduction are the H2, H∞ and the Hankel
norm. We will start with the H2 norm. Assume that the transfer function of the
system G(s) is stable and strictly proper, i.e. D = 0 in a state-space representation,
then the H2 norm is defined as [15]

‖G(s)‖2 =

√

1

2π

∫ ∞

−∞

‖G(jω)‖2Fdω =

√

1

2π

∫ ∞

−∞

tr (G(jω)HG(jω)) dω, (2.1)

where ‖ · ‖F is the matrix Frobenius norm [16] given by

‖M‖F =





∑

i,j

|Fi,j |
2





1/2

(2.2)

Using Parseval’s theorem [14], which says that the H2 norm in the frequency-
domain is equal to the L2 norm in the time-domain, we can also express (2.1) in
the time-domain

‖G(s)‖2 = ‖g(t)‖2 =

√

∫ ∞

0

tr (g(t)T g(t)) dt. (2.3)

This lends to an interpretation of the H2 norm in terms of its impulse response.
Using the definition of the Frobenius norm (2.2), the H2 norm in (2.3) can be
rewritten as

‖G(s)‖2 = ‖g(t)‖2 =

√

√

√

√

∑

i,j

∫ ∞

0

|gi, j(t)|2dt =

√

∑

j

‖g:, j(t)‖22dt,

where g:, j(t) is the response of the system to an impulse applied to the jth input.
Thus the H2 norm can be interpreted as the sum of the L2 norm of the impulse
responses g:, j(t).

The H∞ norm, which is very popular in robust control and model reduction is
for stable systems G(s) defined as [14]

‖G(s)‖∞ = sup
ω
‖G(jω)‖2 = sup

ω
σ (G(jω)) , (2.4)

where ‖ · ‖2 here is the matrix 2-norm, which is equal to the largest singular value
of the matrix denoted by σ [16]. Since the largest singular value can be interpreted
as the largest gain of the matrix, the H∞ norm can be interpreted as the largest
gain of the system and it will happen for a sinusoid input with a frequency equal
to the argument that maximizes (2.4).
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The H∞ norm can also be given an interpretation in the time-domain. It can
then be written as

‖G(s)‖∞ = sup
u(t) 6=0, u(t)∈L2

‖y(t)‖2
‖u(t)‖2

, (2.5)

i.e. it is the largest quotient of the output and the input signal measured in the
L2 norm. Because of this property, the H∞ norm is sometimes referred to as the
induced L2 norm.

The last system norm to be covered is the Hankel norm, which is defined as [14]

‖G‖H = sup
u(t) 6=0, u(t)∈L2

√

∫∞

0 y
T (t)y(t)dt

√

∫ 0

−∞
uT (t)u(t)dt

,

which is similar to the definition of the H∞ norm (2.5) with the difference that the
input signal now is identically zero for t ≥ 0 and that the output signal y(t) is only
measured for t ≥ 0. With this definition it can be shown that the Hankel norm
may be calculated as

‖G(s)‖H =
√

ρ(PQ), (2.6)

where ρ(·) is the spectral radius and P and Q are the reachability and observability
Gramians, which we will return to later in Section 2.2. The square root of the eigen-
values of PQ are called the Hankel singular values and are of special importance in
model reduction.

The H2 the H∞ and the Hankel norm all have their importance in model re-
duction. It is interesting to compare the H2 and the H∞ norm to get a better
understanding of them. Using the fact that the Frobenius norm of a matrix can be
expressed as the square root of the sum of its singular values squared, the H2 norm
in (2.1) can be rewritten as

‖G(s)‖2 =

√

1

2π

∫ ∞

−∞

∑

i

σ2
i (G(jω)) dω. (2.7)

Comparing this equation with (2.4), we can see that minimizing the H∞ norm
means that the largest magnification of the system at one particular frequency is
minimized, whereas the minimization of the H2 norm pushes down the gain in all
input directions, since the summation in (2.7) is done over all singular values, and
over all frequencies, since the integration is done from negative infinity to positive
infinity [15].

