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Abstract 

In order to be able to use the operational Moldavian GNSS Positioning System MOLDPOS 

efficiently for the determination of normal heights in surveying engineering, e.g. during the 

construction of a road, an accurate quasigeoid model is needed. The main goal of this thesis is 

to present a new gravimetric quasigeoid model for Moldova (Mold2012), which has been 

determined by applying the Least Squares Modification of Stokes’ formula with Additive 

corrections (LSMSA), also called the KTH method. Due to limited coverage of gravity data, 

the integration area is often limited to a small spherical cap around the computation point, 

which leads to a truncation error for geoid height. Molodensky et al. (1962) showed that the 

truncation error can be reduced by the modification of Stokes’ formula, where the measured 

gravity data are combined with the low-frequency component of the geoid from a Global 

Gravitational Model (GGM). The LSMSA technique combines the GGM and the terrestrial 

data in an optimum way. 

In order to find the most suitable modification approach or cap size it is necessary to 

compare the gravimetric height anomalies with the GPS/levelling derived height anomalies, 

and for this purpose we use a GPS/levelling dataset that consists of 1042 points with geodetic 

coordinates in the MOLDREF99 reference system and normal heights at the same points 

given in the height system Baltic 77. 

The magnitude of the additive corrections varies within an interval from -0.6 cm to -4.3 

cm over the area of Moldova. The quasigeoid model which results from combining the ITG-

Grace02s solution (with n = M = 170, ψ0 = 3° and σ∆g = 10 mGal) and the solution obtained 

from the modified Stokes’ formula together with the additive correction gives the best fit for 

the GPS/levelling data with a standard deviation (STD) of ±7.8 cm. The evaluation of the 

computed gravimetric quasigeoid is performed by comparing the gravimetric height 

anomalies with the GPS/levelling derived height anomalies for 1042 points.  

However, the above heterogeneous data include outliers, and in order to find and 

eliminate these, a corrector surface model is used. This surface provides a connection to the 

local vertical when the GNSS technique is used. After the elimination of the suspicious 

outliers (170 points) according to a 2-RMS test, a new corrective surface was computed 

based on the remaining 872 GPS/levelling points, and the STD of residuals became ±4.9 cm. 

The STD value for the residuals according to the order of the levelling network for the 
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Mold2012 fitted to the local vertical datum is 3.8 cm for the I-order, 4.3 cm for the II-order, 

4.5 cm for the III-order and 5.0 cm for the IV-order levelling network. But the STD of the 

residuals for the 18 control points indicates a better result where the STD is 3.6 cm and RMS 

is 3.9 cm and the min and max value of residuals is -5.3 cm and 9.0 cm, respectively.  

As the STD of the differences in height anomaly are not just the standard error of the 

height anomalies (quasigeoid model), but it contains also the standard errors of GPS heights 

and of normal heights. Assuming that the latter STDs are 3 cm and 3.5 cm, respectively, the 

STD of Mold2012 is estimated to 1.7 cm. 

 

Keywords: geoid, quasigeoid, KTH method, corrective surface 
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1. Introduction 

Nowadays, levelling with a Global Navigation Satellite System (

most practical application, where a geoid

determination of height above the geoid or quasigeoid model

of conventional levelling. In other words, 

and in height with a levelling instrument are

receiver. 

The heights obtained directly from GPS measurements are the heights that refer to 

WGS84 ellipsoid. In order to obt

in all practical applications, e.g. in construction,

must be applied, which is called the geoid height 

The geoid is an equipotential surface chosen so that it follows the Mean Sea Level 

(MSL) surface and is continued under continents.

called orthometric heights. The basic relationship between height above the 

measured by GPS and orthometric height 

Fig. 1.1: The GPS measured height 
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Global Navigation Satellite System (GNSS), e.g. GPS

most practical application, where a geoid or quasigeoid model is used. Thus, the 

the geoid or quasigeoid model is performed by GNSS

velling. In other words, the measurements in the plane with a 

and in height with a levelling instrument are reduced to the 3D measurements

The heights obtained directly from GPS measurements are the heights that refer to 

WGS84 ellipsoid. In order to obtain the height above the geoid or quasigeoid, which is used 

in all practical applications, e.g. in construction, a separation between these two surfaces 

must be applied, which is called the geoid height and height anomaly.  

The geoid is an equipotential surface chosen so that it follows the Mean Sea Level 

d is continued under continents. The heights that refer to the geoid are 

. The basic relationship between height above the 

measured by GPS and orthometric height H above the geoid is illustrated in Fig. 

The GPS measured height hi and the orthometric height Hi. 

e.g. GPS, is the 

quasigeoid model is used. Thus, the 

GNSS instead 

with a total station 

s with a GPS 

The heights obtained directly from GPS measurements are the heights that refer to the 

, which is used 

a separation between these two surfaces 

The geoid is an equipotential surface chosen so that it follows the Mean Sea Level 

heights that refer to the geoid are 

. The basic relationship between height above the ellipsoid h 

Fig. 1.1. 
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The orthometric height at point Pi on the Earth surface can be determined from levelling 

measurements by knowing the integral mean value of the Earth’s gravity along the plumb line 

between the point Pi and the geoid, for which the density of topography is required. 

However, as the topography density is not available, the Poincare-Prey gravity gradient is 

often used instead which leads to Helmert orthometric heights (Heiskanen and Moritz 1967, 

p.167). Assuming that the ellipsoidal normal and plumb line coincide between Pi and the 

geoid, the geoid height N is given by: 

N h H≅ −  (1.1) 

The orthometric height H for a point on the Earth surface can be determined according to 

Eq. (1.1) from the ellipsoidal h height obtained from GPS measurements and the geoid height 

N from a geoid model. 

The geoid model can be determined from gravity data by applying the classical Stokes’ 

formula (Heiskanen and Moritz 1967, p.94). Before applying Stokes’ formula the gravity data 

must be downward continued from the Earth’s surface to the geoid, which requires the 

knowledge of the density distribution of the topography. As the information of density 

distribution is often unavailable, a constant density of 2.67 g/cm3 is usually assumed for 

topographic masses. However, the problem of unavailable density distribution for the 

topography remains in the Stokes’ solution. 

Molodensky et al. (1962) introduced the quasigeoid surface, which is a non-equipotential 

surface of the Earth’s gravity field and thus of no physical meaning (Heiskanen and Moritz 

1967, p.294), but in contrast to the geoid determination, the quasigeoid model can be 

determined directly from surface gravity data. By plotting the height anomaly ζ  above the 

reference ellipsoid one obtains the quasigeoid surface that is identical with the geoid over 

oceans and a close approximation to the geoid over land areas. However, exceptions do exist 

in areas with large Bouguer gravity anomalies and high topography like the Himalayas 

(Sjöberg 1995 and 2011). The heights that refer to the quasigeoid surface are normal heights 

*H  measured along the ellipsoidal normal.  

Now if we consider a point iQ  which has the same normal gravity potential 
iQU  as the 

Earth gravity potential 
iPW  at point iP , at the topographic surface which is described by 
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plotting all points iQ  at a distance ζ  below the Earth surface is called the telluroid; see 

Molodensky et al. (1962). See also Fig. 1.2. 

 

Fig. 1.2: The relation between the height anomaly ζi and the normal height Hi*. 

The normal height of point iQ  (above the reference ellipsoid) can be computed from 

levelling measurements using the integral mean of normal gravity between the telluroid and 

reference ellipsoid, where no knowledge of topographic density distribution is required. The 

height anomaly is defined similarly to the geoid height, see Heiskanen and Moritz (1967, 

p.292): 

*h Hζ = −  (1.2) 

The normal height *H  was introduced by Molodensky in connection with his method of 

determining the physical surface of the Earth (Heiskanen and Moritz 1967, Chapter 8) and is 

the basis of the height system in many regions worldwide as is in Moldova traditionally. The 

normal heights have been obtained from the height differences between points on the Earth 

surface measured by levelling. The levelling measurements are precise although they are 

costly and laborious.  

The problem with using only the height differences obtained directly from levelling is 

that the results are not unique as they depend on the path from one point to the other, due to 

non-parallelism of the equipotential surfaces. All points have a unique geopotential number 

iPC  that represents the difference in constant value of potential 0W  at the geoid and the 

potential 
iPW  at the point iP  on the Earth surface: 
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0i iP PC W W= −  (1.3) 

From the measurements of vertical increments dn  between equipotential surfaces along a 

path from levelling and gravity observations g  the geopotential number can be defined by: 

i

i

P

P

Geoid

C g dn= ⋅∫  (1.4) 

The geopotential number can be scaled by gravity in order to obtain height with units of 

length and depending on the type of gravity different types of heights can be derived. As the 

normal heights are used in our numerical applications, we define here just this type of height. 

The normal height *

iPH  at the point iP  on the Earth surface is obtained by scaling the 

geopotential number 
iPC  in rapport with the mean normal gravity 

iPγ  along the ellipsoidal 

normal (Heiskanen and Moritz 1967, p.171): 

* i

i

i

P
P

P

C
H

γ
=  (1.5) 

The GPS technique has led to a straightforward application of Eq. (1.2), which allows to 

determine the height anomaly ζ  if the ellipsoidal height h  from GPS measurements and the 

normal height *H  from precise levelling and gravity observations are known at the same 

point.  

By taking the advantage of Eq. (1.2), the normal heights can be obtained from GPS-

derived heights. Thus, the primary task of transforming GPS-derived heights into normal 

heights reduces to the determination of a precise quasigeoid model, which can assure that an 

engineering project e.g. to build a bridge simultaneously from both sides of a river will meet 

in the middle (Vanicek 2009). 

The aim of my study is to create a gravimetric quasigeoid model (Mold2012) based on a 

recent Earth Gravitational Model and gravity data. The Mold2012 will be presented to the 

Land Relation and Cadastre Agency as a proposal for future improvement of Height 

Reference Surface for the territory of Moldova, which will contribute to the development of 

the new geodetic infrastructure.  
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1.1.    Previous Quasigeoid models in Moldova 

The present quasigeoid model in use in Moldova, GM2005, is constructed based on the 

combination of the GPS/levelling heights anomaly with the modified European Quasigeoid 

model EGG97, as the gravity data were not available at that time (Marchenko and Monin 

2004, Kucher et al. 2005). The EGG97 height anomalies were transformed into the Baltic 

height system 1977 with help of a 7 parameter Helmert transformation, which was estimated 

based on 61 GPS/levelling points (Kucher et al. 2005).  

The GM2005 quasigeoid (height anomaly) model was created by using the “remove-

restore” procedure (Kucher et al. 2005). In the first step the height anomalies computed 

according to the GGM EIGEN- CG01C were removed from 803 GPS/levelling derived 

height anomalies and 2014 grid points with the transformed EGG97 height anomalies. The 

differences (δζ = ζ - ζEIGEN-CG01C) were used to create a grid by least square collocation 

method (Kucher et al. 2005, p.64). Finally the height anomalies ζEIGEN-CG01C were computed 

from the GGM EIGEN-CG01C with the same grid size as δζ were restored. The statistics of 

the GM2005 quasigeoid model are obtained by comparing the height anomalies extracted 

from GM2005 model and GPS/levelling derived height anomalies for the 803 points, and the 

standard deviation of fit is 6.6 cm, the mean value 0.1 cm, maximum residual is 23.7 cm and 

the minimum value is -17.3 cm (Kucher et al. 2005, Table 4.6).  
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1.2.    Thesis outline 

In this study the KTH approach will be applied for determination of the quasigeoid model 

over the area of Moldova. The approach is a Least Squares Modification of Stokes’ formula 

with Additive corrections (LSMSA), which has been developed over a period of more than 

25 years mainly by Professor Lars Sjöberg at Royal Institute of Technology (KTH) in 

Stockholm. 

In Sects. 2 and 3 the theory of KTH method will be described, and then, in Sect. 4, the 

method for quasigeoid determination, which is used in this study for practical computation of 

quasigeoid model, is presented. For determination of a new gravimetric quasigeoid model 

over the area different data will be used, such as surface gravity measurements, GETECH 

gravity dataset, a global geopotential model (GGM), a digital elevation model (DEM) and 

GPS/levelling data. 

However, the simple Eq. (1.2) is not satisfied because of  systematic errors in the derived 

heights, datum inconsistencies among the different height types, distortions in the height data 

caused by an over-constrained adjustment of levelling network, instability of stations 

monuments due to various geodynamic effects, etc. (Schwarz et al. 1987, Rummel and 

Teunissen 1989, Kearsley et al. 1993, Sjöberg 2003c). To deal with most of these effects a 

corrector surface model will be applied, which will have the role to provide a consistent 

connection between the GPS derived heights, the local vertical datum and the gravimetric 

quasigeoid model. 
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2. Least-squares modification of Stokes’ formula 

2.1.   Modification of Stokes’ formula 

In 1849, George Gabriel Stokes published the formula for determination of the geoidal height 

based on gravity data. The formula is called Stokes’ formula [Heiskanen and Moritz 1967, 

Eq. (2-163b)]: 

( )
4

R
N S gd

σ

ψ σ
πγ

= ∆∫∫  (2.1) 

where R  is the mean Earth radius, γ is the normal gravity on the reference ellipsoid, ψ  is the 

spherical distance, g∆  is gravity anomaly, dσ  is the infinitesimal surface element of the unit 

sphere σ  and ( )S ψ  is the Stokes’ function. Stokes’ function ( )S ψ  can be expressed as a 

series of Legendre polynomials (zonal harmonics) (cos )nP ψ  over the sphere [Heiskanen and 

Moritz 1967, Eq. (2-169)]: 

( )
2

2 1
(cos )

1 n
n

n
S P

n
ψ ψ

∞

=

+=
−∑  (2.2) 

where n  is the degree number. 

The analytical expression of Stokes’ function is given in Hofmann-Wellenhof and Moritz 

(2006, Eq. (2-305)): 

( ) 21
6sin 1 5cos 3cos ln sin sin

2 2 2sin
2

S
ψ ψ ψψ ψ ψ

ψ
 = − + − − + 

   
 
 

 
(2.3) 

In order to determine the geoid height by Stokes’ formula (2.1) the integration of gravity 

anomaly must be performed over the whole globe. However, due to limited coverage by 

gravity data the integration area is often restricted to a small spherical cap 0σ  around the 

computation point from where is obtained the estimator of geoid height: 

( )
0

4

R
N S gd

σ

ψ σ
πγ

= ∆∫∫  (2.4) 
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The limited integration area to a small spherical cap 0σ  leads to a truncation error for 

geoid height, which is the difference between geoid height in Eq. (2.1) and the new estimator 

in Eq. (2.4): 

( )
0

4

R
N S gd

σ σ

δ ψ σ
πγ −

= − ∆∫∫  (2.5) 

where 0( )σ σ−  is the remote zone (the area outside the gravity area). Molodensky et al. 

(1962) showed that the truncation error can be reduced by the modification of Stokes’ 

formula, where the terrestrial gravity anomalies are combined with low-frequency 

components of the geoid from a GGM. His idea to modify Stokes’ formula has been further 

investigated and two distinct groups of modification approaches were suggested; 

deterministic and stochastic modification methods. 

The deterministic approach reduces the truncation error, e.g. by removing the low degree 

terms of Stokes’ formula and high-pass filtering the gravity anomalies (Wong and Gore 

1969). The accuracy of geopotential coefficients and terrestrial data are not taken into 

account, even if the errors of these datasets are propagated into the computed geoid height 

(Ellmann 2005). The deterministic approaches have been suggested by Molodensky et al. 

(1962), de Witte (1967), Wong and Gore (1969), Meissl (1971), Heck and Grüninger (1987) 

and Featherstone et al. (1998). 

The stochastic approach suggested by Sjöberg (1980), (1981), (1984), (1991), (2001b) 

and (2003b) applies information about the potential coefficients and the gravity anomaly 

errors in combination with least squares modification of Stokes’ formula to minimize the 

expected Global Mean Square Error (GMSE). These methods are compared in Sjöberg 

(1986) and (2003c) and in Sjöberg and Hunegnaw (2000). 

The accuracy of a geoid estimator is dependent on the quality of available local gravity 

anomalies around the computation point. Therefore the choice of spherical radius 0( )ψ  for 

the integration cap is dependent on available gravity data for respective area. In order to find 

the most suitable cap size it is necessary to compare the gravimetric geoid heights with 

GPS/levelling geoid. This is an important step in the process of gravimetric geoid/quasigeoid 

computation. 
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Assuming a spherical cap of integration 0σ  of spherical distance 0ψ  around the 

computation point Sjöberg (2003d) and (2004) applied the error of the GGM and surface 

gravity data to derive the modification parameters of Stokes’ formula in a least squares sense. 

By taking into consideration the orthogonality of spherical harmonics over the sphere, 

Sjöberg (2003d) has written Eq. (2.4) in a general form of modified Stokes’ formula: 

2

( )
4 2

M
L GGM

n n
n

R R
N S gd b g

οσ

ψ σ
πγ γ =

= ∆ + ∆∑∫∫ɶ  (2.6) 

where ( )LS ψ  is the modified Stokes’ function, nb  are arbitrary modification parameters and 

GGM
ng∆  are the Laplace harmonics of degree n. The modified Stokes’ function can be 

expressed as: 

2 2

2 1 2 1
( ) (cos ) (cos )

1 2

L
L

n n n
n n

n n
S P s P

n
ψ ψ ψ

∞

= =

+ += −
−∑ ∑  (2.7) 

where ns  are arbitrary modification parameters and L  is the degree of modification for 

Stokes’ function, not necessarily equal to the u degree M  of the Laplace harmonics GGM
ng∆   

and (cos )nP ψ  are the Legendre polynomials (Sjöberg 2003c). 

