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Abstract

The MAPK cascade is responsible for transmitting information in the cy-
toplasm of the cell and regulating important fate decisions like cell division
and apoptosis. Due to scarce experimental data and limited knowledge about
many complex biochemical processes, existing MAPK pathway models, which
exhibit bistability, have a significant structural uncertainty. Often, small per-
turbations of network interactions or components can reduce the bistable re-
gion significantly or make it even disappear and small fluctuations of the input
can make the system switch back, which reflects its low robustness. However,
real biological systems have developed significant robustness through evolution
and this robustness should be reflected by the models.

The main goal of the present thesis is the development of a methodology
for increasing the robustness of biochemical models, which exhibit bistabil-
ity. Based on modifying existing network interactions or introducing new
interactions to the system, several methods for both internal and external
robustification are proposed. Internal robustness is addressed through a sen-
sitivity analysis, which deals with a linearization of the model and can be used
sequentially to introduce multiple modifications to the model. The methods
for external robustness improvement are based on eigenvalue placement and
slope modification (drawing on the linear model) and on the identification
of feedback structures (nonlinear model). Further, a way to integrate static
interaction changes to the nonlinear model, so that these perturbations have
only a local impact on its behavior, is proposed.

The application of the methods to existing MAPK models shows that, by
introducing small modifications, the internal and external robustness of models
can be increased significantly and thus provides knowledge about complex
dynamics and interactions that play a key role for the inherent robustness
of real biological systems. Furthermore, by employing a robustness analysis,
stable steady-state branches can be recovered and bistability can be induced.

Keywords: robustness analysis, robustification, bistability, MAPK, bio-
chemical models
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Chapter 1

Introduction

The various forms of life on our planet represent some of the most complex
phenomena ever known. For many years scientists have been investigating
the smallest functional unit of complex biological systems – the cell. The
main research approach has been focused on the systematical reduction and
analysis of its single components, as well as their biochemical structure based
on diverse molecules, ions, and proteins. The results of these investigations
have helped develop many theoretical concepts for cell elements. The next
logical step was to focus on an integrated understanding of how cells and
whole organisms operate (Hartwell et al. (1999)). For that, the systematical
analysis of complex cellular processes, such as cell division, signal transduction
and programmed cell death, also known as apoptosis, as well as their regulation
principles are of major importance. Further, the creation of predictive models
for the transmission and evolution of diseases can support the development of
new drugs (Butcher et al. (2004)). This study field has been called Systems
Biology.

1.1 Problem Statement and Definition

One of the major aims of Systems Biology is to reveal unknown dependencies
and interactions in real life biochemical systems (Kitano (2002b)). A com-
mon approach is the creation and analysis of mathematical models for the
biological function that is a matter of interest. However, signal transduction
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CHAPTER 1. INTRODUCTION

networks like the Mitogen-Activated Protein Kinase (MAPK) cascade often
initialize a change in the state of the whole cell, which makes it very difficult
to develop a model matching reality. Due to scarce experimental data and lim-
ited knowledge about many complex biochemical processes, existing MAPK
pathway models, which exhibit bistability, have a significant structural uncer-
tainty. Often, small perturbations of network interactions or components can
reduce the bistable region significantly or make it even disappear and small
fluctuations of the input can make the system switch back, which reflects its
low robustness. However, real biological systems have developed a significant
robustness through evolution, and this robustness should be reflected by the
models.

Robustness enables systems to preserve their functionality even when they
are exposed to relatively large fluctuations in their parameters, structure, and
environment (Kitano (2004)). Therefore, robustness analysis of models can be
a very useful methodology for the improvement of existing models. It is not
only applicable for model validation (Morohashi et al. (2002)), but also use-
ful to identify important subnetworks and fragile interactions (Schmidt and
Jacobsen (2004)). The main focus of research so far has been on robustness
analysis with respect to kinetic parameters (Bluethgen and Herzel (2003),
Morohashi et al. (2002), Waldherr and Jacobsen (2009)), and there have also
been approaches aiming to develop systematic ways to analyze structural un-
certainty in models (Ma and Zeng (2003), Wilhelm et al. (2004), Jacobsen
and Cedersund (2008), Jacobsen and Trane (2009a)). In particular, tools and
concepts from control theory, such as the structured singular value µ, can be
very useful for the robustness analysis of biochemical networks represented by
mathematical models (Kim et al. (2006)).

A method for the structural robustness analysis of biochemical models, based
on control theory, has been proposed recently (Jacobsen and Trane (2009a)).
The importance of unmodelled network dynamics, network fragilities as well as
essential substructures can be identified by applying strategic perturbations
to a model. The acquired information can be used to employ robustness
improvement strategies. However, to the best knowledge of the author, a
systematic way for increasing the robustness of biochemical models has not
been proposed yet.

2



1.2. MAIN OBJECTIVES

1.2 Main Objectives

The main goal of this work is the development of a systematic methodology
for the robustification of existing biochemical models, which exhibit complex
behavior. The particular focus will be on bistability. We discriminate between
two different aspects of robustness – internal and external. On one hand, the
aim is to find a model modification that enlarges the acceptable range for
perturbations of interactions and components that do not yield a qualitative
behavior change for a given input signal (leading to an increase of the internal
robustness). On the other hand, the aim is to modify the response of the
model by enlarging its bistable region, so that the system can cope better
with input perturbations (yielding an improve of the external robustness).
Both types of robustness have a significant biological relevance, as they are
natural properties of real life systems.

By employing the robustification methodology we want to gain knowledge
about complex dynamics and interactions that play a key role for the inherent
robustness of biological systems. Thus, the results could provide hints for new
biochemical experiments.

1.3 Outline

The thesis can be divided into two parts with regards to its content. In the
first part we concentrate on the theoretical background of robustness (Chapter
2), the structure of MAPK models and case studies of several MAPK models
(Chapter 3). We explain both views on robustness – internal and external.
Then we present the basics of a control theoretic approach for the structural
robustness analysis of biochemical models. It is based on perturbations of
components and interactions – both existing and new ones. We introduce
the structured singular value as a quantitative robustness measure. Then we
provide a short overview of the structure and the most important properties
of MAPK signaling cascades that can exhibit complex behavior. We briefly
present a few existing mathematical models. Although the most important
components and interactions underlying the functionality of the MAPK cas-
cade are known, most models exhibit a low structural robustness. Therefore,
we analyze a state-of-the-art MAPK model proposed by Legewie et al. (2007)
exhibiting bistability with the methods described previously. We want to in-
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CHAPTER 1. INTRODUCTION

vestigate if the introduced sequestration reactions are fundamental for the
complex behavior, as stated. We also perform a model reduction. Further, we
analyze the stable core model, which is the model without the sequestration
reactions, to see if we can find a perturbation that leads to bistable behavior.
Based on the results of the analysis we justify the need for a robustification
methodology.

In the second part of the thesis we propose several systematical approaches
for the robustification of biochemical networks (Chapter 4) and apply them to
the previously analyzed MAPK models (Chapter 5). They can be divided into
two groups according to the previously defined two types of robustness (in-
ternal or external). All, except one of the methods, are based on the analysis
of the linearized model at an unstable steady-state. The sensitivity analysis
addressing internal robustness is drawing on a linearization of the model and
can be used sequentially to introduce simultaneous changes to the system. For
external robustness we propose methods based on eigenvalue placement and
slope modification (based on linearization) and a method based on the identifi-
cation of feedback structures (nonlinear model). Further, we propose a way to
integrate static perturbations to the nonlinear model, so that they have only
a local impact on its behavior. Then we apply the proposed robustification
methods to the extended Legewie-MAPK-model and analyze the resulting re-
sponses of the perturbed system. We also use the information gained from
robustness analysis to recover the upper stable steady-state branch of the re-
duced model by relocating one limit point to a new desired position, as well
as to induce bistability in the core model. Finally, we compare the outcomes
of the employed methods and determine which of them lead to a satisfying
desired effect (Chapter 6). We summarize the most important results and
evaluate if the aim of the thesis has been achieved. We also offer guidelines
for future work.
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Chapter 2

Robustness of Biochemical Networks

Robustness is a very important property of real life systems. It enables them
to cope with predictable and unpredictable variations of their operating en-
vironment in a certain range, while preserving the main functionality of the
system (Kitano (2004)). However, models of biochemical systems often dis-
play a poor robustness, which is mostly due to unknown dynamics that have
not been considered in the modeling process. Hence, robustness analysis can
be used as an essential principle for both model enhancement and validation
(Waldherr and Jacobsen (2009)).

2.1 Introduction

We will deal with a mathematical representation of biochemical models by a
set of n nonlinear Ordinary Differential Equation (ODE)s described by

˙x(t) = f(x(t), p), x ∈ Rn, p ∈ Rm (2.1)

where x are the state variables corresponding to concentrations of biochem-
ical components and p are the parameters of the model, often kinetic rate
constants. Local stationary behavior is refered to as steady-state and satisfies
the equation

˙x(t) = f(x(t), p) = 0 (2.2)

5



CHAPTER 2. ROBUSTNESS OF BIOCHEMICAL NETWORKS

In this chapter we present the basics for a structural robustness analysis of
biochemical models based on a linearized model at an arbitrarily point. Con-
sidering robustness, we want to determine the size of perturbations that lead
to a qualitative change in the behavior of the system. For instance, when the
model of interest exhibits bistability, we want to calculate the smallest pertur-
bation of an interaction or a component that removes the complex behavior.
Solving this problem is in general hard or even not feasible because of the
inherent nonlinearity of systems (Strogatz (2001)). However, if we linearize
the model at a certain working point of interest we can reduce the problem to
a linear robust stability problem for which there are efficient solution methods
in control theory.

We will start off with a definition of the terms sensitivity, uncertainty and
robustness. Thereby we distinguish two different views on robustness – one in
terms of internal and one in terms of external robustness. Further, we shortly
describe the mathematical background of complex behavior – bifurcations and
their most common occurrences in biological models and we address how we
can quantify the robustness of linear models.

2.2 Robustness of Biochemical Models
Exhibiting Complex Behavior

Robustness, sensitivity and uncertainty are important properties of mathe-
matical models. The aim of a sensitivity analysis is to identify the effects of
small parametric or structural variations on model responses (Saltelli et al.
(2004)). Uncertainty analysis, on the other hand, deals with the reliability of
model predictions in the case of varying sources of uncertainty in the model
input or design (Cacuci (2003)). A system is robust if it can preserve its main
functionality when it is exposed to variations of its operating environment in a
certain range. Concerning the robustness of bistable models, we discriminate
between two types of robustness – internal and external – depending on the
different properties of the environment they are related to (Figure 2.1).
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2.2. ROBUSTNESS OF BIOCHEMICAL MODELS EXHIBITING COMPLEX
BEHAVIOR

ij

internal

yu

external

+δ

δ

System

Figure 2.1. Internal and external robustness of biochemical models. The
nominal system with u and y as input and output respectively is represented
in black. δ stands for perturbations

2.2.1 Internal Robustness

Internal robustness, also termed robustness of switch, refers to perturbing
a single hetero-linked interaction between two components xi and xj or the
activity of a single component xi of the network that yields a change in stability
of the system for a given input signal.

