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Abstract

A consensus problem is best described as a situation where multiple agents need to come
to an agreement based on information gathered by all agents. However, each agent only
has information from a few other agents. Applications for this could, for instance, be any
kind of situation where you have autonomous agents that need to cooperate. This could be
agreeing upon a rendezvous time or maintaining a formation.

In this thesis a specific kind of consensus problem is considered and expanded upon,
namely a target pursuit problem where a number of agents want to approach a target and
assume a formation around it. In our case the agents will only get information from their
next neighbour with respect to the angle around the target, which makes it a cyclic pursuit.

We will show that if a directed communication graph, representing the network, con-
tains a rooted directed spanning tree the agents will reach consensus. We also construct a
simulation of an introductory problem, examine what makes it work and verify convergence
and collision avoidance. The problem will be modified by making the agents converge to an
arbitrary plane instead of the xy-plane as presented in the original setup. Basic concepts of
matrix and graph theory and zero-order hold sampling will be explained.

Sammanfattning

Konsensusproblem kan beskrivas som situationer där ett flertal agenter behöver komma till
ett gemensamt beslut baserat p̊a information inhämtad fr̊an alla agenter. Varje agent kan
dock bara hämta information fr̊an ett f̊atal andra agenter. Tillämpningar p̊a detta är, till
exempel, situationer där autonoma agenter behöver samarbeta. Detta kan bland annat gälla
att bibeh̊alla en formation eller att bestämma tid för en rendezvous.

I denna uppsats behandlas och utvecklas ett grundproblem, nämligen scenariot där ett
antal agenter vill närma sig ett m̊al och anta en cirkelformation runt det med hjälp av en
cyklisk konsensusalgoritm.

Vi visar att om den riktade graf som representerar kommunikationsnätverket inneh̊aller
ett rotat riktat uppspännande träd s̊a konvergerar konsensusproblemet. Vi konstruerar även
en simulering av grundproblemet samt undersöker konvergensen och visar att kollisioner inte
kan inträffa. Detta problemet modifieras sedan genom att l̊ata agenterna konvergera mot
ett godtyckligt plan istället för xy-planet. För att först̊a problemet krävs en del kunskap
om graf- och matristeori samt kännedom om zero-order hold sampling, vilket kommer att
g̊as igenom.
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2 Theory

1 Introduction

The main topic of this thesis is computational consensus problems. This field involves situ-
ations where a system of agents, for example a set of unmanned aerial vehicles or unmanned
cars, need to agree regarding some information state. For instance, this can involve deciding
on a rendezvous point or a set distance from each other to achieve a desired formation. The
key factor here is that the agents need to communicate with each other. An easy solution
would be that every agent communicates with every other agent and consensus is reached
instantly. However, in many cases it is unnecessary and a waste of resources to set up the
communcation network like this. In most cases a significantly lower amount of communica-
tion links is sufficient to reach consensus.

The first step to understanding a consensus problem is to gain an overview of how in-
formation travels between agents. The easiest way to do this is to draw a graph with nodes
representing agents and using arrows to show information flow. This graph can be con-
verted into an adjacency matrix, which is the entry port for the mathematical model of the
problem.

2 Theory

2.1 General concensus

Consensus is a state of general agreement among peers or agents of some kind. The natural
aim of consensus algorithms is to achieve just that: general agreement among the concerned
parties. More specifically if the communication network between agents allow continuous
communication one can model a differential equation for the information states. Similarily,
if the communication network sends information in discrete packets a difference equation is
constructed. In both cases the basic idea is the same, namely to impose similar dynamics on
the information state of each agent. When a communication network is modeled as a graph,
the nodes are numbered from 1 to n and the edge between node i and j is denoted by (i,j ).
In a directed graph this means that node j can receive information from node i but not the
other way around. Hence edge (j,i) is not the same as edge (i,j ). The graph can then be
translated into an adjacency matrix where element aij is a positive weight if (j,i) is one of
the edges in the graph, that is if agent j sends information to agent i. All other elements
are zero. [2]

Figure 1: An example graph

The information network in Figure 1 is often called a topology. Using the above definition of
an adjacency matrix and setting all communication link weights to 1 in Figure 1 we obtain
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2 Theory

the following matrix:

A =


0 0 0 0
1 0 0 0
1 1 0 0
0 1 0 0


Now that the orientation of the problem is made clear the next step is to decide in what
way the agents update their information state in relation to eachother. This is known as
the consensus algorithm. The most common consensus algorithm is as follows [2]:

ẋi(t) = −
n∑
j=1

aij(t)(xi(t)− xj(t)), i = 1, ..., n. (1)

Where aij is the (i,j) corresponding element in the adjacency matrix and x ∈ Rn is the
information state.

The communication topology of the set of agents can be represented by a directed graph.
The directed graph can in turn be depicted by an adjacency matrix, A. The Laplacian ma-
trix L related to A is defined as [2]:

L = [`ij ] ∈ Rn×n

where{
`ii =

∑
j 6=i

aij

`ij = −aij i 6= j
(2)

This definition means that L will always have non-negative diagonal elements and the row
sums will always be equal to zero. With this definition the above mentioned consensus
algorithm (1) can be written concisely in matrix form as:

ẋ = −L(t)x(t), (3)

where L is the above mentioned Laplacian and x(t) contains the information states [2].

