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Abstract

This thesis considers the problem of designing a robust controller that achieves high-
performance positioning and reference tracking of a machine tool. Specifically, the
machine tool is a XY-table used in high-accuracy/high speed milling applications. The
XY-table consists of a DC motor drive connected to the load using a ball screw, and can
be modelled as a two-mass system. However, the presence of friction and backlash
requires nonlinear models and associated control designs. Moreover, the machine tool
needs to operate under a wide variety of load conditions, which necessitates a robust
design.

The starting point of this thesis is a PID controller comprised of position and velocity
feedback loops, velocity and acceleration feed-forward controls and a nonlinear friction
compensator. With this controller as a baseline, we develop two advanced controllers of
sliding mode type: one is based on disturbance observer theory, while the other uses
adaptive methods. It turns out that the controller based on disturbance observer theory
fails to improve the performance of the baseline PID solution. However, the controller
based on adaptive methods achieves superior performance towards the PID controller. 
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1. Introduction

In this thesis a machine tool that uses Computerized Numerical Control is considered.
Computer Numerical Control indicates a numerical control that contains one or more
microprocessors to carry out the control functions [7]. The considered machine tool is a
table drive system, a XY-table driven by an electric drive. The machine tool is used for
high-accuracy/high-speed milling. When considering that kind of activity the
requirements on the controllers are very high. The purpose with this thesis is to design a
model of the machine tool and apply and evaluate robust and adaptive motion controllers
for that model.

The first objective when designing the model of the system is to distinguish the machine
tool. To begin with the DC motor uses a ball screw as mechanical transmission to
transform rotary motion to linear motion. When using such transmission the linear
motion speed and the dynamic response is reduced and together with friction it also
introduce backlash. The ball screw divides the system in a motor and a load. In this thesis 
the inertia of the load is a varying parameter, consequently one of the main issues for the
controllers is to handle varying dynamics. The ball screw itself is considered mass less,
nevertheless it generates a damping effect and a stiffness effect that must be taken under
consideration. And as in more or less all mechanical system the machine tool is exposed
to friction. The friction consists of viscous friction, coulomb friction and static friction.
The viscous friction is not a big problem since it is linear. The coulomb and static friction
though is the most difficult problem to overcome when designing motion controllers. The 
influences from the friction appear as two phenomena, that is backlash and stick motion.

When first designing the controls the friction is disregarded. Hence the first objective is
to apply a controller stable enough to handle the varying dynamics. If this is successfully
done the friction will be added. In other words, the syntheses of the controls have been
based on a linear approximation, when the controls are constructed they have been
evaluated against a non-linear model. In the evaluation the friction influences have been
identified. To make the controllers effectively reduce these influences they will need
friction compensation. When the friction compensation is applied the controllers will
once again be compared and evaluated.

Among the robust controllers there have been a great number of motion controllers
developed. Evidently there is the ordinary PID controller, which is proven to be robust in 
many different systems. Another robust controller is H controller, the H controller can
achieve high-speed/high-accuracy tracking and it also provides high dynamic stiffness
towards external disturbances. However the H controller was not successfully designed,
a reason for this failure is most likely to be poor designing of the weight functions that
the H controller uses, these weight functions are known to be very complicated to
design, therefore the H controller is not considered in this thesis. A better choice would
be sliding mode control, this control method have a good way of handling both model
uncertainty and external disturbances. But to achieve high-speed/high-accuracy tracking
ordinary sliding mode is not enough. In [1, 2, 3] a sliding mode control has been applied
in a Disturbance Observer design called Robust Internal-Loop Compensator framework
this controller have a god way of handling inertia changes (model uncertainty) and also
different kind of non-linearity.
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Regarding adaptive control it is difficult to design a controller that adapt all the dynamics 
in the system especially when the considered system demands high-speed tracking. For
example an adaptive controller based on the MIT-rule (The MIT-rule is the conventional
approach to model-reference adaptive control [8, 9]) would not adapt the dynamics fast
enough. Consequently the adaptive method considered in this thesis will only adapt
parameters for disturbances. In [4,5] an adaptive robust controller based on sliding mode
theory have been developed, this controller has shown superior results in motion control.

The conventional controller for this machine tool is a PID controller, which consists of a
position feedback controller, a velocity feedback controller, a velocity feedforward
controller and an acceleration feedforward controller. In this thesis that controller has
been designed and compared to the disturbance observer based sliding mode controller
and the Adaptive Robust Controller. The controllers have been modeled in
Matlab/Simulink.

In Chapter 2 the considered machine tool has been modeled, that is the linear model, the
friction and the DC-motor. In Chapter 3 the control algorithms have been explained and
applied, also the additional friction compensator has been described in this chapter. In
Chapter 4 the controllers have been simulated with the varying inertia both with and
without friction compensator, also the generation of the trajectory command and the
parameter settings have been described in this chapter. Finally the controllers have been
compared and evaluated in Chapter 5.

Figure 1. The machine tool.
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2. Modeling

When modeling the machine tool the first necessary chore is to distinguish the different
parts of the tool. The table consists of two axes, the X-axis and the Y-axis. The axes are
assumed to be identical and operate without affecting each other therefore only one axis
is considered in this Chapter. To begin with the axis is modeled without non-linearity,
which means that static friction and coulomb friction is disregarded.

2.1 Linear Model

A simple observation of the machine tool is a motor connected to a ball screw, the ball
screw connects the table with a nut and on the table the load is added, this is illustrated in 
Figure 2.

Here is Jm the inertia of the motor, Ml is the mass of the table plus the load and is the
angular position of the ball screw. The ball screw and the nut transforms the rotating
torque to straight movement, but it also act as a spring element, considering the whole
movement there also accurse a damping effect on the system. The pitch length of the ball
screw is referred to as PL, pitch length indicates the movement that occurs when the ball
screw rotates 360 degrees. Disregarding the transformation from rotation to straight
movement the system can be approximated as a two mass system. Figure 3 illustrates this
approximation.

Figure 2. One axis of the machine tool.

Ball screw

Torque [Nm]

Motor Nut

Table

Load

Movement [m]

[rad]

Jm [kgm2]

Ml [kg]
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Here is m the motor torque, Jl is the inertia of the table and the load, m and l is the
rotation angle for the motor respectively the load, Kr is the stiffness of the ball screw and
Dr is the damping on the system. It is straightforward to obtain the motion equations for a 
mathematical model, by making the torque summation equal to zero in both cylinders.
This gives the following equations:

m r m r m m ml l 0D K J (2.1.1)

r m r ml l l l 0D K J (2.1.2)

Evidently the following conditions are also valid.

m m (2.1.3)

l l (2.1.4)

Choosing m m l lx , the state space form of the linear system can be 

obtained as: 

x A x B u (2.1.5)
y C x (2.1.6)

With the matrixes A, B and C as,

r r r r

m m m m
m

r r r r

l l l l

0 1 0 0
0

K D K D
1

J J J J
JA , B , C 0 0 1 0

0 0 0 1
0

K D K D
0

J J J J

Dr

m Jm

m

Jl

l

Kr

Figure 3. Two mass system
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From the mathematical model it is also possible to derive the block diagram in Figure 4. 

