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Abstract

In this master thesis, an extension of the interaction matrix formulation to
the discrete-time bilinear state-space model is derived. Several identi�ca-
tion techniques are presented from this formulation to identify the bilinear
state-space matrices using a superstate vector, derived from a single set of
su�ciently rich input-output measurements. The initial state can be non-zero
and unknown. Unlike other approaches, no specialized inputs are required,
such as sinusoidal or white inputs, or duration-varying unit pulses involving
multiple experiments. For that reason, the bilinear state-space identi�cation
problem is di�cult to solve, since it can be seen as a linear time-varying sys-
tem with input-dependent system matrix or state-dependent input-in�uence
matrix.

The resultant input-output map from this state-space formulation can
be used for output prediction. A relationship between the coe�cients of this
input-output map and the bilinear state-space model matrices is obtained via
two interaction matrices, corresponding to the linear and bilinear portions of
the model, respectively.

Numerical examples are provided to illustrate these bilinear state-space
model identi�cation techniques and the input-output model identi�cation
method. It is concluded that the proposed identi�cation algorithms can
correctly identify the original bilinear state-space model, and the identi�ed
input-output map correctly predict its system output response, despite the
fact that the interaction matrices are only implicitly assumed to exist.
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Chapter 1

Introduction

System identi�cation is a multifaceted subject conceptualising a research do-
main covering control, mathematics and modeling. It is the arts and science
in one: the science relating, for example, a physical system mathematically
as a state-space model, and the arts describing the fact that building and
modeling such dynamical systems is not always that straightforward. It is
one of few research areas where the correlation between mathematical control
theory and real-world applications is most apparent.

In the last few decades, system identi�cation as a research topic has had
an impressive evolution, along with its growing application in various areas
such as engineering, ecology, economics and even sociology. Past and more
recent development is extensively described in [1, 2]. While there exists well-
developed theories and methodologies for linear time-invariant systems, that
is not the case for linear time-varying systems and bilinear systems. Both
have only recently experienced an increasing attention in the identi�cation
community, [3�11], building on the work of [12�17]. One usually di�eren-
tiates between classical and subspace identi�cation methods, as pictured in
Figure 1.1. This thesis focuses on discrete-time bilinear state-space model
identi�cation using classical methods, and is essentially a narrative of the
work of [18, 19].

Bilinear systems can be viewed as bridging the gap between linear and
nonlinear systems. On the one hand, they are more accurate than linear
models, acting as good approximators for many dynamical processes, while
on the other hand being much easier to analyze than nonlinear systems. It
su�ces to say that the bilinear identi�cation problem is considerably more
di�cult than the linear time-varying one, considering that a bilinear state-
space model can be seen as a linear time-varying state-space model with
input-dependent system matrix, or state-dependent input-in�uence matrix.
The reality of the states often being unknown makes this problem very much

1



2 CHAPTER 1. INTRODUCTION

Figure 1.1: Classical vs. subspace methods.

di�cult to solve.
Recent work in solving the bilinear state-space identi�cation problem

deals with using specialized inputs, partly building on the work of [20]. [4, 5]
focus on the continuous-time bilinear state-space identi�cation problem that
requires data obtained from multiple experiments, each involving an unit
pulse input of di�erent duration. Recent work by [10] deals instead with
discrete-time bilinear state-space identi�cation using basis functions with a
single set of input-output data, with the input composed as a sum of si-
nusoids. In [12, 13] a white noise excitation signal is used. How to solve
the discrete-time bilinear state-space model identi�cation problem using only
input-output measurements from a single experiment, where the input excita-
tion signal can be general as long as it is su�ciently rich, is an open problem.
We will derive such identi�cation methods and an input-output map to be
used for output prediction. This is accomplished by understanding the re-
lationship between the bilinear state-space model and its input-output map.
Despite previous work on this by numerous authors, [14, 15, 21�23], this re-
lationship is still poorly understood. It was believed that the two bilinear
system de�nitions are not equivalent.

Figure 1.2: A general system with input-output data.
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1.1 Motivation

Our approach is to generalize the interaction matrix formulation originally
developed for the linear state-space model identi�cation problem in [24, 25],
to the bilinear state-space identi�cation problem. Using two interaction ma-
trices corresponding to the linear and bilinear portions of the state-space
model, respectively, the resulting formulation will produce an expression of
the bilinear system state in terms of certain combinations of input-output
data. De�ning a so-called superstate vector, the bilinear state-space model
matrices can be completely identi�ed. Several di�erent identi�cation tech-
niques using this superstate vector will be formulated.

We will also identify an equivalent input-output map that can be used for
prediction or controller design using the same interaction matrix formulation.
It will be shown that this input-output map can correctly predict the system
output response to any other test input not used in the identi�cation, thus
satisfying the main objective of system identi�cation.

1.2 Problem Formulation

Consider the single-input single-output (SISO) discrete bilinear time-invariant
system

x(k + 1) = Ax(k) +Bu(k) +Nx(k)u(k)

y(k) = Cx(k) +Du(k)
(1.1)

with outputs y(k) ∈ Rl, inputs u(k) ∈ Rm and states x(k) ∈ Rn. The
corresponding state-space matrices {A,B,C,D,N} are of dimension {n×n,
n×m, l×n, l×m, n×n}, respectively. The problem objective is to: i) identify
the bilinear state-space matrices of (1.1), and ii) derive its input-output map,
provided a single set of su�ciently rich input-output measurements. We will
develop these conditions throughout this thesis.

1.3 Thesis Contribution

The main contributions and results of this thesis are:

1. An interaction matrix formulation that establishes the relationship be-
tween the input-output map of a bilinear system to its bilinear state-
space model in terms of certain combinations of input and output data.
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2. An algorithm to identify an input-output model from a single set of
input-output data obtained from the original bilinear system.

3. Several bilinear state-space model identi�cation techniques based on
the superstate de�nition.

4. An extensive set of numerical results evaluating the quality of the dif-
ferent identi�cation techniques, in addition to illustrating how the iden-
ti�ed input-output map can be used for output prediction.

1.4 Outline

In Chapter 2 we summarize some well-known mathematical de�nitions in con-
trol and system identi�cation. In Chapter 3 theoretical aspects are reviewed
for discrete-time linear systems and system/observer Markov parameters, as
well as state-space model realization methods, including Observer/Kalman
Filter Identi�cation (OKID) and the Eigensystem Realization Algorithm
(ERA). In Chapter 4 we extend the interaction matrix formulation to bilinear
systems, de�ne the superstate vector and present several state-space model
identi�cation techniques. Output prediction from the identi�ed input-output
map is described in Chapter 5. Implementation, simulation and experimental
results are presented in Chapter 6. Conclusions and �nal remarks are given
in Chapter 7.



Chapter 2

Mathematical De�nitions

General Linear System

A discrete linear time-invariant (LTI) system S is de�ned as

F :
x(k + 1) = f(x(k), u(k))

y(k) = h(x(k), u(k))
(2.1)

where f and h are di�erentiable vector functions. On state-space form, the
short-hand notation for (2.1) is termed (A,B,C,D), with elements in R or
C.

General Bilinear System

A discrete bilinear time-invariant system F is de�ned as

G :
x(k + 1) = f(x(k), u(k), x(k)u(k))

y(k) = h(x(k), u(k))
(2.2)

where f and h are di�erentiable vector functions. On state-space form, the
short-hand notation for (2.2) is termed (A,B,C,D,N), with elements in R
or C.

Observability and Controllability

The observability matrix On and controllability matrix Sn are de�ned as

On =


C
CA
CA2

...
CAn−1

 Sn =
[
B AB A2B . . . An−1B

]
(2.3)

5



6 CHAPTER 2. MATHEMATICAL DEFINITIONS

The linear system is observable and controllable if On and Sn are full rank,
respectively, i.e. the rows of On and the columns of Sn are linearly indepen-
dent.

Toeplitz and Hankel matrices

A n×n Toeplitz matrix, sometimes referred to as the pulse response matrix,
is a matrix Tn = {tk,j = tk−j, k, j = 0, . . . , n− 1} of the form

Tn :=


t0 t−1 t−2 . . . t−(n−1)
t1 t0 t−1 . . .

t2 t1 t0 . . .
...

... . . .
tn−1 . . . t0

 (2.4)

A n× n Hankel matrix (an upside-down Toeplitz matrix) is a matrix Hn =
{hk,j = hk+j, k, j = 0, . . . , n− 1} of the form

Hn :=


h0 h1 . . . hn−1
h1 h2 . . . hn
... . . .

hn−1 hn . . . h2n−2

 τHn :=


h1 h2 . . . hn
h2 h3 . . . hn+1
... . . .
hn hn+1 . . . h2n−1

 (2.5)

where τ is a forward-shift operator. A square Hankel matrix is always sym-
metric. A nice property of the Hankel matrix is that it can be factorized
as

Hn = OnSn (2.6)
τHn = OnASn (2.7)

assumingHn×n contains impulse response histories, also known as the Markov
parameters, of say the linear system in (2.1).

Singular Value Decomposition (SVD)

Given a matrix A ∈ Rn×m, its singular value decomposition is de�ned as

A = UΣV ∗, Σ = diag(σ1, . . . , σn) ∈ Rn×m (2.8)

where σ1(A) ≥ · · · ≥ σn(A) ≥ 0 are the singular values, and σ1(A) the
induced 2-norm of A. The singular values σi are sometimes denoted as√
λi, with λi being the i:th eigenvalue of the A matrix. The matrices
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U = (u1 u2 · · · un), UU∗ = In×n, and V = (v1 v2 · · · vm), V V ∗ = Im×m, are
orthogonal unit matrices whose columns form an orthonormal basis, making
up the left and right singular vectors of A, respectively. Although the non-
zero singular values and their associated eigenspaces are unique, the matrices
U and V are not. Assuming σr > 0, then σr+1 = 0 implies that the rank
of A is r. With the asterisk denoting the conjugate transpose, the dyadic
decomposition of A becomes

A =
r∑

i=1

uiσiv
∗
i = σ1u1v

∗
1 + σ2u2v

∗
2 + . . .+ σrurv

∗
r (2.9)

Contraction Mapping

A function g : Rn → Rn is a contraction mapping on a domain Ω ⊂ Rn if
there exists a constant 0 ≤ c < 1 such that

‖g(u)− g(v)‖ ≤ c ‖u− v‖ for all u,v ∈ Ω (2.10)

Figure 2.1: Contraction mapping.

