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Abstract

Noise is a major environmental pollutant, which can inflict physical and psy-
chological injury. An important noise contribution stems from aeroacoustic
sources, which are found in e.g., ventilation ducts, engine exhaust systems and
airplane engines.

In this thesis, research methods for low Mach number aeroacoustic sources
in ducts are developed. The basis of the methods is the ability to describe the
intrinsic linear properties of the source as an N-port (multiport), where the
output sound field is related to the input sound field and the generated sound
field, all consisting of plane waves. The methods presented are both numerical
and experimental. The numerical method treats the passive properties, i.e.,
scattering, attenuation and amplification of incident sound, while the experi-
mental method treats the active part (intrinsic sound generation) as well. The
methods are applied in the study of noise generation by a vortex mixer plate,
placed in an airflow of Mach 0.2, and in the study of acoustic-hydrodynamic
interaction in a T-junction of rectangular ducts.

It is found that the accuracy of the experimental methods is significantly in-
creased when the equations are over-determined, which is achieved by adding
additional microphones to the test rig. In the frequency range studied, the
mixer plate is found to generate less sound when made flexible, without dis-
turbing the mixing quality.

For the numerical method – based on the linearized Navier-Stokes equa-
tions, a model of the oscillation of the Reynolds stress (“turbulent damping”)
due to the acoustic field is introduced. By comparing with experimental re-
sults, it is found that not using this model results in an over-prediction of the
amplification at higher frequencies with several factors in magnitude, while
implementing the model results in a much better agreement.

Descriptors: Aeroacoustics, Multiport, Experiments, Computational Aeroa-
coustics, Mixer Plate, T-junction.
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In all science error precedes the truth,
and it is better it should go first than last.

Earl Horace Walpole (1717 - 1797)
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Paper C
The methods and ideas of this paper are based upon the work by Karlsson
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CHAPTER 1

Introduction

1.1. Background

In the 21st century society, noise is a major environmental pollutant, capa-
ble of inflecting serious physical and psychological injury. The noise sources
range from children shouting in a preschool class, to aircraft engines, both ex-
amples of sources which – although different in most aspects – are virtually
impossible to silence without violating other constraints. For aircraft engines,
vehicles in general, pumps and power plants etc., these constraints consists of
criteria for e.g., fuel efficiency, production cost, geometry, functionality and
longevity. Often, the noise issue is far below these constraints on the agenda,
especially in the early design stage. Living with this reality, a whole team of
engineers may be put to a year of hard work just to cut one dB off the noise
level of their company product. However, sometimes the engineering tools at
hand fail to explain the underlying mechanisms to an observed phenomenon,
or even predict it. Hence, new concepts must repeatedly be obtained and im-
plemented. For this reason, industrial partners often fund acoustic research
projects in academia. For the research society, this has the consequence that
the results are relevant and often directly applicable. The main drawback of
such an applied science, is that it force researchers to focus only on research
which companies are willing to pay for. The answer to which research is most
valuable to mankind is sometimes – although far from always – best answered
by professors, doctors and their students.

This thesis work is mostly funded by the Swedish government, via the Linné
FLOW Centre, and focus has therefore been possible to move beyond suggesting
design changes. Nevertheless, the application of the research presented in this
thesis is close at hand; experimental and numerical analysis tools to describe
aeroacoustic phenomena are developed and used to study interesting objects.

1.2. Aeroacoustics

This thesis deals with generation, propagation, scattering, amplification and
attenuation of sound in a moving fluid – a branch of science generally referred
to as aeroacoustics. The birth of this branch can be traced to the early 1950s
and the works by Lighthill (1952, 1954), in which he presented his now famous
analogy, showing how sound can be produced by the fluid itself – without the

3



4 1. INTRODUCTION

presence of a vibrating body. Lighthill was later followed by Curle (1955)
who modified the analogy of Lighthill to treat sources due to flow past rigid
boundaries. Williams & Hawkings (1969) generalized Curle’s analogy to include
moving boundaries. Powell (1964) showed that for low Mach number flows the
source can be expressed explicitly in terms of vorticity, which led to an un-
derstanding of flow-acoustic interaction and the dissipation and amplification
of sound. Howe (1975) continued this work and derived a homogeneous con-
vected wave equation for irrotational flow, as well as an expression for sources
in regions of vorticity.

The strength of the vortex sound theory of Powell (1964) and Howe (1975)
is that it is able to predict coupling between acoustic and hydrodynamic fields,
something that Lighthill (1952, 1954) assumed negligible. This was not a prob-
lem when studying the noise of the free jets from aircraft engines, but in internal
flows the acoustic waves may propagate through regions of flow separation at
sharp edges, where the shear layer can interact with the waves. In addition,
there are often resonances in side branches which can result in high amplitudes
of acoustic oscillations, in which case it can no longer be argued that the hydro-
dynamic flow is unaffected by the sound waves. To calculate the source term
using the vortex sound theory, the vorticity must be known, which reduces
the applicability of the theory to some generic cases, unless of course, the flow
field can be obtained via measurements or numerical simulations. However,
even when it is not possible to use the theory directly, it can still give insight
on how to interpret experimental and numerical observations, as well as sup-
port and give inspiration for new engineering models. In this thesis, it will
be used to explain the phenomena responsible for acoustic amplification by a
hydrodynamic shear layer across a sidebranch, in the form of a T-junction.

1.3. Governing Equations

The motion of ideal fluids to which a continuum approach applies, and hence
acoustic waves, are governed by the Navier-Stokes equations (Batchelor 2000).1

They can be written on the form

Dρ

Dt
+ ρ

∂ui
∂xi

= 0, (1.1)

ρ
Dui
Dt

= − ∂p

∂xi
+
∂τij
∂xj

+ ρFi, (1.2)

ρ
De

Dt
= −p∂uk

∂xk
+ Φ +

∂

∂xk

(
κ
∂T

∂xk

)
, (1.3)

1Although the Navier-Stokes equations were written down in the 19th century, the uniqueness
of smooth, physically reasonable solutions in R3 is yet to be proven (Fefferman 2000), and
is in fact one of the seven Clay Institute Millennium Prize Problems, each with an award of

$1.000.000.



1.3. GOVERNING EQUATIONS 5

where the viscous stress tensor τij and the dissipation function Φ are defined
as

τij = µ

(
∂ui
∂xj

+
∂uj
∂xi
− 2

3

∂uk
∂xk

δij

)
, (1.4)

where the bulk viscosity has been omitted2, and

Φ = τij
∂ui
∂xj

, (1.5)

where u is the fluid velocity, ρ the density, p the pressure, T the absolute
temperature, κ the thermal conductivity and e the internal energy. Fi is a
body force term, µ the dynamic viscosity and δij the Kronecker delta. The
material derivate is defined as

D

Dt
=

∂

∂t
+ u · ∇ (1.6)

The Navier-Stokes equations are nonlinear partial differential equations, and
analytical solutions exist only for a limited number of flows. Unfortunately,
to compute solutions using Direct Numerical Simulation (DNS) is for most
applications too computationally demanding, and will be so for decades to
come. Therefore simplifications leading to suitable equations are needed. To
obtain linear acoustic equations, the flow quantities are split into a mean (time
averaged) flow part and a small acoustic part. In order to further simplify the
equations, the energy equation, i.e., Eq. (1.3) is decoupled by assuming an
isentropic flow. This assumption is written as

p̃ = c20ρ̃, (1.7)

where the tilde refer to an acoustic quantity, and where c0 = γRT is the
adiabatic speed of sound, with γ being the ratio of specific heats and R the
universal gas constant. The isentropic assumption, along with the constant
time averaged density assumption, are both violated at Mach numbers (see
section 1.5 on page 8) approaching unity. However, acoustic fields in low Mach
number hydrodynamic flows (0.3 and below say) are well described by these
approximations.

Now, introducing these assumptions, linearizing Eqs. (1.1) and (1.2) as
well as introducing a velocity potential together with an assumption of irrota-
tional and homentropic flow, neglecting dissipation effects and body forces, the
homogeneous convected wave equation for low Mach numbers, can be derived
as (Howe 1998)

2The bulk viscosity is important for damping of free waves, but for waves in ducts the

damping is dominated by the shear occurring close to the walls.



6 1. INTRODUCTION

(
1

c20

D

Dt

2

−∇2

)
φ = 0 (1.8)

where φ is the velocity potential. The analytical solution for 1-D wave propa-
gation of this equation is the basis of the wave decomposition methods used in
this thesis.

1.4. Internal Flows and the Multiport Model

The solution to Eq. (1.8) consists of several waves, which in the case of a duct,
will propagate along the axis in both directions (if the flow is subsonic). Below
the cut-on frequency of higher order modes, only plane waves will propagate in
the duct. For ducts and pipes having constant cross-section, the acoustic field
at a position xj and at the time t can then be written as

Ã(xj , t) = Ã+e
i(2πft−k+xj) + Ã−e

i(2πft+k−xj), (1.9)

where Ã is a complex field quantity, e.g., the acoustic pressure, + and − refer to
downstream and upstream propagating waves, f is the frequency and k± is the
wavenumber. Note that imbedded in Eq. (1.9) lies another assumption, namely
that the acoustic field is time-invariant. Put in other words, the frequency of
a wave is constant in time and space. Also, it should be noted that the e+i2πft

sign convention is used. For straight pipes with constant cross-sections, the
main effect of a low Mach number flow is the convective modification of the
sound propagation. Compared to waves in a quiescent fluid, when subject to
a mean flow sound waves propagate slower and with shorter wavelengths in
the upstream direction, and faster and with longer wavelengths in the down-
stream direction. The flow also induce additional damping of the waves, which
sometimes cannot be neglected. Both these effects are possible to model by the
complex wavenumber k±, which then is a function of propagation direction.
For the experimental methods in this thesis, the wavenumber model suggested
by Dokumaci (1997) is used, and is given by

k± =
kK0

(1±K0M)
, (1.10)

where k is the wavenumber in the quiescent fluid neglecting losses, hence it is
given by

k =
2πf

c0
, (1.11)

where c0 is the speed of sound in the quiescent fluid. M is the Mach number,
see section 1.5 on page 8, and K0 is given by
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K0 = 1 +
1√
2

(
1− i
s

)(
1 +

γ − 1√
Pr

)
, (1.12)

with γ being the ratio of specific heats, Pr the Prandtl number and s the shear
wavenumber, given by

s = r

√
ρ02πf

µ
, (1.13)

where ρ0 is the ambient density, µ the dynamic viscosity and r is the duct
radius. For the rectangular cross-sections in this thesis, r is defined as the
radius of a circle with the same circumference as the rectangular cross-section.