From this model we can se that the only measured output is the angular position of the
motor. An important remark now is that the parameter that s supposed to track the
reference signal is the angular position of the load. 

However, this is a model of the two mass system when we in fact should be modeling the
system in Figure 1. As remarked this model does not consider the influence of the
transmission, namely the pitch length. Though the system in Figure 4 can easily be
transform so that it will describe the system in Figure 1 by simply adding the influence of 
the pitch length, which transform the rotary motion to linear motion. This will result in
the block diagram in Figure 5.

Kr

l [rad/s]

Figure 4. Block diagram of two mass system.
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1
sl

1
J s

m

1
J s

1
s

-
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+

            +

-

+

xl [m]
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+
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2
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r rD s + K
s

m

1
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1
s

1
sl

1
M s

Figure 5. Block diagram of two mass system including transmission.

PL
2
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Still the block diagram in Figure 4 is the one used in the simulation, the influence of the
pitch length is added afterwards when the output trajectory is generated. This is further
explained in Chapter 4.1.

The model of the machinery has now been designed still we need a way to obtain the
values of the parameters to complete the model. The values used in this thesis are not the
exact values from the machine tool instead approximated test data have been used. The
inertia of the motor Jm is a known parameter, the inertia of the load though does not have 
a specific value, this parameter is varying in the interval l m mJ = J 10 J . To obtain Kr

and Dr we need to know more about how the machine tool behaves. A god way to learn
about the behavior is to examine the frequency response of the machine tool. The
frequency response describes how the machine tool behaves for different frequencies.
Figure 6 presents a proposed illustration of a frequency response for the block diagram in 
Figure 4, that is the frequency response from m to m.

Here is p the resonant frequency and according to the authors of [9] is L defined as,

l

p m

J
L =

2 z J
(2.1.7)

where zp is the damping ratio of the resonant frequency, knowing these values we can
obtain Kr and Dr from (2.1.8) and (2.1.9), which are given by [10].

r
p

1 r 2 r

D 1 1
z = +

2 J K J K
(2.1.8)

r r
p

1 2

K K
= +

J J
(2.1.9)

Figure 6. Frequency response from m to m.
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The values of these parameters are later presented in Chapter 4.2. However when
applying the values we will be able to obtain Bode diagram for the system. In Figure 7
the Bode diagram for different inertia ratio is presented, that is Jl=Jm and Jl=10 Jm.
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Figure 7 reveals that both the resonant frequency and the damping of the resonant
frequency are noticeable transformed when using the different inertia ratios. 

The model of the linear system is now fully designed in the next chapter the friction
model will be described.

Figure 7. Bode diagram of the machine tool, solid line is for
Jl=Jm dotted line is for Jl=10 Jm.
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2.2 Friction model

The friction consists of three components, viscous friction, static friction and coulomb
friction [11], when adding the static and coulomb friction to the model it will become
non-linear. Anyhow in our model the friction that affects the motor does only occurs as
viscous friction, while the friction that affects the load consists of all three components.

The first element that is added to the system is the viscous friction this friction is actually
linear and produces a linear force in the opposite direction of the velocity as illustrated in
Figure 8.

The viscous friction can without complications be added to the motion equations (2.1.1)
and (2.1.2) this results in the following new equations:

- D - - K - - J - D = 0m r m l r m l m m vm (2.2.1)

D - + K - - J - D = 0r m l r m l l l vl (2.2.2)

Here is Dvm the viscous friction affecting the motor and Dvl is the viscous friction
affecting the load. On state space form it would transform the matrix A to the following
form,

r vmr r r

m m m m

r vmr r r

l l l l

0 1 0 0

- D + D-K K D
J J J J

A =
0 0 0 1

- D + DK D -K
J J J J

This is the linear model that the controllers first have been evaluated against. However,
the non-linear friction that is the coulomb friction and the static friction will not be added 
to the motion equations and the state space form. The static friction (also called stiction
or break-away friction) can be explained as a fixed value when the motor speed is zero
and zero when the motor speed is different from zero. The coulomb friction on the other
hand has a constant magnitude and it change in sign when the velocity changes direction
[11]. These two frictions (coulomb and static friction) can be described as one and is then 
illustrated as in Figure 9.

fv(t)

(t)

-fs(t)

(t)

fs(t)

-fc(t)

(t)

fc(t)

Figure 8. From left to right, viscous friction, static friction and coulomb friction
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To achieve a similar behavior in the simulation the coulomb friction have been modeled
as,

F = sgn t Fcoulomb r (2.2.3)

In this formula sgn(v(t)) indicates the sigumfunction, which means

1 if t > 0
sgn t =

-1 if t < 0
(2.2.4)

And Fr is the friction calculated from the following formula

12F = BL K PLr r 2
(2.2.5)

(2.2.5) is an empirical formula developed by MELCO*. Here is BL the magnitude of the
Backlash, Kr is the systems spring constant and PL is the pitch length of the ball screw. 

The static friction though is a little more complicated to model since it only occurs when
the motor is not moving. However this have been adjusted so that it occurs in a small
region close to where the velocity is zero. In this region it exists as a function of the
torque, this function is saturation and is illustrated in Figure 10 and in (2.2.6).

s

s s

s s

t if t f

sat t = f if t > f

-f if t < -f

 (2.2.6)

*Mitsubishi Electric Corporation 

-fn(t)

fn(t)

(t)

Figure 9. Static friction and coulomb friction

Figure 10. Saturation.

- fs

fs

 (t)

  f(t)
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When designing the throughout friction model the viscous friction has been included in a
discontinuous model with the static and the coulomb friction. This model is illustrated in
figure 11. 

Here is state a variable that indicates if the angular velocity ( ) rises above, falls below
or is zero. If any of these states appears the state will be one otherwise it will be zero.
The switch reacts on the state, if the state is one the output from the switch will be the
static friction otherwise it will be the coulomb and viscous friction. This means that when 
the angular velocity change direction the static friction will be active and it will appear as 
a projection of the torque. In other words the torque will be eliminated during the small
interval when the velocity changes direction and according to Figure 8 the static friction
is only active in this interval. 

A mathematical model of this block diagram is presented in (2.2.7) and (2.2.8)

1
= - frJ

(2.2.7)

D + sgn f if > 0v cf =r sat if = 0
(2.2.8)

From this model we get realistic friction influences, these influences are illustrated and
distinguished in Chapter 3.5.

