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Abstract

We consider multicomponent superconductors with Josephson couplings
using a minimal Ginzburg-Landau model. Within this model, there exists a
physically relevant equivalence relation on the set of sign combinations of the
Josephson couplings. This fact is shown to be closely related to the graph-
theoretical concept of Seidel switching. Numerically, we calculate ground
states, normal modes and characteristic length scales for the case of four
components. We also point out some errors in a paper that performs similar
calculations for the case of three components.

Furthermore, we consider Josephson junctions using a phase-only model.
We consider junctions with a total of three or four superconducting compo-
nents, and with first and/or second harmonics in the Josephson couplings.
Erroneous claims about the Josephson penetration depth λJ and the lower
critical field Hc1 made in a paper on this subject are pointed out and par-
tially corrected. Finally, we identify some possible new effects involving λJ

and Hc1, which could potentially lead to interesting future research.
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Chapter 1

Introduction

Superconductivity was discovered by Heike Kamerlingh Onnes in 1911 [22]. He
found that the electrical resistance of mercury suddenly vanishes when it is cooled
below the critical temperature Tc = 4.15 K. Indeed, the most striking feature of
a superconductor is zero dc electrical resistance. The characteristic decay time
of supercurrent in a superconducting ring has been found experimentally to be
not much smaller than 105 years [27]. However, superconductivity is not merely
perfect conductivity. In addition to zero resistance, superconductors display perfect
diamagnetism. In other words, an applied magnetic field is completely expelled from
a superconductor, assuming that the applied field is weaker than some critical field
Hc. This is known as the Meissner effect, and was discovered by Walther Meissner
and Robert Ochsenfeld in 1933 [19].

Superconductors can be divided into two main types: type 1 and type 2. The
defining difference is the response to an applied magnetic field. A type 1 super-
conductor completely expels fields weaker than the critical field Hc, whereas fields
stronger than Hc destroy superconductivity. Actually, it is only for bulk supercon-
ductors that magnetic field is expelled, since a surface layer is in fact penetrated by
a tail of magnetic field. This tail decreases exponentially with characteristic length
scale given by the penetration depth λ. A type 2 superconductor completely expels
fields weaker than a lower critical field Hc1. For fields in the range Hc1 < H < Hc2,
a lattice of supercurrent vortices is formed. These vortices each carry the magnetic
flux Φ0 = hc/2e, which is known as the magnetic flux quantum. The field Hc2 is
an upper critical field, above which superconductivity is destroyed.

In this thesis, we shall consider systems with several superconducting compo-
nents. Some important examples of such systems are the following:

• Materials with several superconducting energy bands. Examples are magne-
sium diboride (MgB2) [20, 28] and iron-pnictides [13, 18].

• Systems where multicomponent superconductivity is induced by proximity
effects. The main example is that of Josephson junctions.
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2 CHAPTER 1. INTRODUCTION

• Mixtures of independently conserved superconducting condensates. Examples
are the projected superconducting state of metallic hydrogen [1], and nuclear
superconductivity in the interior of neutron stars [11].

Superconductivity is a macroscopic quantum-mechanical phenomenon, and super-
conducting condensates are thus described by wave functions. In the first and
second example listed above there will in general exist so-called Josephson cou-
plings between the phases of the superconducting condensates. These couplings
form the basis for the investigations in this thesis, and will be described in the next
chapter.

The aforementioned classification of superconductors as type 1 or type 2 is
quite general for systems with a single superconducting component. The density
of a superconducting condensate can vary over some characteristic length scale ξ
without inducing an unduly high energy cost associated with the gradient of the
wave function. The length scale ξ is known as the coherence length.1 Whether a
superconductor is type 1 or type 2 is determined by the ratio κ ≡ λ/ξ between the
coherence length and the penetration depth: a superconductor is type 1 if κ < 1,
and type 2 if κ > 1. With two components, one has two coherence lengths ξ1 and
ξ2. Thus the ratio κ is no longer well defined, and the type 1/type 2 dichotomy is
not obviously all-encompassing. In fact, the case ξ1 < λ < ξ2 may correspond to a
third class of superconductor known as type 1.5 [2]. Such a superconductor may,
in addition to the possible states of a type 2 superconductor, be in a state where
clusters of supercurrent vortices are surrounded by domains of Meissner state (in
which magnetic field is completely expelled).

Type 1.5 superconductivity is a phenomenon that can occur in superconductors
with at least two components. Phase frustration, which is the topic of this thesis,
requires at least three components. Impetus to study models of superconductors
with more than two components is provided by the discovery of iron-pnictide su-
perconductors, which are believed to have more than two relevant superconducting
bands [9]. Systems with more than two components can also arise due to proxim-
ity, e.g. between a single-band and a two-band superconductor. In a system with
two components there are two phases, and thus a single phase difference. In the
presence of Josephson couplings, there will exist an energetically preferable value
of this phase difference. With more than two components there are several phase
differences, and it is not necessarily the case that these can each simultaneously
attain the most preferable value. If this is not possible, the system in question
displays phase frustration.

We shall describe some known effects of phase frustration in the next chapter,
and then proceed with our own investigations. Before doing this we will review some
basic concepts. Specifically, we shall briefly introduce Ginzburg-Landau theory, and
thus, as a limiting case, London theory. London theory and Ginzburg-Landau the-
ory are phenomenological theories for superconductivity that were first described,

1According to widespread convention one should gratuitously insert a factor of
√

2 in the
definition of ξ, but we do not do this.
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respectively, by Fritz and Heinz London in 1935 [16], and by Vitaly Ginzburg and
Lev Landau in 1950 [6]. Furthermore, we shall cover the basic features of Josephson
junctions, which are devices that display the Josephson effect. The Josephson effect
involves supercurrent and phase differences, and was predicted by Brian Josephson
in 1962 [12].

Moving on to our actual investigations, we shall begin by considering multicom-
ponent superconductors with intercomponent Josephson couplings using a minimal
Ginzburg-Landau model. We will find that within this model there exists a physi-
cally relevant equivalence relation on the set of sign combinations of the Josephson
couplings. This fact is closely related to the graph-theoretical concept of Seidel
switching in a way that we shall elucidate. Numerically, we shall calculate ground
states, normal modes and characteristic length scales for four-component systems.
We will also point out some errors in a paper that performs similar calculations for
the case of three components.

Furthermore, we will consider Josephson junctions using a phase-only model,
i.e. a model that does not take into account variations of the densities of the su-
perconducting condensates. We will consider junctions with a total of three or four
components, and with what are known as first and second harmonics in the Joseph-
son couplings. Erroneous claims about the so-called Josephson penetration depth
λJ and the lower critical field Hc1 are made in a paper on this subject. We will
point out these erroneous claims, and to some extent provide correct alternatives.
Finally, we shall identify some possible new effects which involve λJ and Hc1, and
which could potentially lead to interesting future research.





Chapter 2

Background material

In this chapter we introduce some concepts that will be needed in chapters to
come. The material covered in this chapter can be found in introductory texts on
superconductivity such as Refs. [24, 27], unless the opposite is implied by references.

2.1 Ginzburg-Landau theory

In this section we introduce Ginzburg-Landau theory, which is based on the assump-
tion that a superconducting condensate can be described by a pseudo-wavefunction
ψ(r) = |ψ(r)|eiφ(r). Thus this theory is macroscopic in nature, although it can be
microscopically justified under certain assumptions. We do not consider this mi-
croscopic justification. In fact, we do not consider microscopic theory at all in this
thesis.

The foundation of Ginzburg-Landau theory is the free-energy-density functional

f = fn + α|ψ|2 +
β

2
|ψ|4 +

1

2m∗

∣∣∣∣(~i∇+
e∗

c
A

)
ψ

∣∣∣∣2 +
H2

8π
. (2.1)

Here fn is the free-energy density in the normal (non-superconducting) state in the
absence of applied magnetic field. Thus the other terms in (2.1) describe the ef-
fects on the free energy of the presence of superconducting condensate and applied
magnetic field. The coefficients α and β are parameters of the theory. In principle,
the quantities m∗ and e∗ can also be viewed as parameters. However, since super-
conductivity is facilitated by the formation of so-called Cooper pairs of electrons,
it is in fact the case that m∗ = 2m and e∗ = −2e, where m is the electron mass
and e is the fundamental charge.

The local density of the superconducting electron condensate is |ψ(r)|2. Thus
(2.1) can be viewed as containing an expansion of the free energy in terms of this
density, in which the two lowest-order terms are retained. This expansion is valid
under the assumption that |ψ(r)|2 is small. A further requirement for the validity of
(2.1) is that ψ(r) varies slowly in space. The penultimate term in (2.1) describes the

5



6 CHAPTER 2. BACKGROUND MATERIAL

kinetic energy density associated with supercurrents, as well as the energy density
associated with gradients of the condensate density. Naturally, the final term in
(2.1) is the energy density of the magnetic field.

Ginzburg-Landau theory is an extension of Landau’s general theory of continu-
ous1 phase transitions. Thus ψ plays the role of an order parameter, which is zero in
the normal phase and nonzero in the superconducting phase. Consider the param-
eters α and β. According to general Landau theory, α can be written as a function
of temperature in the vicinity of the critical temperature Tc as α(T ) = α0(T − Tc).
Here α0 is a positive constant, so that α > 0 above the critical temperature and
α < 0 below the critical temperature. Thus, in the absence of applied fields, the
values of ψ which minimise the free energy are

ψ =

{
0 T ≥ Tc√
−α/β T < Tc.

We note that ψ may be taken to be real in the case we now consider. Clearly
we must have β > 0, since otherwise the free energy given by (2.1) would not be
bounded from below, which is unphysical.

We now present the Ginzburg-Landau equations, which allow determination
of ψ in a more general setting than above. These equations can be derived by
requiring that the free energy obtained by integrating (2.1) over space is stationary
with respect to variations in the fields ψ and A. Requiring stationarity with respect
to variations in ψ gives

αψ + β|ψ|2ψ +
1

2m∗

(
~i∇+

e∗

c
A

)2

ψ = 0, (2.2)

which is the first Ginzburg-Landau equation. The second Ginzburg-Landau equa-
tion is obtained by requiring stationarity with respect to variations in A, and reads

J =
e∗

m∗
|ψ|2

(
~∇φ− e∗

c
A

)
, (2.3)

where we have introduced the supercurrent J via Ampère’s law.
We now show how the coherence length ξ mentioned in Chapter 1 can be derived

from the first Ginzburg-Landau equation (2.2). The coherence length is a charac-
teristic length scale for variations of the condensate density. In our investigations,
we will calculate characteristic length scales for variations of the order parameters
in multicomponent systems.

We consider the case of no applied fields, whence A = 0 and we can take ψ to be
real. Also, we assume that ψ only varies in one spatial direction, so that ψ = ψ(x).

1We eschew the terms first-order phase transition and second-order phase transition. Apart
from being based on Ehrenfest’s inacurate classification of phase transitions, these terms are clearly
inferior to the simpler and more descriptive continuous and discontinuous.
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Writing (2.2) for the case we consider, and using the normalised order parameter
f = ψ(−α/β)−1/2, we obtain

2ξ2f ′′ + f − f3 = 0, (2.4)

where we have introduced ξ2 ≡ ~2/m∗|α|. We now restrict ourselves to the case of
small variations around the ground state value f = 1. Thus we write f = 1 + g,
where |g| � 1, and write (2.4) to first order in g. This gives

g′′ = ξ−2g, whence g(x) ∝ e−|x|/ξ. (2.5)

It is now clear that ξ is indeed a characteristic length scale for variations in the
condensate density.

Finally, London theory can be obtained from Ginzburg-Landau theory by taking
the limit in which the density |ψ(r)|2 is constant. This is known as the London
limit. Naturally, London theory is unable to describe phenomena that involve
significant variations in the density of the superconducting condensate. However,
many properties of superconductors, such as perfect conductivity and screening of
magnetic field (Meissner effect), can be described by London theory. As previously
mentioned, some of our investigations will take density variations into account and
some will not.

2.2 Josephson junctions

A Josephson junction consists of two superconductors that are connected by a weak
link. Such a weak link can be constructed in a variety of ways, including i) using
a thin layer of normal metal, ii) using a thin layer of insulating material, and
iii) by creating a “neck” in a superconductor in which the cross-sectional area is
significantly reduced. The essential feature of such weak links is that the density of
the superconducting condensate is strongly, but not fully, suppressed in the link. As
a consequence of this density suppression, it is energetically favourable to localise
any gradients of the superconducting phase to the weak link. Thus a Josephson
junction can be described in terms of the phase difference ϕ across the link.

