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Abstract

Fluid phenomena dominated by viscous effects can, in many cases, be
modeled by the Stokes equations. The boundary integral form of the Stokes
equations reduces the number of degrees of freedom in a numerical discretiza-
tion by reformulating the three-dimensional problem to two-dimensional in-
tegral equations to be discretized over the boundaries of the domain. Hence
for the study of objects immersed in a fluid, such as drops or elastic/solid
particles, integral equations are to be discretized over the surfaces of these
objects only. As outer boundaries or confinements are added these must also
be included in the formulation.

An inherent difficulty in the numerical treatment of boundary integrals
for Stokes flow is the integration of the singular fundamental solution of the
Stokes equations, e.g. the so called Stokeslet. To alleviate this problem we
developed a set of high-order quadrature rules for the numerical integration
of the Stokeslet over a flat surface. Such a quadrature rule was first designed
for singularities of the type 1/|x|. To assess the convergence properties of
this quadrature rule a theoretical analysis has been performed. The slightly
more complicated singularity of the Stokeslet required certain modifications
of the integration rule developed for 1/|x|. An extension of this type of
quadrature rule to a cylindrical surface is also developed. These quadrature
rules are tested also on physical problems that have an analytic solution in
the literature.

Another difficulty associated with boundary integral problems is intro-
duced by periodic boundary conditions. For a set of particles in a periodic
domain periodicity is imposed by requiring that the motion of each particle
has an added contribution from all periodic images of all particles all the way
up to infinity. This leads to an infinite sum which is not absolutely convergent,
and an additional physical constraint which removes the divergence needs to
be imposed. The sum is decomposed into two fast converging sums, one that
handles the short range interactions in real space and the other that sums up
the long range interactions in Fourier space. Such decompositions are already
available in the literature for kernels that are commonly used in boundary
integral formulations. Here a decomposition in faster decaying sums than the
ones present in the literature is derived for the periodic kernel of the stress
tensor.

However the computational complexity of the sums, regardless of the de-
composition they stem from, is O(N2). This complexity can be lowered using
a fast summation method as we introduced here for simulating a sedimenting
fiber suspension. The fast summation method was initially designed for point
particles, which could be used for fibers discretized numerically almost with-
out any changes. However, when two fibers are very close to each other, ana-
lytical integration is used to eliminate numerical inaccuracies due to the nearly
singular behavior of the kernel and the real space part in the fast summation
method was modified to allow for this analytical treatment. The method
we have developed for sedimenting fiber suspensions allows for simulations in
large periodic domains and we have performed a set of such simulations at a
larger scale (larger domain/more fibers) than previously feasible.
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Chapter 1

Introduction

Integral equations, ever since they were introduced by Abel 1823 [1], have been
widely studied by mathematicians and engineers alike. An integral equation cor-
responds to a differential equation reformulated as the convolution of a kernel, a
so-called Green’s function, with a force density of equal magnitude as the forcing
term of the underlying differential equation [19]. The Green’s function is specific
to the differential operator and in some situations it even bears a name which hints
to the equation it is associated with, e.g. the kernel of the Stokes equations is often
called a Stokeslet, name which was coined by Hancock [29]. Only after the inde-
pendent proofs provided by Ehrenpreis [21, 22] and Malgrange [51] it became clear
that only the limited class of differential operators with constant coefficients admits
a representation in terms of a Green’s function. An integral equation has the ad-
vantage that it reduces a partial differential equation stated in a three-dimensional
domain to an integral expressed over two-dimensional surfaces. In general, regard-
less of the dimension of the initial problem the boundary integral equation is defined
on a manifold of co-dimension one. Another aspect that favors integral equations
is that problems over infinite domains can be studied with ease in integral form. In
the field of fluid dynamics, however, only particular types of flows are governed by
linear equations that can be transformed into integral equations, namely irrational
and inviscid potential flow and highly viscous flow (Stokes flow).

We shall focus on problems that are modeled by the Stokes equations and give a
brief background on integral equations as applied to viscous flow. The applications
that make use of the boundary integral form range from blood cells in Stokes flow
[66] to the motion of microorganisms [35]. In general multiple bodies immersed
in a viscous flow can be simulated with less difficulty by stating the system of
equations in integral form than by solving the differential equations with the aid of
e.g. grid based methods with moving meshes. Characteristic to boundary integral
equations is the description of physical quantities such as velocity or pressure in
terms of integrals over smooth distributions of forces multiplying specific kernels.
These kernels, or fundamental solutions, depend on the physical quantity they are
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4 Chapter 1. Introduction

associated with but also on the geometry of the domain. Hence we may have free-
space kernels or e.g. half-space kernels which assume that the observation field is
bounded by an infinite wall. The method of images is a technique used to obtain a
modified fundamental solution which accounts for certain boundaries that confine
the flow, see Blake [8]. This approach however is amenable only for confinements
with a simple geometry and only allows for a no-slip boundary condition.

Large scale simulations of particles immersed in a Stokesian flow are usually
performed in periodic domains to reproduce phenomena matching those provided
by experimental work. In the field of boundary integrals periodicity is imposed by
requiring that the particle motion in the primary computational cell is identical in
all other cells periodically replicated all the way up to infinity. To this end all peri-
odic images of all particles have an added contribution to the motion of the particles
in the periodic domain under consideration. Mathematically this translates into an
infinite sum which has to be truncated in numerical computations. This however
is not straight-forward since the sum is not absolutely convergent. To alleviate
this inconvenience additional suitable physical constraints have to be imposed on
the system, e.g. zero mean flow for the Stokes equations. The method of choice
to speed-up the convergence of the aforementioned infinite sum over all periodic
images is the Ewald technique [24] of decomposing the sum such that the short
range interactions are summed up in real space and the long range ones in Fourier
space. The Ewald decomposition thus leads to two sums both of computational
complexity O(N2), where N is the number of particles in the periodic domain. By
introducing a fast summation method, e.g. Spectral Ewald [47] or Smooth Particle
Mesh Ewald [23] the complexity can be reduced to O(N logN).

The purpose of this thesis is to address certain issues pertaining to the numer-
ical integration of specific singular functions and the treatment of periodicity in
the framework of boundary integrals. In the first part of this thesis we introduce
the Stokes equations with their corresponding integral formulation and describe
the fundamental solutions of Stokes flow, e.g. the Stokeslet and the Stresslet. Sub-
sequently we illustrate how to apply the boundary integral equation to a series
of problems that are modeled by the Stokes equations. Further we describe how
to approximate numerically an integral equation and give a brief overview of the
existing discretization and numerical integration techniques. Another chapter is
dedicated to a discussion on confinements and how they are approximated in the
boundary integral set-up. Moving on to the treatment of periodicity in the bound-
ary integral framework the classical decomposition by Ewald of the kernel of the
Laplace equations is being derived. Thereon several decomposition techniques for
the kernel of the Stokes flow are being presented. The introductory part of this
thesis is concluded with a chapter on fast summation methods, here with special
focus on the Spectral Ewald.

The second part of this thesis contains five manuscripts which present more
detailed studies of numerical integration of singularities and treatments of periodic
boundary conditions. The first paper treats the development of a set of quadrature
rules that handle singular functions of the type 1/|x| in two dimensions and 1/|x|γ
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with γ < 1 in one dimension. The type of quadrature rules we consider here are
specific to the singularity they have been developed for. Our paper presents a
theoretical study of the accuracy of such quadrature rules.

The second paper applies the concepts of the quadrature rules developed for a
1/|x| singularity to the singular fundamental solution of Stokes flow. This quadra-
ture rule is validated against the physical problem of a sphere sedimenting towards
a flat plate due to gravity.

The third manuscript applies the Spectral Ewald method coupled with the
Linked Cell List to perform large scale simulations of fibers submersed in Stokes
flow. The fiber-fiber interaction is modeled using the slender body theory and the
emerging system of integral equations is treated using a hybrid analytical-numerical
approach. Analytical integration is not generally possible, however for fibers in near
vicinity of each other it can be applied to a term of the real space sum. This proce-
dure requires the adaptation of the entire real space sum treatment. The remaining
part of the system is integrated numerically using a convenient quadrature rule.

The fourth manuscript deals with the periodic treatment of the fundamental
solution of the stress kernel, i.e. the Stresslet. The Stresslet has so far been peri-
odized based on the decomposition provided by Beenakker [7]. However we were
able to derive a new decomposition starting from a decomposition by Hasimoto [31]
which yields faster converging sums in both real and Fourier space.

The last article reverts back to the numerical integration of singularities, it is
a first step towards extending the work in the first and second paper over a flat
surface to a general parameterizable surface. The focus is mainly on integrating
across cylindrical surfaces and is restricted to obtaining third order accuracy, as
opposed to the higher-order methods obtained in Papers I and II.





Chapter 2

Stokes flow

The motion of a Newtonian fluid can be accurately modeled by the Navier–Stokes
equations which in their incompressible form are given as

ρ
∂u

∂t
+ ρu · ∇u = −∇p+ µ∆u + ρf , in Ω , (2.1)

∇ · u = 0 .

Here u denotes the flow velocity vector, p the pressure, ρ the density of the fluid,
ν the kinematic viscosity, while f is a volume force. The viscosity is assumed to be
constant. The equations can be non-dimensionalized by using a reference velocity
U and length scale L, ·∗ denotes dimensionless quantities

x∗ =
x

L
, u∗ =

u

U
, t∗ = t

U

L
, p∗ =

pL

µU
.

With this change of variables and a subsequent multiplication of the equations by
L2/(Uµ) we obtain

ρUL2

µL

∂u∗

∂t∗
+
ρUL

µ
u∗ · ∇u∗ = −∇p∗ + ∆u∗ +

ρL2

Uµ
f , in Ω , (2.2)

∇ · u∗ = 0 .

By denoting the time scale of the flow T = L/U and using ν = µ/ρ together with
the following non-dimensional numbers

β =
L2

νT
, Re =

UL

ν
, Fr =

U√
gL

,

we obtain the non-dimensional form

β
∂u∗

∂t∗
+Reu∗ · ∇u∗ = −∇p∗ + ∆u∗ +

Re

Fr2

f

f
, in Ω , (2.3)

∇ · u∗ = 0 .

7



8 Chapter 2. Stokes flow

where f = |f |, Re is the Reynolds number, β the Stokes number and Fr the Froude
number. If both β ≪ 1 and Re ≪ 1 the terms on the left-hand side vanish and
the incompressible Navier–Stokes equations simplify to the linear Stokes equations
which by reverting to dimensional variables can be written

∇p− µ∆u = f , in Ω , (2.4)

∇ · u = 0 .

The Stokes equations are linear with constant coefficients. Such partial differen-
tial equations are easier to solve both mathematically and numerically compared to
the Navier–Stokes equations. Furthermore they can be rewritten as integral equa-
tions over the boundaries present in the physical problem at hand. This reduces
the dimensionality of the problem, e.g. instead of discretizing an entire volume it
is sufficient to treat numerically only the boundaries. Such a boundary integral
formulation of Stokes flow lies at the basis of the studies presented in this thesis,
and will be discussed in more detail in the sections to follow.