Internal sensitivity analysis corresponds to how perturbations of interactions
and components affect the quantitative behavior of the system at a given value
of the input signal.

The analysis of internal robustness is based on a linearization of the system
at the steady-state corresponding to the given input. The major advantage is
that we can use simple, computationally inexpensive methods based on linear
robust control theory to perform the analysis. However, we should keep in
mind that the results are strictly valid in a small region around the chosen
point. The way, how locally calculated perturbations are introduced into the
nonlinear model, is also of major importance for the resulting behavior of the
perturbed system.
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CHAPTER 2. ROBUSTNESS OF BIOCHEMICAL NETWORKS

2.2.2 External Robustness

External robustness, also termed robustness of behavior, is the robustness of
the system towards perturbations of the input signal. It is directly related to
the width of the bistable region – the wider it is, the higher is the external
robustness.

External robustness analysis is computationally rather expensive to perform,
because of the nonlinearity of biochemical models. Thus, often simplified
methods based on linearization are applied.

When robustness analysis is performed on a bistable model, we are looking
for a perturbation that changes the qualitative behavior of the system at
a chosen point. The mathematical “instrument” for describing a transition
between stable and complex behavior of a model is called a bifurcation.

2.3 Bifurcation Theory

Now we will provide a short introduction to common bifurcations of nonlinear
dynamic biochemical models. A point at which the qualitative behavior of
the system changes is called a bifurcation point. In biochemical networks a
qualitative behavior change usually corresponds to a change in the stability of
the steady-state. We distinguish local and global bifurcations. Local bifurca-
tions can be detected in any small neighborhood of a fixed point (Kuznetsov
(1998)). Thus, we can deal with a linearized model to analyze them. At local
bifurcation points x∗ the Jacobian A of the system is critically stable. This
means that one or more of its eigenvalues are on the imaginary axis. If the
crossing eigenvalue is purely real the nonlinear model has a limit point at x∗
and the system undergoes a saddle-node bifurcation. Saddle-node bifurcations
lead to bistability.

If there is a pair of complex eigenvalues crossing the imaginary axis, then
this is equivalent to a Hopf bifurcation. At the steady-state x∗ a limit cycle
emerges from the equilibrium. The nonlinear model can thus exhibit oscil-
lations. There are two main kinds of Hopf bifurcations – supercritical and
subcritical. Supercritical Hopf bifurcations lead to the existence of a stable
limit cycle and an unstable steady-state at the same time, thus leading to
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2.4. STRUCTURAL PERTURBATIONS OF BIOCHEMICAL MODELS

stable sustained oscillations. A subcritical Hopf bifurcation means that an
unstable limit cycle and a stable steady-state coexist leading to unstable os-
cillations. Sustained oscillations are also possible in the case of a multicycle
bifurcation, where multiple limit cycles appear at x∗. The linearization of the
system along a limit cycle can be represented by a time varying Jacobian A(t)
or a discrete map.

In order to change the qualitative behavior of the system by inducing a bifur-
cation, we have to perturb components of the Jacobian A, so that we move one
or two eigenvalues to the imaginary axis for bistability or sustained oscillations
respectively.

2.4 Structural Perturbations of Biochemical
Models

When we induce a qualitative change in the systems behavior by applying
strategic perturbations, we can detect network fragilities (Schmidt and Jacob-
sen (2004)) and make a statement about the robustness of the model. Our
aim is to determine the smallest perturbations, which lead to a change in sta-
bility at a chosen steady-state x∗. We will now present how we can calculate
perturbations by using the linearized model. We obtain the Jacobian of the
system at x∗ by

A = ∂f

∂x

∣∣∣∣∣
(x∗,p)

with f(x∗, p) = 0 (2.3)

A bifurcation point at the chosen steady-state can be induced by perturbing
elements of the Jacobian A in a systematic way. Thereby existing (Aij 6= 0)
and non-existing (Aij = 0) interactions are considered separately.

As we deal in particular with bistability in this work, the focus will be on
static perturbations (ω = 0).

2.4.1 Perturbing Single Network Interactions

When we seek a perturbation δij of a single network interaction, we often want
to consider existing elements of A first. We neglect components of the linear

9



CHAPTER 2. ROBUSTNESS OF BIOCHEMICAL NETWORKS

model with i 6= j in order to leave the eigendynamics of individual biochemical
components unchanged. When we want to perturb the nominal system

ẋ = Ax (2.4)

by x∆, we can rewrite it in feedback form by

ẋ = Ãx+ (A− Ã)u

where Ã stands for the diagonal of the matrix A and u = x + x∆. Using the
Laplace transformation, the loop transfer function becomes

L(s) = (sI − Ã)−1(A− Ã) (2.5)

L(s) gives all direct interactions between network components. For the per-
turbed model all interactions are given by L∆ = (I + ∆)L. If we want to
acquire a transfer function for the interaction of two specific components xi
and xj, we simply extend L to

Lij(s) = Pj(sI − A+ Â)−1ÂP T
j (2.6)

where Â = CijA
TCij with Cij – a n× n zero matrix with only Cij = 1 and Pj

is a 1×n zero vector with the j-th element equal to 1. The perturbed transfer
function is then given by Lδij = (I + δij)Lij. According to the generalized
Nyquist criterion, we can determine the perturbation δij by calculating the
smallest norm ||δ|| that makes the feedback loop in Figure 2.2(a) marginally
stable corresponding to moving eigenvalues of A to the imaginary axis. This
is the case, when one eigenvalue locus λi satisfies

λi(Lδij(jω)) = 1 (2.7)

Thus, we have to solve the equation

δij = 1
Lij(jω) − 1 (2.8)

to calculate the required perturbation for a specific existing interaction at a
given frequency ω = ω∗. For ω∗ = 0 we move a real eigenvalue to 0 leading to a
saddle-node bifurcation, and for ω∗ > 0 we move a pair of complex eigenvalues
to the imaginary axis at ω = ±iω∗, which corresponds to a Hopf bifurcation.

However, because of the high structural uncertainty of models, we should
also consider non-existing interactions in the analysis. If we want to perturb
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2.4. STRUCTURAL PERTURBATIONS OF BIOCHEMICAL MODELS

Lij

ij

xi

+

xi

δ

δ

(a)

Tij

ij

xixi

δ

δ

(b)

Figure 2.2. Perturbing a specific existing (a) or possible (b) interaction
between two network components xi and xj

individual elements of the matrix A (except for the ones with i 6= j) the
perturbed system can be represented by

ẋδ = Ax+ Fiu

u = δijPjx (2.9)

where Fi is a n × 1 zero vector with the i-th element equal to 1 and Pj is
defined as stated above. We can use the Laplace transformation and put the
system in feedback form

Tij(s) = Pj(sI − A)−1Fi (2.10)

In (2.9) the perturbation δij is strictly real (static) and can therefore induce
bifurcations at frequencies, where Tij is real. However, when we formulate the
problem as a perturbed feedback loop (Figure 2.2(b)), we also allow the calcu-
lation of complex (dynamic) perturbations. Again, due to the the generalized
Nyquist criterion, we only have to solve the equation

δij = 1
Tij(jω) (2.11)

in order to determine the smallest δij that moves eigenvalues of A to the imag-
inary axis for some frequency ω = ω∗. Depending on ω we can induce both
a saddle-node and a Hopf bifurcation, like in the previous case. Below, when
we sort the results according to the magnitude of the required perturbations,
keep in mind that we calculate relative perturbations for existing interactions
and absolute perturbations for non-existing ones.
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Ti
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xixi

δ

δ

Figure 2.3. Perturbing the activity of a single component

2.4.2 Perturbing Components in the Network

Another biologically relevant scenario is to perturb the activity of a single
component xi by a corresponding δi in the system. For a relative perturbation
the linearized model is then given by

ẋδ = Ax+ aiu

u = δiPix (2.12)

where ai is the i-th column of A with the i-th element set to 0 (no perturbation
of eigendynamics) and Pi is a 1×n zero vector with the i-th element equal to
1. The corresponding loop transfer function of the perturbed system is

Ti(s) = Pi(sI − A)−1ai (2.13)

The perturbation δi in (2.12) is strictly real (static) and can therefore induce
bifurcations at frequencies, where Ti is real. When we formulate the prob-
lem as a perturbed feedback loop (Figure 2.3), we also allow the calculation
of complex (dynamic) perturbations. To acquire the smallest δi that moves
eigenvalues of A to the imaginary axis as shown we have to solve the equation

δi = 1
Ti(jω) (2.14)

with ω depending on what bifurcation we want to induce. In this work, we
will consider only the case ω = 0.

The results of the perturbation analysis are in fact a good structural robustness
measure for single perturbations (Jacobsen and Trane (2009a)). However, if
we want to perturb more than one element of A, we can use a concept common

12
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in Multi-input multi-output (MIMO) systems called the structured singular
value. In fact, it has already been employed effectively to quantify robustness
of biochemical models, which exhibit oscillations (Ma and Iglesias (2002)).

2.5 The Structured Singular Value

In control theory, a system is robust when it can preserve its proper function-
ality as long as uncertain parameters or disturbances are within a previously
determined range. In our case, the main functionality of models is the ex-
hibited bistability, which has to be preserved for a certain fixed input value,
when there are deviations of model parameters, reaction delays or partial con-
centration changes of components. Disturbances often occur simultaneously
and with varying frequencies. Thus, we need a quantitative measure for ro-
bustness, which refers to the stability bounds of the model and can reflect all
these possible changes.

As the input value is fixed, we use the linearized model at the corresponding
steady-state, represented by the closed loop transfer functionM = (I−L)−1L
(L is the open loop transfer function as defined in Equation (2.5)). Based on
the generalized Nyquist theorem a stable nominal system M(s) with a stable
perturbation matrix ∆(s) becomes marginally stable when

det(I −M∆) = 0

for all ∆ and ω, or with other words, when one of its eigenvalues

λi(M∆) = 1

according to Skogestad and Postlethwaite (2005). First, we consider ∆(jω)
to be a full n × n-matrix with δij ∈ C, i, j = 1 . . . n which is equivalent
to introducing an unstructured uncertainty to the model. The condition for
inducing a bifurcation then becomes

σ(M(jω)) · σ(∆(jω)) = 1

where σ is the maximum singular value and hence, we can determine the size
of the smallest perturbation by

||∆min|| = min
ω

1
σ(M(jω)) (2.15)
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Though, applying an unstructured perturbation matrix is equivalent to in-
ducing simultaneous changes in all interactions of the system, which is usually
not characterized by a high biological relevance (Jacobsen and Trane (2009a)).
Hence, next we want to consider a structured uncertainty. We choose a diag-
onal matrix

∆I = diag{δi}
which corresponds to perturbing the activity of each component in the net-
work. To calculate the perturbations we use a generalization of the singular
value σ, called the structured singular value or simply µ. The smallest struc-
tured µ∆I is then

1
µ∆I (M) = min

∆I
{σ(∆I)| det(I −M∆I) = 0} (2.16)

In most cases, µ can not be computed exactly. However, for diagonal complex
perturbations ∆I tight upper and lower bounds can be calculated (Skogestad
and Postlethwaite (2005)). In general, the larger the value of µ∆I is, the lower
is the robustness of the system.