Figure 11. Friction model.
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+
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friction
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friction
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2.3 DC motor

In this chapter it will be shown how the DC-motor has been modeled and approximated.

First, consider an ordinary DC motor according to Figure 12.

In this Figure the source voltage is given by e=KE and the torque is given by =KTi, the 
constants KE and KT are the voltage respective torque constants. Using Kirchoff s voltage
law on the electric part and making the torque summation zero on the mechanical part we 
get the following equation.

E

di 1
= U - Ri - K

dt L
(2.3.1)

T

d 1
= K i - B

dt J
(2.3.2)

From this it is not hard to derive the block diagram of the DC motor that is illustrated in
Figure 13.

U = Voltage
i = Current
R = Resistance
L = Inductance
e = Source voltage
 = Torque
 = Angular velocity

J = Inertia
B = Damping

+

-

U

i
R L

e

B

Figure 12. DC motor.

J

U

R B

KT

KE

1
L s

+

-

-
+

-
+

i

1
J s

Figure 13. Block diagram of DC motor.
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We have now made a simple model of the DC motor, however to explain the
approximation we will add a current controller and a velocity controller to the block
diagram, the block diagram will then appear as illustrated in Figure 14.

In this block diagram represents C the current controller and V represents the velocity
controller. According to [9] can this block diagram be approximated to the block diagram 
illustrated in Figure 15.

The functions Ncc and Dcc in Figure 15 represent the transfer function of the current
loop. This transfer function is presented as a low pass filter described by (2.3.3).

2

2 2

Ncc
=

Dcc s + 2 c s +
(2.3.3)

Here is the break-point frequency of the current loop and c is a strictly positive
constant. However for the considered DC-motor the break point frequency is very high
this results in insignificant influence from the transfer loop. Therefore instead of the
transfer function a time delay will be added to the model. The time delay does not only
compensate for the motor but it also compensates for communication delay and data
delay that occurs due to the limitations of the Computer Numerical Control.

Figure 14. Block diagram with velocity and current controller.

u* KT

+
-

i* 1
Ls + R

KE

CV
+

-

         +
-i* 1

Js + B

Plant

Figure 15. Block diagram with approximated current loop.

+
-

KT
1

Js + B

i* V i* Ncc
Dcc

Plant
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The delay is represented by Td seconds and is ordinary modeled as d-T se however this
formula is not appropriate to use in simulations programs. Therefore the delay is
approximated according to the Pade Approximation,

d

2

d d
-T s

2

d d

T s T s
- +1

12 2e
T s T s

+ +1
12 2

(2.3.4)

Consequently the complete model will consist of a time delay, the torque constant and the 
mechanism, as illustrated in Figure 16. 

PLANT

Time
delay

KT
Mechanism

Figure 16. Block diagram of plant with DC motor
included
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3. Control Algorithms

In this Chapter the control algorithms will be clarified, starting with the conventional PID 
controller, the sliding mode controllers and finally the friction compensation.

3.1 Conventional PID controller

3.1.1 Theory

The conventional controller that the machine tool has been using so far is a PID
controller, this controller is similar to those used in [12, 13, 14]. This controller is
classified as a robust controller and it consists of four components, position feedback
controller, velocity feedback controller, velocity feedforward controller and acceleration
feedforward controller. When implementing the controller we consider the system,

y = G s u (3.1.1)

where G(s) is the model of the machine tool. In our case is the input to the machine tool
a position command and the measurable output is the motor position. The position
feedback control law is an ordinary proportional gain, Kp that operates on the position
error defined by r me = - where r is the reference position and m is the motor

position. This generates a velocity command

v p r mu = K - (3.1.2)

Resuming with the velocity controller we need the angular velocity of the motor m,
which is simply obtained by derivation of the angular position m . The controller
compares the angular velocity with the velocity command from the position controller,
this generate the angular velocity error v v me = u - . The error is processed with a
velocity law that consists of a proportional part Kv and an integrator part Ki accordingly a 
PI-controller. The velocity controller produces the current command,

i
i v p r m m

s + K
u = K K - - s

s
(3.1.3)

This is in fact a torque command, however the torque is proportional to the current and
the command operates as input to the DC motor, consequently we call it a current
command

To improve the accuracy of the velocity even more the velocity feedforward controller is
added, the velocity feedforward controller calculates the reference velocity from the
reference command r and add this with a proportional gain Kf to the velocity feedback
controller. By doing so the feedforward controller improves response without causing
instability. This generates the following controller.
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s + Kiu = K K - - s + s Kv p r m m r fs
(3.1.4)

Finally the acceleration feedforward controller is considered, this controller uses the
output of the velocity feedforward controller as input. The controller derivates the input
to achieve the reference acceleration and add this with a proportional gain Jff to the
current command, as displayed in (3.1.5).

s + K 2iu = K K - - s + s K + s K s Jv p r m m r f r f ffs
(3.1.5)

The acceleration feedforward controller is employed to calculate the required torque

needed to make the desired move. To do this the plant is estimated as 2
ff

1
J s

, here is Jff

the total inertia of the system and consequently Jff is chosen as ff m lJ = J + J .

3.1.2 Design 

Now that the theory of the controller have been explained we can apply the controller as a 
block diagram and describe how the design parameters have been chosen. Starting with
the feedback controllers from (3.1.3),

i
v p r m m

s + K
u = K K - - s

s

Applying this controller results in the block diagram in Figure 17.

The first design parameters that are to be chosen are those of the velocity controller, to
get the desired result we want the bode diagram of the open loop from the angular

Kp

S

Plant

Ki

Kv

1
s

+

-

+

-

          +
    +

r m

Velocity Controller
-

Figure 17. Block diagram of feedback controller
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velocity reference to the angular velocity output (this open loop is demonstrate in Figure
18) to satisfy a Gain margin of at least 8 dB and a Phase margin of at least 30 degrees.

Using ordinary trial and error methods gives the following values on the velocity
parameters,

K = 114, K = 0.5i v

Applying these parameters results in the Bode diagram presented in Figure 19. This bode
diagram achieves a Gain margin of 8.25 dB and a Phase margin of 52 degree. As with the 
velocity controller the design method for the positioning controller contains of examining 
the bode diagram of a loop. However this time we consider a closed loop, namely the
loop from the position command to the angular position output (this loop is illustrated in
Figure 17). The desired result is to have the gain as large as possible while the magnitude 
accomplishes to stay below zero for all frequencies. If this is achieved we would get a
fast respond due to the high gain and it would also be stable since the phase margin stays
below zero. To achieve this we chose pK = 200 , which results in the bode diagram

presented in Figure 20.
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Figure 19. Bode diagram of
velocity open loop, Gain Margin 8
dB and Phase Margin 30 deg.