2.2 Convergence of the general consensus problem

With an established concept of consensus it is natural to ask when consensus is achieved.
The answer is when all of the agents’ information states assume the same values in the steady
state. In other words: |xi(t) − xj(t)| → 0 as t → ∞ for all i,j = 1, 2, ..., n. Furthermore,
the criterions for convergence are that −L has a simple zero eigenvalue while the rest of the
eigenvalues have negative real parts. This will be proven in several steps in the following
sections. First the criterions for convergence are proven. Then the nature of the Laplacian’s
eigenvalues are examined. The last two steps involve showing the nature of the eigenvalues
of a Laplacian representing a rooted directed spanning tree and the fact that one can add
links to such a tree while preserving key eigenvalue properties.

Criterions for convergence

Convergence is achieved if zero is a simple eigenvalue for the system in (3) and the nonzero
eigenvalues all have negative real parts [2]. This can be seen by looking at the general
solution to (3), a well-known result:

x(t) = c1v1e
λ1t + c2v2e

λ2t + . . .+ cnvne
λnt
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2 Theory

where vi is the corresponding eigenvector to λi, λi are eigenvalues of −L and ci are constants
determined by the initial conditions. For all nonzero eigenvalues the corresponding terms in
the solution tend to zero as t→∞, if they are negative. The remaining term, corresponding
to the zero eigenvalue, will become ckvk. Since all of the row sums of the Laplacian are zero
one can easily see that the vector

1 =
[

1 1 · · · 1
]T

is the eigenvector corresponding to λ = 0, from −Lvk = λkvk. Hence x(t)→ ck1 as t→∞
and |xi(t)− xj(t)| → 0 for all i,j = 1,2, . . . ,n if zero is an eigenvalue of multiplicity one and
all other eigenvalues lie in the left half-plane.

Nature of the eigenvalues of the Laplacian

To prove that the nonzero eigenvalues have negative real parts, the following theorem is
used [3]:

Geršgorin’s disc theorem
Let M be an n× n matrix, where mij is the element in the ith row and jth column, and let

R′i(M) ≡
n∑

j=1,j 6=i

|mij | 1 ≤ i ≤ n

denote the deleted abolute row sums of M. Then all eigenvalues of M will be located in the
union of discs

n⋃
i=1

{z ∈ C:|z −mii| ≤ R′i(M)} ≡ G(M)

Figure 2: Geršgorin discs in the complex plane

Knowing that `ij = −aij for all i 6= j are negative, −`ij must be positive for all i 6= j.
Therefore the deleted row sums R′i(−L) =

∑
j 6=i

aij = `ii, as seen from (2). This means that
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2 Theory

all of the Geršgorin discs will have their centers in mii = −`ii in the complex plane and have
a radius of `ii. In other words, all of the discs touch the imaginary axis in the origin and lie in
the left half-plane, which gives that Re{λi} ≤ 0 for all eigenvalues λi of -L. More generally,
if a matrix is diagonally dominant (|lii| ≥

∑
j 6=i
|lij | for all i) and has negative diagonal entries

its eigenvalues will be situated in the left half-plane.

Eigenvalues of a rooted directed spanning tree

In this section it will be shown that a Laplacian matrix representing a rooted directed span-
ning tree has a simple zero eigenvalue and the others in the left half-plane [6]. A spanning
tree is a graph where all of the nodes are connected and no cycles exist. It being rooted
and directed means that there is a node, called the root, from which you can draw directed
paths to all other nodes. Since there are no cycles you can not get to the root from any
of the other nodes. This can be seen as a case where one leading agent sends information
through a communication chain that reaches all of the other agents, but where no agent can
send information back to the leader.

Figure 3: Illustration of a rooted directed spanning tree

Create the tree by numbering the agents so that the root is called A1 and its children A2 to
Am if A1 has m − 1 children. Then number all of the grandchildren of A1 as Am+1 to An

if there are n −m grandchildren. This will result in an adjacency matrix of the form of a
lower triangular matrix with the first row consisting of zeros and a 1 on each other row. The
Laplacian obtained will then only have one zero and N − 1 negative ones on the diagonal, if
N is the number of nodes in the graph. For a triangular matrix we know that the eigenvalues
can be found on the main diagonal. Fortunately, -L will always be lower triangular if the
nodes are numbered as described above and therefore it will have only one zero eigenvalue
while the others are negative. In conclusion, every matrix representing a rooted directed
spanning tree has exactly one zero eigenvalue and the others in the left half-plane.
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2 Theory

The tree in Figure 3 has a negative Laplacian as follows:

A1

A2

A3

...
Am+1

Am+2

Am+3

...



0 0 0 · · · · · · 0 0 · · ·
1 −1 0 0 · · · · · · 0 · · ·
1 0 −1 0 · · · · · · 0 · · ·
... 0 0

. . . · · · 0 0 · · ·
0 1 0 0 −1 0 0 · · ·
0 1 0 0 0 −1 0 · · ·
0 0 1 0 · · · · · · −1 0 · · ·
...

...
...

...
...

...
...

. . .


