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Abstract

We consider the problem of selecting k sensors out of m available (linear) sensors,
so that the error in estimating some parameters is minimized. When the sensor noises
are uncorrelated, the sensor selection problem can be (approximately) solved by a
method recently suggested by Joshi and Boyd, which relies on a convex relaxation
of the underlying combinatorial optimization problem. This thesis describes a non-
trivial extension of the relaxation method to the case when the measurement noises are
correlated, as occurs, for example, in a sensor scheduling problem in a dynamic system.
We develop several new semidefinite programming (SDP) relaxations for the problem,
which give provable bounds on the attainable performance, as well as suboptimal sensor
selections. Numerical experiments for sensor scheduling suggest that the methods work
well.
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1 Introduction

We consider the problem of selecting k sensors out of a set of m available sensors. Each
measurement gives a linear function of a parameter vector corrupted by an additive noise.
Unlike in previous studies, we assume that the measurement noises are Gaussian, but (pos-
sibly) correlated. The sensor selection affects the estimation error; our goal is to minimize
some cost function of the estimation error covariance matrix. One commonly used function
is the determinant, which corresponds to minimizing the volume of the associated confidence
ellipsoid; another function that can be used is the trace, which corresponds to minimizing
mean-square estimation error. The sensor selection problem is a combinatorial optimization
problem; in principle, it can be solved by simply evaluating the objective function for each
of the

(
m
k

)
subsets of k out of the m sensors. This is not practical, however, except for very

small values of m or k.
This thesis describes a non-trivial extension of the previous work by Joshi and Boyd [JB07].

They describe a method for sensor selection that can be used when the sensor noises are
uncorrelated. The method relies on a convex relaxation of the underyling combinatorial
optimization problem, which is easily solved, even for large values of k and m, and provides
a bound on performance that can be achieved. From the solution of the relaxed problem we
can also obtain a suboptimal sensor selection, which can be further refined using any local
optimization method. When the performance achieved by this suboptimal selection is not far
from the bound, we can be sure that the problem has been nearly solved. While we cannot
guarantee that this performance gap is always small, numerical experiments show that it is
often small. Even when the gap is not small, the suboptimal sensor selections found are, at
least, quite good. Joshi and Boyd’s method, however, does not apply when the sensor noises
are correlated; the convex relaxation that they use is, in a fundamental way, dependent on
the noises being uncorrelated.

We introduce several new semidefinite programming (SDP) relaxations of the sensor
selection problem with correlated noises. Using these relaxations we obtain results very
similar to those of Joshi and Boyd. In particular, we get computable bounds on achievable
performance, as well as suboptimal sensor selections that are often (provably) nearly optimal,
and in any case, very good. We illustrate our method on a generic example in which the
sensor noises are correlated: sensor scheduling of a linear dynamical system.

1.1 Previous work

As mentioned above, sensor selection using convex optimization was previously considered
in [JB07], where the measurement noises are assumed to be uncorrelated. In [RH95, RZ99]
an efficient method to solve the sensor selection problem with independent measurement
noise is presented.

Sensor selection in the context of dynamical systems, i.e., sensor selection and scheduling,
has been explored extensively. Several papers consider myopic or greedy scheduling [Osh94,
KP98, EFP03, SESM07, CHZ02, KKHI05, BKG06, KP98]. Non-myopic scheduling of sensors
for dynamic systems is considered in several other papers. The problem is approached
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using dynamic programming in [Kri02, WFIW05, LK98, EK01] and in [CMPS06, CMPS03,
GCHM04] by enumerating all possible schedules. Some target tracking schemes are described
in [ZLL+03, PPK04]. A review of sensor selection schemes in wireless sensor networks is
given in [REJ+07]. The sensor coverage problem in wireless sensor networks is discussed
in [SCCL06] using a geometric approach and in [WYE05] using an information theoretic
approach. In [GCHM06] a stochastic sensor selection scheme is proposed where the sensors
are selected according to a random distribution that maximizes the information gain.

The sensor selection problem can be solved exactly using branch and bound [Wel07].
Several local optimization methods have also been proposed [PB07, MN94, NM92, Wyn72,
Wel07, UA04, JB07].