Thus, a contraction mapping will shrink the size of a domain Ω, such that
the resulting image domain becomes smaller and smaller for each consecutive
contraction.





Chapter 3

Background and Underlying

Theory

In this chapter we derive the relationship between the system Markov pa-
rameters and the generalized observer Markov parameters for linear systems
through the interaction matrix formulation. We de�ne the system and ob-
server Markov parameters in Section 3.1 and Section 3.2, respectively. The
observer Markov parameters provide a connection between the state-space
model and recursive input-output models. This connection is di�erent from
the original connection between state-space models and their observable
or controllable canonical forms, which for multivariable systems are non-
minimal realizations. Finally, we describe the idea behind Observer/Kalman
Filter Identi�cation (OKID) and the Eigensystem Realization Algorithm
(ERA), providing the �nal step in state-space model realization. The above-
mentioned is thoroughly described in the following sections, and to a large
extent strictly taken from [24�29].

3.1 State-Space Representations and Markov

Parameters

In the previous section we mentioned that the state-space model and recursive
input-output models are two standard ways of describing the input-output
characteristics of a system. As a starting point, consider the linear system
on state-space form

x(k + 1) = Ax(k) +Bu(k)

y(k) = Cx(k) +Du(k)
(3.1)

9



10 CHAPTER 3. BACKGROUND AND UNDERLYING THEORY

with inputs u(k) ∈ Rm, outputs y(k) ∈ Rl and states x(k) ∈ Rn. Assuming
non-zero initial condition, the input-output representation (or input-output
map) of (3.1) is known to be

y(k) = CAkx(0) +
k∑

i=1

CAi−1Bu(k − i) +Du(k) (3.2)

In general the initial condition x(0) is unknown. The parameter sequence

D,CB,CAB,CA2B,CA3B, . . . (3.3)

are called the Markov parameters of the system, or simply system Markov
parameters. They are the sampled pulse or impulse system response histories
of the system, and are unique for a given system. If a system is given on
observable canonical form, the Markov parameters will appear explicitly in
the state-space model.

Suppose the input-output data record u(k) and y(k) is N samples long.
Then, assuming zero intial condition, (3.2) can be written on matrix form

y = YU (3.4)

where

y =
[
y(0) y(1) y(2) · · · y(N − 1)

]
∈ Rl×N (3.5)

Y =
[
D CB CAB · · · CAN−2B

]
∈ Rl×mN (3.6)

U =


u(0) u(1) · · · u(p) · · · u(N − 1)

u(0) · · · u(p− 1) · · · u(N − 2)
. . . ...

...
...

. . . ... . . .
u(0) · · · u(N − p− 1)

 ∈ RmN×N (3.7)

with U being on upper Toeplitz form. Equation (3.4) implies that there
are (l × mN) unknowns in Y, but only (l × N) equations. In the case
that m > 1, the solution for Y is not unique. However, for �nite-dimensional
linear systems, Y must be unique. Therefore, Y (and its Markov parameters)
are uniquely determined for m = 1. This corresponds to a system with a
single input, and U being a square matrix.

In the case that the system is asymptotically stable with the system
Markov parameters decaying to zero, limk→∞CA

kB = 0, the input-output
map in (3.2) can be approximated by a su�ciently large yet �nite number
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of Markov parameters, say p of them, such that CAiB ≈ 0, i ≥ p. It then
follows that

y(k) = CAkx(0) +

p∑
i=1

CAi−1Bu(k − i) +Du(k) (3.8)

or, equivalently, on matrix form

y ∼= YpUp (3.9)

where Yp ∈ Rl×mp and Up ∈ Rmp×N . The subscript p denotes the truncated
version of Y and U, since p < N . This implies that there are more equations
(l × N) than unknowns (l ×mp), since N ≥ mp. Thus, the �rst p Markov
parameters can be computed as Yp = yUp

+, where Up
+ denotes the pseudo-

inverse of Up. In practice, it is required that the data length N > mp for
correct identi�cation so that U is wide.

3.1.1 State Transformation

A state equation can also be expressed as a coordinate transformation or
mapping T such that

x(k) = Tz(k) (3.10)

where T is assumed to have a pseudo-inverse T+ such that TT+ = I. Notice
that the dimension of the new state vector z(k) is higher than the dimension
of x(k), which means T must be a wide matrix. Substituting for x(k) and
premultiplying with T+ gives

z(k + 1) = Ãz(k) + B̃u(k)

y(k) = C̃z(k) + D̃u(k)
(3.11)

where
Ã = T+AT B̃ = T+B C̃ = CT D̃ = D (3.12)

Notice that T+ is not unique, and therefore (3.11) cannot be either. However,
the state-space description in (3.11) will produce the same Markov param-
eters as the original system, since CT (T+AT )kT+B = CAkB. Thus, the
mapping T becomes

T : {A,B,C,D} → {T+AT, T+B,CT,D} (3.13)
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3.2 An Observer Equation for I/O Representa-

tions

In Section 3.1 we showed that the derived input-output map of a linear
system, or any other applicable system for that matter, depends the initial
state of the system. If the intial state is known, then the solution to the state-
space model identi�cation problem becomes straightforward. Unfortunately,
this is in general not the case.

The solution to this problem of initial state dependence was originally
developed in [24, 25]. Adding and subtracting My(k) to the right-hand side
of (3.1) yields

x(k + 1) = Ax(k) +Bu(k) +My(k)−My(k)

= (A+MC)x(k) + (B +MD)v(k)−My(k)

= Āx(k) + B̄v(k)

(3.14)

where

Ā = A+MC B̄ =
[
B +MD −M

]
v(k) =

[
u(k)
y(k)

]
(3.15)

Thus, the original system becomes

x(k + 1) = Āx(k) + B̄v(k)

y(k) = Cx(k) +Du(k)
(3.16)

where M ∈ Rn×l is an arbitrary and unique matrix such that Ā = A + MC
is asymptotically stable if (A,C) is an observable pair. The existence of the
matrix M can be seen as adding a feedback loop to a (possibly) unstable
open-loop system. In practice, it turns out that this will also compress the
system, making it more computationally attractive. We don't actually have
to compute the interaction matrix M , and it is guaranteed to exist if the
system is observable.

Equation (3.16) can be seen as an observer equation if the state is con-
sidered as an observer state, see [25]. In that case, the interaction matrix M
can be interpreted as an observer gain or, in the presence of process (plant)
and measurement noise, the Kalman �lter. In the stochastic environment,
the Kalman �lter is optimal in the sense that it is the fastest deterministic
observer obtainable.

Analogous to the discussion in Section 3.1, the input-output description
can approximated by a �nite number of observer Markov parameters, say p
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of them, resulting in the input-output description

y(k) = CĀkx(0) +

p∑
i=1

CĀi−1B̄u(k − i) +Du(k) (3.17)

provided that
CĀiB̄ ≡ 0 i ≥ p (3.18)

In the presence of noise this argument is approximative, CĀiB̄ ≈ 0 for i ≥ p.
This implies that the eigenvalues of Ā must be at the origin. This is known
as the deadbeat case, and the observer gain M as the deadbeat observer
gain. This is consistent with M being interpreted as a pole-placement,
thus specifying the decay rate of the Markov parameters for the observer
equation towards a negligible level, such as zero. This is in contrast to
limk→∞CA

kx(0) = 0 in steady-state for the original linear system, provided
the system matrix A is asymptotically stable and a non-zero initial condition
is present. The parameters in the sequence

D,CB̄, CĀB̄, CĀ2B̄, CĀ3B̄, . . . (3.19)

are referred to as the observer Markov parameters of the system.
Notice that the initial state dependence in (3.17) vanishes with the dead-

beat condition (3.18) imposed. As a result, the expression in (3.17) becomes
exact, since CĀkx(0) ≡ 0 for k ≥ p.

3.3 Observer/Kalman Filter Identi�cation (OKID)

The OKID method is an observer-based identi�cation method for computing
the system Markov parameters of an observer (or steady-state) Kalman �lter
from experimental data. Given a sequence of observer Markov parameters
formed from input-output data, the corresponding system Markov parame-
ters can be recovered uniquely. In turn, the system Markov parameters can
be used to identify the corresponding state-space representation, with associ-
ated observer or Kalman gain, for the purpose of state-space based controller
design, using the Eigensystem Realization Algorithm (ERA). Below we de-
scribe the idea behind OKID, originally stipulated in [24, 26, 29].