(4)

Figure 4: The negative Laplacian corresponding to Figure 3

Adding links to a rooted directed spanning tree

We have just proven that a graph of a rooted directed spanning tree has a single zero
eigenvalue. The next course of action is to prove that if one adds links to a rooted directed
spanning tree the resulting graph still has one zero eigenvalue and the others in the left
half-plane. If this holds one can add links to the rooted directed spanning tree until the
graph describing the actual communication network is obtained. This in combination with
Geršgorin’s disc theorem assures convergence.

To make the reasoning easier to follow the new directed communication link will be
added from an arbitrary node m to node 1. This is no loss of generality since one can always
renumber node l as node 1. Consider a graph G1 with N nodes and the corresponding
negative Laplacian Q. The graph G2 is the graph with a communication link from node m
to node 1 added. It’s related negative Laplacian is S. The goal is to show that if Q has
exactly one zero eigenvalue then so does S.

Let Qλ = λI − Q and Sλ = λI − S. By Geršgorin’s disc theorem and the fact that S
has zero row sums and is diagonally dominant, S has at least one zero eigenvalue and all the
nonzero eigenvalues lie in the left complex half-plane. The elements of Q and S are defined
as qij and sij while the communication link gain is denoted kij , (i,j) = 1,2, . . . ,N . The
relation between Q and S give us that s11 = q11 − k1m, s1m = q1m + k1m, and sij = qij
otherwise. The reason for this is that the Laplacian diagonal elements are sums of its row
non-diagonal elements. The added link is (m,1) so the diagonal element on row 1 will gain
a term −k1m since we are looking at the negative Laplacian. In the same way the element
s1m will gain the same term, k1m, with a shifted sign. For Qλ and Sλ this means: sλ11 = λ− s11 = λ− q11 + k1m = qλ11 + kk1m

sλ1m = −s1m = −q1m − k1m = qλ1m − k1m
sλij = qλij j 6= 1,m

(5)

With M [i,j] defined as the sub-matrix of M formed by deleting the ith row and jth column
and using the fact that det(Sλ[1,m]) = det(Qλ[1,m]) one can show [5]:
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det(Sλ) =

N∑
j=1

(−1)1+jsλ1jdet(Sλ[1,j])

=

N∑
j=1

(−1)1+jqλ1jdet(Sλ[1,j]) + k1mdet(Sλ[1,1])− (−1)1+mk1mdet(Sλ[1,m])

= det(Qλ) + k1m(det(Sλ[1,1]) + (−1)mdet(Sλ[1,m]). (6)

The reader might recognize this as cofactor expansion of a matrix to obtain its determi-
nant. The second equality follows from making a cofactor expansion of the matrix Sλ but
exchanging the matrix elements of Sλ by their equivalents in (5).

Now consider a matrix E = [eij ], (i,j) = 1, . . . , N − 1, given by adding [s21,s31, . . . ,sN1]T to
the (m-1)th column of matrix S[1,1]. E will have the form:

E =


s22 s23 · · · s2m + s21 · · · s2N
s32 s33 · · · s3m + s31 · · · s3N
...

...
...

. . .
...

...
sN2 sN3 · · · sNm + sN1 · · · sNN


With E constructed in this way the following holds true [5]:

det(λI − E) = det(Sλ[1,1]) + (−1)mdet(Sλ[1,m]).

This can be seen by making two different cofactor expansions of both Sλ[1,1] and Sλ[1,m]
and verifying that det(λI − E) is obtained. The idea is to select the columns along which
the cofactor expansions are made so that the minors match up. In all expansions we want
the first and mth row of Sλ to be deleted.

det(Sλ[1,1]) = (−1)msλ2mdet(Sλ[{1,2},{1,m}])
+ (−1)1+msλ3mdet(Sλ[{1,3},{1,m}]) (7)

+ . . .+ (−1)N−1+m−1sλNmdet(Sλ[{1,N},{1,m}])

det(Sλ[1,m]) = (−1)1+1sλ21det(Sλ[{1,2},{1,m}])
+ (−1)2+1sλ31det(Sλ[{1,3},{1,m}]) + . . . (8)

+ (−1)N−1+1sλN1det(Sλ[{1,N},{1,m}])

det(λI − E) = (−1)1+m−1(sλ2m + sλ21)det(Sλ[{1,2},{1,m}]) (9)

+ (−1)2+m−1(sλ3m + sλ31)det(Sλ[{1,3},{1,m}]) + . . .

+ (−1)N−1+m−1(sλNm + sλN1)det(Sλ[{1,N},{1,m}])

Comparing terms it is seen that, except for the −1’s, (9) is the sum of (7) and (8). Looking
at the terms in the two cases when m is even and uneven the above result is gained:

det(λI − E) = detSλ([1,1]) + (−1)mdetSλ([1,m]) (10)

The way E is constructed it has zero row sums and nonpositive diagonal elements. Fur-
thermore it is diagonally dominant. Geršgorin’s disc theorem gives that E has at least one

Jenni Svensson, Robert Végh, F-08 8



2 Theory

zero eigenvalue and all other eigenvalues are in the left half-plane. Combining (10) and (6)
yields:

det(Sλ) = det(Qλ) + k1mdet(λI − E)

For S to have a simple zero eigenvalue the coefficient for the first power of λ in its charac-
teristic equation must be positive [5]. Routh’s stability criterion says that if a polynomial
has roots in the left half-plane its coefficients will be positive [7]. This implies that the
characteristic polynomial of E, det(λI −E), has a non-negative coefficient in the first power
of λ. Looking at Q in the same way yields that it has a positive coefficient for the first
power of λ in the characteristic polynomial. The reason for this is that Q has exactly one
zero eigenvalue and all the others are in the left half-plane, implying that the coefficient for
the first power of λ cannot be zero.