The sensor selection problem is related to the discrete optimal experiment design problem
considered in [FH97]. In the discrete optimal experiment design problem we are to choose
k measurements out of m possible measurements. The difference with the sensor selection
problem is that in the optimal design problem we allow replication, i.e., we can use a sensor
multiple times. In [FH97] the discrete optimal experiment design problem is solved using an
exchange type algorithm.

Convex relaxation of 0-1 non-convex quadratic programs is discussed in [MKW03].

2 Background

2.1 Convex optimization

An optimization problem has the form

minimize f0(x)
subject to fi(x) ≤ 0, i = 1, . . . ,m

hi(x) = 0, i = 1, . . . , p
(1)

Here the variable x ∈ Rn is the optimization variable of the problem, the function fo
is the objective function, the functions fi, i = 1, . . . ,m the inequality constraint functions
and the functions hi, i = 1, . . . , p the inequality constraint functions. The variable x∗ is the
optimal solution, it has the smallest objective value that satisfies the constraints.

If the objective and constraint functions are convex, i.e.they satisfy the inequaltiy

f(θx+ (1− θ)y) ≤ θf(x) + (1− θ)f(y)

for all x, y ∈ domf, 0 ≤ θ ≤ 1. The optimization problem is then called a convex optimiza-
tion problem.

A big class of convex optimization problems including but not limited to Linear Pro-
grams and Quadratic Programs can be cast as Semidefinte Programs. Semidefinite programs
(SDPs) have a linear objective function and are constrained by the cone of positive semidef-
inite matrices with an affine space [VB96]. SDPs are particularly interesting since they can
be solved very efficiently and robustly using interior point methods and there exists several
standard off the shelf open source codes that solves generic SDPs [GB08a, Stu06, TTT09].
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2.2 Convex relaxation

Many problems which are not convex can be approximated by a convex optimization problem.
Consider a Boolean linear program

minimize cTx
subject to Ax ≤ b

xi ∈ {0, 1}, i = 1, . . . , n.
(2)

This problem has at most 2n possible solutions but it is difficult to solve. By replacing the
boolean constraint on xi with the linear constraints 0 ≤ xi ≤ 1 we get

minimize cTx
subject to Ax ≤ b

0 ≤ xi ≤ 1, i = 1, . . . , n.
(3)

This is a convex relaxation of the original problem [AW].
The relaxation has some interesting properties. The constraint set of the original problem

is contained within the constraint set of the relaxed problem, it is then easy to show that
the optimal solution x′ to the relaxed problem has an objective value L that is lower than
or equal to the objective value J∗ of the optimal solution x∗ to the original problem.

Furthermore we can project x′ on to the constraint set of the original problem by rounding
the entries of x′ to get x̂ with associated objective value U . Since x̂ is in the constraint set
of the original problem U is neccesarily larger than or equal to J∗.

We say that U is a upper bound on J∗ and L is a lower bound J∗. If U = L the projected
solution x̂ is the optimal solution to the original problem.

2.3 Maximum a posteriori estimation

The maximum a posteriori (MAP) estimator can be used to obtain a point estimate of
an unobserved quantity x on the basis of an observation y dependent upon x and a prior
distribution of x.

In the sensor selection problem we use a linear model with gausian noise so we derive the
maximum a posteriori estimator for this model

y = Ax+ w

where A ∈ Rm×n, x ∈ Rn and w ∼ N (0,Σ).
The probability density of measurements y given x is

f(y|x) =
1

2π
√
detΣ

exp

(
1

2
(y − Ax)TΣ−1(y − Ax)

)
Given a prior x ∈ N (µ,Q) the probability density for x is
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f(x) =
1

2π
√
detQ

exp

(
1

2
(x− µ)TQ−1(x− µ)

)
The log-likelihood function with the constant terms removed is then

L(x) = log f(y|x)f(x) = −1

2
(y − Ax)TΣ−1(y − Ax)− 1

2
(x− µ)TQ−1(x− µ)

The maximum a posteriori estimator of x is

x̂ = argmax
x

L(x)

Taking the derivative of L(x) with respect to x yields

∂

∂x
L(x) = ATΣ−1(y − Ax)−Q−1(x− µ)