2.1 Fundamental solutions of Stokes flow

The fundamental solutions of the Stokes flow have various expressions according to
the dimension of the space in which they are derived. A two-dimensional funda-
mental solution of the Stokes flow is of logarithmic type while the three-dimensional
one is of the type 1/r, with r being the inter-particle distance. Since the present
work concerns only three-dimensional problems we restrict the presentation of the
fundamental solutions of Stokes flow only to this dimensionality. The kernels differ
also according to whether they represent a free-space solution or certain bound-
aries present in the problem are already embedded in the kernel as will be seen in
Section 5.1. To start with we discuss only the free-space Green’s functions and for
this reason the subscript 0 is used.

Consider a point force of magnitude f located at x within a highly viscous flow.
This corresponds mathematically to the Stokes equations (2.4) with the right-hand
side given in terms of the Dirac delta function as fδ(x − x0). The velocity u,
pressure p or stress τ at an observation point x0 can be computed as functions of
the relative distance to the point force f as follows

ui(x0) =
1

8πµ
G0,ij(x − x0)fj , (2.5)

where

G0,ij(x − x0) =
δij

|x̂| +
x̂ix̂j

|x̂|3 , (2.6)

with x̂ = x − x0 and δij the Kronecker delta. Written in tensor notation we have

G0(x − x0) =
I

|x̂| +
x̂ ⊗ x̂

|x̂|3 , (2.7)
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with the outer product x̂ ⊗ x̂ and he identity matrix I t. The fundamental solution
G0 is also known as the Stokeslet, term coined by Hancock [29]. It is important to
notice that if the points x and x0 coincide the Stokeslet is singular.

In a similar fashion the pressure can be expressed as

p(x0) =
1

8π
P0,j(x − x0)fj , (2.8)

with the fundamental solution

P0(x − x0) = 2
x̂

|x̂|3 . (2.9)

The stress tensor τ can be expressed in terms of the Stresslet, T0, as

τik(x0) =
1

8π
T0,ijk(x − x0)fj , (2.10)

with

T0(x − x0) = −6
x̂x̂x̂

|x̂|5 . (2.11)

Using these fundamental solutions we can state integral equations for Stokes flow
as will be discussed in the next section. However, one may encounter also high-order
derivatives of these solutions in integral formulations of a more advanced nature,
details can be found in Pozrikidis [55]. In this thesis we shall use only the Dipole,
the Laplacian of the Stokeslet, which appears in the expressions of slender body
theory, see Section 3.2.

Vector calculus derivation of the Stokeslet

To give some more background to what will follow we will demonstrate here how to
obtain the Stokeslet starting from the Stokes equations stated as partial differential
equations. Several derivations of the Stokeslet can be found in textbooks, such as
the derivation using Fourier transforms in [55] and also the derivation using the
vector calculus approach. However the proof based on vector calculus in [55] is
quite terse and a more detailed description is provided here.

In order to find the fundamental solution to (2.4) we consider a single point
force located at x0 of magnitude f0 and rewrite

∇p− µ∆u = f0δ(x − x0) , in Ω , (2.12)

∇ · u = 0 .

where δ is the three-dimensional Dirac delta function.
We denote ∆G = δ(x− x0) and set ∆H = G. By using this change of variables

we identify G to be the fundamental solution of the Laplace equation, and H the
solution of the biharmonic equation ∆∆H = δ(x − x0).
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As a first step we take the divergence of (2.12) and use the fact that the Laplacian
and the divergence operator commute. If we apply the identity ∇ · (ab) = b∇ · a +
a · ∇b to ∇f0δ (in distribution sense) we obtain

∆p = f0∇δ ,

which ultimately leads to
p = f0 · ∇G . (2.13)

By substituting (2.13) in (2.12) a new relation is obtained

µu = f0(∇∇ − I∆)H . (2.14)

This enables us to find an expression for u if H is known. It remains to solve
the biharmonic equation for a point force located at x0

∆∆H = δ

To expedite the derivation we consider the fundamental solution of the Laplace
equation to be known, i.e. 1/4πr, where r = |x|. If such a solution was not known
it may be quickly obtained in the same manner in which we shall compute H. To
find H such that ∆H = 1/(4πr) we express the Laplacian in spherical coordinates

∆H = Hrr +
H

r
+

1
r2 sin(θ)

(sin θHθ)θ +
1

r2 sin2 θ
Hφφ , (2.15)

Since ∆H is radial the terms exhibiting an angle dependency may be dropped
leaving us with an ordinary differential equation

H ′′(r) +
2
r
H ′(r) =

1
4πr

,

which can be rewritten as
1
r2

(r2H ′(r))′ =
1

4πr
. (2.16)

We solve this for H(0) = 0 and obtain H(r) = r/(8π). Returning to (2.14) we have

u(x) =
1

8πµ
f0(∇∇ − I∆)r , (2.17)

which provides us with

u(x) =
1

8πµ
f0

(
δij

|x̂| +
x̂ix̂j

|x̂|3
)
. (2.18)

The derivation is concluded by noting that this expression is identical to (2.5).
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2.2 Boundary integral equations

Consider an immersed object with surface S and a force distribution f over the
surface. A set of derivations based on the Lorentz reciprocal theorem, to be found
in [55], yields an expression for the velocity at a point x0

uj(x0) = − 1
8πµ

∫

S

fi(x)G0,ij(x − x0)dSx

+
1

8π

∫

S

ui(x)T0,ijk(x − x0)nk(x)dSx .

(2.19)

The first term on the right-hand side is called the single-layer potential and the
second term double-layer potential. The double layer potential will have a different
limiting value as we let x0 approach the surface S either from the inside or outside.
Introducing ψ(x0) to denote the double layer integral in (2.19) we have

lim
ǫ→0

ψ(x0 ± ǫn(x0)) = ±4πuj +
∫ P V

S

uiT0,ijknkdSx , (2.20)

where the principal value (PV ) is defined as the improper integral when x0 on S.
Equation (2.19) can be further simplified to obtain simpler formulations, also called
indirect boundary integral representations. The single-layer formulation for Stokes
flow reads

ui(x0) =
1

8πµ

∫

S

G0,ij(x − x0)fj(x)dSx , (2.21)

and is valid for any x0 on S, or away from S. This formulation can represent suc-
cessfully flows that are internal as well as external to the domain S. A disadvantage
of the single-layer representation, which is in fact a Fredholm equation of the first
kind, is that it is ill-conditioned. This formulation nevertheless is still widely used
[30] despite its ill-conditioning. The same formulation is employed extensively in
Paper II of this manuscript were we also derive a highly accurate quadrature for
the single layer formulation for the Stokes flow over a flat plate.

From (2.19) a second formulation, called the double-layer formulation, can be
derived to be

uj(x0) =
1

8π

∫

S

qi(x)T0,ijk(x − x0)nk(x)dSx , (2.22)

where n(x) is the outward normal to S. Again using (2.20) the equation for x0 ∈ S
is obtained. As stated here this representation is not complete. It can be shown by
eigenvalue analysis that the double-layer potential is not capable of representing an
arbitrary external flow, see Pozrikidis [55]. However the double-layer potential can
be applied to model flows external to torque-free and force-free bodies, for other
fluid phenomena the double layer can be regularized as explained in [55]. With
proper modification the double-layer formulation is well suited to model also flows
external to immersed bodies such as sedimenting particles [40] or clusters of spheres
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in elasticity problems [54]. The double layer formulation however, as compared to
the single layer formulation is well conditioned.

Similar integral equations can be written for the pressure and for the stress.
We refer the reader for more details concerning integral equations for Stokes flow
to Pozrikidis [55]. A comparison of the limitations and advantages of various di-
rect or indirect boundary integral formulations is available in [37]. The expressions
(2.19)–(2.22) listed here to describe the flow can be used to model various multi-
phase flow problems as will be presented in Chapter 3.



Chapter 3

Integral formulations for

particulate flows

Boundary integral formulations hold a great advantage over other methods of sim-
ulating particulate flows since the equations are stated only over the surfaces of the
particles. In other words the size of the problem to be discretized does not depend
on the size of the computational domain but only on the surfaces of the particles.
This reduces the dimensionality of the discrete problem in numerical simulations
while maintaining a controllable accuracy. Particles can be tracked in a Lagrangian
fashion independent of the computational domain. In the current chapter we in-
troduce a set of boundary integral models used in simulating particulate flows in a
Stokesian regime.

3.1 Solid particles

Assume a single solid body immersed in a Stokesian fluid. Over the body surface S
we consider a distribution of forces f . The velocity field u at some point x0 in the
fluid or on the body surface can be computed using the single-layer formulation as

u(x0) =
1

8πµ

∫

S

G0(x − x0)f(x)dSx . (3.1)

We are interested in computing either the impact of a moving particle on the
surrounding fluid or the behavior of a particle subject to an imposed background
flow or a given external force. The same type of boundary integral formulation can
address both problems. Since we considered a solid particle we must require that
the rigid body equation of motion is obeyed, i.e.

u(x0) = V + Ω × (x0 − xc), x0 ∈ S , (3.2)

where xc is the center of mass of the object, V and Ω represent the translational
and angular velocity. A no-slip boundary condition yields that for x0 ∈ S both

13



14 Chapter 3. Integral formulations for particulate flows

(3.1) and (3.2) have to be simultaneously satisfied, i.e.

V + Ω × (x0 − xc) =
1

8πµ

∫

S

G0(x − x0)f(x)dSx . (3.3)

Let us assume that the solid particle is subject to gravity and we intend to
compute the flow as the particle sediments. Then we have two extra conditions:
i) the total integrated force over the surface of the solid particle must balance the
buoyancy force and, ii) no torques are applied to the particle, i.e.

F =
∫

S

f(x)dSx = ∆ρV geg , (3.4)

L =
∫

S

(x − xc) × f(x)dSx = 0 .

Here ∆ρ denotes the density difference, V volume of the object and geg the gravi-
tational acceleration acting in the eg direction.

In (3.3) the translation and angular velocities V and Ω as well as the distribution
of forces f are unknown. The constraints in (3.4) close the system. Naturally,
different conditions on the integrated force and torque can be applied depending
on the problem.

Consider now a neutrally buoyant particle immersed in a flow of velocity u∞,
e.g. a shear flow. By the superposition principle the correction due to the immersed
particle is added to the background flow to yield the total velocity

u(x0) = u∞(x0) +
1

8πµ

∫

S

G0(x − x0)f(x)dSx . (3.5)

To solve for the distribution of forces constraints of the type (3.4) are required
together with the no-slip boundary conditions. In this case we demand that the
integrated force vanishes over the surface of the particle.