In general a supercurrent Is given by

Is = Ic sinϕ (2.6)

will flow across the junction. Here the critical current Ic > 0 is the largest super-
current that can flow across the junction. The form of (2.6) is the typical case;
another possibility will be mentioned in our investigations. Furthermore, if there is
a voltage drop V across the junction then ϕ will evolve linearly at a rate given by

dϕ

dt
=

2eV

~
. (2.7)

Consequently, in the presence of the voltage V , the supercurrent will be alternating
with amplitude Ic and angular frequency 2eV/~. The phenomena described by
(2.6) and (2.7) are known as the dc and ac Josephson effects, respectively.
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An astute reader may have observed the following problem: Since the phase
difference ϕ is taken between spatially separated points, it is not gauge invariant,
and thus it cannot quite generally play the role we have ascribed to it. To remedy
this problem, one should in general use the gauge-invariant phase difference

φ ≡ ϕ− 2π

Φ0

∫
A · ds, (2.8)

where the integration is taken across the weak link. Simply replacing ϕ by φ in (2.6)
and (2.7) we obtain equations that are generally valid. In situations that do not
involve magnetic field, one is free to choose the gauge so that A = 0, and thus one
need not consider the gauge-invariant phase difference. However, we now proceed
to consider junctions with applied magnetic field.

Consider a Josephson junction that consists of two superconducting slabs sepa-
rated by a thin layer of insulating material. Magnetic field is applied in a direction
parallel to the plane of the junction and perpendicular to one of the sides of the
junction. We let this be the y-direction, so that the applied field is H = (0, Hy, 0).
Let the x-direction also be parallel to the plane of the junction, but perpendicular
to the other side of the junction. In the situation considered here, φ is a function of
x. This can be demonstrated by integrating the second Ginzburg-Landau equation
(2.3) along a closed loop that is intersected by the insulating barrier, which yields
the following phase–magnetic-field relation:

dφ

dx
=

2πd

Φ0
Hy. (2.9)

Here d = b + 2λ is the thickness of the region that is appreciably penetrated by
magnetic field; b is the thickness of the insulating layer and λ is the penetration
depth of the superconductors. (The assumption that the superconductors have the
same λ is not of crucial importance.)

Implicit in the aforementioned expression for d is the assumption that the super-
conducting slabs are significantly thicker than λ. We also assume that the junction
is long enough in the x-direction so that weak magnetic fields are screened from
the interior of the junction; such junctions are known as long junctions. We now
determine the characteristic length scale for this screening, which is longer than the
penetration depth λ due to weakened superconductivity in the junction.

Since we are now considering variations within the junction itself, we must
replace the dc Josephson relation (2.6) by a corresponding relation involving the
supercurrent density is. Using Ampère’s law we find

is =
c

4π

dH

dx
. (2.10)

In our set-up the supercurrent is directed along the z-direction (perpendicular to
the plane of the junction). Combining (2.10) with the phase–magnetic-field relation
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−4 −2 0 2 4
0

Phase difference

−4 −2 0 2 4
0

Magnetic field

−4 −2 0 2 4

0

Supercurrent
2π

Figure 2.1: Gauge-invariant phase difference φ, magnetic field Hy and supercurrent
density is as functions of x/λJ for the case of a single Josephson vortex. Note that
Hy ∝ φ′ and is ∝ φ′′, where prime denotes differentiation with respect to x.

(2.9) and the current-phase relation (2.6), we obtain

d2φ

dx2
=

1

λ2J
sinφ, where λJ =

√
cΦ0

8π2dic
. (2.11)

This is the Ferrell-Prange equation, which is a static version of the Sine-Gordon
equation. We do not consider dynamics in this thesis, and thus restrict ourselves to
the static Ferrell-Prange equation. The quantity λJ is the Josephson penetration
depth, which is the desired length scale for penetration of magnetic field into the
junction. That this is so can be realised thus: We consider the case of weak applied
field, and hence of small currents and small phase differences. In this limit, (2.11)
reduces to an equation of the same form as (2.5), and thus φ decays exponentially
with characteristic length scale λJ. Hence, by the phase–magnetic-field relation
(2.9), magnetic field is screened with the same characteristic length scale.

Having considered the case of weak applied magnetic field, let us now consider
stronger fields which penetrate into the interior of the junction. In this regard,
Josephson junctions are quite similar to type 2 superconductors. More precisely,
there exists a lower critical field Hc1 at which magnetic field starts to penetrate into
the interior of the junction. This penetration is facilitated by the proliferation of
so-called Josephson vortices, which, as with type 2 superconductors, carry a single
flux quantum. However, there is no upper critical field Hc2 for a Josephson junc-
tion. The reason for this difference between type 2 superconductors and Josephson
junctions is that vortices in the former have normal cores, whereas vortices in the
latter do not. In type 2 superconductors superconductivity is destroyed when the
cores begin to overlap, but this does not occur in Josephson junctions.

The phase profile of a single Josephson vortex is displayed in Fig. 2.1, together
with the corresponding profiles of magnetic field and supercurrent density. Analyt-
ically, the phase profile is given by

φ(x) = 4 arctan exp(x/λJ), (2.12)

which is a solution of the Ferrell-Prange equation (2.11). The boundary conditions
corresponding to this solution are φ → 0 as x → −∞ and φ → 2π as x → +∞,
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which amounts to assuming that the junction is much longer than λJ. A (stationary)
Josephson vortex given by (2.12) is sometimes called a soliton. However, the term
soliton is typically reserved for stable propagating solutions of nonlinear differential
equations. The aforementioned Sine-Gordon equation, which describes Josephson
vortices in the time-dependent case, does have true (dynamical) soliton solutions,
and thus the use of the word soliton in this context is not wholly improper. For an
introduction to the Sine-Gordon equation and other soliton equations, see Ref. [3].

We now conclude this section by determining the lower critical field Hc1. To
this end, we seek an expression for the free energy of the junction. We begin by
noting that the free energy of the supercurrent per unit area of the junction is

fi =

∫ t

0

isV dt =
~
2e
ic(1− cosφ),

where in the second step we have used the fundamental relations (2.6) and (2.7),
and where t is the time it takes for the supercurrent to reach its steady-state value.
Note that the free-energy density contains a term proportional to cosφ; all of our
investigations hinge on this fact. Furthermore, the free energy of the magnetic field
is, per unit area,

fH =
H2
y

8π
d =

Φ2
0

32π3d

(
dφ

dx

)2

,

where in the second step we have used the phase–magnetic field relation (2.9).
We now obtain the total free-energy (area) density of the vortex as f = fi+fH .

Integrating over the portion of the junction occupied by the vortex, we obtain the
total (Helmholtz) free energy F of this vortex. However, in the presence of an
applied magnetic field we should minimise the Gibbs free energy G = F −Φ0H/4π,
where H is the applied field. We note that if H is strong enough then G becomes
negative, which means that it is energetically favourable to introduce a vortex into
the junction. The critical value Hc1 is thus the value of H for which G = 0.
Carrying out the necessary calculations we find

Hc1 =
2Φ0

π2dλJ
. (2.13)

Finally, we note that Hc1 is inversely proportional to λJ.

2.3 Phase frustration

Superconductors with several superconducting components can be modelled by the
Ginzburg-Landau free-energy-density functional [4]

f = 1
2 (∇×A)2 +

∑
i

1
2 |Dψi|

2 + αi|ψi|2 + 1
2βi|ψi|

4

−
∑
j>i

ηij |ψi||ψj | cos(φi − φj). (2.14)
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This is a generalisation of the Ginzburg-Landau functional (2.1). The single order-
parameter field ψ has been replaced by a set of fields ψi = |ψi|eiφi . Also, we have
introduced convenient theoretical units as follows: energy density is in units of
~2c2/4π, order parameters are in units of

√
mc2/4π, vector potential is in units of

−~c, αi are in units of ~2/m, βi are in units of 4π~2/m2c2, and ηij are in units of
~/m2. Finally, we have introduced the notation D = ∇ + ieA, which defines the
parameter e.

The phases φi are coupled by the final sum in (2.14), which consists of Josephson-
coupling terms of the type introduced in the previous section. Although we there
assumed that the coefficient of the Josephson-coupling term was negative, we here
consider both positive and negative coefficients. The justification for this involves
microscopic theory that we do not consider. If a given ηij is positive, then the cor-
responding term will be minimised if the phase difference φi−φj = 0; if a given ηij
is negative, then the corresponding term will be minimised if the phase difference
φi − φj = π. For superconductors with more than two components, it may be the
case that the Josephson-coupling terms cannot simultaneously be minimised. Then
there will be competing tendencies for the phases to either lock (φi − φj = 0) or
antilock (φi − φj = π). This is known as phase frustration.

Phase frustration can give rise to interesting effects, including the breaking of
time-reversal symmetry. We now consider how this occurs for the case of three
components [4, 5, 10, 15, 21, 25, 26, 29]. As previously mentioned, this is the
smallest number of components for which phase frustration can occur. We begin
by noting that there are four principal cases in terms of the signs of the ηij : all
positive, precisely one negative, precisely one positive, and all negative. Of these
cases the second and fourth display frustration. In fact, it is sufficient to study
one of these cases, as we will see in our investigations. We arbitrarily choose the
case where all coupling coefficients are negative, i.e. the case where all couplings
are repulsive (so that each pair of phases wants to antilock).

As an illustrative special case we choose the following parameter values: all αi =
1 and βi = 1, and η13 = η23 = −3. We consider various values of η12. Note that we
have chosen positive values of the αi, which one might naively expect to give |ψi| = 0
in the ground state. However, assuming that the phase configuration is not too
unfavourable, the Josephson couplings favour large values of |ψi|. Consequently, the
ground-state densities may be nonzero despite the fact that αi > 0 (and, obviously,
βi > 0). Components for which αi > 0 are called passive, and components for
which αi < 0 are called active.

We now consider the effects of varying η12 (Fig. 2.2). Without loss of generality
we assume that φ3 = 0; this fixes the gauge, and thus explicitly breaks the U(1)
gauge symmetry. If η12 has small enough magnitude, so that the repulsive coupling
between φ1 and φ2 is sufficiently weak, then the ground-state phase configuration
is φ1 = φ2 = π. An example of this is point (a) in Fig. 2.2. As |η12| is increased,
the ground state undergoes a continuous transition from being such that φ1 = φ2
to being such that φ1 6= φ2; examples of the latter are given by points (b) and (c)
in Fig. 2.2. Since the free energy is invariant under the transformation φi 7→ −φi
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ϕ̄1

ϕ̄2

ϕ̄3

Ground state phases

Figure 2.2: Ground-state phase configurations for various magnitudes of η12. Re-
produced from Ref. [4] with permission from the authors. Their notation is related
to ours as follows: ηij = −ηij and ϕ̄i = φi. The parameters are (in our notation)
αi = 1, βi = 1, and η13 = η23 = −3. Note that (b) and (c) display TRSB.

(i.e. under complex conjugation of the ψi), the ground states we now consider have
Z2 degeneracy. This is in addition to the U(1) gauge symmetry, and thus the
symmetry is U(1)× Z2.

We now consider an interesting feature of the ground states with Z2 degeneracy,
namely time-reversal symmetry breaking (TRSB). Corresponding to the Josephson
terms ∼ cos(φi − φj) are Josephson currents (or current densities) ∼ sin(φi − φj).
Thus there are no intercomponent currents in cases where φi−φj = 0 or φi−φj =
π. However, in cases (b) and (c) there are such intercomponent currents. The
directions of these currents depend on which of the two degenerate ground states the
system is in. In one of these states current flows from component 1 to component 2,
from component 2 to 3, and from 3 to 1. In the other degenerate state the direction
of current is reversed. It is now clear how TRSB occurs: applying time reversal
leads to reversal of the current directions, but this cannot occur for an unchanged
phase configuration.
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At point (d) in Fig. 2.2, φ1 and φ2 are antilocked as a result of strong repul-
sive coupling. Since, with this phase configuration, the Josephson coupling terms
involving φ3 do not favour nonzero |ψ3|, we here have |ψ3| = 0 in the ground state.
Hence the system is effectively no longer a three-component system, and the sym-
metry is reduced from Z2 × U(1) to U(1). In the case of active components, i.e.
αi < 0, all the qualitative features we consider are unchanged, except that the
ground-state densities are quite generally nonzero for active components.

Having considered the ground-state values of the densities and phases, we now
consider the normal modes in these quantities, as well as over what characteristic
length scales small excitations of these modes decay. The most noteworthy fact
in this context is the following: At the TRSB transition point there is a massless
mode, i.e. a mode for which the corresponding length scale is infinite (so that
excitations decay not exponentially, but according to a power law). This mode is
pure phase mode which consists of out-of-phase oscillations of φ2 and φ3; in our
symmetric case this mode is such that φ1 = −φ2. The reason for the above is
intuitively clear: as the TRSB transition point is approached from the non-TRSB
side, the energy cost of out-of-phase oscillations of φ1 and φ2 decreases continuously
to zero. In our investigations we observe that continuous transitions which increase
the ground-state degeneracy are always accompanied by massless modes.

We conclude this chapter by saying that the normal modes for cases without
TRSB are always either pure phase modes or pure density modes, whereas the
modes for cases with TRSB are frequently mixed, i.e. involve both densities and
phases. In Ref. [4] the normal modes and corresponding length scales are calculated
numerically for certain parameter values. However, although the results presented
therein are qualitatively correct, the normal modes are in fact quantitatively wrong.
Furthermore, these numerical errors are not explained by other errors which occur
in Ref. [4] and which we point out in our investigations.





