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Masters’ Degree Project
Stockholm, Sweden June 2009

XR-EE-RT 2009:005





iii

Abstract

This master’s thesis examines whether it is possible to improve an existing
road grade estimator by measuring an additional signal from a GPS receiver.
The existing estimator uses the differentiated altitude signal from the GPS to
estimate the current road grade. The additional signal is the vertical compo-
nent of the 3D-velocity that is reported by the GPS. By using spectral analysis
together with system identification the additional signal, which is based on
velocity information, is compared to the previously used signal which is based
on position information (altitude). By sampling data from an experiment at
Swedish highway E4 it was possible to conclude whether the two signals should
be used together (sensor fusion) or if it was better to use just one of them. The
signals’ measurement errors were not white noise but they were modeled as
autoregressive (AR) processes. An augmented Kalman filter, with the two AR
models included in the system model, was used to evaluate the performance of
the sensor fusion algorithm.

The result of the thesis is that the previously used signal, the one based on
differentiated altitude, should be used alone in this specific road grade estima-
tor. The major reason for this is that the additional signal proved to have a
bias that would have been integrated by the road grade estimator and driven
the estimation of the altitude away from the true altitude. A solution for this
problem would be to neglect this bias and construct a road grade estimator
that does not include the altitude as a state.
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Chapter 1

Introduction

The introduction of the first microcontroller in the mid 70’s, the Intel 8048, proved
to be one of the most important inventions of the 20th century. What made it
unique was that it incorporated a small computer on a single chip. Its key feature
was that it had not only a CPU, but also input/output ports that allowed it to
interact with its environment and ROM and RAM for program and data storage.
This new machine element made it possible for engineers to solve problems using
computer algorithms, sensors and actuators. These kinds of systems became known
as embedded systems and found their use in a wide spread of products: radars, x-ray
machines, long-range missiles, coffee machines, mobile phones, washing machines
and so on.

To give a hint of the impact the microcontroller and embedded systems have
had on the automotive industry, consider that a modern car can contain as many
as 80 microcontrollers. They can perform tasks such as timing the fuel injection
in the engine, keeping the temperature constant in the coupé by controlling the
air-conditioning system or controlling the electrically-operated windows. As the
embedded systems grow more and more powerful they can perform more elaborate
tasks, for example look-ahead control. Look-ahead control is based on the idea
that if the controller has information about coming events (e.g. road topography,
curvature, traffic disturbances etc.) it can take advantage of these events rather
than being arbitrarily disturbed by them. All possible look-ahead control rely on
the fact that there exists such a map of future events, and that the map is accurate
enough for the application. This master thesis explores the possibility of improving
an existing algorithm for estimating the present road-grade; doing so by evaluating
a new signal that might be incorporated in the estimator. The new signal is the
vertical component of the GPS receiver’s 3D-velocity.

1.1 Road grade estimation

Road grade estimation is the process of acquiring the experienced road grade, de-
fined in Figure 1.1. This can be done by measuring the road grade directly with
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2 CHAPTER 1. INTRODUCTION

Figure 1.1: Definition of the vertical velocity, vd, the forward velocity, vf , and the
road grade α.

sensors built for the purpose, or by using indirect measurements and a system model
to form an estimation of the present road grade. The former method includes de-
vices like inclination sensors and accelerometers. An example of the latter method
is to acquire the road grade indirectly by measuring the signals that are at hand
in the vehicle and then using these measurements together with a system model to
form an estimation of the present road grade.

The benefit of knowing the present road grade

The performance of several on-board systems in an automotive vehicle can be im-
proved if the road grade is known. Perhaps the largest profit can be achived by
lowered fuel consumption as a result of optimal gear change control and optimal
velocity control. Earlier studies have shown that optimal velocity control of a heavy
duty vehicle (HDV) can lower the fuel consumption by as much as 5 – 15%. The
gain of optimal control of a HDV is large because they have a larger load-per-horse
power ratio than regular cars and they are therefor affected more by external distur-
bances such as road grade. Another advantage of optimal velocity control is that the
driver can leave it up to the control algoritm to drive ecologically and concentrate
on handling the steering wheel.

The road grade estimation method used in this thesis

There exists an indirect road grade estimator that, among other signals, uses the
altitude signal, z(t), from a GPS receiver (see Figure 1.2). The altitude signal is
differentiated to form the vertical velocity based on position (i.e. altitude) informa-
tion, vd,z, see Equation (1.1).

vd,z = −z(t)− z(t− 1)
∆t (1.1)
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Figure 1.2: The two GPS signals available to the user: z(t) and vd,vel(t). The
incoming raw measurements from the GPS satellites are not available for the user.

The vertical velocity is used to calculate the road grade as in Equation (1.2).

α = tan−1
(
−vd
vf

)
(1.2)

The task of this thesis is to evaluate the new signal, vd,vel, seen in Figure 1.2.
The thesis tries to answer questions like: is the new signal better than the old
one, vd,z? Do they hold the same information? Can they be used together in a
sensorfusion algoritm to form a better estimation of the vertical velocity, vd? Are
the measurement noises white? If not, can it be modeled?

If an improved estimate of the vertical velocity can be formed, the road grade
calculated in Equation (1.2) would also be improved and this would in turn be
an improvement of the already existing road grade estimator (i.e. the estimator’s
measurement of the road grade would be improved).

The methods proposed later have been tested on highway E4 between cities
Södertälje and Nyköping, using a HDV pictured in Figure 1.3. A low-cost GPS
receiver and an advanced GPS/INS system were mounted on the truck’s roof to
collect data. The low-cost receiver is intended to be mounted in standard trucks in
the near future, it is from this receiver that the previously mentioned vertical signals
originate. The advanced GPS/INS system also measured the vertical velocity, vd,ref ,
that was used as the vertical velocity reference.

1.2 Problem statement

The problem that is studied is if an already existing road grade estimator, that
differentiates GPS altitude, z(t), to form the vertical velocity vd,z, can be improved
by measuring a new GPS signal: vertical velocity as part of the 3D-velocity supplied
by the GPS receiver, vd,vel. The measurement noises, defined in Equation (1.3), that
are blended with the measurements are discovered to be colored and it is investigated
whether a model for the noise dynamics will improve the estimate of the true vertical
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Figure 1.3: To verify which method of acquiering the vertical velocity, vd, that
should be used a test drive on highway E4 was done with a rigid HDV. (Photograph
courtesy of Scania AB and photographer Dan Boman)

velocity.

evel = vd,vel − vd,ref (1.3)
ez = vd,z − vd,ref

The true vertical velocity, vd, is modeled as a random walk. See Equation (1.4).

vd,k = vd,k−1 + wk,vd (1.4)

To investigate the possible improvment of using models for the measurement noises,
three different Kalman filters with included noise models are investigated: one with
vd,vel as a measurement and a model for evel, one with vd,z as measurement and a
model for ez and finally a sensorfusion Kalman filter with both vd,vel and vd,z as
measurements and both measurement noise models included. A test run at Swedish
highway E4 was done in order to collect data for analysis. The Power Spectral
Density (PSD) estimates of the measurement noises defined in Equation (1.3) are
seen in Figure 1.4.

Because there is higher probability for lower frequencies in the measurement
noise a model describing this can be developed. If the model is properly included
in the Kalman filter’s system matrix, the estimation of the true vertical velocity,
vd, should be improved. The truth of this statement will be tested in the coming
chapters.
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Figure 1.4: PSD estimates of the measurement errors evel and ez from the exper-
iment at highway E4 plotted against spatial frequency. The measurement noise is
clearly not white.

1.3 Outline
Chapter 2 introduces the areas of GPS, state estimation and stochastic processes.
Chapter 3 describes the two GPS receivers that were used during the experiment.
The methods that have been used to produce the results are described in Chapter 4.
Chapter 5 presents the experimental setup and results. Finally Chapter 6 concludes
the thesis and suggests some points that could be further evaluated as future work.





Chapter 2

Background

In order to provide the reader with the necessary insight, the following sections
introduces road grade estimation, GPS, the Kalman filter and stochastic processes.
The GPS section describes the fundamentals of position and velocity estimation
and also considers some of the major disturbances to the system. The Kalman filter
section describes how the optimal estimates of a system can be calculated. The
section about stochastic processes is an introction to the parts of this area that are
considered in this thesis.