3.3.1 Recovering the System Markov parameters

We want to �nd a generalized expression for recovering the system Markov
parameters and the observer gain given an equally long sequence of observer
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Markov parameters. Denote for simplicity the system and observer Markov
parameters for k ≥ 0, respectively, as

Yk = CAkB (3.20)

Ȳk = CĀkB̄ (3.21)

where the transmission factor D equals D = Y−1 = Ȳ−1. Now, partition the
Markov parameters as

Ȳk = CĀkB̄ (3.22)

=
[
C(A+MC)k(B +MD) −C(A+MC)kM

]
(3.23)

=
[
Ȳ (1)(k) Ȳ (2)(k)

]
(3.24)

The Markov parameter Y (0) = CB is recovered as

Y (0) = CB = Ȳ (1)(0) + Ȳ (2)(0)Y (−1) (3.25)

The next system Markov parameter Y (1) = CAB in the sequence can be
recovered as

Y (1) = CAB = Ȳ (1)(1) + Ȳ (2)(0)Y (0) + Ȳ (2)(3)Y (−1) (3.26)

Similarly, Y (2) = CA2B is recovered as

Y (2) = CA2B = Ȳ (1)(2)+ Ȳ (2)(0)Y (1)+ Ȳ (2)(1)Y (0)+ Ȳ (2)(2)Y (−1) (3.27)

By induction, the general relationship between the actual system/observer
Markov parameters can be shown to be

Y (k) = Ȳ (1)(k) +
k−1∑
i=0

Ȳ (2)(i)Y (k − i− 1) + Ȳ (2)(k)D (3.28)

where Ȳ (k) =
[
Ȳ 1(k) Ȳ 2(k)

]
is considered zero for k > p due to the dead-

beat condition. From this development, we can also derive bounds on the
proper choice of observer order, again [24]. De�ne

Y (k) =
[
−Ȳ (2)

p−1 −Ȳ
(2)
p−2 −Ȳ

(2)
p−3 . . . −Ȳ (2)

0

]
(3.29)

Y =
[
Yp+1 Yp+2 Yp+3 . . . Yp+N

]
(3.30)

where N is some su�ciently large arbitrary integer. From the partitioning
in (2.7), one can write

Ȳ (2)τHp = Ȳ (2)[OpASN ] = Y (3.31)
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It is known that the rank of a su�ciently large matrix σHp is the order of
the controllable and observable part of the system. From the experimental
point of view, the identi�ed state matrix A represents only the controllable
and observable part of the system. The size of the matrix σHp is lp×Nm,
where N is an arbitrary integer. Assuming that Nm > lp, the maximum
rank of σH is thus lp. If p is chosen such that lp > n (the order of the matrix
A) and Ȳ (2) is obtained uniquely, then a realized state matrix A with order
n should exist.

Therefore for a system of order n, the number of observer Markov pa-
rameters p must be such that lp ≥ n where l is the number of outputs.
Furthermore, the maximum order of a system that can be described with p
observer Markov parameters is lp. The implication of this analysis is that for
multiple-output systems, the number of observer Markov parameters required
to be identi�ed can be substantially less than the true order of the system.
Speci�cally, the minimum number of Markov parameters that can describe
the system is pmin, which is the smallest value of p such that lpmin ≥ n.

3.3.2 Recovering the Observer Gain

The corresponding observer gain M can be identi�ed by �rst recovering the
sequence of parameters

YM(k) = CAkM k = 0, 1, 2, . . . (3.32)

in terms of the observer Markov parameters. The �rst parameter YM(0) is
recovered as

YM(0) = CM = −Ȳ (2)
0 (3.33)

The next parameter in the sequence YM(1) = CAM is obtained by consid-
ering Ȳ (2)

1 ,

Ȳ
(2)
1 = −CĀM = −(CAM + CMCM) = −YM(1) + Ȳ

(2)
0 YM(0) (3.34)

which yields
YM(1) = −Ȳ (2)

1 + Ȳ
(2)
0 YM(0) (3.35)

Similarly, for YM(2) = CA2M ,

Ȳ
(2)
2 = −(CA2M+CMCAM+CĀMCM) = −YM(2)+Ȳ

(2)
0 YM(1)+Ȳ

(2)
1 YM(0)
(3.36)

which yields
YM(2) = −Ȳ (2)

2 + Ȳ
(2)
0 YM(1) + Ȳ

(2)
1 YM(0) (3.37)
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By induction, the general relationship is

YM(k) = −Ȳ (2)
k +

k−1∑
i=0

Ȳ
(2)
i YM(k − i− 1) (3.38)

With A and C realized from the system Markov parameters, the observer
gain is computed as

M = (Oᵀ
k+1Ok+1)

−1Oᵀ
k+1YM (3.39)

where

Ok+1 =


C
CA
CA2

...
CAk

 YM =


YM(1)
YM(2)
YM(3)

...
YM(k)

 =


CM
CAM
CA2M

...
CAkM

 (3.40)

3.4 System Realization Theory

A somewhat technical way of describing realization is �nding a mathemat-
ical model from an input-output relationship, such as input-output maps,
impulse responses and transfer functions. In system identi�cation, that of-
ten refers to identifying a state-space representation from a set of Markov
parameters. In physical systems such as a spring-mass-damper system, re-
alization would correspond to identifying the modal parameters, i.e. natural
frequencies, damping ratios and mode shapes. For simulation purposes it is
often enough to compare the Markov parameters of the true and identi�ed
system. In the real world, however, realization theory is an essential part of
system identi�cation.

3.4.1 ERA and Observable-Canonical Form

One common way of identifying the state-space matrices (or modal parame-
ters) from experimental data is to work through the Eigensystem Realization
Algorithm (ERA), [27, 28]. The approach uses singular value decomposition
and requires computing the Hankel matrices H and τH containing the sys-
tem Markov parameters. The identi�ed state-space matrices (A,B,C,D) are
coordinate-dependent and, hence, are not unique. However, they produce a
minimal-order realization that is both controllable and observable. Although
the algorithm is nonlinear, the solution is exact.
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Another candidate method for state-space realization is working through
the observable canonical-form. By taking the coe�cient matrices of a �nite-
di�erence model (ARX, ARMAX, OE, etc.), the realization becomes straight-
forward. Unlike ERA, one does not need to compute the Markov parameters
of the system. The drawback is that even though the system is observable,
it is not necessarily controllable.

3.5 Model Reduction

Model reduction can be described as a way to reduce the complexity of a
mathematical model such that the response characteristics of the system
within some accuracy is preserved. A di�erent way of putting this is re-
moving the redundancy in a system. Minimal-order realization falls into this
category. Model reduction techniques can mainly be divided into two groups:

1. Projection-based methods

2. Non-projection based methods

The �rst group includes methods such as the Krylov subspace method (mo-
ment matching methods), balanced-truncation method and Proper Orthogo-
nal Decomposition (POD). The second group includes methods such as Han-
kel optimal model reduction, state-residualization (or singular-perturbation
approximation), transfer function �tting and other optimization-based meth-
ods. POD, balanced-truncation and singular perturbation are all SVD-based
approximation methods.

In the case of bilinear systems, which are a class of nonlinear systems,
the POD method seems appropriate for our purposes. The POD method
described below is strictly taken from [30]. Consider the general nonlinear
system

x(k + 1) = f(x(k), u(k)) (3.41)
y(k) = h(x(k), u(k)) (3.42)

where f and h are di�erentiable vector functions. Let

X =
[
x(k) x(k + 1) · · · x(k +N)

]
∈ Rn×N+1 (3.43)

be the solutions to this system spanning a n-dimensional state space. De-
pending on how fast the singular values decay, we compute the singular value
decomposition and truncate at t� n so that

X = UΣV ∗ ≈ UtΣtV
∗
t (3.44)
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Keeping only t singular vectors and t corresponding eigenvectors, the original
state can be approximated as x(k) ≈ Utξ(k), ξ(k) ∈ Rt. Thus, ξ(k) is an
approximation of the state x(k) evolving in a low-dimensional space, spanning
a state-subspace of x(k). Then, Utχ(k + 1) = f(Utχ(k), u(k)), which implies
a reduced-order equation on state-space form

χ(k + 1) = U∗t f(UtχX(k), u(k))

y(k) = h(UtχX(k), u(k))
(3.45)



Chapter 4

State-Space Model Identi�cation

In this chapter we formulate three similar yet qualitatively di�erent state-
space model identi�cation techniques using only a single set of input-output
measurements. We generalize the interaction matrix formulation to discrete-
time bilinear state-space models and, by looking at the state propagation
pattern, postulate a state transformation of the form (3.10). From this
transformation, an equivalent linear model is derived and a superstate vec-
tor de�ned. We will use this superstate for state-space model identi�cation,
also labeled superstate-space model identi�cation. Finally, model reduction
is employed to bring down the order of the system. This chapter refers to
the work of [18].

4.1 Initial State Dependencies

In control, the states (or state histories) are the solutions to a system on state-
space form. If the states are known, then identifying a state-space model and
its input-output map becomes a straighforward task. Unfortunately, in most
identi�cation problems this is rarely the case. In (3.2) we saw that the input-
output map of a linear system depends explicitly on the initial state. This
is true also for bilinear systems. For example, repeated application of (1.1)
produces

x(k) =

(
k−1∏
i=0

[A+Nu(i)]

)
x(0) +

(
k−1∏
i=1

[A+Nu(i)]

)
Bu(0)

+

(
k−2∏
i=2

[A+Nu(i)]

)
Bu(1) + . . .+Bu(k − 1)

(4.1)

19
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Notice that both the linear and bilinear portions in (4.1) depend on the initial
state, as will its input-output map. It is desirable to eliminate this initial
state dependence.

4.2 An Interaction Matrix Formulation for

Bilinear Systems

In Section 3.1 we looked at the relationship between the state-space repre-
sentation of a linear system and its input-output map, expressed in terms
of its Markov parameters. Later, in Section 3.2, we showed that this repre-
sentation, by applying the interaction matrix formulation, can be expressed
on observer form. We would like to extend this idea to the discrete-time
bilinear state-space model. For the linear system, we only needed to account
for the linear portion of the model with one single interaction matrix. In the
case of bilinear systems, however, we will account for both the linear and
bilinear portions of the model in order to get rid of the initial state depen-
dencies. Consequently, adding and subtracting M1y(k) and M2y(k)u(k) to
the right-hand side of (1.1) produces

x(k + 1) = Ax(k) +Bu(k) +Nx(k)u(k) +M1y(k)−M1y(k)

+M2y(k)u(k)−M2y(k)u(k)

= (A+M1C)x(k) + (B +M1D)u(k)−M1y(k)

+M2Du
2(k)−M2y(k)u(k) + (N +M2C)x(k)u(k)

= Āx(k) + B̄v(k) + N̄x(k)u(k)

(4.2)

where M1 and M2 are interaction matrices and

Ā = A+M1C N̄ = N +M2C (4.3)

B̄ =
[
B +M1D −M1 M2D −M2

]
v(k) =


u(k)
y(k)
u2(k)

y(k)u(k)

 (4.4)

Thus, the original system becomes

x(k + 1) = Āx(k) + B̄v(k) + N̄x(k)u(k)

y(k) = Cx(k) +Du(k)
(4.5)

Corresponding to the deadbeat condition (3.18) for linear systems, we can in
a similar manner specify a deadbeat condition for bilinear systems.
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De�nition 1. Let Ā = A+M1C and N̄ = N +M2C. If (A,C) and (N,C)
are both observable pairs, there exists two interaction matrices M1 and M2

such that

Āp = (A+M1C)p ≡ 0

N̄p = (N +M2C)p ≡ 0
(4.6)

We say that this condition is the deadbeat condition for the bilinear system
(A,B,C,D,N).