This can be said since zero is a solution to det(Q−λI) = 0, which means that there can be
no constant term in the characteristic equation associated with it for it to have multiplicity
1. Also the coefficient for the first power of λ cannot be zero. Otherwise one can write the
polynomial as λm(cnλ

n−m + . . .+ cm) = 0, m ≥ 2, cm 6= 0 where λ has multiplicity m.
Conclusively we can see that S will have a positive coefficient for the first power of λ

since its polynomial is a sum of two polynomials that have one positive and one non-negative
coefficient. This also means that S can only have one zero eigenvalue.

In conclusion, we have proven that we can add links to a rooted directed spanning
tree and retain the wanted eigenvalue characteristics and thus guarantee convergence for
ẋ = −L(t)x(t).
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3 Our original problem in continuous time

3 Our original problem in continuous time

The problem and method used are as presented in [1]. Consider a group of n agents moving
freely in three dimensions. The agents are numbered and named P1, P2 up to Pn. Their
positions are then placed into the vectors pi for i=1,2,...,n. Let p0 denote the position
vector of the target. Each agent can get information about the distance between itself and
the next agent

ai = (pi − pi+1)

and the distance to the target

ri = (pi − p0).

Figure 5: Visual representation of the agents

The goal is for the n agents to approach and surround the target by using the given infor-
mation. They will form a circle of predetermined radius R around it, evenly spread out in
the same plane. To handle this spherical coordinates are used.

At the beginning the agents are randomly positioned in space and sorted counterclock-
wise around the target, with respect to the azimuth angle. This in order to satisfy that the
sum of the angle differences between each agent and the next, must be equal to 2π. The
azimuth angle is denoted θi and the angle between the azimuth plane and position vector ri
is αi. The control laws for agent i are

θ̇i(t) = k1δθi(t) (11)

ṙi(t) = k2(R− ri(t))
α̇i(t) = k3(Φ− αi(t)) (12)

where Φ is the predetermined target value of α, k1, k2 and k3 are controller gains and

δθi(t) = θi+1(t)− θi(t) i 6= n

δθn(t) = θ1(t)− θn(t) + 2π.

Jenni Svensson, Robert Végh, F-08 10



3 Our original problem in continuous time

That is, δθi(t) denotes the difference in the azimuth angle to the next agent. In vector form
the control law for θ becomes

θ̇(t) = −Lθ(t) + b (13)

where L is the Laplacian of the problem, in the form of a circulant matrix,

−L =



−k1 k1 0 · · · 0

0 −k1 k1
...

...
. . .

. . .
. . .

0 −k1 k1
k1 0 · · · 0 −k1


b is a vector,

b =
[

0 0 · · · 0 2k1π
]T

and θ is given by

θ =
[
θ1 θ2 · · · θn

]T
.

Jenni Svensson, Robert Végh, F-08 11



4 Convergence and collision avoidance in the original problem

4 Convergence and collision avoidance in the original
problem

Using the results from the theory section of this paper we can conclude that if a directed
communication graph has a rooted directed spanning tree its agents will reach consensus.
So if the graph of our original problem contains a rooted directed spanning tree convergence
is assured.

4.1 Convergence

Since a cyclic pursuit strategy is used it is easy to see that the communication graph always
contains a rooted directed spanning tree. One can remove any single link in the graph to
obtain such a tree. However our problem is not exactly on the form stated in the theory
section. To get similar form one can differentiate (13) and gain:

θ̈ = −Lθ̇

This means that all elements of θ̇ will converge to the same value, θ̇1 = θ̇2 = . . . = θ̇n = σ.
Furthermore, due to the nature of cyclic pursuit the following holds [1]:

n∑
i=1

θ̇i(t) = 2k1π for all t ≥ 0

This can be seen easily in (11). Using this in combination with the fact that all angle
velocities are equal we get:

θ̇i = σ =
2k1π

n
(14)

Using (14) and (11), δθi(t) = 2π
n as t → ∞ [1]. This shows that the agents assume an

equally spread out formation in regards to the θ angle.

4.2 Collision avoidance

Another important property of this pursuit strategy is that no collision occurs [1]. This can
be proven by contradiction. Assume there is a collision beween two agents. Then δθi = 0
for some index, say l, and δθl+1 > 0. Furthermore, rl = rl+1 and αl = αl+1 are assumed.
This leads to

δθl(t1) = 0 (15)

δθl+1(t1) > 0 (16)

δθi(t) > 0 t ∈ [t0,t1), i = 1,2, . . . ,n (17)

where t0 = 0. Condition (17) exists to make sure that no collision occurs before t1. δθl
differentiated with respect to time yields

d

dt
(δθl) = θ̇l+1 − θ̇l = k1δθl+1 − k1δθl. (18)

Here we know k1δθl+1 > 0 since k1 > 0 and δθl+1 > 0 from (16). This gives us

d

dt
(δθl) > −k1δθl. (19)
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4 Convergence and collision avoidance in the original problem

Since δθl(t) > 0 for t ∈ [t0,t1) from (17) we can integrate (19) to gain

δθl(t) > e−k1(t−t0)δθl(t0) > 0 t ∈ [t0,t1). (20)

If (15) and (20) are both true then δθl has a discontinuity in t1, which is not possible.
Therefore collisions cannot occur.