Chapter 3

Ground states and normal modes

In this chapter we consider multicomponent superconductors which are modelled
by the Ginzburg-Landau free-energy-density functional introduced in the previous
chapter, i.e.

f = 1
2 (∇×A)2 +

∑
i

1
2 |Dψi|

2 + αi|ψi|2 + 1
2βi|ψi|

4

−
∑
j>i

ηij |ψi||ψj | cos(φi − φj). (3.1)

Again, D = ∇+ ieA, and the ψi = |ψi|eiφi are order-parameter fields representing
the superconducting components. Our main focus in this chapter is on the potential
terms in (3.1). Initially, we concentrate exclusively on the Josephson coupling
terms.

We initially focus on the four-component case, although we will make obser-
vations pertaining to the n-component case. We define the signature1 of the
Josephson couplings to be the tuple

(sgn η12, sgn η13, sgn η14, sgn η23, sgn η24, sgn η34),

where sgn denotes the sign function, i.e.

sgnx =


0 x = 0

+ x > 0

− x < 0.

We now proceed to discuss similarities between different signatures.

1A term which appears in boldface is being defined.

15
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Table 3.1: Representatives of the eleven classes of strongly equivalent signatures.
For unfrustrated signatures the ground-state phase configuration is given. For singly
frustrated signatures the discriminatory coupling coefficient is given.

# η12 η13 η14 η23 η24 η34 Weak-equivalence class
1 + + + + + + φ1 = φ2 = φ3 = φ4
2 + + + + + − Singly frustrated (η34)
3 + + + + − − Singly frustrated (η14)
4 − + + + + − Multiply frustrated
5 + + + − − − Multiply frustrated
6 + + − + − − φ1 = φ2 = φ3 = φ4 + π
7 + − + + − − Singly frustrated (η12)
8 + + − − − − Singly frustrated (η23)
9 + − − − − + φ1 = φ2 = φ3 + π = φ4 + π

10 + − − − − − Singly frustrated (η34)
11 − − − − − − Multiply frustrated

3.1 Equivalent signatures

Under the assumption that all the Josephson-coupling coefficients ηij are nonzero,
there are 26 = 64 distinct signatures. If two signatures can be mapped to each
other via relabelling of the components, then they are obviously equivalent. In this
case we say that the signatures are strongly equivalent. It is easily seen that
there are eleven classes of strongly equivalent signatures; representatives of these
classes are given in Table 3.1. However, it is not necessary to study each of these
equivalence classes. Instead, the signatures can be divided into three equivalence
classes in such a way that it is sufficient to study a single representative of each
class. We now establish this.

We define the following operators, which act on the phases and coupling coeffi-
cients, respectively:

Pi : φi 7→ φi + π, and Qi : η(ij) 7→ −η(ij) (∀j 6= i).

Here by (ij) we mean the tuple obtained by sorting i and j in ascending order [e.g.
(12) = (21) = 12]. In words, Pi inverts the ith phase, and Qi changes the sign
of all Josephson-coupling coefficients that involve the ith component. Consider
the effect on the free-energy density (3.1) of simultaneously performing Pi and Qi.
Since cos(x ± π) = − cosx, the effect of Pi is to change the sign of all Josephson-
coupling terms that involve the ith component. However, Qi clearly has the effect of
reversing this sign change. Thus the free energy is unchanged by the simultaneous
application of Pi and Qi.

Motivated by this observation, we now define another equivalence relation on
the set of signatures. Two signatures are considered weakly equivalent if one of
the signatures can be obtained from the other by relabelling of the components and
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application of Qi for all i in some subset of {1, 2, 3, 4}. Clearly, signatures which
are strongly equivalent are also weakly equivalent. If two signatures are weakly
equivalent, it is sufficient to study one of them. The reason for this is that the
phase behaviour of the second signature can be obtained from the phase behaviour
of the first signature via application of the appropriate Pi’s, and all characteristics
apart from the phase behaviour are identical for the two signatures.

Graph-theoretical approach

Our discussion so far has in no significant way been specific to the four-component
case. Before moving on to the specifics of this case, we say some more about the
general n-component case. In doing this, it is convenient to take a graph-theoretical
approach. We let the n components be represented by the (unlabelled) vertices in a
graph of order n. The Josephson couplings are represented by edges in this graph.
If a particular coupling coefficient is negative, we let the corresponding edge be
blue; if a coupling coefficient is positive, we let the corresponding edge be red;2 if
a coupling coefficient is zero, there is no corresponding edge. That the vertices are
unlabelled means precisely that if two signatures are strongly equivalent, then they
are represented by the same graph.

We now consider some enumerative questions. In the n-component case, there
are clearly

(
n
2

)
= 1

2n(n−1) (possible) Josephson couplings. Thus, under the assump-

tion that all the coupling coefficients are nonzero, there are 2n(n−1)/2 signatures (re-
moving this assumption, we get 3n(n−1)/2 signatures). The questions of how many
strong-equivalence and weak-equivalence classes there are, are much more difficult
to answer. However, using our graph-theoretical approach we will find that these
questions are equivalent to questions that have already been investigated. We will
continue to assume that all of the coupling coefficients are nonzero.

Each strong-equivalence class corresponds to a (unique) complete graph on n
(unlabelled) vertices with edges coloured red and blue. By removing the edges of one
particular colour, we obtain a bijection from the set of graphs of the aforementioned
type to the set of graphs on n vertices (without coloured edges, c.f. the previous
footnote). Thus the number Ns(n) of strong-equivalence classes for n components
is equal to the number of graphs on n (unlabelled) vertices. There is no known
formula for this number. The values of Ns(n) for 2 ≤ n ≤ 6 are given in Table 3.2
[8, p. 240].

Each weak-equivalence class corresponds to an equivalence class of complete
graphs on n (unlabelled) vertices with edges coloured red and blue. The operation
on such a graph corresponding toQi is switching of the colours of all edges connected
to a particular vertex. This is known as Seidel switching, and the equivalence
classes of graphs that can be transformed into each other via Seidel switching are
known as switching classes. Thus the number Nw(n) of weak-equivalence classes

2As long as we operate under the assumption that the coupling coefficients are all nonzero,
we can avoid colouring the edges by letting presence of an edge indicate one sign, and absence of
an edge indicate the other sign.
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Table 3.2: Number NJ of Josephson couplings, Nsgn of signatures, Ns of strong-
equivalence classes, and Nw of weak-equivalence classes for various numbers n of
components. We assume that the coupling coefficients are nonzero.

n NJ Nsgn Ns Nw

2 1 2 2 1
3 3 8 4 2
4 6 64 11 3
5 10 1024 34 7
6 15 32768 156 16

Figure 3.1: Switching classes of complete graphs on four vertices with edges coloured
red and blue. The uppermost switching class corresponds to the unfrustrated sig-
natures, the central class to the singly frustrated signatures, and the lowermost
class to the multiply frustrated signatures. Adapted from Ref. [17].

for n components is equal to the number of switching classes of complete graphs
on n vertices with edges coloured red and blue. There is a known formula for this
number [17], but it is very complicated. The values of Nw(n) for 2 ≤ n ≤ 6 are
given in Table 3.2.

Four components

We now apply the above to the case of four components. As mentioned above, there
are three weak-equivalence classes of four-component signatures. We refer to the
signatures in these classes as unfrustrated, singly frustrated and multiply frustrated,
respectively. The reasons for choosing these names will become clear. Table 3.1
shows to which weak-equivalence class the signatures in each strong-equivalence
class belong. Figure 3.1 illustrates the three switching classes of graphs on four
vertices which correspond to the three weak-equivalence classes of four-component
signatures.

The unfrustrated signatures are those for which there is no phase frustration,
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i.e. those for which there is a phase configuration that minimises each Josephson-
coupling term individually. The phase behaviour for unfrustrated signatures is less
interesting than that for frustrated signatures, and we do not consider unfrustrated
signatures. In the next section we perform some calculations for the n-component
case, which we then apply to the two four-component weak-equivalence classes of
frustrated signatures.

3.2 Mass matrix

In this section we follow Ref. [4]. We shall straightforwardly generalise some results
presented therein from the case of three components to the case of an arbitrary
number of components. We will also point out some errors which are present in this
reference. Although we will ultimately only consider the case of four components,
we will find that it is frequently both simpler and more instructive to write equations
for n components.

Our goal in this section is twofold. Firstly, we wish to determine the ground-
state values of the order parameters ψi, i.e. the ground-state values of the densities
and phases. Secondly, we wish to determine the normal modes of fluctuations
around these ground states, as well as over what characteristic length scales such
fluctuations decay. Both of these goals will be attained by expanding the relevant
fields around their ground-state values, as follows:

ψi = [ui + εi(r)] exp{i[φ̄i + ϕi(r)]}, A =
a(r)

r
(− sin θ, cos θ, 0) =

a(r)

r
θ̂. (3.2)

Here ui and φ̄i are ground-state amplitudes and phases, respectively. In writing
the above we have assumed that the system is effectively two-dimensional, and that
the fields are axially symmetric, i.e. depend only on the radial coordinate r. We
note that the above expression for the vector potential A is reasonable, unlike the
corresponding expression in Ref. [4], which lacks the minus sign. Also, in Ref. [4]
the assumption that the fields are axially symmetric is justified by saying that one is
interested in studying vortices. However, this is a peculiar justification, since for a
vortex φ is necessarily not axially symmetric, but rather winds by 2π. Nevertheless,
we now proceed to determine the ground states of the system in question.

Ground states

Inserting the field expansions (3.2) into the free-energy density (3.1) and retaining
only those terms which are first order in the fluctuations, we obtain∑

i

2uiεi(αi + βiu
2
i )−

∑
j>i

ηij(uiεj + ujεi) cos φ̄ij + ηijuiuj(ϕj − ϕi) sin φ̄ij , (3.3)

where φ̄ij = φ̄i − φ̄j . A necessary condition for the values of ui and φ̄i to be
ground-state values is that the free-energy density (3.1) is stationary with respect
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to fluctuations around these values. This means precisely that the prefactor of each
εi and ϕi in (3.3) should be zero. Requiring this, we obtain

0 = αiui + βiu
3
i − 1

2

∑
j 6=i

η(ij)uj cos φ̄(ij), (3.4)

and 0 =
∑
j 6=i

(−1)(i<j)η(ij)uiuj sin φ̄(ij), (3.5)

for i ∈ {1, 2, 3, 4}. When we write a statement in brackets, as in (i < j), we
understand this to be an expression that equals one if the statement is true, and
zero if the statement is false.

One way of determining the ground-state values ui and φ̄i is to solve the equa-
tions (3.4) and (3.5) using the Newton-Raphson method; this is Newton’s method
of optimisation. An advantage of this method is its computational efficiency. How-
ever, it has the disadvantage that a good initial guess is required in order for a
true minimum to be located: since Newton’s method of optimization is really just
a method of finding stationary points, the points found may be maxima or saddle
points.

Another alternative to using Newton’s method is to use some gradient-based
method of minimization. Since the advantage in computational efficiency is not
crucial in our case, we choose a gradient-based method that is part of the Matlab
library (fminunc). Naturally, the choice of minimization method is immaterial as
long as one ensures that the states obtained are true minima. Whether this is the
case will be easy to determine thanks to calculations that we perform in the next
section.

Finally, we note that it is convenient to set one of the phases to zero; this is
allowed since an overall phase rotation is a pure gauge transformation. We do this
in our numerical minimisation, and thus the minimisation we perform is actually
performed on a space with seven degrees of freedom (not eight degrees of freedom).
However, in the below we continue to work with eight degrees of freedom for reasons
that will become clear.

Normal modes and characteristic length scales

Having considered the terms in the free-energy density (3.1) which are first order
in the fluctuations, we now proceed to consider the second-order terms (which, in
fact, is equivalent to linearising the Ginzburg-Landau equations). In doing this we
switch to a slightly different basis; more precisely, we replace ϕi by πi ≡ uiϕi. The
reason for this is that the so-called mass matrix, which we determine in this section,
becomes symmetric in this new basis. We also introduce the notation

v = (ε1, . . . , εn, π1, . . . , πn)T,

i.e. we collect the fluctuations of the order parameters in the vector v.
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Inserting the field expansions (3.2) into the free-energy density (3.1) and retain-
ing only those terms which are second order in the fluctuations or the gradients
thereof, we obtain

1
2 (∇v)2 + 1

2vTM2v +
1

2r2
(∇a)2 +

e2

2r2

∑
i

u2i a
2. (3.6)

We note that to the present order the fluctuations in the gauge field decouple from
the fluctuations in the order parameters. Also, we point out that the expression
for the energy of the gauge field found in Ref. [4] is incorrect. The matrix M2

is the (squared) mass matrix. Writing the corresponding terms in the free energy
explicitly, we find that

1
2vTM2v =

∑
i

ε2i
(
αi + 3βiu

2
i

)
−
∑
j>i

ηijεiεj cos φ̄ij

+ ηij

[
(uiεj + ujεi)

(
πj
uj

+
πi
ui

)
sin φ̄ij +

uiuj
2

(
πj
uj

+
πi
ui

)2

cos φ̄ij

]
.

From this we can determine M2. For brevity we introduce the notation η̄ij =
1
2ηij cos φ̄ij and η̂ij = 1

2ηij sin φ̄ij . Also, we divide M2 into four submatrices of
equal size, and extract a factor of 2, so that

M2 = 2

(
Mεε Mεπ

Mπε Mππ

)
.

