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Abstract 

Factors such as environmental requirements and fuel efficiency have pushed 
aerospace industry to develop reduced-weight engine designs and thereby 
light-weight and thin-walled components. As component wall thickness gets 
thinner and the mechanical structures weaker, the structure becomes more 
sensitive for vibrations during milling operations. Demands on cost 
efficiency increase and new ways of improving milling operations must 
follow. 

Historically, there have been two “schools” explaining vibrations in milling. 
One states that the entry angle in which the cutting insert hits the work 
piece is of greater importance than the exit angle. The other states that the 
way the cutter leaves the work piece is of greater importance than the cutter 
entry. In an effort to shed some light over this issue, a substantial amount of 
experiments were conducted. Evaluations were carried out using different 
tools, different tool-to-workpiece offset positions, and varying workpiece 
wall overhang. The resultant force, the force components, and system 
vibrations have been analyzed. 

The first part of this work shows the differences in force behavior for three 
tool-to-workpiece geometries while varying the wall overhang of the 
workpiece. The second part studies the force behavior during the exit phase 
for five different tool-to-workpiece offset positions while the overhang is 
held constant. The workpiece alloy throughout this work is Inconel 718. 

As a result of the project a spread sheet milling stability prediction model is 
developed and presented. It is based on available research in chatter theory 
and predicts the stability for a given set of variable input parameters. 
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Nomenclature 

alim Critical depth of cut [mm] 
ap Axial depth of cut [mm] 
ar Radial depth of cut [mm] 
c damping coefficient [Ns/m] 
f Feed rate [mm/revolution] 
fz Feed per tooth [mm/tooth] 
Fp Radial force, passive force (Fx) [N] 
F Resultant cutting force [N] 
Ff Axial force, feed force, (Fz) [N] 
l Length [mm] 
H Uncut chip thickness [mm] 
k Spring constant or stiffness [N/m] 
kc Specific cutting force [N/mm2] 
n Spindle rotational speed [rpm] 

r Nose radius [mm] 
vc Cutting speed in primary cutting direction [m/min] 
vch Chip speed [m/min] 
m Mass [kg] 
Kt Tangential cutting constant 
Kr Radial cutting constant 
Kf Cutting coefficient in the feed direction 
Ω Angular speed [rad/sec.] 
Ф Immersion angle [degrees] 
ψ Effective exit angle [degrees] 
ωn Natural frequency [Hz] 
ωc Chatter frequency [Hz] 
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Acronyms 

 

 

CAD Computer Aided Design 
CNC Computer Numerical Control 
FEM Finite Element Method 
FFT Fast Fourier Transform 
MRR Material Removal Rate 
SLD Stability Lobe Diagram 
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1. Introduction 

1.1 Background 

Taking 3 kg across the Atlantic requires about 1 kg of fuel! 
 
A European initiative “Clean Sky”1 has been established to support research in 
an effort to reduce aircraft emissions and fuel consumption. Volvo Aero is an 
Associate Member of Clean Sky (Sustainable & Green Engines or SAGE), a 
Joint Technology Initiative (JTI) that was initiated 2008. The goal of the 
project is to reach the environmental requirements for flights within Europe. 
One example of these requirements is to reduce carbon dioxide emissions to 
50% of current levels by 2020. The project covers various advanced materials 
and process technologies for aircraft engine structures. 

To further increase pressure on the airline industry, the European Union has 
implemented legislatives regarding emissions trading starting 2012. In these, 
airlines are requested to purchase emission rights for operating aircraft. 
The Lufthansa Group’s2 aircraft consume on average 4.2 liters of fuel per 100 
passenger kilometers. A major factor is their consistent modernization of the 
fleet. The Airbus A380, for example, consumes on average only 3.41 liters of 
fuel per 100 passenger kilometers. By 2016, a total of 160 new aircraft will be 
delivered to Lufthansa, thus ensuring further reduction in fuel consumption 
for their fleet. 

Because of programs like Clean Sky or SAGE, aerospace development has led 
to reduced-weight engine designs. Requirements for reduced emissions and fuel 
consumption have made aerospace components thinner at the same time as 
alloys more difficult to machine have been introduced. In addition, the 
demands in manufacturing have forced production speeds to increase in order 
to reduce production cost. One of the consequences of increased speeds is an 
increased risk for vibrations during the milling operation. This, in turn, may 
lead to poor surface finish, reduced dimensional accuracy, excessive tool wear 
or complete failure, and noisier work environment. It may also lead to rework 
and scrap components. 