4.3 State Propagation Pattern

We are interested to see if imposing the newly de�ned deadbeat condi-
tion (4.6) is both a necessary and su�cient condition in �nding a relationship
for the bilinear system independent of the initial state. If the system in (1.1)
is minimal-order, then from the discussion in Section 3.3.1 it follows that
pmin = 2 for a single output, l = 1. Propagating the original state equation
in (1.1) forward once produces

x(k + 2) = A2x(k) + ANx(k)u(k) +NAx(k)u(k + 1)

+N2x(k)u(k)u(k + 1) + ABu(k) +NBu(k)u(k + 1)

+Bu(k + 1)

(4.7)

The above expression is just the relationship from (4.1) shifted forward two
time steps. We stated that deriving an input-output relationship from (4.7)
solely in terms of input-output measurements is not possible. Same state
equation by interaction matrices will instead produce

x(k + 2) = Ā2x(k) + ĀN̄x(k)u(k) + N̄Āx(k)u(k + 1)

+ N̄2x(k)u(k)u(k + 1) + ĀB̄v(k) + N̄B̄v(k)u(k + 1)

+ B̄v(k + 1)

(4.8)

Imposing the deadbeat condition in (4.6) will evidently eliminate the bi-
linear terms Ā2x(k) and N̄2x(k)u(k)u(k + 1), but not ĀN̄x(k)u(k) and
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N̄Āx(k)u(k + 1), unless Ā = N̄ . Propagating forward once more gives

x(k + 3) = Ā3x(k) + Ā2N̄x(k)u(k) + ĀN̄Āx(k)u(k + 1)

+ ĀN̄2x(k)u(k)u(k + 1) + N̄Ā2x(k)u(k + 2)

+ N̄ĀN̄x(k)u(k)u(k + 2)

+ N̄2Āx(k)u(k + 1)u(k + 2) + N̄3x(k)u(k)u(k + 1)u(k + 2)

+ Ā2B̄v(k) + ĀN̄B̄v(k)u(k + 1) + N̄ĀB̄v(k)u(k + 2)

+ N̄2B̄v(k)u(k + 1)u(k + 2)

+ ĀB̄v(k + 1) + N̄B̄v(k + 1)u(k + 2) + B̄v(k + 2)

(4.9)

with the deadbeat condition being the same as before. One quickly realizes
the following:

1. Continuing the forward-state-propagation leads to an exponential in-
crease of terms, bilinear or not, involving products of Ā, N̄ and B̄.

2. In general, x(k + p), for some integer p satisfying lp ≥ n, will have
bilinear terms whose coe�cients are products of Ā and N̄ , and whose
powers add up to p.

3. The observer Markov parameters of the system (D, CĀiB̄ and CN̄ iB̄)
can be identi�ed by a certain pattern exhibited in the state propagation
pattern.

From (4.8) and (4.9) we see that the deadbeat condition is not enough to
eliminate all the bilinear terms in the state equation. Therefore, imposing
the deadbeat condition is in general a necessary but not su�cient condition
in identifying the input-output map of a bilinear system.

4.4 Applying Contraction Mapping

In the previous section we stated that the deadbeat condition alone is a
necessary but not su�cient condition in eliminating all the bilinear terms
in the state equation. It is apparent that we need to impose additional
conditions in order to eliminate all the bilinear terms. The main question
that arises is how the products ĀiN̄ j and N̄ jĀi, where i + j = p, decay or
vanish such that only terms consisting of input-output measurements remain
in the state equation.

One candidate answer is the contraction mapping of the products when
the order of their products becomes bigger. For example, forward-state prop-
agation of the state equation will produce more and more products whose
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powers add up to p. Thus, the bigger p becomes, the bigger the contraction
mapping and the smaller the products. The state-dependent products can
then be eliminated, but the identi�cation becomes approximate. However,
one can expect the identi�cation to become better and better as p becomes
bigger and bigger.

4.5 State Transformation

Having justi�ed the elimination of all the bilinear terms in the state equation,
and hence its input-output map, it is possible to derive a relationship or
mapping Tp between the true state of the system x(k) and the in�ated state
zp(k), for some propagation of p time steps.

De�nition 2. Let x(k) be the state of the system of dimension n, and zp(k)
an in�ated state of dimension greater than n propagated at p time steps,
consisting of only input-output data. A state transformation or mapping Tp
is then expressed as

x(k + p) = Tpzp(k + p) k ≥ 0 (4.10)

or equivalently,

x(k) = Tpzp(k) k ≥ p (4.11)

where Tp is a wide matrix with a pseudo-inverse T+
p satisfying TpT+

p = I.

In (4.8) and (4.9), one sees that Tp and {zp(k + p), k ≥ 0}, or equivalently
{zp(k), k ≥ p}, correspond to

T2 =
[
ĀB̄ B̄ N̄B̄

]
T3 =

[
Ā2B̄ ĀB̄ B̄ ĀN̄B̄ N̄ĀB̄ N̄2B̄ N̄B̄

]
(4.12)

z2(k + 2) =

 v(k)
v(k + 1)

v(k)u(k + 1)

 z3(k + 3) =



v(k)
v(k + 1)
v(k + 2)

v(k)u(k + 1)
v(k)u(k + 2)

v(k)u(k + 1)u(k + 2)
v(k + 1)u(k + 2)


(4.13)

A state propagation pattern up to p = 5 is given in the appendix for zp(k+p).
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4.6 General Pattern

Let nCk :=
(
n
k

)
. By induction, the general pattern for zp(k + p), k ≥ 0,

in (4.10) can be shown to be

− A linear combination of v(k) to v(k + p− 1)

− v(k) multiplied with products of u(k+ 1) to u(k+ p− 1) in all possible
combinations (p−1)C1, (p−1)C2, . . . , (p−1)C(p−1) of {u(k+1), u(k+
2), . . . , u(k + p− 1)}.

− v(k+1) multiplied with products of u(k+2) to u(k+p−1) in all possible
combinations (p−2)C1, (p−2)C2, . . . , (p−2)C(p−2) of {u(k+2), u(k+
3), . . . , u(k + p− 1)}.

− v(k+2) multiplied with products of u(k+3) to u(k+p−1) in all possible
combinations (p−3)C1, (p−3)C2, . . . , (p−3)C(p−3) of {u(k+3), u(k+
4), . . . , u(k + p− 1)}.
...

− v(k + p − 3) multiplied with products of u(k + p − 2) to u(k + p − 1)
in all possible combinations 2C1, 2C2 of {u(k + p− 2), u(k + p− 1)}.

− v(k + p − 2) multiplied with 1C1 of u(k + p − 1), which of course is
u(k + p− 1).

Thus, stacking these combinations of input-output data will make up the
in�ated state, a column vector, zp(k + p), k ≥ 0. A general expression for
zp(k), k ≥ p, is obtained by simply shifting the time indices of zp(k + p)
backwards with p time steps.

4.7 ELM and Superstates

To derive the superstate vector we �rst need to rewrite the expression for the
original bilinear state-space model. Substituting the in�ated state in (4.11)
into the bilinear portion of (1.1) will produce the state relationship, k ≥ p,

x(k + 1) = Ax(k) +Bu(k) +NTpzp(k)u(k)

= Ax(k) +
[
B NTp

] [ u(k)
zp(k)u(k)

]
= Ax(k) +

[
B NTp

]
w(k)

(4.14)



4.7. ELM AND SUPERSTATES 25

where w(k) =
[
u(k) zp(k)u(k)

]ᵀ. Notice that the �rst time step now is
k ≥ p, since zp(k) is de�ned for k ≥ p. This state equation is on equivalent
form as the state for a linear state-space model.

De�nition 3. Assuming a state relationship of the form (4.11) and (4.14),
an Equivalent Linear Model (ELM) is de�ned as

x(k + 1) = Ax(k) +
[
B NTp

]
w(k)

y(k) = Cx(k) +Du(k)
(4.15)

Thus, the state transformation in (4.10) results in two di�erent models de-
picted in Figure 4.1. One is the bilinear state-space model being expressed on
equivalent linear form, and conveniently named the Equivalent Linear Model
(ELM); the other an input-output model derived from the original output
equation by substituting the original state with the state transformation. We
will use this input-output relationship later on to predict the output for a
bilinear system. We are now ready to de�ne the superstate vector.

Figure 4.1: Derivation of an Equivalent Linear Model (ELM) and an input-
output model for a bilinear system.

De�nition 4. Given a set of input-output data u(k) and y(k), it is possible
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to construct a superstate vector s(k) from input-output data as

s(k) =



w(k − 1)
...

w(k − p)
y(k − 1)

...
y(k − p)


k ≥ 2p (4.16)

In [9] a justi�cation is made for treating input-output data directly as states
for linear time-varying systems. This superstate de�nition provides a similar
basis for treating superstates directly as states, with w(k) instead of u(k) as
the input excitation signal in the state equation.

4.8 Identifying the State-Superspace Matrices

Now, expressing the states in the ELM with superstates yields

s(k + 1) = Ãs(k) +
[
B̃ Ñ T̃

]
w(k)

y(k) = C̃s(k) + D̃u(k)
(4.17)

We will call (Ã, [B̃ Ñ T̃ ], C̃, D̃) the in�ated ELM of (A,B,C,D,N), being
of a larger dimension and in di�erent coordinates than the original bilinear
state-space model. The state-space matrices in (4.17) can be identi�ed in a
linear step as [

Ã [B̃ Ñ T̃ ]
]

= S(k)V1(k)+[
C̃ D̃

]
= Y (k)V2(k)+

(4.18)

where

S(k) =
[
s(k + 1) s(k + 2) s(k + 3) · · ·

]
(4.19)

V1(k) =

[
s(k) s(k + 1) s(k + 2) · · ·
w(k) w(k + 1) w(k + 2) · · ·

]
(4.20)

Y (k) =
[
y(k) y(k + 1) y(k + 2) · · ·

]
(4.21)

V2(k) =

[
s(k) s(k + 1) s(k + 2) · · ·
u(k) u(k + 1) u(k + 2) · · ·

]
(4.22)

with S(k), V1(k), Y (k), V1(k) all being wide matrices. In (4.18) the Moore-
Penrose pseudo-inverse is used. For successful identi�cation the data record
must be well-conditioned and su�ciently rich, i.e. V1(k) and V2(k) must be
full rank.