We are now ready to write general expressions for the above submatrices. These
are

Mεε =

(
0 −η̄ij
−η̄ji 0

)
+ diag

(
αi + 3βiu

2
i

)
,

Mππ =

(
0 η̄ij
η̄ji 0

)
+ diag

 1

ui

∑
k 6=i

ukη̄(ik)

 ,

and Mεπ = MT
πε =

(
0 η̂ij
−η̂ji 0

)
+ diag

 1

ui

∑
k 6=i

(−1)(i<k)ukη̂(ik)

 ,

where i and j are row and column indices, respectively. Beware that Ref. [4] contains
an incorrect expression for Mππ (for the case of three components).

Having written the (squared) mass matrix M2, let us consider its physical in-
terpretation. For instructional purposes, it may be helpful to begin by considering
a much simpler situation. Consider the first two terms in the free energy (3.6), i.e.
the terms that depend on the fluctuations of the order parameters. Now, replace v
by a function f of a single variable x, and replaceM2 by a scalar constant m2. We
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require that the resulting functional be stationary with respect to fluctuations in
f(x). In other words, we write the corresponding Euler-Lagrange equation. Solving
this equation, we quickly find exponentially decaying solutions f(x) ∝ e−mx. Thus
m2 is an inverse squared characteristic length scale for the decay of f .

With this example in mind, we proceed to give the physical interpretation ofM2:
The eigenvectors of M2 are the normal modes of the system. The corresponding
eigenvalues are the squared masses of these modes, i.e. the inverse squared char-
acteristic length scales for the decay of small excitations of these modes. Hence,
by diagonalizingM2 we can determine the normal modes and characteristic length
scales of the system. Unfortunately, this cannot be done analytically. However,
since we have included all eight (for the case of four components) degrees of free-
dom, we can immediately identify a normal mode, namely the gauge rotation, as
well as the mass of this mode, which is zero. Thus we could have limited ourselves
to the seven physically relevant degrees of freedom. However, we choose not to do
this, since the aforementioned knowledge about the eigenvectors and eigenvalues of
M2 provides a useful way to check our results. Furthermore, we note that if we re-
place the ground-state values ui and φ̄i by values that correspond to a maximum or
a saddle point, thenM2 will typically have a negative eigenvalue. This observation
can be useful if one uses Newton’s method of minimisation.

In Ref. [4] the factor of 1/2 which precedes M2 in (3.6) is omitted3, yet the
interpretation of the eigenvalues of M2 given in this reference is precisely that
given here. Thus characteristic length scales obtained according to Ref. [4] will
differ from the true length scales by a factor of

√
2, even if the errors in Mππ are

corrected. Furthermore, the length scales computed numerically in Ref. [4] are
incorrect in a way that is neither explained by the errors inM2 nor by the missing
factor of

√
2. Finally, the normal modes presented in Ref. [4] are also incorrect,

although they share all pertinent qualitative features with the true modes.

Massless modes

We now move on to subject matter which is not treated in Ref. [4]. It is a rather
general feature of frustrated systems that they may undergo continuous transitions
from having a unique ground state to having ground states with discrete degeneracy.
Examples of this are the TRSB transitions discussed in Section 2.3, as well as other
such transitions which are studied below. These transitions are quite generally
accompanied by the presence of at least one massless normal mode, i.e. by the
divergence of a characteristic length scale for the decay of such a mode. We now
prove this fact in a very general setting.

Consider a potential U(x, α), which depends on the (generalised) coordinate
vector x ∈ Rn as well as the parameter α ∈ R. Assume that U(x, α) ∈ C2(Rn+1).
Assume further that, as α is varied, the system undergoes a continuous transition

3This was noticed by Martin Speight.
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∂iU = 0 ∂iU = 0
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U ≥ 0 ∂2

i
U ≤ 0

Figure 3.2: The ground-state value of the (generalised) coordinate xi as a (poten-
tially multi-valued) function of the parameter α. By assumed continuity, we have
that ∂2i U = 0 at the critical point. Thus there exists a massless mode at this point.

whereby a unique ground state splits into two degenerate ground states.4 This
situation is illustrated in Fig. 3.2. We choose our coordinate system so that the
Hessian (matrix of second partial derivatives) of U(x) is diagonal at the transition
point. This is possible since the Hessian is symmetric, and thus diagonalisable (by
an orthogonal transformation). Also, we observe that this choice of coordinates
is such that each coordinate corresponds to a normal mode at the critical point
α = αc at which the transition takes place.

Choose a coordinate xi in which there is discrete degeneracy for α > αc, and
consider the curve of ground states in (xi, α)-space which is illustrated schematically
in Fig. 3.2. Obviously, each ground-state point (blue curve) is such that ∂iU = 0
and ∂2i U ≥ 0 (∂i denotes differentiation with respect to xi). Now, fix a value
α > αc, and consider how ∂iU varies as xi is varied: in other words, as one moves
along a vertical line in the right hand side of Fig. 3.2. Immediately above the
lower ground-state curve ∂iU > 0, since ∂iU = 0 and ∂2i U ≥ 0 on the curve and
∂iU 6= 0 immediately above the curve (lest points immediately above the curve
also be ground states). Similarly, ∂iU < 0 immediately below the upper curve.
Hence there is a point between the curves such that ∂iU = 0 and ∂2i U ≤ 0. Since
this holds arbitrarily close to the critical point, there is some curve (dashed line in
Fig. 3.2) that emanates from the critical point and along which ∂i = 0 and ∂2i ≤ 0.
By the assumed continuity of ∂2i U , we have that ∂2i U = 0 at the critical point. This
implies the existence of a massless mode at this point. Finally, we note that since
each of the coordinates we use correspond to a normal mode at the critical point,
there will be a massless mode for each coordinate in which degeneracy arises at this
point.

4Our argument applies more generally to any situation where a local minimum is continuously
transformed into several local minima, but this is the main case of interest to us.
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3.3 Singly frustrated signatures

In this section and the next we apply the results of the previous section to the four-
component case. Recall that we named the two frustrated weak-equivalence classes
of four-component signatures singly frustrated and multiply frustrated. The singly
frustrated signatures are the frustrated signatures for which there exists a phase
configuration in which only one of the Josephson couplings is frustrated. We call
such a phase configuration a singly frustrated phase configuration, and we
call other frustrated phase configurations multiply frustrated phase configu-
rations. For each singly frustrated signature there is a unique singly frustrated
phase configuration [up to the overall U(1) symmetry]. Thus there is for each singly
frustrated signature a particular coupling which is frustrated in the singly frustrated
phase configuration. We call these couplings the discriminatory couplings; the
corresponding coupling coefficients are given in Table 3.1. We now consider the
effects of varying a discriminatory coupling.

Discriminatory couplings

If, for a given singly frustrated signature, the discriminatory coupling is sufficiently
weak, then the phases will assume the singly frustrated configuration (at least, the
singly frustrated configuration will be the ground-state configuration). Conversely,
if the discriminatory coupling is sufficiently strong then the phases will assume
a multiply frustrated configuration. At the transition between singly frustrated
and multiply frustrated phase configurations there is a massless mode (apart from
the mode corresponding to the gauge symmetry). This is clearly a special case
of the general situation considered at the end of Section 3.2. At the transition,
the symmetry of the ground state changes from U(1) to U(1) × Z2, leading to
TRSB. The operation corresponding to the Z2-symmetry is complex conjugation of
the ψi. Furthermore, for strong discriminatory couplings the corresponding phases
may lock (for attractive couplings) or antilock (for repulsive couplings) leading to
a second symmetry transition, this time from U(1) × Z2 back to U(1). Evidently,
the case of singly frustrated signatures is highly analogous to the case of frustrated
three-component signatures (see Section 2.3). As with three-component systems,
the normal modes are frequently mixed in cases of TRSB.

We now consider a specific example of a singly frustrated signature. Arbitrarily,
and without loss of generality, we choose signature 7. We use the free-energy
parameters given by αi = −1, βi = 1, and |ηij | = 1 except that we vary the
coefficient of the discriminatory coupling. The singly frustrated phase configuration
for signature 7 is

φ1 = φ2 + π = φ3 + π = φ4.

This is the ground-state phase configuration for magnitudes of the discriminatory
coupling coefficient η12 smaller than the critical value |ηc12| = 1.21. For |η12| > |ηc12|,
the phases φ1 and φ2 approach each other by breaking their locking with φ4 and
φ3, respectively, by equal and opposite amounts. Since the exchange of φ1 and φ2
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Figure 3.3: Ground states, (inverse squared) length scales and normal modes for
signature 7 with αi = −1, βi = 1, and |ηij | = 1 for ij 6= 12. η12 is plotted
on the x-axes. Note that there is a second massless mode at the critical point
η12 = ηc12 = 1.21. Also, several of the modes are mixed when η12 > ηc12, whereas
none of the modes are mixed when η12 < ηc12.
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Figure 3.4: Parametrisation of the three relevant degrees of freedom in the phases.
The phases are represented by the same colours as in Fig. 3.3.

results in an equivalent but distinct phase configuration, the symmetry is U(1)×Z2

for |η12| > |ηc12|. The ground states, normal modes and characteristic length scales
for the present parameters with 0 ≤ η12 ≤ 3 are shown in Fig. 3.3. As we observed
in the previous section, the normal modes are given by the eigenvectors of the
(squared) mass matrix, and the characteristic length scales are given by the corre-
sponding eigenvalues. Finally, we expect the corresponding plots for other singly
frustrated signatures to be identical (up to relabelling of the components), except
that the ground-state phase configurations are different. Numerical experiments
confirm this prediction.

Discrete symmetries

An interesting question is whether there exist ground states with higher broken
symmetry than U(1)× Z2. We now go some way towards answering this question
for singly frustrated signatures. Because of the equivalence of singly frustrated
signatures, it is sufficient to consider one of these. We choose signature 2. For
this signature, it is plausible that for certain values of the coupling coefficients the
ground state will be such that φ1 6= φ2. This could potentially give rise to a second
discrete symmetry, corresponding to the exchange of φ1 and φ2 (or equivalently
the exchange of φ3 and φ4). We now show that for ground states which are such
that the exchange of φ1 and φ2 gives an equivalent state, it is in fact the case that
φ1 = φ2. Thus this exchange does not give rise to a second discrete symmetry.

We parametrise the three relevant degrees of freedom in the phases as shown in
Fig. 3.4. For brevity we introduce the notation η̃ij = −ηij |ψi||ψj |. The part of the
potential energy which depends on γ is

Fγ = η̃13 cos(δ1 − γ) + η̃23 cos(δ1 + γ) + η̃24 cos(δ2 − γ) + η̃14 cos(δ2 + γ)

+ η̃12 cos 2γ.

By the assumed equivalence of the state obtained by exchanging φ1 and φ2, we have
that η̃13 = η̃23 =: η̃1 and η̃14 = η̃24 =: η̃2. Thus, using a trigonometric identity, we
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can write Fγ as

Fγ = 2(η̃1 cos δ1 + η̃2 cos δ2) cos γ + η̃12 cos 2γ. (3.7)

If η̃12 < 0, as we assume, then the last term in (3.7) is minimised for γ = 0 or
γ = π, both of which correspond to φ1 = φ2. Clearly, one of these values of γ also
minimises the first term in (3.7), and thus we have that φ1 = φ2 in the ground state.
Finally, we note that if for η̃12 = 0 there is a ground state which is such that the
prefactor of cos γ in (3.7) is zero, then the potential energy will be independent of
γ. Thus there will be an entire one-parameter family of ground states in this case.
However, due to the inevitable limitation of the scope of this thesis, we do not in
any detail consider the possible consequences of one or several coupling coefficients
being precisely zero.

3.4 Multiply frustrated signatures

The multiply frustrated signatures are the frustrated signatures for which more
than one of the Josephson couplings are frustrated, regardless of the configuration
of the phases. For these signatures there may, in a certain sense, exist physical
symmetries corresponding to the groups U(1)×S3×[Z2]n (n ∈ 2), U(1)×[Z2]n (n ∈
3), and, in a nontrivial way, [U(1)]2. However, it is not clear that each of these
symmetries entails significant physical consequences. We expand on this below.

For certain values of the free-energy parameters, there exist massless modes
corresponding to rotation of a pair of phases relative to the other two phases.
In fact, apart from being massless modes of excitation around a particular ground
state, such rotations may in some cases be performed by any angle at no energy cost.
Hence there exist continuously connected sets of ground states, despite all of the
phases being coupled. Unfortunately, the set of points in the parameter space which
give rise to these energetically free rotations is a null set. Thus it may seem unlikely
that these rotations will occur in practice. Nevertheless, we investigate them below,
and in Chapter 4 we discuss ways in which these rotations may potentially be
realised. Also, we there discuss a possible and detectable physical consequence of
these rotations.