In the case of area changes, side branches and other flow constrictions, the
acoustic field can be scattered, attenuated or amplified by the geometry and
by the hydrodynamic field. The plane wave assumption does not hold for these
duct element types. However, if the intrinsic element process is linear and time-
invariant, an N-port (multiport) model of the element can be applied (Bodén
& Åbom 1995). The N-port is simply a matrix formulation of the N number of
equations relating incoming sound waves to the outgoing waves, including waves
generated by an intrinsic source. A common variant of the N-port is the transfer
matrix formulation (Pierce 1989), which is suitable for direct implementation in
linear network calculations (Glav & Åbom 1997). For physical interpretation
of the matrix elements, the scattering matrix formulation (Åbom 1991) is a
better choice, and will be used throughout this thesis. It should be noted
though, that any of these formulations can be obtained from the other via a
linear transformation. The scattering matrix formulation is then written as


Ã

(1)
+

Ã
(2)
+
...

Ã
(N)
+


︸ ︷︷ ︸

Ã+

=


ρ1 τ21 . . . τN1

τ12 ρ2 . . . τN2

...
...

. . .
...

τ1N τ2N . . . ρN


︸ ︷︷ ︸

S


Ã

(1)
−

Ã
(2)
−
...

Ã
(N)
−


︸ ︷︷ ︸

Ã−

+


Ã
s(1)
+

Ã
s(2)
+
...

Ã
s(N)
+


︸ ︷︷ ︸

ÃS
+

, (1.14)

where S is the scattering matrix, ρj is the reflection of incident waves in duct
j, τij is the transmission of incident waves in duct i to duct j, and where the
superscripts (j) and (s) refers to the duct numbering and to a wave generated
by the source, and propagating outwards in duct j, see Figure 1.1.

This clear interpretation of the magnitude and phase of the matrix elements
is definitely one of the reasons to use this model. The most important reason
however, is that once obtained, it can be used to calculate the response of the
element when placed in any (but linear) pipe network. Having determined the
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Figure 1.1. Schematic figure of an N-port element.

scattering matrix for a number of common elements such as a straight duct,
an expansion chamber and a pipe outlet, the response of an entire network can
be calculated for the complete plane wave range in a matter of seconds, using
a standard pc.3

The limitations of the N-port on the other hand, consists of the linearity
and time-invariance assumptions, and the fact that while the matrix elements
enable easy observations of the relation between input and output, there is no
information offered as of how the acoustic and hydrodynamic fields inside the
element look. Thus, drawing conclusions from experimentally determined N-
port requires additional knowledge and – sometimes – guesswork. To confirm
hypotheses spawned in this matter, detailed experiments or numerical calcula-
tions of the intrinsic flow and acoustic fields are needed.

1.5. Non-dimensional Numbers

In aeroacoustic research, non-dimensional numbers are used to generalize, in-
terpret and predict results. For the hydrodynamic flow, the Reynolds number
is used to check the similarity of two flows. It is the ratio of the inertia forces
over friction forces acting on a fluid particle and is written as (Schlichting 1968)

Re =
Ud

ν
, (1.15)

where U is the characteristic velocity, d is a characteristic length (in this thesis
the diameter of the duct) and ν is the kinematic viscosity of the fluid. Here it is
used to obtain a proper model of the velocity profile in the duct. In cases of flow

3Analytical solutions for arbitrary dimensions exist for e.g., straight pipes, cones, area ex-
pansions and side branches, although they often neglect interaction between the acoustic and
the hydrodynamic fields.
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separation, the Strouhal number is often used to obtain a velocity independent
frequency scale. It can be written as (Schlichting 1968)

St =
2πfd

U
, (1.16a)

or

St =
fd

U
, (1.16b)

where f in aeroacoustic applications usually is the frequency of the flow gen-
erated sound or of incident waves. In this thesis, both ways of defining the
Strouhal number are applied. To calculate the propagation of sound waves in
a duct the Mach number must be known, and for this purpose it is expressed
as (Schlichting 1968)

M =
U

c0
, (1.17)

where throughout this work, U is chosen as the mean velocity over the cross
section. A fourth non-dimensional number is the Helmholtz number, which
often is used in acoustics to compare the size of an object with the wavelength
of a sound wave. It is commonly written as (Pierce 1989)

He =
2πd

λ
=

2πfd

c0
= M · St, (1.18)

with λ being the wavelength. In fluid mechanical research, it is very common to
use non-dimensional viscous lengths. In this thesis, the viscous length referred
to as wall distance is used. It reads (Pope 2000)

y+ ≡
y

δν
=
y

ν

√
τw
ρ
, (1.19)

where y is the wall normal distance, δν is a viscous lengthscale and τw is the
wall shear stress. y+ is similar to a Reynolds number in that its magnitude
describes the relative importance of viscous to turbulent effects.



CHAPTER 2

Experimental method

In this chapter, the N-port experimental determination procedure is described.
Specifically, method improvements are presented and their effects studied. The
methods discussed are validated experimentally. In order to investigate exper-
imentally which wave decomposition method yields the least errors, the 2-port
test rig shown in section 2.3 is used, where the 2-port simply consists of an
empty duct. Notable is the long distance – ≈ 1.5m – from the microphone
arrays to the center of the duct.

For linear, active N-ports (i.e. where the source vector is nonzero) there
are experimental methods with an external source and without an external
source. The methods without an external source are so called multi-load meth-
ods (Bodén & Åbom 1995) and are best suited when the source generated
pressure amplitude is very high ( > 130 dB in air). A typical example (one-
port case) is the determination of acoustic source data on IC-engines (Bodén
1995; Jang & Ih 2000). If the source is of only moderate strength, the methods
with external sources are preferable, since a better control of the sound spec-
trum and a better flow noise suppression is possible. In this thesis, the latter
type of methods is used, with loudspeakers as external sources.

The methods with an external source are two-step methods; first the passive
properties of the N-port and the reflections in the test rig are obtained using
an external source (Munjal & Doige 1990) to excite a sound field. The sound
field is then measured using flush mounted microphones. The main problem in
the first step is to suppress flow noise generated by the turbulence in the test
rig, and also to suppress the N-port source itself, since the N-port matrix is
calculated assuming that the source vector is zero.

In the second step, the external loudspeaker is shut off, and the source
vector is determined. The main problem is then to extract the sound generated
by the N-port from the noise in the rig.

2.1. Passive Part

The passive part consists of the scattering matrix, which describes reflection,
transmission, attenuation and amplification of the incident field. The scat-
tering matrix contains N2 complex parameters, and thus require N2 complex
equations in order to be completely determined. Considering Eq. (1.14), it is

10



2.1. PASSIVE PART 11

apparent that by experimentally obtaining the input and output vectors for
a given acoustic field, N of these equations are obtained. Thus, in order to
close the problem, N linearly independent acoustic fields must be measured,
and the input and output vectors must be obtained from each of these fields.
The easiest way to achieve this is to have several loudspeakers attached to the
rig, and excite the sound field from a different branch for each field required.
However, for N-ports with large transmission loss, it might be a good idea to
excite on several sides simultaneously. In that case, the relative phase between
the loudspeakers could be changed instead of their positions. When the system
in Eq. (1.14) is finally closed, the scattering matrix is obtained via

S =
[
ÃL1

+ ÃL2
+ · · · ÃLJ

+

] [
ÃL1
− ÃL2

− · · · ÃLJ
−

]−1
, (2.1)

where ÃLJ
± refers to the complex amplitude vector measured during loudspeaker

setup number J . In this work, the effect of over-determining the N-port matrix
by measuring on more than N fields has been tested for the case of an empty
straight duct subject to a flow of Mach 0.207, see paper B. The results indicate
that extra measurements are indeed useful, however they are best used in order
to provide a larger selection of useful data. This enables a procedure by which
poor data can be discarded, the choice being based upon the coherence (Bendat
& Piersol 1980) between the loudspeaker signal and the microphone pressure.

2.1.1. Wave Decomposition

In order to obtain the acoustic fields necessary, apart from exciting them, they
must also be measured and analyzed. This is done via flush mounted mi-
crophones and a preferred wave decomposition method (Schmidt & Johnston
1975; Seybert & Ross 1977; Fujimori et al. 1984; Jones & Parrott 1989; Allam
& Åbom 2006). These methods are based upon Eq.(1.9), but vary depending
on number of microphones and mathematical treatment. For the sake of easy
reading, the equation is here repeated, as well as expressed in terms of the
acoustic pressure.

p̃(xj , t) = p̃+e
i(2πft−k+xj) + p̃−e

i(2πft+k−xj), (2.2)

The simplest treatment of Eq.(2.2) is the two-microphone method (Schmidt
& Johnston 1975; Seybert & Ross 1977) in which the wavenumbers are assumed
known. Thus, the only unknowns are the complex amplitudes of the two prop-
agating waves. Consequently, only two microphones are required (that is, two
for each duct attached to the N-port). However, the obtained equation system
involves division by a term which approach zero, as the microphone spacing
approach half a wavelength. In order to take this and other error types into ac-
count, Åbom & Bodén (1988) formed the following criterion on the microphone
spacing
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0.1π <
2πf

c0

∆x

1−M2
< 0.8π, (2.3)

By sampling the field at more than two positions along the duct it is possible
to broaden the frequency band in which the error sensitivity is kept low. In
paper B of this thesis, methods of utilizing an array of more than two positions
(microphones) is investigated experimentally and discussed. Here, the method
found to be the most suitable is described. This method is a variant of the over-
determination method by Fujimori et al. (1984), who formulated Eq. (2.2) as
a least squares problem, which is equivalent to solving the over-determined
system


ei(2πft−k+x1) ei(2πft+k−x1)

ei(2πft−k+x2) ei(2πft+k−x2)

...
...

ei(2πft−k+xJ ) ei(2πft+k−xJ )


︸ ︷︷ ︸

A

=

(
p̃+
p̃−

)
︸ ︷︷ ︸

p̃±


p̃(x1, t)
p̃(x2, t)

...
p̃(xJ , t)


︸ ︷︷ ︸

p̃

, (2.4)

where the Euclidian norm of Ap̃± − p̃ is minimized by solving Eq. (2.4) us-
ing the Moore-Penrose pseudo-inverse of A, see e.g. (Bendat & Piersol 1980).
When the number of microphones J in the array is only two, Eq. (2.2) re-
sults in a determined system, which is identical to the two-microphone method
(Schmidt & Johnston 1975; Seybert & Ross 1977). As the number of micro-
phones increase, the system become over-determined which is why the opti-
mization works, as long as the longest and shortest microphone distances fulfill
the criteria in Eq. (2.3), that is. However, even when they do, the criteria in
Eq. (2.3) can still be of importance. For an abundant set of microphones in the
array, there are two possibilities: either all microphones are put into the equa-
tion system, or – when possible – the over-determination is for each frequency
used with the largest set of microphones of which all intermediate distances
fulfill the distance criteria. By studying the measured scattering matrix for an
empty cross section at Mach 0.207, see Figure 2.1, it can be concluded that the
distance criteria in Eq. (2.3) should be taken into account.