Laplace harmonics GGM
ng∆  of degree n are calculated from the GGM (Heiskanen and 

Moritz 1967): 

( )
2

2
1

n n
GGM
n nm nm

m n

GM a
g n C Y

a r

+

=−

 ∆ = − 
 

∑  (2.8) 

where GM  is the geocentric gravitational constant, a  is the semimajor axis of the reference 

ellipsoid, r  is the geocentric distance of the computation point, nmC  are fully normalized 

coefficients for disturbing potential from GGM and nmY  are the fully normalized spherical 

harmonics. 

The least square solution of Eq. (2.6) is obtained with nb  as given by Sjöberg (2003c): 

( ) 2L
n n nb Q s for n M= + ≤ ≤  (2.9) 
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where L
nQ  are the Molodensky truncation coefficients and can be calculated by the following 

formula, see Sjöberg (1991) and (2003c): 

2

2 1

2

L
L
n n k nk

k

k
Q Q s e

=

+= −∑  (2.10) 

where Molodensky truncation coefficients nQ  are expressed as (Heiskanen and Moritz 1967): 

( )
0

( ) cos sin( )n nQ S P d
π

ψ

ψ ψ ψ ψ= ∫  (2.11) 

and nke  are the Paul’s coefficients (Paul 1973), that can be expressed as functions of the 

spherical distance 0ψ : 

( )
0

0 (cos ) (cos )sinnk n ke P P d
π

ψ

ψ ψ ψ ψ ψ= ∫  (2.12) 

The estimate/approximate of the geoid height is obtained by using the error estimates of 

the terrestrial gravity anomalies ng∆ , and of the spherical harmonics GGM
ng∆ . The estimate of 

geoid height from Eq. (2.6) is rewritten in the spectral form (Sjöberg 2003d): 

( ) ( )( )* *

2 2

2

2 1 2

M
L T L GGM S
n n n n n n n n

n n

R R
N Q s g Q s g

n
ε ε

γ γ

∞

= =

 = − − ∆ + + + ∆ + − 
∑ ∑ɶ  (2.13) 

where T
nε  are the errors of the terrestrial gravity anomalies, S

nε  are errors of GGM derived 

gravity anomalies and *ns  are the modification parameters: 

* 2

0
n

n

s if n L
s

otherwise

≤ ≤
= 


 (2.14) 

The aim of the modification is to reduce the effect of the truncation error, to minimize 

the effect of gravity data and GGM errors and to combine different data in the least squares 

sense; see Sjöberg (1984), (1991) and (2003b). 

The terrestrial gravity data are often affected by systematic errors and by using the recent 

GGM models that have a high accuracy in the low to medium degrees for geoid 
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determination, it is important to use a modification method that can filter out the long-

wavelength errors of gravity anomalies, for which it is needed an adequate weighting scheme 

for the gravity data (Ågren 2004a). Unfortunately, the errors for the gravity data are often not 

available, while the error degree variances for GGM models can be estimated quite 

accurately. However, the least squares method is rather insensitive to the choice of weights 

which is illustrated by using different optimistic and pessimistic a priori weighting values in 

Ågren (2004a). 

Based on the spectral form of geoid undulation (Heiskanen and Moritz 1967): 

2 1
n

n

gR
N

nγ

∞

=

∆=
−∑  (2.15) 

the expected GMSE of the geoid estimator Nɶ  can be written as [Sjöberg 2003c, Eq. (13)]: 

( )

( ) ( )

22

22 2
2* * * 2 2

0 02 2
2 2

1

4

2
( ) ( )

4 1 4

N

M
L L

n n n n n n n n n
n n

m E N N d

R R
b Q s c Q s b dc

n

σ

σ
π

ψ ψ σ
γ γ

∞

= =

 
= − = 

 

  = − − + − − +  −   

∫∫

∑ ∑

ɶ
ɶ

 (2.16) 

where { }E  is the mathematical expectation operator, nc  and 2
nσ  are the gravity anomaly 

signal and error degree variances, respectively, ndc  are the error degree variances for GGM 

gravity anomaly and: 

* 2

0
n

n

b if n L
b

otherwise

≤ ≤
= 


 (2.17) 

The terms in the right side of Eq. (2.16) are the contributions due to truncation error, 

errors in terrestrial gravity data and GGM.  

In case of a combined GGM, when the satellite data, terrestrial and altimetry data are 

used for model determination, the GGM and terrestrial gravity data may be correlated. In 

order to avoid this correlation a “satellite-only” GGM can be used. However, the information 

from terrestrial gravity data is in the higher degrees of the GGM, but the geoid power is 

mainly in the lower degrees, so it might be assumed that the influence of the correlations is 

insignificant (Kiamehr 2006a). 
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2.2. Signal and error degree variances 

In this section it is described how signal degree variances can be computed and chosen. They 

will be used for the determination of modification parameters, which in turn together with 

coefficients for the disturbing potential of the GGM will be used to combine the gravity 

anomaly and the GGM by spectral weighting {see Eqs. (2.6) and (2.13)}. 

The gravity anomaly signal degree variances nc , the error degree variances of terrestrial 

gravity anomaly 2
nσ  and the error degree variances of the GGM derived gravity anomaly ndc  

can be computed as follows [Sjöberg 2003c, Eqs. (12), (11a), (12b)]: 

21

4n nc g d
σ

σ
π

= ∆∫∫  (2.18) 

 

( )22 1

4
T

n nE d
σ

σ ε σ
π

 
=  

 
∫∫  (2.19) 

and 

( )21

4
S

n ndc E d
σ

ε σ
π

 
=  

 
∫∫  (2.20) 

respectively. 

nc  can be computed by using spherical harmonic coefficients nmC  and nmS  of the 

disturbing potential, gravitational constant GM  and semimajor axis a  of the GGM as 

follows (Sjöberg 1991 and 2003c): 

( ) ( ) ( )
2

2 2 2
4

0

1
n

n nm nm
m

GM
c n C S

a =
= − +∑  (2.21) 

The infinite summation in Eq. (2.16) must be truncated at some limit of the expansion, 

e.g. nmax = 1800, which may be far beyond of the GGM harmonic degrees. The higher signal 

degree variances nc  can be generated synthetically (Ellmann 2005). 
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Ågren (2004a) has investigated different three models for degree variances (Kaula 1963, 

Tscherning and Rapp 1974) to determine degree variances for the gravity field. He obtained 

the most realistic values with Tscherning and Rapp (1974) model. In the KTH software, 

Tscherning and Rapp (1974) model is applied for the highest degrees of gravity anomaly 

signal degree variance, defined by (Ågren 2004a): 

( )
( ) ( )

22

2

1
, 3

2

n

B
n

n R
c n

n n B R
α

+−  
= ≥ − +  

 (2.22) 

where 2425.28 mGalα = , 24B =  and 6371R km=  and the radius of the so-called 

Bjerhammer sphere -1.225BR R km= . However, this model is valid just for the gravity field 

uncorrected for topographic effects (Kiamehr 2006a). 

The error degree variances for the GGM gravity anomaly ndc  can be estimated from 

standard error of potential coefficients 
nmCd  and 

nmSd , that are the standard errors derived 

from the GGMs (Rapp and Pavlis 1990): 

( ) ( ) ( )
2

2 2 2
4

0

1
=

= − +∑ nm nm

n

n C S
m

GM
dc n d d

a
 (2.23) 

The error degree variances for terrestrial gravity anomalies 2
nσ  can be estimated by two 

different error degree variance model, the uncorrelated at which 0

1
( ) (0)

2
C Cψ =  and the 

reciprocal distance model. According to Sjöberg (1986, Sect. 7) the error degree variance 2
nσ  

for the reciprocal distance type covariance function is given by: 

2 (1 ) , 0 1n
n Tcσ µ µ µ= − < <  (2.24) 

where the parameters Tc  and µ  can be estimated from the covariance function ( )C ψ  

(Ellmann 2005). In order to estimate the 2
nσ , some assumptions need to be made for the error 

variance (0)C  and the correlation length 0ψ . According to Sjöberg (1986, Eq. (7.2)), the 

closed expression for ( )C ψ  is: 
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2

1
( ) (1 ) (1 ) cos

1 2 cos
TC c

µψ µ µ µ ψ
µ ψ µ

 − = − − − − 
− +  

 (2.25) 

µ  is determined from Eq. (2.25), where for 0ψ =  the variance is (Nahavandchi 1998, 

Ellmann 2004, Ågren 2004a): 

2(0) TC c µ=  (2.26) 

and thus it follows that: 

2
0

1
( )

2 TC cψ µ=  (2.27) 

With the correlation length value assumed to 0
1/2 0.1ψ =  the 0.99899012912µ =  has been 

found iteratively by Ellmann (2004). This constant is used in the KTH software. Inserting µ  

into Eq. (2.26) Tc  is determined. Thereafter the degree variances 2
nσ  are calculated by Eq. 

(2.24) (Ellmann 2005). 

 

2.3.   Least squares modification parameters 

The least squares modification parameters are obtained from Eq. (2.16), by differentiating 

2
N

m
ɶ  with respect to ns , and equating to zero i.e. 

2

0N

n

m

s

∂
=

∂
ɶ . Then the modification parameters 

ns  are obtained from the system of linear equations (Sjöberg 1991, 2003d): 

2

, 2,3,.....,
L

kr r k
r

a s h k L
=

= =∑  (2.28) 

where kra and kh are modification coefficients, that are expressed via nQ  , nke , nc , ndc  and 2
nσ  

by: 

( ) ( ) ( )2 * 2 * 2 *2 1 2 1

2 2kr k k kr k k kr r r rk

r k
a dc dc e dc eσ δ σ σ+ += + − + − + + (2.29) 
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( )2 *

2

2 1 2 1

2 2 nk nr n n
n

k r
e e dcσ

∞

=

+ ++ +∑  

and 

2
2 * 2 * 2

2

2 2 1 2
( ) ( ) )

1 2 1
k

k k k n n nk n n nk n
n

k
h Q dc Q e dc e

k n

σ σ σ σ
∞

=

+= − + + + −
− −∑  (2.30) 

where 

* 2

1

0

n
n

n

kr

dc for n M
dc

c for n M

if k r

otherwise
δ

 ≤ ≤= 
>

=
= 


 (2.31) 

The system of equations (2.28) in the optimum and unbiased LSM solutions are ill-

conditioned and cannot be solved by standard methods, e.g. Gaussian elimination (Ågren 

2004a). To overcome this problem, Ellmann (2004) and Ågren (2004a) used the standard 

Singular Value Decomposition (SVD) method provided by Press et al. (1992). Thus, by using 

the modification methods suggested by Sjöberg (1984), (1991) and (2003d) the errors in 

geoid modelling are reduced via minimization of the GMSE. 
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3. Additive Corrections 

The computation of a gravimetric geoid model by the famous Stokes formula requires that the 

disturbing potential is harmonic outside the geoid. This means that the effect of all masses 

outside the geoid is removed before applying Stokes’ formula. The gravity anomaly in 

Stokes’ formula also needs to be reduced to sea level, which implies a change of gravity 

corresponding to topographic and atmospheric direct effects on the geoid (Sjöberg 2003c). 

After applying Stokes’ formula the effect of topography and atmospheric masses (as 

indirect effects) must be restored. In Stokes’ formula the geoid height is determined on the 

sphere, but because the earth’s shape is ellipsoidal, an ellipsoidal correction due to this should 

be taken into account in geoid determination. 

In the KTH approach (Sjöberg 2003b) the unreduced surface gravity anomalies together 

with a GGM are used for computation of the approximate geoid height Nɶ . After that, instead 

of direct and indirect effects the total/combined effects are added directly to Nɶ . The 

computational scheme to estimate N̂  is described by the following formula: 

ˆ topo atm
comb DWC comb eN N N N N Nδ δ δ δ= + + + +ɶ  (3.1) 

where the approximate geoid height Nɶ  is calculated by: 

( ) ( )
0

24

M
L L GGM

n n n
n

R R
N S gd s Q g

σ

ψ σ
πγ γ =

= ∆ + + ∆
2 ∑∫∫ɶ  (3.2) 

and topo
combNδ  is the combined topographic correction, DWCNδ  is the downward continuation 

effect, atm
combNδ  is the combined atmospheric correction and eNδ  is the ellipsoidal correction. 

These four corrections are the so called additive corrections and the computation of these 

additive corrections will be described in Sects. 3.1 - 3.4. 

 



17 
 

3.1.   Combined Topographic Correction 

The combined topographic effect topo
combNδ  contains the direct and indirect topographic effects 

on the geoid. The combined topographic effect is computed according to the following 

formula (Sjöberg 1997): 

22topo
comb dir indir P

G
N N N H

π ρδ δ δ
γ

= + ≈ −  (3.3) 

or by the refined formula (Sjöberg 1977, 2007 and Ågren 2004a): 

2 32 2
[ ]

3
topo
comb dir indir P P

P

G
N N N H H

r

π ρδ δ δ
γ

= + − +≃  (3.4) 

where 86.673 10G −= ×  3 2/cm g s⋅  is the gravitational constant, 
32.67 /g cmρ =  is the 

topographic density, PH  is the topographic height at the computation point P , P Pr R H= +  

and γ  is the normal gravity on the reference ellipsoid which is computed by Somigliana’s 

formula (Heiskanen and Moritz 1967, Moritz 1980): 

2
2

2 2

1 sin
( / )

1 sin
e

k
m s

e

φγ γ
φ

+ ⋅=
− ⋅

 (3.5) 

where eγ  is the normal gravity at equator, 2e  is the square of the first eccentricity of 

reference ellipsoid, φ  is the latitude at the computation point, p e

e

b a
k

a

γ γ
γ
−

=  is the normal 

gravity constant, pγ  is the normal gravity at pole, a  is the semimajor and b  semiminor axis 

of reference ellipsoid. Eq. (3.3) is very simple, computer efficient and it is valid with slopes 

of topography less than 45º, i.e. the method fails in rough topography (Sjöberg 1994 and 

2005). Sjöberg (2007) claims, that Eq. (3.4) is valid for any slope. 

One advantage of the combined the topographic correction is that it is not dependent of 

the topographic reduction method (Sjöberg 2000, 2001a and 2003c). In the remove-compute-

restore method the direct topographic correction is affected by terrain effect and possible 

lateral density variations, while in the KTH method these effects are cancelled in the 

combined topographic correction (Sjöberg 2004 and 2009). 
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3.2.   Downward Continuation Correction 

In the classical geoid determination approaches, after reduction of the topographic effect, the 

observed surface gravity anomalies are downward continued to the geoid. Downward 

continuation can be carried out by different methods, but the most common one is the 

inversion of Poisson’s integral (Heiskanen and Moritz 1967, Press et al. 1992, Martinec 

1998). The inversion of Poisson’s integral has large discretisation errors, especially in rough 

areas and it is also an extremely time consuming procedure (Martinec 1998). 

Sjöberg (2003a) and Ågren (2004a, Sect. 5.4) designed a new method for the DWC, 

where the DWC effect is computed directly for the geoid height instead of gravity anomaly. 

The downward continuation effect in this case is given by: 

( )( )
0

*

4
M

DWC

R
N S g g d

σ

δ ψ σ
πγ

= ∆ − ∆∫∫  (3.6) 

where *g∆  is the corresponding quantity downward continued to the geoid and g∆  is the 

surface gravity anomaly at the computation point P . The use of the smoothed data 

( )*g g∆ − ∆  makes this formula particularly advantageous and can be obtain more accurate 

results (Sjöberg 2003a). The final formulas for Sjöberg’s DWC method at any point of 

interest P  based on least squares modification (LSM) parameters is (see Ågren 2004a): 

(1) 1, 2( ) ( ) ( ) ( )L Far L
DWC DWC DWC DWCN P N P N P N Pδ δ δ δ= + +  (3.7) 

where 

( ) 0
(1) 21

( ) 3
2

P
DWC P P P

PP

g P g
N P H H H

r r

ζδ
γ γ

∆ ∂∆= + −
∂

 (3.8) 

here 0
Pζ  is the approximate height anomaly at point P  computed from GGM (Sjöberg 

2003c). 

( ) ( )
2

1, *

2

( ) 1
2

n
M

L Far M GGM
DWC n n n

n P

R R
N P s Q g P

r
δ

γ

+

=

  
 = + − ∆ 
   

∑  (3.9) 

and 



19 
 

( ) ( )
0

2 ( )
4

L M
DWC P Q Q

P

R g
N P S H H d

rσ

δ ψ σ
πγ

 ∂∆= − ∂ 
∫∫  (3.10) 

where P Pr R H= + , 0σ  is a spherical cap with radius 0ψ  which is same as in modified 

Stokes’ formula, PH  is the topographic height of point P  and Q  is the running point in 

Stokes’ formula. 

In Eq. (3.9) ( )GGM
ng P∆  is the Laplace harmonics at the sea level generated from the 

GGM, 
1

( ) ( )
n

GGM
n nm nm

m n

n
g P A Y P

R =−

−∆ = ∑ , where nmA  are the potential coefficients (Heiskanen 

and Moritz 1967). 

The gravity gradient 
P

g

r

∂∆
∂

 at point P  is computed based on Heiskanen and Moritz 

(1967, p.115): 

0

2

3
0

2
( )

2
Q P

Q
P

g gg R
d g P

r l Rσ

σ
π

∆ − ∆∂∆ = − ∆
∂ ∫∫  (3.11) 

where 0 2 sin
2
PQl R

ψ
= ⋅  and PQψ  is the spherical distance between computation point P  and the 

running point Q  in Stokes’ formula. 