If we again go back to the model reduction problem where one of the objectives
is to minimize the model error ‖E(s)‖ = ‖G(s) − Ĝ(s)‖, we see that H∞ model
reduction methods try to minimize the model error for the frequency where the
error is the largest, whereas H2 model reduction methods will push down the error
over all frequencies.
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2.2 Model Reduction of LTI Systems

The classical model reduction theory applicable to dynamical systems was devel-
oped for LTI systems. Among the most popular methods are balanced truncation,
optimal Hankel norm reduction and Krylov methods, which will be surveyed briefly
in this section, since later extensions like network preserving model reduction will
be based on some of these fundamental concepts (2.3). There are also more recent
work in which the model reduction problem is framed as an optimization problem.
Other efforts include the model reduction of time-varying and nonlinear system, the
latter of which will be of interest to us, because of the inherent nonlinear dynamics
found in power systems (2.4).

2.2.1 Balanced Truncation

Balanced truncation is a model reduction algorithm applicable to LTI system (1.2).
The theory behind it rests on the so called reachability and observability Gramians
of the system, which contain important information about how controllable and
observable the system is. To measure these quantities we introduce the energy
functions

Lc = min
u

∫ Tf

0

u(t)Tu(t)dt, x(0) = 0, x(Tf ) = xTf (2.8)

describing the minimum energy required to drive the system from rest to the state
xTf and

Lo =

∫ Tf

0

yT (t)y(t)dt, x(0) = x0, (2.9)

describing the energy of the output of the system if it is released in the state x0.
The value of the energy function (2.8) is the solution of an optimization problem
which has the control signal

u(t) = BT eA
T (Tf−t)P (Tf )

−1xTf

as its optimal argument [17]. The optimal control signal is a function of the reach-
ability Gramian P (Tf), which is defined as

P (Tf) =

∫ Tf

0

eAτBBT eA
T τdτ (2.10)

and the minimum energy required to drive the system to state xTf is equal to

‖u‖2 =
√

xTTfP (Tf )−1xTf . (2.11)

Looking at (2.11), we can infer how controllable different directions of the state
space are. It follows that the states reachable using the input energy ‖u‖ ≤ 1 are
given by the ellipsoid R,

R = {x : x = UPΣP z, ‖z‖ = 1}, P (TTf ) = UPΣ2
PU
T
P ,
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where UPΣ2
PU
T
P is the singular value decomposition of P (Tf ) [16]. Thus the matrix

UP = [u1 u2 ... un] is orthogonal. Assuming that the singular values in Σ2
P are

sorted in a decreasing order with the largest singular value σ̄ in the top of Σ2
P , it

holds that the most controllable direction is given by the vector u1 and the distance
that can be reached with the input energy ‖u‖ = 1 in the direction of u1 is equal to
the maximum singular value σ̄. Analogous conclusions can be drawn for the other
column vectors of UP .

To derive an expression for the energy of the output y in (2.9) one can use that
the trajectory of the system when released at the initial state x0 is given by

y(t) = CeAtx0.

This implies that the energy of the output is equal to

‖y‖2 =

∫ Tf

0

y(t)T y(t)dt =

∫ Tf

0

xT0 e
AT tCTCeAtx0dt = xT0 QT (0)x0,

where QT (0) is the observability Gramian of the system defined as

QT (0) =

∫ Tf

0

eA
T tCTCeAtdt. (2.12)

We can now make an interpretation of the observability of the system similar to
what was done for the controllability. We again make a singular value decomposi-
tion, this time of the observability Gramian QT (0) = UQΣ2

QU
T
Q , where the matrix

UQ = [u1 u2 ... un] is orthogonal. We can then conclude that all the states lying on
the ellipsoid O,

O = {x : x = UQΣ−1
Q z, ‖z‖ = 1}

will yield an output with energy equal to 1. This means that the direction given
by the vector u1 is the most visible, because it only requires a distance of 1/σ̄ to
the origin to generate an output y with energy equal to 1.