2.1.2. Mach Number Determination

A part of aeroacoustic research in general is to include the hydrodynamic field
as well; partly because shear layers and separation of discrete vortices can tell
much about sound attenuation and amplification, and in addition the propa-
gation constants (wavenumbers) depend on the flow as well. For the purpose
of capturing vortex structures, several optical methods are available. In this
thesis, particle image velocity (PIV) has been used during the measurements
of a triangular plate (Paper A) at Mach 0.1, both to capture vortex structures
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Figure 2.1. Scattering matrix elements at Mach 0.207 in a
straight duct, obtained using over-determination. Blue line:
microphone distance taken into account. Red line: microphone
distance ignored. a) magnitude of upstream reflection coeffi-
cient, b) magnitude of upstream to downstream transmission
coefficient, c) phase of upstream to downstream transmission
coefficient, d) phase of downstream to upstream transmission
coefficient.

and to obtain the flow velocity profile. The results of this measurement are
presented in section 4.1.3. However, when the mean flow velocity is the only
required quantity, setting up a PIV measurement is a waste of resources. A
common method, which also is used in this work, is to obtain the flow velocity
at the duct centre line with a Prandtl tube. The average flow velocity is then
obtained approximately via the empirical 1/7-power law (Schlichting 1968)

ū1
ūa

=
( r
R

)1/7
, (2.5)

where ū1 is the velocity parallel to the duct centre line, ūa the velocity at the
duct centre line, R the duct radius and r the radial coordinate. The 1/7-power
law is known to give a good agreement with experimental data in a smooth
pipe, at Re ∼ 105, except at the axis line where the two boundary layer profiles
meet and give rise to a rather unphysical discontinuity in the profile derivative.
Using this relation yields a ratio between the mean and centre line velocity of
about 0.82. It should here be noted that the measurement data obtained by the
Prandtl tube apparatus, was converted into flow speed using the incompressible
Bernoulli equation (approximately valid below Mach 0.3). By instead using
the compressible Bernoulli equation and assuming adiabatic changes of state
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(Anderson 1990), a Mach number a few percent smaller is obtained. Due to this
discrepancy as well as the uncertainty in the velocity distribution assumption,
errors of a few percent in the Mach number can be expected. For the plane
wave decomposition, the phase error induced by having an error of 5% in the
Mach number is negligible, however if propagation is calculated over longer
distances or for high frequencies, the argument of eikx become large, hence
even a small error in either k or x is significant.

The full wave decomposition method presented by Allam & Åbom (2006)
solves for the complex wavenumbers and amplitudes. Hence, the Mach number
is no longer required for acoustic calculations. However, as is shown in paper B
of this thesis, this method is very sensitive to input errors, and could not be used
in this work. Instead, an approach where only the real part of the wavenumbers
are solved for is presented. Just as the method by Allam & Åbom (2006), the
non-linear system (but with real wavenumbers) in Eq. (2.2) is solved for using
the Gauss-Newton algorithm (Dahlquist & Björck 1974). To obtain an initial
guess, the wave decomposition method described in the previous section is
used, where the Mach number is obtained via Prandtl tube measurements.
Then for each frequency point, the mean Mach number is determined from the
real part of the solved wavenumbers, together with a wavenumber model. Here,
the model described in Eq. (1.10) is used, and the resulting Mach number is
averaged over the frequency range. This process is repeated using the new Mach
number to obtain the initial guess. Once the Mach number has converged in
this process, it is used together with the wave decomposition method described
in the previous section. The benefit of this is shown in Figure 2.2. The figure
shows scattering data for a straight duct section moved to the middle of the
section, i.e. around 1.5 m from the microphone positions. Ideally the result
should be 0 for the reflection and 1 for the transmission.

As it proves to be efficient for the 2-port test rig, this method is used in
determining all passive data shown in this chapter. It was however not as
successful in the T-junction test rig, likely due to the small velocity in the side
branch, and the fact that the microphone arrays were shorter and much closer
to the N-port element. Thus, for the T-junction experiments, described in
chapter 5, the Mach number was determined via Prandtl tube measurements.

2.2. Active Part

The main challenge in measuring the active part, i.e., the intrinsic source of
an N-port, is to distinguish between the sound generated by the N-port, and
other sound sources present in the test rig. In addition, microphones will pick
up local hydrodynamic pressure fluctuations that are not sound, but might
actually dominate the frequency spectrum of the signal. This cannot in general
be remedied by the use of a reference signal when measuring on flow generated
noise sources, since no such reference exist. Apart from this problem, the
contribution from reflections and transmission in the test rig and the N-port
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Figure 2.2. Scattering matrix elements in a straight duct,
obtained using over-determination with microphone distance
criteria taken into account. Blue line: Mach number from
acoustic measurements (M = 0.207). Red line: Mach number
from Prandtl tube measurement (M = 0.201). a) magnitude
of upstream reflection coefficient, b) magnitude of upstream to
downstream transmission coefficient, c) phase of upstream to
downstream transmission coefficient, d) phase of downstream
to upstream transmission coefficient.

itself must be taken into account. Otherwise, the result will depend on the test
rig, and hence it will not be the intrinsic property sought for. The reflection
and transmission of the N-port is described by the scattering matrix, while the
scattering properties of the test rig can be expressed by the test rig reflection
coefficient, which at port j is given by

R(j) =
p̃
(j)
−

p̃
(j)
+

. (2.6)

Any sound emitted in the test rig beyond the cross section of the reflection
coefficient – be it flow noise or sound from a loudspeaker – results in errors in
this formula, and must be suppressed. Therefore, when measuring e.g., R(1),
the loudspeakers in the N-port branch 1 must be switched off.

2.2.1. The Source Cross Spectrum Matrix

Once the reflection coefficients and the scattering matrix are determined, the
source vector can be equated as a function of a vector p̃, containing the mea-
sured acoustic pressure in each duct, at the reference cross section of the N-port.
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In this measurement, the loudspeakers are switched off. The equation reads
(Lavrentjev et al. 1995)

p̃s
+ = (E− SR)(E + R)−1p̃ = Cp̃, (2.7)

where E is the identity matrix, and R is given by

R =


R(1) 0 · · · 0

0 R(2) . . .
...

...
. . .

. . . 0
0 · · · 0 R(N)

 . (2.8)

For random signals, the source vector formulation is inadequate and a more
general description of the source, based upon statistical properties, is required.
For this purpose, Lavrentjev et al. (1995) constructed a so called source cross
spectrum matrix, which in general form is given by

Gs = p̃s
+

(
p̃s
+

)−†
=


Gps1+ps1+ Gps2+ps1+ · · · GpsN+p

s
1+

Gps1+ps2+ Gps2+ps2+
. . . GpsN+p

s
2+

...
...

. . .
...

Gps1+psN+
Gps2+psN+

· · · GpsN+p
s
N+

 , (2.9)

where Gab is the single sided spectrum of the signals a and b, and the su-
perscript † refers to a complex conjugated and transposed quantity, i.e,. the
Hermitian transpose. The diagonal elements of the source cross spectrum ma-
trix represent the auto spectra of the source components, while the off-diagonal
elements represents cross spectra. The latter also contain the phase between
the components. Written in this form, the diagonal elements are determined
from auto spectra of microphone signals, hence they are very sensitive to exter-
nal noise. Lavrentjev et al. (1995) suggested using microphones at two different
cross sections at each side to estimate the source data. The method is based
upon the correlation length of vortical disturbances as they are convected in
the duct. This distance is approximated by the formula of Corcos as ū1/f
(Åbom & Bodén 1988), here with ū1 being the convective speed and f being
the frequency of the vortical disturbance (i.e. the noise which contaminates the
microphone signal). Thus, as the acoustic field at the two microphone positions
is correlated but the external noise is not, the cross spectrum will suppress the
latter when averaged. However, there will be a phase and magnitude error in
doing so, since the scattering and reflection matrices in Eq. (2.9) are defined at
the first microphone only. Thus, acoustic propagation between the two micro-
phones must be taken into account. This is done by transforming the scattering
and reflection matrices to be valid at the new microphone position, via
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S′ = T+ST
−1
− ,R′ = T−1+ RT−, (2.10a)

where

T+(x′) =


e−ik

(1)
+ x′(1) 0 · · · 0

0 e−ik
(2)
+ x′(2) 0

...
... 0

. . . 0

0 · · · 0 e−ik
(N)
+ x′(N)

 , (2.11a)

T−(x′) =


eik

(1)
− x′(1) 0 · · · 0

0 eik
(2)
− x′(2) 0

...
... 0

. . . 0

0 · · · 0 eik
(N)
− x′(N)

 . (2.11b)

By using the transformed scattering and reflection matrices instead of the
original matrices in Eq. (2.7), the source vector is formally calculated at the
new positions x′. In order for the cross spectrum to make sense, however, the
new source vector ps

+
′ must be transformed back to the cross section where

the original source vector, scattering matrix and reflection matrix are defined.
This is achieved by

ps
+ = T−1+ ps

+
′, (2.12)

which can be reformulated as

p̃s
+ = T−1+ (E− S′R′)(E + R′)−1p̃′ = C′p̃′. (2.13)

This results in an equation for the source cross spectrum matrix, where no
measured auto spectra are used

Gs = p̃s
+

(
p̃s′

+

)−†
= C


Gp̃1′ p̃1 Gp̃1′ p̃2 · · · Gp̃1′ p̃N

Gp̃2′ p̃1 Gp̃2′ p̃2
. . . Gp̃2′ p̃N

...
...

. . .
...

Gp̃N′ p̃1 Gp̃N′ p̃2 · · · Gp̃N′ p̃N

C
′†. (2.14)

This method requires two microphones on each side, and is thus possible to use
whenever any of the wave decomposition methods for the passive properties
have been applied (although the passive and active methods work in slightly
different frequency ranges).
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2.2.2. Over-determination

Having a large microphone array when determining the passive properties,
questions arise as how to best utilize the array in the source measurement as
well. In paper B of this thesis, an over-determination method, inspired by the
wave decomposition over-determination method by Fujimori et al. (1984), is
presented. The general idea is to form an over-determined system of equations
for each source vector. The starting point is to formulate an equation of the
source vector calculated from one microphone n at each side, i.e.

p̃s
+ = Cnp̃n. (2.15)

This is rearranged into

C−1n p̃s
+ = p̃n. (2.16)

Note that the matrix Cn is square. Now, it is straight forward to include more
microphone positions, which is done by writing

C−11

C−12
...