2.1 Road grade estimation

Road grade estimation is the process of acquiring the present inclination of a ve-
hicle relative a horizontal reference. This can be done using an inclination sensor
that directly measures the road grade, or by using a system model and combining
indirect measurements to form an estimation of the road grade. The latter method
is the one that will be used throughout this thesis. By measuring on-board vehicle
signals, like engine torque and vehicle speed (which often are available directly off
the vehicle data bus), that ensure precision over short time spans and combining
those measurements with GPS data that ensure accuracy over longer periods of
time, a road grade estimator can be constructed. The benefit of estimating the
road grade is to supply the on-board systems with additional information that can
be used to improve vehicle performance. As an example, consider the truck to the
left in Figure 2.1: as the truck climbs up the hill with decreasing speed as result
it might be tempting for the automatic gear box to change gear to a lower one in

Figure 2.1: Three examples of experienced road grade.
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8 CHAPTER 2. BACKGROUND

order to keep the outgoing tire torque at an acceptable level. However, from a fuel
saving point of view this might not be the optimal choice. Reasons for this include
the loss of turbo charger pressure and vehicle speed as the truck will be coasting
during the gear change. Given the conditions for the truck to the left, it might be
better to keep the present gear and allow for a bigger drop in vehicle speed as the
hill crest comes closer. The lost speed can be regained by simply rolling down the
coming downhill slope and at the same time saving fuel. To make even further use
of the upcoming downhill slope, the throttle can be cut off before reaching the hill
crest so that the predicted truck speed at the bottom of the hill will be that of the
posted road speed.

This requires knowledge about the coming road grade that could have been
acquired at an earlier run by estimating the road grade and storing the result in
an on-board road grade database. Such iterative road grade estimation techniques
have been proposed earlier by (Sahlholm, 2008). Given such information about
coming road topography, there exists algorithms for calculating optimal velocity
trajectories, see (Hellström, 2007), (Fröberg, 2008) and (Alam, 2008).

2.2 The Global Positioning System (GPS)

Introduction

July 17, 1995 was an important day for the global positioning system: this day it
was declared to be at full operational capability (FOC), meaning that at least 24
GPS satellites are in operation at any given time. The FOC guarantees that there
always will be at least four GPS satellites with an elevation angle greater than or
equal to 10◦ visible at any given time at any given place on the earth. The GPS
is the only global navigation satellite system (GNSS) in operation as of today. A
GPS receiver on the earth can determine its position using signals from at least four
GPS satellites. The GPS is a passive system, meaning that the GPS receivers only
have to receive data from the satellites in order to determine its position. This also
means that there is no limit on the number of running GPS receivers in the world:
they all share the same satellites.

GPS signals

Since the GPS is a passive system, all signals of interest to the GPS receiver are
sent out from the GPS satellites. In Figure 2.2 the GPS signal modulation is seen.
In the following sections, each of the left-hand signals will be further explained,
starting with the navigation message.
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Figure 2.2: GPS signal modulation scheme.

The navigation message

Each satellite sends out a navigation message which contains information about
the satellite ephemeris1, parameters describing the error in the satellite’s on-board
atomic clock and health status among others (El-Rabbany, 2006). The message is
transmitted with a bit rate of 50 bps and a complete navigation message consists
of 37 500 bits divided into 25 frames, i.e. 1500 bits per frame. Each frame is
then divided into 5 smaller subframes of 300 bits each. It is not necessary for the
GPS receiver to receive the satellite’s complete navigation message before it can
conclude the satellite position (as this would take over 12 minutes!), this is because
the ephemeris- and satellite clock drift (relative to GPS time) data are redundant
and sent out in subframe 1–3 of each frame. Subframe 4–5 contains brief almanac2

and health status of all active satellites (24 or more), this data is too big to be
sent in each frame and it is therefore divided so that each frame contains a fraction
of the complete almanac and ephemeris information (Navstar, 2006). To receive a
complete description of all the active satellites’ almanac, it is necessary for the GPS
receiver to receive all the 25 frames in a row.

1Precise information about the satellite orbit.
2Approximate position and health status, less accurate than the ephemeris but valid for longer

time (up to 180 days).
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Coarse acquisition (C/A) code and the precision (P) code

The C/A code is a 1023 chip3 long pseudorandom number that is unique to each
satellite. The GPS receivers can identify from which satellite the signal is originating
from by comparing the received C/A code with a local copy of all the satellites’ C/A
codes. The C/A code is sent out with a chip rate of 1.023 MHz, i.e. a complete
C/A code has a period of 1 millisecond. Since it takes 20 subsequent C/A codes
to send one bit from the navigation message, and it is sufficient with only one fully
received C/A code to determine the sending satellite (the navigation message is
modulated onto the C/A or P code, more about that later), the GPS receiver most
often know from which satellite the signal is coming from before the first bit of
the navigation message has been completely received. The different C/A codes are
highly orthogonal to each other, this is an important feature that allows all the GPS
satellites to share the same broadcast frequency4.

The precision code is, like the C/A code, a pseudorandom number. It has a
10 times faster chipping rate (10.23 MHz) and it is encrypted, an encrypted P
code is called a Y code or P(Y) code. The code is noticeable longer than the C/A
code: it is about 1014 chips long (Misra and Enge, 2001). This corresponds to
a total transmission time of one week, after that the satellite starts over again.
Its higher chipping rate admits 10 times more accurate range measurements than
measurements based on the C/A code.

The navigation message is binary modulated onto the C/A and P(Y) code; this
is done using a XOR algorithm. This modulated message is the one that is converted
onto the L1 and L2 carrier as can be seen in Figure 2.2.

Carrier wave and broadcast signal

The GPS satellites sends out two carrier wave frequencies, one is called the L1
carrier, transmitted at 1575.42 MHz, and the other one is called the L2 carrier,
transmitted at 1227.60 MHz. The P(Y) code is modulated onto both L1 and L2,
the C/A code however is modulated onto the L1 carrier only. The modulation
of the carrier waves are done using binary phase shift keying (BPSK), this means
that when the modulated code and navigation message is equal to 0 the phase of
the carrier is unchanged, when it is equal to 1 the phase is shifted by 180◦ (or
equivalently, the carrier signal is multiplied by −1). This means that changes in
the data from 0 to 1 or vice versa corresponds to a phase shift of 180◦ in the carrier
signal.

Pseudoranges

A pseudorange is the first measurement made by a GPS receiver when it gets a lock
onto a satellite. It is obtained by comparing the received C/A code sent out by the

3It is called chip instead of bit because it holds no information.
4For more information see Code Division Multiple Access (CDMA).
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Figure 2.3: Pseudoranges from three satellites.

satellite with a replica generated by the receiver; the codes will be offset (in time)
by a delay that is proportional to the distance between the receiver and satellite, see
Figure 2.3. The receiver shifts its code until it matches the one received from the
satellite and this time multiplied with the speed of light is the pseudorange to that
satellite. It is called pseudorange because the calculation is distorted by errors and
is not a correct representation of the true distance. The GPS improves this range-
measurement by correcting the receiver clock bias for each position calculation.
Thus the unknown parameters for a position fix are four: the receiver coordinates
x = (x, y, z) and receiver clock bias b. If more than 4 satellites are visible to the
receiver a least-squares method is used.

GPS errors

As the GPS signal travels from the satellite’s antenna to the receiver antenna it is
affected by several errors with different origins. The ones most prominent will be
presented here in order of appearance.

Receiver clock bias

The dominating error is the receiver clock bias. Although receiver clocks typically
have an error of magnitude 10−6 (approximately one second per 1.5 week), which
may appear accurate, considering that the signals are sent with the the speed of
light c ≈ 300 · 106 m/s, the positioning error owing to the clock drift during one
second is 300 m. As this error will influence all of the pseudorange measurements
equally, it can be taken care of by correcting the receiver clock with information
received from a fourth satellite.
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Ionospheric delay

The ionosphere is the uppermost part of the atmosphere and it is ionized due to
the sun’s radiation. The ionspheric delay depends mainly on three parameters: the
total electron count (TEC), the frequency of the GPS signal (as the ionosphere is
a dispersive medium) and the satellite elevation angle. The TEC is defined as the
number of electrons within a tube with a radius of one meter that is centered around
the GPS signal’s propagation path. The TEC builds up during the day as the sun
ionizes the atoms and peaks around 2 pm. local time. Depending on solar storms,
the solar cycle and solar flares, the TEC can vary by 20-25 % from the monthly
average (Misra and Enge, 2001), this corresponds to a positioning error of about 5
m. With a dual-frequency receiver (that looks at both L1 and L2) the delay can be
mitigated as the signals will be delayed differently depending on frequency and a
correction factor can be calculated. The satellite elevation angle affects the length
of the imaginary tube that wraps around the GPS signal and it is shortest in the
zenith direction. A L1 receiver uses an empirical model of the ionospheric delay
called the Klobuchar model that improves the position estimation by approximately
50 %.

Receiver noise and multipath

Receiver noise represents the portion of the experienced received signal that is not
the GPS signal, i.e. the random measurement noise that cannot be modelled (e.g.
errors originating from the receiver’s antenna or amplifier, quantization error and
interfering RF signals on the L1 and L2 frequencies).

Multipath occurs when the original GPS signal is reflected before it reaches the
receiver antenna. The received signal will be the sum of the original signal plus
weaker multipath signals that will have travelled a longer way before hitting the
receiver antenna. The receiver has ways of eliminating most of the multipathed
signals, although the multipath effect sometimes confuse the receiver into thinking
that the range to the satellite has suddenly increased which can give raise to spikes
in the measured position.