As we will only consider diagonal uncertainties in the following, we will refer
to µ∆I simply as µ.

2.6 Summary

Robustness is an important feature of biological systems and can be defined
differently according to the feature to be analyzed. We distinguish two kinds of
robustness – internal and external. Further, we have presented important tools
for the robustness analysis of biochemical networks, based on the perturbation
analysis of a local linearization of the nonlinear model. Thereby we considered
perturbations of components as well as of interactions – both existing and new
ones. Finally, we introduced the structured singular value, which is a good
quantitative robustness measure for MIMO systems.
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Chapter 3

The Mitogen-Activated Protein Kinase
Cascade – Structure, Models and
Analysis

In molecular biology experiments can be hard to observe or very expensive in
terms of time or materials. Biological processes follow complex interrelations
that can usually not be predicted in a reliable manner. A solution to these
problems and the key to understand the dynamics of complex systems, e.g.
cells, is mathematical modeling and computer simulations. Although models
are a simplification of real life objects, they can be used to verify basic as-
sumptions and to illustrate certain interaction properties. Modeling is often
an inter-disciplinary process based on the iterative integration of verification,
data analysis and experimentation (Klipp et al. (2005)).

3.1 The Intra- and Intercellular Signaling
Paradigm

Signal transduction networks have to process relevant sensed information from
the environment very quickly in order to regulate the activity of different effec-
tor proteins, e.g. transcription factors. The general scenario of events starts
when a substance reaches the cell membrane, acting as an “activating sig-
nal”. As the cell membrane is semipermeable, certain substances can enter
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the cell on their own and start corresponding cell process. Others dock to the
outer part of a receptor and cause its activation, which also leads to a corre-
sponding inner cell process. Once an internal signaling cascade is activated,
it causes a series of changes in certain cell proteins delivering the information
for activation or a start of the desired response – the transcription of a gene
or cell division, for instance. Signaling pathways are regulated by complex
mechanisms involving feedback, which guarantees their correct functionality
even when they are exposed to relatively big fluctuations in their working en-
vironment (Klipp et al. (2005)). Our knowledge about the structure of these
essential control systems in living creatures is still not complete, but the main
assumption is that they are based on multi-layer perceptrons. This is a quite
common concept in artificial intelligence and neural network modeling. Typ-
ically there are three layers for protein cascades. Each layer can be activated
by several components from the previous one. This guarantees that infor-
mation from several inputs can be taken into account, but also assures an
inherent filtering function. The cascades involve mainly kinases. A kinase is a
protein that enables the phosphorylation of certain other proteins or, speak-
ing in chemical terms, that can catalyze the reaction between a PO4-group
and a specific site on the target protein. Only when a kinase is doubly phos-
phorylated it can activate the next layer. There are also other proteins that
continually dephosphorylate the acting kinases so that they can be used again
for signal transduction after the information has been transmitted.

The mitogen-activated protein kinase pathway, one of the most important
signal transduction pathways in eukaryotic cells, is also based on a similar
superior structure.

3.2 The MAP Kinase Cascade

The MAPK cascade is responsible for signal transduction from the cell mem-
brane to the nucleus for a large range of stimuli (Klipp et al. (2005)). It
is involved in the control of essential cell mechanisms like cell growth and
division, as well as apoptosis. The pathway consists normally of three percep-
tron layers. The process starts with a ligand activating the mitogen-activated
protein kinase kinase kinase (MAPKKK). Once MAPKKK is doubly phos-
phorylated it activates the phosphorylation of the MAPKK (also known as
Mek) kinase. The doubly phosphorylated MAPK (ppMAPK) is the output
of the cascade. The signal transduction can stop at any level by deactivating
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ppErkpErkErk

ppMekpMekMek

pRaf

Figure 3.1. General structure of the MAPK cascade. Raf refers to
MAPKKK, Mek – to MAPKK and Erk – to MAPK. Red (drawn through)
edges symbolize phosphorylation, green (dotted) – dephosphorylation. Blue
(dashed) edges stand for activation. ppErk is the output of the cascade, pRaf
– the input.

the corresponding kinase. This is for example the case when the stimulus
concentration is lower than the concentration of dephosphorylating proteins.

There are several groups of different MAPK cascades. One of them is the
MAPK/ERK, which is activated mainly in response to growth factors reg-
ulating cell differentiation and mitosis. Because of its main components v-
raf-1 murine leukemia viral oncogene homolog (Raf), mitogen-activated pro-
tein kinase kinase, aka MAPKK (Mek) and Extracellular signal-Regulated
Kinase (Erk) it is also often refered to as Raf/MEK/ERK pathway. The
structure of the cascade core can be seen in Figure 3.1. The output of the
cascade (ppErk) can activate over 80 substrates in the cytoplasm and the nu-
cleus (Orton et al. (2005)). Many of these are transcription factors regulating
the expression of genes in cell development and proliferation. In tumour cells
the MAPK pathway is often permanently active due to mutations (Hoshino et
al. (1999)). Thus, it is very important to acquire a precise insight into the
dynamics of the MAPK cascade.

17



CHAPTER 3. THE MAPK – STRUCTURE, MODELS AND ANALYSIS

3.3 MAPK Models

The mathematical and computational modeling of biochemical systems and
of the MAPK cascade in particular has been a matter of significant interest
in the past few years. There is a wide variety of models with different levels
of complexity approximating the behavior of the MAPK cascade (Orton et al.
(2005)). They have led to new insights and predictions about the functionality
and structure of the real life biological network.

The most common approach for modeling complex networks is a representa-
tion of their components and interactions with nodes and edges. There are two
possibilities or, so to say, signs for edges. If one component stimulates the ac-
tivity of another component we have the case of activation. This corresponds
to positive control. If on the other hand, a component reduces the activity of
another component, then we speak of repression or negative control. In net-
works involving more than two nodes it is quite common that one component
acts as an activator for another component and as a respressor for a third com-
ponent. However, these representations provide only topological information
about the network and thus can not lead to predictions (Kolch et al. (2005)).
Therefore, representations of models with ODEs has become more and more
important. With the growing calculational power of modern computers, the
dynamics of complex systems can be easily simulated numerically.

One of the first approaches for modeling the MAPK cascade was concentrating
on the behavior of the core cascade and showed that an ultrasensitive response
to stimuli is one underlying functionality (Huang and Ferrell (1996)). Soon
after that, the analysis of two more models showed that double phosphoryla-
tion of the molecules is the key to the sharp slope of the activation curve or
the so called switch-like output (Burack and Sturgill (1997), Ferrell and Bhatt
(1997)). Since then many models of the MAPK/ERK cascade have been de-
veloped, describing various aspects of the biological behavior like bistability,
feedback loops and oscillations. An overview of important models can be found
in Orton et al. (2005). Many existing models describe experimental data very
well and have been used to make valid predictions about the real life system.
However, a major problem is their low robustness, which reflects that models
still need some improvements, since it is reasonable to assume that the true
biological system has evolved to develop a high degree of robustness.
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(a) Double-positive
feedback loop

(b) Double-negative
feedback loop

(c) A complex inhibitory feedback
loop

Figure 3.2. Common regulatory principles in biochemical systems. Blue
edges represent a negative interaction, red edges represent a positive interac-
tion. X and Y are the components responsible for the complex behavior of
Z.

In order to modify models in terms of their robustness, we have to take a look
at how network regulation for different behaviors is achieved in the MAPK
cascade.

3.4 Common Regulatory Principles and Network
Motifs

Living organisms maintain robustness by achieving a high degree of complexity
involving feedback, redundancy, modularity and structural stability (Kitano
(2002a)). In large biological systems control is distributed. In the case of the
MAPK cascade it has been confirmed that there are certain reactions that are
more important for proper operation than others (Hornberg et al. (2005)). In
this section we will present the most important regulatory principles in MAPK
models, which are believed to explain the underlying complex behaviors –
bistability and oscillations.

Feedforward and feedback loops are common structures in biological networks.
The latter can assure the existence of both bistable and oscillatory behavior
(Kholodenko (2006)). A classical feedforward loop involving feedback consists
of three components – X as a transcription factor activating a second tran-
scription factor Y , and both X and Y regulating the output gene Z (Alon
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(2007)). An additional reversed interaction between X and Y is already
enough so that Z can exhibit bistability. This is the easiest system that
can generate a bistable response. Bistability arises in systems with positive
feedback or mutually inhibitory double-negative-feedback loops (Angeli et al.
(2004)). Three common regulatory principles in cells can be seen in Figure
3.2. The existence of double-positive or -negative feedback in a model is a nec-
essary but not sufficient condition for bistable behavior in real life systems.
Interactions with other components are involved leading to a more complicated
core subnetwork (Figure 3.2(c)) and potentially providing a higher robustness
of the response and adaptability of the system to fluctuations in the operating
environment.

Although results of previous work have shown that only a few reactions and
components play a key role for regulation of the MAPK cascade, the total
control is distributed over more than only few very important interactions
and components (Hornberg et al. (2005)).

3.5 Case Studies of MAPK Models

Now we will apply the presented methods and identify the underlying crucial
structure of state-of-the-art MAPK models. Thereby we want to motivate the
need for a systematical robustification methodology.

In Legewie et al. (2007) a stable basic (core) model of the MAPK signaling
cascade has been extended by several biochemical components and reactions in
order to acquire a desired change in its qualitative behavior. The schematical
structure of the basic and the extended model is shown in Figure 3.3 and
Figure 3.4 respectively. As we can see from the schemes, the complexity of
the biochemical network has been increased significantly in order to achieve
the desired complex behavior. According to the results, the sequestration
reactions that have been added to the core model lead to bistability – the
switchlike phenomenon enabling stable and irreversible processes in cells even
when they are exposed to high fluctuations in the environment (Ferrell (1998)).