C−1n

 p̃s
+ =


p̃1

p̃2

...
p̃n

 . (2.17)

This equation is solved by the Moore-Penrose inversion. Now, doing this for
two separate abundant sets of microphones 1, 2, ..n and 1, 2, ..m, two over-
determined source vectors can be obtained, which is used to form the source
cross spectrum matrix via

Gs =


C−11

C−12
...

C−1n


−1

G


C−11

C−12
...

C−1m


−1†

, (2.18)

where the [n,m] elements in G now each is a sum of several measured cross
spectra.

A given set of microphones will allow for several different calculations of
the source vectors. For instance, the choice of which microphone to use for
which source vector may be made by simply using one half of the microphone
set for each vector. This certainly optimizes the number of cross spectra used
in the calculation of the elements in G in the equation above. Cross spectra
are formed between microphones from different sets only, so it also makes sense
to have microphones close to each other in the same set (since a long distance
is preferable when forming cross spectra).



2.3. TEST RIG DESIGN 19

Figure 2.3. Source strength expressed as sound pressure level
of the 3 mm vortex mixer plate at Mach 0.207. Red line: no
over-determination applied. Blue line: one additional micro-
phone used, for only one of the source vectors. a) Upstream
direction, b) Downstream direction.

In paper B of this thesis, various constellations of microphone sets are
tested versus the original method by Lavrentjev et al. (1995), i.e. where no over-
determination is applied. The improvement in the result by over-determining
the source vectors, is here shown in Figure 2.3. Details of included microphones
in each set are found in paper B.

2.3. Test Rig Design

Several test rigs have been used in this thesis work. Microphone arrays, loud-
speakers and Prandtl tubes are common features for all of them. At both the
upstream and downstream duct terminations, acoustic mufflers are mounted,
with the purpose of attenuating external noise sources (i.e. other noise sources
than the N-port source). In Figure 2.4, the 2-port test rig used in the experi-
mental investigation of this chapter and chapter 4 is shown. Notable is the test
object pipe, which is made of plexi glass. This is because optical access was
required during PIV measurements. The test rigs are connected to the MWL
wind tunnel.

The test rig used for the rectangular T-junction measurements is shown
in Figure 2.5. In this rig, the Prandtl tubes are mounted in circular duct
sections, one before the flow may be divided (u1 in the figure), and one in the
pipe conveying flow from the splitting section to the side branch (u2 in the
figure). Since these pipes are of circular cross section, the 1/7-power law is
valid. Assuming incompressible flow, the volume flow in each branch can then
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be calculated. Also notable are the two valves at the flow dividing section,
which enable control of the flow in the branches. Apart from these features, it
is worth to mention that rectangular ducts in general are less stiff than circular
ducts, and is prone to vibrate at much higher amplitudes, something which was
experienced in a three-port splitter test rig (Holmberg et al. 2009). To avoid
this, the walls of the ducts were made out of 12 mm thick steel.
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(a) Upstream pipe

(b) Object pipe

(c) Downstream pipe

Figure 2.4. Test rig used for the 2-port measurements in this
thesis. 1− 10 is the microphone positions.



22 2. EXPERIMENTAL METHOD

Figure 2.5. The test rig used for the T-junction measure-
ments in this thesis.



CHAPTER 3

Numerical method

As was stated in the introduction, the Navier-Stokes equations can describe any
motion in ideal fluids where a continuum approach applies, including acous-
tic waves. However, to compute a solution in a Direct Numerical Simulation
(DNS), is for most situations unattainable – simply due to the vast computa-
tional demand. In general, approximations leading to suitable equations are
therefore used, of which the classical Helmholtz equation is one. As the topic in
this thesis is internal low Mach number aeroacoustics, a linear set of equations
that can describe scattering, propagation and hydrodynamic interaction is re-
quired. Recently, Kierkegaard et al. (2010) presented a linearized Navier-Stokes
equations method (LNSE) for the frequency domain, in which the viscosity was
retained. This is not necessary for free field propagation over short distances,
but in internal flows there can be regions of strong shear, in which viscosity
plays an important role in terms of vorticity production and acoustic dissipa-
tion. For this reason, and the reported success of the method for calculating
scattering matrices of an area expansion (Kierkegaard et al. 2011b) and an ori-
fice plate (Kierkegaard et al. 2010, 2011a), the method is chosen as the starting
point for the calculations in this thesis.

3.1. The Frequency Domain Linearized Navier-Stokes
Equations

The LNSE methodology consists of a hybrid approach, in which first the time
averaged flow solution is solved for, here using a Reynolds Average Navier
Stokes (RANS) solver with k − ε turbulence modeling. The acoustic field is
then superimposed on the time averaged solution and solved for using the fre-
quency domain, linearized Navier-Stokes equations set. The computed acoustic
field is then analyzed using plane wave decomposition and a scattering matrix
formulation of the duct element of interest, which in this thesis is a T-junction.
Both the time averaged flow and the acoustic flow fields are computed using
the commercial Finite Element Method (FEM) package Comsol Multiphysics
4.2. For details about the implementation, see paper D.

The starting point in the derivation is the full non-linear Navier-Stokes
equations, see Eqs. (1.1), (1.2) and (1.3). Just as was done to obtain the
convected wave equation, see Eq. (1.8), an isentropic relation between density

23
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and pressure is assumed. Thus, the energy equation, Eq. (1.3), is decoupled.
Next, to obtain linear equations, a flow decomposition is chosen. Kierkegaard
et al. (2010) chose to decompose the flow into a time averaged and a phase
averaged part, the latter containing the acoustic field. Hence, they neglected
random fluctuations in the instantaneous field. In this thesis, the random
fluctuations are retained in a third part, leading to new terms in the derived
equations. In the subsections to come, both choices of the flow decomposition
and the resulting equation systems are discussed.

3.1.1. Decomposing the Flow into Time Averaged and Phase Averaged Parts

To obtain the equations presented by Kierkegaard et al. (2010), the flow quan-
tities are decomposed accordingly

ui(x, t) = ūi(x) + ũi(x, t), (3.1a)

p(x, t) = p̄(x) + p̃(x, t), (3.1b)

ρ(x, t) = ρ̄0 + ρ̃(x, t). (3.1c)

This is the same decomposition as was used to obtain the convected wave equa-
tion in section 1.3. Applying these equations on Eqs. (1.1) and (1.2), linearizing
and finally removing the time average from the phase averaged equations, yields

ūi
∂ρ̃

∂xi
+

(
∂ūi
∂xi

+ i2πf

)
ρ̃ = −ρ̄ ∂ũi

∂xi
, (3.2)

and

ρ̄

(
∂ũi
∂t

+ ũj
∂ūi
∂xj

+ ūj
∂ũj
∂xj

)
+ ρ̃ūj

∂ūi
∂xj

=

−c20
∂ρ̃

∂xi
+

∂

∂xj
µ

(
∂ũi
∂xj

+
∂ũj
∂xi
− 2

3

∂ũk
∂xk

δij

)
+ ρ̄F̃i (3.3)

These equations are linear and closed when the time averaged flow quantities
are known. As these quantities show up in almost every term of Eqs. (3.2) and
(3.3), it seems obvious that the accuracy of the acoustic solution depends also
on the accuracy of the time average flow solution.

3.1.2. The Tripple Decomposition Approach

For situations similar to the T-junction described in this thesis, where the
acoustic waves will propagate through regions of high shear, the acoustic and
the turbulent fields will interact. Neglecting the turbulent part in the flow
decomposition may then lead to serious errors. In an attempt to take this
interaction into account, the triple decomposition suggested by Reynolds &
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Hussain (1972) is here proposed for use. Hence, the flow is decomposed ac-
cordingly

ui(x, t) = ūi(x) + ũi(x, t) + úi(x, t), (3.4a)

p(x, t) = p̄(x) + p̃(x, t) + ṕ(x, t), (3.4b)

ρ(x, t) = ρ̄0 + ρ̃(x, t), (3.4c)

where the prim denotes the turbulent part. Thus, the turbulent part of the
density is assumed negligible. Now, using this flow decomposition in Eqs. (1.1)
and (1.2), linearizing and subtracting the time average from the phase averaged
equations, yields

ūi
∂ρ̃

∂xi
+

(
∂ūi
∂xi

+ i2πf

)
ρ̃ = −ρ̄ ∂ũi

∂xi
, (3.5)

and

ρ̄

(
∂ũi
∂t

+ ũj
∂ūi
∂xj

+ ūj
∂ũj
∂xj

)
+ ρ̃ūj

∂ūi
∂xj

= −c20
∂ρ̃

∂xi

+
∂

∂xj
µ

(
∂ũi
∂xj

+
∂ũj
∂xi
− 2

3

∂ũk
∂xk

δij

)
+ ρ̄F̃i +

∂r̃ij
∂xj

+ r̃
(ρ̃)
ij (3.6)

where

∂r̃ij
∂xj

=
∂ (〈úiúj〉 − uiuj)

∂xj
, (3.7)

r̃
(ρ̃)
ij = −〈úiúj〉

∂ρ̃

∂xj
+ úiúj

∂ρ̃

∂xj
− ρ̃ 〈úiúj〉

∂xj
(3.8)

Here, 〈〉 and¯refer to a phase averaged and a time averaged quantity, respec-

tively. Now there is a closure problem, and the quantities r̃ij and r̃
(ρ̃)
ij must

be modeled. To start with, r̃
(ρ̃)
ij is assumed negligible compared to r̃ij , and is

therefore discarded. As for r̃ij , it is first interesting to note that since it is the
difference between the time averaged and the phase average of the turbulent
Reynolds stress, it can be interpreted as the oscillation of the turbulent field
due to the acoustic field (Reynolds & Hussain 1972). Now, setting r̃ij = 0
yields the equations described by Kierkegaard et al. (2010). Here, a Newtonian
eddy model (Reynolds & Hussain 1972) is used, which then results in

r̃ij = −2ρ̄νT S̃ij = −ρ̄νT
(
∂ũi
∂xj

+
∂ũj
∂xi
− 2

3

∂ũk
∂xk

δij

)
(3.9)



26 3. NUMERICAL METHOD

where νT is the turbulent viscosity, which is calculated in the time averaged
flow computation. This model inserted into Eq. (3.6) now yields

ρ̄

(
∂ũi
∂t

+ ũj
∂ūi
∂xj

+ ūj
∂ũj
∂xj

)
+ ρ̃ūj

∂ūi
∂xj

= −c20
∂ρ̃

∂xi

+
∂

∂xj
(µ+ ρ̄νT )

(
∂ũi
∂xj

+
∂ũj
∂xi
− 2

3

∂ũk
∂xk

δij

)
+ ρ̄F̃i. (3.10)

As can be seen, the difference in the equations obtained when retaining the
turbulent fluctuations in the flow decomposition, consists of superposing the
turbulent viscosity onto the dynamic viscosity. As there are regions in the T-
junction shear layer where the turbulent viscosity is three orders of magnitude
larger than the dynamic viscosity, this modification of the original method
suggested by Kierkegaard et al. (2010) is expected to be of significance.