This shows that the method used to solve the original problem both converges properly
and avoids collisions.

Jenni Svensson, Robert Végh, F-08 13



5 Simulation of the original problem in discrete time

5 Simulation of the original problem in discrete time

In order to understand and visualize how the solution converges a simulation is made using
MATLAB.

5.1 Converting the problem into discrete time

Since this problem is considered in discrete time a sampling method is needed. Zero-order
hold sampling keeps the sampled value constant between sampling times which is exactly
what is wanted, thus this sampling method is used.

Consider a continuous time system given by the following equation:

ẋ =
dx

dt
= Ax(t) + b (21)

This equation can be solved by using the ansatz

x(t) = eAtz(t) (22)

which leads to

ẋ(t) = AeAtz(t) + eAtż(t)

= Ax(t) + eAtż(t). (23)

Comparing (21) and (23) gives:

eAtż(t) = b

ż(t) = (eAt)−1b

z(t) =

t∫
0

e−Aubdu+ c,

This yields

x(t) = eAt
t∫

0

e−Aubdu+ eAtc

=

t∫
0

eA(t−u)dub + eAtc.

where c is given by the initial conditions of the problem. Inserting t = 0 we get:

x(0) =

0∫
0

eA(0−u)dub + eA·0c

= c

≡ x0.

(24)
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5 Simulation of the original problem in discrete time

This gives

x(t) = eAtx0 +

t∫
0

eA(t−u)dub.

This solution is still in continuous time. Sampling instants are introduced as t0, t1, ..., tk, tk+1, ..., tn
in order to sample the solution. Between these instants the solution is kept constant with a
value equal to the previous sampling point’s solution. The sampled version of (24) becomes
[4]:

x(tk+1) = eA(tk+1−tk)x(tk) +

tk+1∫
tk

eA(tk+1−u)dub

In order to use this in the simulation one problem remains, namely the integral which is
hard to evaluate in matlab, since our A=-L doesn’t have an inverse. However, with a bit of
clever rewriting the integral can be obtained. By inserting a set of constant dummy variables
we can rewrite (21) as:[

ẋ
v̇

]
=

[
A b
0 0

] [
x
v

]
Where v is a constant vector of ones (in this case a vector with only one element). Integrat-
ing, we get:[

x(t)
v(t)

]
= e

[
A b
0 0

]
t

[
x0

v0

]
which becomes the following if we compare terms with (24):[

x
v

]
=

 eAt
t∫
0

eA(t−u)dub

0 0

[ x0

v0

]
To extract the integral term, the top right n × 1 vector from

[
A b
0 0

]
the following matrix

operations are used:

t∫
0

eA(t−u)dub = [ In×n 0n×1 ] · e
[
A b
0 0

]
·
[
0n×1

1

]
. (25)

With the integral value within reach everything is ready to construct a simulation of the
process.

5.2 Simulating with MATLAB

Since the mathematical model has been worked out the simulation is only a matter of mat-
lab programming. We chose to visualize the agents and their target in a scatter3-plot where
each dot represents one iteration of the consensus algorithm. The simulation gives two plots,
one with the agents’ trajectories and their target and one plot with 2 axes displaying the
angle differences between neighbouring agents. For this simulation to agree with earlier
mentioned theory this plot should show n curves converging to the value 2π

n . To aid in
verifying this a dotted line along this value has been added.

An example simulation with n = 6, R = 5 yielded the plots presented in Figure 6 and
7.
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5 Simulation of the original problem in discrete time

Figure 6: Simulated agent trajectories

Figure 7: Angle differences converging to 2π
n

In Figure 7 it can be seen that all angle differences converge to the wanted value. Further-
more, no collisions occur since no angle difference ever assumes a nonpositive value.
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6 Generalizing the original problem

6 Generalizing the original problem

In the original setup one can only assume a circular formation in the xy-plane. However,
what if one wishes to make the agents assume a circular formation around the target lying
in an arbitrary plane?

This can be done by defining an angle of rotation around the x-axis. This angle is denoted
β ∈ [0,π2 ]. This is sufficient to obtain any plane since our setup is symmetric with respect
to the z-axis. The new plane of convergence will be the rotated xy-plane.

Figure 8: Rotation around the x-axis with β defined.

An idea to solve this is to design new control laws for the new variables θ′ and α′ in terms
of the measured variables θ and α directly. This proves to be quite difficult so instead we
choose to express the control laws for the agents with help from virtual control laws in the
transformed system. In other words:[

θ̇
α̇

]
= W

[
θ̇′

α̇′

]
for some W whose properties need to be determined. The virtual control laws will be the
same as the original ones only with the transformed variables.