                                                      
1 www.cleansky.eu 
2 www.lufthansa.com/responsibility 
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stability boundary. Their theory was based on the physics of orthogonal cutting 
and the regenerative mechanism. If the values of the system parameters are 
such that the system is unstable, the smallest disturbance (such as a hard spot 
in the material) is sufficient to induce the system to leave steady state of 
motion and burst into oscillation (to chatter). Tobias analysis was concerned 
with the problem of stability, i.e., whether or not the machine will chatter 
under certain working conditions. His observation was that little use was made 
of the results by production engineers and machine tool designers of his time 
because “some of the recommendations based on theoretical considerations 
appeared to be contrary to practical experience”. He thus developed a 
regeneration theory that took into account that in a dynamic system, the chip 
thickness may vary independently of the machine tool feed rate. 
Shridhar et al. [5] presented in 1968 a detailed mathematical model of the 
dynamic milling process. They developed a comprehensive stability theory for 
milling that is based on the numerical integration of the milling equations for 
one period of the cutter’s revolution. Their computer algorithm permitted the 
determination of the stability boundaries in the space of controllable 
parameters associated with the cutting operation. It was able to handle six 
directions and any number of modes. 
Minis and Yanushevsky [6] proposed in 1990 a comprehensive analytical 
method and solved the two-dimensional milling problem by introducing the 
theory of periodic differential equations. They also improved the early analysis 
work of Shridhar et al. [5] by applying the theory of periodic differential 
equations on the milling dynamics equations. Although the algorithm 
depended on the numerical evaluation of the stability limits, it provided for 
comprehensive modeling in determining the stability limits for milling and 
described the aspects of milling dynamics. They concluded that if each tooth of 
the milling cutter remains in contact along the entire length of the arc being 
machined, then the dynamics of the milling system are well described by a set 
of linear differential equations with periodic coefficients. In the non-linear case 
where the cutting teeth loose contact with the workpiece at some point along 
the machined arc, the stability theory yields accurate results for most practical 
cases of milling. This is according to Minis and Yanushevsky due to the fact 
that prior to the onset of chatter, the nonlinearity occurs mainly at the very 
beginning of the machining arc. 
Altintas and Budak presented in 1995 an alternative method for analytical 
prediction of stability lobes in milling utilizing a transfer function [7]. They 
modeled the milling cutter and workpiece as multi degree-of-freedom 
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structures. The dynamic interaction in the cutting zone was modeled by 
including the variations in the cutter and workpiece dynamics in the axial 
direction. It was demonstrated with numerical examples that also for highly 
flexible workpieces, the accuracy of the predictions can increase. Their analysis 
resulted in analytical relations for the chatter frequency and chatter stability 
limit which were used to generate stability diagrams. Time-varying dynamic 
cutting force coefficients were approximated by their Fourier series 
components, and the chatter-free axial depth of cuts and spindle speeds were 
calculated directly from linear analytical expressions without any numeric 
iterations. The model can be used to determine the chatter free axial and radial 
depth of cuts without resorting to time domain simulations. Further 
development of their method and applications can be found in [8,9]. 
Quintana and Ciurana [10] recently made an extensive review of publications 
on chatter in machining processes. The article reviews the state of research on 
the chatter problem and defines the differences between free vibrations, forced 
vibrations, and self-excited vibrations. In addition, different forms of chatter 
such as frictional chatter, thermo-mechanical chatter, mode-coupling chatter, 
and regenerative chatter are explained. Further, the existing methods developed 
to ensure stable cutting are classified. Same authors [11] applied sound 
mapping methodology in order to determine the stability lobe diagram. 
During a milling operation, the three different types of mechanical vibrations 
(free vibrations, forced vibrations, and self-excited vibrations) propagate 
through air and generate a sound that intrinsically contains information about 
the process. The article presents the information in the form of a 3-D stability 
lobe diagram. Regarding further developments and improvements in the field, 
it suggests that models could become more sophisticated and accurate by a 
deeper consideration of process damping, part behavior, and changes in 
structure or system dynamics along the tool path. Advances in computers and 
sensors would undoubtedly play an important role in this field. A useful idea 
would be to identify the Stability Lobe Diagram, SLD, of a given system 
composed of a certain machine tool, tool holder, cutting tool and workpiece 
material system in the process planning. Finally, the article [10] mentions that 
some aspects in milling are still difficult to model, e.g., the spindle dynamic 
behavior variation at high rotational speeds, where the centrifugal force on the 
bearings, the gyroscopic effect, and thermal effects change the performance of 
the spindle. 
Studies by Pekelharing [12,13,14] show that interrupted cutting such as 
milling may yield excessive tool wear due to multiple tool entry and exit. 
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increase the stiffness of the workpiece. As the workpiece wall thickness becomes 
thinner, the workpiece itself becomes more flexible. Finding solutions to these 
issues becomes more and more urgent. 

1.5 Damping 
Damping is a capacity of a vibrating system to transform a fraction of energy of 
the vibratory process during each cycle of vibration into another form of 
energy, mainly heat. This energy transformation leads to reducing intensity 
(amplitude) of a forced vibratory process or to a gradual decay and fading of a 
free vibration process. If a vibratory process is of a self-excited type (e.g., 
chatter vibrations in metal cutting operations), then the damping capacity of 
the system may partially suppress or completely prevent development of the 
self-excited vibrations [15]. Damping can also be described as an irreversible 
physical process that dissipates energy through the conversion of work into 
heat. In engineering structures it is present in several forms: internal hysteresis, 
friction via the rubbing action of surfaces or particles, viscous friction in fluids, 
radiation damping, electromagnetic damping etc. As demonstrated by 
Nicolescu et al. [16], damping plays a critical role in structural dynamics as it is 
the primary means by which resonant amplitudes are controlled thus 
enhancing durability, life cycle behavior and cost reduction. Damping is of 
great interest in vibration cases in machining operations. Layers of high 
damping capacity material may be applied at various places of the machining 
structure, such as the tool holder/tool interfaces. Although not covered in this 
work, it should not be neglected in importance. Rather, it should be 
considered carefully when developing further vibration control systems. 

1.6 Industrial and Scientific Issues 

1.6.1. Industrial Problem 
As higher material removal rates are required, ceramic inserts become an 
attractive solution. Using ceramic inserts, the cutting speed may be up to ten 
times faster than for carbide inserts. This would increase production rates with 
an equivalent amount. However, milling thin-walled components can induce 
vibrations which in turn can cause unfavorable machining stability. While 
large, complex, and costly fixtures have been the immediate solution to avoid 
vibrations, it is by no means the long-term or final solution. Vibration risks are 
still prevalent. The industry needs a robust methodology for assessing vibration 
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risks long before the machining operations take place. Stability effects should 
be assessed already during early stages in the process planning phase. 

1.6.2. Scientific Approach 
As part of the preparation work a State-of-the-Art study was performed to 
investigate what work had already been done in this research area. A large 
number of experiments were conducted and the results observed and analyzed. 
Regarding insert material, it was decided to use carbide inserts instead of 
ceramic inserts in order to minimize tool failure during robust machining. The 
research presented in this thesis is divided up into several steps. First, the 
analysis will determine whether to approach the vibration issue through an 
examination of the cutter entry or the cutter exit. The path chosen depends on 
which of these two options that show the least amount of vibrations. Then, the 
vibration patterns will be examined using a variety of tool-to-workpiece offset 
positions. The plotting of the results will be used to acquire an understanding 
of how to better predict vibration risk during milling. 