We now say something about what sets of parameter values give rise to ener-
getically free phase rotations of the type described above. In doing this, and in the
remainder of this section, we choose to consider signature 11. For this signature,
energetically free phase rotations may exist in cases where the phases are pairwise
antilocked in the ground state. Numerical experiments suggest that this is in it-
self common. Assume that φ1 = φ2 + π and φ3 = φ4 + π, and let γ = φ3 − φ1.
This situation is illustrated in the rightmost part of Fig. 3.5. Note that, under our
present assumption of pairwise antilocking, the possible phase configurations are
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Signature 4 Signature 5 Signature 4 and 11

γ

γ γ

γ

γ

Figure 3.5: Ground-state phase configurations for multiply frustrated signatures
with free-energy parameters given by αi = −1, βi = 1 and |ηij | = 1. The phases are
represented by the same colours as in Fig. 3.3. The phase rotations corresponding
to alteration of the angle γ are energetically free.

parametrised by γ. Now, the portion of the potential energy which depends on γ is

η̃13 cos γ + η̃23 cos(π − γ) + η̃24 cos γ + η̃14 cos(π − γ)

= (η̃13 + η̃24 − η̃23 − η̃14) cos γ, (3.8)

where, as before, η̃ij = −ηij |ψi||ψj |. We thus conclude that the condition for the
existence of an energetically free phase rotation, given pairwise antilocking, is that
the strengths of the Josephson couplings not involved in the antilocking should
cancel, so that the prefactor of cos γ in (3.8) vanishes.

We now consider a specific example of a system with multiply frustrated sig-
nature, using the parameter values given by αi = −1, βi = 1 and ηij = 1. Note
that the parameters we have chosen yield the highest possible degree of intercom-
ponent symmetry. For these parameters, the ground-state phase configurations are
precisely those for which the phases are pairwise antilocked. Thus there exists a
continuously connected set of ground states. Figure 3.5 illustrates the ground-state
phase configurations for this signature, as well as the corresponding phase configu-
rations for the other two multiply frustrated signatures. As we expect, the ground
states for the different signatures can be mapped to each other via relabelling of
the components and inversion of the phases (application of Pi).

We now ask what the symmetry is for the system we consider. This question is
complicated in two ways. Firstly, there is the question of precisely what we mean
by a symmetry. This question arises as a consequence of the fact that, although
rotation by the angle γ (γ-rotation, Fig. 3.5) does not alter the potential energy of
the system, such rotation does alter the normal modes and the corresponding length
scales. This is clear from Fig. 3.6, which displays the ground states, normal modes
and characteristic length scales for the system in question. Secondly, γ-rotation
does not in itself lead to exploration of the entire family of ground states, since the
pairwise antilocking of phases can occur in three ways, and rotation by γ does not
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change the antilocking. Despite these complications, we proceed to investigate the
question of symmetry.

We consider two definitions of the concept of a symmetry transformation, one
of which is stronger than the other. According to the strong definition, a symmetry
transformation preserves the free energy as well as the normal modes and charac-
teristic length scales. According to the weak definition, only preservation of the
free energy is required. We call these concepts of symmetry strong symmetry
and weak symmetry, respectively.

We claim that the strong symmetry of the ground states of the system we
consider is U(1)× S3 × Z2, except for a finite number of special ground states. To
see this, consider the following. Firstly, it is clear the the symmetry group contains
the U(1) gauge symmetry as a factor, and that this symmetry corresponds precisely
to the freedom to fix the value of one of the phases. Thus, assume that φ1 = 0.
Now, choose an angle γ such that 0 < γ < π/2, and consider the corresponding
phase configuration in Fig. 3.5. From Fig. 3.6 it is clear that no two values of
γ in the aforementioned range give rise to equivalent normal modes. Due to the
complete intercomponent symmetry, any permutation of φ2, φ3 and φ4 will give an
equivalent state. This gives rise to a factor of S3 in the symmetry group. Finally
there is one more strong symmetry transformation, namely complex conjugation of
each ψi. This gives the final factor of Z2 in the symmetry group.

Our argument above covers all ground-state phase configurations except those
which are obtained by choosing γ = 0 or γ = π/2. We now consider these special
cases. For γ = 0 both the transformation corresponding to the Z2 symmetry and
one of the transformations corresponding to the S3 symmetry become trivial. In
fact, apart from overall rotations, the only freedom which remains is that to chose
the phase with which φ1 is locked. There are three other phases, and therefore the
symmetry is reduced to U(1) × Z3 in this case. For γ = π/2 the transformation
corresponding to the Z2 symmetry coincides with one of the permutations of the
permutation group S3. For this reason, the symmetry is reduced to U(1) × S3 in
this case.

Moving on to weak symmetry, which is perhaps a more physically relevant con-
cept, we tentatively suggest that there does not exist a symmetry group which
accurately and completely describes the weak symmetry of the system we now
consider. The basis for this suggestion is that the set of ground states does not
constitute a manifold (as embedded in the configuration space), and thus there
can be no corresponding Lie group. The reason for the set of ground states not
constituting a manifold is that for certain phase configurations, e.g. that given by
γ = 0 in Fig. 3.5, there are two possible ways to deviate infinitesimally from the
present configuration, corresponding to two different ways of maintaining pairwise
antilocking. Hence there is no neighbourhood of such a point that is homeomorphic
to R (or to Rn for any n), whence the set of ground states is not a manifold.

We now make another observation about the aforementioned special ground-
state phase configurations, namely those for which antilocked pairs are parallel. As
can be seen from Fig. 3.6, there is a third massless mode for these configurations (the
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Figure 3.6: Ground states, (inverse squared) length scales and normal modes for
signature 11 with αi = −1, βi = 1 and ηij = −1. The rotational angle γ (Fig. 3.5)
is plotted on the x-axes. Note that there is a third massless mode at the points
γ = 0 and γ = π. Also, these points are the only points for which there are no
mixed modes.
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Figure 3.7: Ground states, (inverse squared) length scales and normal modes with
parameters as in Fig. 3.6 except that η12 = −2. The rotational angle γ (Fig. 3.5) is
plotted on the x-axes. Note that there is no third massless mode at the points γ = 0
and γ = π. Also, the modes corresponding to pure density excitations (eigenvectors
5 and 7) do not have the same length scales.
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first two massless modes being the gauge rotation and the γ-rotation). Naturally,
this third mode corresponds to the other possible way of maintaining pairwise
antilocking. The occurrence of this mode is another example of the general situation
discussed at the end of Section 3.2. One might object that in this case there is no
parameter actually modifying the potential. Nevertheless, we can simply replace α
by γ without invalidating our argument.

In the above, we have considered a multiply frustrated signature with maximal
intercomponent symmetry. We now consider a case with less intercomponent sym-
metry. We choose the parameters to be as before, except that we change η12 from
η12 = 1 to η12 = 2. This has the effect of limiting the set of ground-state phase con-
figurations. Whereas previously any configuration with pairwise antilocking was a
ground-state configuration, the ground-state configurations are now those for which
φ1 = φ2 +π and φ3 = φ4 +π. Since φ1 and φ2 are now more strongly coupled, they
are necessarily antilocked in the ground state. Consequently there is no longer any
third massless mode, as can be seen from Fig. 3.7, which displays ground states,
normal modes and characteristic length scales for the case we now consider.

The fact that only one phase-locking pattern is possible in the ground state has a
significant effect on the symmetries of the system. The previous case, with complete
interband symmetry, is very special, and thus the symmetries of the present system
are probably of greater interest. The strong symmetry is U(1)× [Z2]2 ∼= U(1)×Z4,
except for configurations where the antilocked phase pairs are parallel. The first
factor of Z2 stems from permutation5 of the antilocked pairs, and the second factor
of Z2 stems from complex conjugation of the ψi. For phase configurations with
parallel antilocked pairs the latter transformation becomes trivial, and thus the
strong symmetry is U(1)× Z2. Finally, the weak symmetry is simply [U(1)]2: one
factor of U(1) corresponds to the gauge rotation, and the other factor corresponds
to the γ-rotation.

We note that for multiply frustrated signatures it is of no particular significance
whether a particular coupling is attractive or repulsive; all that matters are the
strengths of the couplings. This follows immediately from the fact that any multiply
frustrated signature can be mapped to the signature for which all couplings are
repulsive. This observation is also germane to the below, in which we consider
frustrated three-component systems.

Phase rotations: Other possibilities

As mentioned above, we shall in the next chapter discuss a possible and measur-
able physical consequence of the aforementioned energetically free phase rotations.
Therefore, we are interested to know as generally as possible when such rotations
can occur. We begin by noting that phase frustration is required, and thus at least
three components are required. The frustrated three-component signatures are all
weakly equivalent; we choose the signature for which all Josephson couplings are

5Perhaps it is more natural to write S2 for a permutation group; obviously, S2
∼= Z2.
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repulsive. For this signature, one could imagine that two of the phases antilock due
to strong repulsive coupling. See the central image in Fig. 3.5 for an illustration
(imagine that the two locked phases are one and the same). If the third phase
is equally coupled to the two antilocked phases then the third phase could rotate
relative to the antilocked phases at no energy cost. We now show that this is not
possible.

Requiring that the potential energy be stationary with respect to variations in
the phase φ1, we obtain

−η12|ψ1||ψ2| sin(φ1 − φ2)− η13|ψ1||ψ3| sin(φ1 − φ3) = 0.

Assuming that φ1 and φ2 are antilocked, so that φ1 − φ2 = π, we find that the
first term above is equal to zero. Thus the second term must also be equal to zero,
whence φ1 and φ3 are either locked or antilocked. Thus there can be no energetically
free phase rotations with fewer than four components.

The physical reason for the impossibility of energetically free phase rotations
with only three components is the following: Firstly, antilocking is clearly required,
since without it the third phase will prefer certain values over others (recall that
we assume that all couplings are repulsive; locking is an equivalent possibility for
frustrated three-component signatures with attractive couplings). Assume, there-
fore, that φ1 and φ2 are antilocked, and envisage the insertion of φ3 so that φ3 6= φi
for i ∈ {1, 2}. The couplings involving φ3 will cause φ1 and φ2 to be subjected to a
force that strives to break the antilocking. Since, for the phase configuration with
antilocking, there is no force which counteracts the aforementioned force, antilock-
ing will be broken. By the same argument, energetically free phase rotations are
not possible for any singly frustrated signature.

Finally, we consider a possible objection to the above. Although one cannot have
a phase rotation that is precisely energetically free without a multiply frustrated
signature, one can come arbitrarily close to this even with just three components.
In our example this would be done by letting one coupling be very strong, so that
two phases are very nearly antilocked, regardless of the value of the third phase.
Thus one might think that our conclusion is immaterial. However, the following
difference does exist: In order to have an approximately energetically free phase
rotation with three components, one must have great variation in the strengths of
the couplings. With multiply frustrated signatures, one can have an energetically
free phase rotation with all of the couplings being of comparable strength (or even
equal strength).





Chapter 4

Josephson junctions

In this chapter we consider Josephson junctions which may display phase frustra-
tion. There are at least two types of such junctions: junctions with at least three
components in total, and junctions with higher harmonics in the Josephson cou-
plings. We consider both of these possibilities. In doing this, we generalise and
correct some results presented in Ref. [14]. We also identify some possible new
effects, which could potentially lead to interesting future research.

4.1 Model and fundamental relations

We consider junctions between superconductors that each may have an arbitrary
number of superconducting bands, and where there may be a second harmonic in
each Josephson coupling. To this end we use a phase-only model that is obtained by
straightforward generalisation of a model used in Ref. [14]; this model was derived
microscopically in Ref. [23]. That our model is phase-only means that we do not
consider variations of the densities of the superconducting condensates; in other
words, we consider the London limit.

The physical set-up that we consider is illustrated schematically in Fig. 4.1.
There are two superconducting slabs which each have thickness d, and which are
separated by an insulating layer with thickness b. Magnetic field may be applied in
the y-direction, and a current or voltage bias may be applied in the z-direction. We
will find that this system is quasi one-dimensional, and can be described in terms
of quantities that are functions of x.

Lagrangian

Our model consists of a Lagrangian which is the sum of three terms:

L = LL + LR + Lb.

Here, LL is the Lagrangian for one of the superconductors in the junction, LR is the
Lagrangian for the other superconductor, and Lb is the Lagrangian for the insulating

35
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Figure 4.1: Schematic illustration of the physical set-up.

barrier. We let L (R) denote an index set which indexes the superconducting bands
of the superconductor with Lagrangian LL (LR). We will mainly consider statics,
and thus the time dependence of the below Lagrangians will not be vital to our
investigations. Nevertheless, we include these time dependences for the sake of
generality.

The form of the Lagrangian LX , with X ∈ {L,R}, is as follows:

LX =
∑
i∈X

d

8πµ2
i

(
AX0 (r) +

Φ0

2πc
∂tθi(r, t)

)2

− d

8πλ2i

(
AXx (r)− Φ0

2π
∂xθi(r, t)

)2

+
Φ0

2πc

∑
i<j∈X

Jij cos(θi − θj) +
Kij

2
cos(2θi − 2θj). (4.1)

Here, the µi are Thomas-Fermi screening lengths, and the λi are nominal penetra-
tion depths; the actual penetration depth λ is given by λ−2 =

∑
i λ
−2
i . The θi are

superconducting phases,1 and the parameters Jij and Kij regulate the strength of
the first and second harmonics of the interband Josephson couplings, respectively.
Furthermore, AX0 is the electric potential at superconductor X, and AXx is the
x-component of the corresponding vector potential.