Figure 20. Bode diagram of
position closed loop.
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The entire feedback controller is now designed and we will move on to the feedforward
controllers. When designing the feedforward controller we will not analyze a bode
diagram instead we will use the trajectory output to determine the design parameters.
According to (3.1.5) there are two feedforward parameters, Kf and Jff. However Jff is
already calculated as ff m lJ = J + J , this means we only have to design Kf. Let s start with
examine the trajectory without Kf, this trajectory is demonstrate in Figure 21. 

-8 -6 -4 -2 0 2 4 6 8

-6

-4

-2

0

2

4

6

0.5 m/div

R5 mm F500 mm/min

0.25 m

From the Figure we can see that the output trajectory generates a smaller circle then the
trajectory of the reference. Increasing Kp can reduce the error, however large values of
proportional feedback gain can lead to instability. From the theory we have that the
feedforward gain improves response without causing instability, this is a better way of
handling the problem. Though if Kf (the gain of the velocity feedforward controller) is
chosen too large the output trajectory would generate a circle larger then the reference,
using trial and error method we obtain a satisfying output trajectory for Kf = 0.85. This
results in a maximum error of 0.03 m. The complete linear controller described in

(3.1.5) by 2i
v p r m m r f r f ff

s + K
u = K K - - s + s K + s K s J

s
is now designed.

The block diagram of the controller is illustrated in Figure 22.

Figure 21. Trajectory without velocity feedforward controller, solid line
is trajectory output, dotted line is the trajectory command.
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Here it should be mention that the derivatives have been approximated in the Simulink
model. Instead of the simple derivative illustrated in the figures they have been applied as
two discrete filters. This approximation has been employed for all the controllers in this
thesis.

Figure 22. Block diagram of conventional PID controller.
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3.2 Sliding Mode Controller

Sliding mode control is a robust control and when dealing with nonlinear systems sliding
mode controls is a major approach. Sliding mode control can be applied to both SISO
(Single Input Single Output) systems and MIMO (Multiple Input Multiple Output)
systems. However in this thesis only SISO systems are considered. 

Sliding mode is a variable structure control (VSC), the idea of VSC is to apply strong
action when the system diverges from the desired behavior. The purpose with sliding
mode is to drive a plant s state trajectory onto a surface in the state-space and to maintain 
the plant s state trajectory on this surface. By doing this the sliding mode can transform a
higher-order system into a first order system. The method has been proved to be a
competent technique to offer good tracking performance to nonlinear systems and has
also received great attention because of its simplicity. Hence it is a good choice for the
control problem considered in this thesis. In this Chapter the general idea (according to
the authors of [15]) of sliding mode will be described, furthermore we will apply the
sliding mode theory both in disturbance observer design and in adaptive design.

First consider a non-linear single-input system.

nx = f x + b x u (3.2.1)

Here does x represents the output (in our case the position of the motor), u represents the

control input (in our case the motor torque), and 
Tn-1x = x x x  is the systems 

state-vector. In this example andf x b x are not exactly known, this is due to inertia

changes and friction models that are only describing parts of the actual friction. As a
tracking problem it is desired for the state x to track the reference state

Tn-1
d d d dx = x x x . It is essential that the initial state dx 0 = x 0 is

fulfilled.

The tracking error can be defined as, 

Tn-1
dx = x - x = x x x (3.2.2)

Then a weighted sum of errors can be defined as,

n -1d
s x; t = + x

dt
(3.2.3)

where  is a design parameter. When considering the case n = 2 we get, 

s = x + x (3.2.4)

which means that s is merely a weighted sum of the position error and the velocity error. 
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A function S(t), the sliding surface is defined as the scalar equation 

s x; t = 0 (3.2.5)

The objective with sliding mode is to remain on the sliding surface, which is equivalent
to get dx = x . For the case with n = 2 the sliding surface can be described as a line and

is illustrated in Figure 23.

The sliding surface that s desirable to achieve is S = 0. Furthermore the slope of the
surfaces is , which is easy to derive from (3.2.4) and (3.2.5). A sliding mode controller 
consists of two components, the equivalent control and the striking component, together
they generate the sliding mode control law,

equ = u + k x sgn s (3.2.6)

where equ is the equivalent control and k x sgn s is the striking component. The

equivalent controllers task is to keep the systems state on the sliding surface. To derive
the equivalent control one simply solves u from the equation s = 0 . In the case for n = 2
that means the equation

x + x = 0 (3.2.7)

To be able to solve u from (3.2.7) it is necessary to combine (3.2.7) with (3.2.1) and
(3.2.2).

The striking component task is to make sure that the weighted sum of errors reaches zero
and if disturbances or modeling errors causes the error to become nonzero, the striking
component drives it back to the sliding surface. To obtain k(x) in (3.2.6) it is necessary to 
define the Lyapunov condition (3.2.8), if this condition is fulfilled the system will reach
the sliding surface in finite time

21 d
s - s

2 dt
(3.2.8)

S=0

S=-1

S=1
x

x

Figure 23. Sliding surface in two dimensions.
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Here is a design parameter, increasing gives faster response time to the system but it
also brings higher control activity. However from this condition it is possible to work out
k(x), to do this it is required to combine the Lyapunov condition with (3.2.6), (3.2.8) and
the results from the equivalent control.

A major drawback with sliding mode controller is chattering that occurs when in sliding
mode state, this is due to the discontinuity law, namely the striking component. A
common way to handle this problem is to use saturation instead of the sigumfunction. It is 
also common to use a design parameter to achieve linear control in a small boundary
layer along the sliding surface, this can be formulated as sat s . This signifies that a

large decreases the influence of the striking component. However this will not entirely
eliminate the chattering. However, the main advantage with sliding mode is that it
guarantees transient performance for both parametric uncertainties and unknown
nonlinear functions.

Now let s apply this algorithm to the simplified system,

Jx + Bx = u + d (3.2.9)

Where J is the inertia, B is the damping coefficient, u is the control signal and d is

disturbances. The disturbance d is estimated as d , the estimation error on d is assumed
to be bounded by a known function D, such that,

d - d D            (3.2.10)

The system (3.2.8) can be transformed to,

B 1
x = - x - u + d

J J
           (3.2.11)

According to (3.2.4) we have,

s = x + x            (3.2.12)

where dx = x - x and xd is the desired trajectory. Combining (3.2.11) and the derivative

of (3.2.12) we get,

d d

B 1
s = x + x = x - x + x = - x - u + d - x + x

J J
           (3.2.13)

Letting (3.2.13) equals zero the equivalent control can be solved as,

eq du = J x - Jx - Bx - d            (3.2.14)

From the Lyapunov condition (3.2.8) we have,
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s s - s                        (3.2.15)

Combining the control law (3.2.6), the equivalent controller (3.2.14) and the sliding
surface (3.2.12) we can fulfill the Lyapunov condition by choosing the striking
component parameter k as,

k = J - D            (3.2.16)

Finally to reduce the chattering we chose the striking component as, k sgn s . The

overall controller can now be defined as,

eq du = J x - Jx - Bx - d - k sgn s            (3.2.17)

The sliding mode controller can also use integral control, this is carried out by letting
t

0

x r dr be the variable of interest when defining the sliding surface. This means that

(3.2.3) becomes,

2 t t
2

0 0

d
s = + x r dr = x + 2 × x + x r dr

dt
           (3.2.18)

Using integral control generates the controller illustrated in Figure 24.