All these simple modeling principles can be applied to a wide class of solid
particles ranging from spherical particles to fibers. We have used the same ideas as
presented here to study a sphere sedimenting in an infinite or wall bounded flow,
as it will be further discussed in Paper II.

3.2 Slender bodies

Bodies that have a slender or elongated shape admit an approximate boundary
integral representation that is very efficient from the viewpoint of numerical simu-
lations. In Fig. 3.1 we display such a body, a rotation ellipsoid of axes a, b, c with
b = c. If the principal axes of the ellipsoid, b and a, are such that one is much
longer than the other, a/b ≪ 1, we call the ellipsoid a slender body. In this case
it can be assumed that the disturbance flow due to the presence of the body is
approximately the same as that due to a line distribution of fundamental solutions
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along its long axis, a. This concept and consequent derivations were reintroduced
by Batchelor [6] following the work of Burgers [11]. Higher order approximations
were provided by Keller and Rubinow [42] and Johnson [39]. Several extensions and
applications of the slender body approximation have been used for fibers [14, 62],
helical swimmers [35] and more recently for elongated drops [38]. The simulations
of fiber suspensions performed in Paper III of this thesis rely also on the slender
body theory and for this reason we describe here in greater length the guiding
principles.

Figure 3.1: Sketch of an ellipsoid. If b/a ≪ 1 this can be assumed to be a slender
body.

A slender body is characterized by the slenderness parameter ǫ = a/b ≪ 1, which
is the ratio of its axes. If we consider the filament of a slender body of length L to be
given by the parametrization x(s, t) = (x(s, t), y(s, t), z(s, t)). Following Johnson
[39] the velocity field is taken to be an integral over the centerline parametrized by
s with s ∈ [0, L] of a distribution f of Stokeslets G and a distribution g of Doublets
GD. Thus the following ansatz is made

u(x0) = u∞(x0) +
1

8πµ

∫ L

0

f(s)G(x(s) − x0) + g(s)GD(x(s) − x0))ds , (3.6)

with

Gij(x̂) =
δij

|x̂| +
x̂ix̂j

|x̂|3 ,

GD
ij(x̂) =

δij

|x̂|3 − 3
x̂ix̂j

|x̂|5 ,

where x̂ = x(s) − x0.
In order to obtain a unified expression for the distribution of point forces f and

g the technique of matched asymptotic expansions is used. Without any technical
details we outline the steps as described by Götz [26] :
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I. Construct an outer expansion of the ansatz as a power series of ǫ, for points
parametrized by t away from s, |t− s| ≫ ǫ.

II. Obtain an inner expansion in terms of the slenderness parameter ǫ, for points
close to s.

III. Match the two expansion using the principle "Outer limit of the inner expan-

sion = Inner limit of the outer expansion".

This will yield a composite expansion where the common part of the inner
and outer expansion that matches is removed.

IV. Apply boundary conditions (no-slip) on the slender body surface. Neglecting
higher order terms in ǫ an expression is obtained which is O(ǫ).

V. An integral equation depending on the parameter ǫ is obtained.

We can write a unified equation for a distribution of Stokeslets and Doublets of
strength f across the centerline parametrized by s for x0 not on the filament of the
slender body

u(x0) = u∞(x0) +
1

8πµ

∫ L

0

[
G(x(s) − x0) +

ǫ2

2
GD(x(s) − x0)

]
f(s)ds , (3.7)

which coincides with (3.6) where we have set

g(s) =
ǫ2

2
f(s) .

This relationship between f and g is chosen such that the angular dependence
which occurs in the composite expansion is eliminated. This is needed since the
no-slip boundary condition on the slender body is only imposed along the centerline
and does not take into account the cross section of the slender body.

For a point x point on the filament the velocity is given as

u(x) =
∂x(s, t)
∂t

= u∞(x) +
1

8πµ
(−∆[f ](s) −K[f ](s)) , (3.8)

where f is a force per unit length on the filament. The operators ∆ and K are
defined as follows

∆[f ](s) = [−c(I + ŝ(s)ŝ(s)) + 2(I − ŝ(s)ŝ(s))]f(s) (3.9)

where ŝ = ∂x(s,t)
∂s and c = log(ǫ2e) and

K[f ](s) =
∫ L

0

(
I + R̂(s, s′)R̂(s, s′)

|R(s, s′)| f(s′) − I + ŝ(s)ŝ(s)
|s− s′| f(s)

)
ds′ (3.10)
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with R(s, s′) = x(s, t) − x(s′, t) for a certain t. The formulation in (3.8) is valid for
a slender body of any shape which has the property that it does not re-approach
itself. If however a particular slender body is considered, i.e. a rigid straight fiber
then the operator K simplifies to

K[f ](s) =
∫ L

0

f(s′) − f(s)
|s− s′| ds′ . (3.11)

Details can be found in Tornberg and Shelley [63].
The slender body formulation (3.7) depends on the slenderness parameter ǫ and

the velocity of the center-line is of order O(ǫ2 log ǫ) accurate. The fluid velocity at
a point outside the slender body is of order O(ǫ) accurate all the way up to the
fiber surface.

If we now consider a set of N fibers with a distribution of forces fl(s) along their
filament, l = 1, . . . , N . To compute the velocity at a point xl(s) on the fiber the
contribution from the fiber itself given by (3.8) is added to the contribution form
all other fibers given by (3.7) yielding

u(xl(s)) = u∞(xl(s)) +
1

8πµ
(−∆[fl](s) −K[fl](s))

+
1

8πµ

N∑

n=1
n6=l

∫ L

0

S(xl(s) − xn(s))fn(s)ds ,

where for x = xl(s) − xn(s) the total Green’s function is given by

S(x) = G(x) +
ǫ2

2
GD(x) .

This set of equations has been used in simulations of flexible and rigid fibers, see
[62, 63]. The same formulation is used in Paper III in the present manuscript, in
the context of large scale simulations of fiber suspensions.





Chapter 4

Numerical methods for integral

equations

This chapter addresses aspects of the numerical treatment of integral equations. A
common difficulty shared by most integral equations is the treatment of singular
kernels. Several numerical integration methods that deal with such kernels have
been developed over the years. In some cases it is possible to analytically integrate
the isolated kernel, in other cases specially designed quadrature rules can be used
to numerically evaluate the integral. Nonetheless the integration of singularities is
still problem dependent and as such a rather difficult task.

In the context of numerical treatment of singular integrands we introduce our
work on the development of quadrature rules tailored to specific singular kernels.
This set of quadrature rules is developed in the framework of Nyström’s method.
In this chapter we provide only an overview of the method, theoretical details are
given in Paper I and applications in Paper II and Paper V.

The most used classes of numerical methods are collocation methods [5, 43] from
where emerge the boundary element method [56] and Nyström’s method [18, 5].
The collocation method is based on the idea of enforcing the solution to be valid at
a set of grid points. In the Boundary element method the solution to an integral
equation is expressed as a linear combination of basis functions and the accuracy
is given by the choice of basis functions. Nyström’s method however requires no
ansatz on the shape of the function as the integral equation is solved directly at the
discrete grid points, i.e. the quadrature points and collocation points are the same.

The singularity of a boundary integral problem can be treated by using a quadra-
ture rule which has been designed to handle this specific singularity, e.g. Gaussian
quadrature rules as developed for one-dimensional problems in [61], ideas extended
to the boundary integral set-up in [44]. Using Nyström’s method in a two dimen-
sional set-up [32] integrates the singular kernel using a Gauss-Legendre quadrature.
In higher dimensions the Duffy quadrature [20] can be used to integrate the singular-
ity over triangulated surfaces. Alternatively Bremer and Gimbutas [10] introduced

19
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a method which uses appropriately scaled functions to integrate weekly singular
kernels over non-conformal surfaces.

4.1 Nyström’s method

As a brief prerequisite to Nyström’s method which shall be used in Papers I, II and
V we provide two examples. Consider the one-dimensional integration

u(t) =
∫ b

a

G(t− s)f(s)ds, t ∈ [a, b] , (4.1)

By discretizing the segment [a, b] at points si with si ∈ [a, b] we can evaluate the
above integral as

u(t) =
N+1∑

i=1

∆i−1 + ∆i

2
G(t− si)f(si), t ∈ [a, b] . (4.2)

In the higher dimensional case Nyström’s method is most suitable for integrating
surfaces that have a parametric representation. For example a sphere of radius R
can be parametrized using spherical coordinates. The integral can then be written
as

∫

S

G(x − x0)f(x)dSx =
∫ π

0

∫ 2π

0

G(φ− φ0, θ − θ0)f(φ, θ)R2 sin(θ)dφdθ . (4.3)

This integral can be numerically evaluated by discretizing the angles φ and θ and
subsequently using e.g. the trapezoidal rule. This example illustrates that in certain
situations Nyström’s method offers a simpler solution to the problem than the
collocation method in terms of domain discretization and numerical integration.
The actual integration of the singularity however has not been discussed yet. The
singularity subtraction method may be employed as described in Paper II. In the
same paper we develop a quadrature rule for integrating to high order the Stokeslet
over flat surfaces. This is extended in Paper V to the curvilinear surface of a
cylinder. Both quadratures rules are based on the corrected trapezoidal ruled which
is analyzed theoretically in Paper I.

4.2 Corrected trapezoidal rules for singular kernels

A part of this thesis is concerned with the integration of kernels of the type s(x) =
|x|γ with γ > −1 in one dimension and s(x) = |x|−1 in two dimensions by using
a specially designed quadrature rule in the framework of Nyström’s method. The
same approach to the numerical integration of singular but integrable kernels that
we employ in Paper I was explored by Lyness [50] and later Kapur et al. [41]. They
propose a quadrature which uses the trapezoidal rule wherever the integrand is
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non-singular, thus skipping the singular point. Close to the singularity a correction
term is constructed to compensate for the omitted point. These ideas have been
extended to singularities of the type log(|x|) [2] or 1/|x| in the three-dimensional
space in [3], though their work lacks formal convergence proofs. Our work fills in
this gap by proving for specific singular functions that the order of accuracy that
can be observed in practice is also confirmed by theoretical analysis.

As a preview to Paper I we describe the designed quadrature rule without de-
tailing the entire construction process. Assume we intend to numerically integrate
the integral

∫
S f(x)s(x)dx where s defined as above is singular at the origin. As

a first step we use the punctured trapezoidal rule, where the singular point is not
included in the summation

T 0
h [f · s] =

∑

βh∈S,β 6=0

hdf(βh)s(βh) − 1
2

∑

βh∈∂S

hdf(βh)s(βh). (4.4)

Here β ∈ Z
2 and h is the interval in space given by the discretization of the domain,

homogeneous in all directions. We shall construct a quadrature rule, Qp
h which is

applied to the integrand f(x)s(x) in the following fashion

Qp
h[f · s] = T 0

h [f · s] +Ap
h[f ]. (4.5)

with the correction operator given as

Ap
h[f ] = a(h)

∑

|β|≤p

ωβf(βh), (4.6)

where a(h) has a simple expression which depends on the singularity s(x) and on the
grid spacing h. In the two-dimensional framework with s(x) = 1/|x| case a(h) = h.
The correction provided by the operator Ap

h is a local correction, i.e. acting solely
in a close vicinity of the singularity.