The additional reactions unleash a positive-feedback effect due to the relief
from inhibition, and enable competing docking interactions for certain pro-
teins. For low levels of phosphorylated Raf (pRaf), Erk and Mek are mostly
either single phosphorylated or not phosphorylated. The pathway activation is
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Figure 3.3. Schematic of the basic MAPK model. Red edges symbolize
bidirectional interactions, blue edges stand for one-way interactions. The state
names are as follows: 1 - pRaf-Mek, 2 - pMek, 3 - pRaf-pMek, 4 - ppMek, 5 -
ppMek-Erk, 6 - pErk, 7 - ppMek-pErk, 8 - ppErk

suppressed by Erk and pErk which sequester Mek or pMek to Raf-inaccessible
complexes. When the amount of pRaf increases, the concentration of ppMek
rises and starts the Erk phosphorylation. Doubly phosphorylated Erk then
activates the (p)Mek-(p)Erk complexes (release of inhibition), thus amplifying
the Mek phosphorylation and with it the Erk phosphorylation. The proposed
extension is based on previous experimental studies that showed that Erk and
Mek can form a stable complex when they are not active (Adachi et al. (1999)).
The introduced changes to the core model represent the docking competition
between Erk and Raf for Mek. In the paper several models are being used
simultaneously and the proposed model extension is specific for the particular
model. In the following section we are going to analyze the structural ro-
bustness of the extended model by employing the previously described control
theoretical methods.

3.5.1 Structural Robustness Analysis of the Extended
Model

The behavior of the extended model with the nominal parameter set will be
analyzed first. The model parameter pRaftot is related to external signals and
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Figure 3.4. Schematic of the extended MAPK model. Red edges symbolize
bidirectional interactions, blue edges stand for one-way interactions. The ad-
ditional states for the sequestration reactions are represented by gray nodes.
The structure is interlaced complexly making it hard to identify important
subnetworks. The state names are as follows: 1 - pRaf-Mek, 2 - pMek, 3 -
pRaf-pMek, 4 - ppMek, 5 - ppMek-Erk, 6 - pErk, 7 - ppMek-pErk, 8 - ppErk,
9 - Mek-Erk, 10 - pMek-Erk, 11 - Mek-pErk, 12 - pMek-pErk

hence, represents the input of the cascade. It will be refered to as bifurca-
tion variable (pbif ) in the following. A bifurcation diagram represents how the
steady-states of the system components change with respect to a model pa-
rameter. The bifurcation diagram, which shows how the output of the system
(for the MAPK cascade – the steady-state values of doubly phosphorylated
Erk, as already mentioned) varies, will be called response of the system.

We plot and identify the limit points of the nominal bistable region for the
extended model (Figure 3.5). The nominal bistability occurs for pRaftot be-
tween 0, 026 and 0, 044. We choose a working point at an unstable steady-state
x∗ approximately in the middle of the bistable region – at pRaftot = 0, 035,
where the robustness analysis is to be performed. We start off by calculating
the structured singular value µnom of the nominal linearized model at x∗ (as
described in Section 2.5). The closed loop has a µnom = 1388, 3, which re-
flects the low robustness of the model. Thus, next we will determine specific
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Figure 3.5. Response of the nominal model

fragilities with respect to their effect on the bistable behavior by perturbing
components xi or specific interactions xj → xi.

Using the methods described in Section 2.4, we calculate the smallest rel-
ative perturbations δij for binary interactions that induce a limit point at
the selected working point. We then sort the inverse of all calculated per-
turbations according to their magnitude, starting at the smallest one (Figure
3.6(a)). Thus, we can determine fragile interactions in the model. The most
susceptible interaction of the extended model is state 8 (ppErk) on state 5
(ppMekErk). We can apply the relative perturbation to the system

ẋ5 = f5(x1, x2, ..., x8 + δ5,8(x8 − xss8 ), x9, ..., x12,p) (3.1)

to verify that the expected change in the bistable region occurs. The cor-
responding response is shown in Figure 3.7(a). As expected, the perturbed
system has a limit point at the previously chosen working point. Applying
the second smallest perturbation (state 8 on state 4), leads to a qualitatively
identical effect concerning the localization of one of the limit points.

In addition, the activity of a chosen single component can be analyzed by
perturbing all of its interactions with other components in order to move one
of the existing limit points to the chosen working point. The sorted results of
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Figure 3.6. Ordered static perturbations of existing binary interactions (a)
and single components (b) of the nominal extended MAPK model required to
induce a bifurcation point at pRaftot = 0, 035. Red bars indicate a negative,
blue bars – a positive perturbation
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(a) Smallest stabilizing perturbation for the
most fragile interaction (8→ 5)
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(b) Static perturbation of the state ppMek

Figure 3.7. Applying perturbations to the extended model, pRaftot = 0, 035

the smallest perturbations for all states can be seen in Figure 3.6(b). The state
ppMek requires the smallest perturbation for achieving the desired change of
the bistable region and the resulting bifurcation diagram can be seen in Figure
3.7(b).

We can also analyze the fragility of nonexisting interactions, if the second
method described in Section 2.4.1 is used instead. The results in Figure 3.8
show that there are new interactions that have an even greater impact on the
complex behavior than the existing interactions when they affect the behavior
of the model.

According to both the results of the interaction and component analysis the
complex behavior of the model is structurally highly unrobust. A relative
perturbation as small as δ = 8·10−4 can reduce the bistable region to one half of
its size. The fragility analysis also indicates that the additional sequestration
dynamics do not play an important role for the exhibited bistability. Thus,
the acquired information can be used to perform a systematic model reduction
by which all unimportant dynamics are removed.

3.5.2 Reduction of the Extended Model

In general, models are simplified representations of real world phenomena.
Models describing systems as realistic as possible are usually of high com-
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Figure 3.8. Ordered static perturbations of new binary interactions of the
nominal extended MAPK model required to induce a bifurcation point at
pRaftot = 0, 035. Red bars indicate a negative, blue bars – a positive pertur-
bation

plexity, thus making it difficult to determine, which parts are crucial for the
dynamics of the system (Heinrich et al. (2002)). An objectionable property
of models approximating complex systems is often low robustness (Silbert
(2000)). This can be either due to unmodeled important phenomena or unnec-
essarily modeled dynamics. It is salient to keep models as simple as possible,
as long as they describe reality sufficiently accurate. If this is not the case, a
model reduction can be initialized.

Model reduction is the process of reducing model interactions and/or the size
of the model state space. In Systems Biology model reduction is mostly based
on the results of biological experiments. On one hand, rapid processes can be
replaced by parametric approximations, when operating in the neighborhood
of a steady state. On the other hand, the dynamics of very slow processes
can be neglected leading to the occurrence of conservation relations (Krueger
and Heinrich (2004)). The affected differential equations can be replaced by
purely algebraic equations, which can be used to express dependent variables
as functions of independent variables or parameters. However, model reduc-
tion is a rather critical process, as our main aim is to preserve the complex
functionality of the model.
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We are going to employ a model reduction method based on the perturbation
analysis results in the previous section in order to remove unimportant model
interactions and states. According to Figure 3.6(b) the perturbation value for
the states 1, 9, 10, 11 and 12 is approximately 0, which implies that they
are not important for the exhibited complex behavior. A ‖δi‖ greater than
1 corresponds to a perturbation greater than 100% required to achieve the
desired local change. Thus, we can start to remove the states with ‖1/δi‖ < 1
one by one. We replace a removed state by its steady-state value at the point
we linearized at (here pRaftot = 0, 035). Normally, everytime we remove a
state we should perform a new component perturbation analysis, as removing
a state corresponds to introducing a large perturbation of δi = −1 to all
interactions involving the particular state. However, in our case all values
1/δi < 1 are around 0, so we choose to remove all states immediately and
then evaluate the outcome. The resulting reduced system has only seven
states and ODEs respectively, and five additional parameters. Its bifurcation
diagram can be seen in Figure 3.9(a).

Further, we want to remove all existing interactions, which require a per-
turbation ‖δi,j‖ > 1, from the remaining ODE’s of the already reduced
model. As previously stated, we should perform a new analysis of the re-
duced model. However, if we use the results from the interaction analysis of
the extended model and neglect all unimportant interactions, the model still
exhibits bistability (Figure 3.9(b)). Because of that, however, the old point at
pRaftot = 0, 035 is no longer a part of the steady-state curve. Already after
the first reduction, the upper stable steady-state branch of the model has been
diminished significantly. Thus, some further changes have to be introduced
to the reduced model, in order to assure switch-like behavior for the whole
bistable region. In the following we will concentrate on analyzing the second
model (with both reduced states and interactions).

The robustness analysis of the reduced model will be employed at pRaftot =
0, 0285. The structured singular value of the closed loop of the linearized re-
duced system is µred = 491, 92. Thus, by reducing the model the robustness
of the system has been improved by a factor of more than 2 compared to the
extended model. The order of important interactions of the reduced model
is the same (Figure 3.10), which proves that the system reduction has been
performed correctly and verifies the effectiveness of the results of the struc-
tural robustness analysis proposed in (Jacobsen and Trane (2009b)) for model
reduction. However, still a relative perturbation as small as δ7,4 = 2 · 10−3 is
enough to reduce the bistable region to one half of its nominal width. Fur-
ther, the reduced model has a short upper stable steady-state branch, which
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Figure 3.9. Bifurcation diagrams of the reduced model – (a) only unimpor-
tant states removed, (b) unimportant states and interactions removed
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Figure 3.10. Ordered static perturbations of (a) binary interactions and (b)
single components of the reduced MAPK model required to induce a bifurca-
tion point at pRaftot = 0, 0285. Red bars indicate a negative, blue bars – a
positive perturbation
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Figure 3.11. Response curve of the MAPK core model

indicates that we have to apply further modifications, in order to guarantee
switch-like behavior for the whole bistable region.

3.5.3 Structural Robustness Analysis of the Core Model

Finally, we want to analyze the structural robustness of the core model. With
the given nominal parameters in Legewie et al. (2007) the model has a stable
response curve that can be seen in Figure 3.11. The robustness analysis will
be also performed at the steady-state for pRaftot = 0, 035. The upper border
of the structured singular value of the closed loop of the linearized model is
µ = 33, 786. This reflects a much higher robustness compared to the extended
and the reduced model.