User range error

The user range error (URE) is the sum of all the above mentioned errors and it
is in the range of 6 m for a L1 receiver. The different errors are of two different
chararcter: the receiver clock bias and ionospheric delay are slowly changing (biases)
and the receiver noise and multipath errors are quickly changing (noise).
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2.3 The Kalman filter

Introduction

The Kalman filter is a recursive algorithm for estimating the states of a linear
dynamic system that is subject to model and measurement uncertainties. It was
developed by Rudolf Emil Kálmán and was first proposed in 1960, see (Welch and
Bishop, 1995) for an introduction. Until this day it is one of the most widespread
algorithms used in control systems and avionics. Some of its useful features are that
it is: optimal, defined in state-space form and it uses all of the measured data to
compute the state estimation. The filter makes the assumption that all the system’s
dynamics are included in the system model that is supplied to the filter, and that
the remaining process and measurement errors are gaussian white noise processes5.
Even though this is a very conservative assumption, the filter can still come out with
a good estimation with considerably less noise compared to the raw measured data
even though the system model is incomplete. Since the Kalman filter is optimal,
given that all the available information about the system has been supplied to the
filter, the resulting estimation of the states is the best possible. The system that is
to be estimated must be defined in discrete state-space form:

xk+1 = Akxk +Bkuk + wk (2.1)
yk = Ckxk + vk

Where wk and vk are independent, zero mean, gaussian distributed, white noise
processes with covariances Qk and Rk respectively.

wk ∈ N(0, Qk) (2.2)
vk ∈ N(0, Rk) (2.3)

Equation (2.1) is a difference equation that contains all the information about how
the system states evolves with each time incremental. The notation xk+1 is a con-
vention for x(kT + T ) where k is the number of steps from a starting time t0 and
T is the sample period. The Ak matrix defines how the states evolve over time
and the Bk matrix defines how the input uk affect the system. Because no model
is perfect and all measurements contain noise, wk and vk are blended in the state
and measurement equations. This means that there is no way of knowing the exact
value of xk+1 or the measured states Ckxk. In Figure 2.4 a schematic view of the
signal routes is presented. As stated eariler the true state xk is unknown, instead
the Kalman filter produces an estimation of the states, x̂k, that is optimal. The
term ”optimal” means that the root mean square of the estimation error is mini-
mized. The content of the magical Kalman filter box in Figure 2.4 is revealed in
the next section.

5See section 2.4 for an explanation.
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Figure 2.4: Signals used by the Kalman filter.

Definition

The Kalman filter uses a predict and update algorithm in each time step. The
resulting state estimation is a weighted combination of the two. Equation (2.4) to
(2.8) will be explained further below.

Predict

x̂k+1|k = Akx̂k|k +Bkuk (2.4)
Pk+1|k = AkPk|kA

T
k +Qk (2.5)

Update

Kk = Pk+1|kC
T
k (CkPk+1|kC

T
k +Rk)−1 (2.6)

x̂k+1|k+1 = x̂k+1|k +Kk(yk − Ckx̂k+1|k) (2.7)
Pk+1|k+1 = (I −KkCk)Pk+1|k (2.8)

Where:

• x̂k|k the optimal estimation of the system state at time t = kT .

• Ak the system matrix, defining how the system evolves with time.

• Bk the system input vector, defining how the states get affected by the input.

• uk the input vector.

• Pk|k the state error covariance matrix. A gauge of the estimated accuracy of
the state estimation.

• Qk the process error covariance matrix.
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• Kk the optimal Kalman gain matrix.

• Ck the observation vector, telling how the states are mapped to the observed
space.

• Rk the measurement error covariance matrix.

• yk the measurement.

The indices are used to separate the prediction from the updated version of the same
variable. For example, x̂k+1|k, means the predicted value of x̂ at time t = k + 1
given the information (the last observation) from time t = k. Equation (2.4) is
a simulation of the system one time step ahead; the white noise process wk is set
to zero. Equation (2.5) updates the error covariance matrix Pk|k with information
regarding system dynamics (Ak) and reliability of the system model (Qk), which
later will be used by the Kalman filter to give the predicted state the appropriate
weight. The update phase of the filter starts by calculating the Kalman gain, Kk,
in Equation (2.6). The calculated Kalman gain depends on all the filter parameters
and makes optimal use of them. The term yk−Ckx̂k+1|k, seen in (2.7), is called the
innovation beacuse it contains new (measured) information that is supplied to the
filter (the innovation is also called the residuals). If the result from the simulation
of the state evolution is poor (Qk large) and the relibility of the measurement is
high (Rk small) then the Kalman gain will be large and the estimated state x̂k+1|k+1
will depend mostly on the innovation.

2.4 Stochastic processes
A stochastic (or random) process is characterized by the fact that even though a
very long measurement of the process is available, the process’ future values can
not be predicted from this measurement. Instead of trying to predict the future
values, it is more useful to try to abstract the characteristics of the process. One of
the simplest models of a random process, and the one that will be used henceforth,
is the linear, discrete, sequence defined in Equation (2.9) where y(t) is the random
process and e(t) is white noise. White noise has the property that e(t) and e(s) are
independent if t 6= s. Equation (2.9) is called an auto regression moving average
(ARMA) process, where the auto regression refers to the dynamics in the random
process y(t) and the moving average refers to the dynamics of the error e(t).

y(t) + a1y(t− 1) + . . .+ any(t− n) = b0e(t) + b1e(t− 1) + . . .+ bme(t−m) (2.9)

Eventhough the future value of the process, y(t+ 1), can not be predicted, one can
make conclusions about the propability of future values. Usually it is sufficient to
consider the mean (i.e. the expected value) and variance of the random variable,
defined in Equation (2.10) and (2.11).
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Figure 2.5: Scatter plots with correlation coefficients.

µX = E(X) (2.10)

σ2
X = E

[
(X − µX)2

]
(2.11)

2.5 Correlation between stochastic processes

Correlation is a measure of how much two random signals change together, e.g. if
one of the signals is increasing the correlation between the signals can give a hint
about how likely it is for the other signal to also increase (positive correlation) or
decrease (negative correlation). The correlation coefficient between two random
signals X and Y is defined in Equation (2.12).

ρX,Y = E((X − µX)(Y − µY ))
E(X − µX)E(Y − µY ) = σX,Y

σXσY
= cov(X,Y )

σXσY
(2.12)

Where µX and µY are the signals’ expected values, σX and σY are the standard
deviations and E represents the expected value operator. Correlation and covariance
(denoted ”cov” in 2.12) are very similar in describing the relationsship between two
signals. It should be noted that the correlation coefficient is dimensionless and varies
between -1 and 1 (a proof of this can be found on page 45 in (Bendat and Piersol,
1993)). In Figure 2.5 the correlation coefficient for different sets of random variables
are shown. In the first row it is clear that the size of the coefficient is determined
by the linear relationship between the variables. The second row shows that the
sign of the correlation coefficient represents the direction of change, e.g. if one
increases and the other decreases the sign would be negative. The third row shows
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that the correlation coefficient does not reveal any nonlinear relationships between
the variables. Correlation does not tell whether one variable causes the other to
change or vice versa, it might also be that both signals depend on a third signal that
has not been taken into account, i.e. correlation does not imply causation. Such
relations must be extracted by other means.

The correlation function

Given two time-series6 of random processes, x(t) and y(t), the correlation function
of the two processes is calculated in a similar way as in Equation (2.12) but with
an introduced time lag:

Rxy(τ) = lim
T→∞

1
T

∫ T

0
x(t)y(t− τ)dt (2.13)

Equation (2.13) is actually called the cross correlation function between x(t) and
y(t). If y(t) = x(t) the function is called the auto correlation function of x(t).
For discrete, ergodic, stationary random processes of length N , the unbiased cross
correlation function can be estimated by Equation (2.14).

R̂xy(k) = 1
N − |k|

N−k∑
n=1

x(n+ k)y(n) (2.14)

k = 0,±1,±2 . . .±N − 1

A graphical realization of a normalized7 auto correlation for gaussian white noise
is shown in Figure 2.6. The white noise sequence in Figure 2.6 is only 50 samples
long, which means that the statistical properties of the auto correlation function
are not obvious. The auto correlation function for white noise of infinite length is
equal to the delta function, i.e. an correlation coefficient equal to 1 at lag 0, and
0 otherwise. For finite sequences of white noise the auto correlation function will
reassemble something like the one in Figure 2.6: the correlation will be 1 for 0 lag,
and vary around 0 for any other lag. Gaussian white noise is static, i.e. earlier
values have no effect on the present value.