The main task in developing the rule Qp
h is the computation of the weights ωβ.

Note that in the correction operatorAp
h the weights ωβ take the place of the singular

function in every discrete point βh and that the correction operator spans a set
of discrete points at a distance of maximum ph from the origin. The parameter p
determines the number of weights ωβ and ultimately determines the convergence
order of the modified trapezoidal rule.

Details on the computation of the weights ωβ are available in Paper I together
with a theoretical analysis of the accuracy and existence of such modified trape-
zoidal rules. The set of rules developed for e.g. 1/|x| are O(h2p+3) accurate and are
available in Paper I up to O(h11). Furthermore in Paper I we provide an expres-
sion based on which we can directly compute the weights for the one-dimensional
quadrature rules applied to s(x) = |x|γ for any γ > −1. The same type of method
can be used to develop a set of high-order quadrature rules for the Stokeslet and
the extension to the Stokeslet is presented in Paper II.
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4.3 Modified quadrature rules for singular kernels over

parameterizable surfaces

Modified quadrature rules can be extended also to curvilinear surfaces. In the two
dimensional set-up Aguilar [2] devised a corrected trapezoidal rule for the logarith-
mic singularity over a circle, a curved line. In paper V in this thesis we show how
to apply the principles of a modified quadrature rules to smooth parameterizable
surfaces. Since the trapezoidal rule applies to multi-dimensional integrals using
equidistant spacing it can only be extended to parameterizable surfaces defined
on a hypercube. Here we are concerned solely with surfaces that arise in prac-
tice, surfaces which are typically mapping defined on a square domain, let us say
D = [0 a1] × [0 a2].

Consider the integral ∫

D

f(x)dDx

The trapezoidal rule applied to this integral reads
∫

D

f(x)dx ≈ Th[f ] =
2N∑

i=0

2M∑

j=0

Wi(h1)Wj(h2)f(ih1, jh2) , (4.7)

where h1 = a1/N and h2 = a2/M and the weights are defined as

W(h) = [h/2, h, . . . , h, h/2] .

The notation h = (h1, h2) as a subscript on T indicates that different spacing is
assumed in the two spatial directions.

Consider a parametrization defined on D, i.e. a smooth mapping γ : D → S
which takes points x such that γ(x) = y ∈ S. This leads to the integral

∫

D

(f ◦ γ)(x)

∣∣∣∣
∂γ

∂x1
× ∂γ

∂x2

∣∣∣∣dDx , (4.8)

where | ∂γ
∂x1

× ∂γ
∂x2

| is the surface element that arises from the change of variables
brought by the parametrization γ.

Let us define ψ(x) = (f ◦γ)(x)| ∂γ
∂x1

× ∂γ
∂x2

|. To this function the trapezoidal rule
can be applied as above without any modifications. Assume now that we intend to
compute for a point y0 = γ(x0) the convolution (s∗f)(y0) over a surface S which is
given by the mapping γ defined over the domain D, where s is a singular function.
The corresponding integral can then be expressed as

∫

S

s(y − y0)f(y)dSy =
∫

D

s ◦ (γ(x) − γ(x0))(f ◦ γ)(x)

∣∣∣∣
∂γ

∂x1
× ∂γ

∂x2

∣∣∣∣dDx , (4.9)

To integrate singular functions defined over parameterizable surfaces we can
devise a quadrature rule of the type (4.5) for p = 0 given as

Q0
h[(s ◦ γx0

) · ψ] = T 0
h [(s ◦ γx0

) · ψ] +A0
h[ψ] , (4.10)
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where T 0
h is the punctured trapezoidal rule and we used the notation γx0

(x) =
γ(x) − γ(x0) for the shift of the function γ by γ(x0). The correction operator is
then

A0
h[ψ] = a(γ(h))ω0ψ(x0) , (4.11)

where a(γ(h)) = |γ(h)|2 with | · |2 being the Euclidian norm.
Such quadrature rules will typically be generated by weights ω0 which depend

on the position of ω0 on the surface S. In Paper V we identify the requirements
on the parametrization such that we can devise a quadrature rule that yields a
unique weight, i.e. independent on the position on the surface. From this class
of surfaces the cylinder given by a parameterization in cylindrical coordinates has
been selected and explicit quadrature rules were developed for various ratios h1/h2.

4.4 Other approaches to singular integrals – regularized

kernels

So far we have regarded the exact integration of the singular kernel as being possible
either analytically or by using special numerical techniques. It is worth mentioning
that there is another type of approach namely to replace the singular kernel by
a regularized kernel. This technique was developed and analyzed in [13]. The
regularized Stokeslet which is the non-singular version of the Stokeslet takes the
form

Gǫ(x − x0) = (|x̂|2 + 2ǫ2)
I

(|x̂|2 + ǫ2)3/2
+

x̂ ⊗ x̂

(|x̂|2 + ǫ2)3/2
, (4.12)

where x̂ = x − x0 and ǫ is the regularization parameter. This is an approximation
of the Stokeslet and is obtained by considering that the point force acting at x0 is
in fact a smooth function which acts with maximum intensity in the point x0 and
away from x0 decays smoothly. The role of ǫ is to smoothen the Stokeslet. This
parameter is chosen to be fairly small but still not too small compared to the grid
resolution in the discrete case. The regularization has an error of O(ǫ) in a region
of size O(

√
ǫ) that surrounds the boundaries. Further away from the boundaries

the error is O(ǫ2).





Chapter 5

Boundaries in Stokes flow

The field of fluid dynamics amassed a significant block of studies pertaining to
particle-particle interactions in Stokes flow. Experimentalists [53] and numerical
analysts alike [9] have explored the intricate hydrodynamics of particles, fibers
or drops in the attempt of achieving a better understanding of phenomena such
as clustering or dispersion. The time evolution of a suspension exhibits different
behavior when the mutual interactions between particles are left unhindered, as
opposed to the case where constraints such as solid walls are introduced. We survey
here the main approaches to wall modeling for Boundary Integral Equations.

A simple solid boundary such as a flat wall is introduced in the classical theory
of boundary integrals by the method of images. This method served for a long
time as the main tool for wall modeling in applications such as drop deformation
in the vicinity of walls [65], or fiber alignment [12]. To begin with we shall present
the basic principles of the method of images followed by a brief analysis of its
limitations. Our work however is directed towards providing an alternative to this
classical method of modeling solid walls. The approach we suggest involves a direct
numerical treatment of the solid boundary. In the last section of this chapter
we offer some details concerning our approach to confinement treatment which is
further analyzed in Paper II. This wall treatment can be extended to slightly more
complicated confinements and a first attempt of third order accuracy has been made
to model cylindrical surfaces in Paper V.

5.1 Method of images

The method of images originated in the field of electrostatics. In order to calculate
the distribution of the electric field of a charge in the vicinity of a conducting surface
the mirror image with respect to a symmetry hyperplane is added. This is done
in such a way that the tangential component of the electrical field to the surface
of a conductor is zero and the field is uniquely defined by the normal component.
In electrostatics the potential corresponding to a point charge at x0 is of the type
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1/|x̂| which is similar in expression to a point force in Stokes flow which is 1/|x̂| +
x̂ ⊗ x̂/|x̂|3, here x̂ = x − x0, with x being an observation point.

The seminal paper by Blake, [8], gives the recipe of applying the method of
images to Stokes flow to obtain a modified fundamental solution. This fundamental
solution contains implicitly the presence of a wall over which a no-slip boundary
condition is imposed. Not all details are reproduced here but a short description of
the derivation is needed in order to stress the advantages and also the limitations
of the method of images.

To start with we consider a point force at x0 of some strength F , see Fig. 5.1
situated at a distance h from a flat wall given by x3 = 0. The Stokeslet G for an
observation point x is given as

Gij(r) =
1

8πµ

(
δij

|r| +
rirj

|r|3
)
,

where r = x − x0 as indicated in Fig. 5.1.

x3

x2

x1

h

h

+

x0

−

x
im

0

x

r

R

R0

xw

R0

Figure 5.1: Point force at x0 and its mirror image xim
0 .

The mirror image of the point x0 is taken to be xim
0 and is of negative strength

−F . The contribution of the image point xim
0 yields a fundamental solution

Gim
ij (R) =

1
8πµ

(
δij

|R| +
RiRj

|R|3
)

+ ωij ,

where R = x − xim
0 and ωij is a complementary solution which remains to be

determined.
We may write the fundamental solution given by the Stokeslet and the mirror

image as
Gw

ij(r) = Gij(r) +Gim
ij (R).
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We require that at the wall we have a no-slip boundary condition, thus Gw
ij(r̃) = 0

for r = xw − x0 with xw a point of the wall x3 = 0, thus

Gim
ij (xw − xim

0 ) = −Gij(xw − x0) . (5.1)

From this we can determine ωij such that it satisfies the Stokes equations and
also the boundary conditions over the wall surface. Finally we obtain an expression
for Gw

ij(r) in terms of a potential dipole GD and a Stokeslet doublet GSD

Gw
ij(r) = Gij(r) −Gij(R) + 2h2GD

ij (R) − 2hGSD
ij (R) .

where

GD
ij (R) = ±

(
δij

|R|3 − 3
RiRj

|R|5
)
,

GSD
ij (R) = R3G

D
ij(R) ± δj3Ri − δi3Rj

|R|3 .

with a minus sign for j = 3 and plus sign for j = 1, 2.
We can notice from this derivation of the modified Stokeslet Gw

ij that it has been
developed specifically for a flat wall. A similar type of reasoning can be applied to
consider the influence of a second parallel wall, see [48]. This is not without difficul-
ties since the formulation involves slowly converging series in terms of Fourier-Bessel
integrals. To circumvent this Staben et al. [60] use the regularized Fourier-Bessel
integrals which lead to fast converging sums. However none of these models based
on the method of reflections allow for imposing a non-homogeneous velocity field
at the surface of the wall. Non-homogeneous boundary conditions arise in physical
models such as the modeling of pumping/suction walls. An example concerning
Sampson flow over an orifice is provided in the last section of this chapter. Con-
finements given by curvilinear surfaces are even more difficult to explore by using
the method of images. In the next section we will discuss the alternative approach
of explicitly discretizing the wall and numerically imposing boundary conditions
over its surface.

