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Abstract

We propose a new framework for the experimental study of periodic, quasi-
periodic and recurrent dynamical systems. These behaviors express themselves
as topological features which we detect using persistent cohomology. The result-
ing 1-cocycles yield circle-valued coordinates associated to the recurrent behavior.
We demonstrate how to use these coordinates to perform fundamental tasks like
period recovery and parameter choice for delay embeddings.

1 Introduction

Recurrence and periodicity are fundamental to dynamical systems observed in nature.

Inspired by the claim of Carlsson [2] that topology is the appropriate setting for qualitative aspects of
data analysis, we seek new topological tools to observe and analyze recurrent behavior in complex
systems. Of course, topology and dynamical systems have been intertwined throughout their history
(the Poincaré–Birkhoff theorem, the Smale horseshoe, the Conley index, and so on). Our work has a
different flavor to these classical approaches. Working with a data sample from a dynamical system,
we use tools from point-cloud topology to discover periodic or recurrent structures.

We present vignettes of three types of behavior which can be studied using our topological frame-
work. We give an archetypal example of a system of each kind, and show how our methods detect the
behavior with little or no prior knowledge of the underlying phase-space or system. The minimum
we require is a collection of samples from a 1-dimensional time-dependent signal.

2 Background

At the heart of our method is a technique of Takens, which we use to boost the topological signal:
Definition 2.1. Give a time-series f : t → R, a time-delay embedding is a lift to a time-series
ϕ : t → Rd defined by

ϕ(t) = (f(t), f(t+ α), . . . , f(t+ (d− 1)α))

Takens’ proved a remarkable theorem about these embeddings [10, 11] :

Theorem 2.2. Let M be compact manifold of dimension m. For pairs (ϕ, y) with ϕ ∈ Diff2(M),
y ∈ C2(M,R), it is a generic property that the map Φ(ϕ,y) : M → R2m+1 defined by

Φ(x)(ϕ,y) = (y(x), y(ϕ(x)), . . . , y(ϕ2m(s)) (1)

is an embedding;

The theorem states that almost every time-delay embedding of a 1-dimensional measurement (time-
series) can recover the underlying manifold and the dynamics of the system.
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Figure 1: The first step is to choose parameters and compute a time-delay embedding. The persis-
tence diagram of a distance filtration gives a natural measure of the quality of the embedding based
on which we can change the time-delay parameters.

This is Step 1 of our contribution: using the time-delay embedding we lift the signal to d-
dimensions, the points of the lifted signal then clustering around some submanifold or other sub-
space of Rd. Takens’ theorem gives a necessary condition for this submanifold to recreate the full
phase space from an idealized continuous signal; but we are faced with finite noisy data, so we must
choose parameters a little more carefully for a ‘good’ embedding.

The original 1-dimensional signal is now a path in a higher-dimensional phase space. Periodic and
recurrent behavior is characterized by the path returning to itself, creating one or more loops, that is
to say topological circles. For example, the simplest periodic system is a sinusoid, which precisely
traces out a circle in phase space. The circle is not present in the 1-dimensional signal, but appears
upon boosting to 2 dimensions by a delay embedding {t 7→ (sin(t), sin(t+ a))}.

Step 2 is to use persistent cohomology to detect these circles, or rather co-circles: coordinate func-
tions from the phase space to the standard unit circle. A well-known result in algebraic topology
asserts that co-circles are classified (up to homotopy) by 1-dimensional cohomology. Due to space
constraints, we refer the reader to [4] for details of how this is done.

Since we are working with finite noisy data, we use topological persistence to identify the most
robust of these coordinates. Each co-circle is associated to a point in the persistence diagram whose
position indicates its robustness. As a useful side-effect, this can be used as a proxy for the quality
of the Takens embedding; we can tune the delay parameters to maximize robustness.

Step 3 is to observe the dynamics in the new circular coordinates. We shall see how to obtain quali-
tative and quantitative information about periodic, quasiperiodic, and recurrent dynamical systems.

3 Pipeline

For a fixed choice of parameters ℓ and d, we embed the time-series at hand into Rd.

Next we construct a simplicial complex approximating the topology of the embedded point cloud.
For instance, the Vietoris–Rips construction produces a filtered simplicial complex reflecting the
topology of the data at different scales. This is efficient even for very high embedding dimension d.
For more details, we refer the reader to [4].

From this we construct a persistence diagram for 1-dimensional cohomology. This distinguishes
high- and low-relevance topological features. The ‘gap’ between them is analogous to a signal-to-
noise ratio [3], which can be used to tune the delay embedding and other parameters.1

From the diagram we then choose one or several high-relevance persistent 1-cocycles and construct
their circular coordinates using harmonic smoothing (see [4]).

1There are many other ways to choose good parameters, including recent statistical methods [1, 6–9].
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Figure 2: Monthly rainfall measurements from Nottingham [5]. On the right, we unroll the coordi-
nate and fit a linear model. Computing the slope in the unrolled coordinate yields 1/12.002 with a
correlation of 0.9995.

4 Models of Behaviour

We describe three types of behavior along with their corresponding topological models.

—Periodic systems correspond to a circle S1.