3.1.3. Scattering Matrix Determination

One reason to work with computations instead of experiments is that it enables
a more detailed (in space) resolution of the fields. Also it is possible to vary pa-
rameters more easily as well as decide whether to include turbulent interaction
or not. For the large amount of data generated by a computational study to
be more than pretty pictures, proper analysis tools should be utilized. When
the acoustic response of a duct element is of interest, the scattering matrix
is the best tool for the job. The methods for obtaining the matrix from the
computed acoustic fields are basically the same as for the experimental case.
To start with, for a plane wave three-port scattering matrix, three linearly in-
dependent acoustic fields are required. Also, plane wave decomposition of the
acoustic fields in each branch is applied for the computations as well. However,
both the excitation of the acoustic waves and the wave decomposition method
are slightly different.

For the excitation of the acoustic fields, the body force term ρ̄F̃i in Eq.
(3.10) is used. It is implemented as a continuous function in each duct, which
is nonzero only close to each duct end. To obtain three different acoustic fields,
the forcing function is applied in one duct and one frequency at a time, and the
computation must thus be conducted three times for each frequency. Hence,
apart from the extra mesh needed for each branch, the computational time is
directly proportional to the number of ducts.

The wave decomposition for a harmonic component is based upon the non-
linear equation system

ρ̃(xj) = ρ̃+e
i(φ+−k+xj) + ρ̃−e

i(φ−+k−xj), (3.11)

where the coordinate axis is positive outwards from the N-port element, and φ±
is the phase of each wave at xj = 0. The positions xj in turn, corresponds to an
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equidistant set of cross sections spread out over the wave decomposition region.
To further reduce random errors, the acoustic density is first averaged over the
cross section. In the computations presented in this thesis, a slip acoustic veloc-
ity boundary condition at the walls is implemented. The wavenumbers in Eq.
(3.11) are therefore assumed real, which implies that no acoustic attenuation
is taken into account in the wave decomposition. The unknown wave ampli-
tudes, wavenumbers and phases are solved for using a non-linear curve-fitting
algorithm.

3.2. Mean Flow Calculations - RANS method

The time averaged flow computation is based upon the Reynolds Averaged
Navier Stokes equations, which read (Pope 2000)

D̄ūj
D̄t

= ν∇2ūj −
∂uiuj
∂xi

− 1

ρ̄

∂p̄

∂xj
, (3.12)

where ν is the kinematic viscosity. This equation is used together with the
time averaged continuity equation. However, as the Reynolds stress term is
unknown, these are an unclosed set of equations. Means of obtaining numerical
solutions must therefore involve a model of the Reynolds stress.

3.2.1. Turbulence Model

In this thesis, the RANS equations are closed by the k − ε turbulence model,
with k being the turbulent kinetic energy and ε the dissipation rate of k. The
model consists of a turbulent-viscosity hypothesis, model transport equations
for k and ε, and the specification of the turbulent viscosity as νT = Cµk

2/ε,
where Cµ = 0.09 (Pope 2000) is one of five model constants. The turbulent-
viscosity hypothesis reads

uiuj −
2

3
kδij = −νT

(
∂ūi
∂xj

+
∂ūj
∂xi

)
(3.13)

The k− ε is only one of a range of turbulence models developed for time aver-
aged flow computations, however, among the complete turbulence models, it is
the simplest (Pope 2000). It therefore also has the broadest range of applicabil-
ity, and is incorporated in most commercial software for Computational Fluid
Dynamics (CFD). However, it is known to be inaccurate for a number of flows,
e.g. for flows where the streamline curvature is large, and where the bound-
ary layer is subject to a strong pressure gradient. It is therefore questionable
whether the k−ε model should be applied in the study of the T-junction. Nev-
ertheless, in this thesis it is used for this purpose, mainly due to the fact that
it was the only turbulence model available in the commercial software used,
but also because it is one of the most well known and used turbulence models.
Hence, it is interesting to try it out for the new LNSE approach. It should be
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emphasized that no RANS calculation will be 100% accurate. Knowing that
the k − ε model is poor at the flows occurring in the junction, questions arise,
such as; “how poor?” and “how sensitive is the acoustic solution to this?”.
In this thesis, at least the question of how well the k − ε model works for the
acoustic calculations, will be answered.

3.2.2. Wall Functions

Near-wall effects require special treatment. For instance, the standard relation
νT = Cµk

2/ε of the k−ε model results in an over-estimation of νT (Pope 2000).
Another problem is the steep gradients of the velocity and of ε near the wall,
which if to be resolved requires a substantial amount of the total computational
time. On the other hand, for wall parallel flows, simple algebraic expressions
exist in the so called log-law region (Pope 2000). Thus, instead of specifying a
boundary condition at the wall, it is possible to do it in the log-law region, and
thereby avoiding the need to resolve the strong near-wall gradients. These new
boundary conditions, or wall functions, are applied at a distance y = yp. In
Comsol Multiphysics 4.2 (and hence, during this thesis work), yp is chosen to
be exactly at y+ = 11.06, which is the distance from the wall where the log-law
region and the viscous sublayer would meet, if both regions extended to that
point. This choice is not common, since the point is in fact not in the log-law
region, but slightly closer to the wall and hence in the so called buffer-layer. A
common choice is instead to set yp at y+ = 30. The solution computed with
wall functions is in this thesis, however, only used to obtain a reasonably initial
condition for a computation without wall functions applied.

3.2.3. Calculations Without Wall Functions

The reason why wall functions are abandoned in the final time averaged flow
computation is that their accuracy is poor e.g., for separated and impinging
flows (Pope 2000). Thus a fine mesh is required in the near wall region. For
example, in order for the solution to converge, the y+ value of the center of the
finite element cell closest to the wall must be below unity.

In addition to this mesh refinement, the transport equations for k and ε
are modified by introducing damping functions. In this thesis, the damping
functions are implemented as described by Abe et al. (1994). At the wall,
k = 0, while for ε the following linearized analytical expression is used

ε = 2
µk

ρl2w
(3.14)

where lw is the distance to the closest wall.



CHAPTER 4

Noise generated by a vortex mixer plate

In this chapter, the experimental methods described in chapter 2 are applied
in the study of flow noise, generated by a triangular plate inserted at an angle
of attack (32 degrees) in a straight duct (the sharp end points in the direction
of the flow, see Figure 4.1). This type of plate is used to efficiently mix an
aerosol into a low Mach number gas stream. One application is diesel exhaust
after-treatment systems using selective catalytic reduction (SCR), where an
additive is injected under low pressure into an exhaust stream, see (Grünwald
et al. 2005; Kaiser & Rusch 2007) for further details. The mixer plate induces
two vortices, which propagate down the duct helping the injected fluid droplets
to distribute into the gas. In the framework of this thesis however, the main
focus is the acoustic field. However effective as a mixer, it would disqualify for
practical use if generating excessive levels of noise.

From theory (Lighthill 1952, 1954; Curle 1955; Williams & Hawkings 1969),
the different aeroacoustic source mechanisms are known. Working with low
Mach number internal flows without entropy changes or any mass injection,
the main contributor is the dipole term associated with the fluctuating forces
acting on the object, with the force being given by the unsteady flow separation
process.

To reduce the strength of the dipole source one needs to manipulate the flow
separation mechanism. One way of doing this, not having to resort to major
design changes, is to allow the plate to be somewhat flexible, thus affecting the
unsteady flow separation process but leaving the mean flow field rather intact.
In the experimental investigation, the influence of introducing plate flexibility is
tested by carrying out measurements on three plates with different thicknesses,
viz. 0.5, 1.5 and 3.0 mm. The scattering matrix and the source cross spectrum
matrix are thus obtained for three different plates. The flow cases used in the
experimental study range from (approximately) M = 0 to M = 0.21.

Apart from the experiments mentioned, the aeroacoustic properties of the
plate are also studied in a numerical research project. However, the main goal
of that project was to develop the numerical method, for which the mixer plate
served as an interesting case study. As it is beyond the scope of this thesis
to describe and account for all the details in the numerical method, a brief
description is given in this chapter. For details, see (Hoffman et al. 2012).
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Figure 4.1. Photography of the 3 mm vortex mixer plate,
inserted in the experimental rig, see paper A.

Conclusions of the aeroacoustic properties of the mixer plate are based upon
both the experimental and the numerical results.

4.1. Experimental Results

The experimental results consist of scattering and generation of sound, vibra-
tions of the plates, static pressure drop measurements and optical measure-
ments of the velocity profiles and the wakes. The plate is mounted in the
two-port test rig described in paper A. For optical access, a section of approx-
imately 1.5 m of the duct is made out of plexi glass.

4.1.1. Flow Noise

Typically the transmission loss is 1 dB or less in the Mach number range (M =
0−0.21) studied, and in the passive acoustic properties no difference is observed
between the three different plates. However, for the active acoustic properties,
i.e. the flow noise generation, there is a clear difference between the thinnest
plate and the two others, see Figure 4.2. The broad band component is reduced
by 3 dB for the 0.5 mm plate compared to the other two. In addition, there is a
significant decrease of approximately 6 dB at the peak of the source spectrum.
It should be noted though, that the source is only accurately determined for
frequencies above 100 Hz, and below this range the results indicate that the 0.5
mm plate generates a strong tonal component. However, since the accuracy is
questionable in this range, the latter observation is not considered further in
this thesis.

4.1.2. Vibrations

A possible explanation for the drastic drop in noise generation of the 0.5 mm
plate, is that the vibrations of the plate couple with the unsteady flow sepa-
ration process in a destructive manner. To study this, the vibrations of the
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(a) 1.5 mm plate result

(b) Results for all plates at Mach 0.21

Figure 4.2. Sound pressure level from element (1, 1) of Gs

as function of Strouhal number, here based on 2π with the
lengthscale set to 32 mm (the average width of the triangular
part of the plate).

plate are measured using a strain gauge, attached to the downstream side of
the plate. The result at Mach 0.225 is shown in Figure 4.7.
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Figure 4.3. Velocity profiles measured using PIV, (+) and
(o) refers to the 0.5 mm and 3 mm plate respectively. The
X-Y plane is the plane where the plate is seen in profile, while
the X-Z plane is the plane where the plate is seen from above,
see paper A.