4.9. PERFORMING MODEL REDUCTION 27

4.9 Performing Model Reduction

In Section 3.5, we gave a theoretical explanation of model reduction that we
wish to perform on the identi�ed and in�ated (over-parameterized) state-
space matrices in (4.18). We truncate so that all unobservable states are re-
moved, with (Ã, C̃) being the observable pair, corresponding to X in (3.44).
With ñ being the state dimension for the system (Ã, [B̃ Ñ T̃ ], C̃, D̃), perform-
ing the SVD of

Õ =


C̃

C̃Ã
...

C̃Ãñ−1

 (4.23)

there will be r ≥ n non-zero singular values, where n is the true order of the
system. Keeping r of them in Σr and r singular vectors in Vr produces the
reduced-order state-space model

Ar = V ᵀ
r ÃVr

[Br NrTr] = V ᵀ
r [B̃ Ñ T̃ ]

Cr = C̃Vr

Dr = D̃ = D

(4.24)

where the subscript r denotes the fact that the state-space model (4.24) is
the reduced-order ELM with respect to truncating singular values for the
observable pair (Ã, C̃). This reduced-order ELM is in general not a minimal
realization, nor is it necessarily of the same dimension or coordinates as the
original state-space model.

As will be apparent later in this thesis, it may be required to truncate
singular values with respect to controllability as well when doing identi�ca-
tion. With the identi�ed model in (4.24) at hand, performing the SVD of
the controllability matrix of the reduced-order ELM

S̃ =
[
Br ArBr · · · Ar−1

r Br

]
(4.25)

there will be s ≥ n non-zero singular values, with r being the state dimension
of the reduced-order ELM (4.24). In practice, this step will not have a distinct
drop in singular values as (4.24) has. However, keeping only n singular values
may prove to give su�cient accuracy in identi�cation, for su�ciently high p.
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4.10 Identi�cation Algorithms

In this section we provide three di�erent ways of identifying the reduced-
order state-space matrices: direct identi�cation, identi�cation of Nr via Tr,
and direct identi�cation of Nr. Although the algorithms in many respects
are alike, qualitatively and numerically they are in general not. When doing
identi�cation, one recurring thing that all three methods employ is state
reconstruction,

x̂(k + 1) = Arx̂(k) +
[
Br NrTr

]
w(k) k ≥ 2p (4.26)

where zero initial condition is assumed.

Figure 4.2: State-space model identi�cation methods.
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4.10.1 Direct Identi�cation

The most straightforward identi�cation method we will describe is direct
identi�cation. For example, having reconstructed the states, the original
bilinear state-space model, for k ≥ 2p, is

x̂(k + 1) = Adx̂(k) +Bdx̂(k) +Ndx̂(k)u(k)

y(k) = Cdx̂(k) +Ddx̂(k)
(4.27)

The subcript d simply denotes the fact that the state-space matrices are
directly identi�ed. The identi�cation then becomes

[
Ad Bd Nd

]
=
[
x̂(k + 1) x̂(k + 2) · · ·

]  x̂(k) x̂(k + 1) · · ·
u(k) u(k + 1) · · ·

x̂(k)u(k) x̂(k + 1)u(k + 1) · · ·

+

(4.28)[
Cd Dd

]
=
[
y(k) y(k + 1) · · ·

] [x̂(k) x̂(k + 1) · · ·
u(k) u(k + 1) · · ·

]+
(4.29)

4.10.2 Identi�cation of Nr via Tr

Another valid identi�cation method is identi�cation of Nr via Tr. With
the sequence {zp(k), k ≥ 2p} constructed from the general pattern, and
{x̂(k), k ≥ 2p} known from (4.26), then (4.11) becomes

x̂(k) = Trzp(k) k ≥ 2p (4.30)

with Tr solved as

Tr =
[
x̂(k) x̂(k + 1) · · ·

] [
zp(k) zp(k + 1) · · ·

]+ (4.31)

WithNrTr and Tr already known, the task of computingNr becomes straight-
forward. Since (Ar, Br, Cr, Dr) in (4.24) is already solved for, the reduced-
order model is completely identi�ed.

4.10.3 Direct Identi�cation of Nr

Direct identi�cation of Nr instead deals with identifying Nr directly via the
state equation. Having reconstructed the states, the original state equation
can be expressed as, k ≥ 2p,

x̂(k + 1) = Arx̂(k) +Bru(k) +Nrx̂(k)u(k) , h(k + 1) (4.32)
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with Nr being the sole unknown. Solving for Nr yields

Nr =
[
h(k + 1) h(k + 2) · · ·

] [
x̂(k)u(k) x̂(k + 1)u(k + 1) · · ·

]+
(4.33)

and, thus, the reduced-order model is completely identi�ed.



Chapter 5

Output Prediction

In this chapter we derive an input-output map for a bilinear system using
the state relationship derived in Section 4.3 between the true and in�ated
state of the system, as justi�ed in Section 4.4. We will show that using a
single set of su�ciently rich input-output data, the identi�ed input-output
map can be used for output prediction to any other input not used in the
identi�cation. This chapter refers to the work of [19], building on the work
of [18].

5.1 Input-Output Maps of Bilinear Systems

In (4.11) we derived the relationship between the state of a bilinear system
and di�erent combinations of input-output data. Using that information
and replacing the true state with the derived state mapping, from (1.1) the
resulting output equation equals

y(k + p) = CTpzp(k + p) +Du(k + p) k ≥ 0 (5.1)

or, equivalently, by shifting p time steps

y(k) = CTpzp(k) +Du(k) k ≥ p (5.2)

Notice that the input-output map in (5.2) is valid only for time steps k ≥ p,
since {zp(k), k ≥ p}. This is in contrast to the identi�cation algorithms
described in Section 4.10, where the starting time index was k ≥ 2p.

The general pattern for {x(k+ p), k ≥ 0}, or equivalently {zp(k+ p), k ≥
0}, involves the quantities {v(k), . . . , v(k + p− 1)}, which in turn consist of
{u(k), . . . , u(k+ p− 1)} and {y(k), . . . , y(k+ p− 1)}. Shifting all terms with
p so that {zp(k), k ≥ p}, the system output response will instead comprise of

31
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{v(k−p), . . . , v(k−1)}, i.e. {u(k−p), . . . , u(k−1)} and {y(k−p), . . . , y(k−
1)}. Therefore, the starting value of the predicted output ŷ(k) must be k ≥ p,
since u(k), y(k) are de�ned only for k ≥ 0.

In order to predict the system output response, we �rst need to compute
the mapping Tp relating the state with input-output data, or to be more
precise Kp = [CTp D], since the only set of data available is input-output
data. De�ning for k ≥ p the following matrices

Y (k) =
[
y(k + 1) y(k + 2) y(k + 3) . . .

]
(5.3)

Z(k) =

[
zp(k) zp(k + 1) zp(k + 2) . . .
u(k) u(k + 1) u(k + 2) . . .

]
(5.4)

the identi�cation becomes

Kp = Y (k)Z(k)+ (5.5)

with Y (k) and Z(k) both being wide matrices. For successful identi�cation
the data record must be su�ciently rich, i.e. Z(k) must be full rank.

5.1.1 Predicting the Output

With the parameter sequence Kp identi�ed, it can be used to predict the
system output response using some other set of input-output data not used
in the identi�cation. In the previous section we concluded that the prediction
is valid only for k ≥ p. We also concluded that {zp(k), k ≥ p} depends on the
p previous quantities {u(k − p), . . . , u(k − 1)} and {y(k − p), . . . , y(k − 1)}.
Therefore, the output predictor must be

ŷ(k) = CTpzp(k) +Du(k) p ≤ k ≤ 2p− 1 (5.6)
ŷ(k) = CTpẑp(k) +Du(k) k ≥ 2p (5.7)

where ẑp(k) contains input data and predicted output data from the �rst
p predicted outputs. The formula in (5.7) implies that, assuming Kp has
been identi�ed from a set of input-output data, it is possible to predict all
future outputs of the bilinear system (1.1) for k ≥ 2p to some other input by
only having to know the �rst p output measurements. This follows from the
general pattern of {zp(k), k ≥ p} that involves the terms {v(k−p), . . . , v(k−
1)}. As a result, the predictor (5.7) can predict the output solely using input
data for k ≥ 2p.
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5.1.2 A Minor Example

The above development is best illustrated with a simple example. Assuming
pmin = 2, where n = 2 is the true order of the system, and with T2 =
[ĀB̄ B̄ N̄B̄] identi�ed using a set of input-output data, the �rst two outputs
using some other set of input-output measurements are predicted as

k = 2 : ŷ(2) = C

([
ĀB̄ B̄

] [v(0)
v(1)

]
+
[
N̄B̄

] [
v(0)u(1)

])
+Du(2) (5.8)

k = 3 : ŷ(3) = C

([
ĀB̄ B̄

] [v(1)
v(2)

]
+
[
N̄B̄

] [
v(1)u(2)

])
+Du(3) (5.9)

where {v(0), v(1), v(2)} contains the a priori known input-output data
{u(0), y(0), u(1), y(1), u(2), y(2)}. The predictor (5.7) can then predict future
outputs using only past predicted outputs from (5.6) for k ≥ 2p. For example,
the next two outputs are predicted as

k = 4 : ŷ(4) = C

([
ĀB̄ B̄

] [v̂(2)
v̂(3)

]
+
[
N̄B̄

] [
v̂(2)u(3)

])
+Du(4)

(5.10)

k = 5 : ŷ(5) = C

([
ĀB̄ B̄

] [v̂(3)
v̂(4)

]
+
[
N̄B̄

] [
v̂(3)u(4)

])
+Du(5)

(5.11)
where {v̂(2), v̂(3), v̂(4)} contains {u(2), ŷ(2), u(3), ŷ(3), u(4), ŷ(4)}, which are
all already known or computed in (5.8) and (5.9). Continuing the prediction
for future outputs is done in a similar manner.