 

 

3.3.   Atmospheric Correction 

When the masses outside the geoid are removed from the gravity anomalies, the atmosphere 

also should be removed or reduced, to satisfy the boundary condition in Stokes’ formula. 

To compute the atmospheric correction one often uses the International Association of 

Geodesy (IAG) approach that was developed by Ecker and Mittermayer (1969). The method 

assumes that the Earth is spherical with a spherical layering of the atmosphere and 

topography of the Earth is more or less neglected (Moritz 1980). The direct atmospheric 
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effect according to the IAG approach is added to the gravity anomaly before applying Stokes’ 

formula, and the indirect atmospheric effect is considered so small (of mm-level) that it can 

be neglected (Moritz 1980). 

Sjöberg (1998, 1999, 2001a and 2006) has shown that the atmospheric correction in the 

IAG approach leads to a significant bias of ~3.2 m, when Stokes’ formula is truncated to a 

small cap around the computation point. Hence the practical application of the IAG approach 

suffers from a serious bias, bigger than the total atmospheric effect itself. 

 Sjöberg (1999) proposed to compute the total atmospheric geoid effect separately, where 

no truncation error is engaged, and the method is also computer efficient. In the formula of 

Sjöberg and Nahavandchi (2000), which is used in the KTH approach, the Earth is treated as 

a sphere with radius R  and on top of the sphere is a variable topography. 

The combined atmospheric effect atm
combNδ  in the KTH method is computed according to 

the following formula (Sjöberg and Nahavandchi 2000, Sjöberg 2001a): 

( ) ( )0

2

2 2

1

a M
atm MA
comb n n n

n

V R
N P s Q H P

n

δ π ρδ
γ γ =

 = − − − − − 
∑

 

( )
1

2 2 2

1 2 1
MA
n n

n M

R n
Q H P

n n

π ρ
γ

∞

= +

+ − − − + 
∑  

(3.12) 

where 0
aVδ  is the zero degree term of the atmospheric potential, ( )3 31, 23 /A e g cmρ −= ⋅  is 

the density at sea level, γ  is the mean normal gravity on the reference ellipsoid and nH  is the 

Laplace surface harmonic of degree n  for the topographic height: 

( ) ( )
n

n nm nm
m n

H P H Y P
=−

= ∑  (3.13) 

The topographic height of the arbitrary power v  can be represented for a point with 

latitude and longitude ( , )φ λ  as: 

( ) ( )
0

, ,
n

v v
nm nm

m m n

H H Yφ λ φ λ
∞

= =−

=∑ ∑  (3.14) 
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where nmY  are the fully normalized spherical harmonics (Heiskanen and Moritz 1967) and 

v
nmH  are the normalized spherical harmonic coefficients of global topography (degree n and 

order m), that can be computed by: 

( ) ( )1
, ,

4
v v
nm nmH H Y d

σ

φ λ φ λ σ
π

= ⋅ ⋅∫∫  (3.15) 

The spherical harmonic coefficients vnmH  of the global topography used in the KTH 

method have been estimated to degree 720 from a worldwide 15′x15′ DEM by Ågren et al. 

(2009). 

 

 

3.4.   Ellipsoidal Correction 

The geoid height from gravity anomalies by Stokes’ formula is determined on a sphere. As 

the Earth’s shape is ellipsoidal with flattening of 0.3 %, the spherical approximation can 

cause an error in Stokes’ formula of same order, corresponding to several decimeters of the 

geoid height (see Sjöberg 2004). In precise geoid determination, this ellipsoidal correction 

should be taken into account. 

Through the years ellipsoidal correction has been studied by different authors, e.g. 

Molodensky et al (1962), Moritz (1980), Martinec and Grafarend (1997), Fei and Siders 

(2000). Sjöberg (2003c, 2004) derived a new solution for ellipsoidal correction by using 

Green’s formula, for the original and modified Stokes’ formula in a series of spherical 

harmonics to the order of 2e , where 2e  is the square of first eccentricity of the ellipsoid. 

Nowadays, the gravimetric geoid determination is often performed by using a modified 

version of Stokes’ formula, where the terrestrial gravity anomalies are combined with a GGM 

in a limited area around the computation point (Sjöberg 1991, 2004). As GGM can be applied 

correctly at sea level (approximated by the Earth ellipsoid), the remaining ellipsoidal 

correction to Stokes’ formula is limited to the integration cap (Sjöberg 2004). 

The ellipsoidal correction eNδ  to order 2e  of geopotential coefficients for the modified 

Stokes’ formula is given by Sjöberg (2004): 
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( ) ( ) ( )*

2

2

2 1
M GGM

e n n n e n
n

R a R a
N P s Q g P g

n R R
δ δ

γ

∞

=

−  = − − ∆ +  −  
∑  (3.16) 

where *
n ns s=  if 2 n M≤ ≤  and * 0ns =  otherwise, and 

( ) ( )( ) ( ) ( )( ) ( )
2

2, 2,3 2 1 7
2

n

e nm nm nm n m nm n m nmn
m n

e
g n F T n G T n E T Y P

a
δ − +

=−

= − + − + − +∑  (3.17) 

where nmT  are spherical harmonic coefficients for disturbing potential. See Sjöberg (2004) for 

the ellipsoidal coefficients nmE , nmF  and nmG . 

Sjöberg (2004) concluded that the effect of the ellipsoidal correction in the least squares 

modified Stokes’ formula is of cm level when a small cap size is used and in the case of large 

integration cap, the ellipsoidal correction become larger and is important to be applied for a 

precise geoid determination. 
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4. Quasigeoid by LSMSA 

The method for the geoid height determination (Sjöberg 2003b), that was described in Sect. 2 

and 3 can be transformed into the method for the estimation of height anomalies (Ågren 

2004b). According to the LSMSA, in Stokes’ formula surface gravity anomalies g∆  are 

used. After that, to the approximate geoid height are added a number of additive corrections 

(Ågren et al. 2009). The estimated geoid height N  is converted into height anomaly ζ  by 

the following relation (Sjöberg 1995): 

( ) 21

2
B

P P
P

g P g
N H H

r
ζ

γ γ
∆ ∂∆= − +

∂
 (4.1) 

where Bg∆  is the simple Bouguer anomaly. Recently, Sjöberg (2011) found that this formula 

needs a correction for topographic masses in rough terrain. 

The combined estimator for the height anomaly is obtained by inserting Eqs. (3.1), (3.3), 

(3.7), (3.12), (3.16) into Eq. (4.1) (see Ågren et al. 2009): 

( ) ( )
0

24

M
L L GGM

n n n
n

R R
S gd s Q g

σ

ζ ψ σ
πγ γ =

= ∆ + + ∆ +
2 ∑∫∫

 
topo atm
comb DWC comb eδζ δζ δζ δζ+ + + +  

(4.2) 

where R is the mean Earth radius, γ  is mean normal gravity, 0σ  is the spherical cap, ( )LS ψ  

is the modified Stokes’ function and L  is the degree of modification for Stokes’ function, not 

necessarily equal to the maximum degree of GGM - M , ns  are the modification parameters, 

L
nQ  - the Molodensky truncation coefficients and GGM

ng∆  are the Laplace harmonics of GGM 

gravity anomaly. 

The additive corrections in the KTH method are derived in such a way that is obtained 

same result as from remove-compute-restore method, except for numerical effects (Ågren et 

al. 2009): 

• The combined topographic effect topo
combδζ  vanishes in the height anomaly case 

(Sjöberg 2000). 
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• The downward continuation effect DWCδζ  (Sjöberg 2003a, Ågren 2004a) is 

obtained from the following equation: 

( ) ( ) ( )
20

2

3 1
2

n
M

M GGMP
DWC P n n n

nP P

R R
P H s Q g P

r r

ζδζ
π

+

=

  
 = + + − ∆ + 
   

∑

 ( ) ( )
0

4
M

P Q Q
Q

R g
S H H d

rσ

ψ σ
πγ

 ∂∆+ −  ∂ 
∫∫  

(4.3) 

where 0
Pζ  is the approximate height anomaly at the point P , P Pr R H= + , PH  

is the topographic height at the point P  and Q  is the running point in Stokes’ 

formula. The DWC effect for height anomaly Eq. (4.3) includes as well a 

correction for the fact that in Eq. (4.2) the Stokes’ function is not extended, 

see Ågren (2004a, Sect. 9.5). 

• The combined atmospheric effect atm
combδζ  is approximately the same as in the 

geoid case, see Eq. (3.12) (Sjöberg and Nahavandchi 2000, Sjöberg 2001a): 

( ) ( )atm atm
comb combP N Pδζ δ≈ (4.4) 

• The ellipsoidal correction to order 2e  for the modified Stokes’ formula eδζ  is 

approximately equal to Eq. (3.16) with (3.17) (Sjöberg 2004): 

( ) ( )e eP N Pδζ δ≈ (4.5) 

One problem in using the quasigeoid estimator is that the rough surface gravity 

anomalies are often sampled too sparsely. This fact must be considered, because this leads to 

numerical errors (discretisation error) of Stokes’ integration (Ågren 2004a). The 

discretisation errors can be reduced by taking the advantage of the remove-grid-restore 

method in the interpolation of the gravity anomaly, see Sjöberg (2003b), Ågren (2004a), 

Kiamehr and Sjöberg (2005) and in Kiamehr (2006b). In the interpolation stage can be used 

the planar Bouguer anomaly or Residual Terrain Model (RTM) and a DEM with at least same 

resolution as the new gravity grid (Kiamehr and Sjöberg 2005). The advantages of combined 

estimator are that it is easier to compute the DWC, atmospheric and ellipsoidal corrections 

and the total effect of each correction can be studied explicitly (Ågren et al. 2009). 
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5. GPS/levelling data 

The seemingly simple Eq. (1.2) between GPS derived height, normal height from levelling 

and height anomaly is based on the idea that given any two of the types of heights, the third 

can be derived. The combination of GPS derived heights with gravimetrically determined 

height anomalies for the determination of normal heights above the local vertical datum refer 

to GPS/levelling and is commonly used in practice. The limitation of using GPS/levelling 

technique, in the determination of normal heights with respect to the local vertical datum, is 

dependent on the accuracy of GPS derived heights and quasigeoid model. 

The GPS/levelling derived height anomalies /GPS levellingζ  can be obtained from the 

difference between the GPS derived height h  and normal height from levelling H ∗ : 

/GPS levelling h Hζ ∗= −  (5.1) 

It will be used as external data for the evaluation of the GGMs needed in the combined 

approach for the quasigeoid determination, as well for the comparison of height anomalies 

obtained from the Mold2012, and the normal heights H ∗  will be used as well for the 

evaluation of the Digital Elevation Models (DEMs). 

The Moldavian GPS network of  0, 1st, 2nd, 3rd and 4th orders together consists of ~ 1200 

GPS stations with geodetic coordinates in the MOLDREF99 (Moldavian reference system 

1999).  

The zero order GPS network consists of 5 points that were measured in May 1999 within 

EUREF-campaign and linked to the European Terrestrial Reference System (ETRS89). The 

baselines from EUREF-campaign were processed using Bernese GPS Software version 4.2 at 

Astronomical Institute of Bern University. The internal consistency of the coordinates for the 

zero order points is 1 – 2 mm in the horizontal component and 3 – 6 mm in the vertical 

component (Stengele 2001). 

The 1st order GPS network contains 8 points of “high precision”. The baseline 

observations were performed in two 24 hours sessions, 7 points were observed in the north 

part (13.07.1999) of the country and 6 points in the south (03.08.1999). All 36 baselines (21 

in the northern part and 15 in the southern part) were processed and included in a constrained 

adjustment were the 5 EUREF points were kept as fix (Stengele 2001). Additional 
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measurements were performed during 1999 and 2001 to establish further 71 points of the 1st 

order GPS network. The baseline processing and network adjustment was performed in Leica 

SKI version 2.3 (Stengele 2001). In the adjustment the 13 GPS points (5 EUREF points and 8 

points of 1st order) were kept as fix. 

The 2nd order GPS network consists of 398 points with the average distance between 

points of 10 – 15 km (Ovdii and Monin 2010). 

The total amount of points according to GPS orders is presented in Table 5.1, from 

which we see that 5 stations belong to the zero order GPS network, 75 points belong to the 1st 

order GPS network and 400 stations are of 3rd order GPS network. Beside the 0, 1st and 2nd 

order networks we have points that belong to the 3rd and the 4th order network. For the same 

stations we have normal heights, but as there are two height systems in Moldova (Baltic 77 

and Baltic), a selection of GPS stations that have the normal height in the height system 

Baltic 77 is performed and just these points will be used for the evaluation of the final 

quasigeoid model, as this height system is the official system in use for the whole country, 

and it refers to the Kronstadt tide gauge (located near St. Petersburg). 

The normal heights in the height system Baltic 77 belong to different levelling orders (I, 

II, III and IV), e.g. from 75 GPS stations of the 1st order GPS network, 4 stations have the 

normal heights in the height system Baltic 77 of the III-order levelling, 43 stations have the 

normal heights that belongs to the IV-order levelling and 28 stations have the normal heights 

in the height system Baltic. All points that have the normal heights in the height system 

Baltic will be excluded from our tests. 

Table 5.1: The GPS stations classified according to the GPS and levelling networks 

order. 

GPS stations 
Height system 

Baltic 77 Baltic 

Order 
Nr. of 
points 

I II III IV 
  

0 5   4     1 
1 75     4 43 28 
2 400 2 9 20 210 159 
3 768 16 12 74 666   
4 94 1 1 15 77   

Σ 1342 19 26 113 996 188 
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The GPS/levelling dataset contains 1342 points from which 188 points have the normal 

height in the height system Baltic, which is the reason why these points will be removed from 

our dataset. The classification of the GPS/levelling points that are left in the dataset is 

presented in Table 5.2. The number of stations that have normal heights in the height system 

Baltic 77 and the GPS height that belong to the zero GPS order network is 4, 47 points that 

belong to the 1st order GPS network and 241 points that belong to the 2nd order GPS network. 

Total we have 1154 GPS/levelling points that have the normal heights in the height system 

Baltic 77. 

Table 5.2: The classification of the GPS points according to the order of GPS 

network that have the normal height in the height system Baltic 77.  

GPS stations 
Height system 

Baltic 77 
Order number I II III IV 

0 4   4     
1 47     4 43 
2 241 2 9 20 210 
3 768 16 12 74 666 
4 94 1 1 15 77 

Σ 1154 19 26 113 996 

 

The approximate standard errors of the normal heights from adjustment of the levelling 

lines are not available and therefore here will be presented the apriori standard errors that 

were taken into consideration when the adjustment of the levelling lines was performed. An 

example of the apriori standard errors according to the order of the levelling networks that are 

presented in Chiriac (2005) are summarised in Table 5.3.  

Table 5.3: The quality of the normal heights according to the levelling networks. 

Where L is the total length of the levelling line in kilometer. 

Height system Baltic 77 

 Levelling order 
Length of the levelling 

lines (km) 
Standard errors 

(mm/km) 
Tolerances (mm) 

I 500 - 600 0.8 3√L 
II 300 - 500 2.0 5√L 
III 100 - 200 5.0 10√L 
IV 10 - 50 10.0 20√L 
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An example of the approximate standard errors of the GPS measured heights according 

to the GPS network order that are presented in the same source (Chiriac 2005) are 

summarized in Table 5.4. 

Table 5.4: The quality of the GPS measured heights according to the GPS network 

orders. 

GPS stations GPS height 
Network order Standard errors (mm) 

0 3 - 6 
1 5 - 30 
2 30 - 40 
3 40 - 70 
4 70 - 100 

 

As any data may contain outliers it is recommended to perform some tests for outlier 

detection before the data is used for further investigations. Before the outlier detection the 

height anomalies for the same GPS/levelling points will be estimated from Global 

Geopotential Models (GGMs) and compared with the height anomalies the GPS/levelling 

derived height anomalies /GPS levellingζ . The comparison will be performed by using the GGM 

ITG Grace02s, EIGEN-CG01C, EIGEN-Gl04C, Earth Gravitational Model EGM2008 

2008EGMζ  and the European gravimetric geoid EGG97 97EGGζ  (Denker and Torge 1997). In 

addition to these GGMs will be used even the quasigeoid model GM2005 that is official in 

Moldova (for details see Sect.1.1). 

The statistics from direct comparison of GPS/levelling derived height anomalies and 

GGMs height anomalies are presented in Table 5.5. The minimum standard deviation of the 

differences (STD) which is 0.251 m is obtained for EGG97 model (with exception of 

GM2005 which is used here just for analysis). At the same time the EGG97 differences have 

a mean value of 0.221 m. The mean value of the differences indicates the possible vertical 

offset and tilts between the EGG97 and GPS/levelling derived height anomalies. The direct 

comparison of the GGMs with GPS/levelling data may be affected by systematic errors and 

datum inconsistencies (Ellmann and Jurgenso 2008). In order to minimize the datum 

inconsistencies between the GGM and GPS/levelling quasigeoid model, a 4-parameter 

transformation model will be used (see Sect.10).  
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Table 5.5: The statistics of differences from direct comparison of GPS/levelling 

derived heights anomalies with height anomalies estimated by using a 

GGM. (STD – standard deviation of the differences, RMS – root mean 

square) 

GGM ITG-Grace02s EIGEN-CG01C EIGEN-GL04C EGM2008 EGG97 GM2005 

nr 1154 1154 1154 1154 1154 1154 

Max 2,924 2,626 2,775 3,035 3,143 2,912 

Min -5,671 -5,046 -5,214 -5,359 -5,200 -5,494 

Mean -0,211 -0,074 0,041 0,113 0,221 -0,023 

STD 0,398 0,333 0,292 0,269 0,251 0,248 

RMS 0,450 0,341 0,295 0,292 0,334 0,250 

 

The standard deviation of the differences obtained from the comparison of GGM and 

GPS/levelling height anomalies for all points have the minimum value for EGG97 and 

EGM2008. Therefore just for these two models a 4-parameter transformation model will be 

performed in order to remove the possible datum inconsistencies and tilts and then a 3-RMS 

test will be applied in order to detect the outliers in the GPS/levelling dataset, where RMS is 

the root mean square. The 4 parameters are estimated from the residuals/differences of all 

1154 GPS/levelling points. After that the 4 transformation parameters are used to fit the 

GGM height anomalies to the local datum of GPS/levelling data. The statistics of the 

differences after the transformation are given in Table 5.6, where we see that the mean of 

differences after transformation is zero. 