The perturbation analysis reflects, however, that there are relatively small
perturbations of existing interactions or components (Figure 3.12) that can
lead to complex behavior. New interactions require even smaller perturbations
to induce a bifurcation point (Figure 3.13). In general, the stability of the core
model is structurally relatively robust.
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Figure 3.12. Ordered static perturbations of (a) binary interactions and
(b) single components of the nominal MAPK core model required to induce a
bifurcation point at pRaftot = 0, 035. Red bars indicate a negative, blue bars
– a positive perturbation
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Figure 3.13. Ordered static perturbations of new binary interactions of
the nominal MAPK core model required to induce a bifurcation point at
pRaftot = 0, 035. Red bars indicate a negative, blue bars – a positive pertur-
bation

3.6 Summary

The MAPK cascade is one of the most important signaling pathways in eu-
caryotic cells and has been a matter of intensive studies in the past. Although
the most important components and interactions responsible for the regula-
tory principles are known, most models of the MAPK cascade exhibit a low
structural robustness. This was proved for the extended bistable model pro-
posed by Legewie et al. (2007), according to the results of the robustness
analysis. Further, the introduced sequestration reactions do not play an im-
portant role for bistability. Hence, a model reduction based on the results
from the analysis of the extended model has been performed. The reduced
model, which has a significantly reduced complexity, can still exhibit bistable
behavior. Although it is more robust than the extended model, the reduced
model is still structurally highly fragile and not stable for the whole range of
the bifurcation variable. Thus, we need a systematic way to improve the ro-
bustness of biochemical models. The analysis of the stable core model showed
that, when certain interactions are changed by relatively small perturbations,
a bifurcation point can be induced.
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Chapter 4

Towards Robust Behavior of
Biochemical Models

When modeling biological systems, we often have to deal with a significant
amount of uncertainty. It implies that system representations with a high
level of uncertainty can describe a biological function very well (Jacobsen and
Trane (2009b)). However, real biological systems are usually robust, which
reflects that non-robust models do not represent reality precisely enough and
have to be improved. Thus, a methodology for the robustification of models
can be employed in order to refine models and provide a new insight about
important interactions in the system.

4.1 Introduction

In this chapter we propose several systematic approaches to improve the overall
robustness of complex behavior in biochemical models. Thereby we have to
consider that the activity of biochemical systems is dominated by complex
nonlinear dynamics. Due to the high complexity of the models an optimal
solution in terms of robustness is not feasible. It is possible for nonlinear
systems to have several optimal solutions in terms of a desired robust behavior
(Khalil (2001)). However, we are not able to calculate them exactly. As it
is numerically hard to deal with nonlinearity, we can approximate them by
performing calculations on local linearizations of the model.
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In order to achieve our robustification aim we have to change the behavior of
the system. As the focus is on systems, which exhibit bistability, we want to
accomplish this by modifying the systems dynamics by integrating static per-
turbations of interactions. One common approach that has been investigated
thoroughly is the variation of parameters with respect to robustness, or with
other words what impact parameter changes have on the systems behavior
(Chen et al. (2005) and Morohashi et al. (2002)). What we want to focus on
is rather the structural modification of biochemical networks. For example,
we can look for a perturbation of existing interactions, which is equivalent to
changing nonzero components of the Jacobian of the linear model. Though,
as this approach will not necessarily yield the best results, introducing new
dynamics to the model seems to be a promising way. We can easily analyze
the influence of new interactions by replacing the components of the Jaco-
bian equal to zero by a nonzero value. Another alternative is to introduce
new states to the model describing new important reactions. However, this
is a rather difficult task without sufficient biological insight and experimental
data. Therefore, our methods will focus on perturbing existing or adding new
interactions to the model.

We should always keep in mind, that bistability is a global property of systems
(Kuznetsov (1998)). By using the linearized model we only analyze the system
locally and can not guarantee that the complex behavior of the system will
be preserved. However, what we can achieve for sure is the induction or the
relocation of a bifurcation point at a desired place.

4.2 Increasing Internal Robustness of Bistable
Models

We will now propose a method for increasing the internal robustness of models,
which is based on the linearized model at a particular unstable steady-state. It
can be applied sequentially in order to calculate simultaneous perturbations.
In fact, we could have also proposed a second method, which addresses the
internal robustness, based on eigenvalue placement. However, as eigenvalues
are a poor measure of robustness (Skogestad and Postlethwaite (2005)), such
an approach would most likely provide non-satisfying results.
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4.2.1 Sensitivity Analysis for Single Perturbations

4.2.1.1 Sensitivity of Existing Interactions and Components

A sensitivity analysis is generally performed to procure an insight about how
the output or a certain quantitative measure of a system varies with respect
to an input variation (Saltelli et al. (2008)). In control theory, the term sensi-
tivity was first introduced by Bode, who defined it as the relative sensitivity of
the closed loop transfer-function T to the relative plant model error. However,
in our case we are interested in how changing the weights of interactions in the
model affects the internal robustness rather than in the effect of disturbances
on the system output. As we know the structured singular value µ is a good
robustness measure for linear MIMO systems (Skogestad and Postlethwaite
(2005)). Thus, the sensitivity of existing interactions can be defined as the
relative change of the upper bound of µ with respect to changes in interactions
or components of the model. The matrix A represents the linearized model
at a desired working point x∗ and we introduce changes by Aδij = (1 + δ)Aij.
Elements of A with i = j are neglected in the analysis, so that the eigendy-
namics of components stay unchanged. The sensitivity matrix is defined by

Sij = ∂µ/µ

∂Aij
(4.1)

with ∂µ = µδ − µnom, where µδ is the structured singular value of the closed
loop corresponding to the perturbed Jacobian and µnom – the structured sin-
gular value of the closed loop corresponding to the nominal matrix A. In
order to perform the sensitivity analysis we perturb components of the matrix
sequentially by a fixed small δ and calculate the sensitivity matrix. The sign
of δ is arbitrary, as its magnitude is infinitesimal and the magnitude of the
sensitivity is the main matter of interest.

For component perturbations we simultaneously perturb all existing hetero-
linked interactions in the system involving the particular state. This corre-
sponds to perturbing all nonzero components of the i-th column of A relatively
by a fixed δ. As we deal with multiple perturbations, we have to redefine our
sensitivity definition from (4.1) to

Si = ∂µ/µ

∂Ai
(4.2)

To leave the eigendynamics unperturbed we set the i-th component of the
column to zero.
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The sensitivity value with the highest magnitude indicates the highest impact
on robustness. Thus, we can vary the particular δij for interactions and δi
for components in a certain range in order to minimize µ for this perturba-
tion. However, perturbing only existing interactions could not yield the best
results in terms of internal robustness, when an important interaction has not
been considered in the model at all. Thus, next we want to consider new
interactions.

4.2.1.2 Sensitivity of New Interactions

In order to analyze the sensitivity of robustness when introducing new inter-
actions to the system, we have to change components of the matrix A equal
to zero. We can use the same sensitivity definition as in (4.1).

However, a change of a single interaction might not be enough to increase
robustness to a desired level. Hence, next we will propose a strategy for a
simultaneous perturbation of several components of the matrix A.

4.2.2 Simultaneous Perturbation of Two or More
Interactions

Depending on the model, there might be a limitation for the acquired robus-
tification when perturbing only a single component of A at a time. Thus, we
want to consider perturbing several components of the linearized system si-
multaneously. This is a rather realistic scenario for real life biological systems,
as they are exposed to high levels of noise in their operating environment. We
again exclude matrix components with i = j. The structured singular value µ
has the important characteristics to reflect multiple perturbations introduced
to a model, so we can use it again as a quantitative measure for robustness
(Zhou and Doyle (1998)).

However, we should first consider the computational expensiveness of this
approach. A nonlinear system described by n ODEs yields a n×n-matrix when
linearized. From combination theory we know that the possible combinations
are given by

mCk = m(m− 1)(m− 2) . . . (m− k + 1)
k! (4.3)
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where C represents the number of combinations, m – the set to choose from
and k – the number of objects to be selected at a time. For example, there
are 8464 possible binary and 749320 triple combinations for a model with
12 states. This is a rather hard task to compute even in the linear case, as
we want further to determine a perturbation coefficient in a certain range for
every possible heterolinked interaction. We will not be able to approximate an
optimal solution and thus need to develop a sequential perturbation strategy.

A plausible approach is to first apply the sensitivity method described in the
previous section to calculate the perturbation yielding the best results in terms
of robustness for a single interaction. Then we integrate the calculated per-
turbation to the linear model and repeat the sensitivity analysis to determine
a second interaction with a high sensitivity. We can continue applying the
method to calculate as many simultaneous perturbations as we want. The
system with more than two perturbations should yield a smaller µ-value than
the single perturbed model.

4.3 Increasing External Robustness of Bistable
Models

Our further goal is to increase the external robustness of a given bistable
model. As already stated in Section 2.2, a externally robust system is a system
with a large bistable region. We propose three approaches for enlarging the
unstable steady-state region of a model, which exhibits bistability. The first
ansatz is based on identifying common regulatory principles in biochemical
networks and the introduction of absolute strategic perturbations. The other
two approaches are based on linearizations at approximately the middle point
of the unstable steady-state region and a following control theoretical analysis.

4.3.1 Identification and Modification of Important
Feedback Structures

Identifying standard feedback structures for the analysis of biochemical net-
works is a rather common approach in systems biology (Legewie et al. (2007),
Ferrell (2002), Tyson et al. (2003), Brandman et al. (2005)). However, often
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more complicated types of feedback are involved which makes the analysis
harder (Angeli et al. (2004)). By applying the method described in Section
2.4 we can identify fragilities in biochemical models which has been shown by
Schmidt and Jacobsen (2004). Based on the results we can create a scheme of
the most fragile interactions and components in the network, which are often
the most important interactions involved in the feedback structure. Very often
there are jumps in the sorted perturbations, so we should consider only the
most fragile ones to the first jump. Based on this scheme we can then identify
common regulatory structures described in Section 3.4 that are responsible
for the complex behavior and then develop a concrete perturbation strategy
for the robustification of the model.

In order to perform a systematical robustification of the model we first cal-
culate the sorted smallest stabilizing perturbations for a chosen point of the
bistable region to identify fragilities and create the “fragility scheme”. Then
we integrate an absolute perturbation coefficient kabsij according to Equation
(4.7) and plot the dual-parametric bifurcation diagram for kabsij and the bi-
furcation variable. The diagram shows how the limit points of the bistable
region move when varying the perturbation coefficient. As we want to have
a wide region, we just have to pick the coefficient that yields the widest dis-
tance between the two limit points. However, we do not want to move the
limit points left from zero. We chose the value for the coefficient that fulfills
the mentioned requirements and then we also have to verify the existence of
the desired complex behavior.

4.3.2 Eigenvalue Placement

When we linearize a bistable system around an unstable steady-state, the
Jacobian A has one eigenvalue in the right half of the complex plane. In fact,
at both bifurcation points the eigenvalue has an eigenvalue at zero and in
the middle of the unstable steady-state region the real part of the eigenvalue
reaches its maximal magnitude. Thus, a plausible hypothesis is that if we
modify the Jacobian A in such a way that we move the unstable eigenvalue
further right, this should result in moving the bifurcation points further apart.
What we could expect is that the further we move the eigenvalue away from
the imaginary axis, the larger the bistable region should get.

In control theory eigenvalue placement is a rather trivial problem. However,
common pole placement techniques focus on the reallocation of all poles and
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therefore, use all available degrees of freedom for calculation. Applying one of
these methods would result in perturbing several components of the matrix A,
which has, of course, a huge impact on the systems dynamics. What we need
is a method by which we can calculate perturbations of single components
that result in moving only the unstable eigenvalue of the system to a desired
point.