5.2 Direct numerical discretization

In the method of images the boundary condition to be imposed at the wall - such as
no-slip and impermeability - is used explicitly in the derivation. The fact that the
boundary condition is hard-coded in the modified kernel does not allow for modelling
e.g. moving walls. To our knowledge there is no way to alleviate this restriction
other than re-deriving the modified kernel for a certain boundary condition. Thus
it is of interest to seek a method for treating a wall that entails a higher degree of
flexibility in handling non-homogeneous boundary conditions.
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Assume first that the wall Γ is the only boundary in the computational domain.
The flow velocity at any point x0 ∈ Γ is then given

u(x0) =
1

8πµ

∫

Γ

G(x − x0)fw(x)dΓx , (5.2)

where G is the fundamental solution of Stokes flow (Stokeslet) and fw represents
the force densities at the wall. We seek to solve the problem (5.2) and compute
the distribution of forces that satisfies given boundary conditions on the velocity
u. In order to avoid end effects of a finite plate, we employ periodic boundary
conditions in the wall parallel directions, effectively rendering the wall infinite.
In the boundary integral formulation periodic boundary conditions are imposed
by using rather intricate formulas that differ according to whether periodicity is
imposed in all three spatial directions or only in two directions (possibly even one
direction). We discuss periodicity starting from the kernel of the Laplace equations
and illustrate also decompositions of the periodic kernels of the Stokes equations in
Section 6. However in Paper II which focuses on the wall treatment introduced here
we use a bi-periodic Stokeslet to account for periodic boundary conditions solely in
the wall parallel directions.

Equation (5.2) is singular whenever x = x0. We therefore developed a high-order
method to numerically integrate the singularity of the Stokeslet. The quadrature
rule is based on the trapezoidal rule to which a correction operator is added to
account for the singular behavior of the integrand. The idea is the same as described
in Section 4.2 for singular functions of the type 1/|x|.

To study the advantages and shortcomings of the present approach to wall
treatment we analyze the problem of a sphere in a free-fall trajectory towards
a plane wall. By using superposition we add to equation (5.2) the velocity due
to a sedimenting sphere. On the surface of the wall we impose the no-slip and
impermeability conditions u(x0) = 0 for any x0 ∈ Γ and solve a coupled system
for the distribution of point forces over the surfaces of the wall and sphere and also
for the sphere velocity. A complete description of the system in continuous and
discrete form is given in Paper II, where we also compare the simulation results to
the wall-corrected Stokes law.

The discretization of a two-dimensional surface leads to a large, full matrix.
However, we have found that certain symmetries of the matrix arising from the
discretization of the wall allow us to store only three of its columns. The wall used
in conjunction with a falling sphere can thus be algebraically solved by using e.g.

the Schur complement method.
The high-order and memory efficient method we developed can be extended to

two parallel walls in a straightforward manner. Although we impose homogeneous
Dirichlet boundary conditions over the surface of the wall, we can use the same
method in combination with non-homogeneous boundary conditions.
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5.3 Non-homogeneous boundary conditions

A wide set of exact solutions have been obtained analytically for Stokes flow past
various obstacles or inside various confinements. These expressions can be used in
practice to impose boundary conditions which yield a valid viscous flow solution.
Such boundary conditions enable the study of complex flows which do not admit
immediate exact solutions. Many of the applications of interest involve flow above
a flat plate with gaps or channel flow between moving/pumping walls.

The wall treatment developed in Paper II allows for any non-homogeneous
boundary condition which corresponds to a solution of Stokes flow. Non-homogeneous
boundary conditions are imposed in this set-up by simply prescribing the velocity
field at the wall surface in the right hand side of the equation (5.2). Subsequently
the distribution of point forces corresponding to this boundary condition can be
computed and used to evaluate the velocity field on either side of the wall.

In Paper II we illustrate how to impose non-homogeneous boundary conditions
using the aforementioned wall treatment on a simple sine wave. In this introduc-
tion however we choose an application that has a corresponding analytic solution.
To this end we represent the flow inside a domain due to a boundary condition
imposed over the wall surface on the Sampson flow problem. Sampson flow is the
flow due to pressure difference past a flat plate with a circular orifice and an exact
solution has been derived by Davis [17]. The orifice is represented in cylindrical
coordinates ρ, φ, x3 and the exact solution is computed in oblate spheroidal coordi-
nates. Although the solution is provided in the latter system of coordinates we can
transform back to cylindrical coordinates and obtain the velocity u = (u1, u2, u3).
Inside the domain the velocity field is given as

u1 =
x3ρξ

(2ξ2 + ρ2 + x2
3 − 1)(ξ2 + ρ2 + x2

3)
cos(φ), (5.3)

u2 =
x3ρξ

(2ξ2 + ρ2 + x2
3 − 1)(ξ2 + ρ2 + x2

3)
sin(φ), (5.4)

u3 =
ξ3

2ξ2 + ρ2 + x2
3 − 1

, (5.5)

with

ξ =
1
2

√
2 + 2

√
ρ4 + 2ρ2x2

3 − 2ρ2 + x4
3 + 2x2

3 + 1 − 2ρ2 − 2x2
3

where ρ ∈ [0, 1], φ ∈ [0, 2π) and x3 the coordinate in the wall normal direction. At
the boundary the velocity is u = (0, 0,

√
1 − ρ2) over the orifice and u = (0, 0, 0)

over the wall surface.
Imposing this boundary condition we compute the velocity field in the entire

domain. In Fig. 5.2b we reproduce the simulation results corresponding to the ana-
lytic velocity field (5.3) and by comparing to Fig. 5.2a find the expected qualitative
match. However the solution in this case is no more than first order accurate over
the surface of the wall due to the imposed discontinuous velocity profile which leads
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Figure 5.2: Sampson flow; axisymmetric flow through an orifice (green) above a
flat plate (black). Velocity field u,w in the xz plane.

to a discontinuous force density over the wall surface. The quadrature rule derived
in Paper II to integrate the Stokeslet with high-order accuracy is not specially suited
to handle discontinuous integrands. However it is possible in practice to mollify

u such that it is smooth. The purpose of this example has been solely to assess
the capacity of the set-up in Paper II to replicate physically relevant problems,
pin-pointing possible issues that may arise in practice.
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Periodic boundary conditions for

Boundary Integral equations

In the field of fluid dynamics, depending on the nature of the problem at hand, we
can distinguish between three main settings: free-space problems — where the flow
and immersed particles are allowed to move freely in the infinite space, periodic
problems — where the infinite space is assumed to be divided in cuboids and the
flow physics is constrained to behave identically in each computational box, and
confined problems — where the flow is subject to specific boundary conditions, such
as solid walls and particles are restricted to move only inside the confined domain.
Combinations of these types of settings are of course possible, e.g. periodicity in
conjunction with solid walls, see Paper II. The kernel of an integral equation may
change according to the type of problem under consideration. In Section 2.1 the free
space kernels of Stokes flow were provided. The kernel of Stokes flow subject to a
solid wall boundary condition was derived in Section 5.1. It remains now to discuss
how the kernel of the Stokeslet modifies under periodic boundary conditions.

When dealing with boundary integral representations the flow is modeled im-
plicitly through the influence of the immersed objects on the surrounding fluid. As
mentioned in Chapter 3 the flow velocity at a point x0 due to a set of N point
particles i = 1, . . . , N is

u(x0) =
1

8πµ

∑

i

G0(xi − x0)f(xi) . (6.1)

Consider that the point particles at positions xi, i = 1, . . . , N , and also the evalua-
tion point x0, lie within a domain, Ω = [0, L)3. If this computational domain is now
periodically replicated in every direction then the velocity at a point x0 would be
determined not only by the presence of the objects immersed in the current domain
Ω but also their periodic images. For a particle at position x the periodic image is
given by x+τ(p) with τ(p) = p1Le1+p2Le2+p3Le3 where pi ∈ Z, i = 1, . . . , 3, see
Fig. 6.1 for one particle and its periodic images. The contribution of all particles
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and their periodic replicas is then

u(x0) =
1

8πµ

∑

i

′∑

p

G0(xi − x0 + τ(p))f(xi) , (6.2)

where the prime superscript designates that the term xi = x0 was omitted for
p = 0.

Figure 6.1: Two-dimensional sketch of a periodically replicated computational do-
main. The particle (red) and its images are summed up to infinity.

Due to the nature of the Stokeslet (1/r-like decay) the sum is only conditionally
convergent. To render the sum convergent a look back at the underlying physics is
needed to assess whether further assumptions can be made in order to remove the
divergence. For Stokes flow problems the assumption to make is that

∫
V

udV = 0,
which corresponds physically to zero mass flux. Equivalently it is assumed that
the forces acting onto the fluid are balanced by a mean pressure gradient. For an
electrostatics problem however the additional constraint needed is that of charge,
i.e. that the sum of all charges within the primary periodic cell sum to zero. It
remains nonetheless to explain how to actually make good use of such constraints
in practice.

The classic mathematical tool for speeding up the convergence of sums of the
type (6.2) has been provided by Ewald [24] in the context of electrostatic interac-
tions. At the core of Ewald’s procedure lies the idea of decomposing the interaction
potential into a short-range component and a long-range one, the two terms being
balanced by a scalar known as the Ewald parameter. This decomposition will lead
to two sums, the one over the short range interactions to be evaluated in real space
and the long range components in Fourier space, thus both sums being quickly
convergent.
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6.1 Ewald summation

The Ewald summation formalism has been long explored both theoretically [64],
[34] and in physical applications such as molecular dynamics and flow phenomena
simulations [47]. To outline the Ewald summation method we shall start from the
classical electrostatics problem, following [45]. Thereafter we pursue the Ewald
summation for Stokes flow problems, which is among one of the main interests of
this thesis.

Ewald summation for molecular dynamics

Consider a basic molecular dynamics problem: N point particles located at posi-
tions xn, n = 1, . . . , N in a domain Ω = [0, L)3. The particles are assumed to have
charges qn and the configuration is charge neutral, i.e.

∑
n qn = 0. To find the

electrostatic potential due this set of charges in a periodic setup we need to solve
the following Laplace problem

−∆φ(x) = 4π
N∑

n=1

σn(x), σn(x) =
∑

p∈Z3

qnδ(x − xn + τ(p)) (6.3)

where τ(p) = p1Le1 + p2Le2 + p3Le3 with pi ∈ Z, i = 1, . . . , 3. From (6.3) we can
obtain the expression for the potential to be

φ(x) =
1

4π

N∑

n=1

∑

p∈Z3

qn

|x − xn + τ(p)| (6.4)

Figure 6.2: Ewald summation sketch. Point charges are being screened using a
function γ and by this the sum in (6.4) is split into a real space sum and a Fourier
space sum.