To include some dynamics one can introduce correlation as in Equation (2.15),
where wk is white noise. This is actually a random walk, i.e. the change of the
process is random.

yk = yk−1 + wk (2.15)

The realization and auto correlation of such a process is shown in Figure 2.7. What
can be seen is that the random walk is dependent on it’s earlier values as it is more
slowly changing than the white noise in Figure 2.6. This is also apperent in the
auto correlation plot for the random walk as the peak at lag 0 is not as sharp; there

6A history of data sampled at periodic intervals.
7The variance at lag 0 is equal to 1, this is achieved by dividing R̂xy in Equation (2.14) with

the variance of x.
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Figure 2.6: The left figure shows the value of the gaussian white noise at each
sample. The right figure shows the estimation of the auto correlation function of
the white noise.
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Figure 2.7: A random walk and its corresponding auto correlation with approxi-
mately 0 correlation for lags ‖k‖ ≥ 15.

is correlation for lags k ≈ [−15, 15]. One way of getting rid of the correlation in
the random walk would be to resample the signal with a sample period 15 times as
large, then the correlation between each sample would be approximately 0.

2.6 Related work

As GPS receivers get cheaper and more common in vehicles there is an increasing
intrest in using them not only for navigation, but also for other purposes, specifically
road grade estimation. In (Bae et al., 2001) a technique using GPS is used together
with vehicle sensors to produce an estimation of the road grade, vehicle mass, rolling
resistance and aerodynamic drag. To estimate the road grade two approaches were
tested. Using one antenna, the road grade was defined as the ratio of vertical
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velocity and horizontal velocity. Using two antennas, the road grade was defined as
the difference in altitude between the two antennas. There is a discussion regarding
the differences between the two methods where the two-antenna method is said
to be more sensitive during acceleration as the pitch of the car increases as the
acceleration increases. The two-antenna method is less sensitive to vertical movment
(bumps) while driving on the highway because both antennas are affected equally.
The method based on using one antenna and speed ratios has the advantage of not
beeing affected by acceleration, but instead treats bumps in the road as changes
in the road grade. A Kalman filter is mentioned as a way of combining the two
measurements, there is however no discussion of the correlation between the GPS
receiver’s position- and velocity signals.

In (Sahlholm, 2008) an estimator that makes use of vehicle sensors and GPS al-
titude data is used to estimate the current road grade. To estimate the magnitude
of the error in the altitude signal the number of visible satellites is used to influ-
ence the element corresponding to the altidtude measurement in the measurement
covariance matrix R = R(t). When the satellite coverage is low, the variance of
the measurement is high and vice versa. It is noted that measuring 3-D velocity
information (if available from the GPS receiver) could be usable if the position (i.e.
altidtude) and velocity (i.e. vertical velocity) signals contain different information.





Chapter 3

GPS receivers

This chapter describes the two GPS receivers that have been used. The first receiver
is the one that has been used for road grade estimation, the u-blox Antaris 4P; the
second one is the receiver that has been used as reference, the Oxford RT3040.

3.1 u-blox Antaris 4P GPS receiver

The u-blox Antaris 4P (u-blox), see Figure 3.1, is a low-cost, flexible, GPS module
that can be used in a multitude of applications. It uses a 16 channel Antaris 4
positioning engine (i.e. it can listen to up to 16 satellites at the same time) and it is
capable of a 4 Hz update rate (u-blox AG, 2008). It also has support for the Satellite
Based Augmentation Systems (SBAS)1 WAAS, EGNOS and MSAS, of which the
EGNOS is available in Europe. During the test run it was not possible to check
whether the u-blox was in contact with a SBAS or not. However, there was no sign
of a suddenly lowered error as the result of a possible contact with the EGNOS.

1A system that sends out complementary, regional, correction information in order to augment
the positioning solution.

Figure 3.1: The u-blox Antaris 4-P Evaluation kit. (Image courtesy of u-blox)

21
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Figure 3.2: The u-blox could be set into two different settings: the automotive
setting or the airborne setting. The different settings should be used for different
applications.

The u-blox has a stated Circular Error Probable (CEP)2 of 2.5 m without SBAS,
and 2.0 m with the use of SBAS. However, these numbers will be heavily influenced
by surrounding conditions such as weather conditions and line of sight.

This thesis tries to evaluate how ”good” vd,vel is (see Section 4.2 for an explana-
tion of vd,vel) and much of the time has been spent on trying to extract information
about how the filtering inside the u-blox is made. The Antaris positioning engine
is certainly not an open source software and because of that the problem is quite
similar to black-box identification. From (u-blox AG, 2008) it can be concluded that
there is an extended Kalman filter (EKF) that estimates the GPS receiver’s states.
Trying to understand how the raw GPS measurements (the navigation message and
dopper shift) will influence the states and how the states relate to each other is not
a simple task. The fact that the Kalman filter is a dynamic filter makes it even
harder as it can adapt itself depending on number of visible satellites and so on.
Given these premises, simpler assumptions must be made: the GPS receiver’s filter
is considered to be static, i.e. that the filter parameters Qk, Rk and Ak is static.
Trying to further estimate how the filtering is made might be in vain if it is decided
to not use u-blox for road grade estimation.

u-blox configuration and data acquisition

The u-blox offers different configurations in which it can log data, see Figure 3.2.
Two of the settings were tested: the airborne setting and the automotive setting.
The different settings change how the filtering inside the u-blox is made to better ac-

2The radius of a circle that is centered at the antenna which will contain 50 percent of the
positions.
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Figure 3.3: The Oxford RT3040 with antenna and wheel pulse encoder excluded.
(Image courtesy of Oxford Techincal Solutions)

comodate the conditions in, for example, an airplaine or in a car. The software used
to configure and log data was u-center, version 5.03, which is available for download
at u-blox’s homepage. The u-blox was set to use a proprietary NMEA protocol
that has been developed by u-blox: PUBX 00 (u-blox AG, 2006). This protocol
supports the acquisition of UTC time, longitude, latitude, altitude, horizontal- and
vertical accuracy, speed over ground, vertical velocity, HDOP and VDOP among
others. For road grade estimation, the most important signals are the speed over
ground (vf ) and the vertical velocity (vd). The u-blox was set to log data at a
rate of fublox = 4 Hz. After a complete experiment the log file was imported and
analyzed using Matlab.

3.2 Oxford RT3040 GPS receiver

The Oxford RT3040 (Oxford) is an advanced measurement device that uses a L1/L2
GPS receiver together with an Intertial Navigation System (INS) and differential
GPS corrections (DPGS) from the commercial SBAS OmniStar HP, see Figure 3.3.
The RT3040 uses three gyros and three accelerometers to get precise positioning
between the updates from the GPS receiver. This is a necessity since the Oxford
is capable of operating at a 100 Hz data rate where it supplies, not only position,
velocity and acceleration, but also angular velocity- and acceleration information.
In addition to this it also reports the estimated standard deviations of all signals.
Using a wheel pulse encoder mounted onto the vehicle wheel the Oxford efficiently
reduces the drift of the position at zero velocity (which otherwise is common at low
speeds). The Oxford specifies a CEP of 0.1 m (Oxford Technical Solutions, 2008)
and a 0.03◦ pitch resolution, these specifications are only valid if OmniStar HP is
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available.

Data acquisition

During the experiments the Oxford was configured to log all signals at a data rate
of foxf = 100 Hz.



Chapter 4

Method

4.1 Outline
This chapter explains the methods that were used to obtain the result described in
Chapter 5, ”Experimental results”. Section 4.2 gives an introduction to the vertical
velocities vd,vel and vd,z that originate from the u-blox GPS receiver. Section 4.3
describes how the changing of independent variable, from time to distance, was done.
The models used to model the measurement errors are described in Sections 4.4 and
4.6. Section 4.5 describes the vertical velocity, vd, model. Finally Section 4.7 shows
how to include the error models in the augmented Kalman filter.

4.2 Vertical velocity (GPS signal)
Vertical velocity, vd, and forward velocity, vf , is defined in Figure 4.1. Vertical
velocity is the velocity of the GPS antenna when moving straight up or down as
seen in Figure 4.1. If the antenna is placed on top of the HDV the vertical velocity
will reflect the vertical movement of the whole vehicle. Different ways of obtaining
the vertical velocity will be denoted by different lower indexes (e.g. vd,vel). Velocity
down, vd,vel, is the name of the vertical component of the u-blox’s 3D-velocity. The
index d,vel stands for down (the vertical velocity is defined as positive when moving

Figure 4.1: Definition of vertical velocity, vd, forward velocity, vf and road grade α.
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Figure 4.2: The vertical velocities vd,z (dotted), vd,vel (dash-dotted) and vd,ref
(solid) taken from a road segment of Swedish highway E4 between cities Södertälje
and Norrköping.

downwards) and velocity respectively. The reason for specifying that the vertical
velocity is based on GPS velocity information in this way is that in (Sahlholm, 2008)
the road grade estimation is done using vertical velocity based on altitude position
information, vd,z. In Figure 4.2 an extract of vd,vel and vd,z is shown together with
a vertical velocity reference obtained from a tightly coupled GPS/INS integration
(Oxford Technical Solutions, 2008), vd,ref , that has been used as reference, see
Section 3.2. At distance 900 m there is a drop in vd,z from 0.4 m/s to 0.2 m/s, this
phenomenon can be related to the fact that the number of visible GPS satellites
increased from 8 to 9 at the same instant. This might seem unreasonable at first,
but what happens is that the positioning solution calculated by the GPS suddenly
changes as new information from an additional satellite is available. Since vd,z is
differentiated it is sensitive to such sharp changes in the altitude. It is also clear
that vd,vel is not affected appreciably by the changes in number of visible satellites.