We now write the Lagrangian for the insulating barrier, which is

Lb =
bεd
8π

E2
z −

b

8π
B2
y +

Φ0

2πc

∑
(i,j)∈L×R

Jij cosφij +
Kij

2
cos 2φij . (4.2)

Here, Ez is the electric field in the barrier, and By is the magnetic field in the
barrier. Recall that we assume that the electric field is parallel to the z-axis, and
that the magnetic field is parallel to the y-axis. Thus these fields are given by

Ez = −1

c
∂tAz − ∂zA0 = −1

c
∂tAz −

AL0 −AR0
b

,

and

By = ∂zAx − ∂xAz =
ALx −ARx

b
− ∂xAz. (4.3)

1We reserve the letter φ for (gauge-invariant) phase differences.
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As before, the Jij andKij regulate the strength of Josephson couplings. In this case,
the Josephson couplings are induced by the proximity of the two superconductors,
rather than being intrinsic material properties. Because of the spatial separation
between the superconductors, the ordinary phase difference must be replaced by
the gauge-invariant phase difference

φij = θi − θj −
2πb

Φ0
Az. (4.4)

This expression is obtained by carrying out the integration in (2.8) under the as-
sumption that the z-component of the vector potential is constant in the insulating
barrier.

Before proceeding further, we introduce a theoretically convenient system of
units. We measure length in units of

√
cΦ0/(8π2bJij), where Jij is an arbitrar-

ily chosen Josephson coupling coefficient. We measure current density in units
of Jij ; in other words, we rescale the coupling coefficients so that Jij = 1. Fur-

thermore, we measure time in units of
√
εdΦ0/(8π2cbJij), electric field in units of√

2Φ0Jij/(εdcb), and magnetic field in units of
√

2Φ0Jij/(bc).

Phase–magnetic-field relation

Requiring that a Lagrangian L be stationary with respect to variations in a field
ψ(x, t) gives the Euler-Lagrange equation

δL
δψ
− ∂x

δL
δψx
− ∂t

δL
δψt

= 0, (4.5)

where subscripts are used to denote partial differentiation. Applying (4.5) with
respect to the field AXx , with X ∈ {L,R}, gives the equation

∑
i∈X

1

ζi
(AXx − ∂xθi)± (ALx −ARx − b∂xAz) = 0, (4.6)

where the positive (negative) sign should be chosen when X = L (X = R), and
ζi = λ2i /(db). Combining (4.6) with (4.3) and (4.4) yields

∑
(i,j)∈L×R

∂xφij
ζiζj

=

 ∑
i∈L∪R

1

ζi
+

∑
(i,j)∈L×R

1

ζiζj

By ≡ CBBy. (4.7)

This relates the gradients of the gauge-invariant phase differences with the magnetic
field which penetrates the junction. The relation (4.7) is a generalisation of the
phase–magnetic-field relation (2.9), and is vital for our investigations.
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Phase–electric-field relation

As can be seen in (4.1), the terms containing the scalar potential A0 are very
similar in form to the terms containing the vector potential Ax. Thus there exists
a relation, analogous to (4.7), which involves the electric field Ez and the time
derivatives of the gauge-invariant phase differences. This relation is

∑
(i,j)∈L×R

∂tφij
αiαj

=

εd ∑
i∈L∪R

1

αi
+

∑
(i,j)∈L×R

1

αiαj

Ez ≡ CEEz, (4.8)

where αi = µ2
i /(db). This is an ac Josephson relation, and is a generalisation of

(2.7).

Equations of motion

Applying the Euler-Lagrange equation (4.5) with respect to Az, we obtain

∂xBy = ∂tEz +
∑

(i,j)∈L×R

Jij sinφij +Kij sin 2φij . (4.9)

This is a special case of Ampère’s law. Note that (4.9) contains only the currents
which flow across the junction, and not the interband currents in each supercon-
ductor. The reason for this is that the former currents flow in real space, whereas
the latter only flow in momentum space.

Combining (4.9) with (4.7) and (4.8), we obtain∑
(i,j)∈L×R

∂2xφij
CBζiζj

− ∂2t φij
CEαiαj

− Jij sinφij −Kij sin 2φij = 0. (4.10)

This is an equation of motion for the gauge-invariant phase differences. In a junction
with n components in total there are n − 1 physically relevant degrees of freedom
(recall that we have the freedom to set one phase to zero). Thus, in order to describe
the dynamics of the gauge-invariant phase differences, we need n−2 more equations
of motion. These can be obtained by applying the Euler-Lagrange equation (4.5)
with respect to the phases θi. Doing this for a given choice of i ∈ X, with X ∈
{L,R}, yields

∂t
εdαi

(AX0 + ∂tθi) +
∂x
ζi

(AXx − ∂xθi) =
∑

i 6=j∈L∪R

(−1)(i<j)(Jij sinφij +Kij sin 2φij).

(4.11)
Here the φij are either ordinary phase differences or gauge-invariant phase differ-
ences, depending on whether or not band i and band j belong the to same super-
conductor. As before, we understand (i < j) to be an expression that equals one if
the statement is true, and zero if the statement is false.
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By combining the equations of the form of (4.11) in appropriate ways, and
using the relations (4.7) and (4.8), one can obtain the desired equations of motion.
We do not do this in this entirely general setting. Instead, we shall in future
sections concentrate on somewhat more general versions of the special case studied
in Ref. [14].

4.2 Penetration depth and lower critical field

In this section we calculate the Josephson penetration depth for the special case of
a junction between a single-band superconductor and a two-band superconductor.
We also consider the lower critical field Hc1 at which magnetic field begins to
penetrate into the interior of a long junction.

Our analysis differs from that in Ref. [14] in the following ways. Firstly, we
allow for much greater asymmetry between the superconducting bands, as well as
the possibility of second harmonics in the Josephson couplings. Secondly, we avoid
repeating some errors which occur in this reference.

Josephson penetration depth

We label the bands in the two superconductors so that L = {1, 2} and R = {s}.
Arbitrarily, we adopt the convention that s > 2 > 1. With two physically relevant
degrees of freedom in the phases, we need one more equation of motion, apart
from (4.10). In fact, since we only consider statics in this section, it is sufficient to
determine an equation that is valid for static phase configurations, apart from that
which is obtained by dropping the time derivatives in (4.10). To this end, we write
the static versions of (4.11) for i = s and i = 1. These are

∂x
ζi

(ARx − ∂xθi) = Js1 sinφs1 +Ks1 sin 2φs1 + Js2 sinφs2 +Ks2 sin 2φs2 (4.12)

and

∂x
ζi

(ALx − ∂xθi) = −Js1 sinφs1 −Ks1 sin 2φs1 − J12 sinφ12 −K12 sin 2φ12. (4.13)

Subtracting (ζ1/ζs) · (4.13) from (4.12), and using (4.3) and (4.4), we obtain

1

CBζs

(
∂2xφs1
ζ1ζs

+
∂2xφs2
ζ2ζs

)
+
∂2xφs1
ζs

+ Js1 sinφs1 +Ks1 sin 2φs1 + Js2 sinφs2 +Ks2 sin 2φs2

+
ζ1
ζs

(Js1 sinφs1 +Ks1 sin 2φs1 + J12 sinφ12 +K12 sin 2φ12) = 0. (4.14)
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This is the desired equation; we define φ12 = φs1−φs2. Before proceeding, we write
the static version of (4.10) for the special case considered here:

1

CB

(
∂2xφs1
ζ1ζs

+
∂2xφs2
ζ2ζs

)
− Js1 sinφs1 −Ks1 sin 2φs1 − Js2 sinφs2 −Ks2 sin 2φs2 = 0.

(4.15)
We now have the two equations for φs1(x) and φs2(x) that we need.

We proceed by assuming that the gauge-invariant phase differences are exponen-
tially screened at the ends of the (long) junction. This implies that the gradients of
these phase differences are also exponentially screened, and thus, looking at (4.7),
we see that the magnetic field is exponentially screened.2 We write φsi = φ̄si +ϕsi,
where the φ̄si are ground-state values and i ∈ {1, 2}. Our assumption thus becomes
that ϕsi(x) =

∑
k ϕsi(k) e−kx. Here we have taken into account the fact that differ-

ent modes in the gauge-invariant phase differences may be associated with different
decay lengths (penetration depths).

In the following, knowledge of the ground-state values φ̄si is required. We de-
termine these values by numerical minimisation of the Josephson energy. More
precisely, and as before, we use a gradient-based algorithm which is part of the
Matlab library (fminunc).

We assume that the |ϕsi| are small, and expand (4.14) and (4.15) around the
ground-state values φ̄si to first order in ϕsi. In doing this, we note that the sums
of non-derivative terms in (4.14) and (4.15) vanish to zeroth order. Also, ∂2xϕsi =
k2ϕsi. Thus we obtain a system of linear equations in ϕsi. This system can be
written in matrix form as

A

(
ϕs1

ϕs2

)
≡
(
A11 A12

A21 A22

)(
ϕs1

ϕs2

)
=

(
0
0

)
, (4.16)

where

A11 = k2/(CBζ1ζs)− Js1 cos φ̄s1 − 2Ks1 cos 2φ̄s1,

A12 = k2/(CBζ2ζs)− Js2 cos φ̄s2 − 2Ks2 cos 2φ̄s2,

A21 = k2/(CBζ1ζ
2
s )− k2/ζs + Js1 cos φ̄s1 + 2Ks1 cos 2φ̄s1

+ (ζ1/ζs)(Js1 cos φ̄s1 + 2Ks1 cos 2φ̄s1 + J12 cos φ̄12 + 2K12 cos 2φ̄12),

and A22 = k2/(CBζ2ζ
2
s ) + Js2 cos φ̄s2 + 2Ks2 cos 2φ̄s2

− (ζ1/ζs)(J12 cos φ̄12 + 2K12 cos 2φ̄12).

The condition for nontrivial solutions of (4.16) to exist is of course detA = 0.
This gives a cubic equation in k2, and thus in general there are two solutions for
k2. This in turn gives two values of k (disregarding negative solutions), and thus

2One might ask whether the weighted sum of phase gradients in (4.7) could be equal to zero.
This question will turn out to be relevant, although this will not in itself affect the conclusion
that the magnetic field is exponentially screened.
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two nominal Josephson penetration depths: λJ1 = 1/k1 and λJ2 = 1/k2. Each of
these nominal penetration depths is associated with a normal mode in the gauge-
invariant phase differences. Assuming that both of these modes carry magnetic
flux, the true penetration depth is given by the larger of λJ1 and λJ2. Although
this is the typical case, some caution is required, as we shall conclude shortly.

Interband symmetry

In Ref. [14] the dispersion relations for the normal modes in the gauge-invariant
phase differences are calculated for the special case where αs = α1 = α2 = α � 1,
ζs = ζ1 = ζ2 = ζ, Js1 = Js2 = 1, and there are no second harmonics (i.e. Kij = 0).
These dispersion relations are

ω2
1 = 2 cosφ0 +

2k2

3ζ + 2
, and ω2

2 = εdα

(
k2

ζ
+ cosφ0 + 2J12 cos 2φ0

)
. (4.17)

Here, the ground-state values of φs1 and φs2 are such that φs1 = −φs2 = φ0.
Substituting3 ω 7→ 0 and k2 7→ −k2 in (4.17), we find the two nominal Josephson
penetration depths

λJ1 = 1/
√

(3ζ + 2) cosφ0 and λJ2 = 1/
√
ζ(cosφ0 + 2J12 cos 2φ0).

It is claimed in Ref. [14] that the Josephson penetration depth is given by the
larger of λJ1 and λJ2. However, this is in fact not true for the special case studied
therein. The reason for this is that the mode corresponding to λJ2 is an out-of-
phase mode which is such that ϕs1 = −ϕs2. This, in combination with the fact that
ζ1 = ζ2, implies that the terms in the phase–magnetic-field relation (4.7) cancel.
Thus this mode does not carry magnetic flux, and the penetration depth is simply
λJ1, regardless of the value of λJ2. This implies that, despite the existence of a
massless mode, the Josephson penetration depth does not diverge at the TRSB
transition point in the symmetric case.

The reason for the aforementioned precise cancellation of the terms in (4.7) is
the assumed high degree of symmetry between the bands of the two-band super-
conductor. However, one might ask whether this precise cancellation in fact occurs
quite generally. The answer is no, as can be realised thus: By altering the coupling
coefficients Jij one can alter the normal modes in the gauge-invariant phase differ-
ences. Since the weighting coefficients the phase–magnetic-field relation (4.7) are
unaffected by this change, the terms in (4.7) can hardly cancel precisely in every
case. We now investigate the effects of interband asymmetry in more detail, using
the calculations of normal modes and penetration depths presented above.