Having introduced the reachability and observability Gramian we can now for-
mulate the balanced truncation algorithm. The fundamental idea which it builds
on is the so called balancing of a system. It means that a coordinate transforma-
tion x = T x̄ is found which makes the transformed Gramians P̄ and Q̄ equal and
diagonal, i.e. the transformed Gramians given by

P̄ = T−1PT−T , Q̄ = T TQT

should satisfy
P̄ = Q̄ = diag (σ1, σ2, ... σn) . (2.13)

If we want to achieve a small model error in the H∞ norm, which is the induced
2-norm, it makes sense to retain the states which are the most controllable and
the most observable, i.e. to retain the states corresponding to the largest diagonal
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elements of (2.13), which are also known as the Hankel singular values, which are
invariant to coordinate transformations and given by

σi =
√

λi(PQ). (2.14)

The Gramians defined in (2.10) and (2.12) were defined as a function of time.
For the balanced truncation algorithm one lets the time T tend to infinity. Not
doing so requires either calculation of the integrals (2.10) and (2.12) or the solution
of the Lyapunov differential equations, but the benefit of letting T tend to infinity is
that the Gramians can then be calculated as the solutions to the algebraic Lyapunov
equations

AP + PAT +BBT = 0

ATQ+QA+ CTC = 0.

There are different ways of calculating the coordinate transformation matrix
T , which may produce slightly different outcomes due to numerical issues, see for
example [18]. Regardless of the choice of algorithm, the last step in balanced model
reduction consists of reducing the number of states, which is done either by means
of truncation of the state vector or by singular perturbation. Suppose that the full
system is defined by the matrices (A,B,C,D). It then follows that a change of
coordinates defined by the matrix T transforms the system as follows

Ā = T−1AT =

(

Ā11 Ā12

Ā21 Ā22

)

B̄ = T−1B =

(

B̄1

B̄2

)

C̄ = CT = ( C̄1 C̄2 ) D̄ = D.

The partitions are motivated by the subsequent order reduction. If truncation is
applied, i.e. if the state vector is truncated, the reduced system can be realized as

Ar = Ā11 Br = B̄1

Cr = C̄1 Dr = D̄.

The other option being singular perturbation removes the states not by just trun-
cating them, but by replacing them with their steady-state values. This will make
the reduced system have the state-space realization.

Ar = Ā11 − Ā12Ā
−1
22 Ā21 Br = B̄1 − Ā12Ā

−1
22 B̄2

Cr = C̄1 − C̄2Ā
−1
22 Ā21 Dr = D̄ − C̄2Ā

−1
22 B̄2.

One of the really nice properties of balanced truncation is that it gives an a
priori error bound on the model error in the H∞ norm, namely

σr+1 ≤ ‖G−Gr‖∞ ≤ 2

n
∑

i=r+1

σi,
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where Gr is the reduced model and σi are the Hankel singular values of the system
(2.14). The lower bound actually holds irrespective of what model reduction algo-
rithm that is used when the error is measured in the H∞ norm. Another attractive
property of balanced truncation is that it preserves stability [19].

2.2.2 Optimal Model Reduction

Balanced truncation is a very good algorithm for H∞ norm model reduction thanks
to its properties described in 2.2, but it is by no means optimal. Therefore there
have been efforts to frame the model reduction problem as an optimization prob-
lem. The existence of an rth reduced order model being a γ-suboptimal solution,
i.e. ‖G−Gr‖ ≤ γ to the H∞ norm model reduction problem is equivalent to the
existence of the matrices X > 0 and Y > 0 satisfying [20]

AX +XAT +BBT < 0

Y A+ATY + CTC < 0
[

X γI

γI Y

]

≥ 0

rank

[

X γI

γI Y

]

≤ n+ r. (2.15)

If there is a solution to (2.15) there exists an explicit parameterization to find
the reduced model. The formulation (2.15) is very elegant with its compactness,
unfortunately there are no computational algorithms that scale well for finding a
feasible solution due to the rank-constraint which makes the problem non-convex.