The measurement errors

The measurement errors are defined in Equation (4.1).

evel = vd,vel − vd,ref (4.1)
ez = vd,z − vd,ref
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4.3 Equidistant resampling

In order to combine multiple measurements of the same road the collected data from
the two GPS receivers must be resampled so that the samples from the test drive are
equally distant from each other spatially, rather than in time. The motivation for
this is that the resolution of a stored road grade map should be the same whether the
vehicle was moving fast (the equivalent time sampling gets more spread out) or slow
(vice versa) during the road traversal. The procedure for doing this resampling will
be described in more detail below. First the data from the u-blox- and Oxford GPS
receiver were aligned with respect to time, so that signals sampled by the u-blox can
be compared to those sampled by the reference receiver, the Oxford, at the same
time instant. Since the sampling took place while driving on the highway E4 with a
relatively constant speed, the sampled signals were already relatively equidistantly
spaced from each other. However, to achieve reproduceability, the samples were
interpolated on a distance vector with a constant distance increment of ds = 5 m.
The choice of a 5 meter increment was motivated by the fact that a vehicle speed
of 90 km/h (typical speed of a heavy duty vehicle on a Swedish highway) and a 4
Hz sampling rate would mean that the samples whould be 6.5 meters apart.

As it turns out after evaluating the experiment, the choice of interpolating the
4 Hz signal (corresponding to a distance incremental of 6.5 m) with ds = 5 m
made the interpolated signal more correlated with it self (a larger auto correlation
function). This is, in retro perspective, logical as the interpolation generated extra
samples, e.g. a 65 m road segment would after the interpolation consist of 13
samples (65 / 5) compared to the original data consisting of 10 samples (65 / 6.5)
(that is, if the road had been traversed with a speed of 90 km/h). However, this
problem does not interfere with the conclusion in Section 6.1 since evel still would
not be zero-mean This problem is mentioned in Section 6.2, Future work.

4.4 Modeling of measurement errors

The two measurement errors defined in Equation (4.1) are not white noise (this will
be shown in coming sections), this means that certain frequencies in the signal are
more probable than other. By using methods from system identification, models
that decribe the dynamics in the errors can be developed. The system that is to
be estimated is the GPS receiver in Figure 4.3. What is known is that the GPS
receiver receives data that are described in Section 2.2 via the GPS receiver antenna.
The data is then filtered in an extended Kalman filter, mentioned in Section 3.1.
Since what happens inside the GPS receiver is not known and the ingoing raw
measurements are not available, one is left to look only at the output from the
receiver, e.g. z(t) and vd,vel(t). By using the reference that comes from the Oxford
it is still possible to analyze the measurement errors. Because there is no input to
the model available and considering the fact that the error model should be included
in a Kalman filter, autoregression (AR) models were chosen to model the dynamics
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Figure 4.3: General view of the GPS receiver with the raw measurements sent out
by the satellites to the left and the filtered signals to the right.

Figure 4.4: An AR model is driven by white noise, e(t), and outputs a stochastic
process, eAR(t), that is linearly filtered.

in the measurement errors.

Autoregression (AR) models

An AR model is equivalent to filtered white noise which can be obtained by setting
b0 = 1, b0, b1, . . . bm = 0, in Equation (2.9). The resulting AR model that has been
used for measurement error modeling is defined in Equation (4.2). Figure 4.4 shows
how the measurement errors are modeled with white noise as input. For example
random walk, which is defined in Equation (2.15) and exemplified with a realization
in Figure 2.7, is an AR model of order 1 with a1 = 1.

eAR(t) = a1eAR(t− 1) + a2eAR(t− 2) + . . .+ aieAR(t− i) + e(t) (4.2)

Estimation process

For estimation of the parameters a0, a1, . . . , ai in the equation above, the System
identification toolbox in Matlab has been used. The measurement errors are
assumed to be the result of a stochastic process and this means that the estimated
parameters will also be stochastic. In order to get a consistent model that captures
the error dynamics correctly most of the time, the data from the test run at highway
E4 have been divided into smaller fractions consisting of 256 samples each. Models
have been created for each of the fractions and the final model have been developed
by averaging the models from each fraction.
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Model order estimation

Model order estimation is done by determining how many parameters that are
needed such that the AR model sufficiently describes the measurement error. Mat-
lab has been set to use Akaike’s Information Criterion (AIC)1 for ensuring that
the model does not get overfitted for the specific fraction of the road. The model
order might differ from fraction to fraction due to the fact that there are dynamics
and nonlinearities in the errors that cannot be modeled by an AR model. The
model order for the error during the whole test run, which also is considered to be a
plausible reflection of the dynamics in the error during any other highway traversal,
is determined by using the most common suggested model order.

Model parameter estimation

When the model order has been determined as described above, the model param-
eters are estimated in a similar way. The parameters are determined by using the
model order suggested above on each of the road fractions and then averaging the
suggested parameter values from each fraction. The Matlab command ar was
used for this purpose.

4.5 Modeling vertical velocity
The measurements are composed of the true vertical velocity, vd,ref , plus the biased
measurement error, evel or ez, implicitly defined in Equation (4.1). Models for the
errors have been proposed in Section 4.4, now a model for the vertical velocity will
be presented. A model that describes the road grade, α, has been proposed by
(Sahlholm, 2008). The model proposed here is based on Sahlholm’s model and it
is seen in Equation (4.3). It is modeled as a random walk with a gaussian white
noise source. The variance of the source has been determined in accordance with
Section 4.6. This model is only correct while driving on flat ground and is thus
quite limited. This also means that the process noise is biased (colored) while the
road grade is changing, hence an extension of the system model to also include a
changing road grade scenario could be an improvement. The colored process noise
problem is not considered in this thesis.

vd,ref (s) = vd,ref (s− 1) + wkvd,ref (4.3)

4.6 Periodogram fitting
When the parameters of the AR model have been determined it remains to find
the variance of the white noise source that is driving the process. The real signal’s

1A description of AIC can be found in any good text book about system identification.
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periodogram was matched to periodograms obtained from simulations of the AR
models with gaussian white noise sources of different variances. The signals that
are modeled are the measurement errors evel and ez and the vertical velocity vd,ref .
Following the notation in (Ljung and Glad, 2004), the periodogram, ˆ̂ΦN (ω), is
defined as

ˆ̂ΦN (ω) = 1
N
|UN (iω)|2 (4.4)

UN (iω) =
N∑
k=1

u(k)e−iωk

By doing PSD calculations on several realizations that are generated by running
white noise of different variance through a model, the best variance is selected by
minimizing the absolute error between the PSD of the true signal to that of the
simulated ones. The error is calculated as

ε =
∑∣∣∣∣ ˆ̂ΦN,model(ω)− ˆ̂ΦN,real(ω)

∣∣∣∣ (4.5)

Comparing the true signal’s PSDs to those of the simulated ones also proved if the
model had mimiced the frequency conctent in a satisfactory way (i.e. that the PSDs
were in concurrance) and that the choice of an AR structure was motivated.

The Matlab command pwelch, which is based on Welch’s method, was used to
calculate the Power Spectral Density (PSD) estimates. Welch’s method divides the
time series (or the equidistant series) into smaller segments and then averages the
PSD estimate from each segment in order to reduce the variance of the estimation.

4.7 Including AR models in the augmented Kalman
filter

A way of taking care of colored measurement noise in a Kalman filter is to augment
the number of states being estimated to also include noise dynamics (Simon, 2006).
If the system can be written as Equation (4.6) (following the notation of Simon) it
is possible to augment the system state, where δk−j is the delta function with value
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1 if k = j and 0 otherwise (i.e. the covariance matrices are diagonal).

xk = Akxk−1 + wk−1 (4.6)
yk = Ckxk + vk

vk = ϕk−1vk−1 + ζk−1

wk ∈ N (0, Qk)
ζk ∈ N (0, Qζk)

E
[
wkw

T
j

]
= Qkδk−j

E
[
ζkζ

T
j

]
= Qζkδk−j

E
[
wkζ

T
j

]
= 0

The original system model with state xk is augmented to Equation (4.7).[
xk
vk

]
=
[
Fk−1 0

0 ϕk−1

] [
xk−1
vk−1

]
+
[
wk−1
ζk−1

]
(4.7)

yk =
[
Ck I

] [ xk
vk

]
+ [0]

The augmented system differs from the original one by the fact that the variance of
the measurement noise is 0 and that the system model and system state has been
augmented to include the noise model ϕ and the biased states v. Supplying the
Kalman filter with a model for the bias as in Equation (4.7) has both advantages
and disadvantages. The advantage is that more information about the dynamics of
the process that is being estimated is presented to the filter and that the system
is now said to be perturbed by gaussian white noise (although this noise only acts
as process noise). The fact that the disturbances are white is a necessary condition
for the Kalman filter to be the optimal state estimator. Later in this thesis, in
the results section, it is obvious that the augmented Kalman filter does not always
improve the state estimation.