θ̇′i(t) = k1δθ
′
i(t)

ṙ′i(t) = k2(R− r′i(t))
α̇′i(t) = k3(Φ− α′i(t))

The idea is to use expressions for the cartesian coordinates in the two systems and succes-
sively manipulate these until a clear relation is gained. The relations between the cartesian
and spherical coordinates are as follows: x

y
z

 =

 r cosα cos θ
r cosα sin θ
r sinα

 (26)

 x′

y′

z′

 =

 r′ cosα′ cos θ′

r′ cosα′ sin θ′

r′ sinα′

 (27)
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6 Generalizing the original problem

The rotation expressed in the cartesian coordinates is defined as: x
y
z

 =

 1 0 0
0 cosβ − sinβ
0 sinβ cosβ

 x′

y′

z′


Replacing the cartesian coordinates in this relation with spherical coordinates yields: r cosα cos θ
r cosα sin θ
r sinα

 =

 1 0 0
0 cosβ − sinβ
0 sinβ cosβ

 r′ cosα′ cos θ′

r′ cosα′ sin θ′

r′ sinα′

 =

 r′ cosα′ cos θ′

r′ cosβ cosα′ sin θ′ − r′ sinβ sinα′

r′ sinβ sinα′ sin θ′ + r′ cosβ sinα′


To find the relation between θ̇′, α̇′ and θ̇, α̇ one can differentiate both sides to get:

r

 −α̇ sinα cos θ − θ̇ cosα sin θ

−α̇ sinα sin θ + θ̇ cosα cos θ
α̇ cosα


︸ ︷︷ ︸

P

 θ̇
α̇



= r′

 −α̇′ sinα′ cos θ′ − θ̇′ cosα′ sin θ′

cosβ(−α̇′ sinα′ sin θ′ + θ̇′ cosα′ cos θ′)− α̇′ sinβ cosα′

sinβ(−α̇′ sinα′ sin θ′ + θ̇′ cosα′ cos θ′) + α̇′ cosβ cosα′


︸ ︷︷ ︸

A

 θ̇′

α̇′



Here r and r′ cancel eachother since they are equal. Both sides are multiplied by PT in
order to clear up the left-hand side.

PTP

[
θ̇
α̇

]
= PTA

[
θ̇′

α̇′

]
(28)

The properties of (PTP ) need to be examined in order to ensure that an inverse can be
found for all possible values of β.

PTP =

[
− cosα sin θ cosα cos θ 0
− sinα cos θ − sinα sin θ cosα

] − cosα − sinα cos θ
cosα cos θ − sinα sin θ

0 cosα

 =

[
cos2 α 0

0 1

]

This matrix has an inverse for all allowed values of α except ±π2 , which means that the
agents cannot be intially located directly above or below the target for this conversion to
work. If they are not intially placed there and the control law (12) is not set to make the
agents converge directly above or below, that is Ψ = ±π2 , the agents will never assume these
α-values. Equation (28) can therefore be written as:[

θ̇
α̇

]
= (PTP )−1PTA︸ ︷︷ ︸

W

[
θ̇′

α̇′

]

With W defined this way and knowing that the virtual control laws converge in their own
coordinate system we can say that the agents will converge in the plane defined by the
β-angle. However the matrix A and the virtual control laws contain virtual variables that
have to be mapped to the normal system that the agents are measuring in. These mappings
are done via cartesian coordinates using (26), (27) and their inverses.

(θ′,α′)→ (x′,y′,z′)→ (x,y,z)→ (θ,α)
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6 Generalizing the original problem

Running a simulation with β = π
3 , n = 5 and R = 5 resulted in the following plots:

Figure 9: Simulation with β = π
3 .

Figure 10: Convergence of the angle differences in the x’y’-plane.
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7 Conclusions

7 Conclusions

In this paper we have thoroughly examined the problem and method proposed in [1]. We
have found that the method converges to the desired values and on top of this assures
collision avoidance. Furthermore, a sufficient condition for convergence of this problem is
the existence of a rooted directed spanning tree in the topology. This gives a useful method
to check if the topology at hand converges or not. It is easy to see that this cyclic topology
will always have a rooted directed spanning tree, simply remove one link and it is done.

Generalizing this problem by enabling the agents to converge to any plane we saw that
all relevant properties of the method are preserved. The reason for this is that we can use
virtual control laws that we know converge and multiply these with a transformation matrix
W, giving convergence in the rotated plane. One exception to the method in the general
case is that the agents cannot have an intial position directly above or below the target,
since the transformed control law cannot be found for that case.
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9 Appendix: matlab-code for the simulations

9 Appendix: matlab-code for the simulations

Code for the simulation of the original problem:

%SIMULATION OF THE ORIGINAL PROBLEM

clc

clear all

close all

format short e

N=6; %number of agents

RE=10; %radius of the environment sphere

Psi=0; %pi/2; %wanted phi angle

tau=0.01; %sampling time

p_0=[0 0 0]; %starting target position

R=5; %desired distance to target

k_1=5;

k_2=5;

k_3=5;

%u=1;

r_0=RE*rand(N,1)+RE; %random agent starting positions

for i=1:N

if r_0(i)>RE

r_0(i)=RE;

end

end

theta_0=2*pi*rand(N,1); %random agent starting azimuth angles

alpha_0=pi/2*rand(N,1); %random agent starting angles

phi_k=pi/2-alpha_0; %converting fron alpha to phi angled

for i=1:N;

P_ns(i,:)=[r_0(i) theta_0(i) phi_k(i)]’; %agent position matrix

end

for i=1:N %sorts the agents according to azimuth angle

b=min(P_ns(:,2));

for k=1:N

if b==P_ns(k,2);