1.6.3. Research Questions 
There have been two “schools” on whether the cutter entry or the cutter exit is 
of greater importance. The research questions, therefore, are outlined to 
investigate this issue. The strategy is to investigate changes in structure or 
system dynamics along the tool path. It includes the dynamics explained by the 
stability lobe diagram as the cutter moves through the workpiece. The stability 
lobe diagram can be identified for a given system composed of a certain 
machine tool, tool holder, cutting tool, and workpiece geometry and material. 
In addition, micro features of the inserts can be studied more in depth. 
This thesis centers on the following four research questions: 

R1. How critical is the choice of offset between tool and workpiece 
during milling? 

R2. What effects do cutter entry and cutter exit have on system 
vibrations? 

R3. How does the effective exit angle affect vibrations during and after 
cutter exit? 

R4. What is the dynamic effect on the stability lobe diagram as the 
cutter moves through the workpiece? 
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1.6.4. Research Scope and Limitations 
The scope of this thesis is to investigate and analyze strategies for reducing 
vibrations during milling of thin-walled components. As an application of the 
industrial problem, an easy to use spread sheet milling stability prediction 
model is presented. The vibration studies conducted are limited to thin-walled 
Inconel 718 components. Inconel 718 was chosen as workpiece material 
because of its widespread usage in aerospace components and its difficult 
machining characteristics. The workpiece is assumed to be the most flexible 
part of the machining system. The tooling used has been limited to coated 
cemented carbide inserts mounted in two different 1-fluted milling tools. 
Cutter micro geometry effects are not considered. All cutting is done without 
cooling or cutting fluids. 
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3. Milling System Vibrations 

3.1 Introduction to Milling Vibrations 

Vibrations may be divided into free vibrations, forced vibrations, and self-
excited vibrations (so-called chatter). Chatter may be divided into primary and 
secondary chatter [17]. Primary chatter is caused by friction between the tool 
and the workpiece, the thermodynamics of the cutting process, and from mode 
coupling. Secondary chatter or regenerative chatter results from a modulated 
chip thickness. 

3.2 Free, Forced, and Chatter Vibrations 

Vibrations in milling arise from a flexible workpiece, a flexible machine tool, or 
both. Free vibrations occur when the mechanical system is displaced from its 
equilibrium and is allowed to vibrate freely. This could be for example as a 
result of a collision between the cutting tool and the workpiece. Forced 
vibrations appear due to external harmonic excitations, particularly when the 
cutting edge enters and exits the workpiece. They can also stem from 
unbalanced bearings or cutting tools. Chatter vibrations extract energy from 
the interaction between the cutting tool and the workpiece, and grow during 
the machining process to bring the system into instability. 
As thin-walled workpieces are flexible, chatter may occur. The reason is that 
structural modes of the machining structure are excited by the cutting forces. 
The first three modes of the workpiece used in this study are shown in Figure 
15. 
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Budak et al. [20] confirm that workpiece dynamics continuously change due to 
mass removal and variation of cutter contact. The article proposed an analytical 
method for modeling varying workpiece dynamics and its effects on process 
stability. The method is based on a finite element mesh used to obtain the 
frequency response function of the workpiece. It is updated by using the 
removed elements along the tool path as defined by the cutter location. The 
stability diagrams are then generated from the updated frequency response 
functions. Similarly, Shamoto et al. [21] reaffirms that chatter stability depends 
on the tool path relative to the dynamically most compliant direction. The 
article proposes a concept to optimize the tool path to avoid chatter vibrations 
in machining operations and claims that the optimum tool path can be defined 
based on given tool geometry and cutting conditions.  

3.5 Experimental Modal Analysis 

By means of structural dynamic tests, the transfer function of an elastic 
structure may be identified. An impact hammer equipped with a piezoelectric 
force transducer is used to excite the machining structure. By means of a short 
impact by the hammer, an impulse is generated and a range of frequencies are 
excited that contain the natural modes of the system. The resulting vibrations 
are measured using an accelerometer. The frequency response function is 
measured and a stability lobe diagram may be extracted. In order to analyze the 
dynamics of machining systems, the interaction between the structural 
dynamics and the process dynamics must be analyzed. There is some 
inaccuracy associated with this method since the impulse is generated while the 
tool is stationary. The modal analysis is therefore done either on the 
workpiece/fixture structure or on the tool/machine structure. The results may 
be combined for a more accurate reading of the total system. Alternatively, if 
the machining forces and their directions are known, the milling tool may be 
statically placed against the workpiece exerting similar force magnitudes and 
directions. Then the hammer impulse can be recorded for the complete system. 
This may give a better indication of a system in motion than when only doing 
an impact test on the tool and the workpiece separately. 
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4. Modeling Work 

4.1. General Simulation Modeling  
There are several tools currently available for predicting vibrations, including 
FEM and modal analysis. The aim has been to simulate or model vibration 
problems in milling of thin-walled components. Weck et al. [22] who 
suggested stability models where existing pocketing routines in a CAD/CAM 
system were corrected using a stability data bank during NC (Numerical 
Control) tool path generation. Bayly et al. [23] used FEM analysis localizing 
unstable zones within stable zones. Biermann et al. [24] published a simulation 
system consisting of an FE model of the workpiece coupled with a geometric 
milling simulation for computing regenerative workpiece vibrations during 
five-axis milling. 

FEM modeling is a relatively complex way to describe the process and requires 
a high level of understanding of vibration theory. An easy to use stability 
prediction model would therefore be of great value. A spread sheet with a 
simple user interface and scroll buttons for input parameters would be 
relatively easy to use. Therefore, building a prediction model based on a spread 
sheet would make it accessible to many engineers and operators. This chapter 
describes how a spread sheet prediction model could be built and applied to an 
elementary milling setup. 