The mode shapes of the plate are also calculated via a Finite Element Method
(FEM), using fixed boundary at the duct wall, with no preloading air flow.
The results are shown in Table 4.1.

Plate thickness [mm] Bending modes, He [-] Torsional modes, He [-]
0.5 0.05, 0.20, 0.46 & 0.77 0.28 & 0.69
1.5 0.14, 0.58 & 0.82 -
3 0.27 -

Table 4.1. Calculated eigen-frequencies for the three differ-
ent plate thicknesses using FEM, to be compared with 4.7

As is seen in Table 4.1, the computed eigen-frequencies of the plates fit
approximately with the measured results. The torsional modes obtained in the
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Figure 4.7. Dynamic strain spectra measured at Mach 0.225,
as function of Helmholtz number, here based on 2π with the
lengthscale set to 32 mm (the average width of the triangular
part of the plate).

calculations are not found in the experiments due to the location of the gauge.
The results suggest that the vibrations of the vortex generator are excited
by the flow, but restricted to the eigen-modes. By writing the Helmholtz
number as function of the Mach number and Strouhal number, the peak in
sound pressure level for the two stiffer plates is found to be approximately at a
Helmholtz number of 0.25 (for Mach 0.21 and Strouhal 1.2). However for the
0.5 mm plate, the trough is instead at a Strouhal number of 1.1, which yields
a Helmholtz number of 0.23. From the measured vibration spectrum at Mach
0.225 a peak at Helmholtz number 0.22 is seen. This peak corresponds to the
2nd bending mode of the plate. In paper A however, it was argued that the
flow separation, which mainly consists of two counter rotating, out of phase
vortices, would rather excite a torsional mode. If so, it is possible that it would
not be seen in these results due to the placement of the transducer. However
since the calculated Helmholtz number for the 1st torsional mode is 0.28, it is
not likely it would interact with the Strouhal peak at this Mach number.
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4.1.3. Hydrodynamic Measurements

The application of the vortex mixer is to generated turbulence. It is therefore
imperative to check whether the turbulence characteristics are affected by the
choice of plate thickness. In addition, flow velocity profiles are of general in-
terest. To study both of these, the optical laser technique referred to as PIV
(Particle Image Velocimetry) is used. The details of the setup are given in pa-
per A. It should be noted in particular that the Mach number during the PIV
measurements was 0.1. The flow velocity profiles 3, 6 and 9 diameters down-
stream of the plate is shown in Figure 4.3. The turbulent vortex characteristics
are shown in terms of Probability Density Functions (PDFs). The PIV data ob-
tained in this work was analyzed and presented by Fallenius (2011), who used
a vortex identification algorithm based upon high-pass filtering. The PDFs
of the resulting vortex diameter range, circulation and strength are shown in
Figures 4.4, 4.5 and 4.6 respectively.

There is no clear deviation in the velocity profiles between the 0.5 mm
and the 3 mm plates. As was also discussed by Fallenius (2011), Figure 4.4
indicates that the most common vortex diameter is unchanged, while Figure 4.6
does show a small deviation in vortex strength at 3 diameters downstream of
the mixer. At this cross section, the PDF curve for the strength shifts slightly
towards lower strengths for the thin plate, although this deviation is not seen
at 6 diameters downstream. The circulation plot in Figure 4.5 shows that also
the rotational directions of the vortices remain the same for both plates. Thus,
in essence the turbulent characteristics are unchanged by the change of plate
thickness.

As a key parameter for any flow constriction is the static pressure loss, it
is also measured in this thesis. The pressure drag coefficient is given by

Cd =
2∆p̄Aduct
ρ̄ū2Aproj

(4.1)

where Aduct is the cross-section area of the duct, and Aproj is the plate area
projected on to the duct cross-section. The velocity is averaged over the cross
section, and the pressure loss ∆p is given by the vortex generator alone. To
obtain this, the pressure loss is first measured for the empty duct, and then
subtracted from the measured result with the plate inserted. The results are
shown in Figure 4.8.

The 3 and 1.5 mm plates behave similarly and yield a constant drag coeffi-
cient as function of mean flow velocity. However, the 0.5 mm plate consequently
gives a lower drag coefficient than the other two and does change its behavior
with increased mean flow velocity. This can partly be explained by the fact that
The 0.5 mm plate is slightly deflected by the mean flow, resulting in a reduced
pressure loss. Since the same projected area has been used in the calculation Cd
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Figure 4.8. Pressure drag coefficient, Cd.

is consequently reduced. However, this effect does not fully explain the declin-
ing drag coefficient with increasing mean flow velocity. Two other phenomena
are likely to contribute: first the plate is given a more streamlined curvature
when it deflects, and secondly, the vibrations of the plate may affect the vortex
generation.

4.2. Numerical Results

The numerical results consist of a time dependent solution of the flow field, and
an analyzed sound generation spectra. The contribution of this thesis work for
the numerical method, lies in the development of the analysis method required
to obtain the sound spectra, as well as in the discussion following the resulting
figures.

4.2.1. Numerical Method

The flow is calculated by an incompressible Unified Continuum (UC) model,
formulated in Euler (laboratory) coordinates, together with a General Galerkin
(G2) (Hoffman & Johnson 2007) adaptive stabilized finite element discretiza-
tion with a moving mesh for tracking the phase interfaces. The G2 method
for high Reynolds number flow, including turbulent flow, takes the form of a
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(a) Plate in exhaust system (Velocity)

(b) Plate in exhaust system (Pressure)

Figure 4.9. Snapshot of the velocity field and flexible mixer
plate (top) and pressure field and plate (bottom).

standard Galerkin finite element discretization together with a least squares
stabilization of the residual. The effect of unresolved scales of turbulence is
modeled by numerical dissipation from residual based stabilization, similar to
an Implicit Large Eddy Simulation (LES) (Sagaut 2005). The turbulent flow
is defined as the non-smooth parts of the flow where the residual measured in
L2-norm increases as the mesh is refined, whereas in a negative H−1-norm the
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Figure 4.10. Generated sound spectra at Mach 0.207. Black
line: Experiments, 3 mm plate, Green line: Experiments, 0.5
mm plate, Red diamonds: Calculations, rigid plate, Blue dia-
monds: Calculations, rigid deflected plate, Red line: Calcula-
tions, flexible plate.

residual decreases with mesh refinement (Hoffman & Johnson 2008). That is,
turbulence is characterized by a pointwise large residual which is small in aver-
age, corresponding to the equations being satisfied only in a mean value sense,
which is sufficient to approximate mean value quantities of a turbulent flow
field using G2. For the complete formulation of the methodology, see (Hoffman
et al. 2012).

In the numerical project, three different plates are studied; one rigid, one
flexible and one rigid but statically deflected. This static deflection, which is
due to the air flow, was set to that of the flexible plate. Common for all plates
is that the thickness is 3 mm, simply due to computational cost associated with
resolution of the plate. In order to obtain similar bending stiffness, the density
for the flexible plate is assigned a density of 180 kg/m3 and a Young’s modulus
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of 9.3 MPa. A snapshot of the velocity and pressure fields from the flexible
plate time series is shown in Figure 4.9.

4.2.2. Applying Curle’s Analogy

As sound waves are density disturbances which propagate with the speed of
sound, the incompressible solution obtained by the numerical method described
in this chapter cannot contain sound. Nevertheless, the sound generation can be
approximated from the incompressible solution by studying the instantaneous
pressure loss of the mixer plate. To do this, the acoustic analogy by Curle
(1955) is here applied. Assuming a rigid solid in a low Mach number flow (i.e.
the vortex mixer plate), Curle (1955) showed that the dominating source term
is a dipole. Therefore, it is meaningful to model the vortex mixer source as a
1D dipole in the plane wave range. The sound field generated by such a dipole
in a semi-infinite duct is given by (Åbom & Bodén 1995)

p̃±(x) = ± F̃ e−ik±x

2A(1±M)
, (4.2)

where F̃ is the dipole force and A is the duct cross section area, and where the
sign in front of the Mach number in the denominator is positive in the upstream
direction and negative in the downstream direction. As the wave propagation
speed is infinite in the numerical calculations, Eq. (4.2) is simplified into

∆p̃ = p̃+ − p̃− =
F̃

A
. (4.3)

Thus, the generated acoustic field is given directly by the resultant time varying

force F̃ . In the case of the numerically calculated flow, this time varying force
resultant divided by the duct cross section area, must equal the time varying
pressure difference over the plate. This pressure loss, averaged over the duct
cross section area, is thus taken to be the generated acoustic pressure. A
notable difference between this acoustic pressure and the one generated in the
experiments, is that there is no obvious way of dividing the calculated pressure
into upstream and downstream directed parts, whereas in the experiments,
these parts (consisting of the source cross spectrum elements, see Eq. (2.9))
are solved for. Another is that the convective effects on intensity and directivity
of the source cannot be captured in the calculations, since the sound speed is
infinite. To compare with experiments, the mean of the experimental upstream
and downstream directed parts is used. In Figure 4.10, the calculated sound
pressure level of the three plates is compared to the experimental sound pressure
level of the 3 mm and the 0.5 mm plates.
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4.3. Conclusions

It is evident from experimental and numerical results that the 3 mm, rigid plate
generates significantly more noise and pressure loss. From the numerical results,
it can be deduced that the main improvement of the flexible plate is due to the
static deflection. However, the experimental results also indicate that an extra
reduction of several dB occurs when there is coincidence in frequency, between
the second bending mode of the plate and the broad band Strouhal peak of
the sound spectrum. This is not seen in the numerical results. However, by
inspecting the vibration spectra of the numerical solution, it is evident that in
the computations, only the first bending mode is distinguishable from the broad
band vibration signal. A possible reason for the drop in noise generation at the
second bending mode, is that the second bending mode will radiate significantly
less sound than the first in the plane wave region of the duct. This is because
the shape of the second bending mode consists of two peaks in opposite phase,
and will thus couple poorly with the plane wave. Whether this effect is strong
enough to be significant, depends on e.g., the strength and position of each
peak, and is yet to be determined. Considering the sound spectrum below 100
Hz say, i.e. below the low-frequency limit of the experimental setup, there is a
strong peak for the flexible plate (0.5 mm). As the accuracy is uncertain, no
real conclusion can be drawn, but it is interesting to note that the first bending
mode of the plate is found at this peak (±10 Hz).