A similar formulation can be made for the H2 model reduction problem. There
exists a reduced order model Gr satisfying ‖G−Gr‖2 < γ iff there exists symmetric
matrices X and Z satisfying [21]

AX +XAT +BBT < 0

A(X − Z) + (X − Z)AT < 0

tr{C(X − Z)CT } < γ2

Z ≥ 0

rankZ ≤ r.

Again we find that the first four inequalities are convex constraints, but that the
rank constraint makes the problem non-convex and as such the efficient interior-
point algorithms can not be employed, which makes the problem intractable for
large systems.

We will now consider the optimal Hankel norm reduction problem, which actu-
ally has an explicit solution. The objective is to find a reduced model Gr of order r
that minimizes the model error ‖G−Gr‖H , i.e. to solve the optimization problem

min
Gr∈RH∞, degGr≤r

‖G−Gr‖H ,
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where deg(·) is the degree of a system and RH∞ is the vector space of all rational,
stable transfer functions with a bounded H∞ norm [14]. It can be shown that all
approximations Gr ∈ H∞ of order r have to satisfy

σr+1 ≤ ‖G−Gr‖H ≤ ‖G−Gr‖∞,

where σr+1 is the r+1th Hankel singular value and the function spaceH∞ is defined
as the vector space consisting of all stable systems with a bounded H∞ norm. This
lower bound can actually be achieved and there exists straight-forward algorithms
for finding a state-space realization of an optimal reduced system, here denoted
G∗r . This means that the optimal Hankel reduction problem can be solved and
there exists a G∗r satisfying

‖G−G∗r‖H = σr+1

It is also possible to show that there exists a D̃ such that the H∞ norm of the
model error using the same reduced model G∗r is bounded by the Hankel singular
values corresponding to the states that are removed, i.e.

‖G−Gr − D̃‖∞ ≤

n
∑

i=r+1

σi,

which makes it a very good method for achieving a small error in the H∞ norm.

2.2.3 Krylov Methods

When model reduction of very large-scale systems is required, balanced truncation
and optimal Hankel norm approximation are no longer viable options due to their
computational complexity stemming from the need to solve Lyapunov equations.
For such systems so called Krylov-based approximation methods offer a good alter-
native.

The idea with these method is based on moment matching of the transfer func-
tion. Given a system with impulse response h(t) and transfer function H(s), mo-
ment k at the point s0 ∈ C is defined as [18]

ηk =

∫ ∞

0

(−t)kh(t)e−s0tdt =
dk

dsk
H(s)|s=s0

.

The transfer function H(s) can be expressed in terms of its series expansion around
the point s0 ∈ C in the complex plane as

H(s) = η0 + η1(s− s0) + η2(s− s0)2 + η3(s− s0)3 + ...

The problem consists of finding a reduced order model Ĥ(s) with the first l moments
matched to those of the full model H(s), i.e. with the reduced model having the
series expansion

Ĥ(s) = η̂0 + η̂1(s− s0) + η̂2(s− s0)2 + η̂3(s− s0)3 + ...
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the objective is to make
ηj = η̂j , j = 1, 2, ..., l

There are different algorithms for achieving this. With an expansion around
infinity the so called Lanczos and Arnoldi procedures can be applied and with a
series expansion of the transfer function around zero, the problem becomes Padé
approximation.

Krylov methods are a good choice for model reduction of very large-scale sys-
tems, but the drawback is that they do not come with the same kind of guarantees
that for instance balanced truncation comes with. No a priori error bounds can be
given for the model error, stability of the system is not necessarily preserved and
some of the methods are not automatic.