Chapter 6

Numerical Results

In this chapter numerical results are provided to verify the following: (1) A
discrete-time bilinear state-space model can be identi�ed by three di�erent
algorithms with various performance using a single set of su�ciently rich
input-output data; (2) An input-output map derived from a state relationship
for the original bilinear system can be used to predict the system output
response to some independent input not used in the identi�cation; (3) Model
reduction can be applied to bring down the order of the identi�ed but in�ated
state-space matrices.

6.1 Simulation Model

The simulation environment for results presented here consists entirely of
computer simulations performed in Matlab. A single set of input-output
data is generated from a speci�ed bilinear state-space model, referred to here
as the truth model. The identi�cation objective is to identify this state-space
model for some other input not used in the identi�cation. In other words,
the outputs from the truth and identi�ed bilinear state-space model are com-
pared when driven by an independent random input time history not used
in the actual identi�cation. The initial condition problem usually associated
with identi�cation is circumvented by assuming zero initial condition. Any
identi�cation must then necessarily be evaluated in steady-state, usually by
disregarding a certain number of sampled outputs in the beginning, allowing
the system to adjust to steady-state. One guiding criterion is the prediction
error taken as

prediction error (%) =
|ytrue − yID|
|ytrue|

100
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where ytrue and yID denote the outputs associated with the truth and iden-
ti�ed bilinear model, respectively. Zero prediction error implies perfect iden-
ti�cation.

Several conditions must apply for the considered system. For example,
the system must be stable and observable, i.e. the output must be bounded.
These are not any fundamental restrictions in identi�cation, since any iden-
ti�able system must also be observable. A stability condition in the form of
the output being bounded must be satis�ed, in order for indenti�cation to
be possible. This condition is important since, for su�ciently large input,
any bilinear system will eventually go unbounded, and is equivalent to the
system going unstable.

The true input-output data used for identi�cation can be generated by
models generalized in [15]:

A =



0 1 0 · · · 0
0 0 1 · · · 0
...

... . . . . . . ...
0 0 · · · 0 1
. . . . . . . . . . . . . . . . . . . . . . . . . . .
an,1 an,2 · · · an,n−1 an,n


N =


η11 η12 η13 · · · η1n
η21 η22 η23 · · · η2n
η31 η32 η33 · · · η3n
...

...
...

ηn1 ηn2 ηn3 · · · ηnn



N∗ =



0 0 0 · · · 0
0 0 0 · · · 0
...

...
... . . . ...

0 0 0 · · · 0
. . . . . . . . . . . . . . . . . . . . . . .
ηn1 ηn2 ηn3 · · · ηnn


B =


b1
b2
...
bn

 C =
[
0 0 · · · 1

]
D = 1

(6.1)
with initial condition x(0) =

[
x1(0) x2(0) · · · xn(0)

]ᵀ. Notice that N∗ is
a special case of N . Below, an analytical description with and without the
interaction matrix approach is made about Pearson's model, reiterating the
contents of [18].

6.1.1 Analyzing Pearson's Model

An important and in many ways explanatory working example is the bilinear
state-space model considered in [14], here referred to as Person's model, and a
special case of (6.1). Using this model, it is possible to derive an exact input-
output representation analytically. This is in general not straightforward at
all, even in the case of a seemingly simple 2-state model. However, as a
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starting point, let's instead consider the more general bilinear 2-state model
written as

A =

[
a11 a12
a21 a22

]
N =

[
n11 n12

n21 n22

]
B =

[
b1
b2

]
C =

[
0 1

]
D = 0 (6.2)

with the expressions multiplied out as, k ≥ 0,

x1(k + 1) = a11x1(k) + a12x2(k) + b1u(k) + n11x1(k)u(k) + n12x2(k)u(k)

x2(k + 1) = a21x1(k) + a22x2(k) + b2u(k) + n21x1(k)u(k) + n22x2(k)u(k)

y(k) = x2(k)

(6.3)

Propagating one step forward produces

x1(k + 2) = a11x1(k + 1) + a12x2(k + 1) + b1u(k + 1)

+ n11x1(k + 1)u(k + 1) + n12x2(k + 1)u(k + 1)
(6.4)

and

x2(k + 2) = a21x1(k + 1) + a22x2(k + 1) + b2u(k + 1) + n21x1(k + 1)u(k + 1)

+ n22x2(k)u(k)

= a21[a11x1(k) + a12x2(k) + b1u(k) + n11x1(k)u(k) + n12x2(k)u(k)]

+ a22x2(k + 1) + b2u(k + 1) + n21[a11x1(k) + a12x2(k) + b1u(k)

+ n11x1(k)u(k) + n12x2(k)u(k)]u(k + 1)

(6.5)

Looking at (6.4) and (6.5), it is not possible to derive a state relationship
involving only input-output measurements. However, with y(k) = x2(k),
Pearson explicitly speci�es the case where this does happen, namely when
a11 = 0 and n11 = 0. This mere requirement will allow x(k + 2) to be
expressed solely in terms of input-output measurements,

x1(k + 2) = a12y(k + 1) + b1u(k + 1) + n12y(k + 1)u(k + 1) (6.6)

and

x2(k + 2) = a22y(k + 1) + a21a12y(k) + b2u(k + 1) + a21b1u(k)

+ n22u(k + 1)y(k + 1) + a21n12u(k)y(k) + n21a12u(k + 1)y(k)

+ n21b1u(k + 1)u(k) + n21n12u(k + 1)u(k)y(k)

(6.7)
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Shifting two time steps backwards, the resultant and analytically derivable
input-output map when a11 = 0, n11 = 0, c11 = 0 becomes, k ≥ 2,

y(k) = a22y(k − 1) + a21a12y(k − 2) + b2u(k − 1) + a21b1u(k − 2)

+ n22u(k − 1)y(k − 1) + a21n12u(k − 2)y(k − 2) + n21a12u(k − 1)y(k − 2)

+ n21b1u(k − 2)u(k − 1) + n21n12u(k − 2)u(k − 1)y(k − 2)

(6.8)

6.1.2 Pearson's Model by Interaction Matrices

Let's now employ the more general interaction matrix formulation to the 2-
state Pearson model treated in the previous section. It will be shown that
these two expressions are identical. With a11 = 0, n11 = 0, and c11 = 0, the
truth bilinear state-space model to be identi�ed is

A =

[
0 0.5

0.5 −0.5

]
N =

[
0 1
−1 1

]
B =

[
1
2

]
C =

[
0 1

]
D = 0 (6.9)

Notice that (A,C) and (N,C) are still observable pairs. The fact that
the transmission matrix now is D = 0 will only simplify the expressions,
with (4.3) being reduced to

B̄v(k) = Bu(k)−M1y(k)−M2y(k)u(k) (6.10)

Placing the eigenvalues of Ā, N̄ at the origin, the two interaction matrices
M1,M2 become

M1 =

[
−0.5
0.5

]
M2 =

[
−1
−1

]
(6.11)

Remember that these interaction matrices are only implicitly assumed, and
computing them is therefore not in practice a requirement. The correspond-
ing system and bilinearity matrix for the observer system becomes then

Ā = A+M1C =

[
0 0

0.5 0

]
N̄ = N +M2C =

[
0 0
−1 0

]
(6.12)

where

Ā2 =

[
0 0
0 0

]
N̄2 =

[
0 0
0 0

]
ĀN̄ =

[
0 0
0 0

]
N̄Ā =

[
0 0
0 0

]
(6.13)

One may now realize that combining the state equation x(k + 2) in (4.8)
with (6.10) produces

x(k + 2) = ĀBu(k)− ĀM1y(k)− ĀM2y(k)u(k) + N̄Bu(k)u(k + 1)

− N̄M1y(k)u(k + 1)− N̄M2y(k)u(k)u(k + 1)

+Bu(k + 1)−M1y(k + 1)−M2y(k + 1)u(k + 1)

(6.14)
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Equation (6.14) consists solely of input-output measurements, just like (6.7).
The two expressions are veri�ed to be identicial, with the �rst coe�cients
being

ĀB =

[
0

a21b1

]
=

[
0

0.5

]
− ĀM1 =

[
0

a21a12

]
=

[
0

0.25

]
(6.15)

−ĀM2 =

[
0

a21n12

]
=

[
0

0.5

]
N̄B =

[
0

n21b1

]
=

[
0
−1

]
(6.16)

The remaining coe�cients are identi�ed in a similar manner. Recognizing
that y(k + 2) = x2(k + 2) for c11 = 0 and shifting two time steps backwards
gives the following input-output map,

y(k) = −CM1y(k − 1)− CĀM1y(k − 2) + CBu(k − 1)

+ CĀBu(k − 2)− CM2y(k − 1)u(k − 1)

− CĀM2y(k − 2)u(k − 2)− CN̄M1y(k − 2)u(k − 1)

+ CN̄Bu(k − 1)u(k − 2)− CN̄M2y(k − 2)u(k − 2)u(k − 1)

(6.17)

with coe�cients

−CM1 = a22 = −0.5 − CĀM1 = a21a12 = 0.25 CB = b2 = 2

CĀB = a21b1 = 0.5 − CM2 = n22 = 1 − CĀM2 = a21n12 = 0.5

−CN̄M1 = n21a12 = −0.5 CN̄B = n21b1 = −1 − CN̄M2 = n21n12 = −1

(6.18)

6.1.3 Identi�cation and Prediction of Pearson's Model

In the following examples we assume a single set of input-output measure-
ments for identi�cation and prediction that is 3000 samples long, generated
by a random input excitation for a truth model of the form (6.2). The steady-
state portion of the reconstructed state time history is taken by discarding
the �rst 500 samples. Another independent random input time history is
used for computing the prediction error in order to satisfy the identi�cation
objective.