The second order derivative

∂2

∂x∂xT
= −ATΣ−1A−Q−1 � 0

is negative definite and so L(x) is concave in x. We can then find the global maximum
by setting the first order derivative to zero and solving for x. This yields

(ATΣ−1A+Q−1)x = ATΣ−1y +Q−1µ,

and the maximum a posteriori estimator of x

x̂ = (ATΣ−1A+Q−1)−1(ATΣ−1y +Q−1µ)

We have that

E x̂− x = E(ATΣ−1A+Q−1)−1(ATΣ−1y +Q−1µ)− x =

= (ATΣ−1A+Q−1)−1(ATΣ−1Aµ+Q−1µ)− µ =

= 0

i.e. the estimator is unbiased. The estimation error is
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x̂− x = (ATΣ−1A+Q−1)−1(ATΣ−1y +Q−1µ)− x =

= K(ATΣ−1Ax+ ATΣ−1w +Q−1µ)−KK−1x =

= KATΣ−1w −KQ−1(x− µ),

where K = (ATΣ−1A+Q−1)−1. The estimation error covariance is

E = E(x̂− x)(x̂− x)T =

= EK(ATΣ−1w −Q−1(x− µ))(ATΣ−1w −Q−1(x− µ))TKT =

= KK−1K =

= (ATΣ−1A+Q−1)−1

We can defined several well known measures of how good our estimate is base on the
estimation error covariance E. The mean square estimation error E ‖e‖22 = TrE. More
interestingly we can define the η-confidence ellipsoid, a generalization of confidence intervals.

The η-confidence ellipsoid for the estimation error is the minimum volume ellipsoid that
contains x− x̂ with probability η

ε = {z|zTEz ≤ α}, (4)

where α = F−1
χ2
n
(η). It’s volume is

vol(εα) =
(απ)n/2

Γ(n/2 + 1) detE1/2
, (5)

where Γ is the Gamma function. Another measure is the mean radius:

ρ(εα) =
√
α(detE)1/2n. (6)

We will see later that the log of the volume will be useful

log vol(εα) = β + (1/2) log detE, (7)

where β is a constant that depends on σ, n and η.

3 Sensor selection

The (potential) sensors make noise corrupted linear measurements of a parameter vector
x ∈ Rn that we wish to estimate:

yi = aTi x+ wi, i = 1, . . . ,m,
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where ai ∈ Rn, and w ∼ N (0,W−1). Let C ⊂ {1, . . . ,m} denote the set of selected sensors,
with |C| (i.e., the cardinality) equal to k. We are given a prior density x ∈ N (µ,Q). The
maximum a posteriori (MAP) estimate of x is given by

x̂ =
(
ÃT W̃ Ã+Q−1

)−1 (
ÃT W̃y +Q−1µ

)
,

where Ã ∈ Rk×n is the matrix with rows corresponding to aTi , for those i with i ∈ C [CRH08]
and W̃ the matrix with the rows and columns j removed for j 3 C. For later use, we let
A ∈ Rm×n denote the matrix whose rows correspond to all sensors, A = [a1 · · · am]T .

The estimation error e = x − x̂ is normally distributed with zero mean and covariance
matrix

E =
(
ÃT W̃ Ã+Q−1

)−1

=

(∑
i,j∈C

Wijaia
T
j +Q−1

)−1

.

The maximum likelihood estimator can be treated as a limiting case of the maximum a
posteriori estimator, by replacing Q−1 with 0.

We will use the function Φ of the estimation error covariance matrix as objective. One
common choice is Φ(E) = log detE−1, which corresponds (except for a constant and a scaling
factor) to the log of the volume of associated uncertainty ellipsoid [BV04, JB07]. Another
common choice is Φ(E) = TrE, which gives the mean-square estimation error, i.e., E ‖e‖22.

We can formulate the sensor selection problem as

minimize Φ
(∑

i,j∈C Wijaia
T
j +Q−1

)−1

subject to |C| = k,
(8)

where C ⊆ {1, . . . ,m} (which denotes the selected sensors) is the optimization variable. We
let J? denote the optimal value of the sensor selection problem.