4.2. Determination of the Specific Cutting Force 

One way to extract the cutting forces of a certain alloy is by determining the 
specific cutting force, , from turning. This parameter is used to develop the 
milling prediction stability model in this work. The variation of  depends on 
the workpiece material, tool geometry and coating, and cutting parameters. 
Also the tool wear influences  because of removal of coating and changes in 
tool geometry during cutting. Feed is the parameter that has the greatest 
influence on the specific cutting force. 
The kc curve was extracted for Inconel 718 using a lathe equipped with a 
piezoelectric force sensor. The cutting speed was 50 m/min and the depth of 
cut 3.5mm. The cutting forces were measured with the force sensor and 
recorded into data files. Three measurements were taken and averaged for each 
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phase includes the main part of the cutting process, including the in-process 
region depicted in Figure 5. The zero rake zero exit tool position, on the other 
hand, has a zero degree effective exit angle and therefore an instantaneous exit 
phase. 
 

5.2. Tools, Experimentals, and Procedures 
Two different tools were used; a standard on-the-market tool and a zero rake 
custom-made tool. 

The standard tool was a single coated cemented carbide cutting insert mounted 
on a 25mm diameter three-flute milling cutter. The milling tool had an axial 
rake angle of 8.0 degrees, a radial rake angle of -7.6 degrees, and a nose radius 
of rε=0.8mm. The feed was set at fZ=0.08mm/tooth. 

The zero rake tool was a single coated cemented carbide cutting insert 
mounted on a 25mm diameter two-flute milling tool. The insert was 
configured for zero degree radial and axial rake angles. It had a nose radius of 
rε=0.8mm and the feed was set at fZ=0.08mm/tooth. 

A three-axis milling machine was utilized for the experiments. The cutting 
speed was fixed at vc=50m/min corresponding to a spindle speed of n=637rpm. 
The axial depth of cut was set at ap=0.5mm. There were no cutting or cooling 
fluids used during any of the experiments. Using a three-component 
piezoelectric force sensor mounted under the workpiece fixture, the cutting 
forces were measured and recorded into data files. From these, the force 
components and the resultant cutting forces were extracted. The data was 
analyzed and plotted using numerical software. The workpiece was Inconel 718 
plate with a cross section of 5mm x 40mm and was mounted in a fixture as 
shown in Figure 25. The workpiece overhang was varied between 5mm and 
40mm. The cutting insert was replaced for each machining run. 
 
By altering the offset position between the tool and the workpiece, down 
milling, zero offset milling, and up milling can be obtained. These three offset 
positions were chosen for the standard tool. The zero offset position was 
defined as head-on face milling. The effective exit angles for these positions 
were 82.4 (down milling), 3.9 (zero offset milling), and -44.5 (up milling) 
degrees respectively. In addition, two offset positions were chosen for the zero 
rake tool; a zero entry angle position corresponding to a 23.5-degree effective 
exit angle, and a zero exit angle position corresponding to a 0-degree effective 
exit angle. The five offset positions are depicted in Figure 26. 
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5.4. Tool-to-Workpiece Position Experiments 
 
This part of the research focused on three common offset positions using the 
standard milling insert, namely down milling, zero offset milling, and up 
milling. The vibration behavior was investigated during cutter entry, in-process 
milling, and cutter exit for a thin-walled Inconel 718 component. These offset 
positions were chosen to exemplify the impact the milling geometry has on the 
resultant cutting force and on the onset of vibrations. The manner in which 
the component overhang affects the overall stability of the system depends 
greatly on the offset position. 
 
The resultant forces from the measurements taken during the first three offset 
positions are shown in Figure 28. For a component wall overhang of 5mm, the 
depth of cut ap=0.5mm does not cause any instability in the system. As the wall 
overhang increases, a higher degree of instability is observed, especially for zero 
offset and up milling. The highest levels of vibrations are seen for the zero 
offset geometry.  
Figure 28 also shows that onset of vibrations occurs at different component 
wall overhang for the three offset geometries. For down milling, vibrations 
starts at a wall overhang of 25mm, for the zero offset case at a wall overhang of 
20mm, and for up milling at a wall overhang of 30mm. These are critical 
points where the dynamic system changes from chatter-free vibrations to 
chatter vibrations. The three geometries show significant variations in resultant 
force amplitudes. Greater forces are observed for zero offset than for down 
milling or up milling. Up to a component wall overhang of 30mm, down 
milling and up milling require more or less the same amount of resultant force 
to achieve cutting. For wall overhangs of 35 mm and above, the down milling 
plots of the resultant force exhibits minor vibrations, whereas the up milling 
plots exhibits more severe vibrations. 
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5.5. Cutting Geometry Sensitivity 
 

5.5.1 Approach 

In this part of the research, a zero rake milling insert is used in addition to the 
standard cutting insert described above. Besides the three standard tool 
positions, two offset positions are defined as the zero rake zero entry position 
corresponding to an effective exit angle of 23.5 degrees and the zero rake zero 
exit position at an effective exit angle of zero degree. The resultant force and its 
components are presented for each of the five cases. At the end of the section, 
the relationship between the force profile and the exit angle is analyzed. 
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forces and large chip thickness since the material tends to be plastically 
deformed rather than cut. Burr formation mechanisms are explained in [26] 
and reviews on burr minimization techniques are found in [27]. 



47 
 

6. Conclusions 

6.1. Research Questions - an Analysis 
The research questions raised in the introduction give rise to queries much 
greater than the scope for this thesis. The answers are therefore given in regards 
the limitations of the scope. 
  

R1. How critical is the choice of offset between tool and workpiece 
during milling? 

The results from the experiments indicate that by changing the offset location 
of the tool in relation to the workpiece, the amount of vibrations in the system 
may change significantly. This is particularly noticeable when the offset 
location is changed from zero offset to down milling. Generally, for small 
component overhangs, the vibration risk is limited. However, as the 
component overhang increases, the choice of offset position becomes crucial. 
Down milling is more robust and less prone to generate vibrations than up 
milling and the zero offset geometry. It also displays the smallest force 
amplitude during the exit phase and no hump in the post exit phase. In 
addition, it produces the least amount of burr formation. 
 

R2. What effects do the cutter entry and cutter exit have on system 
vibrations? 