We investigate both the effects of asymmetry between Js1 and Js2, and between
ζ1 and ζ2. More precisely, we calculate ground states, penetration depths and

3Note that these substitutions effect the transition from a plane wave ∼ ei(kx−ωt) to an
exponential decay ∼e−kx.
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normal modes for three parameter sets. For each of the modes we also calculate the
associated magnetic field given by (4.7). In doing this we employ the normalization
(∂xφs1)2 + (∂xφs2)2 = 1. Firstly, we consider the symmetric case in which Js1 =
Js2 = 1 and ζ1 = ζ2 = ζs = 1. Secondly, we introduce asymmetry by choosing
ζ1 = 2 and all other parameters as in the first case. Thirdly, we choose Js1 = 1.2,
and all other parameters as in the first case. In each case we consider the range
−4 < J12 < 2. The results are displayed in Fig. 4.2.

We begin by noting that in the first case the modes are constant (independent of
J12), and either perfectly in phase or perfectly out of phase. This is to be expected
due to the high degree of symmetry. As we have previously noted, the mode for
which the penetration depth diverges at the TRSB transition point does not carry
magnetic flux, and thus the Josephson penetration depth λJ does not diverge in
this case.

In the second case, where ζ1 = 2, the ground states are trivially the same
as in the first case, since the parameters ζi do not enter the expression for the
Josephson energy. However, the normal modes are quite different. Instead of one
mode constantly being an in-phase mode and the other constantly being an out-of-
phase mode, both modes extrapolate between being in phase and being out of phase.
This is related to the fact that the penetration depths no longer intersect at a point
below the TRSB transition point. In general, this occurs for sufficient interband
asymmetry. We note that the mode for which the corresponding penetration depth
diverges at the TRSB transition point (mode 2), and which at this point is a out-
of-phase mode, does in fact carry magnetic flux in the entire considered parameter
range. However, we also note that the (normalised) magnetic field associated with
this mode assumes its minimum value at the TRSB transition point, and is at this
point considerably smaller than the corresponding field for the other mode, which
at this point is an in-phase mode.

The third case is largely similar to the second case, although the ground states
are different. The asymmetry is now in the coupling coefficients Jsi, and not in the
parameters ζi, yet the effects of the asymmetry on the penetration depths and the
normal modes are similar. Finally, we note that the magnetic field associated with
the mode of divergent penetration depth is even smaller than in the previous case,
but still nonzero.

Lower critical field

In the above we have shown that a conclusion drawn in Ref. [14] about the Josephson
penetration depth is incorrect in the special case studied therein, but correct in most
cases. We now move on to a more fundamental error which is present in Ref. [14].
It is claimed in this reference that the lower critical field Hc1 vanishes at the TRSB
transition point as a consequence of the divergence of the Josephson penetration
depth. This claim is in itself dubious, at best. Furthermore, the argument advanced
in support of this claim is, to the extent that it can even rightly be called an
argument, wrong. We now establish this.
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Figure 4.2: Ground states, inverse penetration depths, normal modes, and nor-
malised magnetic field associated with these modes [see (4.7)]. The normalisation
is (∂xφs1)2 + (∂xφs2)2 = 1. J12 is plotted on the x-axes. The parameters are: (1):
Js1 = Js2 = 1 and ζ1 = ζ2 = ζs = 1; (2): as (1) except ζ1 = 2; (3): as (1) except
Js1 = 1.2. In the symmetric case, one of the modes does not carry magnetic flux.



44 CHAPTER 4. JOSEPHSON JUNCTIONS

We begin by citing a paragraph from Ref. [14]:

In conventional type-II superconductors, magnetic fields can penetrate
into the superconductor only when they are larger than a critical value
Hc1, due to the screening of fields as a consequence of massive photons.
This becomes evident when we look at Hc1 ∼ Φ0/λ

2
L obtained under

the London approximation. Here, the London penetration depth λL is
inverse [sic] proportional to the mass of photon λL ∼ 1/

√
mp. For a

conventional Josephson junction, Hc1 is reduced as a result of weakened
superconductivity in the junction, but Hc1 is nonzero Hc1 > 0. In
junctions with massless photons at TRSB transition, the magnetic field
can penetrate easily into the system, and the lower critical field becomes
zero, Hc1 = 0.

It is not clear why it is mentioned in this context that Hc1 ∼ Φ0/λ
2
L, since we are not

considering the London penetration depth, but rather the Josephson penetration
depth. In an ordinary Josephson junction between single-band superconductors,
Hc1 is inversely proportional to λJ, and thus not inversely proportional to λ2J.
Nevertheless, if it were true in general that Hc1 ∼ Φ0/λJ, then the conclusion that
Hc1 = 0 at the TRSB transition point would still follow from the divergence of λJ
at this point.

However, despite the relation (2.13) for a conventional Josephson junction, it
is in fact not true in general that Hc1 ∼ Φ0/λJ. In Ref. [7] Josephson junctions
with second harmonic in the current-phase relation are considered. In this reference
the penetration depth λJ and the lower critical field Hc1 are calculated for various
relative strengths of the second harmonic. From these results it is clear that Hc1

need not approach zero in every situation in which λJ diverges. Thus we conclude
that the argument presented in Ref. [14] for the vanishing of Hc1 at the TRSB
transition point is wrong, or at least incomplete. We now proceed to argue that
the conclusion in question is also wrong.

We consider the case in which the proximity couplings are equally strong, so
that φs1 = −φs2 in the ground state. Although this may appear to be a strong
assumption, we will argue that our conclusions very plausibly extend to more gen-
eral cases. We now write the Josephson energy of the system in question under the
assumption that −φs1 = φs2 = φ:

UJ = −(Js1 + Js2) cosφ− J12 cos 2φ.

The form of this Josephson energy is precisely that of the energy considered in
Ref. [7], i.e. the energy of a single Josephson coupling with both first and second
harmonics. Thus, if the phases are restricted to move along the path in the energy
landscape which is given by φs1 = −φs2 (Fig. 4.3), the phase behaviour in the
system we consider will be given by the phase behaviour in the system considered
in Ref. [7]. In particular, the TRSB that occurs in the two systems occurs in
analogous ways.
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Of course, in reality the phases are not restricted by φs1 = −φs2. However,
we expect that this restriction will not affect the validity of the conclusion that
Hc1 = 0 at the TRSB transition point, at least not if it is true that the vanishing
of Hc1 is a direct consequence of the existence of a massless mode. The reason
for this expectation is that, in the symmetric case we consider, the mode that
becomes massless at the TRSB transition point is such that φs1 = −φs2. Now,
one might rightly object, as we did above, that in this symmetric case the massless
mode carries no magnetic flux. Therefore, one might think that this special case is
irrelevant to the question of whether Hc1 vanishes at the TRSB transition point in
more typical cases. However, by slightly perturbing the system we now consider, one
can obtain a system in which the massless mode does carry magnetic flux. We do
not expect that such a perturbation will affect the other relevant qualitative features
of the system, and therefore we choose, for simplicity, to study the symmetric case.

Following Ref. [7], we now calculate the dependence of the lower critical field
Hc1 on the relative coupling strength

g ≡ 2J12
Js1 + Js2

in the case of complete interband symmetry. We consider the range g < −1/2
for which TRSB occurs, and in particular the limit g → −1/2. In doing this,
we assume, with the above justification, that the out-of-phase mode does carry
magnetic flux, so that

H = ∂xφ, (4.18)

where we have refrained from including a constant of proportionality since this is
of no qualitative significance. Choosing Js1 = Js2 = 1 and ζ1 = ζ2 = ζs = 1, we
find that the static equation (4.14) becomes

∂2xφ = sinφ+ g sin 2φ. (4.19)

For the parameter regime we consider, there are two degenerate ground states
φ = ±ϕ. Equation (4.19) can be integrated to

1
2 (∂xφ)2 =

(cosφ− cosϕ)2

2 cosϕ
, (4.20)

as can be verified by differentiating (4.20) with respect to x and using the ground-
state condition sinϕ + g sin 2ϕ = 0. Combining (4.18) and (4.20), we find that at
one end of a long junction φ obeys

Hext =
cosφ− cosϕ
√

cosϕ
, (4.21)

where Hext is the applied magnetic field. The lower critical field Hc1 is the largest
field which is consistent with (4.21). Thus we obtain

Hc1 =
1− cosϕ
√

cosϕ
. (4.22)
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Figure 4.3: Josephson energy for a junction between an s-wave superconductor and
an s± superconductor. The parameters are Js1 = Js2 = 1 and J12 = −0.6. There
are two degenerate TRSB states. A Josephson vortex which extrapolates between
these states is energetically cheap, but carries little magnetic flux (actually zero
flux in this symmetric case).

Now, for values of g < −1/2 that are close to the critical value g = −1/2,
the energetically cheapest topological excitation is one which extrapolates between
the ground-state values φ = ϕ and φ = −ϕ. This is clear from Fig. 4.3, which
displays the Josephson energy landscape for g = −0.6. When the lower critical
field Hc1 is reached (from below), a vortex which extrapolates between the two
TRSB states φ = ϕ and φ = −ϕ will enter the junction. Now consider the limit
where g approaches −1/2 from below. In this limit the ground-state value ϕ→ 0.
Thus, looking at (4.22), we see that Hc1 → 0 in this limit. However, the magnetic
flux carried by a vortex of the type considered here also approaches zero in this
limit, which is again due to the fact that ϕ→ 0. We conclude that Hc1 → 0 simply
because the topological excitation which arises at Hc1 is non-existent at the TRSB
transition point.

Having discussed the limit where g → −1/2 from below, we now briefly consider
taking this limit from above. This will certainly not lend any credence to the claim
that Hc1 = 0 when g = −1/2. Looking at Fig. 4.3, and imagining the slightly
different case in which the two ground states coincide at φs1 = φs1 = 0, we note that
there is no apparent reason why the massless mode should be of critical importance
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for Hc1. In fact, a topological excitation which is in the direction of the massless
mode would traverse the hills in the Josephson energy landscape, and would thus
be more energetically expensive than an excitation which follows a different path
in the energy landscape. This should not be surprising, since the massless mode is
a local property, whereas Hc1 depends on the whole path in the energy landscape.

In the conventional Josephson junctions considered in Section 2.2, the only limit
in which there exists a massless phase-difference mode is the limit in which the
Josephson coupling approaches zero. In the junctions considered here, there exist
massless modes for finite, even large, values of the Josephson couplings. Naturally,
this is due to phase frustration. In conclusion, the argument that the existence of
a massless mode implies Hc1 = 0 for the junctions considered here is an argument
by false analogy with conventional Josephson junctions.

4.3 Junctions with p+ ip superconductors

We now consider junctions between p + ip superconductors and ordinary s-wave
superconductors. Firstly, we note a close similarity between such junctions and
junctions between s± superconductors and s-wave superconductors. Secondly, we
note an interesting characteristic of the Josephson energy of junctions of the type
considered here. Although this characteristic certainly exists in our model for cer-
tain parameter values, the question of feasibility in real systems is essentially left
completely open by our investigations.

Model

In terms of the macroscopic models that we employ, a p + ip superconductor is a
two-band superconductor with only second harmonic in the interband Josephson
coupling. In other words, a model for a junction with a p + ip superconductor
is obtained from the model discussed in Section 4.1 simply by choosing coupling
coefficients as follows:

Js1 > 0, Js2 > 0, J12 = 0, Ks1 = 0, Ks2 = 0, K12 6= 0.

Thus the Josephson energy of a junction of the type considered here is

Js1 cosφs1 + Js2 cosφs2 + 1
2K12 cos(2φs1 − 2φs2).

Taylor expanding the above around the point φs1 = φs2 = 0, and disregarding
irrelevant constant terms, we obtain

− 1
2Js1φ

2
s1 − 1

2Js2φ
2
s2 −K12(φs1 − φs2)2.

By performing the substitution K12 7→ J12/2 we obtain the corresponding expan-
sion for a junction with K12 = 0 and J12 < 0, i.e. a junction between an s±
superconductor and an s-wave superconductor. We thus conclude that the prop-
erties of these two types of junction are the same in the vicinity of the TRSB
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transition point, where φs1 and φs2 are about to grow continuously from zero to
some finite value.

The observation we have just made pertains to the case of negative K12, for
which TRSB can occur as a result of phase frustration. In the next subsection,
we proceed to consider the case of positive K12. One might think that nothing
interesting can be said about phase frustration in this case, since each term in
the Josephson energy is minimised by φs1 = φs2 = 0. Indeed, the system we are
about to consider is not phase frustrated in the sense we have previously defined.
However, the Josephson energy may still display interesting characteristics which
we now consider.

Metastability

We consider a particular type of Josephson energy landscape which may exist for
the type of junction considered in this section. An example of such an energy
landscape is given in Fig. 4.4. The interesting feature of this energy landscape is
that, in addition to the ground state, there are metastable states, i.e. local minima
which correspond to higher energy than the ground states. The origin of these
metastable states is clear: If we consider only the second harmonic, there are twice
as many values of φs1 − φs2 which minimise the energy than there would be for a
first harmonic. The effect of also including the first harmonics is that previously de-
generate ground states become non-degenerate. However, provided that the second
harmonic is sufficiently strong, the previous ground states which increase in energy
may still be local minima, i.e. metastable states. In these metastable states the
Josephson coupling terms are not all minimised, and thus the system may display
phase frustration, despite the existence of an unfrustrated ground state.