This controller can with friction compensation handle the friction disturbances, but it can
only be designed for a specific inertia ratio and unfortunately there occurs undesired
stickmotion. Even without friction it can t handle inertia changes very well. Much of this
is because the striking component doesn t fulfill its task. Instead of ordinary sliding mode
controller two different control algorithms that uses sliding mode have been applied.
These controllers do not use the striking component, they are however based on sliding
surface theory. In the following Chapters these two methods will be described. 

Figure 24. Block diagram of Sliding Mode Controller with integral control.
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3.3 Disturbance Observer based Controller

Disturbance observer based controllers are very popular in the field of motion control in
[1] a disturbance observer design based on sliding mode is developed. This method uses a 
framework called Robust Internal-loop Compensator. It is shown that with this
framework a sliding mode controller based on Lyapunov redesign can be analyzed. In this 
thesis this method is applied to the considered machine tool.

First the method according to the authors of [1] is briefly described. Let s consider an
ordinary disturbance observer design given by Figure 25. 

This design uses the low-pass filter Q to cut of disturbances in low frequencies regions.

This means that for frequencies below the cut of frequency chosen for Q(s), Q j 1

is achieved, which makes the behavior of the nominal plant be the same as that of the real 

plant. However for frequencies above the cut of frequency, Q j 0 is achieved.

This invokes that measurement noise to attenuate. Consequently the main object with
disturbance observer based design is to design the low-pass filter Q with the dilemma
between making Q j small and making 1-Q j small.

According to the authors of [1] the Robust Internal-Loop Compensator framework is
modeled as the block diagram in Figure 26.

P(s)= Plant
Q(s)= Low-pass filter
Pn(s)= Nominal Plant
u = Input signal
y = Output signal
dex = Disturbance

= Estimated Disturbance

Figure 25. Disturbance observer design.

       +
   +

n

Q s

P s

P(s)

Q(s)

+
-

-         +

u y

dex
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To apply the Robust Internal-loop Compensator framework to the disturbance observer
based structure it is necessary to examine another block diagram, this diagram is
presented in Figure 27.

In Figure 26 F(s) represents a prefilter, consequently the block diagram is a compensated 
feedback system with prefilter. According to the authors of [1] Pm(s) and F(s) is chosen
as,

1
P s = P s , F s =m n Q s

(3.3.1)

Using these settings in Figure 27 K(s) can be calculated, substituting this K(s) to the
block diagram in Figure 26 we will obtain the block diagram in Figure 25. Therefore the
Robust Internal-loop Compensator framework is indeed a disturbance observed design.
When comparing Figure 25 with Figure 26 it also possible to see that the estimated
disturbance  in the disturbance observer based design can be reformulated in the Robust
Internal-loop Compensator framework as

u P(s) yPm(s) K(s)
+

-

ur

dex

F(s)

       +

 +

Figure 27. Compensated feedback system with prefilter.

P(s)Pm(s) K(s)
+

-

ur
y

dex

u

+     +
   +         +

+

u*

K(s)= Feedback Compensator
Pm(s)= Plant Model 
ur = Reference signal
u* = Input to compensate  nonlinear disturbances
er = Reference error

Figure 26. Robust Internal-loop Compensator framework.

er
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= -K s e (3.3.2)

The remark (3.3.2) can be interpreted as a control input based on Lyapunov redesign. The 
purpose of Lyapunov Redesign is to stabilize a perturbed system,

x = f x,t +G x,t u + (3.3.3)

where = (t, x, u) is a disturbance, assume that the disturbance satisfies

rt, x,u +v x,t + k v (3.3.4)

If k and  in (3.3.4) is known then Lyapunov redesign generates a control 

ru = u x,t +v (3.3.5)

which stabilizes the system (3.3.3). That is if and only if ru = u x,t is asymptotically

stabilizing the nominal system 

x = f x,t +G x,t u (3.3.6)

Here follows how Lyapunov redesign is applied on sliding mode control. First consider
the system (3.3.7), which can be compared with (3.3.3).

1
ex

22

0A t
x = x + u + d

B tA t
(3.3.7)

Here is 1

2

x
x =

x
and dex is disturbances. A reference model of this system would be,

m1

m2m2

0A t
x = x + u

B tA t
(3.3.8)

It is here possible to distinguish that (3.3.7) can be rewritten as

m1
eq

m2m2

0A t
x = x + u + d t, x,u

B tA t
(3.3.9)

where

-1
eq m2 2 2 2 exd = B t A t x + B t u + B t d            (3.3.10)
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and

m1 1 2 2 m2 2 2 m2A = A , A = A - A , B = B - B            (3.3.11)

According to the authors of [1] a sliding surface is defined as, 

aS = x : t - x = x = 0            (3.3.12)

Though unlike from (3.2.5) does this sliding surface also consist of a time dependent
part. In (3.3.12) is a the state dependent part, as s is in (3.2.3) and (t) is the time
dependent part. As in (3.2.4) is a  a weighted sum and in this case a is defined as,

a 1 1 2 2= G x +G x            (3.3.13)

where G1 and G2 are design parameters of appropriate dimensions. Now a control law

ru = u t, x  based on Lyapunov stability is designed such that the reference system

m1
r

m2m2

0A t
x = x + u t, x

B tA t
           (3.3.14)

is asymptotically stable. To achieve this the sliding mode functions derivative is needed
and it is obtained as

1 1 2 2= -G x -G x            (3.3.15)

Which can be derived to 

1 m1 2 m2 m2 r= -G A x -G A x + B u            (3.3.16)

However this sliding mode controller is not based on the Lyapunov condition described
by (3.2.7). Instead it uses the Lyapunov function defined by, 

T1
V =

2
           (3.3.17)

If V is a negative definite matrix it will ensure stability to the system based on Lyapunov
stability. Differentiating (3.3.17) with respect to time gives,

TV =            (3.3.18)

To make V negative definite we define a positive definite matrix D and form a desired
V  as TV = - D , combining (3.3.18) with the desired form we get,

T T= - D D + = 0            (3.3.19)
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It is now possible to solve the controller ur which stabilizes the reference system (3.3.14)
by substituting (3.3.19) into (3.3.16), which results in,

-1 -1
r 2 m2 1 m1 2 m2 2 m2u = G B -G A x -G A x + G B D            (3.3.20)

A controller for the reference system is now obtained, to control the allover system
(3.3.7) the external disturbances must according to (3.3.4) be defined as

eq rd t, x,u +v x,t + k v            (3.3.21)

Defining k as 0 k 1 and as : 0, , it is possible to design the additional

feedback controller v = t, x with Lyapunov redesign. Consequently we can now

design the complete control ru = u t, x + t, x , which stabilizes the system in (3.3.7). 