Table 5.6: The statistics of the differences obtained from direct comparison of 

GPS/levelling heights anomalies with transformed GGM height 

anomalies. (STD – standard deviation of the differences, RMS – root 

mean square) 

GGM EGM2008 EGG97 GM2005 

nr 1154 1154 1154 

Max 2,962 2,920 2,912 

Min -5,318 -5,430 -5,494 

Mean 0,000 0,000 -0,023 

STD 0,266 0,250 0,248 

RMS 0,266 0,250 0,250 

 



30 
 

The STD for differences after transformation is reduced compared to the value of STD 

before transformation. The reduction of STD is insignificant, but less the difference between 

the value of STD before and after transformation, the better the GGM agrees with the 

practical realization of the vertical datum and indicate likely a one-dimensional offset 

between the GPS/levelling data and the GGM (Ellmann and Jurgenso 2008). 

The RMS value of 0.250 m for differences between the GPS/levelling height anomalies 

and transformed EGG97 heights anomalies will be used in the 3-RMS test. This RMS value 

is multiplied by 3 and applied for outlier detection in the GPS/levelling dataset. All points 

that have a difference higher than 3-RMS value will be deleted from the dataset. The 3-RMS 

test was repeated until no “outliers” are left in the GPS/levelling dataset. According to the 3-

RMS test, 93 GPS/levelling points were found as outliers and in the dataset are left 1061 

points. The 93 outliers, according to the order of GPS network (0 - 4) and the order of 

levelling network (I - IV) are presented in Table 5.7, from where we can see that most of 

outliers belong to the IV-order levelling network.   

Table 5.7: The outliers according to the order of the GPS network and the order of 

levelling network.  

GPS stations Height system - Baltic 77 
Order number I II III IV 

1 -7       -7 

2 -14     -1 -13 

3 -54 -1   -1 -52 

4 -18     -2 -16 

Σ -93 -1   -4 -88 

 

For the last 3-RMS test the value for outlier detection was 0.232 m as we see from Table 5.8 

and the minimum and maximum value for residuals left in the dataset are -0.229 m and 0.225 

m, respectively.   

The differences between GPS/levelling height anomalies and the EGG97 height 

anomalies transformed to the local vertical datum can be graphically illustrated by a 

histogram. A histogram is a graphical representation of the distribution of data, in this case of 

the residuals and from this histogram we may see if in the dataset are still left residuals that 

may appear as outliers.  
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Table 5.8: The statistics of differences obtained from direct comparison of 

GPS/levelling heights anomalies with transformed GGM height 

anomalies after outlier detection. Unit: [m]. (STD – standard deviation of 

the differences, RMS – root mean square) 

GGM EGM2008 EGG97 EGG97 (4 P) GM2005 

nr 1061 1061 1061 1061 

Max 0,502 0,476 0,225 0,232 
Min -0,212 -0,011 -0,229 -0,273 

Mean 0,132 0,239 0,000 -0,005 

STD 0,125 0,080 0,077 0,072 

RMS 0,182 0,252 0,077 0,072 
3-RMS 

 
 0,232  

 

In order to see if there are still outliers in the dataset, a histogram of the absolute value of 

residuals is drawn (Fig. 5.1). In the histogram, a change of slope (in the figure marked with a 

red circle) may indicate the presence of outliers. 

 

Fig. 5.1: The histogram of the absolute value of residuals between GPS/levelling 

height anomalies and EGG97 height anomalies transformed to the local 

vertical datum by 4-parameter transformation model. 

As the possible outliers in the dataset according to the histogram of the absolute value of 

residuals are not marked as outliers according to the 3-RMS test in the case of the 4-

parameter transformation model, an extra attempt is made by applying the 7-parameter 

transformation model (more details about the 7-parameter model are described in Sect.10) 
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and then the 3-RMS test on the residuals is performed. The 3-RMS test was repeated until no 

“outliers” are left in the GPS/levelling dataset.  

As a result of this 3-RMS test we found 19 more GPS/levelling points as outliers and 

deleted them from the dataset. Now we have 1042 GPS/levelling points left. For the final test 

the value for 3-RMS was 0.211 m and the minimum and maximum values for residuals left in 

the dataset are-0.206 m and 0.207 m, respectively (Table 5.9). The standard deviation of 

differences for 1042 differences between the GPS/levelling height anomalies and the EGG97 

height anomalies is of 0.075 m before the transformation and 0.070 m after 7-parameter 

transformation of EGG97 height anomalies into the local vertical datum. Note that the mean 

of differences between the GPS/levelling height anomalies and the transformed EGG97 

height anomalies is zero. 

Table 5.9: The statistics of differences obtained from direct comparison of 

GPS/levelling heights anomalies and transformed GGM height anomalies 

according to 7-parameter transformation model after outlier detection. 

Unit: [m]. (STD – standard deviation of the differences, RMS – root mean 

square) 

GGM EGM2008 EGG97 EGG97 (7 P) GM2005 

nr 1042 1042 1042 1042 

Max 0,502 0,456 0,207 0,206 

Min -0,195 0,024 -0,206 -0,234 

Mean 0,133 0,240 0,000 -0,003 

STD 0,121 0,075 0,070 0,066 

RMS 0,180 0,251 0,070 0,066 
3-RMS 

 
 0,211  

 

The histogram of residuals between GPS/levelling height anomalies and EGG97 height 

anomalies transformed into the local vertical datum for 1042 GPS/levelling point is illustrated 

in Fig. 5.2. The histogram does not indicate any change of slope, which means that the 

residuals follow the normal distribution and according to analysis of the residuals 71 % of 

residuals have a value within 1-RMS interval and 95 % of all residuals have a value within 2-

RMS interval. 
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Fig. 5.2: The histogram of the 1042 residuals between GPS/levelling height 

anomalies and EGG97 height anomalies transformed to the local vertical 

datum by 7-parameter transformation model. 

 

So, after outlier detection we have left 1042 GPS/levelling points in our dataset, which 

means that 112 points were deleted as outliers. 

Table 5.10: The statistics of differences from direct comparison of the GPS/levelling 

heights anomalies with height anomalies estimated by using a GGM. 

(STD – standard deviation of the differences, RMS – root mean square) 

The statistics before outlier detection 

GGM ITG-Grace02s EIGEN-CG01C EIGEN-GL04C EGM2008 EGG97 GM2005 

nr 1154 1154 1154 1154 1154 1154 

Max 2,924 2,626 2,775 3,035 3,143 2,912 

Min -5,671 -5,046 -5,214 -5,359 -5,200 -5,494 

Mean -0,211 -0,074 0,041 0,113 0,221 -0,023 

STD 0,398 0,333 0,292 0,269 0,251 0,248 

RMS 0,450 0,341 0,295 0,292 0,334 0,250 

The statistics after outlier detection 

GGM ITG-Grace02s EIGEN-CG01C EIGEN-GL04C EGM2008 EGG97 GM2005 

nr 1042 1042 1042 1042 1042 1042 

Max 0,552 0,580 0,493 0,502 0,456 0,206 

Min -1,077 -0,493 -0,548 -0,195 0,024 -0,234 
Mean -0,187 -0,055 0,061 0,133 0,240 -0,003 
STD 0,313 0,239 0,173 0,121 0,075 0,066 
RMS 0,365 0,245 0,184 0,180 0,251 0,066 
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The EGG97 model was the only model used in the outlier detection, as this model fitted 

best the GPS/levelling data. After removing the outliers from the GPS/levelling dataset, the 

GPS/levelling height anomaly of the remained points was compared with the height anomaly 

estimated from different GGMs and the statistics of differences before and after performing 

the outlier detection are given in Table 5.10, from where we see that the STDs indicate that 

the quasigeoid model EGG97 is the best model over the area with a STD of 0.075 m and after 

that follows the GGM EGM2008 with a STD of 0.121 m, EIGEN-GL04C with 0.173 m, 

EIGEN-CG01C with 0.239 m and ITG-Grace02s with a STD of 0.313 m. 

The final GPS/levelling dataset consists of 1042 points with geodetic coordinates in the 

MOLDREF99 reference system and normal heights at the same points given in the height 

system Baltic 77. This dataset will be used for the selection and validation of DEMs and 

GGMs that will be used for the determination of the quasigeoid model in the following 

sections. 

The distribution of GPS/levelling points is illustrated in Fig. 5.3. 

 

Fig. 5.3: The GPS/levelling dataset. 
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The result of the analysis is presented separately for different levelling orders (I - IV) in 

Table 5.11. Thus, the standard deviation (STD) of differences between GPS/levelling height 

anomaly and GGM height anomaly, are estimated for all GGMs separately for the points that 

have the normal heights that belong to a respective levelling order. 

Table 5.11: The standard deviation of differences from direct comparison of the 

GPS/levelling heights anomalies with GGM height anomalies presented 

according to the order of the levelling network (I - IV). 

    GGM 

Levelling 
order 

 Number 
of points 

ITG-
Grace02s 

EIGEN-
CG01C 

EIGEN-
GL04C 

EGM2008 EGG97 GM2005 

I 17 0,355 0,282 0,225 0,114 0,041 0,044 

II 26 0,218 0,291 0,158 0,097 0,088 0,064 
III 109 0,362 0,162 0,144 0,119 0,054 0,056 
IV 890 0,309 0,243 0,175 0,122 0,077 0,068 

  
ALL  1042 0,313 0,239 0,173 0,121 0,075 0,066 

 

 

6. Digital Elevation Models 

A Digital Elevation Model (DEM) is a digital representation of the Earth’s surface and will 

be used in this study for: 

• conversion between the Bouguer and free-air gravity anomalies   

• and computation of the downward continuation (DWC) corrections in the 

quasigeoid modeling. 

The free-air gravity anomalies are used in Stokes’ formula for quasigeoid determination, 

which means that the accuracy of quasigeoid is dependent of the quality of free-air gravity 

anomalies that in turn are dependent on the DEM quality used in the interpolation step. 

Therefore it is important to evaluate the quality of the DEM, which will be performed versus 

GPS/levelling data in this study. In the following sections the DEMs accuracy will be 

evaluated and described. 
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6.1.   Description of DEMs 

SRTM 3 

Shuttle Radar Topography Mission (SRTM) DEM is the result of an international project 

between National Geospatial-Intelligence Agency (NGA), National Aeronautics and Space 

Administration (NASA), National Imagery and Mapping Agency (NIMA), the German and 

Italian space agencies. For more details see: http://science.nasa.gov/missions/srtm/ . 

SRTM payload with two radar antennas was used to acquire elevation data, thus from 

two slightly different locations are taken radar images and the surface elevation is calculated 

from the difference between these two images. This technique is called radar interferometry.. 

SRTM collected interferometric data during 11-day in February of 2000. The data cover 

approximately 80% of the land surface from latitude of 60°N to 56°S. The elevation data was 

used to generate the high-resolution Digital Elevation Model of the Earth. 

In the 1st step raw SRTM radar data were processed at the Jet Propulsion Laboratory and 

Digital Terrain Elevation Data (DTED) with 1-degree resolution was delivered to NGA. 

NGA used DTED to update and extend their DTED products. The data were processed on a 

continent-by-continent basis and reformatted into the SRTM format (Version 1.0): 

(http://dds.cr.usgs.gov/srtm/version2_1/Documentation/SRTM_Topo.pdf ) 

SRTM (Version 1.0) data were processed by NGA where a careful delineation of 

coastlines was performed based on radar and optical imagery and other sources, as well was 

edited the lake and ocean surfaces so that they were at constant elevation and that rivers 

decreased in elevation in the downstream direction as described on the 

http://dds.cr.usgs.gov/srtm . After that the data were reformatted into the SRTM format 

(Version 2) and returned to NASA for distribution. In the summer of 2009 the 3-arcseconds 

sampled data of Version 2 were replaced by Version 2.1. The Version 2.1 data were 

regenerated by applying averaging method on the full-resolution edited data. 

SRTM3 data are sampled of 3-arcseconds (approx. 90 m resolution) and is generated by 

averaging the 1-arcsecond data, thus the random noise from elevation data is reduced roughly 

by a factor of 3. The SRTM3 are available on the CGIAR-CSI (Consortium for Spatial 

Information of the Consultative Group for International Agricultural Research) website 

(http://srtm.csi.cgiar.org). 
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SRTM3 data Version 4.1 have been processed by CIAT in order to get continuous 

topography surfaces. The data are in datum WGS84 and are derived from the USGS/NASA 

SRTM data (Jarvis et al. 2008). The areas with no data in the original SRTM have been filled 

using the interpolation methods described by Reuter et al. (2007). 

 

SRTM 30 

SRTM30 data Version 2.0 was generated from SRTM3 data Version 2.0, where the 

water body definition was improved by the NGA. Thus, the SRTM30 data Version 2.0 shows 

the oceans at zero elevation and other water bodies at the elevations determined during the 

editing. More details and data are found on the following website:  

http://dds.cr.usgs.gov/srtm/version2_1/ 

 
 
SRTM-30 Plus 

SRTM-30 Plus (SRTM-30 with Bathymetry) is a DEM with grid resolution of 30 

arcseconds (~ 1 km) available on the following website http://topex.ucsd.edu/cgi-

bin/get_srtm30.cgi . SRTM-30 Plus was created from SRTM30 elevation data and GTOPO30 

data for high latitudes (Becker et al. 2009). 

 

Fig. 6.1: SRTM-30 Plus over area of Moldova. 
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6.2.   Evaluation of DEMs 

A DEM is a digital representation of Earth topographic and may contain errors. The 

accuracy of DEMs must be evaluated because it depends on the accuracy of data that were 

used for DEM generation, which may vary in different parts of the globe and the users must 

be conscious of DEM errors consequences. 

The errors in DEMs will propagate into gravity anomalies when the DEM is used to 

convert the Bouguer gravity anomalies into free-air gravity anomalies and consequently into 

quasigeoid model. The DEM errors are propagated into the quasigeoid model also via DWC 

corrections. The quality of DEM can be estimated by comparing the normal height for 

GPS/levelling points and the heights extracted from a DEM for the same GPS/levelling 

points. The distribution of levelling points (1042 points) that will be used for evaluation of 

the DEM is illustrated in Fig. 5.3 and the statistics of the normal heights for these levelling 

points are given in Table 6.1. The highest point has a normal height of 428.221 m and the 

lowest point has a normal height of 8.769 m. The SRTM3 data over area of Moldova (45°N < 

φ < 48.5°N, 26°E < λ < 30.5°E) is illustrated in Fig. 6.2.  

Table 6.1: The statistics of the normal heights. Unit: [m]. 

Nr of points 1042 

Min 8.769 

Max 428.221 

Mean 165.133 

STD 77.896 

 

 
Fig. 6.2: SRTM3 data over area of Moldova. 
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The statistics of the differences between the normal height (H*) and height for the same 

point extracted from a DEM (e.g. SRTM3, SRTM30 and SRTM-30 Plus) are presented in 

Table 6.2. 

Table 6.2: The statistics of DEMs. Unit: [m] 

Grid size 3″ x 3″ 30″ x 30″ 30″ x 30″ 

DEM SRTM3 SRTM30 SRTM30 Plus 

Nr of points 1042 1042 1042 

Min  -8,45 -51,91 -36,94 

Max 16,50 96,13  77,61 

Mean  3,38 14,86 12,12 

STD  3,04 23,14 17,47 

 

SRTM30 DEM was used to generate a grid with resolution 0.02° x 0.02° that will be 

used in the restore step of the interpolation of gravity anomalies and the statistics of the new 

grid are presented in Table 6.3. 

Table 6.3: The statistics of DEM. Unit: [m] 

DEM SRTM30 SRTM30 

Grid size 0,02° x 0,02° 
0,02° x 0,02° 

(Kriging 
Block) 

Nr of points 1042 1042 

Min -62,42 -66,47 

Max 127,31 139,99 

Mean 17,75 18,16 

STD 32,48 35,70 

 

Table 6.2 shows that SRTM30 may have errors up to 14.86 ± 23.14 m. In order to see 

how these errors may influence the interpolation of gravity data and the quasigeoid 

computation, the gravity anomaly grid is created first with the DEM SRTM3 and the second 

variant with SRTM30 and all steps of computation of the quasigeoid model are performed 

with both variants. The differences for the 1042 points in gravity anomaly obtained by using 

SRTM3 and SRTM30 is from -3,56 mGal to 7.68 mGal. The influence of these differences in 

the gravity anomaly grid on the computed height anomalies is from -0.018 m to 0.009 m, see 

Table 6.4. 
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Table 6.4: The differences in the gravity anomaly grid and computed height 

anomalies due to different DEMs used in the interpolation of the gravity 

data. 