We can rewrite the sensor selection problem (8) as

minimize Φ
(
AT (zzT ◦W )A+Q−1

)−1

subject to 1T z = k
zi ∈ {0, 1}, i = 1 . . .m,

(9)

where ◦ denotes the elementwise or Hadamard product and z is the optimization variable.
(Sensor i is selected if zi = 1.)

Now we can form several convex relaxations of the problem (9). Denoting Z = zzT , we
see that Z satisfies Z � 0, TrZ = k, Zij ∈ {0, 1} for all i, j, and RankZ = 1. Indeed,
these conditions are also sufficient: If Z satisfies them, then it can be written as Z = zzT ,
with zi ∈ {0, 1}. Ignoring the rank constraint, and replacing the constraint Zij ∈ {0, 1} with
Zij ∈ [0, 1] we obtain the convex (SDP) relaxation

minimize Φ
(
AT (Z ◦W )A+Q−1

)−1

subject to TrZ = k
Zii ≤ 1, i = 1, . . . ,m
Zij ≥ 0, i, j = 1, . . . ,m
Z � 0,

(10)
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where Z ∈ Sm is the optimization variable. (The constraints Zij ≤ 1 follow from Zii ≤ 1
and Z � 0.)

We will also work with a weaker relaxation, obtained by dropping the elementwise non-
negative constraint on Z:

minimize Φ
(
AT (Z ◦W )A+Q−1

)−1

subject to TrZ = k
Zii ≤ 1, i = 1, . . . ,m
Z � 0,

(11)

The optimal objective values of (10) and (11) are both lower bounds on the optimal value
of the sensor selection problem (9). Indeed, the optimal value of (10) is at least as large as
the optimal value of (11), and so is a better lower bound.

Let Z? be a solution to either of the relaxed sensor selection problems, so that L = Φ(Z?)
is a lower bound on J?. We can then choose a sensor selection a follows: Let C denote the
indices corresponding to the k largest elements of Z?

ii. The corresponding objective value,
which we denote U , is an upper bound on J?.

Let δ = U−L, this is the gap or difference between the upper and lower bounds. The gap
is always nonnegative. If it is zero then our solution is optimal. If we use Φ(E) = log detE−1

as our objective function the gap has an interesting interpretation in terms of confidence
ellipsoids, a gap of δ corresponds to a ratio of exp(δ/2) in the volume of the confidence
ellipsoids corresponding to Z? and C [JB07].

3.1 Complexity

It is important to note here the complexity of the sensor selection problem. An SDP solver
has cubic complexity in the number of variables and the relaxed sensor selection problem (10)
has roughly m2 variables. So the relaxed sensor selection problem (10) has a complexity
O(m6) when solved with an SDP solver. Using CVX [GB08a, GB08b] to solve random in-
stances of the sensor selection problem (10) we found that empirically the complexity is
indeed O(m6). We found that solving this problem with CVX is relatively slow, taking sev-
eral minutes to converge even for modest problem sizes. We see this more as a problem of
current solvers than a problem with our method. Having a sparse measurement error covari-
ance matrix does not necessarily reduce the complexity since the optimization problem uses
the inverse W of the measurement error covariance matrix.

3.2 Local optimization

The suboptimal sensor selection Ĉ obtained from any of the relaxed sensor selection problems
can be improved by a local optimization method. Several such methods has been proposed,
see [PB07, MN94, NM92, Wyn72, UA04, JB07].

We propose a simple exchange algorithm where we consider all the selections that can be
derived by swapping one of the k chosen sensors in Ĉ with one of them−k sensors not chosen.
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If any such swap decreases the objective value we update Ĉ to correspond to the new sensor
selection. If no swap decreases the objective value the algorithm terminates. The algorithm
terminates in a finite number of steps, since the number of possible selections is finite. The
number of steps required can however be very large and we therefore also terminate the
algorithm if the number of iterations is more than Nloc. When running simulations we
found that the algorithm usually terminates after a small number of iterations. Each step
of the algorithm takes O(m2n) flops (forming the matrix and calculating the determinant)
assuming that m ≥ n. It is possible to perform low rank updates using the matrix inversion
lemma with a complexity of O(k3) flops, see appendix A. We use the former method for
simplicity in our implementation. After the local optimization we obtain a new upper bound
Uloc ≤ U .