In fact, we can use the method for robustness analysis described in Section 2.4
to achieve that. As we know, solving (2.8) for s = jω = 0 yields a perturbation
that moves one eigenvalue of A to 0. If we replace s with s + snew, where
snew is equal to a desired real positive eigenvalue, we can thus calculate the
perturbations δij required to place one eigenvalue of Aδ at the new desired
position on the real axis. For that, we consider both existing and non-existing
interactions while leaving the eigen-dynamics unchanged.

4.3.3 Slope Modification

Another postulated approach for increasing the external robustness of a given
bistable model is to modify the slope of the bifurcation curve at an unstable
steady-state. In general, a wide bistable region has a smaller absolute value
of its slope at the middle point than a tight one, which is illustrated in Figure
4.1. Hence, we want to minimize the magnitude of the slope of the response
curve at the middle point of the bistable region with respect to the bifurcation
parameter. In the case of the MAPK/ERK cascade the output is usually
represented by doubly phosphorylated Erk.

We again want to perform the analysis based on a linearization of the model
due to calculation expensiveness issues. We linearize the system at a chosen
steady-state with f(x∗, p) = 0

ẋ = Ax+Bpbif

y = Cx = xk (4.4)

where A = ∂f

∂x

∣∣∣∣∣
(x∗,p)

, B = ∂f

∂pbif

∣∣∣∣∣
(x∗,p)

and C = [0 . . . 1 . . . 0] with C(1, k) 6= 0
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Figure 4.1. Schematic of the desired qualitative change in the behavior of a
bistable model. Red circles symbolize limit points, the red part of the curve
stands for unstable steady-states, the blue part – for stable. We analyze the
linearized model at an unstable steady-state (marked with a black dot) to
minimize the magnitude of the slope

approximately around the middle point of the bistable region. The state xk
stands for the output of the system. This enables us to determine the slope
of the output by evaluating the transfer function

G(0) = C( sI︸︷︷︸
=0

−A)−1B = −CA−1B (4.5)

To identify which interaction has to be perturbed in order to decrease the
slope, we add consecutively a certain fixed perturbation δ to each component
of the matrix A. The elements with i = j denoting the eigen-dynamics of
the system are left unchanged. Then we calculate the change of the slope Gδ

given by
Gδ = Gδ

ij(0)−Gnom(0) (4.6)
where Gδ

ij is the slope of the perturbed and Gnom – the slope of the nominal
model. First we consider only existing, then also non-existing interactions.
We can then sort the perturbed interactions according to the magnitude of
the resulting slope differences Gδ. The most fragile interaction will lead to the
greatest change of the output slope denoted by ẋk.

4.4 Integrating Perturbations to the Nonlinear
Model

Performing computations with nonlinear systems is often very expensive or
even not feasible. Thus, a common approach is to linearize models at impor-
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tant steady-states instead. However, then the results are only valid for a small
neighborhood around the chosen working point.

All except for one of the proposed robustification methods are based on calcu-
lating perturbations with the linearized model at a steady-state x∗. Assuming
that the model was already fitted to experimental data, we want to change
the steady-state curve as little as possible. Introducing a locally computed
perturbation to the nonlinear model tends to have an increasing impact on
the steady-states as we move away from the point of linearization, since it de-
pends on deviations from x∗. Hence, it is often necessary to have a weighting
factor that keeps the size of the perturbation at a reasonable level also away
from the point of linearization x∗.

We will now present three possible ways for integrating perturbations to the
nonlinear model – two yielding a change of the systems steady-state curve
and one guaranteeing only desired local changes for a part of the steady-state
curve.

4.4.1 Absolute and Relative Perturbations

One possible way to integrate perturbations is to introduce an additive coef-
ficient to an interaction. However, this will usually lead to a great change in
the steady-state curve, because the perturbation has an impact for the whole
range of the bifurcation variable.

We can apply a perturbation δij to the nonlinear model by replacing the
affecting state xj with xij + δijxij in the ODE of component xi in the case of
an already existing interaction

ẋi = fi(x1, x2, ..., xj + δijxj, xj+1, ..., xn,p) (4.7)

or by introducing the affecting state with the coefficient δij in the ODE of
component xi for a new interaction

ẋi = fi(x1, x2, ..., xn,p) + δijxj (4.8)

However, this absolute perturbation has a large effect on the steady-state
curve and changes the behavior of the model significantly. We can calculate
δij only by dealing with the nonlinear model, which can be computationally
expensive depending on the algorithm.
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When we use the linearized model at x∗ our results are related to the chosen
working point. Hence, in this case we can apply a relative perturbation to the
system that preserves only the steady-state we linearized at and introduces a
change to all other steady-states. In the case of existing interactions we can
introduce it by

ẋi = fi(x1, x2, ..., xj + δij(xj − x∗j), xj+1, ..., xn,p) (4.9)

and in the case of new interactions by

ẋi = fi(x1, x2, ..., xn,p) + δij(xj − x∗j) (4.10)

However, introducing locally computed perturbations leads to an increasing
impact on the steady-state curve as we move away from the point of lineariza-
tion. Thus, we need a way to change only the steady-states in the neighbor-
hood around the chosen working point. This can be achieved by introducing
an additional nonlinear function that varies over the steady-state curve.

4.4.2 Introducing a Multiplicative Nonlinear Function

We can apply the relative perturbation to the system

ẋi = fi(x1, x2, ..., xj + kij(xj − x∗j), xj+1, ..., xn,p) (4.11)

with
kij = δijg(y) (4.12)

The coefficient kij is a multiplicative combination of the smallest calculated
static perturbation δij and the nonlinear function g(y). Now we have to look
for a suitable variable y and for a suitable function g.

If we use pbif as a variable for the function g, we would also change the stable
steady-states in the “activity range” of the function. Another alternative is
to use a state xi as a variable. However, we deal with a high order system,
in which the states are nonlinear functions of pbif . Integrating a perturbation
dependent on one state could lead to an undesired change for an unexpected
bifurcation variable range. Hence, the best choice is to use the euclidean
distance between the point x∗ at which we linearized the system and the
temporal working point at the steady-state x. The Euclidean distance d is the
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length of the linear path between two points (Elmore and Richman (2001)).
It can be acquired by calculating

d(x) =
√

(∆x1)2 + · · ·+ (∆xn)2 =
√

(x1 − x∗1)2 + · · ·+ (xn − x∗n)2 (4.13)

Finally, the perturbation coefficient is kij = δij · g(d(x)).
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Figure 4.2. A Michaelis-Menten (a) or a standard Gaussian function (b) are
two possible nonlinear functions for the integration of perturbations to the
nonlinear model

The next and most important question is which function g to choose. The only
restriction we have is that kij has to be equal to the calculated perturbation
at the working point, or with other words that

g(d(x∗)) = 1 (4.14)

and that g should be approximately equal to zero for stable-steady states.
Without any doubt there are many suitable nonlinear functions for g(y). A
biologically feasible approach might be the introduction of a Michaelis-Menten
function (Figure 4.2(a)). Michaelis-Menten functions describe the kinetics of
many proteins. Their standard definition is

v0 = vmax[S]
km + [S]

where v0 is the reaction rate, S is the concentration of the substrate, vmax –
the maximal reaction rate and km – a parameter. However, by introducing a
function with such a shape we will have a small influence in the region where
v0 rises and a great effect where v0 = vmax. Ideally the function we seek
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should have a symmetrical curve around a global maximum. Thus, we choose
a standard Gaussian function described by

h(y, σ) = 1
σ
√

2π
exp

(
− y2

2σ2

)
(4.15)

An exemplary function for σ = 0, 02 can be seen in Figure 4.2(b). In order to
guarantee that (4.14) is satisfied the function is finally

g(y, σ) =
(

max
y

h(y, σ)
)−1
· h(y, σ) (4.16)

with y = d(x). By applying this perturbation we can assure that we only
change the steady-states in a small region around the chosen working point x∗
symmetrically. By varying the parameter σ we can adjust the two limit points
and we only stabilize the unstable steady-states locally without changing the
rest of the curve.

4.5 Summary

In this chapter we have proposed several systematic approaches for the ro-
bustification of biochemical networks. They can be divided into two groups
according to the type of robustness they address – internal or external. All ex-
cept for one of the methods are based on the analysis of the linearized model
at an unstable steady-state. The internal method is based on a sensitivity
analysis of the linear model and we also showed how we can perform simul-
taneous perturbations. External robustness can be increased by modifying
the regulatory structure that underlies the nonlinear model. We also pro-
posed methods that employ an eigenvalue placement and a slope modification
for improving the external robustness, that are again based on the linearized
system. Further, we investigated the influence of static perturbations in the
nonlinear model and proposed how to integrate them in order to affect the
model only locally.
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Chapter 5

Robustification of the Legewie MAPK
model

In Section 3.5 we have already shown that the extended model proposed by
Legewie et al. (2007) is structurally highly unrobust. Now we will apply
the robustification methods described in Chapter 4 in order to improve the
robustness of the system. Further, we will use robustness analysis to stabilize
the reduced and to induce bistability in the core model.

5.1 Robustification of the Complex Behavior of
the Extended Model

5.1.1 Sensitivity Analysis of the Extended Model

We will now apply the proposed sensitivity analysis method to the extended
model. First we sequentially perturb nonzero components of the Jacobian A
by δ = 0, 0001% and calculate the sensitivity matrix S defined according to
(4.1). The upper border of the structured singular value corresponding to the
nominal matrix A is µnom = 1388, 3. Based on the sensitivity analysis, we want
to determine a perturbation that yields a system with an increased robustness
or with other words with a smaller µ. Therefore we sort all components of
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Perturbing Interaction δij µδ

existing 8→ 5 -0,02 75,99
new 6→ 3 0,5 17,34

Table 5.1. Robustness increase when integrating a primary perturbation

Perturbing Interaction δij µδδ

existing 11→ 10 -0,5 49,23
new 11→ 12 -0,5 46,92

Table 5.2. Robustness increase of the perturbed model (8 → 5) when inte-
grating a secondary perturbation

S by their magnitude, as the component with the largest magnitude has the
greatest impact on robustness (Figure 5.1(a)).

Then we calculate the sensitivities of new interactions and sort them (Figure
5.1(b)). We pick the most sensitive existing and new interaction (in our case
8 → 5 and 6 → 3 respectively), integrate it to the linear model and vary the
corresponding δij in the range [−0, 5; 0, 5] to determine the δij yielding the
perturbed system with the smallest µδ. The results can be seen in Table 5.1.
When we introduce the new interaction, µδ is more than 80 times smaller than
µnom, which reflects an enormous robustness increase.

We then add δ58 = −0, 02 to the linear model, so that we can employ simul-
taneous perturbations. We repeat the sensitivity analysis for the perturbed
model and acquire the ordered importance for existing and new interactions
(Figure 5.2). We vary δij and identify the value that yields the minimal µδδ
for the most sensitive existing (11→ 10) and new (11→ 12) interaction. The
results can be seen in Table 5.2. As we see, by perturbing a second interaction
in the system, we can increase the robustness again by a factor of around 2.