 Differences in: ∆gFA ζ0 dζ ζgrav 

Unit: mGal m m m 

Nr of points 1042 1042 1042 1042 

Min -3,563 -0,011 -0,011 -0,018 

Max 7,675 0,009 -0,001 0,009 

Mean 0,273 -0,002 -0,005 -0,006 

STD 1,220 0,003 0,002 0,004 

 

 

 

 

6.3.   DEMs used in the Gravimetric Quasigeoid determination 

The DEMs used in the quasigeoid determination procedure are described below: 

• The SRTM3 DEM with the grid resolution 3″ x 3″ (approximately 90 m) is used 

in the remove step for the computation of the Bouguer correction. After the 

Bouguer gravity anomalies are interpolated to create a grid; see Sect. 8.4. 

• A DEM with 0.02° x 0.02° resolution is obtained from DEM SRTM30. This DEM 

is used in the restore step of the gravity anomalies interpolation and for the 

computation of the DWC correction in Eq. 4.3. This grid has same size and 

resolution as the gravity anomaly grid. 
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7. Global Geopotential Model 

A Global Geopotential Model is a set of fully normalized spherical harmonic coefficients 

nmC , nmS  of degree n and order m for the Earth’s gravitational potential V, together with 

several additional parameters as GM - Earth’s gravitational constant and a - semimajor axis 

of the ellipsoid. The Earth’s gravitational potential V can be described by a spherical 

harmonic expansion: 
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where ( , , )r φ λ  are the spherical coordinates, nmP  - the associated Legendre polynomials, r - 

the distance from the attracted point (can be any point outside the geoid) to the origin 

(geocenter). 

The height anomaly ζ  at the ground point (with normal height H*) can be expressed in 

spherical harmonic series, see Heiskanen and Moritz (1967): 
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where γ  is the normal gravity, R is the mean Earth radius, nmC  and nmS  are the differences 

between the fully normalized and ellipsoidal potential coefficients. 

Thus, the global features of the Earth gravity field are described by the normalized 

spherical harmonic coefficients of the gravitational potential ( , , )V r φ λ . 

During the last years, different GGMs have been computed by various groups. In the next 

sections the types and selection of GGMs used in the numerical tests of this study will be 

described. 

 

7.1.   Classification of Global Geopotential Models 

The GGMs that describe the Earth gravitational field can be divided in the following groups: 
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• Satellite-only GGMs are derived from satellite data only.  

In this study for evaluation and further selection the following satellite-only GGM 

will be used: e.g. ITG Grace02s. 

• Combined GGMs are the result from combination of satellite, terrestrial gravity 

and altimetry data over ocean area and airborne gravity data. In the past the 

accuracy of this type of GGMs was limited, but with the dedicated satellite 

gravimetry missions as CHAMP (CHAllenging Minisatellite Payload) and 

GRACE (GRAvity and Climate Experiment), the accuracy of combined models 

improved significantly (Rummel et al. 2002, Featherstone 2002). The combined 

GGMs that will be used in this study are EIGEN-CG01C, EIGEN-GL04C and 

EGM2008. 

• Tailored GGMs, are derived from the adjustment of existing GGMs (satellite or 

combined) together with local surface gravity data (Wenzel 1998a, 1998b, 

Nahavandchi 2001). The tailored GGMs should be applied only over the area for 

which the surface gravity data have been used in the adjustment. In the present 

study no tailored GGMs have been used. 

The GGMs that will be used in this study will be described below. 

ITG-Grace02s is a gravity field model complete up to degree and order 170. ITG-

GRACE02s was derived from short arcs of the satellite’s orbit. Data was collected during 

2003-02 - 2005-12. The model can be downloaded from this webpage: http://icgem.gfz-

potsdam.de/ICGEM/modelstab.html  

The Earth Gravitational Model 1996 (EGM96) is a spherical harmonic model of the 

Earth’s gravitational potential to degree and order 360, which resulted from collaboration 

between National Aeronautics and Space Administration (NASA), National Imagery and 

Mapping Agency (NIMA) and the Ohio State University (OSU). The EGM96 consists of a 

combination solution to degree and order 70, a block diagonal solution from degree 71 to 359 

and a quadrature solution at degree 360. The combination solution to degree and order 70 is 

calculated from satellite tracking data, altimeter-derived anomalies from ERS-1, TOPEX and 

GEOSAT and in addition the normal equations of the 1°x1° surface gravity data (that NIMA 

archives possess from different region of the globe). The block diagonal solution is also built 
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on the satellite data together with the quadrature solution as a reference. The quadrature 

solution is based on the satellite only counterpart beside the surface gravity data and altimeter 

derived anomalies. EGM96 model was used to compute geoid undulations accurate to better 

than one meter and realize WGS84 as a true three-dimensional reference system. For more 

details see Lemoine et al. (1998) and http://cddis.nasa.gov/926/egm96/egm96.html 

The EIGEN-CG01C is a high resolution global gravity field model, complete to degree 

and order 360, calculated based on CHAMP (860 days) and GRACE (200 days) satellite 

gravity data and combined with 0.5 x 0.5 degree surface data (gravimetry and altimetry) 

gravity data (Reigber et al. 2007). 

See also: http://op.gfz-potsdam.de/grace/results/grav/g003_eigen-cg01c.html 

The EIGEN-GL04C model is derived from the combination of GRACE and LAGEOS 

satellite data collected during February 2003 – July 2005 and altimetry surface data. The 

model is complete to degree and order 360 in terms of spherical coefficients. For details see: 

http://op.gfz-potsdam.de/grace/results/grav/g005_eigen-gl04c.html 

The Earth Gravitational Model EGM2008 is complete to spherical harmonic degree and 

order 2159 and contains additional coefficients extending to degree 2190 and order 2159. 

EGM2008 has been released to the public by the National Geospatial-Intelligence Agency 

(NGA) EGM Development Team. EGM2008 was computed based on the latest GRACE 

satellite solutions, improved 5’ x 5’ minute gravity anomalies, improved altimetry-derived 

gravity anomalies estimated using PGM2007B with the Dynamic Ocean Topography (DOT) 

model as reference. In this study the coefficients of EGM2008 model up to degree and order 

360 are used. More details about the description of EGM2008 are provided on the following 

link: http://earth-info.nima.mil/GandG/wgs84/gravitymod/egm2008/egm08_wgs84.html  

 

7.2.   Evaluation and selection of GGM 

The determination of a new gravimetric quasigeoid model by the modified Stokes’ formula 

requires the selection of a GGM that will be used together with local gravity data in the 

combined solution. 
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The selection of the GGM is performed by comparing the GGM derived height 

anomalies with the GPS/ levelling height anomalies. 

The following GGMs will be evaluated for the area of Moldova:  

• ITG Grace02s (satellite-only) up to 170 

• EIGEN-CG01C (combined) up to 360 

• EIGEN-GL04C (combined) up to 360 

• EGM2008 (combined) up to 360 

In the following sections the selection of GGM will be described based on the chosen 

parameters ( 0ψ , 2
gσ ∆ ) in the least squares modification method and the result will be 

compared with GPS/levelling data. 

 

7.2.1. Integration cap size and a-priori accuracy of gravity data 

The computation of quasigeoid model with LSM method requires the choice of a GGM 

according to a number of parameters, such as spherical radius of the integration cap 0σ  and 

weights for GGM and terrestrial gravity anomalies. The goal of modification procedure (see 

Sjöberg 1984, 2003b) is to reduce the errors in the quasigeoid determination and to provide 

an optimal combination of different data sources (Kiamehr 2006a).  

The error degree variances for terrestrial gravity anomalies 2
nσ  (see Ellmann 2005), the 

signal degree variances nc  generated for the highest degrees according to Tschering and 

Rapp (1974) model (Ågren 2004a) and the error degree variances ndc  for GGM estimated 

from the standard errors of the potential coefficients (e.g. Rapp and Pavlis 1990) are 

described in Sect. 2.2. 

In order to find the best LSM parameters (see more details in Sect.2.3), different GGMs 

with different integration cap sizes and accuracies of the gravity data will be calculated and 

the results will be compared with GPS/levelling data. The analysis of the results will give an 

idea about the quality of different data and their effect on the created quasigeoid model. 
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The accuracy of gravity data can be obtained together with the gravity data (which was 

estimated from the adjustment of the gravity network) or estimated by cross validation of 

gravity dataset. 

The numerical tests are made by choosing a spherical radius of the integration cap 0σ  

(1°, 2°, 3° or 5°) and an approximate accuracy of the terrestrial gravity anomalies gσ ∆  (1 

mGal, 5 mGal or 10 mGal) for GGM EGM2008 and ITG-Grace02s and the GGM derived 

height anomalies are compared with GPS/levelling height anomalies for the 1042 points and 

the statistics of differences are presented in Table 7.1. 

Table 7.1: The statistics of the GGMs. Unit: [m]. (STD – standard deviation of the 

differences, RMS – root mean square) 

GGM n 
ψ0  

Min Max Mean STD RMS 

 
(mGal2) (m) (m) (m) (m) (m) 

EGM2008 360 

1° 

1 -1,09 1,29 0,60 0,47 0,76 
52 -1,07 1,24 0,56 0,46 0,73 

102 -1,00 1,09 0,48 0,42 0,63 

2° 
1 -0,90 2,01 1,06 0,64 1,24 

52 -0,98 1,70 0,84 0,57 1,01 

102 -1,12 1,08 0,41 0,43 0,59 

3° 

1 -0,61 2,53 1,46 0,71 1,63 
52 -1,38 1,13 0,35 0,52 0,62 

102 -1,86 0,13 -0,45 0,37 0,59 

5° 102 -2,13 -0,15 -0,72 0,37 0,81 

ITG-Grace02s 170 

1° 102 -0,97 1,06 0,46 0,41 0,62 

2° 102 -1,07 0,80 0,17 0,33 0,37 

3° 102 -1,67 -0,08 -0,79 0,27 0,84 

5° 102 -0,67 0,80 -0,07 0,34 0,34 

 

One can see from Table 7.1 that a minimum standard deviation of mean equal 27 cm for 

the GGM ITG-Grace02s with M = 170 (when 0
0 3ψ =  and 10g mGalσ ∆ = ), but the 

minimum RMS of 34 cm is obtained for 0
0 5ψ =  and 10g mGalσ ∆ = , and in this case the 

STD is also 34 cm. The GGM EGM2008 (M = 360) gives the minimum STD of 37 cm (for 

10g mGalσ ∆ = , with both 0
0 3ψ =  and 0

0 5ψ = ), but the minimum STD is obtained just for 

0
0 3ψ = . These two GGMs (ITG Grace02s and EGM2008) will be used further in all 

computation steps of the quasigeoid model.  
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8. Gravity data used in the Gravimetric Quasigeoid computation 

In this section the gravity data, used in the computation of the quasigeoid model over 

Moldova by KTH approach, are described. The measured free-air gravity anomaly FAg∆  is 

defined as the difference between the measured gravity on the ground point Pg  and the 

normal gravity Qγ  along the normal to the reference ellipsoid: 

( )0.3086 ,FA p Q p Pg g g H mGalγ γ∆ = − = − + ⋅  (8.1) 

where γ  is the normal gravity at the reference ellipsoid [see Eq. (3.5)] and PH  is the normal 

height at the ground point in m.  

The simple Bouguer gravity anomaly is computed with the following formula 

(Heiskanen and Moritz 1967): 

0.11187 0.1967B FA P P Pg g H g Hγ∆ = ∆ − ⋅ = − + ⋅  (8.2) 

Gravity anomaly grid used in the quasigeoid computation will be generated from gravity 

data, such as gravity at the ground points, Bouguer gravity anomalies and free-air gravity 

anomalies, obtained from different sources. To convert the surface and Bouguer gravity 

anomaly into free-air gravity anomaly will be used a DEM. 

To generate the gravity anomaly grid that will be applied in the quasigeoid computation 

are used the following gravity datasets: 

a) Moldavia gravity network, MOLDGRAV06, that consists of fundamental gravity 

points (RGF), 1st order gravity points (RGS-1) and 2nd order gravity points (RGS-2) 

b) GETECH gravity grid was provided by Geophysical Exploration Technology group, 

University of Leeds. 

 

8.1.   Gravity measurements in Moldova 

The gravity measurements were carried out in 2006 to establish the national fundamental and 

the 1st order gravity networks in Moldova, MOLDGRAV06. The gravity measurements were 
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carried out as a result of collaboration between Agency of Land Relations and Cadastre 

(ALRC) from Moldova, Institute of Geodesy Engineering Research and Cadastre 

(INGEOCAD) from Moldova and Geospatial Sciences Division from National Geospatial-

Intelligence Agency (NGA). 

The first order gravity network survey campaign in Moldova was carried out by 

INGEOCAD together with the NGA, Geospatial Sciences. The project was requested by 

Topographic Service of National Army from Republic of Moldova (Chiriac et al. 2006). 

Three absolute gravity stations were established throughout the country using an absolute 

gravimeter of type Micro-G Solutions FG5. Excentric and several satellite stations for each 

absolute point as well as 17 additional gravity stations of the 1st order were established 

relative to the absolute points using 3 gravimeters of type LaCoste & Romberg “G”. The 

location of these gravity stations are illustrated in Fig. 8.1. 

 

Fig. 8.1: The gravity network MOLDGRAV06. With red triangle  are illustrated 

the absolute gravity points, with blue triangle  - the 1st order gravity 

points and with green dots  - the 2nd order gravity points of the National 

Gravity Network. 

The work was accomplished through a joint effort from NGA (Mr. K. W. Krauterbluth), 

INGEOCAD (Dr. V. Chiriac and Mr. V. Pantikin), National Academy of Sciences, Institute 

of Geophysics and Geology (Mr. I. Ilies and Mr. I. Borodatii) and Technical University of 

Moldova (Mr. I. Cretu). As a result the fundamental gravity network (RGF) with the 

precision of about ±0.005 mGal (Chiriac et al. 2006) and the 1st order gravimetric network 
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(RGS-1) with the precision of ±0.009 mGal were created, that were used further to create the 

2nd and 3rd order gravity networks. 

The measurements of the 2nd order gravity network were carried out during 2007-2008 

by INGEOCAD (Pantikin et al. 2008). The 2nd order gravity network consists of 116 points 

with the precision of ±0.020 mGal. The locations of the gravity stations are illustrated in Fig. 

8.1. 

8.2.   GETECH gravity data 

GETECH (Geophysical Exploration Technology) group from University of Leeds provided 

for this study the gravity data for an area from 42°N to 52°N and 23°E to 33°E including 

Moldova, see Fig. 8.2. 

 
Fig. 8.2: The GETECH gravity data 

GETECH provided two grids for this study, one containing the Bouguer gravity anomaly 

(on and offshore) and the other grid contains Bouguer gravity anomaly (onshore) and free-air 

gravity anomaly (offshore). Both grids are supplied in Geographic (longitude/latitude) 

WGS84 projection, with a cell size of 0.02° although the land gravity data originated as an 8 

km cell size grid.  
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To generate the provided grids, GETECH has been used for the Black Sea area, the 

Satellite gravity data derived from stacking GETECH's reprocessed 'Ultimate' satellite gravity 

with the Sandwell and Smith v16.1 and the Danish DNSC08 gravity models to produce a 

dataset with resolution down to ~6.5 km half wavelength. All gravity data have been 

reprocessed by GETECH to the WGS84 gravity formula and IGSN71 gravity datum. For 

Bouguer and terrain correction has been used density of 2.67 g/cm3 onshore and 2.2 g/cm3 

offshore. 

 
Fig. 8.3: GETECH grid with Bouguer gravity anomaly (onshore) and free-air gravity 

anomaly (offshore) (the area limits 42°N to 52°N and 23°E to 33°E). 

The GETECH gravity dataset will be a good source that will cover the area outside the 

country limits. 

 
Fig. 8.4: The GETECH free-air gravity anomaly grid (on- and offshore) (the area 

limits 42°N to 52°N and 23°E to 33°E). 
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8.3.   Validation of the gravity data 

The determination of the quasigeoid model is dependent on the quality and quantity of 

gravity data. In case of poor data quality or insufficient data coverage the selection of the 

proper computational method is meaningless (Kiamehr 2007). 

One can see from Sect. 8.1 and 8.2, that the gravity data is collected from different 

sources and may include gross errors. Therefore validation of gravity data needs to be 

performed before the data is used in the quasigeoid determination. 

The outlier detection in the gravity dataset can be performed by using different 

procedures. In this study is used visual inspection, direct comparison and cross validation that 

are described in the following sections. 

 

8.3.1. Outlier detection in the Moldavian gravity network 

The detection of outliers in the terrestrial gravity data of Moldavian gravity network 

(MOLDGRAV06), see Fig. 8.1, is carried out by using visual inspection of data. As the 

amount of points is small, it is easy to do such a visual inspection. One test was performed by 

using the coordinates for the gravity stations, in order to detect gross errors in the position 

and the height for each gravity station, according to the station coordinates the height was 

extracted from SRTM3 DEM and compared with the height from the report (initial data).  

As a result of this test 2 points were found as outliers and deleted from the gravity 

dataset. When the height for these 2 points where compared to the height that was extracted 

from DEM SRTM3 for the same points a difference in height of -47.6 m and -74.4 m, 

respectively were obtained. This large difference may be caused by erroneous coordinates of 

these two points or erroneous height. 

In addition another method that was used for outlier detection in MOLDGRAV06 was 

the direct comparison of the measured free-air gravity anomaly (see Eq. 8.1) with free-air 

gravity anomaly from a Global Geopotential Model (GGM), in this test was used EGM2008. 
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The differences/residuals between measured free-air gravity anomalies FAg∆  and free-air 

gravity anomalies derived from EGM2008 can be illustrated graphically with a histogram, 

see Fig. 8.5. 