4.8 Kalman filtering setups
In order to evaluate the performance of the measurement error modeling, five dif-
ferent methods of obtaining the vertical velocity were created, see Figure 4.5. The
three estimated states in Figure 4.5, vd,vel,filt, vd,z,filt and vd,filt, were compared
to the measurements vd,vel and vd,z to see if the augmented Kalman filters with
included error models, KFvel, KFz, and KF , improve the accuracy of the vertical
velocity estimate. ARvel and ARz corresponds to Equations (5.2) and (5.4).
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Figure 4.5: Five different methods of obtaining the vertical velocity, vd, were cre-
ated. The first two methods uses the measured signals without any filtering. The
three Kalman filters all have models for the ingoing signal’s measurement error(s)
included.



Chapter 5

Experiments

5.1 Experimental setup

The highway experiment was performed during midday in November on Swedish
highway E4 between cities Södertälje and Nyköping, see Figure 5.1 for a map show-
ing the road. There were typical Swedish autumn conditions: it was cloudy, the
temperature was just above 0◦ celcius and there was no rain. The road was tra-
versed first in the southbound direction, from Södertälje to Nyköping, and then in
the northbound direction. The distance between the cities is about 60 km. The

Figure 5.1: The thick line shows the highway segment that was used for vertical
velocity estimation. (Image courtesy of Google)
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Figure 5.2: Forward velocity, vf , during the test run at the highway E4. The drop
in the middle represents the turn back from Nyköping to Södertälje.

vehicle used was a rigid Scania truck of model R420LB6x2*4MNB, which is seen in
Figure 5.3. The GPS antennas from the u-blox and Oxford receivers were mounted
on top of the container, approximatley 4 meters above the ground. By using the
on-board cruise controller the forward speed was set constant during the test. Fig-
ure 5.2 shows the vehicle speed during the experiment. The average speed during
highway driving (i.e. the acceleration lane and turn back excluded) was vf,avg = 87.6
km/h. The satellite coverage was relatively good during the test with an average of
9.2 visible satellites.

The test drive was conducted during the favourable conditions desribed above
(e.g. a constant forward speed and good satellite coverage) because the potential
of vd,vel was thought to be the greatest under these conditions. If vd,vel does not
prove to be better than vd,z during these conditions, it will unlikely be better any
other time.

5.2 Vertical velocity reference

The vertical velocity obtained from the Oxford GPS/INS device was sampled at
a rate of foxf = 100 Hz. To be able to compare the much faster sampled Oxford
data to the slower sampled u-blox data, the Oxford data was low-pass filtered and
resampled to 4 Hz. After this the data was interpolated so that the independent
variable no longer was time, but instead distance, s. Because the intended use of
the vertical velocity is road grade estimation, the low-frequency part of the vertical
velocity (downhills and uphills) is the one of interest. Because of this, the resampled
vertical velocity from the Oxford was low-pass filtered once more with a second order
Butterworth filter with a cutoff frequency of 0.005 m−1.
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Figure 5.3: The Scania R420LB6x2*4MNB that was used during the highway ex-
periment. The u-blox and Oxford GPS antennas were placed on top of the light
blue container.
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Figure 5.4: The measurement error evel from the test run at Swedish highway E4.
Left: the error during the whole test. Right: the error during a fraction (256
samples, or 1208 meters) of the experiment. Outliers have been removed.

5.3 Model for evel
Figure 5.4 shows the measurement error for the velocity based vertical velocity
vd,vel from highway E4. It can be seen that the error is biased and not zero-mean.
The average value of the measurement error evel for this test run proved to be
−0.0450 m/s. This bias has not been modeled because the data was detrended
before model identification. The fact that the error is not zero-mean could have



36 CHAPTER 5. EXPERIMENTS

serious consequences in a road grade estimator because the error would be integrated
and it would drive the estimation away from the states’ true values.

The model parameters

evel(s) = 1.5258evel(s− 1)− 0.8968evel(s− 2) + 0.2998evel(s− 3) + wk,vel (5.1)

The proposed error model is a third order AR model, defined in Equation (5.1). The
last term is white noise and its variance

(
E{(wk,vel)2}

)
will be determined later.

The error from the whole test was divided into fractions consisting of 256 points
each, resulting in a total of 93 fractions. The coefficients in the model above are
an average of the coefficients that have been proposed for each of the fractions. To
see if the coefficients in Equation (5.1) are plausible, plots showing the proposed
value of the coefficients from each fraction are seen in Figure 5.3. The parameter
values are centered around the mean, which motivates the idea of averaging the
parameters from each of the fractions.

The variance of the driving white noise

The AR model above does not specify the variance of the driving white noise and
the model is thus not complete. To get a complete error model the variance of the
driving white noise, wk,vel, in Equation (5.1) must be determined. By matching
the PSD of the measurement noise evel, defined in Equation (4.1), to PSDs derived
from simulations of the model in Equation (5.1) with different variances of wk,vel,
a complete error model is determined. Figure 5.6 shows the absolute error between
the PSD of the real measurement noise to the PSD of the simulations with different
variance of wk,vel.

The resulting model

evel(s) = 1.5258evel(s− 1)− 0.8968evel(s− 2) + 0.2998evel(s− 3) + wk,vel

E{(wk,vel)2} = 1.5× 10−4 (5.2)

The complete model with correct model parameters (c1, c2 and c3) and noise vari-
ance E{(wk,vel)2} = 1.5× 10−4 is seen in Equation (5.2). In Figure 5.7 the PSD of
the real measurement noise is plotted together with the PSD of the simulations of
Equation (5.2). The simulations consisted of 93 independent realizations of gaus-
sian white noise of length 256, the final PSD seen in Figure 5.7 is an average of the
realizations. The frequency is expressed in spatial units,

[
m−1], because the data

have been resampled using distance as the independent variable.
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Figure 5.5: Six figures that describe the parameters of the AR model for evel. The
three rows of figures represent the three parameters of the AR model, c1, c2 and c3.
The first column of the figures is the proposed value of the parameter for the 93
different road fractions and the second column is a histogram of the same values.
The plots show that the parameters are centered around the mean value, suggesting
that averaging the values are reasonable.
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Figure 5.6: The absolute error of the PSDs plotted against different variances of
the driving white noise. By varying the variance of wk,vel in Equation (5.1) and
calculating the absolute error between the PSD of evel and the PSD of the simulated
noise, a best choice of the parameter can be made. The best choise of variance is
approximately E{(wk,vel)2} = 1.5× 10−4.
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Figure 5.7: The PSDs of the real measurement error, evel, and the simulated error
model plotted against spatial frequency. The model captures most of the error
dynamics correctly apart from the low frequency peak where the gain of the model
should be larger.
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Figure 5.8: The measurement error ez from the experiment at Swedish highway
E4. Left: the error during the whole test. Right: the error during a fraction (256
samples, or 1280 meters) of the experiment. Outliers have been removed.

5.4 Model for ez
Figure 5.8 shows the measurement error, ez, for the vertical velocity based on po-
sition information, vd,z. The error is zero-mean and has a larger variance than
evel.

The model parameters

ez(s) = 0.9671ez(s− 1)− 0.3890ez(s− 2) + 0.2213ez(s− 3) + wk,z (5.3)

The error model for ez is defined in Equation (5.3), it is also a third order AR
model. It was derived using the same methods that were used for evel. Figure 5.9
shows the suggestions of the parameters in the ez AR model.

The variance of the driving white noise

The variance of the driving white noise, wk,z in Equation (5.3), is determined in the
same way as for wk,vel. Figure 5.10 shows the best choice of the variance for wk,z.