Down milling (characterized by a smooth cutter exit) exhibits significantly less 
vibration than up milling (characterized by a smooth cutter entry) for same 
component overhang. A generalization of this is that it is more important to 
have a smooth cutter exit than a smooth cutter entry in order to avoid 
vibrations. Entry and exit forces should be avoided in the most flexible 
direction of the workpiece. 
 

R3. How does the effective exit angle affect vibrations during and 
after cutter exit? 

The tool position should be chosen so that the cutter exits in the least flexible 
direction possible for the workpiece. As was observed for the standard cutting 
tool, down milling clearly is more favorable than up milling regarding 
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vibrations, force requirements, and burr formation. The effective exit angle, 
therefore, should be chosen so that the cutter exits in the least flexible direction 
possible at the same time as the tool-to-workpiece position is as close to the 
down milling position as possible. The region around the zero degree effective 
exit angle is very sensitive. Even small changes in the processing conditions, 
such as the effective exit angle, may result in substantial changes in vibrations. 
 

R4. What is the dynamic effect on the stability lobe diagram as the 
cutter moves through the workpiece? 

The shapes and locations of stability lobes change as the cutter passes through 
the workpiece material. They change throughout the milling process as 
material removal and cutter contact variation influence the natural frequency 
of the workpiece, Figure 19. This is particularly noticeable during machining 
of thin-walled components since the material removed may constitute a 
considerable portion of the starting stock. The instantaneous cutter direction 
also defines the stiffness the system experiences during the cut. The usefulness 
of the stability lobe diagram is dependent on how fast the spindle rotates, 
Figure 27. Under the same milling situation, it is easier to define stable regions 
above alim during milling at high spindle speeds than at low spindle speeds. 

6.2. Vibration Prediction Modeling 
In addition to these research questions, this work has discussed some aspects of 
modeling. In order to better predict the vibration risk for a component during 
early stages in the process planning phase, an easy to use milling stability 
prediction model has been developed. It predicts the shape and locations of the 
stability lobes and the frequency response functions for a given set of milling 
parameters. It also shows dynamic changes in parameters such as cutting forces, 
chip thickness, and workpiece natural frequency and stiffness. It is a tool that 
can be used for visualization during class room instruction or workshops. It is 
in the form of a spread sheet graphics representation. The workpiece geometry 
discussed within this thesis has been a rectangular block, but the model is 
generalizable for other basic workpiece shapes such as round and square bars. 
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6.3. Recommendations to Operators 
Process engineers and operators may consider that vibration risks are reduced 
in the following cases: 

 A smooth cutter exit 
 Small component overhangs 
 Offset position close to the down milling position 
 Cutter exit in the least flexible direction possible for the workpiece 

In addition, the following needs to be considered: 

 The stability changes during cutter pass 

Considering these guidelines will assure a more robust process that is less prone 
to generate vibrations. Large force amplitudes during the exit phase would be 
avoided and the post-exit hump eliminated. In addition, burr formation would 
be minimized. 

6.4. The Diffuser Case – a Recap 
In Section 1.2, Practical Example – Jet Engine Diffuser Case, it was explained 
that some milling difficulties had been experienced for this type of component. 
From what has been observed in this work, the following milling strategies 
could be recommended: When milling around and into the holes of the fuel 
injector mounting clamps or flange bosses, down milling should be used. In 
addition to tool-to-workpiece position, also tool diameter and pitch have to be 
taken into account. Although it is preferable for the cutter entry to be smooth, 
it is essential for the cutter exit to be as smooth as possible. This will inhibit 
vibrations in the system and call for a cleaner surface condition and tighter 
dimensional accuracy. It would also reduce burr formation and subsequent 
surface reworking. The axial rake angle should be chosen in such a way as to 
provide a smooth cutting surface and a limited heat input into the material. 
The lead angle can be increased so that the cutter exit is smooth and adequate 
amount of material is removed for each cut. 
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7. Future Work 

For a more complete picture of the vibration issues encountered during milling 
of thin-walled components, some specific aspects have to be analyzed in-depth. 
Some suggestions for future work are provided here. The Licentiate-and-
Beyond Research Circle in Figure 38 depicts some avenues for continued 
research. As opposed to a real-life traffic circle where only one choice can be 
done once inside the circle, the research circle allows for some simultaneous 
work. The milling stability prediction model, for example, can be developed in 
parallel with the effective exit angle sensitivity research. 

The sensitivity of the effective exit angle needs to be considered for a 
complete realization of the behavior of the force and vibration response. This 
requires an analysis of the micro geometry of the cutting process. Also the 
other regions of the cutting process needs to be considered, including entry, in-
process, and post-process. This will give insight into what options the process 
planners and operators have when choosing machining parameters 

According to Figure 37, there is a region from about -25 to +25 degrees 
effective exit angle where vibrations are especially noticeable in the machining 
system. This region could be examined with smaller angular increments using a 
variety of cutting tools, on both macro and micro levels. This could be done by 
utilizing a turning holder mounted in a milling holder. Inserts with various 
macro and micro geometries could then be used for a complete study of the 
vibration behavior. On the macro level, lead angle could be varied, and on 
micro level, chip breaker and edge radius could be varied. As the lead angle is 
increased, the exit path and exit time are extended. This, in turn, will influence 
the cutting forces and vibrations on the system. This would determine which 
areas are unsuitable for milling and which areas are feasible although not 
optimum. 

The dynamics of the stability lobe diagram could be investigated further 
taking into account the wall thickness of the workpiece material. Also the 
direction of vibrations developed during the cut could be taken into account. 
Changes in material properties such as Young’s Modulus, density, and the 
damping ratio affect the natural frequency of the workpiece and this, in turn, 
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will affect the shapes of the stability lobes. Also how the stability lobes change 
with spindle speed as these properties change would be an area of interest. 

The variation in chip thickness as a function of offset could be taken into 
account when analyzing the dynamics of the machining system (see Figure 26). 
Also, the chip thickness varies together with the component stiffness during the 
cut as depicted in Appendix 1, Figure 1. 