A histogram is a graphical representation of the distribution of data and in this case of the 

residuals. From this histogram a value for the residuals can be found which can be set as a 

tolerance for outlier detection. 

 
Fig. 8.5: Histogram of the residuals/differences between surface free-air gravity 

anomalies FAg∆  and the free-air gravity anomalies derived from 

EGM2008. 

One can see from the histogram (illustrated in Fig. 8.5) that the gravity measurements in 

MOLDGRAV06 are of good quality and the differences between measured free-air gravity 

anomalies (see Eq.8.1) and EGM2008 free-air gravity anomalies does not exceed 15 mGal. 

After outlier detection in MOLDGRAV06 dataset, 2 points that belong to the 2nd order 

gravity network appeared to be outliers and were removed from measured gravity dataset. In 

the gravity dataset are left 3 absolute gravity stations, 17 stations of the 1st order and 114 

gravity stations of the 2nd order gravity network. 
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8.3.2. Outlier detection in the GETECH dataset 

The GETECH grid of gravity anomalies, see for details Sect. 8.2, will be validated by cross 

validation approach, which is considered as an assessing method for the performances of a 

gridding method and can be used for validation of the dataset it was suggested by Geisser and 

Eddy (1979). 

In this study, cross validation will be used to assess the relative quality of the GETECH 

dataset, which contains the gravity anomalies. Using the known value for the observed 

gravity anomaly obsg∆  at one point and the interpolated/estimated value estg∆  at the same 

point, the interpolation error (residual) can be calculated. So, by removing the first point from 

the dataset and using the values for the surrounding points and the specified interpolation 

method, the value at the removed point is interpolated/estimated and compared with the 

observed value. Then the observed value for the first point is restored back in the dataset. 

This process is repeated for each point in the dataset. Thus we get the interpolation errors 

(residuals) for all observed values. 

g est obsres g g∆ = ∆ − ∆  (8.3) 

The interpolation errors (residuals) are used to compute different statistics that serves as a 

relative quality of the dataset and a quantitative and objective measure for the quality of 

interpolation method. 

Different interpolation methods like Kriging, Inverse Distance and Minimum curvature 

were used with cross validation approach in Surfer software from Golden Software Inc, 

Colorado. The statistics of the results from different interpolation methods of GETECH 

dataset are given in Table 8.1: 

Table 8.1: The statistics of the residuals from different interpolation methods. Unit: 

[mGal] 

Interpolation 
method 

Kriging Inverse Distance Min Curvature 

Nr of values 251001 251001 251001 

Min -7,69 -23,76 -24,32 

Max 1,48 5,73 10,45 

Mean 0,00 0,00 0,08 

STD 0,10 0,56 1,25 
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From Table 8.1 we see that the Kriging interpolation method gives the minimum 

standard deviation of differences in the cross validation of data. Therefore the Kriging 

interpolation method will be used to validate the gravity data and to interpolate the final grid. 

The histogram of residuals from the cross validation of GETECH dataset is illustrated in Fig. 

8.6 from where we can notice some outliers that have the residuals within the interval -6 

mGal to -8 mGal. 

 
Fig. 8.6: The histogram of the residuals from cross validation of GETECH dataset. 

The cross validation of the GETECH dataset was repeated until there are not present 

such outliers as we see in Fig. 8.6 marked with a red circle. The histogram of the final dataset 

is illustrated in Fig. 8.7.  

 
Fig. 8.7: The histogram of the residuals from cross validation of GETECH dataset. 

As a result of cross validation 68 points were deleted from the GETECH dataset, and the 

statistics of the residuals from the final cross validation of the Kriging interpolation method 

are given in Table 8.2.  



54 
 

Table 8.2: The statistics of the GETECH dataset residuals before and after outlier 

detection by cross validation. Unit: [mGal] 

 
before after 

outlier detection 

Nr of values 251001 250933 

Min -7,69 -2,19 

Max 1,48 1,34 

Mean 0,00 0,00 

STD 0,10 0,10 

 

The final GETECH dataset obtained after outlier detection will be used for the 

generation of the free-air gravity anomaly grid needed in Stokes’ formula. 

 

8.4.   Gridding scheme of gravity data 

The final free-air gravity anomaly grid will be generated from GETECH gravity data 

outside the area of Moldova and MOLDGRAV06 gravity data over the area of Moldova see 

Fig. 8.8.  

  

 (a)   (b) 

Fig. 8.8: (a) GETECH grid outside the area of Moldova and (b) MOLDGRAV06 

over area of Moldova. 

By interpolating the surface gravity anomalies over the area of Moldova that are sampled 

too sparsely to generate the free-air gravity anomaly grid will lead to numerical errors of 
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Stokes’ integration (the so called discretisation error) when applying the combined approach 

of Sjöberg (2001a). Ågren (2004a), Kiamehr and Sjöberg (2005) and Kiamehr (2006b) 

showed numerically that the effect of discretisation errors can be reduced by taking the 

advantage of the remove-grid-restore procedure in the interpolation of gravity anomalies. 

This interpolation is described by the following steps: 

• A topographic correction (e.g. Bouguer correction) is computed which will be used to 

reduce the gravity anomalies. 

• The Bouguer gravity anomalies that are smoother than free-air anomalies are obtained 

by applying the Bouguer corrections to the surface free-air gravity anomalies. 

• Then the Bouguer gravity anomalies are interpolated to a denser grid by the 

interpolation method selected in cross validation stage (i.e. Kriging interpolation 

method). 

• After the interpolation of Bouguer gravity anomalies the Bouguer corrections are 

restored, but in the restore step for the computation of Bouguer correction is used the 

DEM with 0.2° x 0.2° grid resolution that was generated from SRTM 30 DEM. 

In the next step the GETECH dataset was interpolated by Kriging method to a grid with 

the resolution 0.02° x 0.02°. 

 
Fig. 8.9: The grid created from GETECH dataset by Kriging interpolation method. 

Units: [mGal]. 

The area over the Moldova was blanked, to be filled with the measured gravity data. As a 

result we obtain the dataset that contains GETECH gravity data outside the area of Moldova 

and surface gravity data over the territory of Moldova, MOLDGRAV06. 



56 
 

 
Fig. 8.10: The GETECH grid is filled with measured gravity data over the area of 

Moldova. 

The Bouguer anomaly grid is created by Kriging interpolation method from the dataset 

illustrated in Fig. 8.10. 

 
Fig. 8.11: The Bouguer anomaly grid. 
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The Bouguer corrections were calculated with heights extracted from SRTM3 DEM and 

and added to the Bouguer anomaly grid for the conversion of Bouguer gravity anomalies into 

free-air gravity anomalies. The free-air gravity anomaly grid is illustrated in Fig. 8.12. 

 
Fig. 8.12: The free-air anomaly grid. 

The free-air gravity anomaly grid is used in Stokes’ formula, which is a part of the 

combined estimator for the height anomaly, and the approximate height anomaly 0ζ  is 

obtained as a sum of the height anomaly part from the GGM and measured gravity data 

0 GGM Stokesζ ζ ζ= + . The statistics of differences between GPS/levelling height anomalies and 

the approximate height anomalies 0ζ  for the 1042 points are presented in Table 8.3.  

The GGMs that fits best the GPS/levelling data are EGM 2008 and ITG-Grace02s, which 

is the reason why these GGMs are used for further investigation, and for these models were 

computed the height anomaly part from measured gravity data.  One can see from Table 8.3 

how the standard deviation of differences (STD) improves. The approximate gravimetric 

quasigeoid model that resulted from combining the ITG-Grace02s (with n = M = 170, 

0
0 3ψ =  and 2 2 210g mGalσ ∆ = ) solution and the solution obtained from the modified Stokes’ 
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formula gives the best STD, which is equal to  7.7 cm, while the minimum root mean square 

(RMS) is obtained for the ITG-Grace02s with 0
0 5ψ = . 

Table 8.3: The statistics of differences between GPS/levelling height anomalies for 

the 1042 points and the height anomaly part from GGM ζGGM and the 

approximate gravimetric height anomaly ζ0 for the same points. Unit: [m] 

GGM n 
  

ζGGM ζ0 = ζGGM + ζStokes 

ψ0 
2
gσ ∆  Min Max Mean STD RMS Min Max Mean STD RMS 

 
mGal2 (m) (m) 

EGM2008 360 
3° 

52 -1,38 1,13 0,35 0,52 0,62 -0,625 -0,032 -0,318 0,083 0,329 
102 -1,86 0,13 -0,45 0,37 0,59 -0,624 -0,047 -0,330 0,081 0,340 

5° 102 -2,13 -0,15 -0,72 0,37 0,81 -0,587 0,000 -0,307 0,085 0,318 

ITG-
Grace02s 

170 
3° 102 -1,67 -0,08 -0,79 0,27 0,84 -0,581 -0,052 -0,331 0,077 0,340 

5° 102 -0,67 0,80 -0,07 0,34 0,34 -0,538 -0,023 -0,284 0,082 0,295 

 

 

In the next step the additive corrections for these approximate gravimetric quasigeoid 

models will be computed and the final quasigeoid model that best fits the GPS/levelling data 

will be selected. 
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9. Computation of Additive Corrections 

The main goal of this section is to study the magnitude of additive corrections (the 

topographic correction, downward continuation, atmospheric and ellipsoidal corrections, for 

details see Sect. 4), that will be added to the approximate quasigeoid model in order to obtain 

the final quasigeoid model. The additive corrections are computed for all approximate 

quasigeoid models analyses in Table 8.3 and the statistics of the final quasigeoid models will 

be presented in the end of this section. But throughout this section the magnitude of each 

individual correction are illustrated just for one approximate quasigeoid model which results 

from combining the ITG-Grace02s solution (with n = M = 170, 0
0 3ψ = and 2 2 210g mGalσ ∆ = ) 

and the solution obtained from the modified Stokes’ formula. 

The combined topographic correction is computed with Eq. (3.4) for which the DEM 

SRTM3 is used, see Sect. 6.1. The combined topographic correction for the quasigeoid model 

is illustrated in Fig. 9.1. The magnitude of combined topographic correction is from -0.345 m 

to 0 m over the area of calculated quasigeoid and over the area of Moldova is from -16 mm to 

0 mm (see Table 9.1). 

 
Fig. 9.1: The combined topographic correction (from -0.345 m to 0 m). Unit: [m]. 

In order to have a better illustration graphically of the combined topographic correction over 

the Moldova a new plot is made, see Fig. 9.2. 
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Fig. 9.2: The topographic correction (from 1 mm to 3 mm). Unit: [m]. 

 

Table 9.1: The statistics of the topographic correction over the area of Moldova. 

Unit: [m] 

 
Topo. corr. 

Nr of  points 1042 

Min -0,016 

Max 0,000 

Mean -0,003 

STD 0,002 

RMS 0,004 

 

The DWC correction is computed according to Eq. (4.3) based on the LSM parameters 

for the chosen GGM (in this case ITG-Grace02s), disturbing potential generated from same 

GGM, approximate height anomaly, topographic height and gravity gradient computed by 

Eq. (3.11), see Sect. 3.2. 

The magnitude of DWC correction is illustrated in Fig. 9.3. 
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Fig. 9.3: The DWC correction. Unit: [m]. 

The magnitude of DWC correction for computed quasigeoid area (from 45°N to 48.94°N 

and 26°E to 30.94°E) is within + 2 cm and -6 cm. In order to see more clearly the magnitude 

of the DWC corrections just over the area of Moldova will be presented the statistics for the 

1042 points in Table 9.2 and the contribution of all three parts of the DWC corrections are 

illustrated in Fig. 9.4. 

Table 9.2: The Statistics of DWC correction over the area of Moldova. Unit: [m] 

dwc L1 dwc L1 far dwc L2 DWC 

Nr. of  points 1042 1042 1042 1042 
Min 0,000 -0,011 -0,042 -0,044 

Max 0,006 0,000 -0,005 -0,005 

Mean 0,002 -0,005 -0,020 -0,022 

STD 0,001 0,003 0,008 0,009 

RMS 0,002 0,005 0,021 0,024 

 

 
DWC L1 correction for quasigeoid 

(from 0 cm to 3 cm) 
DWC L1 far correction 

from 0 cm to 5 cm 
DWC L2 correction 
from 2 cm to -4 cm 

Fig. 9.4: All DWC corrections for the quasigeoid model over the area of Moldova. 
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One can see from Table 9.2 that the magnitude of DWC corrections for the area of 

Moldova vary from -5 mm to –44 mm. Based on these statistics is clear that the effect of 

DWC should be taken into account in the quasigeoid computation, especially when is 

intended to compute a quasigeoid model with cm level accuracy. 

The combined atmospheric correction is computed with Eq. (4.4) (same as Eq. (3.12)) 

with the LSM parameters for the chosen GGM (ITG-Grace02s, with M = 170) and the 

spherical harmonic coefficients of the global topography with maximum degree 720, see 

Sect. 3.3. The combined atmospheric correction for the quasigeoid model is illustrated in Fig. 

9.5. The magnitude of combined atmospheric correction is from 1 mm to -3 mm over the area 

of calculated quasigeoid and over the area of Moldova is from 1 mm to -1 mm (see Table 

9.3). 

 
Fig. 9.5: The combined atmospheric correction (from 1 mm to 3 mm). Unit: [m]. 

 

Table 9.3: The statistics of the combined atmospheric correction over the area of 

Moldova. Unit: [m] 

 
Atm. corr. 

Nr. of  points 1042 

Min -0,001 

Max 0,001 

Mean 0,000 

STD 0,001 

RMS 0,001 
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The ellipsoidal correction for the modified Stokes’ formula is computed according to Eq. 

(4.5) (same as Eq. (3.16) with (3.17)) from the LSM parameters and disturbing potential for 

the chosen GGM (ITG-Grace02s, with M = 170). 

The ellipsoidal correction is illustrated in Fig. 9.6. The magnitude of ellipsoidal 

correction is up to -2 mm over area of calculated quasigeoid and -1 mm over the area of 

Moldova (see Table 9.4). 

 

Fig. 9.6: The ellipsoidal correction (from 0 mm to -2 mm). Unit: [m]. 

 

Table 9.4: The statistics of the ellipsoidal correction over the country area. Unit: [m] 

 
Ell. corr. 

Nr. of points 1042 

Min -0,001 

Max -0,001 

Mean -0,001 

STD 0,000 

RMS 0,001 

 

Atmospheric and ellipsoidal corrections for the least squares modification of Stokes’ 

formula are small in the studied area. Ellmann (2004) pointed out that the magnitude of the 
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atmospheric and ellipsoidal corrections depends on the modification method, spherical cap 

size and the used GGM. The sum of the additive corrections is illustrated in Fig. 9.7. 

 
Fig. 9.7: The sum of the downward continuation, atmospheric and ellipsoidal 

corrections varies from -4.4 cm to -0.7 cm over the country. Unit: [m]. 

 
Fig. 9.8: The sum of the downward continuation, atmospheric, ellipsoidal 

corrections and topographic bias varies from -5.4 cm to 29 cm over geoid 

size area (26 E – 30.94 E, 45 N – 48.94 N), but over area of the country is 

from -4.3 cm to -0.6 cm. Unit: [m]. 
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The statistics of additive corrections for the gravimetric quasigeoid model over the area 

of Moldova are given in Table 9.5. 

Table 9.5: The statistics of the additive corrections. Unit: [m] 

 
DWC Atm. corr. Ell. corr. Σ Topo.corr.  Σ  

Nr. of  points 1042 1042 1042 1042 1042 1042 

Min -0,044 -0,001 -0,001 -0,044 -0,016 -0,043 

Max -0,005 0,001 -0,001 -0,007 0,000 -0,006 

Mean -0,022 0,000 -0,001 -0,023 -0,003 -0,020 

STD 0,009 0,001 0,000 0,009 0,002 0,008 

RMS 0,024 0,001 0,001 0,025 0,004 0,022 

The advantage of the KTH in the quasigeoid determination is that the errors become 

evident. The magnitude of these errors are within an interval from -0.002 cm to -0.402 cm 

over the area of the calculated quasigeoid (from 45°N to 48.94°N and 26°E to 30.94°E) and 

from -0.6 cm to -4.3 cm over the area of Moldova. 

After adding the additive corrections dζ  to the approximate quasigeoid models 0ζ  we 

obtain the final quasigeoid models ζ  and the statistics of residuals are presented in Table 9.6. 

Table 9.6: The statistics of the differences between the GPS/levelling height 

anomaly and the gravimetric height anomaly for 1042 points, where ζ0 

= ζGGM + ζStokes and ζ = ζ0 + dζ. Unit: [m] 

GGM n 
ψ0 

2
gσ ∆   Min Max Mean STD RMS 

 
(mGal2) (m) (m) (m) (m) (m) 

EGM2008 360 

3° 102 

ζGGM -1,86 0,13 -0,45 0,37 0,59 

ζ0 -0,624 -0,047 -0,330 0,081 0,340 

ζ -0,604 -0,037 -0,314 0,081 0,324 

5° 102 

ζGGM -2,13 -0,15 -0,72 0,37 0,81 

ζ0 -0,587 0,000 -0,307 0,085 0,318 

ζ -0,576 0,020 -0,280 0,085 0,293 

ITG-Grace02s 170 

3° 102 
ζGGM -1,67 -0,08 -0,79 0,27 0,84 

ζ0 -0,581 -0,052 -0,331 0,077 0,340 

ζ -0,557 -0,039 -0,311 0,078 0,321 

5° 102 
ζGGM -0,67 0,80 -0,07 0,34 0,34 

ζ0 -0,538 -0,023 -0,284 0,082 0,295 

ζ -0,551 -0,037 -0,291 0,084 0,302 

One can see from the statistics in Table 9.6 that the minimum and maximum values of 

residuals are reduced in the case when the additive corrections dζ  are applied to the 
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approximate quasigeoid model 0ζ , and thus the mean value of residuals reduces in most of 

cases which leads to a smaller RMS value, while the value of STD remains almost the same. 