The resulting model

ez(s) = 0.9671ez(s− 1)− 0.3890ez(s− 2) + 0.2213ez(s− 3) + wk,z (5.4)
E{(wk,z)2} = 2× 10−3

The error model for ez is seen in Equation (5.4). Figure 5.11 shows the PSDs of
the real error ez and the error model. Similar to the model for evel, averaging the
parameters makes sense.
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Figure 5.9: Six figures that describe the parameters of the AR model for ez. The
three rows of figures represent the three parameters of the AR model, c1, c2 and
c3. The first column of the figures is the proposed value of the parameter for the
93 different road fractions and the second column is a histogram of the values.
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Figure 5.10: The absolute error between the PSDs’ of the real signal, ez, and the
simulations of Equation (5.3) is plotted against spatial frequency. The error is
minimized for E{(wk,z)2} = 2× 10−3.
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Figure 5.11: The PSDs of the real error ez and the simulated error model plotted
against spatial frequency. The model captures most of the dynamics correctly except
for low frequencies were the gain of the model should be larger.
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Figure 5.12: Above: the absolute error between the PSDs of the real signal and
simulations of Equation (5.5) plotted against different variances of the driving white
noise. The error is minimized for E{

(
wkvd,ref

)2
} = 2× 10−3.

5.5 Model for vd,ref

In the same way described earlier the variance of wkvd,ref in Equation (4.3) has
been determined by simulating the model with varying variance and then finding
the minimum error between the real signal’s (vd,ref ) and the simulated signal’s
PSDs. The smallest error was achieved for E{

(
wkvd,ref

)2
} = 2 × 10−3, as seen in

Figure 5.12.

The resulting model

The model of the vertical velocity that will be used in the Kalman filters is seen in
Equation (5.5). Figure 5.12 also shows one realization of the model together with
the real vd,ref , the model is of the same magnitude as vd,ref it is however not so
good at predicting the next value of vd,ref .

vd,ref (s) = vd,ref (s− 1) + wkvd,ref (5.5)

E{
(
wkvd,ref

)2
} = 2× 10−3
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Figure 5.13: The vertical velocity based on velocity information, vd,vel (dashed
line), the reference vd,ref (solid line) and the normalized altitude (dotted line) from
a segment of highway E4. The altitude has been included to give a hint of how the
vertical velocity and the altitude are related, it has been normalized in order to be
of the same magnitude as the vertical velocities.

5.6 Experimental results
The five different ways of obtaining the vertical velocity that are studied in this
thesis are seen in Figure 4.5. The results from each of the methods will be presented
in this section. The main gauges that have been used are the mean estimation error
(ME) and the root mean square estimation error (RMSE), defined in Equation (5.6)
and (5.7). The highway segment that will be shown throughout this section is
taken from the southbound direction of the experiment some kilometers outside of
Nyköping. This specific road segment has been chosen in order to point out some
of the characteristics of the signals that would not have been visible if a plot of the
whole data had been used. The results stated in this section are based on data from
the whole test run, not just the road segment shown in the figures.

ME(x̂) = 1
n

n∑
i=1

(xi − x̂i) (5.6)

RMSE(x̂) =

√√√√ 1
n

n∑
i=1

(xi − x̂i)2 (5.7)

1. vd,vel without filtering or error model

The new signal vd,vel was measured and compared to the reference. It was clear
that vd,vel was both smoother and had a smaller RMSE than the previously used
signal vd,z (see Figure 5.15). In Figure 5.13 it is also seen that vd,vel is phase-
shifted by 40–80 meters when the slope of vd,vel is positive and it is phase-shifted by
about 20 meters when the slope is negative. This nonlinearity (that the phaseshift
is not symmetrical) is believed to originate from the filtering inside the u-blox.
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ME(vd,vel): 0.0513 m/s
RMSE(vd,vel): 0.0837 m/s

Table 5.1: Mean value and RMS of the estimation error of vd,vel.
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Figure 5.14: Numerically integrated vertical velocities shown for the whole experi-
ment. Integration of vd,vel and vd,z show how zvel (integration of vd,vel, dashed line)
drifts away from the true altitude, zref (solid line), but also how zz (integration of
vd,z, dash-dotted line) stays close to zref .

The consequence is that when vd,vel is used for calculating the road grade, see
Equation (1.2), the road grade will also be phase-shifted. More specifically, the
phase-shift will occur when the road grade is declining, i.e. when the vehicle is
moving up and over a hill, like the first truck in Figure 2.1. The average phase-
shift can be calculated by computing the correlation function (see Equation (2.14))
between vd,vel and vd,ref and then look how far from the middle of the correlation
vector (0 phase-shift) the correlation reaches its maximum value (average phase-
shift). The average phase-shift for vd,vel is 25 m. The results from the first method
are shown in Table 5.1. The impact of the non zero-mean error in vd,vel is seen
in Figure 5.14. If vd,vel is numerically integrated the resulting altitude drifts away
from the true altitude, zref .

2. vd,z without filtering or error model

The new signal, vd,vel, is compared to the one currently used by (Sahlholm, 2008),
vd,z, in order to get an idea of the differences between the two. Looking at Fig-
ure 5.13 and 5.15 it is clear that vd,z has a larger variance than vd,vel. Looking at
the segment viewed in Figure 5.15 only, one could make the assumption that vd,z is
phase shifted when the slope is negative. This is not a correct conclusion, looking at
vd,z from the entire test run shows that it is not phase-shifted more during negative
slopes than positive slopes.The average phase-shift for vd,z is 10 m. The results
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Figure 5.15: The vertical velocity based on position information, vd,z (dashed line),
the reference vd,ref (solid line) and the normalized altitide (dotted line) taken from
a segment of highway E4.

from the second method are shown in Table 5.2.

ME(vd,z): 0.0080 m/s
RMSE(vd,z): 0.1896 m/s

Table 5.2: Mean value and RMS of the estimation error of vd,z.

3. Kalman filtering of vd,vel with included error model

By using a Kalman filter with an included error model one hopefully can get a good
estimation of both the vertical velocity vd,ref and the measurement error evel. The
estimation of the vertical velocity, vd,vel,filt is seen in the first plot in Figure 5.16. It
does not differ significantly from vd,vel and the effect of the Kalman filter seems to
be limited. Since there are augmented states in the Kalman filter, representing the
measurement error, the filter includes these states as well in the estimation. The
middle plot in Figure 5.16 shows the filter’s estimation of the measurement error,
evel,est. The estimation of the error is poor: the gain of evel,est is too small and shows
no correlation to the real error. One reason for the bad estimation of the error is
seen in the lower plot, containing the PSDs of the two signals that the filter tries
to estimate, vd,ref and evel. Both signals have most of their energy concentrated
in the same frequency range f ∈ [0, 0.005] m−1. The task of separating the much
weaker signal evel from vd,ref given just one measurement, vd,vel, where both signals
are blended must be considered hard. Another aggravating circumstance is that
the model for the vertical velocity, a random walk, is inconclusive. This is realized
by looking at vd,ref in any of the plots: it does not look like a random walk (see
Figure 2.7). Even though the Kalman filter only uses the model to make a one step
prediction, the lack of a plausible prediction by the model leaves the assumption of
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Figure 5.16: Above: vd,ref (solid line), the filtered vertical velocity based on velocity
information, vd,vel,filt (dashed line) and the normalized altitide (dotted line) taken
from a segment of highway E4.
Middle: the estimation of the measurement error evel (dashed line) and the true
error evel (solid line), from the same road segment.
At the bottom: the PSDs of vd,ref (solid line) and evel (dashed line). The PSDs
have been calculated using data from the entire test run.
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ME(vd,vel,filt): 0.0513 m/s
RMSE(vd,vel,filt): 0.0852 m/s

Table 5.3: Mean value and RMS of the estimation error of vd,vel,filt.

white process noise unfulfilled. The Kalman filterKFvel is defined in Equation (5.8).
The second row in the system matrix is the AR-model defined in Equation (5.2).
The ones on positions (3,2) and (4,3) in the system matrix is simply a way of telling
the filter that ê(s− 1)vel,k|k−1 = ê(s)vel,k−1|k−1.

xk =


vd,vel,filt,k
e(s)vel,k
e(s− 1)vel,k
e(s− 2)vel,k

 (5.8)

xk =


1 0 0 0
0 1.5258 −0.8968 0.2998
0 1 0 0
0 0 1 0

xk−1 + wk,vel

yk =
[

1 1 0 0
]
xk + vk,vel

Qk,vel =


0.0020 0 0 0

0 0.00015 0 0
0 0 0 0
0 0 0 0


Rk,vel = 0

The measurement-covariance matrix, Rk,vel, is singular because the variances of the
measurements are moved to the process-covariance matrix in this implementation.
The average phase-shift for vd,vel,filt is 30 m. The results from the third method
are shown in Table 5.3.