2.3 Structured Model Reduction

Many engineering systems today are large networks comprised of subsystems in-
terconnected with some network topology. To make analysis and control tractable
model reduction is often necessary and additionally there may be requirements
that the system should be reduced in such a way that the network topology re-
mains after the reduction. Furthermore it is desirable to reduce the subsystems
locally while approximating the behavior of the global system as well as possible.
Consider Fig. 2.1, where the full system is made up of three subsystems that are
all interconnected. The aim of the structured model reduction would be to reduce
the subsystems while preserving the global mapping from wT =

(

wT1 w
T
2 w

T
3

)

to

zT =
(

zT1 z
T
2 z
T
3

)

.

z2

z3

w2

w3

G1

G2

G3

y1 y2

y3

y4

Figure 2.1: A network system comprised of three subsystems.

A relevant situation where this problem arises is in the context of power systems.
It is often the case that a particular area, the study area, of the power grid calls for
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detailed analysis, whereas the rest of the grid, the external area, only is of interest
in terms of its effect on the study area. Such a scenario is naturally described as two
subsystems with an interconnection and the structured model reduction problem
becomes to reduce the large external area while approximating the global behavior
of the power system, while preserving the network topology.

The algorithms outlined in Section 2.2 could be applied to reduce each subsystem
separately, disregarding the interconnection with the rest of the network, but since
we care about the global behavior of the reduced model this is not a good approach.
Alternatively these algorithms could be applied to reduce the full system comprised
of its subsystems in one shot. That would yield an approximation with good global
behavior, but then the network topology would be lost. Therefore other algorithms
tailored for this particular kind of problem need to be used.

The drawbacks of applying the standard balanced truncation algorithm to sub-
systems in a larger network were seen in the work that we published in [22], also
see Chapter ??. There we studied a boiler-header system used for co-generation of
heat and power. The objective was to reduce the boilers which were interconnected
by a header (Fig. 2.2). We were able to see that it required more states to get
a good model using balanced truncation than using an algorithm designed for the
structured model reduction problem.
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Figure 2.2: Parallel boilers feeding steam to a header.

We could observe similar results in [23] and Chapter ?? where we studied a
power system divided into a study area and an external area. The application of the
standard balanced truncation yielded less accurate models than the application of
a structured model reduction algorithm. This makes sense since the study area will
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have an effect on which frequencies of the external area that need to be modeled with
the most accuracy. For instance the model should be good around the frequency
corresponding to the inter-area mode, since it is often a dominant feature in the
transients. This is automatically accounted for with a structured model reduction
algorithm, but it is lost with the balanced truncation algorithm.

A precursor to structured model reduction can be found in [24], where the idea
of frequency weighted model reduction is introduced in the context of balanced
truncation. The idea is to augment the original system G(s), which we want to
reduce with an input weightWi(s) and an output weightWo(s), see Fig. 2.3. These
weights are user-defined but a rule of thumb would be to give them higher gain in
frequency ranges where higher model accuracy is required. A state-space realization
of such a series-connection can be written as

Ã =







A 0 BCi

BoC Ao 0

0 0 Ai






, B̃ =







BDi

0

Bi






, C̃ =

(

DoC Co 0
)

.

Using balanced truncation one can then proceed as usual by calculating the reach-

GiW oW

Figure 2.3: Block-diagram of a weighted model reduction setup.

ability and observability Gramian by solving the Lyapunov equations

ÃP + PÃT + B̃B̃T , ÃTQ+QÃ+ C̃T C̃ = 0.

Assuming that P and Q are partitioned as

P =







PG PG,Wo PG,Wi
PTG,Wo PWo PWo,Wi
PTG,Wi P

T
Wo,Wi

PWi






, Q =







QG QG,Wo QG,Wi
QTG,Wo QWo QWo,Wi
QTG,Wi Q

T
Wo,Wi

QWi







the next step is to select the sub-matrices PG and QG for the balancing and subse-
quent reduction of the system G(s).