Example 1: a11 = 0, n11 = 0, c11 = 0 and D = 0

This is Pearson's original model for which we showed that an input-output
map exists analytically. Therefore, using the interaction matrix approach,
the identi�cation should still be correct. With pmin = 2 and a truth 2-
state model, a 28-dimensional superstate vector s(k) de�ned in (4.16) is
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constructed. Next, with the over-parameterized ELM identi�ed, model re-
duction explained in Section 4.9 is performed to �nd the reduced-order ELM
(Ar, [Br NrTr], Cr, Dr). At model reduction, the SVD exhibits two non-zero
singular values corresponding to the true order of the original system. In
the real world, this true minimum-order is assumed to be unknown. Keeping
only these two singular values produces a reduced-order ELM with 2 states.
Comparing the outputs of the true and identi�ed bilinear model to some
other input, the computed prediction error is 10−13%. This is in practice
numerically zero. In this particular example, all three identi�cation methods
were shown to perfectly identify the true bilinear state-space model.

An input-output map is identi�ed in a similar manner by, using an input
not used in the identi�cation, comparing the truth output from the truth
model with the predicted output from the identi�ed input-output map. The
longer the set of the output time history, and the smaller the prediction
error, the better the identi�cation becomes. According to (5.6) and (5.7),
the prediction, and hence the comparison, must begin at p time steps. In
this case, with pmin = 2, the computed prediction error becomes 10−13%.

Example 2: a11 = 0, n11 6= 0, c11 = 0 and D = 0

In this and subsequent examples, the speci�ed truth models are in their en-
tirety taken from [18]. In this particular example, we start by relaxing one of
the su�cient conditions initially imposed by Pearson, n11 6= 0. Consequently,
the natural question arising is whether identi�cation and prediction is still
possible using the interaction matrix approach, considering the fact that an
input-output map is no longer analytically derivable. Let the true bilinear
state-space model now be

A =

[
0 0.5

0.5 −0.5

]
N =

[
1 1
−1 1

]
B =

[
1
2

]
C =

[
0 1

]
D = 0 (6.19)

This example illustrates a clear case when Ā2 = N̄2 = 0 but ĀN̄ 6= N̄Ā,
meaning that a state relationship solely in terms of input-output measure-
ments as before cannot be found. However, as p increases, the interaction
matrices will cause the corresponding matrices Ā and N̄ of some higher di-
mensional representation to become contraction mappings, explained in Sec-
tion 4.4, thus eliminating the state-dependent terms in the state equation.
Although the identi�cation is no longer perfect, the contraction mapping
will give a smaller prediction error for increasing value of p, according to
Table 6.1.

Unlike the previous example, the reduced-order ELM is not of minimal-
order when truncating with respect to observability. Instead, the reduced-
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order ELM will have 2p states, twice as many as before. For identi�cation
of Nr via Tr this becomes a concern, since Tr ideally relates the state with
input-outputmeasurements pertaining to a system that is minimal-order. For
this reason, the identi�cation of Nr via Tr method will therefore be omitted.

Prediction Error, ID (%)

p Direct ID Direct ID of Nr Prediction Error, I/O (%)

2 20.3669 24.1207 53.5666
3 1.6589 1.8817 11.9790
4 0.7863 0.7605 5.3253
5 0.2341 0.2804 1.5831

Table 6.1: Prediction error of the identi�ed state-space model (ID) and input-
output map (I/O), when a11 = 0, n11 6= 0, c11 = 0 and D = 0.

Example 3: a11 6= 0, n11 6= 0, c11 = 0 and D = 0

With yet another condition loosened, a11 6= 0, let the truth 2-state model to
be identi�ed now be:

A =

[
0.5 0.1
−1.2 0.9

]
N =

[
0.9 0.1
−1.5 0.5

]
B =

[
1
2

]
C =

[
0 1

]
D = 0

(6.20)
Notice that the elements of the state-space matrices are not necessarily the
same as before, in order for the observability condition to be satis�ed. At
the same time, the identi�cation is no longer assumed to be perfect. Nev-
ertheless, computing the prediction error for direct identi�cation, and direct
identi�cation of Nr, it is shown in Table 6.2 that the identi�cation and pre-
diction error decreases with increasing value of p.

Example 4: a11 6= 0, n11 6= 0, c11 6= 0 and D 6= 0

In this last example the truth model, with all of the conditions loosened,
becomes

A =

[
0.5 0.1
−1.2 0.9

]
N =

[
0.9 0.1
−1.5 0.5

]
B =

[
1
2

]
C =

[
1 1

]
D = 1

(6.21)
From an analytical point of view, the condition y(k) = x2(k) posed a simpli-
fying argument by not relating to the state x2(k) in the output equation. In
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Prediction Error, ID (%)

p Direct ID Direct ID of Nr Prediction Error, I/O (%)

2 2.5597 2.7955 21.2496
3 0.2207 0.3403 3.0550
4 0.0402 0.0394 0.2375
5 0.0052 0.0034 0.0417

Table 6.2: Prediction error of the identi�ed state-space model (ID) and input-
output map (I/O), when a11 6= 0, n11 6= 0, c11 = 0 and D = 0.

this example, this no longer the case. However, as shown in Table 6.3, this
will not pose as any major obstacle in the identi�cation process.

Prediction Error, ID (%)

p Direct ID Direct ID of Nr Prediction Error, I/O (%)

2 5.6343 7.1711 41.3991
3 0.5811 1.0041 10.3903
4 0.2185 0.2589 2.7185
5 0.0662 0.0330 0.8058

Table 6.3: Prediction error of the identi�ed state-space model (ID) and input-
output map (I/O), when a11 6= 0, n11 6= 0, c11 6= 0 and D 6= 0.



Chapter 7

Conclusions and Remarks

7.1 Conclusions

This thesis considered the discrete-time bilinear state-space identi�cation
problem from a single set of su�ciently rich input-output data. The empha-
sis is mainly theoretical. By extending the interaction matrix formulation
from linear to bilinear systems, a relationship between the state equation of
the system and combinations of input-output data was obtained. From this
relationship an Equivalent Linear Model (ELM) was derived, and a super-
state vector introduced. This superstate is used for state-space identi�cation,
and can be viewed as an in�ated state of higher dimension than the true state
of the system. Throughout this thesis, we assumed that the input can be
general as long as it is su�ciently rich. The considered bilinear system was
assumed to be bounded-input bounded-output (BIBO) stable, since for suf-
�ciently large input any bilinear system will eventually go unstable.

Three di�erent identi�cation algorithms were proposed. The direct iden-
ti�cation algorithm was based on directly identifying the bilinear state-space
model from knowing the reconstructed states of the system. The second
identi�cation algorithm instead focused on identifying the reduced-order bi-
linearity matrix Nr by identifying the state transformation matrix Tr �rst.
The third algorithm, however, instead looked at identifying Nr directly from
the state equation.

From the state relationship we were also able to identify an input-output
map for the bilinear system. This state relationship was justi�ed by imposing
contraction mapping to the matrix products of the state equation on observer
form, after showing that the deadbeat condition was a necessary but not
su�cient condition for eliminating all the bilinear terms. This input-output
map was then used for predicting the system output response of the bilinear
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system to some input not used in the identi�cation.
Simulations showed that all three identi�cation algorithms can identify

a bilinear state-space model perfectly, assuming that the true state-space
model is of a form such that an input-output is obtainable. However, when
the same identi�cation problem but with modi�ed state-space model was
solved, these three algorithms produced di�erent results, all with non-zero
prediction errors. This error was proven to decrease when propagating the
derived state relationship forward, thus including more and more parameters
for the identi�cation. This corresponded to an in�ated state, or superstate,
growing in dimension compared to the true state of the system. Finally,
model reduction was applied to the identi�ed and over-parameterized state-
space matrices by truncating zero singular values with respect to observability
and controllability. These results also apply to systems of higher dimensions.

Similar results were shown to hold for predicting the output of the system,
with zero prediction error for the case that a known input-output represen-
tation exists. In the instance that such a representation does not exist, we
were able to show that for increasing value of p, the prediction error tends
to zero. These results also apply to systems of higher dimension.

The merit of the proposed state-space model identi�cation algorithms
is that only a single set of input-output measurements is needed for iden-
ti�cation. This statement holds for general discrete time-invariant bilinear
systems. We have also shown that there exists an input-output map for the
considered bilinear system, despite an earlier understanding that the two bi-
linear de�nitions, one from the state-space perspective and the other from
the input-output perspective, were not equivalent. Furthermore, the intro-
duction of the superstate vector enabled us to identify an in�ated state-space
model. A state of true order was then obtained through model reduction.

7.2 Future Research

Several outstanding issues remain to be answered in this thesis, and we pro-
pose them here as followed:

• There is a need to understand how the in�ated model is able to suc-
cessfully identify the bilinear state-space model solely using what is
essentially input-output data. Understanding what space the in�ated
states span, and how they evolve, is an outstanding question.

• A rigorous proof for treating input-output data of certain combinations
as states for a bilinear system. For linear time-varying systems, this
relationship is well-de�ned.
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• A big drawback lies in the fact that the dimension of the in�ated system
and state easily becomes too big. This is very much the case for higher-
dimensional systems. Although this is not necessarily a control-related
issue, it nevertheless imposes a limitation in identi�cation when, for
example, computing the SVD of a large matrix. There is a need to, if
possible, bring down the order of the in�ated system or, alternatively,
optimize the computation of large-scale matrices.

• An extension of the theory to handle process and measurement noise.