We note that there is a Z2-symmetry associated with switching from one meta-
stable state to the other. Furthermore, the metastable states are almost contin-
uously self-connected. In other words, there is barely any energy cost associated
with moving along a certain closed path on the phase-configuration manifold which
begins and ends at a metastable state. This is evidenced by the presence of valleys
in Fig. 4.4 which connect a metastable state with the state obtained by increasing
each phase by 2π, and along which the potential energy is almost constant. Of
course, altering each phase by 2π gives the same point on the phase-configuration
manifold, and thus the Z2-symmetry would be present even if the metastable states
where perfectly connected. We now discuss the physical consequences of the afore-
mentioned valleys in the context of Josephson junctions.

Firstly, we note that if the junction is in a metastable state, then the cheapest
possible topological excitation that extrapolates between the present state and an-
other (meta)stable state will be significantly cheaper than if the system were in the
ground state. Consequently, we expect that Hc1 will be considerably smaller for a
junction that is initially in a metastable state than for a junction that is initially
in the ground state. Assuming that the metastable states can be experimentally
realised, the occurrence of two distinct values of Hc1 is presumably amenable to
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Figure 4.4: Josephson energy for a junction between an s-wave superconductor and
a p+ ip superconductor. The parameters are Js1 = Js2 = 1, K12 = 2, and all other
coupling coefficients equal to zero. There are metastable states which are almost
continuously connected.

straightforward experimental verification. Calculating Hc1 for the ground state and
the metastable states is clearly of interest, but is beyond the scope of this thesis.

Having briefly discussed topological excitations, which may arise for applied
magnetic fields stronger than some critical field Hc1, let us now consider the re-
sponse to a weak applied field. Looking at Fig. 4.4, we expect that the Josephson
penetration depth of a junction which is in one of the metastable states will be
greater than if the same junction were in the ground state. If metastable states
such as these can be experimentally realised, the occurrence of two different pene-
tration depths should also be a measurable consequence thereof. We now proceed to
investigate this matter numerically, again using our previous calculations of normal
modes and corresponding penetration depths.

We compute the locations of the metastable states for the parameters Js1 =
Js2 = 1, ζ1 = ζ2 = ζs = 1, and 0 < K12 < 4. In fact, metastable states exist only
when K12 ≥ 0.92, as can be seen from Fig. 4.5. For large values of K12 the phase
difference φs1 − φs2 that occurs in the second harmonic is approximately equal to
π, which is of course a value that minimises the corresponding energy term. As the
critical value K12 = 0.92 is approached from above, the value of φs1−φs2 decreases
somewhat. In this symmetric case, the normal modes are the same simple modes
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Figure 4.5: Inverse penetration depths and normal modes for ground states (GS)
and metastable states (MS) in an energy landscape of the type plotted in Fig. 4.4.
K12 is plotted on the x-axes. The other nonzero parameters are Js1 = Js2 = 1 and
ζ1 = ζ2 = ζs = 1. Metastable states exist for K12 ≥ 0.92.

as in the symmetric case studied above. This is true both in the ground state and
in the metastable states. Also, the out-of-phase mode does not carry magnetic flux
in this symmetric case.

We now consider the penetration depths for each mode, which are displayed in
Fig. 4.5. Since the out of phase mode does not carry magnetic flux, the Josephson
penetration depth is simply given by the penetration depth λJ2 of the in-phase
mode. However, the question of whether the out-of-phase mode carries magnetic
flux is in this case almost immaterial, since the out-of-phase mode has shorter
penetration depth for almost all values of K12 for which metastable states exist.
We note that, as expected, the Josephson penetration depth is always greater in
the metastable states than in the ground state.

We conclude this section by noting that the topic of dynamics of junctions of
the type considered here is potentially very interesting. For example, one might
ask what effect valleys in the energy landscape such as those in Fig. 4.4 have on the
time-dependant phase behaviour. Hence we speculate that this topic may prove to
be a rich source of future research.
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4.4 Junctions with four components

We have seen that a previous claim that Hc1 = 0 for a particular type of Josephson
junction was not well substantiated. In this section we discuss the possibility of
having not only Hc1 = 0, but in fact having a situation where applied magnetic
field completely and uniformly penetrates a Josephson junction. Obviously, one
can achieve this to good approximation simply by letting the insulating layer be
very thick. However, the effect we consider is not this trivial.

We will discuss situations in which this phenomenon may occur purely in terms
of the macroscopic model that we employ. Thus the question of feasibility is essen-
tially left completely open by our investigations. We will argue that it may be the
case that the phenomenon we consider here is realisable and detectable for a junc-
tion with a total of four components, but not with only three components. However,
our investigation will leave much to be desired with regards to this question also.

The basic idea that we consider in this section is very simple. As we saw
in Chapter 3, it is possible in systems with four components to have Josephson
couplings which are such that phases can rotate relative to each other at no energy
cost, despite all the phases being coupled. If such a situation can be realised in a
Josephson junction, then we expect that applied magnetic field may fully penetrate
the junction. In order for this to happen, it is necessary that the energetically free
mode of phase rotation is such that the weighted sum of phase gradients in the
phase–magnetic-field relation (4.7) is nonzero. In the situations we consider here,
this will not present a problem, since the terms in (4.7) will in fact all have the
same sign.

We recall the simplest case in which there may, at least in principle, exist (pre-
cisely) energetically free phase rotations, despite all phases being coupled. This is
the case of four components with a multiply frustrated signature of the Josephson
couplings. Looking at Table 3.2, we see that there are three multiply frustrated
signatures.4 We now discuss ways in which these signatures may be realised in
Josephson junctions. In the following, the reader may find it convenient to period-
ically refer to Fig. 3.5.

Phase rotations: Conceivable realisations

It is certainly possible to realise signature 4 in a Josephson junction. This is ac-
complished by forming a junction between two s± superconductors, in which the
intrinsic interband couplings are repulsive and the proximity couplings are attrac-
tive. By adjusting the thickness of the insulating barrier, one can presumably ensure
that the intrinsic couplings are stronger than the proximity couplings, so that the
phases are antilocked in each superconductor. However, there is no obvious reason
for the sum of proximity-coupling coefficients to equal zero, i.e. (letting L = {1, 2}

4We here ignore the distinction between a signature and a weak-equivalence class of signatures,
since this distinction is of no physical significance.
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and R = {3, 4})
J13 − J14 − J23 + J24 = 0, (4.23)

which in this case is the requirement for the existence of an energetically free phase
rotation [see Section 3.4, in particular the paragraph containing (3.8)]. Also, there is
no obvious reason why varying the thickness of the insulating layer should have any
effect on whether or not (4.23) is fulfilled, since all of the coefficients in (4.23) pertain
to couplings which presumably are decreasing functions of the layer thickness.

We now consider other possibilities for junctions between two-band supercon-
ductors. If it is possible to have repulsive proximity couplings between bands in
different superconductors, then one could conceivably realise signatures 4 and 11.
Although such couplings are typically attractive, there do exist so-called π-junctions
with repulsive proximity coupling, and hence the situation we now consider is not
obviously unrealistic. We explicitly consider signature 11; the corresponding consid-
erations for signature 4 are analogous. Assume that two of the proximity couplings
are stronger than the other couplings, so that the corresponding phases are an-
tilocked; say that φ1 = φ3 + π and φ2 = φ4 + π. The condition for the existence of
an energetically free phase rotation is then

J12 − J14 − J23 + J34 = 0. (4.24)

We note that two of the couplings in (4.24) are proximity couplings, whereas the
other two are intrinsic. Also, the the two proximity couplings occur with the same
sign, as do the intrinsic couplings. Therefore it appears likely that one could tune
the value of the sum in (4.24) by tuning the thickness of the insulating barrier.
Thus achieving (4.24) is hopefully not a matter of pure luck.

We now consider one last possibility for a junction with a total of four compo-
nents, namely a junction between a single-band superconductor and a three-band
superconductor. Assuming that the proximity couplings are attractive (which is
the typical case), and that the intrinsic interband couplings are all repulsive, we see
that the signature of our system is signature 5. Assuming further, without loss of
generality, that the attractive coupling between band 1 and band 2 is the strongest
attractive coupling, so that φ1 = φ2, we have the following condition for the exis-
tence of an energetically free phase rotation (with L = {1} and R = {2, 3, 4}):

J13 − J14 + J23 − J24 = 0. (4.25)

Note that, as in the previous paragraph, two of the couplings in (4.25) are intrinsic
and two are caused by proximity. Hence it is conceivable that the above condition
could be fulfilled by tuning of the thickness of the insulating barrier. However,
the situation here is less straightforward than above since neither the proximity
couplings nor the intrinsic couplings have the same sign in (4.25). Nevertheless,
the scenario considered here is perhaps the most plausible for realisation of the
effect that we consider, since it i) does not involve atypical repulsive proximity
coupling, and ii) may allow for tuning of the sum in (4.25).
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Insufficiency of three components

Finally, we consider the possibility of an effect similar to that described above
occurring in a junction with a total of only three components. This question is
closely related to the final paragraph of Chapter 3. Consider a junction between an
ordinary s-wave superconductor and an s± superconductor. This is a system with a
total of three components, and with one repulsive coupling (the interband coupling)
and two attractive couplings (the proximity couplings). If i) the relative strength
of the repulsive coupling is great enough to cause (approximate) anti-locking of
phases, and ii) the attractive couplings are equal in strength, then we expect the
presence of an (approximately) energetically free mode of phase rotation. This
should in turn cause the lower critical field to be very small, and to approach zero
in the limit where the relative strength of the interband coupling goes to infinity.

However, approaching this limit would presumably entail making the insulating
layer very thick. This would, presumably, cause the lower critical field to become
very small whether or not the above criteria are fulfilled. Thus we speculate that
the effect considered in this section may be detectable for junctions with a total of
four components, but not for junctions with merely three components.





Chapter 5

Summary and conclusions

In this chapter we summarise the investigations described in this thesis, with an
emphasis on the main conclusions.

We began our investigations by considering the Ginzburg-Landau free-energy
density

f = 1
2 (∇×A)2 +

∑
i

1
2 |Dψi|

2 + αi|ψi|2 + 1
2βi|ψi|

4

−
∑
j>i

ηij |ψi||ψj | cos(φi − φj), (5.1)

where D = ∇ + ieA. We noted that this energy density is invariant under the
transformation which i) inverts a given phase (i.e. adds π to this phase), and ii)
changes the sign of all coupling coefficients which involve the given phase. Thus,
apart from the trivial equivalence of signatures that corresponds to relabelling of
components and which we call strong equivalence, there exists another equivalence
of signatures which involves the aforementioned transformation, and which we call
weak equivalence.

We considered a graph-theoretical approach in which each component corre-
sponds to a vertex and each Josephson coupling corresponds to an edge. Using
this approach, we found the following for an n-component system: The number
of strong-equivalence classes is equal to the number of graphs on n (unlabelled)
vertices, and the number of weak-equivalence classes is equal to the number of
switching classes of such graphs, i.e. the number of equivalence classes under Seidel
switching.

Following Ref. [4] we calculated ground states, normal modes and characteristic
length scales for superconductors modelled by the free-energy density (5.1). This
gave us occasion to point out a number of errors in Ref. [4].

We continued by specialising to the case of four components. More specifically,
we considered the two weak-equivalence classes of frustrated signatures that we
call singly frustrated and multiply frustrated. We found that the phase behaviour
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for singly frustrated signatures is similar to that for three-component systems with
phase frustration. These similarities include the fact that there is a transition from
U(1) to U(1)×Z2 symmetry which gives rise to TRSB. In the four-component case,
the symmetry depends on the relative strength of a particular (discriminatory) cou-
pling. We also found that multiply frustrated signatures allow for the qualitatively
new feature of energetically free phase rotations coexistent with Josephson coupling
between all phase pairs.

Furthermore, we considered Josephson junctions between multiband supercon-
ductors using a phase-only model. Following Ref. [14] we derived a number of
fundamental relations for such junctions, including a phase–magnetic-field relation
on which much of our work crucially depends. We noted that in the case of com-
plete interband symmetry λJ does not diverge at the TRSB transition point, which
was overlooked in Ref. [14]. We then calculated penetration depths for asymmetric
cases, and found that λJ does diverge at the TRSB transition point in these cases.
However, the divergence of λJ does not in general imply the vanishing of Hc1. This
is in direct contradiction to a claim made in Ref. [14], in which it is argued, by
false analogy with conventional Josephson junctions, that Hc1 = 0 at the TRSB
transition point.

We considered junctions between p + ip superconductors and ordinary s-wave
superconductors. We began by concluding that, in the vicinity of the TRSB tran-
sition point, the properties of this type of junction are the same as for junctions
between s± and s-wave superconductors. We continued by noting that, for suffi-
ciently strong coupling between the bands of the p+ ip superconductor, there exist
metastable states which display TRSB, even though there is no TRSB in the ground
state. We noted that Hc1 should be considerably lower in the metastable states
than in the ground state. Also, we computed the penetration depths for certain
parameter values, and found that λJ is larger in the metastable states than in the
ground state.

Finally, we discussed the possibility of energetically free phase rotations being
realised in Josephson junctions. We expect that if this occurs, applied magnetic
field may fully and uniformly penetrate the junction. We argue that this effect is
plausibly unique to junctions with at least four components.
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