As for the mixing properties, the difference between the 3 and 0.5 mm
plates is insignificant, while the static pressure loss is lower for the 0.5 mm
plate.

Due to the uncertainty below 100 Hz, perhaps the best option for a designer
would be to go for the pre-deflected, rigid plate. However, while more research
is needed, this work shows that it can be possible to reduce flow generated
sound by matching the flow separation frequency with that of structural eigen-
modes.



CHAPTER 5

Aeroacoustic properties of a T-junction

In this chapter, a study of the interaction between acoustic incidence and a
shear layer, formed over the orifice of a T-junction, see Figure 5.1, is presented.
This interaction is known to cause severe resonances in pipe networks, see e.g.
(Ziada 2010; Lafon et al. 2003; Belfroid et al. 2007). For a homogeneous gas
flow at low Mach numbers, the phenomena occurring at closed side branches
from low to high levels of amplitude are quite well understood, see e.g. the
extensive article by Tonon et al. (2011).

When a side branch is open, the gas flow can enter or exit the junction.
The effect of this on the interaction between the shear layer instability and
the acoustic field is not studied in as large extent, as the pure grazing flow
configuration. Belfroid et al. (2006) performed numerical calculations of the
acoustic amplification for several mixed grazing-bias cases at a T-junction, us-
ing the line vortex method developed by Nelson et al. (1983) and the vortex
sound theory by Howe (1980), a method previously used on grazing flows by
Bruggeman (1987). Recently, Karlsson & Åbom (2010) presented an experi-
mental study in which they treated a T-junction as an active three-port, and
performed measurements over a wide frequency range for three different com-
binations of grazing and bias flows. Via the obtained scattering matrices, they
were able to study the power amplification of incident acoustic waves.

In light of their success, the experimental method suggested by Karlsson
& Åbom (2010) is adopted in the work presented in this chapter as well. This
approach allows for any combination of mixed flow to be tested, and here both
pure grazing flows and mixed grazing-bias inflows are investigated. The T-
junction investigated is made out of rectangular ducts, with a duct height of
25 mm, and a spanwise length of 120 mm.

In addition to the experiments, the numerical method presented in chapter
3 is applied in a 2D simulation of the T-junction at a grazing flow Mach number
of 0.1.

5.1. Theory of Acoustic-Hydrodynamic Interaction Over the
Junction

The source of observed naturally excited resonances in pipes with T-junctions
is the instability of the shear layer across the junction; initially, as the acoustic
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Figure 5.1. Schematic figure of a T-junction.

velocity at the upstream edge changes sign and turns into the side branch, a
disturbance is shed (Bruggeman 1987). While the disturbance is convected
across the opening it is amplified due to the velocity gradient of the shear layer
(Michalke 1965). This amplification, or instability, in turn can lead to transfer
of power between the acoustic and the hydrodynamic field.

5.1.1. Howe’s analogy

Using the vortex-sound theory by Howe (1980), the transfer of energy from the
hydrodynamic to the acoustic field is expressed as

Π = −ρ0
∫
ω × v · udV (5.1)

where V is the volume of integration, v is the incompressible velocity field, u
is the acoustic velocity field and ω is the distribution of vorticity. As ω × v =
(∇ × v)v is perpendicular to v, the integral must equal zero when v and
u are parallel. This is why no significant interaction occur for plane waves
travelling in a straight duct. In the T-junction however, as acoustic waves
are transmitted between the branches, there is a nonzero angle between the
acoustic particle velocity and the vortex convection velocity over the opening
(which for pure grazing flow is almost parallel to the axis of the main duct).
As the vortical disturbance is shed when the particle velocity is turning down
into the side branch, Eq. (5.1) describes an initial transfer of energy from the
acoustic field to the hydrodynamic field. After half an acoustic period, the
sign of the particle velocity is changed, and hence, the power transfer turns so
that the acoustic field is amplified. Since the vortical disturbance now is larger
than it was initially, there is a possibility for a net amplification, depending
on the acoustic and convective timescales (hence, on the Strouhal number). If
an acoustic resonance is coupled to the T-junction, a positive feedback loop
might be formed, leading to a whistle. Once this occurs, however, the limit
cycle amplitude is governed by non-linear processes.
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5.1.2. A Note on the Strouhal Number

The construction of a relevant Strouhal number is based on the timescales
during which the convection of the shed vorticity, and the acoustic velocity are
non-parallel. For rectangular ducts, Bruggeman et al. (1991) suggested using a
convection velocity of ūc = (0.38±0.02)ū, and an effective convection length of
Leff ≈ h+ rup, where h is the stream wise length of the side branch opening,
and rup is the radius of curvature of the upstream edge of the junction. For
circular cross sections, they replaced h with πD/4. The factor (0.38 ± 0.02)
for the convective velocity was determined from laser doppler measurements at
moderate amplitudes (Bruggeman 1987), assuming that the convection path
was a straight line parallel to the main duct axis, and that the convection
velocity was constant. However, this is not the case for the mixed grazing-bias
flows studied in this thesis. Instead data for the rectangular duct junction
is presented using St = fh/ūg, where ūg is the mean flow velocity in the
upstream main branch (branch I, see Figure.5.1). Thus, the regions of acoustic
attenuation and of amplification will increase in Strouhal number for increasing
bias flow velocities. When comparing with results for junctions of circular ducts
with different cross sections, h is replaced as h = π(DI/DIII)

−0.2/4, see (Tonon
et al. 2011).

5.2. Experiments

There is a large number of possible grazing-bias flow combinations that can be
tested. The configurations studied in this thesis are shown in Table 5.1.

Grazing flow (Mb = 0) Mixed flow (Mg = 0.1)
Mg = 0.05 Mb = 0.01
Mg = 0.0625 Mb = 0.02
Mg = 0.075 Mb = 0.03
Mg = 0.0875 Mb = 0.04
Mg = 0.1 Mb = 0.05
Mg = 0.1125
Mg = 0.125

Table 5.1. T-junction flow configurations studied experimen-
tally in this thesis.

5.2.1. The 3-port Scattering Matrix

For low acoustic velocity amplitudes, i.e. of the order of O(−3) and below
(Bruggeman et al. 1991), the magnitude of the shed vorticity is independent
on (although assumed correlated with) the incoming acoustic amplitude, which,
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according to Eq. (5.1) yields a linear relation between the incoming and ampli-
fied acoustic fields. This linearity is exploited by applying a 3-port scattering
matrix for the T-junction (Karlsson & Åbom 2010), which takes the form

 p̃
(I)
+

p̃
(II)
+

p̃
(III)
+

 =

 ρI τII−I τIII−I
τI−II ρII τIII−II
τI−III τII−III ρIII


 p̃

(I)
−

p̃
(II)
−

p̃
(III)
−

+

 p̃
s(I)
+

p̃
s(II)
+

p̃
s(III)
+

 ,

(5.2)

where τi−j is the pressure transmission coefficient from duct i to duct j, and
ρi is the pressure reflection coefficient for incident waves in duct i. Obviously,

the source term p̃
s(i)
+ is nonzero, but it is not the parameter of interest in the

study presented in this thesis. The amplification and attenuation effects are
instead found in the scattering matrix. The length of the ducts included in the
3-port model is initially set to zero, so that only the junction is included. To
take end corrections into account, as well as possible errors in the measured
distance from the junction to each microphone array, xj in Eq. (2.2) is set

to zero at a single point in the T-junction, as was done by Karlsson & Åbom
(2010). Thus, for zero mean flow, the phase of all scattering matrix transmission
elements should be constant and equal to zero. To achieve this, the scattering
matrix is determined from an experiment without mean flow, using xj = 0
at the junction edges. Assuming that the phase deviation from zero in the
transmission elements is only due to wave propagation, a length correction δj
to be superimposed to xj , can be approximated as (see paper C for details)

∆θ(τi−j) + ∆θ(τj−i) = −2k(δi + δj), (5.3)

where ∆θ is the phase deviation from zero in the zero flow measurement.

5.2.2. Power Balance

Two waves with equal acoustic energy, propagating in opposite directions will
have different pressure amplitudes in the presence of mean flow. The upstream
wave will have shorter wavelengths and larger pressure amplitude, compared to
the downstream propagating wave. When analyzing the amplification and at-
tenuation properties of an aeroacoustic element, these convective effects should
be taken into account. Also, part of the incident energy at one duct will be re-
flected, and parts will be transmitted to the other ducts. In some applications,
it may be of interest to study the dominating energy transfer paths. In this
thesis, the total outgoing acoustic power (in all 3 ducts), due to the incoming
acoustic power in one duct is studied. Karlsson & Åbom (2010) showed that
this power balance can be written as
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〈Wout〉
〈W i

in〉
=
‖ρi‖2 (1−Mi)

2

(1 +Mi)
2 +

3∑
j=1

‖τi−j‖2 (1−Mj)
2
Aj

(1 +Mi)
2
Ai

(1− δij) , (5.4)

where δij is the Kronecker delta, and Ai is the area of duct i (note that Einstein
summation should not be carried out in this equation). For consistency, the
sign in front of the Mach numbers in Eq. (5.4) are defined for positive inflow in
all three ducts. Thus, for ducts with positive outflow, (duct II in this study),
the sign should be switched. When amplification occurs, the power balance is
larger than unity, while it is lower than unity when attenuation occurs.

5.2.3. Stability Analysis

As there are mechanisms of amplification of acoustic energy present, the T-
junction is potentially unstable. Waves that are amplified when leaving the
junction might be reflected, and amplified again, and so on until a whistle is
achieved. However, the reflection need to be of a certain magnitude and phase
for this to occur. Karlsson & Åbom (2011) showed how the stability of a N-port
could be investigated for any linear reflections, by studying the Nyquist plot.
The starting point of the analysis is to write Eq. (5.2) as

p+ = SRp− + ps+, (5.5)

where

R =

 RI 0 0
0 RII 0
0 0 RIII

 (5.6)

The eigenfrequencies of Eq. (5.5) are the zeros of

D = det(E − SR) = 0 (5.7)

where E is the identity matrix. Under the requirements that neither S nor
R have poles by their own, that the system is casual and that R approaches
zero for large frequencies, the number of zeros of the function D will equal the
number of clockwise encirclements of the origin in a Nyquist plot of D. If no
zeros exist, the system is stable and thus not prone to whistling.

5.3. Numerical Calculations

In addition to experiments, the T-junction is also studied via the numerical
method described in Chapter 3. The flow is set to a pure grazing flow of Mach
0.1. The acoustic field is obtained in the same frequency range as for the
experiments, although, as the numerical realm is 2D, the first non-planar mode
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in the duct is found at a frequency 4.8 times larger than in the experiments.
Details of the meshes used are found in the appendix of paper D.