When applying the complete control to the system (3.3.7) we will obtain the closed-loop
system.

m1
r eq

m2m2

0A t
x = x + u +v + d

B tA t
           (3.3.22)

The derivative of V along this trajectory is obtained as,

T T TV = - D +w v +w deq            (3.3.23)

where T Tw = - G B2 m2 , and Tw v along with Tw deq represents the effect of v

respectively deq on V . Consequently v can be chosen such that it cancels the effects of
deq on V . If this is achieved V will become negative definite and stability will be
ensured.

To be able to choose v correctly we rewrite the reference system (3.3.14) as

m1
r r r

m2m2

0A t
x = x + u t, x

B tA t
           (3.3.24)

where 1r
r

2r

x
x =

x
is a reference state. The reference error r re = x - x can then be

modeled by combining (3.3.22) and (3.3.24), which results in,

m1
r r r r eq

m2m2

0A t
e = e + u - u +v + d

B tA t
           (3.3.25)
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or

m1
r r eq

m2m2

0A t
e = e - v + d

B tA t
           (3.3.26)

Therefore it is appropriate to design v as a function of er. The proposed function by [1]
is,

v=K er            (3.3.27)

To apply this algorithm to the considering machine tool we approximate the
mathematical model of the system to a one mass model. The motion equation for such
system is described as,

r exJx + Bx + F x - d = u         (3.3.28)

Here is J the inertia of the system, B is the damping coefficient, u is the control input, x
is the output, Fr is a friction component and dex is uncertain disturbances. Transforming
the motion equation (3.3.28) to a state space realization gives

r 2 ex

0 1 0
x = x + u - F x + d-B 10 J J

           (3.3.29)

where 1

2

x x
x = =

x x
, that is the position and the velocity of the system. The tracking

error is defined as de = x - x , where xd is the desired trajectory and the sliding surface is 

defined as 
1d

= + e
dt

 which can be expressed as 

= e + e            (3.3.30)

In (3.3.15) this represents and2 1G = I G = . Consequently is a design parameter.
According to (3.3.8) a reference model of the system (3.3.29) is needed, in our case the
following system will be the reference model 

m

mm

0 1 0
x = x + u-B 10 JJ

           (3.3.31)

Naturally Bm and Jm represent the nominal values of B and J. Now we rewrite (3.3.29)
in the nominal values according to (3.3.9), which gives the following system,
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eqm

mm

0 1 0
x = x + u + d-B 10 JJ

           (3.3.32)

where deq represents eq m 2 m 2 r 2 exd = J - J x + B - B x - F x + d . This transformation

is illustrated in Figure 28. 

According to (3.3.20) is the sliding mode controller which stabilize (3.3.30) given by,

r m d m mu = J x + e + B x + J D            (3.3.33)

The controller for the unperturbed system is now finished, thus we will continue with the
control for the disturbance. According to the authors of [1] it is appropriate to choose the
reference state xr as

t

r d 0
x = x + e d            (3.3.34)

From this we can get the following equation for the reference error er.

t

r r 0
e = x - x = e + e d (3.3.35)

which together with (3.3.30) implies,

t t

r0 0
e + e d = d e =            (3.3.36)

Now, since the reference error is defined the controller can be formulated by combining
(3.3.5), (3.3.27) and (3.3.33), which results in,

m d m m ru = J x + e + B x + J D + K s e            (3.3.37)

observe that from (3.3.36) mJ D can be rewritten as m rJ D e . Recalling Figure 26

we have that 

*
r ru = u + K s e +u            (3.3.38)

P(s)u

 d

 x Pm(s)u

 deq

 x

Figure 28. Transformation with equivalent disturbance
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Distinguishing (3.3.37) we can represent (3.3.38) as, 

m r m r mu = J x + J D e + B x            (3.3.39)

where the term mB x can be explicated as an additional control input for dynamic
compensation of unknown parameters. These values can be translated to the functions
Pm(s) and K(s), which results in,

m 2
m

1
P s =

J s
 and mK s = J D s            (3.3.40)

substituting these into (3.3.1) we get

D
Q s =

s + D
           (3.3.41)

Consequently (3.3.41) is the low pass filter with the cutoff frequency D rad/s, evidently
below D the disturbances are attenuated. Now, let s consider the Robust Internal-loop
Compensator framework (Figure 25) with the transformation from Figure 27 and also the
external loop controller C and the feedforward compensator Cff, which are presented in
(3.3.37) as mC = J s and 2

ff mC = J s . If we also disregard the compensator for non-
linear disturbances we would get the block diagram illustrated in Figure 29.

Analyzing Figure 29 without Cff we get that the error e can be obtained as,

m
r

m m

1 P
e = -

1+ P C 1+ P K
           (3.3.43)

If the feedforward compensator Cff is considered we get,

m
m ff r

m m

1 P
e = 1- P C -

1+ P C 1+ P K
      (3.3.44)

Figure 29. Block diagram of RIC framework.
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If we consider 2
m

1
J s

to be the nominal model Pm then we have that ff
m

1
C =

P
,

consequently the error e is not a function of the reference signal r. The error can now be 
rewritten as,

m eq

m m

P d 1
e = -

1+ P C 1+ P K
           (3.3.45)

The inequality about the norm of the error can then be obtained as,

m eq

m m

P d 1
e

1+ P C 1+ P K
           (3.3.46)

From (3.3.37) we also have that mK = J D s , as a result we get the inequality,

m eq

m

P d 1
e

1+ P C 1+ D s
           (3.3.47)

If C is kept constant in the inequality (3.3.47) and D is increased N times the error is

approximately reduced by the factor 
1+ D s

1+ N D s
.

Anyhow in according to the authors of [1] it is also recommended to consider integral
control, this is done in the same way as in (3.2.17) and results in the sliding surface,

t
2

0

= e + 2 e + e d            (3.3.48)

 Using this sliding surface it is appropriate to define the reference state variable as

t
2

r d
0

x = x + 2 e + e d            (3.3.49)

This means that the Robust Internal-loop Compensator based sliding mode can be
defined as,

m r m r mu = J x + J D e + B x            (3.3.50)

Which is identical to (3.3.39), accordingly they have the same control structure, which
inclines that, the remark (3.3.41) and the inequality (3.3.47) is still valid. The complete
controller can now be obtained as,

2
m d m mu = J x + 2 e + e + B x + J D            (3.3.51)
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This controller is illustrated as a block diagram in Figure 30.