An interesting application of frequency weighted model reduction is the reduc-
tion of controllers K(s) used in closed-loop with some plant P (s) (Fig. 2.4). This
is in fact a special case of the general structured model reduction problem with the
network topology simply defined by an ordinary closed-loop feedback. In [1] it is
noted that one natural choice of frequency weights is

Wi = I

Wo = (I + PK)−1P
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if the objective is to find a reduced controller that stabilizes the plant. Alternatively
if the focus is on achieving high performance, a good choice would be to choose

Wi = (I + PK)−1

Wo = (I + PK)−1P.

Having chosen frequency weights, the frequency weighted algorithm presented in
[24] can be straightforwardly applied.

K

P

Figure 2.4: Closed-loop system with control K(s) of a plant P (s).

If we denote a general network topology which interconnects q subsystems
Gi(s), i = 1, 2, ..., q the structured model reduction problem consists of finding
reduced order systems Ĝi(s), i = 1, 2, ..., q which are interconnected with the same
network N(s), while approximating the mapping from w to z as well as possible
(Fig. 2.5). This problem has been solved using a version of balanced truncation
in [25,26]. Just as in the case of frequency weighted model reduction, the algorithms
are based on the reachability and observability Gramians, which in this context can
be given the partitions

P =

(

PN PNG

PTNG PG

)

, PG =









P1 . . . P1q

...
. . .

...

PT1q . . . Pq









and

Q =

(

QN QNG

QTNG QG

)

, QG =









Q1 . . . Q1q

...
. . .

...

QT1q . . . Qq









.

The algorithm then proceeds by making the change of coordinates

xG = diag(T1, T2, ..., Tq)x̄G

based on the balancing of each subsystem. If we introduce the structured Hankel
singular values

σk, i =
√

λi(PkQk),
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Figure 2.5: The subsystems in G(s) are interconnected by the network N(s).

the truncation of the state vector can be guided by the magnitude of them. With
the full system being of order n and assuming that we want an rth order model, the
states corresponding to the n − r smallest structured Hankel singular values σk, i
are truncated.

The heuristic algorithm described above typically works really well, but ideally
one would like to have an a priori error bound. Replacing the Lyapunov equations
with the Lyapunov inequalities

AP + PAT +BBT < 0 ATQ+QA+ CTC < 0

it was shown in [26] that an error bound

‖ Fl (N,G)−Fl

(

N, Ĝ
)

‖∞≤ 2

q
∑

k=1

nk
∑

j=rk+1

σk,j ,

equal to twice the summation of the structured Hankel singular values correspond-
ing to the truncated states, can be guaranteed. The drawbacks with the LMIs are
that it is computationally expensive to solve them and that they may not always
be feasible.

However for certain classes of systems we have shown that the LMIs are always
feasible, see [22] and Chapter ??. This holds for series connections of stable systems
and for negative feedback-loops of strictly positive real systems. It is also possible
to combine the two cases to cover systems where a stable system is connected in
series with a negative feedback-loop of strictly positive real systems.

These classes of systems are frequently encountered in real applications. In
particular we showed that a combined heat and power generation system (Fig. 2.2)
belong to the class of systems that always has feasible LMIs.
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2.4 Nonlinear Model Reduction

Many physical systems are inherently nonlinear. The ones we will be considering
here are written on the form

ẋ(t) = f(x(t), u(t))

y(t) = g(x(t), u(t)). (2.16)

However if the operating range around some equilibrium is small enough, nonlinear
systems may be well approximated by linear models to which all the model reduction
algorithms presented above can be applied. But ideally we would like to use model
reduction methods developed for nonlinear systems. The drawback with most of
them is that it is very hard to give any guarantees of the properties of the reduced
models. Nevertheless a few of the most common algorithms will be briefly surveyed
here.