Damping layers may be applied at various places of the machining structure, 
such as the tool/insert, a rotating force sensor/tool, and the tool holder/tool 
interfaces. Such layers would play a critical role in structural dynamics and 
resonant amplitude control thus enhancing durability, life cycle and cost 
reduction. 

Laser Vibrometry could be used to determine the stability of a machining 
system in real time during the actual machining. The cutting parameters are 
then varied instantaneously through a control system as the dynamics of the 
system changes. 

A comparison with Euler buckling could be done to determine the maximum 
overhang a workpiece may have without risk for chatter vibrations. The study 
would include a cutting parameter matrix for a complete analysis of the 
phenomenon. 

The Milling Stability Prediction Model presented in this thesis does not 
suggest cutting parameters from a known location in a given stability lobe 
diagram. The development of this feature will make the model highly useful 
during component redesign. The model may also be expanded to include more 
advanced geometries such as workpieces with hollows. It could also include the 
dynamics of the stability lobes as noted in Sections 3.3, The Dynamics of 
Stability Lobes and Section 5.3, Dynamics of Stability Lobes Experiments. 

By reducing system vibrations, ceramic inserts may be used without failing 
and the noise may be reduced to acceptable levels in the workshop. Ceramic 
inserts can be said to be a common goal for all the various avenues out of the 
research circle. 



Figure 
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Appendix 1 

Regeneration Stability Theory 
 
This information is based on the theory presented in Y. Altintas. 
Manufacturing Automation: Metal Cutting Mechanics, Machine Tool Vibrations, 
and CNC Design. Cambridge University Press, 2000. 
 
 
The general dynamic chip thickness  is described by: 
 

Τ  

t Τ   Eq. 1 

where y(t) is the modulation of the surface of the workpiece during the current 
pass of the milling cutter at time t and y(t-T) is the modulation of the surface 
of the workpiece during the previous pass at one spindle revolution period (T) 
before t. 
 

   
    

Τ  Eq. 2 

 
 [mm] is the intended chip thickness (equal to the feed rate of the machine) 
 [N/mm2] is the cutting coefficient in the feed direction 
[kg] is the mass 

 is the damping coefficient 
 [N/m] is the stiffness 
 [mm] is the depth of cut 

 
The following Laplace definitions will prove useful: 
 

   Eq. 3 

0    Eq. 4 
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0 0   Eq. 5 

Τ    Eq. 6 

By definition, therefore, the dynamic chip thickness in the Laplace domain 
becomes 

  Eq. 7 

or 

1    Eq. 8 

The dynamic cutting force in the Laplace domain thus becomes 
 

   Eq. 9 

 
Define Φ  as the transfer function of the workpiece structure (single degree 
of freedom). 
 
The current vibration is 

Φ    Eq. 10 

Φ    Eq. 11 

 

0 0  

0  Eq. 12 

Set the initial conditions 

0 0 0   Eq. 13 

⟹  Eq. 14 

When the damping is constant at 0, the system natural frequency is 

    Eq. 15 

or 

    Eq. 16 
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Let the damping ratio be ζ 
 

    Eq. 17 

 
Generally for mechanical structural systems, ζ is less than 1. The following is 
then valid: 
 

2 2 2   Eq. 18 

⟹
Φ

 

2  Eq. 19 

 
The transfer function of the workpiece structure becomes 

Φ  

 Eq. 20 

 

∴ 	Φ    Eq. 21 

 
Combining Eq. 8 and Eq. 11 gives: 
 

1 Φ   Eq. 22 

 

1 1 Φ   Eq. 23 

 

   Eq. 24 
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The stability of the closed-loop transfer function is determined by the roots (s) 
of the characteristic equation, i.e.: 
 

1 1 Φ 0  Eq. 25 

 
Let the root of the characteristic equation be 
 

    Eq. 26 

 
If the real part 0, the time domain solution will have an exponential term 
with positive power, i.e. | | . The chatter vibrations will grow indefinitely 
and the system will be unstable. 
If the real part 0, the time domain solution will have an exponential term 
with negative power, i.e. | | . The vibrations will be suppressed by time and 
the system will be stable with chatter vibration free vibrations. 
If the real part 0, then  and the system is critically stable. The 
workpiece oscillates with constant vibration amplitude at chatter frequency .  
The characteristic equation of the dynamic cutting process has additional terms 
beyond the structures transfer function. Therefore, the chatter vibration 
frequency does not equal the natural frequency of the structure. However, the 
chatter vibration frequency is still close to the natural mode of the structure. 
 

⟹ 1 1 Φ 0 Eq. 27 

 
where 	is the maximum axial depth of cut for chatter vibration-free 
machining. 
The transfer function may be divided into real and imaginary parts, i.e. 

Φ    Eq. 28 

This is not to be confused with the dynamic chip thickness in the Laplace 
domain, H(s). 
 
Generally: 

   Eq. 29 

   Eq. 30 
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Therefore, 

Τ Τ  Eq. 31 

 

1 1 Τ Τ 0 Eq. 32 

 
1 	 Τ Τ  

Τ Τ 0 Eq. 33 

 
Collecting all real and imaginary terms separate gives: 
 

1 1 Τ Τ  

Τ 1 Τ 0 Eq. 34 

Both the real and imaginary parts must be equal to zero. 
For imaginary part equal to zero: 
 

Τ 1 Τ 0  Eq. 35 

 

Τ Τ 1    Eq. 36 

 

tan    Eq. 37 

 
where ψ is the phase shift of the structure’s transfer function. 
Using the trigonometric identities 

cos 2 cos sin    Eq. 38 

sin 2 2 sin cos    Eq. 39 

 
and substituting 2 Τ, we get 
 

Τ cos Τ 2⁄ sin Τ 2⁄   Eq. 40 
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sin Τ 2 sin Τ 2⁄ cos Τ 2⁄   Eq. 41 