The quasigeoid model which results from combining the EGM2008 solution (with n = M 

= 360, 0
0 5ψ =  and 2 2 210g mGalσ ∆ = )  and the solution obtained from the modified Stokes’ 

formula together with the additive correction gives the best fit for the GPS/levelling with the 

RMS of ±29.3 cm and a STD of ±8.5 cm . At the same time the ITG-Grace02s solution (with 

n = M = 170, 0
0 3ψ =  and 2 2 210g mGalσ ∆ = ) has a STD of ±7.8 cm, but the RMS is ±32.1 

cm. The quasigeoid model obtained with ITG-Grace02s solution is illustrated in Fig. 9.9. 

 
Fig. 9.9: The quasigeoid model illustrated with contour lines. Unit: [m]. 
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10.   Comparison of the height anomaly models 

In this section the evaluation of various height anomaly models will be performed versus 

GPS/levelling points that are described in Sect. 5. The evaluation of quasigeoid models are 

made based on the following model (Kotsakis and Sideris, 1999): 

/ ∗∆ = − = − − =GPS levelling Quasigeoid Quasigeoid
i i i i i ih Hζ ζ ζ ζ +i ia x εεεε   (10.1) 

where 1,2, ,i n= ⋯  and n  is the number of observations, /GPS levelling
iζ  is the height anomaly 

derived from GPS/levelling points (ih  - height above ellipsoid, iH∗  - normal height), Quasigeoid
iζ  

is the height anomaly interpolated from the created quasigeoid (height anomaly) model, ia  is 

a 1 m×  vector of known coefficients, x  is a 1m×  vector of unknown parameters (m  - number 

of parameters) and iεεεε  is a residual. The standard deviation 0σ  of estimated residuals îεεεε  is the 

standard deviation of the fit, where { }2 2 2
0 /GPS levelling QuasigeoidE σ σ σ= + . If 0σ  is estimated and 

/GPS levellingσ  is given, then we may estimate the quality of the quasigeoid model by 

2 2
0 /Quasigeoid GPS levellingσ σ σ= − .  

 

The parameter model ia x  (in Eq. (10.1)) has the role to reduce the systematic errors 

from datum inconsistencies and distortions that height data contains. Thus, the gravimetric 

quasigeoid is fitted to the GPS/levelling data through least squares adjustment. The parameter 

model can have different forms. In practice the 4-parameter model is often used (Kotsakis 

and Sideris, 1999) with: 

ia (1 cos cos cos sin sin )= i i i i iφ λ φ λ φ  (10.2) 

and 

Tx [ ]1 2 3 4x x x x=  (10.3) 

where iφ  is the latitude and iλ  the longitude of GPS/levelling points. 
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Another parameter model with 7 parameters was developed by Kotsakis et al. (2001): 

T
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( )2 2

2
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cos sin

sin

sin cos sin /
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1 sin /
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i i

i i

i

i i i i
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φ
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=  
 
 

− 
 
  

 (10.4) 

and 

x [ ]1 2 3 4 5 6 7x x x x x x x=  (10.5) 

where 2 21 sini iW e φ= − , 2e  is the eccentricity and f  is the flattening of the ellipsoid. 

It should be mentioned that the systematic errors, datum inconsistencies and distortions 

in height data are interpreted as tilts and absorbed to some degree by parameters. 

The matrix form for the system of observation equations follows: 

∆ =ζ Ax εεεε+  (10.6) 

where A is the design matrix that contains for each observation iζ∆  one vector coefficient ia  

for corresponding observation. The parameters can be estimated by least squares adjustment 

from the above system of observation equation: 

( ) 1
ˆ T Tx A A A

−
= ∆ζ  (10.7) 

introducing the vector of estimated parameters into the system of observation equations, is 

obtained the vector of estimated residuals: 

ε̂εεε = ∆ −ζ ˆAx  (10.8) 

 

The estimated residuals ε̂εεε  are used to calculate the standard deviation of the fit: 
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0

ˆ ˆT

n m

ε εσ =
−

 (10.9) 

where n  is the number of GPS/levelling points (observations) and m  is the number of 

estimated parameters.  

For the estimation of standard deviation of the fit we used the 1042 GPS/levelling points 

and the two corrector models. The statistics of the results are presented in Table 10.1. 

According to the numerical results, the 7-parameter model gives the minimum standard 

deviation of the fit which is 6.9 cm, but the difference from the standard deviation of the 4-

parameter transformation model is small. 

Table 10.1: The statistics of the differences between the GPS/levelling height 

anomaly and fitted quasigeoid model to the GPS/levelling data by 4- 

and 7-parameter corrector model. Unit: [m] 

 4-parameter model 7-parameters 

0σ̂  0.071 m 0.069 m 

3RMS 0.212 0.206 
Min -0,214 -0,231 
Max 0,237 0,235 
Mean 0,000 0,000 
 Histogram of residuals 

 

  

 

Notice that the residuals here are not just the errors of the gravimetric quasigeoid model, 

because they contain as well errors from GPS and levelling observations. If the approximate 

standard errors of the GPS and levelling observations are considered, then the standard error 

of height anomalies can be estimated. By assuming that the standard error of GPS heights is 4 

cm and of normal heights is 4 cm, then the standard error of height anomalies is estimated to 

4.3 cm in this case. 

The estimates of transformation parameters and their standard errors for 4- and 7-

parameters corrector model are presented in Table 10.2 and Table 10.3, respectively. 
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Table 10.2: The estimated transformation parameters and their standard errors for 

the 4-parameters corrector model. 

4 Parameters Transformation 

Parameters Parameter Value 12
0 )(ˆ)( −= AAiX T

C σ  

x1 -360.683 25.544 

x2 218.446 15.394 
x3 112.728 8.113 
x4 263.616 18.711 

0σ̂  0.071 m 

 

Table 10.3: The estimated transformation parameters and their standard errors for 

the 7-parameters corrector model. 

7K Parameters Transformation 

Parameters Parameter Value 12
0 )(ˆ)( −= AAiX T

C σ  

x1 -753.939 1426.674 
x2 -65.494 730.044 
x3 -2633.131 4979.616 
x4 291.842 1002.812 
x5 1415.945 1971.176 

x6 967.452 2355.414 
x7 1377.512 2371.127 

0σ̂  0.069 m 

 

 

Based on the errors of estimated parameters for corrector model, the 4-parameters 

corrector model will be used for the correction (fitting) of the Mold2012 to the local vertical. 

The errors of estimated parameters for 4-parameters corrector model are ~14 times smaller 

than the values of estimated parameters, while in the 7-parameters corrector model the errors 

are bigger than the estimated parameter itself. 

The standard deviation of the fit was computed according to the order of GPS and 

levelling network and presented in Table 10.4. The quasigeoid models that are used in this 

analysis are the EGG97, GM2005, Mold2012 and the transformed Mold2012 to the local 

datum. The transformation of the Mold2012 to the local datum was performed in 3 different 

ways. The first, when the 4 and 7 transformation parameters (4P, respectively 7P) were 

estimated from the residuals of all 1042 GPS/levelling points. The second, when the 4 and 7 

parameters (4P [I + II] and 7P [I + II]) are estimated from the residuals of the GPS/levelling 
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points that have the normal height from the I- and II-order levelling. The third, when the 4 

and 7 (4P [III + IV] and 7P [III + IV]) transformation parameters were estimated from the 

residuals of the points that have the normal heights from the III- and IV-order levelling. 

In the first part of Table 10.4 the standard deviation of the fit 0σ  is computed according 

to the GPS order (0, 1, 2, 3 and 4) for all quasigeoid models. At the same time the points that 

have the GPS height of just one GPS network order can have the normal heights that belong 

to different levelling orders. For example, the points that have the GPS height of order 2 are 

223 points and these points have the normal heights that coming from different levelling 

orders (2 points have normal height of I-order levelling, 9 points with normal height of II-

order levelling, 19 points with normal height of III-order levelling and 193 points with 

normal height of IV-order levelling).  

Table 10.4: The standard deviation of the fit computed according to the order of 

GPS and levelling network. Unit: [m] 

  Quasigeoid model 
Number of points 
according to the 
levelling order 

 

GPS 
order 

 
EGG 
97 

GM 
2005 

Mold 
2012 

4P 
4P 

[I+II] 
4P 

[III+IV] 
7P 

7P 
[I+II] 

7P 
[III+IV] 

I II III IV  

0 4 0,122 0,078 0,039 0,063 0,023 0,075 0,063 0,023 0,075  4    
1 40 0,081 0,075 0,088 0,081 0,078 0,081 0,081 0,078 0,081   3 36  
2 223 0,077 0,072 0,078 0,067 0,070 0,068 0,067 0,070 0,068 2 9 19 193  
3 702 0,073 0,063 0,077 0,069 0,081 0,068 0,069 0,081 0,068 14 12 73 603  
4 73 0,069 0,063 0,081 0,064 0,088 0,064 0,064 0,088 0,064 1 1 13 58  

level 
order 

 
Number of points 
according to the 

GPS order 
 0 1 2 3 4 

I 17 0,041 0,044 0,058 0,036 0,036 0,036 0,042 0,032 0,046   2 14 1 
II 26 0,088 0,064 0,052 0,057 0,038 0,062 0,052 0,034 0,058 4  9 12 1 
III 109 0,054 0,056 0,069 0,061 0,076 0,060 0,061 0,078 0,061  4 19 73 13 
IV 890 0,077 0,068 0,080 0,072 0,078 0,072 0,070 0,081 0,070  36 193 603 58 
                

ALL 1042 0,075 0,066 0,078 0,071 0,077 0,071 0,069 0,079 0,069      

 

What is interesting is that we cannot see any quasigeoid model that can show a distinct 

relation between the magnitudes of the standard deviation of the fit (STD) and the GPS 

network order. On the contrary we can notice just one quasigeoid model (GM2005) that 

shows the reverse connection, where the points with GPS heights of zero GPS network order 

have the largest STD of 7.8 cm and the 4th order GPS network have a STD of 6.3 cm. 

According to the GM2005 quasigeoid model we can speculate that the points with GPS 

heights of higher GPS network order have a poor accuracy and the points with GPS heights 
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of lower GPS networks have a higher accuracy. That is the reason why is made a further 

attempt to calculate the STD of the differences between GPS/levelling height anomalies and 

height anomalies extracted from the quasigeoid models for the same points according to the 

levelling network order and the results are presented in the second part of Table 10.4. 

In the second part of Table 10.4 the STDs for all quasigeoid models are calculated 

according to the order of the levelling network (I, II, III and IV). Again here the points that 

have the normal height of just one levelling network order can have the GPS heights that 

belong to different GPS network orders. As example, the number of points that have the 

normal height of II-order levelling is 26 and these points have the GPS heights that belong to 

the different GPS network orders (4 points have GPS height of 0 GPS order, 9 points with 

GPS height of 2nd GPS order, 12 points with normal height of 3rd GPS order and 1 point with 

GPS height of 4th GPS order).  The STD according to the levelling order for the Mold2012 

transformed into the local datum with 7 transformation parameters (7P) estimated based on 

all 1042 GPS/levelling points shows a logical relation between the magnitude of the STD and 

the order of the levelling network, 4.2 cm for the I-order levelling, 5.2 cm for the II-order 

levelling network, 6.1 cm for the III-order levelling and 7.0 cm for the IV-order levelling 

network. 

Another interesting result is obtained when the Mold2012 is transformed into the local 

datum with the 7 transformation parameters (7P [I + II]) estimated based on the residuals of 

the GPS/levelling points that have the normal height just of the I- and II-order levelling (17 + 

26 = 43 points). Here we get a STD of 3.2 cm for the I-order levelling, 3.4 cm for the II-order 

levelling network, 7.8 cm for the III-order levelling and 8.1 cm for the IV-order levelling 

network. In this case we see an improvement of the accuracy for the I- and II-order levelling 

networks and the lower accuracy for the III- and IV-order. The conclusion of this might be 

that in the case when the 7 transformation parameters (7P) were estimated based on all 1042 

GPS/levelling points and the number of points with normal heights of the III- and IV-order 

levelling networks is higher (109 + 890), the poor accuracy of the lower degree levelling 

networks spreads to the higher degree levelling networks (I and II). 

In order to see more clearly how the poor accuracy of the lower order levelling networks 

can affect the accuracy of the higher order levelling networks, the Mold2012 was transformed 

into the local datum with the 7 transformation parameters (7P [III + IV]) that were estimated 

from the residuals of the points that have the normal heights just from the III- and IV-order 
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levelling networks. The STD for the points that have the normal height of the I-order 

levelling order is 4.6 cm, for the II-order levelling network the STD is 5.8 cm, for the III-

order levelling the STD is 6.1 cm and for the IV-order levelling network 7.0 cm, see Table 

10.4. 

The conclusion is that for Mold2012 transformed into the local datum with 7 

transformation parameters, we see a logical relation between the magnitude of the standard 

deviation of the fit and the order of the levelling network, where we get a STD of 4.2 cm for 

the I-order levelling, 5.2 cm for the II-order levelling network, 6.1 cm for the III-order 

levelling and 7.0 cm for the IV-order levelling network. 

Another conclusion is that a better accuracy is possible to achieve for the higher order 

levelling networks (a STD of 3.2 cm for the I-order levelling, 3.4 cm for the II-order levelling 

network) when the Mold2012 is transformed into the local datum with 7 transformation 

parameters (7P [I + II]) estimated from residuals of the GPS/levelling points that have the 

normal height just of the I- and II-order levelling order. 
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11. Corrector surface model 

In order to reduce the discrepancies that appear in the combination of heterogeneous heights a 

corrector surface model is used. The discrepancies are caused by systematic errors in the 

heights and datum inconsistencies among the height types, distortions in the normal heights 

caused by an over-constrained adjustment of the levelling network, instability of station 

monuments over time due to geodynamic effects (Schwarz et al. 1987, Rummel and 

Teunissen 1989, Kearsley et al. 1993). 

The normal height H ∗  for a new point that refers to the local vertical datum can be 

obtained from GPS (ellipsoidal) height h  with a quasigeoid model ζ  that is fitted to the 

local vertical datum by a corrector surface model ˆax : 

∗ = − −H h ζ ˆax  (11.1) 

This is illustrated in Fig. 11.1. The corrector surface makes the connection between the 

different height surfaces. The corrector surface model can take many forms. Three types were 

described in Sect.10. 

 

Fig. 11.1: The GPS/levelling technique and the role of the corrector surface. 

 

It should be specified, that the corrector surface will provide a consistent connection to 

the local vertical when the GPS/levelling technique is used, just in the case when the normal 

heights used in the least square adjustment (to create the corrector surface) also refer to the 

same local vertical. 
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The 4-parameter corrector model (see Sect.10) will be used to fit the Mold2012 to the 

local vertical datum. The corrective surface is created based on the residuals for all 1042 

GPS/levelling points. The residuals for all GPS/levelling points are obtained as the difference 

between the height anomaly interpolated from the Mold2012 and the GPS/levelling derived 

height anomaly. The corrective surface is illustrated in Fig. 11.2 here with small blue circles 

are marked the locations of the GPS/levelling points that were used in the least squares 

adjustment for the estimation of 4 parameters of the corrector model. 

 
Fig. 11.2: The 4-parameter corrector surface. Unit: [m] 

 

The corrector surface was added to the Gravimetric Quasigeoid, which resulted in a 

quasigeoid model fitted to the GPS/levelling data. Thus the normal heights refer to the local 

vertical datum when the GPS/levelling technique is applied. 

In order to see the flow of the whole procedure, the statistics of the residuals are 

presented for all steps. The statistics of residuals/differences between the GPS/levelling 

derived height anomaly for the 1042 points and the height anomaly for the same points from 

the approximate quasigeoid models 0ζ , the final gravimetric quasigeoid models ζ  (obtained 
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by applying the additive corrections dζ  to the approximate quasigeoid model) and the 

transformed gravimetric quasigeoid model to the local vertical datum (

. . = +C Surf Corrective surfaceζ ζ ) are presented in Table 11.1. 

Table 11.1: The statistics of differences between the GPS/levelling height anomaly 

and height anomaly from ζGGM, ζ0 = ζGGM + ζStokes, ζ = ζ0 + dζ and ζC.Surf 

= ζ + Corrective surface for 1042 points. Unit: [m] 

GGM n 
ψ0 

2
gσ ∆   Min Max Mean STD RMS 

 
(mGal2) (m) (m) (m) (m) (m) 

EGM2008 360 

3° 102 

ζGGM -1,86 0,13 -0,45 0,37 0,59 

ζ0 -0,624 -0,047 -0,330 0,081 0,340 

ζ -0,604 -0,037 -0,314 0,081 0,324 

ζC.Surf. -0,216 0,237 0,000 0,071 0,071 

5° 102 

ζGGM -2,13 -0,15 -0,72 0,37 0,81 

ζ0 -0,587 0,000 -0,307 0,085 0,318 

ζ -0,576 0,020 -0,280 0,085 0,293 

ζC.Surf. -0,219 0,246 0,000 0,071 0,071 

ITG-Grace02s 170 

3° 102 

ζGGM -1,67 -0,08 -0,79 0,27 0,84 

ζ0 -0,581 -0,052 -0,331 0,077 0,340 

ζ -0,557 -0,039 -0,311 0,078 0,321 

ζC.Surf. -0,214 0,237 0,000 0,071 0,071 

5° 102 

ζGGM -0,67 0,80 -0,07 0,34 0,34 

ζ0 -0,538 -0,023 -0,284 0,082 0,295 

ζ -0,551 -0,037 -0,291 0,084 0,302 

ζC.Surf. -0,222 0,233 0,000 0,076 0,076 

 

Notice that the mean value is zero for the residuals from the transformed/fitted 

gravimetric quasigeoid to the local vertical datum. The difference between standard deviation 

of the fit for the pre- and post-fit residuals is small, which “indicates” a good agreement 

between the new gravimetric quasigeoid model and practical realization of the vertical datum 

(Ellmann 2008).  