Many model reduction methods are based on the idea of projecting the system
to a subspace of the original state-space. Consider a coordinate transformation
defined by x̄ = Tx and introduce the following partitions

x̄ =

(

x̂

x̃

)

, T−1 =
[

V T1

]

, T =

[

WT

T T2

]

,

where x̂ ∈ Rr, x̃ ∈ Rn−r, V, W ∈ Rn×r. Substituting for x in (2.16) and only
retaining the first r differential equations we obtain

˙̂x = WT f(V x̂+ T1x̃, u)

y = g(V x̂+ T1x̃, u).

The approximation step consists of neglecting the term T1x̃, which leads to the rth

order reduced system [18]

˙̂x = WT f(V x̂, u)

y = g(V x̂, u). (2.17)

One very popular method based on the idea of projection that is used for au-
tonomous systems on the form

ẋ = f(x), x(t) ∈ R
n

is principal orthogonal decomposition (POD) [18]. The idea is to find a subspace
with dimension r of the full state-space with dimension n on which the highest
energy content of the trajectories can be found. This is done by releasing the
system at different initial conditions that are considered representative of system.
The trajectories are then recorded at times t1, t2, ..., tN and stored in a snapshot
matrix

X = [x(t1) x(t2) ... x(tN )] ∈ R
n×N .
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This is followed by making an SVD of X to find the subspace to project the system
on

X = UΣV T .

A coordinate transformation is then given by

x = Ux̄ =
[

Ur Ũ
]

x̄

Ur = [u1 u2 ... ur] , Ũ = [ur+1 ur+2 ... un] .

and the reduced model is given by

˙̂x = UTr f(Urx̂), x̂ ∈ R
r.

With the success of balanced truncation for LTI systems an analogous algorithm
based on so called empirical Gramians has been developed for nonlinear systems
[27, 28]. We will again consider a system on the form (2.16) and assuming the
system is stable and that x0 and u0 defines an equilibrium point f(x0, u0) = 0,
then the empirical reachability Gramian over the time interval [0, T ] is defined by

P (T ) =

m
∑

i=1

r
∑

j=1

s
∑

k=1

1

rsc2k

∫ T

0

Φijk(t)dt,

where Φijk(t) = (xijk(t)− xijk,ss) (xijk(t)− xijk,ss)
T . The state variable xijk(t)

denotes the state when the input u(t) = ckTjeiv(t)+u0 is applied and the subscript
ss denotes the steady-state. The constants ck, Tj and the signal v(t) are defined
by the user and ei is the unit vector.

A analogous definition is made for the empirical observability Gramian. Having
calculated these Gramians, the algorithm proceeds similarly to balanced truncation.
A coordinate transformation x̄ = Tx that balances the empirical Gramians

P̄ (T ) = Q̄T (0) = Σ.

is found and introducing the partition

T−1 =
(

V T1

)

, T =

(

WT

T T2

)

, V, W ∈ R
n×r

a reduced rth order system is given by (2.17).

2.4.1 Nonlinear model reduction applied to power systems

Power systems like most physical systems are inherently nonlinear, which makes
the model reduction problem a nonlinear one. There are many different approaches
for solving this; coherency-based methods [29–32], which are specific for power
systems, are popular heuristics based on the identification of coherent generators.
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In [33] a modified version of balanced truncation was applied. The idea is to
partition the full system into one subsystem comprised of unstable and lightly-
damped modes and another subsystem containing the remaining modes by a Jordan
decomposition. The stable subsystem is then reduced with balanced truncation
before it is reconnected with the other subsystem. Krylov methods, which are
suitable for large-scale systems have been applied in [34] and the nonlinear POD
algorithm was used in [35].