 

tan
⁄ ⁄

⁄ ⁄
  Eq. 42 

 
From  

cos sin 1   Eq. 43 

it becomes 

cos Τ 2⁄ 1 sin Τ 2⁄   Eq. 44 

 
Inserting into Eq. 42 yields:  
 

tan
2 sin Τ 2⁄ cos Τ 2⁄

sin Τ 2⁄ sin Τ 2⁄
 

 
2 sin Τ 2⁄ cos Τ 2⁄

2sin Τ 2⁄
 

 
cos Τ 2⁄

sin Τ 2⁄
 

 

cot Τ 2⁄   Eq. 45 

 
Using the trigonometric identities 

cot tan    Eq. 46 

 

tan tan    Eq. 47 

 

tan tan    Eq. 48 
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It becomes 

tan tan
2

2⁄  

tan
2

2⁄  

tan 2⁄
2

 

tan 2⁄
2

 

tan 2⁄   Eq. 49 

 

2⁄    Eq. 50 

 

3    Eq. 51 

 

tan     Eq. 52 

 
The spindle speed n and chatter vibration frequency  have a relationship 
that affects the dynamic chip thickness. Assume that the chatter vibration 
frequency is  or . The number of vibration waves left on the surface of the 
workpiece is: 
 

Τ    Eq. 53 

 
 is the integer number of waves and  is the fractional wave generated. The 

angle  represents the phase angle between the inner and outer modulations. 
For 0 or 1 the chip thickness will remain constant despite the 
presence of vibrations. For other values of , the chip thickness changes 
continuously. 

2 Τ 2π    Eq. 54 

 

2π    Eq. 55 
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tan tan 2⁄   Eq. 56 

2⁄    Eq. 57 

 

3 2 2    Eq. 58 

 

2 3 2 2    Eq. 59 

 

3 2     Eq. 60 

 
The spindle period is Τ  and the spindle speed  
 
By setting the real part of the characteristic equation to zero, we may now 
derive the critical axial depth of cut: 

1 1 Τ Τ 0 Eq. 61 

or 

⁄
  Eq. 62 

 
From Eq. 61 we have that ⁄  
 
The right hand side denominator thus becomes   
 

1 Τ
Τ

Τ 1
Τ  

 

1 Τ
sin Τ
1 Τ

 

 
1 Τ
1 Τ

sin Τ
1 Τ
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1 2 cos Τ cos Τ sin Τ
1 Τ

 

 
1 2 cos Τ 1

1 Τ
 

 
2 1 Τ
1 Τ

 

 

2    Eq. 63 

Therefore: 

    Eq. 64 

 
Because it is a physical quantity,  must be a positive number. The solution 
is therefore only valid for negative values of the real part of the transfer 
function  and chatter vibrations may occur at any frequency satisfying 
this condition. When  is chosen at the minimum value of , no 
chatter is generated no matter spindle speed. The harder the work material, the 
larger the cutting constant , with a reduction in the axial depth of cut as a 
consequence. Another factor reducing the axial depth of cut is the flexibility in 
the machine tool or work piece structure. This also reduces the productivity. 
 
By means of the following five steps, we may plot the stability lobe diagram: 
 
For known transfer function Φ of the structure at cutting point and Kf cutting 
constant, 
 

1. Select a chatter frequency  at the negative real part of the transfer 
function. 

2. Calculate the phase angle of the transfer function at  from 

tan    (Eq. 37) 
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3. Calculate the critical depth of cut from 

    (Eq. 64) 

 
4. Calculate the spindle speed for each stability lobe number k=0,1,2…. 

    Eq. 65 

 From 
  

Τ     Eq. 66 

 
5. Repeat the procedure by scanning the chatter frequencies around the 

natural frequency of the structure 
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 is the feed rate per tooth and , ,  is the dynamic displacements of the 
cutter. 
 
sin  is the static part and ,  is the dynamic part. 

 
Define  as a step function 
 

1,																				
0, 	 	   Eq. 70 

 
Since sin  is staic, it does not contribute to the dynamic chip load. 
 

sin cos    Eq. 71 

 

,  
 

sin cos sin cos  
 

sin cos  
 

Δ sin Δ cos   Eq. 72 

,  and ,  represent the dynamic displacements of the cutter 
structure. 
 
Define 	 	  as the tangential and radial cutting forces acting on tooth j. 
They are proportional to the axial depth of cut  and to the chip thickness 

. 

   Eq. 73 

 

   Eq. 74 

 
 and  are constants. 
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Resolving cutting forces into x,y directions gives 
 

cos sin
sin cos   Eq. 75 

 
The cutting forces contributed by all teeth will be 
 

∑

∑
   Eq. 76 

 
, where  is the pitch angle. 

 
cos sin  

 
cos sin  

 
Δ sin Δ cos cos

Δ sin Δ cos sin  
 

Δ sin cos Δ cos
Δ sin Δ cos sin  

 

Δ sin cos sin Δ cos
cos sin    Eq. 77 

 
Using 
 

sin /2

cos /2
   Eq. 78 
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With /2  and sin 2 sin cos , it yields: 
 

sin cos sin sin cos
2 2

cos 2  

sin 2 1 cos 2   Eq. 79 

 

cos cos sin
1
2

1
2
cos 2 cos sin  

 
1
2
1 cos 2 2 cos sin  

 

1 cos 2 sin 2   Eq. 80 

 
sin cos  

 
sin cos  

 
Δ sin Δ cos sin

Δ sin Δ cos cos  
 

Δ sin Δ cos sin
Δ cos sin Δ cos  

 
Δ sin cos cos

Δ cos cos sin  
 

Δ sin cos sin Δ cos sin
cos     Eq. 81 

sin cos sin
1
2

1
2
cos 2 cos sin  

1
2
1 cos 2 2 cos sin  

1 cos 2 sin 2  Eq. 82 
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cos sin cos cos sin
2 2

cos 2  

 
1
2
2 cos sin cos 2  

 
1
2
sin 2 cos 2  

 

sin 2 1 cos 2  Eq. 83 

 
Inserting into  and  yields 
  

Δ sin 2 1 cos 2 Δ 1

cos 2 sin 2    Eq. 84 

 

Δ 1 cos 2 sin 2 Δy sin 2

1 cos 2    Eq. 85 

 
Define time-varying dimensional dynamic milling force coefficients: 
 

∑ sin 2 1 cos 2  Eq. 86 

 

∑ 1 cos 2 sin 2  Eq. 87 

 

∑ 1 cos sin   Eq. 88 

 

∑ sin 2 1 cos 2  Eq. 89 
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Resulting expressions in matrix form: 
 

					
					

Δ
Δ   Eq. 90 

 
The angular position of parameters changes with time and angular velocity. In 
time domain in matrix form: 
 

Δ    Eq. 91 

 
For milling, the direction of the force is not constant but varies with time. 
 

 is periodic at tooth passing frequency  or tooth period . 
 