4 An alternative method

In [RH95, RZ99] the authors show how to solve the sensor selection problem with uncorre-
lated measurement errors using an efficient method based on sequential backward selection
(SBS). The SBS method can easily be extended to handle our case with correlated measure-
ment errors.

In SBS we eliminate one row at a time from a set of all m sensors until k sensors remain.
We start with the set Cm of all the sensors. We then eliminate the sensor that minimizes
the objective value over all sets with one sensor eliminated, i.e. we eliminate the sensor that
gives the smallest increase in objective value. From the new set Cm−1 we again eliminate
one sensor and this is repeated until k sensors remain. The resulting subset Ck is our sensor
selection.

As with the local optimization method, when using the SBS method to minimize the log
determinant it is possible to use a low rank update similar to the one described in A.

5 Comparison of methods

To compare our extended SBS method with our convex optimization method we used both
methods to minimize the log determinant of random problem instances. Each problem
instance has n = 5 state variables, m = 50 measurements and k = 5 . . . 50 measurements to
select. The entries of the measurement vectors aT1 , . . . , a

T
m are chosen independently from the

uniform distribution on [−0.5, 0.5] and the measurement covariance matrix W−1 is chosen
as OTO where the entries of O are selected from a N (0, 1) distribution.

For each numerical instance we solve the convex optimization problem 11 using CVX [GB08a]
to find the lower bound L and projects it back on to the original constraint set to find the
upper bound U and afterwards applies the local optimization method to obtain Uloc. We
then use the SBS method to minimize the log determinant to find a second solution with
objective value S to the same problem instance.
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Figure 1: Ratio r of confidence ellipsoids mean radius versus number of selected
sensors k for the solution using convex optimization, convex optimization with local
optimization and the SBS method.

We compare each method by calculating the ratio of the confidence ellipsoids mean radius
between the lower bound L and the respective solutions U , Uloc and S. See figure 1.

We also compare the local optimization method relative the SBS method by calculating
the ratio of volume of confidence ellipsoids exp((Uloc−S)/2n), see figure 2. The SBS method
provides very good solutions considering it’s simplicity. What the SBS method doesn’t give
you though is a provable bound on the performance.

6 Example: Sensor scheduling

We consider an example where we have a discrete-time linear dynamical system

x(t+ 1) = Fx(t) + u(t), t = 1, . . . ,m, (12)

where x(t) ∈ Rn is the state at time t and F ∈ Rn×n is the dynamics matrix, which we
assume is invertible. We further assume that u(t) is independent identically distributed
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Figure 2: Ratio between confidence ellipsoids mean radius exp((Uloc − S)/2n) for
local optimization and the SBS method.

N (0, I). The system is measured by sensors

yi(t) = hT
i x(t) + vi(t), i = 1, . . . , p. (13)

where yi(t) ∈ R is the measurement of sensor i at time t, vi(t) ∈ R is the measurement
noise at time t, and hT

i is the measurement vector. We assume that v(1), . . . , v(m) are
independent identically distributed N (0, I). The initial state x(1) has a prior probability
density N (µ,Q).

Due to some constraint (measurement cost, network speed, computational burden) we
can only make k measurements during the time period t = 1, . . . ,m. We want to schedule
these p sensors to achieve the best estimation of x(m+ 1).

We can express the measurements as y(1)
...

y(m)

 =

 HF−m

...
HF−1

 x(m+1)+

 HF−1 · · · HF−m

. . .
...

HF−1


 u(1)

...
u(m)

+
 v(1)

...
v(m)

 . (14)
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Let

K =

 HF−1 · · · HF−m

. . .
...

HF−1

 .

We can then write equation (14) as y(1)
...

y(m)

 =

 HF−m

...
HF−1

x(m+ 1) + w (15)

where w ∼ N (0, KKT + I). The prior density of x(m+ 1) is N (Fmµ, FmQ(Fm)T +DDT )
where D = [Fm · · ·F 1].

Finding the optimal sensor schedule is now the same problem as finding the sensor selec-
tion for the above estimation problem (15).