Ewald’s outstanding contribution was to introduce a screening function γ(ξ,x)
to split the source term in (6.3) as

σn(x) = σn(x) − (σn ∗ γ)(x) + (σn ∗ γ)(x) (6.5)
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The requirements on the screening function are that γ(ξ, 0) = 1, γ(ξ, |x| → ∞) → 0
and at the same time |γ(ξ,x)|L2

= 1. A set of such functions is being explored in
[34], however the most popular choice due to its fast decay is a Gaussian. To gain
more intuition on how the decomposition is performed see the illustration in Fig.6.2.
The decomposition in (6.5) leads to a component σn,R(ξ,x) = σn(x) − (σn ∗ γ)(x)
which will be evaluated in the real space and the remaining σn,F (ξ,x) = (σn ∗γ)(x)
in Fourier space. By the linearity of the Laplace operator the two problems can be
handled separately

−∆φn,R(x) = 4πσn,R(x), (6.6)

−∆φn,F (x) = 4πσn,F (x) (6.7)

To retrieve the full potential solution of the Laplace problem subject to periodic
boundary conditions it remains to sum up φ(x) =

∑
n φ

n,R(x) + φn,F (x).
The traditional screening function is a Gaussian with carefully chosen prefactors

that lead to suitable expressions, i.e. γ = ξ3π−3/2e−ξ2|x|2

. The real space sum can
be evaluated directly by computing the convolution

φn,R(x) = σn ∗ (δ − γ)(x)

=
∫

R3

qn

|y − xn|
∑

p∈Z3

(δ(y − xn + τ(p)) − γ(y − xn + τ(p)))dy

=
∑

p∈Z3

qn
erfc(ξ|x − xn + p|)

|x − xn + p| , x 6= xn

where the complementary error function erfc(x) = 1 − erf(x) is defined in terms of
the error function

erf(x) =
2√
π

∫ x

0

e−t2

dt .

To proceed to the solution of the second Laplace problem we write in the fre-
quency domain

−∆φn,F =
∑

k

k2φ̂n,F (k)eik(x−xn) (6.8)

Using the Poisson summation we express the right hand side of −∆φn,F (x) =
4πσn,F (x) as being

σn,F =
∑

p∈Z3

qnγ(x − xn + p) =
qn

V

∑

k

γ̂(k)eik·(x−xn)

=
qn

V

∑

k

e−k2/4ξ2

eik(x−xn) (6.9)

where the wavenumber k is defined as k ∈ 2πκ/L, κ ∈ Z
3 and k = |k|, and V

stands for the volume of the domain. From both (6.8) and (6.9) we obtain

φn,F =
4πqn

V

∑

k

e−k2/4ξ2

k2
eik·(x−xn) (6.10)
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To remove the ambiguity brought by the fact that the solution to a Laplace
equation is determined only up to a constant we need to set the requirement∫
R3 φ(x)dx = 0. It follows that φ̂F (k = 0) = 0, so it is reasonable to remove

the term k = 0 from the Fourier space sum.
Summing up over all point particles n we have the final expression for the

potential in a periodic setup

φ(xm) =
∑

n

′∑

p∈Z3

qn
erfc(ξ|xm − xn + p|)

|xm − xn + p|

+
4π
V

∑

k 6=0

e−k2/4ξ2

k2

∑

n

eik(xm−xn)qn − 2ξ√
π
qm (6.11)

The prime superscript over the real space sum indicates that the term p = 0,m = n
is being skipped. When we subtract off the point at n = m we get

lim
|x|→0

(
erfc(ξ|x|)

|x| − 1
|x|

)
= − 2ξ√

π
.

from which stems the last term in (6.11), the so-called self interaction.
The parameter ξ introduced through the Ewald decomposition controls at which

rate either the real space sum, or the Fourier space sum decays. Both sums are of
complexity O(N2).

6.2 Ewald summation for Stokes flow

The Ewald summation for Stokes flow can be found in the literature under two more
popular names, the Beenakker decomposition [7], or the Hasimoto decomposition
[31]. Both these decompositions are revised in a more modern framework in [46].
These are both based on Gaussian decompositions multiplying polynomials and
have similar decays, with a slightly faster convergence observed in the case of the
Hasimoto decomposition [46]. Both decompositions will be discussed briefly in the
following section.

A set of point particles immersed in a Stokesian flow at positions xn of forces
fn give a velocity at a point xm of

u(xm) =
∑

n

′∑

p∈Z3

S(xn − xm)fn , (6.12)

where the prime denotes that the point xm = xn is skipped for p = 0 and

S(x) =
1

8πµ

(
I

|x| +
xx

|x|3
)
. (6.13)
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The procedure to obtain a decomposition in two fast converging sums is idem to
the one pertaining to the Laplace equation and leads to an expression of the type

u(xm) = ur(xm) + uF (xm) + uself (xm) (6.14)

with the notation ur for the real space sum, uF the Fourier space sum, and uself

the self-interaction term.
Both decompositions that we present here have the form in (6.14) however the

terms in the real space sum and Fourier space sum differ from each other as will be
seen.

The Hasimoto decomposition

The Hasimoto decomposition can be derived in a similar way as previously explained
for the kernel of the Laplace equation using a screening function, as indicated in
[33],

γ(ξ, r) = ξ3/π−3/2e−ξ2r2

(5/2 − ξ2r2) .

The real space sum of the Hasimoto decomposition reads

ur(xm) =
N∑

n=1

′∑

p

Γ(ξ,xm − xn + p)fn , (6.15)

with

Γ(ξ,x) = C(ξr)
I

r
+D(ξr)

x̂x̂

r
,

and

C(ξr) = erfc(ξr) − 2ξr√
π
e−ξ2r2

, D(ξr) = erfc(ξr) +
2ξr√
π
e−ξ2r2

where we used the notation x̂ = x/|x|, r = |x|.
The Fourier space sum is

uF (xm) =
1
V

N∑

n=1

∑

k 6=0

Φ(ξ,xm − xn,k)fn , (6.16)

with terms given by

Φ(ξ,k) = B(ξ,k)e−k2/4ξ2

e−ik·x .

where for a wavenumber k is defined as k ∈ 2πκ/L, κ ∈ Z
3 and k = |k|

B(ξ,k) = 8π
(

1 +
k2

4ξ2

)
1
k4

(k2I − kk) . (6.17)

and

uself (xm) =
4ξ√
π
. (6.18)
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The Beenakker decomposition

The Beenakker decomposition can be derived using a screening function

γ(ξ, r) = ξ3/π−3/2e−ξ2r2

(10 − 11ξ2r2 + 2ξ4r4) .

This choice yields a real space sum component given as

ur(xm) =
N∑

n=1

′∑

p

Γ(ξ,xm − xn + p)fn , (6.19)

with

Γ(ξ,x) = C(ξr)
I

r
+D(ξr)

x̂x̂

r
,

and

C(ξr) = erfc(ξr) − 2√
π

(2ξ2r2 − 3)e−ξ2r2

, D(ξr) = erfc(ξr) +
2√
π

(1 − 2ξ2r2)e−ξ2r2

where we used the notation x̂ = x/|x|, r = |x|.
The Fourier space sum is

uF (xm) =
1
V

N∑

n=1

∑

k 6=0

Φ(ξ,xm − xn,k)fn , (6.20)

with terms given by

Φ(ξ,k) = B(ξ,k)e−k2/4ξ2

e−ik·x .

where for a wavenumber k is defined as k ∈ 2πκ/L, κ ∈ Z
3 and k = |k|

B(ξ,k) = 8π
(

1 +
k2

4ξ2
+

k4

8ξ4

)
(k2I − kk) . (6.21)

and

uself (xm) =
8ξ√
π
. (6.22)

Note that both decompositions contain in the real space sum the complemen-
tary error function, erfc(r), which for positive arguments can be approximated by
erfc(r) ≤ e−r2

. Thus the real space sum in both decompositions features an expo-
nential decay, i.e. e−ξ2r2

, that depends proportionally on the splitting parameter
ξ. The Fourier space sum decays also exponentially, like e−k2/4ξ2

, but this decay is
inversely proportional to the parameter ξ.
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The sole difference between the Beenakker and Hasimoto’s decomposition is in
the polynomial expressions that multiply these exponentials. A lower order poly-
nomial, such as in the Hasimoto decomposition, gives a faster decay of the sum,
albeit the difference is small in practice. For each of the sums to be computed
all the pair-wise interactions between the N particles have to be considered, thus
the computation of the sums is O(N2). As higher accuracy is desired the constant
grows and using a direct method becomes unfeasible unless N is small. This com-
putational complexity can be however reduced by using a fast Ewald summation
method, as will be seen in Section 7.

6.3 Error estimates and parameter choice

In numerical computations both infinite sums given in (6.14) must be truncated.
Here we focus on the Hasimoto decomposition which is used in the present thesis.
The parameter ξ affects both the accuracy and the efficiency. The computational
cost of evaluating the Fourier space sum can balance the cost of the real space sum
for a carefully picked ξ. Also for a chosen ξ the truncation can be performed such
that the method is of a certain accuracy δ. An error analysis already performed in
[46] can be used to assess the loss of accuracy due to truncation. The error analysis
is performed in euclidean norm for a particle positioned at xn. For the Stokeslet
it has been shown that if the sum Γ(ξ,x + p), is truncated at a certain cut-off rc

then the truncation error is

∣∣∣∣
∑

p

Γ(ξ,x+p)f −
∑

|x+p|≤rc

Γ(ξ,x+p)f
∣∣∣∣ ≤

∑

|x+p|>rc

||Γ(ξ,x+p)f ||2 ≤ ES
R(ξ, rc)||f ||2 ,

and ER(ξ, rc) can be estimated as

ER(ξ, rc) ≤ (12π + 16
√
πrcξ)

1
ξ2
e−ξ2r2

c . (6.23)

Similarly for the Fourier space sum it was obtained that the truncation error at
a certain k∞ is

∣∣∣∣
∑

k

|Φ(ξ,k)f −
∑

|k|≤k∞

|Φ(ξ,k)f
∣∣∣∣ ≤

∑

|k̄|>k∞

||Φ(ξ,k)f ||2 ≤ ES
F (ξ, k∞)||f ||2

where for k = 2πk̄ with k̄ = (k1/L, k2/L, k3/L) and ki ∈ Z, i = 1, . . . , N and
k∞ = |k̄|

EF (ξ, k∞) ≤ (2
√
πk∞ + 3ξ)

2√
π
e−k2

∞
(π/ξ)2

.

These estimates intertwine the cut-off in the real space rc, and the cut-off in the
Fourier space k∞ through the splitting parameter ξ for a fixed accuracy demand
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δ. However the expressions are not easily invertible for a given δ, i.e. it is hard to
solve ER(ξ, rc) ≈ δ using the expression in (6.23), and similarly for the expression
in (6.24). Using the observation that each error estimate follows a certain law with
respect to ξ we establish in Paper III using a curve fitting approach a set of relations
between parameters rc, ξ and k∞, ξ. Thus we have that

ER(ξ, rc) ≤ (12π + 16
√
πrcξ)

1

ξ2
e−ξ2r2

c → rc(ξ, δ) = ar(δ) · ξ−br(δ)

EF (ξ, k∞) ≤ (2
√
πk∞ + 3ξ)

2√
π
e−k2

∞
(π/ξ)2 → k∞(ξ, δ) = ak(δ) · ξ + bk(δ)

with a(δ) and b(δ) to be determined through curve fitting at a fixed δ.
This gives us the possibility to shift back and forth from rc to k∞ through ξ.