In [23], Chapter ?? we propose an algorithm for the model reduction of power
systems which is based on the structured model reduction algorithm presented
in [26]. To apply the algorithm we need to linearize the system at first, but since
we only reduce parts of the power system, we can reconnect the reduced system
to a nonlinear representation of the study area, which we wish to model with high
fidelity. This has the advantage that we can capture nonlinear phenomena like
saturations in the turbine governor and the automatic voltage regulator which we
showed in [36].

Power systems are very large systems and the simulation time of them can be
significantly decreased by the application of model reduction. This is of special
importance for contingency analysis where a large set of contingencies have to be
covered to guarantee the safety of the system. But model reduction is not only
of value for simulation of large-scale systems, it can also be useful for controller
design. We have presented one idea of control design which uses model reduction
to reduce the complexity of the controller in Chapter ??. The idea is to decompose
the model of the power system into one part containing well-damped modes and
one with the less damped modes. By basing the controller on the latter part of the
system the less damped modes can be cancelled.





Chapter 3

Conclusions and Future Work

This thesis shows the merits of structured model order reduction when working
with large network systems. In the first paper included in the thesis, we considered
the model reduction of a combined heat and power generation plant and it was
demonstrated that structured model reduction algorithms yield better results than
standard balanced truncation. This has to do with the effect of the surrounding net-
work on the subsystem which we reduced. The network will make certain frequency
ranges of the reduced model more important than others and this is automatically
accounted for by the structured model reduction algorithms which we applied.

Ideally one would like to have a priori error bounds on the model error intro-
duced by the model reduction and this can be achieved by basing the reduction
on generalized Gramians that are solutions to LMIs. The drawback is that these
LMIs will not always be feasible. However we have showed that there are classes
of systems that always allow for solutions to these LMI and we have demonstrated
that the combined heat and power generation plant that we studied belongs to this
class, which means that reduced models of it will always be stable and have an
upper error bound of their model error.

The thesis also deals with the model reduction of power systems which are
nonlinear. We consider the case when the power system can be divided into one
study area which we want to retain a high-fidelity model of and one external area
which we want to reduce. This setting fits well into the framework of structured
model reduction, where one wants to reduce the subsystems without losing the
network interconnection. The algorithm we propose requires that the power system
is linearized around its operating point, but since we do not reduce the study area,
we end up with a reduced linear system interconnected with the full-order nonlinear
study area. This has the advantage that it allows for a physical interpretation of
a subsequent analysis of the power system as well as the possibility to capture
nonlinear phenomena in simulations of the system.

However since the power systems are nonlinear, the model reduction algorithm
can not be formulated as an LMI problem and consequently there are no a priori
guarantees of stability or of any error bounds. Since this is a very desirable property

33
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of a model reduction algorithm, a possible extension to the presented work could
involve finding such bounds. There has been research done on nonlinear systems
which can be written as a feedback interconnection of one linear system and one
nonlinear system. Under some assumptions made on the two subsystems, it is
possible to give conditions, which when fulfilled, imply that the reduced order
system is stable and error bounds can be defined. It would be valuable to explore if
power systems could be fitted to such a setting, which would mean that guarantees
of the behavior of the reduced order power system could be given a priori.

Another interesting idea would be to apply parameterized model order reduction
(PMOR) to power systems. This is relevant for LTI systems which have parameter
dependent matrices (Aξ, Bξ, Cξ, Dξ). Such parameter dependent matrices may
arise in power systems that have time-varying operating conditions, which arises
e.g. due to varying power flows or in the case of renewable energy sources, due to
the intermittency of the weather conditions. What makes PMOR attractive is that
the computationally intensive part of the model reduction only needs to be done
once, independent of the time-varying parameter. As the parameters varies over
time it only requires simple calculations to update the reduced model.

To be able to use PMOR on power systems it would be necessary to show that
the linearized power system can be written as a parameterized LTI system as the
operating condition changes over time. Second it would be preferable if PMOR
could be extended to work for the structured model order reduction framework
that has been presented in this thesis.
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