We now apply our method to a numerical instance of the problem. We generate a
system with the number of state dimensions are n = 10. The system is measured by p = 3
sensors during the time period m = 50. The elements of the dynamics matrix F are chosen
independently from a N (0, 1) distribution and then scaled so that the system is stable. The
entries of the measurement vectors hT

1 , . . . , h
T
p are chosen independently from the uniform

distribution on [−0.5, 0.5].
We solve the relaxed sensor selection problem using CVX [GB08a] to minimize the log

determinant and afterwards applying the local optimization algorithm to obtain Ĉ and Ĉloc,
the selection before and after local optimization respectively. It takes about 2 minutes to
solve this problem on a 2 Ghz dual core personal computer. Figure 3 shows the obtained
sensor schedules.

Before local optimization we have δ = U − L and expressed as a ratio a of confidence
ellipsoids mean radius we get exp(δ/2n) = 1.36. After local optimization we have δloc =
Uloc−L and expressed as a ratio of confidence ellipsoids mean radius we get for our numerical
instance exp(δloc/2n) = 1.14, i.e. the solution is within 14% of the optimal solution in terms
of the volume of the confidence ellipsoid. This should be compared to the naive solution
when we pick the last k sensors, such a scheme is within 141% of the optimal solution. The
right sensor schedule can increase the estimation performance significantly!

In order to further explore the method’s qualitative performance we solve the same nu-
merical problem instance again, but with the dynamics matrix F scaled so that the system is
unstable. Looking at the measurement equation we would expect the most recent measure-
ments to carry the most information since λ−m

i is smaller than λ−1
i for eigenvalues λi > 1.

The solution to our numerical problem instance confirms this, see figure 4.

7 Conclusion

The sensor selection problem is a difficult combinatorial problem. We have described a
method that provides a suboptimal solution and a bound on the best achievable performance.
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Figure 3: Top: Sensor schedule obtained from the solution to the relaxed sensor
selection problem. Bottom: Sensor schedule obtained after local optimization.
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Figure 4: Top: Sensor schedule obtained from the solution to the relaxed sensor
selection problem for an unstable system. Bottom: Sensor schedule obtained after
local optimization.

Our method is reasonably fast but suffers from the curse of dimensionality. The number of
variables in the convex relaxation is on the order of m2, so the complexity of the problem
grows quickly with increasing number of sensors.

During our research we found and extended the sequential backward selection (SBS)
method. Numerical simulations suggests that the SBS method provides comparable perfor-
mance to our method using convex optimization. Due the SBS method’s simplicity it might
be more apropriate than our convex optimization method in many cases where a provable
bound on the performance is not needed.

In the final example we demonstrated that a good sensor selection can improve the esti-
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mation performance significanly. When the measurement costs outweighs the computational
costs then using one of the methods described in this thesis would be beneficial.

A Low rank update

Given an original sensor selection z with error covariance matrix E, we want to update this
selection by removing sensor i from the selection and adding sensor j to the selection. Let
Λz = diag(z), Λi ∈ Rm×m with element (i, i) set to 1 and Λj ∈ Rm×m with element (j, j)
set to 1. We then have that the new error covariance matrix

Ẽ =
(
AT (Λz + Λi − Λj)W (Λz + Λi − Λj)A

)−1
=

=
(
E−1 + ATKA

)−1
,

where E−1 = ATΛzWΛzA and

K = ΛzWΛi − ΛzWΛj + ΛiWΛz + ΛiWΛi − ΛiWΛj − ΛjWΛz − ΛjWΛi + ΛjWΛj.

The matrix K has several columns and rows that are zero and we can construct new
matrices Ã ∈ Rk+2×n and K̃ ∈ Rk+2×k+2 of smaller size such that ATKA = ÃT K̃Ã. From
the matrix inversion lemma we have that

Ẽ = (E−1 + ÃT K̃Ã)−1 = E − EÃT (K̃−1 + ÃEÃT )−1ÃE.

This is a low rank update and computing this update is O(k3). The matrix determinant
lemma gives

det Ẽ−1 = det(E−1 + ÃT K̃Ã) = det(K̃−1 + ÃEÃT ) det(K̃) det(E−1).

This allows for computation of det Ẽ with O(k3) complexity.
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