4. Kalman filtering of vd,z with included error model

The most striking result of both the Kalman filters, methods 3 and 4, is that the
estimation of the measurement errors is not satisfying in either case. Looking at the
middle plot in Figure 5.17 it is obvious that the filter can not give a good estimation
of the measurement error ez. As for the Kalman filtering of vd,vel, a clue might be
that the frequency content of the two states to be estimated, vd,z and ez, is quite
similar, which is seen in the bottom plot. Comparing the middle plot and vd,z,filt to
Figure 5.15 and vd,z, it can be seen that the filter has had a postive effect on lowering
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Figure 5.17: Above: vd,ref (solid line), the filtered vertical velocity based on position
information, vd,z,filt (dashed line) and the normalized altitide (dotted line) taken
from a segment of highway E4.
Middle: the estimation of the measurement error ez (dashed line) and the true error
ez (solid line) from the same road segment.
At the bottom: the PSDs of vd,ref (solid line) and ez (dashed line).
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ME(vd,z,filt): 0.0081 m/s
RMSE(vd,z,filt): 0.1579 m/s

Table 5.4: Mean value and RMS of the estimation error of vd,z,filt.

the variance of vd,z,filt. The Kalman filter KFz is defined in Equation (5.9).

xk =


vd,z,filt,k
e(s)z,k
e(s− 1)z,k
e(s− 2)z,k

 (5.9)

xk =


1 0 0 0
0 0.9671 −0.3890 0.2213
0 1 0 0
0 0 1 0

xk−1 + wk,z

yk =
[

1 1 0 0
]
xk + vk,z

Qk,z =


0.0020 0 0 0

0 0.0025 0 0
0 0 0 0
0 0 0 0


Rk,z = 0

The average phase-shift for vd,z,filt is 20 m. The results from the fourth method are
shown in Table 5.4.

5. Sensor fusion of vd,vel and vd,z with included error models

This method is perhaps the most interesting one because it can answer the question
whether the two measurements can complement each other and produce a better
estimation together, rather than filtering the signals by themselves. Figure 5.18
shows the estimations of the vertical velocity and the two measurement errors. The
bottom plot shows the Kalman filter’s estimation of ez, in contrast to the previous
Kalman filter, KFz, the estimation of ez is quite good. The estimation does not
follow the high frequency changes but it does give a correct indication of the present
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Figure 5.18: Above: vd,ref (solid line), the sensor fusioned vertical velocity, vd,filt
(dashed line), and the normalized altitide (dotted line) taken from a segment of
highway E4.
Middle: the estimation of the measurement error evel (dashed line) and the true
error evel (solid line) from the same road segment.
At the bottom: the estimation of the measurement error ez (dashed line) and the
true error ez (solid line) from the same road segment.
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value of ez. The Kalman filter KF is defined in Equation (5.10).

xk =



vd,filt,k
e(s)vel,k
e(s− 1)vel,k
e(s− 2)vel,k
e(s)z,k
e(s− 1)z,k
e(s− 2)z,k


(5.10)

xk =



1 0 0 0 0 0 0
0 1.5258 −0.8968 0.2998 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0.9671 −0.3890 0.2213
0 0 0 0 1 0 0
0 0 0 0 0 1 0


xk−1 + wk,f

yk =
[

1 1 0 0 0 0 0
1 0 0 0 1 0 0

]
xk + vk,f

Qk,f =



0.0020 0 0 0 0 0 0
0 0.0002 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0.0025 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


Rk,f =

[
0 0
0 0

]

The fact that the estimation of ez is the only one that has improved in the sen-
sorfusion method, given the same models for the errors, is an indication that the
sensorfusion does not provide a synergy effect: in that case the estimation of evel
would have improved as well. The filter rather makes use of the information about
the errors’ variances: the variance of evel is more than 10 times as small as the vari-
ance of ez. This has the result that the filter treats the first measurement, vd,vel, as
much more correct than vd,z, the difference between them is taken as the measure-
ment error ez. This can be realized by looking at the lower two plots in Figure 5.18:
at distance 1700–1900 m the error evel is large (vd,vel is not close to vd,ref ) and
the estimation of ez is subsequently poor. In the KFz Kalman filter there is no
additional measurement (with a lower variance) available and the estimation of ez
is thus worse. The average phase-shift of vd,filt is 25 m. The results of the fifth
method are shown in Table 5.5.
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ME(vd,z,filt): 0.0081 m/s
RMSE(vd,z,filt): 0.0432 m/s

Table 5.5: Mean value and RMS of the estimation error of vd,filt.

5.7 Summary
One experimental test drive was conducted with a rigid HDV between cities Södertälje
and Nyköping on highway E4. Two GPS receivers were mounted on the truck, one
GPS receiver was used as reference (the Oxford) and one was used for vertical
velocity estimation (the u-blox). Both receiver antennas were mounted on top of
the vehicle’s container. From the data sampled by the u-blox receiver two vertical
velocities were calculated: vd,vel and vd,z. The vertical velocity is used in a road
grade estimator that uses it to calculate the present road grade. The first of the
two vertical velocities is the vertical component of the GPS’s registred 3D-velocity
and the second one is obtained by differentiating the GPS altitude signal. The two
velocities are compared to each other in order to see whether they complement each
other or if its better to use just one of the signals.

By subtracting the known vertical velocity reference from vd,vel and vd,z it is
possible to analyze the measurement errors evel and ez. Since the measurement
errors are colored it is possible to model the dominating low-frequency content of
each error, for this AR models were used. To examine whether the developed AR
models could improve the vertical velocity estimation, the model based Kalman
filter was used as state estimator. Three different Kalman filters were constructed
and compared to each other: the first filter had vd,vel as input and an included error
model, the second filter had vd,z as input and an included error model and the third
filter had both vd,vel and vd,z as inputs and both error models included.

The results from the three Kalman filters showed that the improvement of in-
cluding measurement error models, in order to get a better estimation of the vertical
velocity, is limited and it did not give a good estimation of the error. It seems that
the lack of a probable model for the vertical velocity is more bothering than the
colored measurement errors. That is, the colored process noise seems to have a
bigger effect on vertical velocity estimation rather than the colored measurement
noise.

Table 5.6 summarizes the results from the five different methods. It should be
noted that the RMSE of vd,vel,filt is higher than the RMSE of vd,vel, i.e. the optimal
estimator does not seem so optimal in this case. This is probably due to the fact
that filtering of the already smooth vd,vel did not remove so much noise but rather
added a phase-shift that resulted in a larger (quadratic) estimation error.
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ME [m/s] RMSE [m/s]
vd,vel 0.0513 0.0837
vd,vel,filt 0.0513 0.0852
vd,z 0.0080 0.1896
vd,z,filt 0.0081 0.1579
vd,filt 0.0432 0.0826

Table 5.6: Summary of the results from the five different methods.





Chapter 6

Conclusion and future work

It has been proved that the best vertical velocity used for road grade estimation is
the one based on differentiated altitude data, vd,z. The reason for this is mainly
because that vd,z does not have a long-term bias. Since the GPS measurements are
used as real world feedback, a bias in these measurements would seriously inflict
the system’s accuracy. The introduction of measurement error models in augmented
Kalman filters does not make the errors observable and its use is therefore limited.

6.1 Conclusion

An existing road grade estimator uses vd,z to calculate the road grade. The road
grade can be used by HDVs to calculate optimal velocity trajectories that can lower
fuel consumption by 5-15 %. In the near future GPS receivers will be part of the
base supply eqipment for HDVs and it can be used for more than navigation, e.g.
road grade estimation. This thesis has shown that, out of the two vertical velocities
avaliable from the GPS, the vertical velocity based on position, vd,z, is the best to
use for road grade estimation.

Of the investigated Kalman filters 2 out of 3 lowered the RMSE and one actually
increased the estimation error. The best result was the filtering of vd,z where the
RMSE was decreased by almost 20 %. The lowered estimation error can however
not be related to the included error model because the filter showed no sign of
making the measurement error observable. The improvement is probably the result
of the lowered noisiness that Kalman filters generally provide.

The desired result of observable measurement errors could not be achieved using
AR models and augmented Kalman filters.

6.2 Future work

Since the studied road grade estimator relies on accurate feedback from the GPS in
order to remove long-term bias, the new signal vd,vel is not recommended for future
studies.
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∆s Correlation coefficient
5 m 0.80
10 m 0.58
15 m 0.49
20 m 0.45
25 m 0.41
30 m 0.36

Table 6.1: The auto correlation coefficient for different sample lengths for the mea-
surement error ez.

Improved road model

The colored process noise that is apperent on vd,z could be whitened by improving
the road model (as the road is not a random walk). This could be done by estimating
the present curvature of the road and thus give a more correct guess of the next
value of vd,z would be very interesting.

Increased sample distance ∆s
By increasing the samle distance ∆s the correlation between the samples could
be decreased, resulting in whiter measurement noise. Table 6.1 shows the auto
correlation coefficient for ez for different sample lengths. An increase from 5 m to
10 m would lower the correlation by 22 % and an increase from 5 m to 15 m would
lower it by 31 %. The limitation lies in the application of the data: road grade
estimation and optimal velocity control. The sample length should be increased by
as much as the optimal velocity control can tolerate. The increase in sample length
would further eliminate the need for a measurement error model (as the error would
be whiter).
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