—Quasiperiodic systems are modeled by a k-dimensional torus Tk = (S1)k. For instance a system
with two periods will trace out a trajectory on a torus T2. Depending on the ratio of the periods, the
trajectory will be a dense curve on the torus or a torus knot. Circular coordinates on the torus can be
exploited to extract this periodicity information, in a sort of ‘topological Fourier analysis.’

—Recurrent systems are modeled by a bouquet of circles S1 ∨ · · · ∨ S1. The archetypal example
is the Lorentz system. Its dynamics circulate repeatedly around the two wings of a butterfly-shaped
attractor in an aperiodic sequence.

4.1 Periodic Systems

The phase space of a periodic system is a topological circle, and our methods give a coordinate
mapping x from this circle to a standard circle. We can use this to recover the period of the system.
The first step is to plot the time series in terms of the circular coordinate x = x(t), as in Figure 2.
The second step is to remove the discontinuities to get a continuous real time series x̄(t), a classic
problem in signal processing known as phase unwrapping. For discrete times series this can be done
using the heuristic

x̄(i) =
⌊
x̄(i− 1)− x(i) + 1

2

⌋
+ x(i) (2)

There is also a topological unwrapping procedure which is more resistant to noisy sampling. To
explain this, note that the circular coordinate is constructed from a 1-cocycle α with integer coeffi-
cients (each directed edge typically taking values 0, 1, -1). This is then smoothed to a real cocycle
α̃ = α + dx̂ with minimal ℓ2-norm, and x is defined to be the fractional part of x̂. The correct lift
for each edge ij is given by the expression α̃(ij), which we can retain for this purpose.

Once the phase has been unwrapped, period recovery becomes a matter of classical regression. We
can fit the best line according to whatever criteria we desire; in the examples below we use classical
ℓ2-minimization. As a proof-of-concept, we show the procedure on average monthly rainfall data
taken over 30 years in Nottingham, England [5]. We recover a period of 12, indicating that a year
indeed has 12 months (Figure 2).

4.2 Quasi-Periodic Systems

The signal f(t) = sin(αt) + sin(βt) can be thought of as the composition of a path t 7→ (αt, βt)
into a torus, with a real function defined on the torus (x, y) 7→ sin(x)+sin(y). It follows that if α/β
is irrational then the path will over time occupy a dense subset of the torus. Thus the entire torus is
the natural phase space for the signal.

Under a successful delay embedding (into at least 3, but preferably at least 4 dimensions) our frame-
work produces two robust co-circles if the time series has been sampled long enough for the path
to become dense in the torus. One can recognize this by considering the correlation plot of the two
coordinates: the data will appear dense in the square (i.e. torus) generated by the two coordinates.
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Figure 3: The Lorentz attractor. To the left, the persistence diagram from the point cloud we com-
puted, with the chosen cocycles marked in large red dots. The resulting coordinates are indicated
left to right, with their corresponding coordinate functions on the time series top to bottom in the
right-most plot. The recurrent structure can be clearly seen in the pulse behaviour at the far right.

More technically, one can compute the cohomology cup product of the two 1-cocycles. A non-zero
cup product suggests this kind of quasiperiodic behaviour.

If the ratio α/β is rational, then the phase space is a circle embedded as a torus knot on the torus.
Such a phase space may manifest differently at different scales: at small scales it will appear to be
a circle (if the sampling is fine enough), and at larger scales it will appear as a torus. Persistent
topology is well suited for discovering this sort of multi-scale geometry.

4.3 Recurrent Systems

The archetypal example of chaotic recurrent behavior is the Lorentz attractor. Under a range of
parameters, the system traces out a ‘butterfly’ in observation space (Figure 3), travelling around
the two ‘wings’ in an aperiodic sequence. The sequence is not predictable in the long term, being
unstable under small perturbations. However this description of the behavior is qualitatively stable.

We can discover this very easily using our methods. We generate a point-cloud data set near the
attractor by following an arbitrary trajectory for a while. Persistent cohomology indicates two sig-
nificant cocycles, from which we construct two co-circles. The time series can now be viewed in
these circular coordinates.

The first observation is that the correlation plot of the two coordinates is clustered on a ‘cross’ in the
coordinate square, or more precisely a bouquet of two circles in the coordinate torus. This is quite
different from the quasiperiodic case, where the values taken by the two coordinates eventually fill
the entire torus. We can now track the motion of the trajectory against time. At most one coordinate
is ‘active’ at any given time, because the signal moves along at most one circle at a time. Each
complete journey around that circle appears as a ‘pulse’ in the time series in that coordinate. The
famous aperiodic behavior of the Lorentz system is immediately apparent from the time series in the
two coordinates.

We emphasize that this heuristic conclusion can be reached with essentially no prior knowledge
about the Lorentz system, and without direct reference to the butterfly.

5 Comments

Our approach to dynamical systems combines recent work in computational topology with well-
known tools from nonlinear systems. Our methods are very general, since they are topological in
nature. We have focused on the case of a time-series signal in one real dimension (or three, for the
Lorentz system). In fact, the signal may take values in any metric space, even one with no natural
coordinates of its own. The construction of the simplicial complex, its persistence and its co-circles
depends only on this metric information. If the signal exhibits any 1-dimensional cohomology (per-
haps after being boosted by a Takens embedding), then our method constructs circular coordinates
through which the signal becomes amenable to quantitative and qualitative analysis.
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