In Paper III we offer a thorough description on how the parameter choice is to be
performed and also how both sums are to be balanced for optimal efficiency at a
given accuracy.

6.4 Periodic Stresslet – Beenakker decomposition

Consider the same framework as previously, i.e. a set of points particles xi, i =
1, . . . , N in a periodic domain, Ω = [0, L)3 subject to periodic boundary conditions.
For any point particle x the periodic image is given by x+τ(p) with τ(p) = p1Le1+
p2Le2 + p3Le3, p ∈ Z

3. The discrete equivalent of the double layer formulation in
Section 2.2 reads

ul(xi) =
1

8π

′∑

p∈Z3

∑

j

T0,lmp(xj − xi + τ(p))fm(xj)np(xj) , i = 1, . . . , N (6.24)

where the prime over the sum over p stands for skipping the singular point i = j
for |p| = 0 and

T0,lmp(x) = −6
xlxmxp

|x|5 . (6.25)

The decomposition that stands out in the literature [15, 25, 49] is the one based
on Beenakker’s decomposition. According to Beenakker we can split the sum in
(6.24) as follows

uT
l (xi) = uT,r

l (xi) + uT,F
l (xi) (6.26)

The Fourier space sum is given in terms of the wavenumber k ∈ 2πκ/L, κ ∈ Z
3

and k = |k| as

uT,F
l (xi) = − 1

V

∑

k 6=0

∑

j

Φlmp(ξ,k)Smp(xj)ie−ik·(xi−xj) ,

with Smp(x) = fm(x)np(x), V the volume of the domain Ω and

Φlmp(ξ,k) = π

[
− 2

k4
klkmkp +

1

k2
(δmpkl + δlpkm + δlmkp)

](
8 + 2

k2

ξ2
+
k4

ξ4

)
e−k2/4ξ2
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With the same notation for Smp the real space sum is given as

uT,r
l (xi) =

′∑

p∈Z3

∑

j

Γlmp(ξ,xj − xi + τ(p))Smp(xj) , (6.27)

with

Γlmp(ξ,x) = C(ξ, |x|)x̂lx̂mx̂p +D(ξ, |x|)(δlmx̂p + δlpx̂m + δmpx̂l) , (6.28)

where x̂ = x/|x| and

C(ξ, r) = − 6

r2
erfc(ξr) +

(
− 12ξ

r
√
π

− 8ξ3r√
π

+
16ξ5r3

√
π

)
e−ξ2r2

D(ξ, r) =
8ξ3

√
π

(2 − ξ2r2)e−ξ2r2

.

According to [25] the stress tensor can be expressed in terms of an operator
Tlmp(x) = Ξ[r] where r = |x| and

Ξ(r) = [(δlm∇m + δmp∇l + δlp∇m)∇2 − 2∇l∇m∇p](r) ,

It can be easily verified that Ξ(r) leads to the expression (6.25). If now we decom-
pose the r = r erfc(ξr) + r erf(ξr) we can compute two sums

T r
lmp(x) = Ξ(r erfc(ξr)) ,

TF
lmp(x) = Ξ(r erf(ξr)) ,

By evaluating the above expressions the Beenakker decomposition of the Stresslet
as provided in (6.26) can be obtained.

As an alternative to this decomposition in Paper IV of this thesis a decompo-
sition with faster decaying properties was derived. The approach taken in Paper
IV to obtain the two final sums in (6.26) is however different. In Paper IV we
start from the expression of the stress tensor in terms of the pressure and gradient
of the velocity. Using the fact the fundamental solution of the pressure can also
be obtained as a function of the gradient of the kernel of the Laplace equation we
can use the decompositions stemming from the screening function that yields the
Hasimoto decomposition for Stokes flow, see Section 6.2 to obtain what proves to
be a decomposition with faster decaying sums.
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Fast Ewald summation methods

An Ewald type of decomposition such as the one mentioned in Section 6.2 involves
a sum in real space of decay e−ξ2r2

, as discussed in Section 6.2, where r is the
distance between particles and ξ the splitting parameter, and a sum in Fourier
space of decay e−k2/4ξ2

, where k is the wavenumber. For large ξ the real space
sum decays fast while the Fourier space sum decays slower and vice-versa. It seems
natural to choose a larger ξ such that the real space sum decays faster and seek
ways to use the Fast Fourier Transform (FFT) for the Fourier space sum evaluation.
This very idea is at the basis of fast Ewald summation methods.

To provide a brief overview of FFT based Ewald methods we follow [58]. Con-
sider we intend to evaluate φF =

∑
n φ

n,F (x), with φn,F (x) solving the Laplace
problem (6.7). Construct a function g(x) = γ ∗ 1/4π|x|, 1/4π|x| kernel of the
Laplace equation. To compute φF (xm) =

∑
n(g ∗ σn)(xm) at a particle position

xm we follow the outline of a FFT-based Ewald method

• Introduce a regular grid over the basic periodic cell.

• Spread or interpolate point sources over the regular grid, by considering a
mollified σ̃n; to grid smearing step.

• Compute the FFT of this grid function, i.e. σ̃n,

• Multiply by a modified Green’s function in Fourier space, φ̂F =
∑

n ĝ ˆ̃σn

• Compute the IFFT of the obtained grid function, φ̂F .

• Evaluate at target points using grid values, i.e. evaluate φF (xm); same inter-
polation procedure as in the spreading step above; from grid recovery step.

Extensive work on fast Ewald methods has been conducted in the field of molec-
ular dynamics and some of the methods in this field have been picked up also by
fluid dynamicists. The Particle-Particle Particle-Mesh algorithm (PPPM) due to
[36] and Particle Mesh Ewald (PME) [16] are some of the most cited and used
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algorithms. The PME method was first applied to the study of hydrodynamics
between suspended spheres by [28] and further systematized in the work on ’Stoke-
sian dynamics’ by [59]. A further refinement of the PME method, known as the
Smooth PME (SPME) [23] was also extended to flow problems by [57]. The ’to-

grid’ and ’from-grid’ steps in the FFT based Ewald method have been improved
in the SPME method by introducing high-order B-splines which lead to more accu-
rate interpolating schemes. However the polynomial interpolation can be bypassed
altogether by choosing properly scaled Gaussians that lead to a spectrally accurate
Ewald method (SE) [47].

The large scale simulations of fibers in periodic domains performed in Paper
III use the Spectral Ewald method to expedite the computations. Here we shall
describe how the Fourier space sum is to be treated using the Spectral Ewald on
the Hasimoto decomposition of the periodic Stokeslet, see 6.2.

7.1 Fourier space sum treatment

Consider a set of N point particles at positions xn in a domain Ω = [0, L)3 of
volume V . The distribution of particles is assumed uniform and of number density
ρ = N/V . Here we outline the principle of the fast summation method and for
brevity of the description the domain is a cube of side L, however in Paper III we
consider general rectangular domains.

The Fourier space sum in (6.14) using the Hasimoto decomposition takes the
form

uF (xm) =
1

V

N∑

n=1

∑

k 6=0

Φ(ξ,xm − xn,k)qn , (7.1)

with terms given by

Φ(ξ,k) = B(ξ,k)e−k2/4ξ2

e−ik·x .

where for a wavenumber k is defined as k ∈ 2πκ/L, κ ∈ Z
3 and k = |k|, the

amplification factor is

B(ξ,k) = 8π

(
1 +

k2

4ξ2

)
1

k4
(k2I − kk) . (7.2)

The basic idea of the Spectral Ewald method is to use the fact that a convolution
in real space is a product in Fourier space. Split

uF (xm) =
1

V

∑

k 6=0

B(ξ,k)e−(1−η)k2/4ξ2

e−ik·xm

N∑

n=1

f(xn)eik·xne−ηk2/8ξ2

.

and by setting

Ĥk =

N∑

n=1

f(xn)eik·xne−ηk2/8ξ2

(7.3)
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rewrite

uF (xm) =
1

V

∑

k 6=0

B(ξ,k)e−(1−η)k2/4ξ2

e−ik·xme−ηk2/8ξ2

Ĥ−k . (7.4)

Note that Ĥk =
∑

n fnv̂kŵk with v̂k = e−ηk2/8ξ2

and ŵk = e−ik·xn . This product
in Fourier space has a corresponding convolution in real space of the functions

v =

(
2ξ2

πη

)3/2

e−2ξ2r2/η and w = δ(x − xn).

This implies that we can write in real space

H(x) =
∑

n

f(xn)

(
2ξ2

πη

)3/2

e−2ξ2r2/ηe−2ξ2|x−xn|2

∗
/η , (7.5)

where | · |∗ denotes the distance to closest periodic image.
This representation of H is a sum of n properly scaled Gaussians with the peak

values centered at each point particle xn.
Let us define

̂̃
Hk = B(ξ,k)e−(1−η)k2/4ξ2

Ĥk (7.6)

then the Fourier space sum can be written

uF (xm) =
1

V

∑

k 6=0

̂̃
H−ke−ηk2/8ξ2

e−ik·xm .

Reverting to a computation in real space the Fourier component becomes

uF (xm) =

∫

Ω

H̃(x)

(
2ξ2

πη

)3/2

e−2ξ2|x−xm|2

∗
/ηdx . (7.7)

The advantage is that integrating in real space on a equidistant grid (here of
Mg grid points) over a full period can be performed with spectral accuracy using
the trapezoidal rule. A thorough discussion on the algorithm is offered in Paper
III and is based on the descriptions offered by [47]. The algorithm is reproduced
here only to assure a better understanding of the section to follow on fast Gaussian
gridding.

Consider the domain Ω = [0, L) to be discretized in a number of Mg points,
yielding a grid spacing h = L/Mg. The size of the grid to be considered in real
space (Mg grid points) is connected to the truncation of the Fourier space sum.
If a grid of Mg odd grid points is considered then, with the scaling k = 2πκ ,
κ ∈ Z

3, we have that κ ∈ {−(Mg − 1)/2, . . . , 0, . . . , (Mg − 1)/2}. Thus if the sum
is truncated at a certain κ∞ (in the aforementioned scaling) then Mg = 2κ∞ + 1.

The only free parameter in (7.5) is η which controls the shape of the Gaussians
e−2ξ2|x−xm|2

∗
/η. If we consider the width of a Gaussian after truncation to be w

then for a set of P discrete points in the support of the Gaussian at a spacing h
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away from each other we have w = Ph/2. If now, as explained in [46], we take the
width to correspond to m standard deviations w = σm, σ2 = η/4ξ2, we obtain that

η =

(
Phξ

m

)2

.

The number of points in the support of a Gaussian P and the parameter m, giving
the shape of the Gaussian, and by that the level of the Gaussian at the truncation
point are fixed for a certain accuracy requirement and guidelines for values to chosen
were provided already in [47].