P(i,:)=P_ns(k,:);

P_ns(k,:)=[];

break

end

end

end

%circulant matrix

A=diag(-k_1*ones(N,1));

diag_1=k_1*ones(1,N-1);
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9 Appendix: matlab-code for the simulations

A=A+diag(diag_1,1)+diag(k_1,-(N-1));

B=zeros(N,1);

B(N)=2*k_1*pi;

vec1=zeros(1,N);

vec2=[0];

AB=[A B; vec1 vec2];

iden1=eye(N,N+1);

vec3=[zeros(1,N) 1];

%sorted positions

r_k=P(:,1);

theta_k=P(:,2);

phi_k=P(:,3);

alpha_k=pi/2-phi_k;

iter=0;

C = 0.8*colormap(hsv(N));

%convering to cartesian coordinates

x=P(:,1).*sin(P(:,3)).*cos(P(:,2));

y=P(:,1).*sin(P(:,3)).*sin(P(:,2));

z=P(:,1).*cos(P(:,3));

%saving the points

lastpoints=[x’ y’ z’]’;

points=[x; y; z;];

oldplot=[lastpoints];

%saving the angeldifferences

ANGLEDIFFERENCE=[];

angledifference=[];

for i=1:N-1

angledifference=[angledifference mod(theta_k(i+1)-theta_k(i),2*pi)];

end

angledifference=[angledifference mod(theta_k(1)-theta_k(N), 2*pi)];

ANGLEDIFFERENCE=[ANGLEDIFFERENCE angledifference’];

while max(angledifference)>2*pi/N+5e-3

iter=iter+1;

%saving the last points

lastx=lastpoints(1:N,1);
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9 Appendix: matlab-code for the simulations

lasty=lastpoints(N+1:2*N,1);

lastz=lastpoints(2*N+1:3*N,1);

%plotting the old points

col=repmat(C, iter, 1);

X=oldplot(1:N,:);

Y=oldplot(N+1:2*N,:);

Z=oldplot(2*N+1:3*N,:);

scatter3(X(:), Y(:), Z(:), 20, col, ’filled’)

view(3)

grid on

axis([-RE,RE,-RE,RE,-1,RE])

xlabel(’x’)

ylabel(’y’)

zlabel(’z’)

%plotting the newest points

hold on

figure(1)

scatter3(p_0(1),p_0(2),p_0(3), 50, ’black’,’filled’)

scatter3(lastx, lasty, lastz, 40, C, ’filled’)

scatter3(x, y, z, 80, C, ’filled’)

pause(0.01)

hold off

%control laws

theta_k=iden1*expm(AB*tau)*iden1’*theta_k+iden1*expm(AB*tau)*vec3’;%*u;

r_k=exp(-k_2*tau)*r_k+R*(1-exp(-k_2*tau)); %r_k+1

alpha_k=exp(-k_3*tau)*alpha_k+Psi*(1-exp(-k_3*tau)); %alpha_k+1

phi_k=pi/2-alpha_k;

%updating P

for i=1:N

P(i,:)=[r_k(i) theta_k(i) phi_k(i)]’;

end

%converting to cartesian coordinates

x=P(:,1).*sin(P(:,3)).*cos(P(:,2));

y=P(:,1).*sin(P(:,3)).*sin(P(:,2));

z=P(:,1).*cos(P(:,3));

%saving the angle differences

angledifference=[];

for i=1:N-1

angledifference=[angledifference mod(theta_k(i+1)-theta_k(i),2*pi)];

end
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9 Appendix: matlab-code for the simulations

angledifference=[angledifference mod(theta_k(1)-theta_k(N), 2*pi)];

ANGLEDIFFERENCE=[ANGLEDIFFERENCE angledifference’];

%saving the last points

lastpoints=points;

points=[x; y; z;];

%saving all of the old points

oldplot=[oldplot lastpoints];

end

line=2*pi/N*ones(1,iter);

figure(2)

hold on

plot(ANGLEDIFFERENCE’)

plot(line,’--’)

xlabel(’iteration’)

ylabel(’angle difference’)
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9 Appendix: matlab-code for the simulations

Code for the simulation of the generalized problem:

%SIMULATION FOR THE GENERALIZED CASE

clc

clear all

close all

format short e

N=5; %number of agents

RE=10; %radius of the environment sphere

R=5; %desired distance to target

beta=pi/3;

p_0=[0 0 0]; %starting target position

k_1=5;

k_2=5;

k_3=5;

Psi=0; %wanted alpha angle

%transformation matrix from the original system to the rotated one

T=[1 0 0; 0 cos(beta) sin(beta); 0 -sin(beta) cos(beta)];

%random agent initial positions

r_0=2*RE*rand(N,1);

for i=1:N

if r_0(i)>RE

r_0(i)=RE;

end

end

theta_0=2*pi*rand(N,1); %random agent initial azimuth angles

alpha_0=pi/2*rand(N,1); %random agent initial angles

phi_0=pi/2-alpha_0(:); %converting from alpha to phi angle

%agent position matrix

for i=1:N;

P_ns(i,:)=[r_0(i) theta_0(i) phi_0(i)]’; %agent position matrix

end

%circulant matrix

A=diag(-k_1*ones(N,1));

diag_1=k_1*ones(1,N-1);