Ω			
2 /     Eq. 92 

 
Expansion into Fourier series gives: 
 

∑    Eq. 93 

 

   Eq. 94 

 
 is the number of harmonics of the tooth passing frequency .  depends on 

the immersion conditions and on the number of teeth. For the most simplistic 
approximation, 0. 
 

  Eq. 95 
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 is valid only between the entry and exit angle angles, i.e., where 
1. Also, 

 

Ω
Ω     Eq. 96 

 
 becomes equal to the average value of  at . 

 

0
					
					  Eq. 97 

 
 are integrated functions defined as: 

 

cos 2 2 sin 2  Eq. 98 

 

sin 2 2 cos 2   Eq. 99 

 

sin 2 2 cos 2   Eq. 100 

 

cos 2 2 sin 2  Eq. 101 

 
Average directional factors are dependent on  (redial cutting constant) and 
on width of cut , . 
 
The dynamic milling expression: 
 

Δ    (Eq. 92) 
 
is reduced to: 
 

Δ    Eq. 102 
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 is a directional cutting coefficient matrix (time invariant but immersion 

dependent). 
Average cutting force per tooth period is independent of the helix angle. 
Therefore,  is valid also for helical end mills. 
 
The transfer function matrix: 
 

					
					

  Eq. 103 

 
 and  are the direct transfer functions in the x and y direction 

and  and  are the cross transfer functions. 
 

 is the vibration vector at the present time  and 
 at previous tooth period . 

 
In frequency domain using harmonic functions, the vibrations at the chatter 
frequency  will be: 
 

   Eq. 104 

 

   Eq. 105 

 
Substituting Δ 			  gives 
 

Δ  
 

1  Eq. 106 

 
 is the phase delay between the vibrations at successive tooth periods T. 
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Substituting Δ  into the dynamic milling equation 
 

Δ    (Eq. 103) 
 
yields 
 

1  Eq. 107 

 
This has a non-trivial solution if its determinant is zero: 
 

1 0 Eq. 108 

 
This is the characteristic equation of the closed-loop dynamic milling system. 
 
To simplify, define the oriented transfer function matrix: 
 

					
					

 

Eq. 109 

 
The eigenvalue for the characteristic equation is: 
 

Λ 1    Eq. 110 

 
Resulting characteristic equation becomes: 
 

Λ 0   Eq. 111 

 
Its eigenvalue can be solved for a given chatter frequency , static cutting 
factors , , radial immersion , , and transfer function of the 
structure. 
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Consider two orthogonal degrees of freedom in the feed (x) and normal (y) 
directions 0 . 
 
Then the characteristic equation becomes a quadratic function. 
 

Λ Λ 1 0   Eq. 112 

 

 Eq. 113 

 

  Eq. 114 

 
The eigenvalue becomes: 
 

Λ 4   Eq. 115 

 
For the plane of cut (x,y), the characteristic equation is quadratic. 
 
The transfer functions are complex: 
 

Λ Λ Λ     Eq. 116 

 
Substituting the eigenvalue and cos sin  into 
 
Λ 1  gives the critical depth of cut at chatter frequency 

: 
 

  

Eq. 117 
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Since  is a real number, the imaginary part is zero. 
 

Λ 1 cos Λ sin 0  Eq. 118 

 
Substituting  into the real part of , the final expression 
for chatter free axial depth of cut is 
 

1    Eq. 119 

 

tan
/

/
tan /2 /2  Eq. 120 

 
tan  is the phase shift of the eigenvalue. 

2  is the phase shift between inner and outer modulations. 
2  where  is an integer number of full vibration waves (lobes) 

imprinted on cut arc. 
 

2    Eq. 121 

 
The spindle speed is given by 

    Eq. 122 

 
The transfer functions are identified and the dynamic cutting coefficients are 
evaluated. Then, the stability lobes are calculated as follows: 
 

i. Select a chatter frequency from transfer functions around a dominant 
mode. 

ii. Solve the eigenvalue equation 
 

Λ Λ 1 0   (Eq. 113) 
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iii. Calculate the critical depth of cut 
 

1    (Eq. 120) 
 

iv. Calculate the spindle speed for each stability lobe, k=0, 1, 2, …. 
 

    (Eq. 123) 
 

v. Repeat the procedure by scanning the chatter frequencies around all 
dominant modes of the structure evident on the transfer function. 

 
For a thin-walled component, flexibility is assumed only in the y-direction (see 
Figure 1). For such a case,  
 

0   Eq. 123 

 
 becomes 

 

0							0																				
0					   Eq. 124 

 
Solve: 
 

Λ Λ 1 0   (Eq. 113) 
 

0			
 Eq. 125 

 

Λ    Eq. 126 

 
Therefore: 
 

Λ Λ Λ   Eq. 127 
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Using 

   Eq. 128 

 
 yields 
 

Λ
1 1

 

 

 

 

 Eq. 129 

 

Λ

Λ
   Eq. 130 

 

cos 2 2 sin 2  Eq. 131 

 
The immersion angles  and  that denote start and exit of cut are derived 
from the tool to workpiece position.  and  are constants and are the slopes 
of the force curves for  and  respectively. 