Appendix A

State Propagation Pattern

z2(k + 2) =
[
ĀB̄ B̄

] [ v(k)
v(k + 1)

]
+
[
N̄B̄

] [
v(k)u(k + 1)

]
z3(k + 3) =

[
Ā2B̄ ĀB̄ B̄

]  v(k)
v(k + 1)
v(k + 2)


+

{[
ĀN̄B̄ N̄ĀB̄

] [v(k)u(k + 1)
v(k)u(k + 2)

]
+
[
N̄2B̄

] [
v(k)u(k + 1)u(k + 2)

]}
+
[
N̄B̄

] [
v(k + 1)u(k + 2)

]
z4(k + 4) =

[
Ā3B̄ Ā2B̄ ĀB̄ B̄

] 
v(k)

v(k + 1)
v(k + 2)
v(k + 3)



+



[
Ā2N̄B̄ ĀN̄ĀB̄ N̄Ā2B̄

] v(k)u(k + 1)
v(k)u(k + 2)
v(k)u(k + 3)

+

[
ĀN̄2B̄ N̄ĀN̄B̄ N̄2ĀB̄

] v(k)u(k + 1)u(k + 2)
v(k)u(k + 1)u(k + 3)
v(k)u(k + 2)u(k + 3)

+

[
N̄3B̄

] [
v(k)u(k + 1)u(k + 2)u(k + 3)

]


+


[
ĀN̄B̄ N̄ĀB̄

] [v(k + 1)u(k + 2)
v(k + 1)u(k + 3)

]
+

[
N̄2B̄

] [
v(k + 1)u(k + 2)u(k + 3)

]


+
[
N̄B̄

] [
v(k + 2)u(k + 3)

]
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z5(k + 5) =
[
Ā4B̄ Ā3B̄ Ā2B̄ ĀB̄ B̄

]


v(k)
v(k + 1)
v(k + 2)
v(k + 3)
v(k + 4)



+



[
Ā3N̄B̄ Ā2N̄ĀB̄ ĀN̄Ā2B̄ N̄Ā2N̄B̄

] 
v(k)u(k + 1)
v(k)u(k + 2)
v(k)u(k + 3)
v(k)u(k + 4)

+

[
Ā2N̄2B̄ ĀN̄ĀN̄B̄ N̄Ā2N̄B̄ ĀN̄2ĀB̄ N̄ĀN̄ĀB̄ N̄2Ā2B̄

]

v(k)u(k + 1)u(k + 2)
v(k)u(k + 1)u(k + 3)
v(k)u(k + 1)u(k + 4)
v(k)u(k + 2)u(k + 3)
v(k)u(k + 2)u(k + 4)
v(k)u(k + 3)u(k + 4)

+

[
ĀN̄3B̄ N̄ĀN̄2B̄ N̄2ĀN̄B̄ N̄3ĀB̄

] 
v(k)u(k + 1)u(k + 2)u(k + 3)
v(k)u(k + 1)u(k + 2)u(k + 4)
v(k)u(k + 1)u(k + 3)u(k + 4)
v(k)u(k + 2)u(k + 3)u(k + 4)

+

[
N̄4B̄

] [
v(k)u(k + 1)u(k + 2)u(k + 3)u(k + 4)

]



+



[
Ā2N̄B̄ ĀN̄ĀB̄ N̄Ā2B̄

] v(k + 1)u(k + 2)
v(k + 1)u(k + 3)
v(k + 1)u(k + 4)

+

[
ĀN̄2B̄ N̄ĀN̄B̄ N̄2ĀB̄

] v(k + 1)u(k + 2)u(k + 3)
v(k + 1)u(k + 2)u(k + 4)
v(k + 1)u(k + 3)u(k + 4)

+

[
N̄3B̄

] [
v(k + 1)u(k + 2)u(k + 3)u(k + 4)

]



+


[
ĀN̄B̄ N̄ĀB̄

] [v(k + 2)u(k + 3)
v(k + 2)u(k + 4)

]
+

[
N̄2B̄

] [
v(k + 2)u(k + 3)u(k + 4)

]


+
[
N̄B̄

] [
v(k + 3)u(k + 4)

]



Bibliography

[1] K.J. Åström and P. Eykho�. System identi�cation�a survey. Automat-
ica, 7:123�162, 1971.

[2] L. Ljung. Perspectives on system identi�cation. Technical Report LiTH-
ISY-R-2900, Department of Electrical Engineering, Linköping Univer-
sity, SE-581 83 Linköping, Sweden, May 2008.

[3] M. Majji, J.-N. Juang, and J.L. Junkins. Continuous-time bilinear sys-
tem identi�cation using repeated experiments. In AAS/AIAA Astrody-
namics Specialist Conference, AAS09�366, Pittsburgh, PA, USA, 2009.

[4] J.-N. Juang. Generalized bilinear system identi�cation. In The Journal
of the Astronautical Sciences, 2010. To appear.

[5] J.-N. Juang. Generalized bilinear system identi�cation with coupling
force variables. In International Conference on High Performance Sci-
enti�c Computing, Hanoi, Vietnam, March 2009.

[6] M. Majji, J.-N. Juang, and J.L. Junkins. Application of time-varying
eigensystem realization algorithm to guidance and control problems. In
AAS/AIAA Astrodynamics Specialist Conference, Pittsburgh, PA, USA,
2009.

[7] M. Majji and J.L. Junkins. Observer markov parameter identi�cation
theory for time-varying eigensystem realization algorithm. In AIAA
Guidance Navigation and Control Conference and Exhibit, Honolulu,
HI, USA, 2008.

[8] M.Q. Phan, R.W. Longman, and J.-N. Juang. Identi�cation of linear
time-varying systems by canonical representation. In AAS/AIAA As-
trodynamics Specialist Conference, AAS09�387, Pittsburgh, PA, USA,
2009.

49



50 BIBLIOGRAPHY

[9] M.Q. Phan, R.W. Longman, and J.-N. Juang. A direct method for
identifying linear time-varying state-space models. In AAS/AIAA As-
trodynamics Specialist Conference, AAS09�312, Pittsburgh, PA, USA,
2009.

[10] B. Hizir, R. Betti, R.W. Longman, J.-N. Juang, and M.Q. Phan. Iden-
ti�cation of discrete-time bilinear state-space models by basis functions.
In The American Astronautical Society (AAS), Monterey, CA, USA,
2010. Submitted.

[11] S. Bittanti and P. Colaneri. Periodic control. In J.G. Webster, editor,
Encyclopedia of Electrical and Electronics Engineering, volume 16, pages
59�73, New York, 1999. Wiley.

[12] W. Favoreel, B.D. Moor, and P.V. Overschee. Subspace identi�cation
of bilinear systems subject to white inputs. IEEE Transactions on Au-
tomatic Control, 44(6), June 1999.

[13] W. Favoreel and B.D. Moor. Subspace identi�cation of bilinear systems.
In Proc. MTNS, pages 787�790, Padova, Italy, 1998.

[14] R.K. Pearson. Discrete-Time Dynamic Models. Oxford University Press,
1999.

[15] R.S. Baheti, R.R. Mohler, and H.A. Spang. Second-order correlation
method for bilinear system identi�cation. IEEE Transactions on Auto-
matic Control, AC�45(6), December 1980.

[16] C. Bruni, G. DiPillo, and G. Koch. Bilinear systems: An appealing class
of nearly linear systems in theory and applications. IEEE Transactions
on Automatic Control, AC�19(6):334�348, 1980.

[17] R.R. Mohler and W.J. Kolodziej. An overview of bilinear system theory
and applications. IEEE Transactions on Systems, Man and Cybernetics,
SMC�10:683�688, 1980.

[18] M.Q. Phan and H. �elik. A superspace method for discrete-time bi-
linear model identi�cation by interaction matrices. In The American
Astronautical Society (AAS), AAS10-330, Monterey, CA, USA, 2010.

[19] H. �elik and M.Q. Phan. Identi�cation of input-output maps for bi-
linear discrete-time state-space models. In The First Global Forum on
Structural Longevity, FSL 2010, Orlando, FL, USA, 2010. To Appear.



BIBLIOGRAPHY 51

[20] E.D. Sontag, Y. Wang, and A. Megretski. Input classes for identi�cation
of bilinear systems. IEEE Transactions on Automatic Control, 54(2):
195�207, February 2009.

[21] R.K. Pearson and Ü. Kotta. State-space discrete-time models: State-
space vs. i/o representations. Journal of Process Control, 14:533�538,
2004.

[22] Q. Zhang and L. Ljung. Multiple steps prediction with nonlinear arx
models. In Proceedings in NOLCOS 2004�IFAC Symposium on Nonlin-
ear Control Systems, Stuttgart, Germany, 2004.

[23] E. Fornasini and M.E. Valcher. On some connections between bilin-
ear input/output maps and 2d systems. Proceedings of the 2nd World
Congress of Nonlinear Analysis, 30(4):1995�2005, 1997.

[24] J.-N. Juang, M.Q. Phan, L.G. Horta, and R.W. Longman. Identi�cation
of observer/kalman �lter markov parameters: Theory and experiments.
Journal of Guidance, Control and Dynamics, 16(2):320�329, 1993.

[25] M.Q. Phan, L.G. Horta, J.-N. Juang, and R.W. Longman. Linear sys-
tem identi�cation via an asymptotically stable observer. Journal of
Optimization Theory and Applications, 79(1):59�86, 1993.

[26] M.Q. Phan, , L.G. Horta, J.-N. Juang, and R.W. Longman. Improve-
ment of observer/kalman �lter identi�cation (okid) by residual whiten-
ing. Journal of Vibrations and Acoustics, 17:232�238, 1995.

[27] J.-N. Juang and R.S. Pappa. An eigensystem realization algorithm for
modal parameter identi�cation and model reduction. Journal of Guid-
ance, Control and Dynamics, 8(5):620�627, 1985.

[28] J.-N. Juang, J.E. Cooper, and J.R. Wright. An eigensystem realization
algorithm using data correlations (era/dc) for modal parameter identi-
�cation. Control-Theory and Advanced Technology, 4(1):5�14, 1988.

[29] M.Q. Phan, J.-N. Juang, and R.W. Longman. Markov parameters in sys-
tem identi�cation: Old and new concepts. In H.S. Tzhou and A. Guran,
editors, Structronic Systems: Smart Structures, Devices and Systems,
volume 2, pages 263�293. World Scienti�c, 1997.

[30] A.C. Antoulas, D.C. Sorensen, and S. Gugercin. A survey of model
reduction methods for large-scale systems. Contemporary Mathematics,
280:193�219, 2001.