A=A+diag(diag_1,1)+diag(k_1,-(N-1));

B=zeros(N,1);

B(N)=2*k_1*pi;

vec1=zeros(1,N);

vec2=[0];
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9 Appendix: matlab-code for the simulations

AB=[A B; vec1 vec2];

iden1=eye(N,N+1);

vec3=[zeros(1,N) 1];

%converting into cartesian coordinates

x0=P_ns(:,1).*sin(P_ns(:,3)).*cos(P_ns(:,2));

y0=P_ns(:,1).*sin(P_ns(:,3)).*sin(P_ns(:,2));

z0=P_ns(:,1).*cos(P_ns(:,3));

%cartesian position matrix

p0=[x0(:) y0(:) z0(:)]’;

x=x0;

y=y0;

z=z0;

%converting into cartesian coordinates in rotated system

p0p=T*p0;

x_0p=p0p(1,:);

y_0p=p0p(2,:);

z_0p=p0p(3,:);

%converting into spherical coordinates in rotated system

r_0p=sqrt(x_0p(:).^2+y_0p(:).^2+z_0p(:).^2);

phi_0p=acos(z_0p(:)./sqrt(r_0p(:)));

theta_0p=atan(y_0p(:)./x_0p(:));

alpha_0p=pi/2-phi_0p;

%create agent position matrix in rotated system

for i=1:N;

P_nsp(i,:)=[r_0p(i) theta_0p(i) phi_0p(i)]’;

end

%sorts the agents according to azimuth angle in the rotated system

for i=1:N

b=min(P_nsp(:,2));

for k=1:N

if b==P_nsp(k,2);

P_p(i,:)=P_nsp(k,:);

P_nsp(k,:)=[];

break

end

end

end

%sorted initial positions

r_0p=P_p(:,1);

phi_0p=P_p(:,3);

theta_0p=P_p(:,2);
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alpha_0p=pi/2-phi_0p;

%converting updated coordinates in cartesian in rotated system

x_0p=P_p(:,1).*sin(P_p(:,3)).*cos(P_p(:,2));

y_0p=P_p(:,1).*sin(P_p(:,3)).*sin(P_p(:,2));

z_0p=P_p(:,1).*cos(P_p(:,3));

pp=[x_0p(:) y_0p(:) z_0p(:)]’;

%converting back to original system

p=T\pp;

x=p(1,:)’;

y=p(2,:)’;

z=p(3,:)’;

iter=0;

%producing different colours for the plot

C = 0.8*colormap(hsv(N));

ANGLEDIFFERENCE=[];

points=[x; y; z;];

lastpoints=[x’ y’ z’]’;

oldplot=[lastpoints];

t=0:0.01:1.5;

for t=0:0.01:1.5

iter=iter+1;

%getting the last points

lastx=lastpoints(1:N,1);

lasty=lastpoints(N+1:2*N,1);

lastz=lastpoints(2*N+1:3*N,1);

%plotting all the old points

h=size(oldplot);

col=repmat(C, iter, 1);

X=oldplot(1:N,1:h(2));

Y=oldplot(N+1:2*N,1:h(2));

Z=oldplot(2*N+1:3*N,1:h(2));

scatter3(X(:), Y(:), Z(:), 12, col, ’filled’)

view(3)

grid on

hold on

axis([-RE,RE,-RE,RE,-RE,RE])

xlabel(’x’)
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ylabel(’y’)

zlabel(’z’)

%plotting the newest points and the target

hold on

figure(1)

scatter3(p_0(1),p_0(2),p_0(3), 50, ’black’,’filled’)

scatter3(lastx, lasty, lastz, 40, C, ’filled’)

scatter3(x, y, z, 80, C, ’filled’)

pause(0.006)

hold off

%control laws operating in the rotated system

theta_p=iden1*expm(AB*t)*iden1’*theta_0p+iden1*expm(AB*t)*vec3’;

alpha_p=exp(-k_3*t)*alpha_0p+Psi*(1-exp(-k_3*t));

r_p=exp(-k_2*t)*r_0p+R*(1-exp(-k_2*t));

phi_p=pi/2-alpha_p(:);

%saving the angledifferences

angledifference=[];

for i=2:N

angledifference=[angledifference mod(theta_p(i)-theta_p(i-1), 2*pi)];

end

angledifference=[angledifference mod(theta_p(1)-theta_p(N), 2*pi)];

ANGLEDIFFERENCE=[ANGLEDIFFERENCE angledifference’];

%converting updated coordinates in cartesian in rotated system

x_p=r_p(:).*sin(phi_p(:)).*cos(theta_p(:));

y_p=r_p(:).*sin(phi_p(:)).*sin(theta_p(:));

z_p=r_p(:).*cos(phi_p(:));

pp=[x_p(:) y_p(:) z_p(:)]’;

%converting back to original system

p=T\pp;

x=p(1,:)’;

y=p(2,:)’;

z=p(3,:)’;

%saving the last points

lastpoints=points;

%updating the points

points=[x; y; z;];

%saving all the old points
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oldplot=[oldplot lastpoints];

end

%plotting the angledifferences

line=2*pi/N*ones(1,iter);

figure(2)

hold on

plot(ANGLEDIFFERENCE’)

plot(line,’--’)

xlabel(’time’)

ylabel(’angle difference’)
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