As we see from Table 11.1 the gravimetric quasigeoid model that fits best the 

GPS/levelling data is obtained from the measured gravity data and the EGM2008 solution 

(with n = M = 360, 0
0 5ψ =  and 2 2 210g mGalσ ∆ = ) with the RMS of ±29.3 cm and a STD of 

±8.5 cm, while the quasigeoid model with ITG-Grace02s solution (with n = M = 170, 0
0 3ψ =  

and 2 2 210g mGalσ ∆ = ) gives a STD of ±7.8 cm by applying the KTH approach. After the 
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transformation of these gravimetric quasigeoid models to the local vertical datum by applying 

the 4 parameter corrector model, the STD (and RMS) is improved to ±7.1 cm for both 

solutions and even for the quasigeoid model with EGM2008 solution with 0
0 3ψ =  we get a 

STD of ±7.1 cm. 

By comparing the STD of the height anomalies differences obtained from the Mold2012 

(which is equal to 7.1 cm) with the STD of the exiting quasigeoid model GM2005 (more 

details about this model are provided in Sect.1.1) (which is 6.6 cm), one can jump directly to 

the conclusion to say that the Mold2012 is not an improvement. But if we analyse the STD 

according to the order of levelling networks, we can see clearly a relation between the 

magnitude of the STD and the order of the levelling network (a STD of 3.6 cm for the I-order 

levelling, 5.7 cm for the II-order levelling network, 6.1 cm for the III-order levelling and 7.2 

cm for the IV-order levelling network) in the Mold2012 fitted to the local vertical datum, see 

Table 10.4. While in the exiting quasigeoid model GM2005 the relation between the 

magnitude of the STD and the order of levelling networks is not evident (4.4 cm, 6.4 cm, 5.6 

cm and 6.8 cm for the I-, II-, III- and IV-order levelling network, respectively). 

Table 11.2: The standard deviation of the fit (STD) computed according to the order 

of levelling network for following the quasigeoid models: EGG97, 

GM2005, the Mold2012 and the transformed Mold2012 to the local 

datum with 4 and 7 transformation parameters. Unit: [m] 

Levell-
ing 

order 

Nr of 
points 

Quasigeoid model 
Number of points 

according to the GPS 
order 

EGG 
97 

GM 
2005 

Mold 
2012 

4P 
4P 

[I+II] 
4P 

[III+IV] 
7P 

7P 
[I+II] 

7P 
[III+IV] 0 1 2 3 4 

I 17 0,041 0,044 0,058 0,036 0,036 0,036 0,042 0,032 0,046   2 14 1 
II 26 0,088 0,064 0,052 0,057 0,038 0,062 0,052 0,034 0,058 4  9 12 1 
III  109 0,054 0,056 0,069 0,061 0,076 0,060 0,061 0,078 0,061  4 19 73 13 
IV 890 0,077 0,068 0,080 0,072 0,078 0,072 0,070 0,081 0,070  36 193 603 58 
                

ALL 1042 0,075 0,066 0,078 0,071 0,077 0,071 0,069 0,079 0,069      

 

Another interesting thing that we see from Table 11.2 is that when the 4 transformation 

parameters (4P [I + II]) are estimated from residuals of the points that have the normal 

heights that belong just to the I- and II-order levelling network, we see a big improvement of 

the STD for the points that have the normal height of the I- and II-order levelling (3.6 cm and 

3.8 cm, respectively) and a lower accuracy for the points that have the normal height of the 

III- and IV-order levelling (7.6 cm and 7.8 cm, respectively).  
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In order to see how the poor accuracy of the III- and IV-order levelling networks can 

deteriorate the accuracy of the higher order levelling networks, the Mold2012 was 

transformed to the local datum with the 4 transformation parameters (4P [III + IV]) that were 

estimated from the residuals of the points that have the normal heights just from the III- and 

the IV-order levelling networks. What is interesting to see here is that the relation between 

the magnitude of the STD and the order of levelling network is still left but not so distinct and 

the STD for the points that have the normal heights of the I- and II-order levelling became 

worse (3.6 cm, 6.2 cm, 6.0 cm and 7.2 cm for the I-, II-, III- and IV-order levelling network, 

respectively), see Table 11.2. 

Thus we see that it has a great significance which data are used for the estimation of the 

transformation parameters in order to transform the computed gravimetric quasigeoid to the 

local vertical datum. From where one can conclude that the potential of the Mold2012 is 

higher than of the existing quasigeoid model GM2005 that is in use in Moldova. 

The residuals are illustrated in Fig. 11.3 and the locations of GPS/levelling points that 

participated in the least squares adjustment for estimation of corrector model are marked in 

the figure with small yellow crosses. 

 
Fig. 11.3: The residuals/differences between the GPS/levelling height anomalies and 

the height anomalies extracted from the Mold2012 transformed to the 

local vertical datum. Unit: [m] 
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The residuals in the most part of the country vary from +0.1 m to -0.1 m, as we can see 

from the Fig. 11.3, at the same time the homogeneity of the data that is used for the 

evaluation of the quasigeoid model varies.  

In order to eliminate the suspicious outliers a 2-RMS test was used. As a result 170 

points were eliminated from the GPS/levelling dataset that was used for the computation of a 

new corrective surface. 

Table 11.3: The statistics of differences between the GPS/levelling height anomaly 

and height anomaly from ζGGM, ζ0 = ζGGM + ζStokes, ζ = ζ0 + dζ and ζC.Surf 

= ζ + Corrective surface for 1042 and 872 points. Unit: [m] 

GGM n 
ψ0 

2
gσ ∆   Nr. 

of 
points 

Min Max Mean STD RMS 
2-RMS 

 
(mGal2) (m) (m) (m) (m) (m) 

EGM2008 360 

3° 102 

ζGGM 1042 -1,86 0,13 -0,45 0,37 0,59  

ζ0 1042 -0,624 -0,047 -0,330 0,081 0,340  

ζ 1042 -0,604 -0,037 -0,314 0,081 0,324  

ζC.Surf. 1042 -0,216 0,237 0,000 0,071 0,071  

ζC.Surf. 872 -0,106 0,106 0,000 0,049 0,049  

5° 102 

ζGGM 1042 -2,13 -0,15 -0,72 0,37 0,81  

ζ0 1042 -0,587 0,000 -0,307 0,085 0,318  

ζ 1042 -0,576 0,020 -0,280 0,085 0,293  

ζC.Surf. 1042 -0,219 0,246 0,000 0,071 0,071  

ζC.Surf. 872 -0,127 0,119 0,000 0,050 0,050  

ITG-Grace02s 170 

3° 102 

ζGGM 1042 -1,67 -0,08 -0,79 0,27 0,84  

ζ0 1042 -0,581 -0,052 -0,331 0,077 0,340  

ζ 1042 -0,557 -0,039 -0,311 0,078 0,321  

ζC.Surf. 1042 -0,214 0,237 0,000 0,071 0,071 0,142 

ζC.Surf. 872 -0,098 0,098 0,000 0,049 0,049 0,099 

5° 102 

ζGGM 1042 -0,67 0,80 -0,07 0,34 0,34  

ζ0 1042 -0,538 -0,023 -0,284 0,082 0,295  

ζ 1042 -0,551 -0,037 -0,291 0,084 0,302  

ζC.Surf. 1042 -0,222 0,233 0,000 0,076 0,076  

ζC.Surf. 872 -0,132 0,126 0,000 0,056 0,056  

GM2005 872 -0,156 0,188 -0,004 0,051 0,051 0,102 

 

In Table 11.3 are given the statistics of the height anomaly differences from where we 

see that the STD of residuals has been improved with the 2.2 cm (from ±7.1 cm to ±4.9 cm) 

for both solutions: EGM2008 (with n = M = 360, 0
0 3ψ =  and 2 2 210g mGalσ ∆ = ) and ITG-

Grace02s (with n = M = 170, 0
0 3ψ =  and 2 2 210g mGalσ ∆ = ), with the difference that the 
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magnitude of residuals is reduced from 23.7 cm to 9.8 cm in case of ITG-Grace02s solution 

and to 10.6 cm in the EGM2008 solution. The order of the GPS and levelling networks for 

the 170 eliminated GPS/levelling points varies and one can see from Table 11.4.  

Table 11.4: The outliers according to the order of the GPS and levelling network.  

GPS stations Height system - Baltic 77 

Order 
Nr. of 
points 

I II III IV 

0 -1   -1    
 

1 -10 
   

-10 

2 -37   -2  -2 -33 

3 -113 
 

-2  -10 -101 

4 -9 
 

-1  
 

-8 

Σ -170 
 

-6  -12 -152 

 

If we look just at the levelling network order, than we can see that there are 6 points of 

II-order levelling, 12 points of III-order and 152 points that belong to the IV-order levelling 

network. In Table 11.5 are given the updated STDs of the fit according to the order of 

levelling network for all quasigeoid models. 

Table 11.5: The standard deviation (STD) of the fit computed according to the order 

of levelling network for following the quasigeoid models: EGG97, 

GM2005, the Mold2012 and the transformed Mold12 to the local datum 

with 4 and 7 transformation parameters. Unit: [m] 

Levelling 
order 

Nr of 
points 

Quasigeoid model 
Number of points according 

to the GPS order 
EGG 
97 

GM 
2005 

Mold 
2012 

4P 4P 
[I+II] 

4P 
[III+IV] 

7P 7P 
[I+II] 

7P 
[III+IV] 0 1 2 3 4 

I 17 0,041 0,044 0,058 0,038 0,036 0,036 0,042 0,032 0,046   2 14 1 
II 26  0,073 0,056 0,048 0,043 0,037 0,046 0,047 0,033 0,052 4  9  12  1  
III 109  0,042 0,045 0,057 0,045 0,066 0,045 0,046 0,071 0,045  4 19 73  13 
IV  890  0,061 0,051 0,059 0,050 0,060 0,051 0,049 0,064 0,050  36 193 603 58 
                

ALL  872 0,059 0,051 0,058 0,049 0,060 0,050 0,049 0,064 0,049      

 

The STD of height anomaly differences for the 872 points is 4.9 cm and according to the 

levelling network order we have 3.8 cm for the I-order levelling, 4.3 cm for the points of the 

II-order levelling network, 4.5 cm for the III-order levelling and 5.0 cm for the IV-order 

levelling network. A new figure with the residuals all over the country is given below. 
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Fig. 11.4: The residuals/differences between the GPS/levelling height anomalies and 

the height anomalies extracted from the Mold2012 transformed to the 

local vertical datum. Unit: [m] 

 

In connection with the establishment of the 3rd order national gravity network in the 

country new GPS measurements were performed by the INGEOCAD during the period of 

March 2010 – October 2010 (Filenco et al. 2010). The location zone of the 3rd order gravity 

measurements is illustrated in Fig. 11.5 with the red dots.  

Among the 50 points (illustrated with red dots in Fig. 11.5) that belong to the 3rd order 

gravity network are 18 points that have the normal height determined from the previous 

levelling measurement on which were executed as well the GPS measurements (Filenco et al. 

2010). These 18 points that have the normal height and geodetic height from the GPS 

measurements will be used as control points for an independent evaluation of the residuals 

obtained from the new quasigeoid model. The illustration of the 18 control points is made in 

Fig. 11.6, where the control points are presented with the green dots. 
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Fig. 11.5: The gravity measurements performed in the Republic of Moldova, with 

blue dots are marked the locations of the 0, 1st and 2nd order gravity 

measurement and with the red dots the measurements of the 3rd order 

gravity network. 

 

 
Fig. 11.6: The 3rd order gravity measurements are illustrated with the red and green 

dots, where the points marked with green colour is used even as control 

points. 

Now if we look closer to the Fig. 11.4 which illustrates the residuals and the location of 

18 control points, we see that the most of these points are located in the worse zone of the 

residuals map, where the residuals are within the 10 cm, see Fig. 11.7. Despite this we have 

really good statistics of the residuals that are given in Table 11.6. 
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Fig. 11.7: The location of 18 control points (marked with green dots) on the 

residuals map. 

As we saw already from Table 10.3, the STD of the 872 residuals is 4.9 cm, but the STD 

of the residuals for the 18 control points is only 3.6 cm and the RMS is 3.9 cm and the min 

and max value of residuals is -5.3 cm and 9.0 cm, respectively. Thus we can see that the 

quality of the quasigeoid model is quite good. 

 

Table 11.6: The statistics of the residuals for the whole GPS/levelling dataset that 

contains 872 points and for the 18 control points. Unit: [m] 

GGM n 
ψ0 

2
gσ ∆   Nr. 

of 
points 

Min Max Mean STD RMS 
2-RMS 

 
(mGal2) (m) (m) (m) (m) (m) 

ITG-Grace02s 170 3° 102 

ζGGM 1042 -1,67 -0,08 -0,79 0,27 0,84  

ζ0 1042 -0,581 -0,052 -0,331 0,077 0,340  

ζ 1042 -0,557 -0,039 -0,311 0,078 0,321  

ζC.Surf. 1042 -0,214 0,237 0,000 0,071 0,071 0,141 

ζC.Surf. 872 -0,098 0,098 0,000 0,049 0,049 0,099 

control 18 -0,053 0,090 0,015 0,036 0,039  

 

The Mold2012 was fitted to the local vertical datum by applying the 4 transformation 

parameters that were estimated from the residuals of the 872 GPS/levelling points and the 

magnitude of the height anomalies vary from 29 m to the 33.5 m, see Fig. 11.8. 
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Fig. 11.8: The Mold2012 fitted to the local vertical datum with 4 transformation 

parameters estimated from 872 GPS/levelling points. Unit: [m]  
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12.   Conclusions 

The limitation of using GNSS technique in the determination of normal heights with respect 

to the local vertical datum is dependent on the accuracy of the quasigeoid model. The 

quasigeoid model in turn is dependent on the quality and quantity of gravity data. In case of 

poor data quality or insufficient data coverage the selection of the proper computational 

method is meaningless (Kiamehr 2007). 

The evaluation of the computed gravimetric quasigeoid model Mold2012 is performed 

by comparing the gravimetric height anomalies with the GPS/levelling derived height 

anomalies for a number of points, in this study we used 1042 points. Our quasigeoid model 

Mold2012 fits the GPS/levelling data with a STD of ±7.8 cm. However, this fit includes 

GPS/levelling data with many outliers. 

After the elimination of the suspicious outliers (170 points) according to a 2-RMS test, a 

new corrective surface was computed based on the remaining 872 GPS/levelling points. 

Thus, the discrepancies (due to systematic errors due to datum inconsistencies and 

distortions) that appear in the combination of heterogeneous heights are reduced by applying 

the 4 parameter corrector model and the transformed gravimetric quasigeoid model will 

provide the height anomalies that refer to the local datum and the STD of residuals became 

±4.9 cm.  

The STD of 18 control points is only 3.6 cm, RMS is 3.9 cm and the min and max value 

of residuals are -5.3 cm and 9.0 cm, respectively, which indicate a good result.  

The 4.9 cm STD of Mold2012 is significantly better than that of the present quasigeoid 

model GM2005 (5.1 cm). In this comparison one should bear in mind, that GM2005 was 

determined as a combination of a gravimetric geoid model and GPS/levelling geoid heights, 

and therefore this comparison is not fair to Mold2012, as GM2005 is far from independent of 

the GPS/levelling data used for comparison. We can even see a more clear distinction when 

we analyse the STD according to the order of the levelling network. There is a clear relation 

between the magnitude of the STD value and the order of the levelling networks for the 

Mold2012 fitted to the local vertical datum: 3.8 cm for the I-order, 4.3 cm for the II-order, 4.5 

cm for the III-order and 5.0 cm for the IV-order levelling network. For comparison in 

GM2005 this correlation is not so evident, 4.4 cm, 5.6 cm, 4.5 cm and 5.1 cm for the I-, II-, 
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III- and IV-order levelling networks, respectively (see Table 11.5). Hence, we conclude that 

the potential of the Mold2012 is significantly higher than that of the GM2005. 

The STDs discussed above are the quality numbers of fitting the gravimetric quasigeoid 

to the GPS and levelling heights by the corrector surface, and its square is therefore the sum 

of the variances of the quasigeoid, GPS and levelling heights. By assuming that the latter 

STDs are 3 cm and 3.5 cm, and the STD of fitting is 4.9 cm, the STD of Mold2012 becomes 

1.7 cm. 
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13.   Recommendations for future work 

We recommend: 

• the use of Mold2012 as the official quasigeoid model in Moldova 

• densification of existing gravity data for a higher accuracy future quasigeoid model 

• that all GPS and levelling data are carefully attached with reliable standards errors, 

which will allow better validation of gravimetrical quasigeoid model. 
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