Next, we introduce interaction 6 → 3 with δ36 = 0.5 to the nominal linear
model and employ the simultaneous perturbation method. The sensitivity
analysis for the perturbed model yields the ordered importance for existing
and new interactions shown in Figure 5.3. By varying δij we minimize µδδ
(Table 5.3). When we introduce a second new interaction, the robustness of
the linear model improves by a factor of approximately 230 compared to the
nominal system.
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Figure 5.1. Sorted sensitivity of existing (a) and new (b) interactions with
respect to robustness improvement for the linear model at pRaftot = 0, 035.
Red bars indicate a negative, blue bars – a positive sensitivity
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Figure 5.2. Sorted sensitivity of existing (a) and new (b) interactions with
respect to robustness improvement for the perturbed linear model (δ58 =
−0, 02) at pRaftot = 0, 035. Red bars indicate a negative, blue bars – a
positive sensitivity
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Figure 5.3. Sorted sensitivity of existing (a) and new (b) interactions with
respect to robustness improvement for the perturbed model (δ36 = 0.5) at
pRaftot = 0, 035. Red bars indicate a negative, blue bars – a positive sensi-
tivity
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Perturbing Interaction δij µδδ

existing 8→ 6 -0,5 17,3
new 11→ 7 -0,258 5,94

Table 5.3. Robustness increase of the perturbed model (6 → 3) when inte-
grating a secondary perturbation

Further, we also calculate the sensitivity of all components xi according to
(4.2). The sorted sensitivities can be seen in Figure 5.4(a). Then we also vary
δi in the range [−0, 5; 0, 5] to acquire the smallest µδ for every perturbed xi
(Figure 5.4(b)). Perturbing the components with the highest sensitivity yields
the greatest robustness improvement.

5.1.2 Identification and Modification of Feedback
Structures

Next, we want to apply the proposed method based on the identification of
important feedback structures to the extended model. According to the results
of the perturbation analysis (Figure 3.6), we create a schematic of the most
fragile part of the network (Figure 5.5). The interactions of components 8, 4
and 5 form a feedforward loop. It is responsible for the exhibited bistability
and therefore its interactions are highly sensitive towards small perturbations.

We will start off with integrating a weight coefficient for the most fragile
interactions separately. Our aim is to calculate an absolute perturbation that
drives the limit points as far as possible from each other, thus improving
external robustness. We plot the dual-parametric bifurcation diagram for the
weight coefficient and the bifurcation variable (Figure 5.6(a)). However, as
we want to consider only perturbations, which guarantee that none of the two
limit points is moved to a pRafLPtot < 0. Hence, we extract only the relevant
part of the curves (Figure 5.6(b)). The resulting change of the response with
an integrated coefficient k85 = −7, 64 · 10−5, which places the limit points as
far as possible from each other for the particular interaction 8 → 5, can be
seen in Figure 5.6(c). Unfortunately, the bistable region has not been enlarged
in a satisfactory manner.

Perturbing the second most fragile interactions does not result in a much
larger bistable region either. Applying a perturbation to the third most fragile
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Figure 5.4. Sorted sensitivity of components (a) and sorted structured sin-
gular values of perturbed systems (b) for components for the linear model
at pRaftot = 0, 035. Red bars indicate a negative, blue bars – a positive
sensitivity or perturbation respectively
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Figure 5.5. Schematic of fragile states and interactions for bistability of the
extended MAPK model at pRaftot = 0, 035. Red edges symbolize the two
most fragile interactions, blue edges stand for other important interactions.
The nodes responsible for bistability are marked red.
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(c) Resulting bifurcation diagram

Figure 5.6. Perturbing interaction 8 → 5 in the extended MAPK model,
δ58 = −7, 64 · 10−5
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interaction yields a split of the bistable region. By perturbing the interactions
of state 8 on 2 and 8 on 10 we can only reduce the bistable region.
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(b) Resulting bifurcation diagram

Figure 5.7. Perturbing interaction 4 → 7 in the extended MAPK model.
For (b) the coefficient was set to δ74 = −0, 05

However, perturbing the interaction of state 4 on state 7 has a better effect on
the width (Figures 5.7). We can also perturb the interactions 6→ 7, 6→ 5 or
5 → 4, as they yield almost the same qualitative change in terms of external
robustness as 4→ 7 (for example Figure 5.8).

Further, we look for a new interaction that increases the robustness of the
system. According to the robustness analysis results in Figure 3.8, interaction
6 → 3 is highly fragile. The dual-parametric bifurcation diagram and the
resulting response of the perturbed model (k36 = −0, 006, absolute) can be
seen in Figure 5.9. The perturbation results in a significant external robustness
increase.

5.1.3 Eigenvalue Placement

The unstable eigenvalue of the linearized nominal extended model at pRaftot =
0, 035 is located at 0, 0016844. We choose to “relocate” it to 0, 01 by applying
the method described in Section 4.3.2. We calculate all required perturbations
and sort them by their magnitude (Figure 5.10). The first seven perturbations
do not yield an enlargement of the bistable region. In fact, some of them even
decrease it (8 → 7), induce a Hopf point (6 → 4) or remove the bistable
behavior completely (6→ 7). However, perturbing A(3, 6) by δ36 = −0, 00116
(relative) leads to a response with a wide bistable region (Figure 5.11).
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Figure 5.8. Absolute perturbation of interaction 4 on 5 of the extended
MAPK model
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(b) Bifurcation diagram

Figure 5.9. Adding interaction 6 → 3 with δ36 = −0, 006 absolute to the
extended MAPK model
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Figure 5.10. Sorted perturbations for eigenvalue placement for the linear
model at pRaftot = 0, 035. Red bars indicate a negative, blue bars – a positive
perturbation
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Figure 5.11. Bifurcation diagram of robustified system by eigenvalue place-
ment for the linear model at pRaftot = 0, 035. Interaction 6 → 3 with
δ36 = −0, 00116 has been introduced to the model
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5.1.4 Slope Modification

Next, we want to decrease the magnitude of the slope of the output curve at an
unstable steady-state, in order to enlarge the bistable region. We first consider
only existing, then also non-existing interactions. We calculate the change
of the slope when perturbing all interactions and sort the results by their
magnitude (Figure 5.12). The best result is achieved by perturbing the non-
existing interaction 6→ 3. We have already shown the effect of introducing a
relative perturbation with δ36 = −0, 00116 to the model in Figure 5.11.

5.2 Integrating Static Perturbations Locally

Integrating new interactions according to (4.8) with coefficients calculated
with the linearized model like in Section 5.1.1 results usually in a removal of
bistability. However, when we introduce the perturbation with a nonlinear
function like described in Section 4.4.2, we can keep the stable steady-states
unchanged and robustify the system only locally. We have used a Gaussian
function with σ = 0, 02 and introduced interaction 6 → 3 with δ36 = −0, 5
according to (4.11). The resulting response of the system can be seen in Figure
5.13. The desired changes are active only in a small neighborhood around the
point we linearized at and the steady-state x∗ we have linearized at has been
kept.

5.3 Recovering the Stable Branch of the
Reduced Model

In addition, we want to recover the stable branch of the model, which has
been significantly decreased due to the performed model reduction. Based
on the results shown in Figure 3.10, we can create a scheme of the most
fragile interactions for the exhibited bistability (Figure 5.14). We consider
only interactions to the first jump in the importance magnitude. Naturally,
the reduced model has the same fragilities as the extended model.
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Figure 5.12. Sorted magnitude of the change of the slope when perturbing
existing (a) and new (b) interactions of the linearized model at pRaftot =
0, 035. Red bars indicate a negative, blue bars – a positive change of the slope
of the output
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Figure 5.13. Bifurcation diagram of a system perturbed with a nonlinear
function. We introduced interaction 6→ 3 with δ36 = 0, 5

Figure 5.14. Schematic of crucial states and interactions for bistability of
the reduced MAPK model at pRaftot = 0, 0285. Red edges symbolize the two
most fragile interactions, blue edges stand for other important interactions.
The nodes responsible for the bistability are marked red. The state names are
as follows: 3 - ppMek, 4 - ppMek-Erk, 5 - pErk, 6 - ppMek-pErk, 7 - ppErk.
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The analysis of the reduced model in Section 3.5.2 has shown that it is unstable
for pbif values greater than 0, 98. Thus, our aim is to find a perturbation of an
existing or a new interaction, which modifies the steady-state curve, so that
there is an upper stable steady-state branch for the whole bistable region.
This can be achieved by relocating the limit points. We chose to place one
bifurcation point at pRaftot = 0, 016 and calculate the required perturbations
of existing interactions (Figure 5.15).

The next question is, which interaction yields a system with a wide bistable
region. Therefore, we look at the structure of the model. Components 3 and
4 are a part of a double-positive feedback loop. Due to this structure the
system exhibits bistability (Ferrell (2002)). State 7 acts as a regulator, that
can switch the system from the ON- to the OFF-state and vice versa (Bolouri
and Davidson (2002)). The three states and their interactions form a common
network motif in cell regulatory networks (Alon (2007)). By perturbing in-
teractions (7→ 4 or 7→ 3), we can only manipulate the switching behavior,
but we cannot change the bistable region significantly. This accords with our
results in Section 5.1.1. A feasible approach is to perturb interactions of the
crucial states 3 and 4 with other important states – in our case the states
5 or 6 (see Figure 5.14). In related work, it has been experimentally shown
that single loops are highly susceptible to noise. Adding a second feedback
loop can increase switching time and improve the robustness of the system
(Brandman et al. (2005)).

According to the robustness analysis (Figure 3.10), only the monodirectional
influence of state 5 on 4 is of major importance. However, the reversed inter-
action (4 → 5) also exists and has a much lower value for 1/δ. If we add a
perturbation to one of these two interactions, we change the balance between
the states 4 and 5, which could result in decreasing the fragility of the feedback
loop formed by the states 3 and 4.

We chose to integrate δ54. The bifurcation diagram of the perturbed model
can be seen in Figure 5.15(b). The bistable region has been reduced, but the
upper stable steady-state branch has been recovered. The structured singular
value of the linearized perturbed model at pRaftot = 0, 045 is µδ = 924, 16.
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(b) Bifurcation diagram

Figure 5.15. Stabilizing the reduced model by moving one limit point to
pRaftot = 0, 016. Integrating one of the required perturbations (a), in this
case 5 → 4, yields the displayed bifurcation diagram of the reduced MAPK
model (b)
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5.4 Inducing Bistability in the Basic Model

Next, we want to induce bistability in the core model (without the additional
sequestration reactions) based on the results from the perturbation analysis
for the arbitrary point pRaftot = 0, 035 presented in Figures 3.12 and 3.13.
We add the smallest destabilizing perturbations for existing (8→ 4) and new
interactions (4→ 3) separately to the nonlinear model according to (4.9) and
(4.10) respectively. The resulting bifurcation diagrams can be seen in Figure
5.16.