Furthermore there are still modifications that can improve the controller. From (3.3.40) it
is shown that the nominal model is chosen as 2

m mP = 1 J s , a more accurate model
would be,

2
m m mP = 1 J s + B s            (3.3.52)

However if Pm is chosen as (3.3.52) K must be rearrange if the remark (3.3.41) is still to
be satisfied, this is done by choosing,

m mK = J s + B D            (3.3.53)

If we also chose,

m mC = J s + B  and 2
ff m mC = J s + B s            (3.3.54)

Then even the inequality (3.3.47) is valid, since (3.3.54) means that ff mC = 1 P also is
valid. As a result we get the controller,

2
m m r m m ru = J s + B s x + J s + B D e            (3.3.55)

Though in this controller the integral control is not used instead we use the same sliding
surface as in (3.3.30), which gives the same reference state as in (3.3.34), namely

t

r d 0
x = x + e d

This controller is illustrated as a block diagram in Figure 31. In the simulations both these 
controllers have been evaluated and compared to the other controllers.
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Figure 30. Block diagram of Disturbance observer based sliding mode controller with integral control, DOB(IC).
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Figure 31. Block diagram of Disturbance observer based sliding mode controller, DOB.
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3.4 Adaptive Robust Control

Adaptive controller is a controller with adjustable parameters and a mechanism for
adjusting the parameters, this is how the author of [7] refers to as an adaptive controller.
In other words an adaptive controller is able to change behavior to match new
circumstances. Though adaptive controllers are known to have poor transient
performance and poor robustness to nonlinear uncertainties, to overcome this problem an
adaptive robust controller have been developed by the authors of [4], which have both
the robustness of a sliding mode controller and also the ability of tracking the presence of 
parametric uncertainties as an adaptive controller achieve through parametric adaptation.
The authors of [4] have successfully combined adaptive system with sliding mode and by
doing so they have eliminated their drawbacks while preserved their advantages. The
advantages for adaptive systems are asymptotic stability in the presence of parametric
uncertainties and for sliding mode the advantages are guaranteed transient performance
and final tracking accuracy. The drawbacks are poor transient performance and poor
robustness of adaptive system and the chattering problem of sliding mode. Since the
chattering in sliding mode is caused by the discontinuity the authors of [4] have
developed a continuous controller to avoid that problem. However the considered
controller does not adapt the throughout regulator dynamic, it only adapt parameters for
disturbance compensation, in our case it has been used to adapt the stickmotion
compensation.

The Adaptive Robust Controller developed in [4] uses sliding mode theory to accomplish
robustness. In this clarification of the adaptive robust controller we consider the
simplified one mass system

2

1
y = u + d

Js + Bs
(3.4.1)

Where J is the inertia, B is the damping coefficient, u is the controller and d is
disturbances. First an ordinary position controller is applied to the system, this controller
consists of a proportional part Kp and a derivative part Kd. The goal is to construct a
control so that the system (3.4.1) behaves like the nominal system

2

1
y =

Js + Bs
(3.4.2)

Where is the output of the position control. The controller uses a sliding surface s,
which is defined with an integral control according to (3.4.3)

t1
s = y + y - d

J 0n
(3.4.3)

Here we chose n

n

B
=

J
, the derivation of s could then be given by,
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n

n n

B 1
s = y + y -

J J
(3.4.4)

If we consider n nB = B, J = J  and combine (3.4.4) and (3.4.2) we achieve

nJ s = u + d - (3.4.5)

As described in Chapter 3.2 is the purpose with sliding mode is to reach the sliding
surface in this case that means achieving s = 0 , unfortunately the relationship between
s and u is static, which implies that it is not possible to get s = 0 . The only possible
thing to do is to make s as small as possible. This will be achieved by using the control
law given by,

s f s f f lu = u +u , u = -Ks, u = - F - d (3.4.6)

K is a feedback gain and a strictly positive design variable, fF is fixed friction

compensation and ad is an estimation of the assembled uncompensated disturbances da,

defined by,

a fd = d - F (3.4.7)

da is assumed to be bounded according to a m Md d ,d . From (3.4.6) and (3.4.5) the

error dynamics can be derived as

n aJ s + Ks = -d (3.4.8)

where a a ad = d - d is the estimated error of the uncompensated disturbances. The

equation (3.4.8) can be seen as a stable first order system with ad  as input and since K is 

a fixed variable it can be revealed that the actual tracking error s will be proportional to
the size of the modeling error ad . To decrease the modeling uncertainty the parameter

adaptation law given by (3.4.9) will be used, 

a M

a a m

d = d and p > 0
0 if

d = d = d and p < 0

p otherwise

(3.4.9)

where >0 is the adaptation rate. From this we also get that

anda m M a ad d ,d d d - s 0 (3.4.9)
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The complete controller is illustrated as a block diagram in Figure 32.

The adaptation law is presented in the block diagram as ,ad  this block is illustrated in 

appendix A.

Figure 32. Block diagram of Adaptive robust controller.
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3.5 Friction Compensation

In this thesis three kinds of friction have been considered, viscous friction, static friction
and coulomb friction. In the simulation it is shown that all three controllers successfully
handles viscous friction without any additional friction compensation. However the static
and coulomb friction is not successfully handled without additional compensation,
evidently the controllers attempt to compensate for these influences but their
compensation methods are not based on friction modeling instead they regard the friction
as disturbances. To improve the performances of the controllers additional friction
compensation is added.

First let s analyze the output of the system. When performing the circle motion the axis
movement can be described as two sinus curves. In Figure 33 the x-axis movement is
described and in figure 34 the y-axis movement is described.
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In these plots it is easy to see that the x-axis changes direction one time and the y-axis
changed direction two times. In these turning points the static friction influences the
system, also the influence from the coulomb friction is most evident in this course of
event. Naturally they also have a big influence in the beginning and in the end of the
movement. Consequently the influences from the friction will appear four times during
the circle movement, this is illustrated in Figure 35.

Figure 33. Position of x-axis. Figure 34. Position of y-axis.
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The friction influences described in Figure 34 can be divided in stickmotion and
backlash, these phenomena are distinguished in Figure 36. 

For the conventional PID controller the influences of the friction are compensated with
feedforward controllers. Using feedforward controller have the advantages of being more
robust then feedback controllers though it will not be suffering from possible time delay
that often occurs in feedback controllers, consequently some sort of adjustment must be
made to synchronize the feedforward controller with the rest of the controller. To
compensate for the friction influences we will need to design two different controllers,
one to compensate for the backlash and one to compensate for the stickmotion. The
designed controllers in this thesis are the conventional compensators proposed by
Mitsubishi. Most friction compensators for XY -tables use the same or similar
controllers. However there are different compensators but these have not been considered 
in this thesis.