Algorithm 1 Algorithm for fast computation of Fourier space sum

[1] Construct a uniform grid over the domain Ω = [0, L)3 with Mg grid points
and a spacing h = L/Mg.

[2] Set P and evaluate H using (7.5) for η = (Pξh/m)2. For this a fast Gaussian
gridding algorithm is used [47]. (m can be chosen as a function of P as
explained in Paper III)

[3] Use a three-dimensional FFT to evaluate Ĥ .

[4] Compute ̂̃
H using (7.6).

[5] Use a inverse FFT to retrieve H̃.

[6] Evaluate (7.7) using the trapezoidal rule, yielding spectral accuracy due to
the periodicity of the integrand. This again yields sums over Gaussians which
calls once more for the fast Gaussian gridding algorithm.

A simple operation count gives the following complexity of the algorithm

O(NP 3)︸ ︷︷ ︸
Eq.(7.5)

+ O(Mg
3 logMg

3)︸ ︷︷ ︸
F F T +IF F T

+ O(Mg
3)︸ ︷︷ ︸

Eq.(7.6)

+ O(NP 3)︸ ︷︷ ︸
Eq.(7.7)

(7.8)

7.2 Fast Gaussian gridding

The fast Gaussian gridding provides a mean of expediting sums of the form

H(x) = C
∑

n

fne−α|x−xn|2

∗ (7.9)

Adapting the ideas of Greeengard and Lee [27] we assume that H(x) is to be
evaluated over a constant grid x = [ih, jh, kh], where i, j, k = 0, . . . ,M − 1. In one
dimension, x = ih, the exponential can be evaluated as follows

e−α(x−xn)2

= e−α(ih−xn)2

= e−α((ih)2−2ihxn+x2

n) = e−α(ih)2

(eα2hxn)
i
e−αx2

n (7.10)
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The first term in (7.10) is independent of xn therefore all evaluations of e−α(ih)2

depend only on the grid spacing and can be performed once and reused for each
evaluation point xn. However the remaining terms depend on the source location
and have to be computed for each xn. The same procedure can be applied in all
directions. In applications the term (eα2hxn)

i
is at the risk of becoming very large,

thus incurring a loss of precision in ensuing computations. This is alleviated in [47]
by introducing a shift of the exponent t = x− xn.

If the sum (7.9) is evaluated directly on a grid of P 3 points it requires NP 3

evaluations of the exponential. By using instead the fast gridding in (7.10) only
4N evaluations of the exponential are needed followed by roughly N(P 3 +3P ) mul-
tiplications. The speed-up of this procedure is, as reported in [47], of approximately
15-20 times faster for a three dimensional problem.

The fast gridding technique is used in conjunction with the Spectral Ewald
method in steps [1] and [5] in Algorithm 1. The Gaussians used in the algorithm
have a support of P points however they are spread over the entire grid of Mg

points.

7.3 Real space sum treatment

Regarding the real space sum it has been mentioned that we seek to truncate it at
a lower cut-off to shift more of the work to the Fourier space sum. Let us assume
that the cut-off is less than the size of the domain, i.e. rc < L. It suffices then to
compute the real space sum only for particles within a sphere of radius rc. However
even if the cut-off is less than the domain size all pair-wise interactions have to be
computed to find those particles that lie at a distance less than rc away from each
other. This is highly inconvenient since it is an O(N2) operation. A more efficient
approach is to use what is known as the Linked Cell List algorithm [4].

Assume that for the domain Ω = [0, L)3 the real space sum can be truncated
at a cut-off rc such that rc = L/5. Then if we divide the domain as in Fig. 7.1a
we can perform a logical operation of assigning to each particle the box it belongs
to. Afterwards we can resume the computation of pair-wise interactions for each
particle and all of those in the 26 immediate neighbor boxes. Since each sub-box
is of volume r3

c and we regard here a uniform distribution of particles then we can
assume that the number of particles from all neighboring sub-boxes is Nc ≈ 27ρr3

c .
The number of pairwise interactions that have to computed then is (Nc − 1)N/2
instead of (N − 1)N/2. This can be further reduced through a refinement of the
list of neighbors for each particle by eliminating those particles that lie in the cube
of side 3rc but are at more than rc away from the current particle. This refinement
is known also as the Verlet list, for a graphical representation see Fig. 7.1b. The
number of neighboring particles reduces now to N∗

c ≈ 4π/3ρr3
c . With this algorithm

if N∗
c is preserved constant then the computation of the real space sum has a

complexity of O(N).
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Figure 7.1: Linked cell list division of the computational domain (rc = L/5).

7.4 Parameter choice for the Fast summation

The parameter ξ controls the decay of both sums and in Section 6.3 we have dis-
cussed how error estimates can be used to connect the cut-off in the real space rc

to the cut-off in Fourier space k∞. In practice we can use the relations explained
in Section 6.3 and detailed in Paper III to establish what parameters to choose
for a certain accuracy requirement to be met. However for the fast summation
method to be efficient we need to commit the real space truncation at a very small
rc and shift more computational work in the Fourier space where FFTs can speed
up computations. This is the key-point of the fast summation method since the
real space sum is O(N) only if the truncation of the real space sum rc is preserved
proportional to the number density ρ, i.e. rc ≈ 3

√
1/ρ. Also the constant of the

complexity cost is large if rc not significantly smaller than the size of the domain.
The key steps, also described in Paper III, are

Key steps

[1] Identify the simulation input data: N number of particles, Ω = [0, B)3 the
domain, δ desired accuracy.

[2] Choose ξ0 such that rc < B/3.

[3] Perform a set of simulation for ξ = ξi, i = 1, . . . , p, and ξ0 < ξ1 < . . . ξp.

[4] For each new ξi compute the cut-offs rc, k∞ that yield an accuracy δ.

[5] Find ξ = mini(t(N, ξi)), where t(N, ξi) is the computational time for a simu-
lation with N particles at a ξi.
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The choice rc < B/3 as a starting parameter is needed since as noted in Sec-
tion 7.3 the Linked Cell list is efficient only if the number of pairwise computations
is reduced to a subvolume of the domain Ω. However for fiber suspensions, see Pa-
per III, we have already computed the optimal ξ for a set of input parameters. The
optimality of ξ mentioned here is in terms of computational cost. If one optimal ξ
is known then the problem can be scaled to find an optimal ξ for any other set of
input parameters. Details on this procedure can be found in Paper III.





Chapter 8

Summary of papers and division of

work

Paper I

The first paper entitled ’Corrected trapezoidal rules for a class of singular kernels’

develops a type of high-order quadrature that handles singular kernels. In one-
dimension we consider kernels s(x) = |x|γ with γ > −1 and in two-dimensions
γ = −1. The core of the manuscript deals with the theoretical analysis of the
accuracy of the developed quadrature rules. We also provide careful descriptions
concerning the techniques used together with implementation considerations. The
rules that have been constructed are investigated numerically and shown to match
the theoretical results. Under the supervision of Olof Runborg and Anna-Karin
Tornberg the author of this thesis has written a large part of the manuscript,
performed the proofs in two dimensions and the numerical computations.

Paper II

The second paper, ’A wall treatment for confined Stokes flow’ extends the principles
of the same type of quadrature rule that has been analyzed in Paper I to the singular
kernel given by the fundamental solution of Stokes equations (i.e. the Stokeslet).
A quadrature rule that integrates the Stokeslet over a flat plate is developed and
validated numerically. This quadrature rule is used to model a wall in the classical
problem of a sphere sedimenting towards a straight wall. The analytical solution
of the sphere-wall problem provides a good reference case against which we can
analyze the strengths and short-comings of our approach to wall treatment. The
author of this thesis developed the quadrature rule with feed-back from Anna-
Karin Tornberg and also the algebraic treatment of the system. The author also
performed the numerical computations and wrote the manuscript with feed-back
from Anna-Karin Tornberg and Katarina Gustavsson. Appendix B was contributed

49
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by Katarina Gustavsson. This work is based on a parallel Fortran code developed
by the author for fibers sedimenting onto a flat plate which was the initial research
project of this thesis. However this project was canceled after two and a half years
since the slender body theory proved to not yield satisfactory results in conjunction
with fully discretized walls. The quadrature rule developed in this paper stemmed
from the studies in Paper I and the fiber suspension was replaced by a sphere in
the initial code to offer a proper validation of the method.

Paper II is published in Computers & Fluids, vol. 66, pp. 215–230 (2012) [52].

Paper III

The third paper A fast summation method for fiber simulations deals with the
simulation of a large suspension of fibers in periodic domains. The fiber-fiber in-
teraction model is based on the slender body theory and involves integrals in terms
of both the Stokeslet and the Laplacian of the Stokeslet (Dipole). The Stokeslet
is periodized using the Hasimoto decomposition presented in Section 6 and to ob-
tain similar decay of the constituent sums the periodic Dipole had to be derived
starting from the same decomposition. A straight-forward method of obtaining the
truncation parameters needed by the fast Ewald method was derived for both the
periodic Stokeslet and periodic Dipole that enter the fiber-fiber interaction model.
The Spectral Ewald method initially designed for point particles was adapted to
handle analytic integrals over fibers in close vicinity to each other. Based on the
idea of Anna-Karin Tornberg to perform large scale simulations using the Spec-
tral Ewald method the author of this thesis derived the aforementioned numerical
treatment. The numerical tests, followed by the numerical simulations were per-
formed under the supervision of Anna-Karin Tornberg. The author of this thesis
wrote the manuscript with feedback from Anna-Karin Tornberg on the mathemati-
cal model and numerical method and Katarina Gustavsson on the fiber suspension
simulations.

Paper IV

A new fast converging decomposition for the periodic Stresslet establishes a new
decomposition for the periodic kernel of the stress tensor (Stresslet). Based on the
knowledge that the stress tensor can be expressed in terms of the pressure and the
gradient of the velocity it was possible to obtain a new decomposition with faster
decaying sums than the decomposition already present in the literature which is
derived using the Beenakker approach. The novel decomposition stems from the
splitting scheme by Hasimoto for the periodic kernel of the Stokes flow (Stokeslet)
presented in Section 6 and a new decomposition for the Laplace kernel, as will be
explained in Paper IV. The entire manuscript from idea, derivation and numerical
implementation to the redaction of the paper has been performed by the author of
this thesis.
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Paper V

A numerical integration technique for the singular kernels of Laplace and Stokes

equations over some curvilinear surfaces extends the work in Paper I and II to a
set of curvilinear surfaces. It is more difficult to obtain modified weights for the
singular kernels of Laplace and Stokes over non-flat surfaces since it is not possible
to compute analytical solutions using exponentials as it is done in Papers I and II.
Thus an approach using repeated Richardson extrapolation is used. For complex
geometries the modified weights used in the correction operator are not universal.
Therefore we identify a class of parameterizable surfaces that yield correction op-
erators which do not require the computation of modified weights in each discrete
point. The author of this thesis wrote the manuscript and performed the numerical
tests based on a self-directed idea.
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