For the unstable steady-state of the first curve (Figure 5.16(a)) at pRaftot =
0, 0564 the structured singular value is µ1 = 243, 47, for the unstable steady-
state of the second curve (Figure 5.16(b)) at pRaftot = 0, 0471 it is µ2 =
159, 67. Hence, the core model can exhibit bistability when small perturba-
tions are applied. It has also a better internal robustness than the extended
model.

5.5 Summary

We have applied the proposed robustification methods to the extended Legewie-
MAPK-model. The best internal robustification, when perturbing a single
interaction, can be achieved by introducing the new interaction 6 → 3. A
further robustness increase is reached by introducing 11→ 7 additionally.

Further, we showed that we can apply perturbations affecting the response
only locally by introducing them with a multiplicative nonlinear function.

Finally, the gained information from robustness analysis in Section 3.5.3 has
been used effectively to recover the upper stable steady-state branch of the
reduced model by moving the limit points and to induce bistability in the core
model. All resulting bistable curves exhibit a higher internal and external
robustness than the extended model. The perturbed core model in particular
has a significantly lower µ-value.
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(a) Bifurcation diagram after perturbing 8→ 4
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(b) Bifurcation diagram after adding 4→ 3

Figure 5.16. Inducing bistability in the core MAPK model at pRaftot =
0, 035 by perturbing the existing interaction 8→ 4 (a) and by adding the new
interaction 4→ 3 (b)
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Chapter 6

Discussion and Conclusions

We will now discuss the results presented in the previous section and evaluate
the effectiveness of the proposed robustification methods. Further, we will
summarize the most important contributions of the thesis and make a number
of recommendations for future work.

6.1 Evaluation of the Results and the Methods

We have applied the proposed methods to the extended model in Legewie et
al. (2007), and we will now evaluate them according to the results.

6.1.1 Internal Robustification Methods

The sensitivity analysis based on the change in the structured singular value
yields very good results. The structured singular value can be reduced from
µnom = 1388, 3 to µδ = 17, 34 with only a single perturbation δ3,6 = 0, 5
(Table 5.1). If we integrate the perturbation to the linear model and perform
the analysis again and calculate a secondary perturbation, we can even achieve
a structured singular value µδδ = 5, 94 (Table 5.3). This corresponds to an
enormous internal robustness increase, which proves the effectiveness of the
approach.
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6.1.2 External Robustification Methods

The approach based on the recognition of regulatory patterns yields quite
satisfying results in terms of external robustness. It is also the only method
that works directly with the nonlinear model, thus enabling us to calculate
absolute perturbations. However, it is computationally more expensive to
perform than other methods, as we have to plot dual-bifurcation diagrams
for several interactions. Moreover, it requires both a biological and a control
theoretical insight.

The eigenvalue placement method did not yield a satisfactory result. The
interaction that yields the desired enlarging effect on the bistable region has
been sorted on the 8th place (Figure 5.10). Hence, the magnitude of per-
turbations that are required for placement is not a significant measure and
should not be used for sorting in this case. In general, eigenvalues are a poor
robustness measure for MIMO systems and thus seem to be an inadequate
approach for robustification.

The slope modification method for existing interactions yields almost the
same interaction importance distribution as the robustness analysis method
described in Section 2.4.1. However, the slope change analysis based on per-
turbing new interactions identifies interaction 6 → 3 as prominent for the
external robustness increase.

6.1.3 Stabilizing and Inducing Bistable Behavior

We demonstrated that perturbation analysis can be used effectively to re-
cover stable steady-state branches for models exhibiting complex behavior.
By applying a perturbation to the reduced model, we have relocated one of
its limit points to a desired position, which yielded the desired effect on the
steady-state curve.

Further, we showed that with a perturbation analysis we can also induce
bistability in stable models.
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6.2 Conclusions

The main aim of this work was to develop systematical methods for increas-
ing the robustness of biochemical models exhibiting bistability. Thereby we
distinguished between two possible views on robustness – the internal and
the external. We have proposed several approaches for robustification and
performed a case study on a MAPK model.

By recognizing regulatory patterns, we can develop a concrete structural mod-
ification strategy, so that we can calculate absolute perturbations. This can
be a very useful method for fitting bifurcation points and refining system
parameters based on experimental data.

Applying the proposed sensitivity analysis (addressing internal robustness)
and the slope modification method (for external robustness) based on lineariz-
ing the model at an unstable steady-state, provides an insight into existing
and new interactions, which play a key role in the overall robustness of the
biochemical system. A single new interaction (6 → 3) has been identified as
important for robustness by both the sensitivity and the slope modification
method. Thus, it is of major significance for bistability.

We also demonstrated that perturbation analysis can be used effectively for
model reduction, for recovering stable steady-state branches of bistable mod-
els, and for inducing bistability in stable models.

Future work

The work presented in this thesis can be expanded in a number of directions:

• verify the biological relevance of the proposed model modification meth-
ods by using experimental data

• find a different approach to address a pseudo-optimal solution for calcu-
lating simultaneous perturbations of interactions based on the linearized
model

• examine whether the proposed methods could be used for robustification
of models, which exhibit oscillatory behavior

• look for other nonlinear functions that can be used for the local integra-
tion of perturbations
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• propose a combination of a internal and a external method to calcu-
late a single perturbation, thus increasing both internal and external
robustness
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Appendix A

Analyzed MAPK models

The analyzed extended model as proposed by Legewie et al. (2007) is described
by the following 12 ODEs, 3 mass conservation relations and the supplied
nominal values for the parameters.

Differential equations

pRaf_Mek’ = konRafMek*(Mektot-pRaf_Mek-pMek-pRaf_pMek-ppMek-
Mek_Erk-pMek_Erk-ppMek_Erk-ppMekpErk-Mek_pErk-pMek_pErk)*
(pRaftot-pRaf_Mek-pRaf_pMek)-koffRafMek*pRaf_Mek-kcatRafMek*pRaf_Mek

pMek’ = kcatRafMek*pRaf_Mek-konRafMek*pMek*(pRaftot-pRaf_Mek-
pRaf_pMek)+koffRafMek*pRaf_pMek+(VmxPaseMek*ppMek/(KMPaseMek+
ppMek))-(VmxPaseMek*pMek/(KMPaseMek+pMek-konMekErk*S*pMek*
(Erktot-Mek_Erk-pMek_Erk-ppMek_Erk-pErk-ppMekpErk-ppErk-
Mek_pErk-pMek_pErk)+koffMekErk*pMek_Erk-konMekErk*S*pMek*pErk+
koffMekErk*pMek_pErk

pRaf_pMek’ = konRafMek*pMek*(pRaftot-pRaf_Mek-pRaf_pMek)-
koffRafMek*pRaf_pMek-kcatRafMek*pRaf_pMek

ppMek’ = kcatRafMek*pRaf_pMek-(VmxPaseMek*ppMek/(KMPaseMek+ppMek))-
konMekErk*ppMek*(Erktot-Mek_Erk-pMek_Erk-ppMek_Erk-pErk-ppMekpErk-
ppErk-Mek_pErk-pMek_pErk)+koffMekErk*ppMek_Erk+kcatMekErk*ppMek_Erk-
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konMekErk*ppMek*pErk+koffMekErk*ppMekpErk+kcatMekErk*ppMekpErk

ppMek_Erk’ = konMekErk*ppMek*(Erktot-Mek_Erk-pMek_Erk-ppMek_Erk-
pErk-ppMekpErk-ppErk-Mek_pErk-pMek_pErk)-koffMekErk*ppMek_Erk-
kcatMekErk*ppMek_Erk

pErk’ = kcatMekErk*ppMek_Erk-konMekErk*ppMek*pErk+koffMekErk*ppMekpErk+
(VmxPaseErk*ppErk/(KMPaseErk+ppErk))-(VmxPaseErk*pErk/(KMPaseErk+pErk))
-konMekErk*S*(Mektot-pRaf_Mek-pMek-pRaf_pMek-ppMek-Mek_Erk-pMek_Erk-
ppMek_Erk-ppMekpErk-Mek_pErk-pMek_pErk)*pErk+koffMekErk*Mek_pErk-
konMekErk*S*pMek*pErk+koffMekErk*pMek_pErk

ppMekpErk’ = konMekErk*ppMek*pErk-koffMekErk*ppMekpErk-
kcatMekErk*ppMekpErk

ppErk’ = kcatMekErk*ppMekpErk-(VmxPaseErk*ppErk/(KMPaseErk+ppErk))

Mek_Erk’ = konMekErk*S*(Mektot-pRaf_Mek-pMek-pRaf_pMek-ppMek-Mek_Erk-
pMek_Erk-ppMek_Erk-ppMekpErk-Mek_pErk-pMek_pErk)*(Erktot-Mek_Erk-
pMek_Erk-ppMek_Erk-pErk-ppMekpErk-ppErk-Mek_pErk-pMek_pErk)-
koffMekErk*Mek_Erk

pMek_Erk’ = konMekErk*S*pMek*(Erktot-Mek_Erk-pMek_Erk-ppMek_Erk-pErk-
ppMekpErk-ppErk-Mek_pErk-pMek_pErk)-koffMekErk*pMek_Erk

Mek_pErk’ = konMekErk*S*(Mektot-pRaf_Mek-pMek-pRaf_pMek-ppMek-Mek_Erk-
pMek_Erk-ppMek_Erk-ppMekpErk-Mek_pErk-pMek_pErk)*pErk-
koffMekErk*Mek_pErk

pMek_pErk’ = konMekErk*S*pMek*pErk-koffMekErk*pMek_pErk

Mass conservation relations

pRaf = pRaftot-pRaf_Mek-pRaf_pMek

Mek = Mektot-pRaf_Mek-pMek-pRaf_pMek-ppMek-Mek_Erk-pMek_Erk-ppMek_Erk-
ppMekpErk-Mek_pErk-pMek_pErk
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Erk = Erktot-Mek_Erk-pMek_Erk-ppMek_Erk-pErk-ppMekpErk-ppErk-Mek_pErk-
pMek_pErk

Nominal parameters

Mektot = 1
Erktot = 10
VmxPaseMek = 0.001
VmxPaseErk = 0.04
konRafMek = 0.65
koffRafMek = 0.065
kcatRafMek = 0.18
KMPaseMek = 0.1
konMekErk = 0.88
koffMekErk = 0.088
kcatMekErk = 0.22
KMPaseErk = 0.5

The parameter pRaftot is the bifurcation variable. The default value of S is
1 for the extended model. By setting S to 0 all interactions and states that
are part of the model extension are removed, so that we can analyze the core
model.
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