5.3.1. RANS Results

To give a basic idea of what the flow looks like, the magnitude of the velocity
field and of the turbulent viscosity νT are shown in Figure 5.3.1. The results
shown are from the final RANS solution, in which the boundary layer of the
time averaged flow was resolved all the way to the walls.

(a) Velocity magnitude m/s

(b) Turbulent viscosity (νT ) magnitude m2/s

Figure 5.2. Flowfields from RANS calculations. The inlet is
on the left.
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5.3.2. Acoustic Fields

A few samples of typical acoustic fields are given in Figures 5.3, 5.4 and 5.5,
where the acoustic density and velocity components are shown at 690 Hz (a
Strouhal number of approximately 0.50) and at 1370 Hz (a Strouhal number of
approximately 1.0), for side branch excitation (branch III). For the acoustic
fields shown in these figures, calculations were made using the closure assump-

tion r̃ij = −2ρ̄νT S̃ij .

(a) 690 Hz (St ≈ 0.50)

(b) 1370 Hz (St ≈ 1.0)

Figure 5.3. Acoustic density for side branch excitation.

5.4. Results and Conclusions

In this section, plots of the scattering matrices obtained and the analysis of the
same are presented.
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(a) 690 Hz (St ≈ 0.50)

(b) 1370 Hz (St ≈ 1.0)

Figure 5.4. Acoustic velocity ũ (x-component) for side
branch excitation.

5.4.1. Scattering Matrices

The influence of the end corrections, see Eq. (5.3), on the phase of the experi-
mental scattering matrices, is here shown in Figure 5.6, were data for both the
zero flow, and for the case of bias inflow of Mach 0.05 and grazing inflow of
Mach 0.1 are presented.

The magnitude and phase of the experimentally determined scattering ma-
trices are shown in Figures 5.7 and 5.8.

The two scattering matrices obtained numerically, using either r̃ij = 0 or

r̃ij = −2ρ̄νT S̃ij are plotted versus the experimental in Figures 5.9 and 5.10.
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(a) 690 Hz (St ≈ 0.50)

(b) 1370 Hz (St ≈ 1.0)

Figure 5.5. Acoustic velocity ṽ (y-component) for side
branch excitation.

5.4.2. Power Balance Results

The power balance, see Eq. (5.4), calculated from experimentally determined
scattering matrices, is shown in Figures 5.11 and 5.12 for grazing flows, and
in Figure 5.13 for mixed grazing-bias flows. The flow configuration with bias
inflow of Mach 0.01 is omitted. The reason is that the test rig reflections were
strong enough for the T-junction to behave non-linearly at this flow configura-
tion. To compare with results obtained by Karlsson & Åbom (2010) and with
numerical data, the grazing flow case of Mach 0.1 is shown in Figure 5.14, to-
gether with two circular T-junctions at the same flow rate; the first consisting
of three identical pipes having a diameter of 57 mm, while the second consists



52 5. AEROACOUSTIC PROPERTIES OF A T-JUNCTION

Figure 5.6. Phase of scattering matrix elements, thin line:
zero flow, thick line: Mg = 0.1, Mb = 0.05. Black: No end
correction, Grey: end correction applied.

of a main pipe being of 57 mm in diameter with the side branch having a di-
ameter of 25 mm (i.e. the same junction streamwise length as the rectangular
duct studied in this paper). Note that the latter case was not presented in
Karlsson & Åbom (2010).

5.4.3. Stability Results

As the reflections depend on the application, it cannot be determined whether
the T-junctions studied here will whistle or not, unless the reflection coefficients
are known. As an example in this thesis, Figure 5.15 shows the Nyquist plot
at a grazing flow of Mach 0.1, for the rectangular T-junction as well as both
T-junctions with circular ducts, obtained using the test rig reflections (which
in turn differs between each duct configuration). The scattering and reflection
matrices have been compensated for convective effects and difference in area.
The stability plot clearly show that the T-junction does not whistle in the test
rig used.

5.4.4. General Conclusions of the T-junction

Note that all conclusions are made on the basis that the T-junction can be
considered as linear and time-invariant, unless otherwise stated. The results
clearly show a strong interaction between the hydrodynamic and the acoustic
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Figure 5.7. Magnitude of scattering matrix elements at
Mg = 0.1 and with, Dark grey: Mb = 0, Black: Mb = 0.02,
Light grey: Mb = 0.05.

fields. By studying the scattering matrix, it is apparent that except from con-
vective effects, the elements τII−I , ρII and τII−III are more or less unaffected
by the hydrodynamic field. Thus, waves incident from the downstream side
will not be affected by the shear layer. The other elements on the other hand
show regions of strong variation in both magnitude and phase, which occurs at
fixed Strouhal numbers for purely grazing flows. The interaction is more severe
when the grazing flow is increased, however, this is not a universal result, since
for a given frequency, there is a minimum and maximum of the shear layer
thickness between which the convective instability (disturbance growth) exist
(Michalke 1965). When bias inflow is introduced, the interaction is stronger
for small bias flows, while it is almost destroyed when the bias flow is of Mach
0.05.

The power balance plots demonstrate that the interaction can, indeed, be
of both amplifying and attenuating character. It is quite clear that sound
incident on the side branch side experience the most severe effects. However,
it is interesting to note that there is also some minor interaction occurring for
upstream incident waves, with a amplification peak around St = 0.6. This was
also observed in the experiments by Karlsson & Åbom (2010), although at a
slightly higher Strouhal number. However, Föller et al. (2010) found this to
be the only discrepancy between their numerical result and the experiments by
Karlsson & Åbom (2010). Consequently, Föller et al. (2010) argued that the
discrepancy was due to experimental errors. By comparing the numerical and



54 5. AEROACOUSTIC PROPERTIES OF A T-JUNCTION

Figure 5.8. Phase of scattering matrix elements at Mg = 0.1
and with, Dark grey: Mb = 0, Black: Mb = 0.02, Light grey:
Mb = 0.05.

the experimental results presented in this thesis, there is a definite amplification
region around St = 0.6, although it is slightly smaller for the numerical case
(around 1.05 in powerbalance magnitude).

It is also interesting to note that interaction effects are stronger for rectan-
gular ducts than for circular, and also that the area ratios of the three joining
ducts are of importance.

The stability plot in Figure 5.15 clearly shows that neither of the tested T-
junctions will whistle when placed in the test rigs in which they were measured.
This conclusion depends on the assumption that the scattering matrix was
determined for a linear T-junction however, which imply that no whistle could
occur. In this paper the stability plot is presented as an illustrative example,
and it cannot be used to check the linearity of the tested T-junction in this
manner.

5.4.5. General Conclusions of the Analysis Methods

The fact that the scattering matrix is an intrinsic property of the T-junction has
been exploited thoroughly in this chapter. The conclusions drawn are general,
and apply for junctions placed in any system as long as the system stays linear
and time invariant (and as long as the time averaged flow is approximately
identical to the flow in the test rig used to determine the scattering matrix).
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Figure 5.9. Magnitude of scattering matrix elements at
Mg = 0.1, Black: Experiments, Red: Calculations with

r̃ij = 0, Blue: Calculations with r̃ij = −2ρ̄νT S̃ij .

As for the numerical method proposed, it is apparent that the acoustic
dissipation due to the turbulence needs to be taken into account. This was
already suggested by Föller & Polifke (2012). The k − ε model together with

the closure hypothesis r̃ij = −2ρ̄νT S̃ij , is observed to significantly dissipate

acoustic energy. As S̃ij is approximately zero everywhere except in the shear
layers, the dissipation occur mainly over the T-junction opening (the magnitude
of νT is much smaller near the walls than over the junction).

The calculated results compare quite well with the experiments in terms of
the phase, and for most frequencies the magnitude is captured. However, there
are still some significant discrepancies in magnitude. The method is definitely
not as successful for the T-junction as it has been reported to be for thin
orifices (Kierkegaard et al. 2010, 2011a), and area expansions (Kierkegaard
et al. 2011b). This is likely due to the presence of the side branch in the T-
junction, which results in strong rotational flow and acoustic propagation in
2D across regions of high shear. To achieve high accuracy with the proposed
method for this case – if possible – the following needs to be addressed

1. Change of turbulence model into a more advanced type
- Anisotropy-resolving models (Reynolds stress model (RSM))
- Non-linear eddy-viscosity and explicit algebraic Reynolds-stress

models (NLEVM, EARSM)
2. Replacing the closure hypothesis



56 5. AEROACOUSTIC PROPERTIES OF A T-JUNCTION

Figure 5.10. Phase of scattering matrix elements at Mg =
0.1, Black: Experiments, Red: Calculations with r̃ij = 0, Blue:

Calculations with r̃ij = −2ρ̄νT S̃ij .

3. Performing 3D calculations
4. Implementing the isentropic relation Dp

Dt = c2DρDt , see e.g., (Pierce 1989)



Figure 5.11. Power balance for grazing flow, a) upstream
incidence (branch I), b) downstream incidence (branch II), c)
side branch incidence (branch III). Light grey line: Mg =
0.05, black line: Mg = 0.0625, dark grey line: Mg = 0.075,
black o:s: Mg = 0.0875.

57
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Figure 5.12. Power balance for grazing flow, a) upstream
incidence (branch I), b) downstream incidence (branch II), c)
side branch incidence (branch III). Black o:s: Mg = 0.0875,
dark grey line: Mg = 0.1, black line: Mg = 0.1125, light grey
line: Mg = 0.125.
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Figure 5.13. Power balance for mixed flow (Mg = 0.1),
a) upstream incidence (branch I), b) downstream incidence
(branch II), c) side branch incidence (branch III). Grey x:s:
Mb = 0, black o:s: Mb = 0.02, light grey line: Mb = 0.03,
black line: Mb = 0.04, dark grey line: Mb = 0.05.
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Figure 5.14. Power balance for grazing flow (Mg = 0.1),
a) upstream incidence (branch I), b) downstream incidence
(branch II), c) side branch incidence (branch III). Black:
Exp. rectangular duct (25 mm opening), Green: Exp. circular
ducts (57 mm opening), Red: Exp. circular ducts (main pipe
57 mm in diameter, side branch 25 mm in diameter), Blue:

Numerical 2D calculation with r̃ij = −2ρ̄νT S̃ij (25 mm open-
ing).
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Figure 5.15. Nyquist stability analysis at pure grazing flow,
(Mg = 0.1). Dark grey: rectangular ducts (25 mm opening),
black: circular ducts (57 mm opening), light grey: circular
ducts (main pipe 57 mm in diameter, side branch 25 mm in
diameter).
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