Figure 36. Friction influences on the trajectory, stick motion and backlash.

Stick motion

Backlash

Figure 35. Trajectory with friction influences.
This simulation has been made for the PID
controller with inertia ratio 10 and backlash
amplitude of 5 m.
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3.5.1 Backlash

The backlash occurs both because of the friction and because of the stiffness in the ball
screw. To simplify this imagine the linear motion described in Figure 37.

Here are two bodies connected via a spring element, if a force P affects the body A the
body will move along the plane x1, meanwhile the body B will be affected by the friction 
F and by the force from A via the spring element. Because of the spring element the body
B will move along the parallel plane x2. The displacement L2 L1 between plane x1 and
x2 can be understood as backlash. The machine tool considered in this thesis behaves
similar to this system, the body A would then represent the motor (which is not affected
by coulomb and static friction), the body B would represent the load and the spring
element would represent the ball screw.

From Figure 37 it is easy to see that the backlash would become negative if P changed
direction (which also implies that the velocity of the bodies changes direction). Another
important remark is that the size of the backlash is not depending on the velocity it is
only depending on the friction and the stiffness of the spring element. From hook s law
we have 

rF = K (3.5.1)

where F is the resisting force, Kr the spring constant and is the displacement, applying
this formula the backlash can be calculated as, 

FrBacklash =
Kr

(3.5.2)

Accordingly we have the size of the backlash and the fact that the backlash changes sign
depending on the direction of the velocity.

The reason why the controllers don t compensate for this phenomenon is because they
are based on a one mass system and since the measured output of the plant is the motor
position the controllers will adjust the motor angular position to follow the command
signal and not the load angular position. Consequently the command signal must be
modified but without making the controller compensate for the modification. To do this
we add backlash compensation directly to the position error. And to make the

Figure 37. Backlash in linear motion
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compensation change sign at the right moment the input to the controller will be the
reference velocity, which is calculated from the reference position. In Figure 38 the
compensation is illustrated as a block diagram. 

Fr if > 0
KrBLC =
Fr- if < 0
Kr

(3.5.3)

All the controllers in this thesis use backlash compensation in this way. The parameter
BLC works faultless and there is no need for modification. It will be shown that with this 
backlash compensation the performance of the controllers are significant improved.

3.5.2 Stickmotion 

The stickmotion occurs due to the sudden change of torque when the motor changes
direction, these changes generates oscillations in the trajectory. To compensate for the
stickmotion a feedforward controller is designed which apply additional torque to the
input. The sign of the stickmotion is depending on the direction of the velocity therefore
the stickmotion compensator will use the reference velocity as input. To analyze the size
of the disturbance we remember (2.2.5) from Chapter 2.2.

12F = BL K PLr r 2
(3.5.1)

where BL is the amplitude of the backlash and PL the pitch length of the ball screw.
Initially the stickmotion compensation uses this formula to estimate the size of the
compensation. The stickmotion compensation can then be described as,

r

r

F if > 0
SMC =

-F if < 0
(3.5.2)

Since this feedforward controller is not suffering from time delay as the feedback
controller this input may not be synchronized with the control input. To correct this we
add a time filter to the friction compensation, defined by, 

time filter
kpm

s + kpm
(3.5.3)

Figure 38. Backlash compensation
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where kpm is a design parameter. kpm will be designed with trial and error to achieve
the desired time synchronization. However the parameter can only be designed for one
special inertia ratio, using the same value on kpm for all inertia ratios will not effectively 
synchronize the stickmotion compensator, consequently this parameter is a big dilemma
to design. The stickmotion compensation is described in Figure 39.

In the simulation it will be shown that the backlash is successfully compensated for all
kind of inertia ratio for all three controllers, the stickmotion on the other hand is only
successfully compensated for low inertia ratio. Figure 40 illustrates the trajectory when
the stickmotion is not fully compensated for high inertia ratio. This can be corrected by
increasing FRC, however if FRC is increased too much it will result in inverted
stickmotion for low inertia ratio according to Figure 41. When designing FRC it is
necessary to observe kpm as well, these parameters affect each other and that make the
design procedure very fragile.
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Considering the disturbance observer based controller it is proposed in [1] that the input
to the friction controller should be the output from the plant, however this is not
appropriate for the machine tool in this thesis. The result when using that design is far
from satisfying mainly because the feedback is not fast enough. From chapter 3.3 two
disturbance observer based controllers are designed, DOB(IC) and DOB. For the DOB
controller the configuration in Figure 31 gives a satisfying result, but for the DOB(IC) a
more precise stickmotion controller is needed. What is desired is something that can tell
more accurate than the reference signal when the velocity of the plant changes direction.

Figure 40. Trajectory with
insufficient friction
compensation..

Figure 41. Trajectory with a
surplus of friction
compensation.

Figure 39. Block diagram of stickmotion compensation.
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From chapter 3.3 we have the reference state variable xr, which is a result from the
position error. This output has a better way to reveal when the velocity changes direction. 
Furthermore it changes when the inertia ration changes, consequently we have found a
much better way to synchronize the friction compensation with the stickmotion. Though
we still need the time filter to get a good synchronization. However using the reference
state could lead to oscillations, this choice is not as stable as using the reference.

For the adaptive robust controller there is a superior way of handling the stickmotion.
First we will add the ordinary stickmotion compensator from Figure 31, however this will 
not be enough. As described in chapter 3.3 the adaptive robust controller has an
adaptation law to compensate for disturbances. In (3.4.7) the assembled disturbances for

the adaptive robust controller is defined as a fd = d - F  where d is the disturbances and fF

is the friction compensation. If fF is disregarded da would include the friction influence.
The adaptation law (3.4.9) is supposed to compensate for the assembled disturbances da,

so if fF is disregarded we could simply adjust the settings of the adaptation law to fit the
new da. To do this we have to set the boundaries to FRC (dM=FRC, dm=-FRC) and
choose a very high adaptation rate, this results in effective stickmotion compensation. An
idea now would be to use only the adaptation law to compensate for all stickmotion. To
make this work we have to increase the boundaries dM and dm, thanks to the adaptation
law too high values will not produce inverted stickmotion as described in Figure 41.



47

4. Simulation 

4.1 Trajectory Command

The simulations have been executed in Simulink/Matlab where the controllers have been
designed as block diagrams. To get a realistic simulation of the controllers they should be 
simulated with a realistic trajectory command. This trajectory command must be
generated with regard to the durability of the machine. To sudden and fast movement can
cause the machine to collapse. The machine has an endurance that will neither allow
acceleration nor velocity to be too great.

When considering a movement the table will be moved a certain distance, this distance
can be represented in the velocity-time plane as a rectangle wave this is illustrated in
Figure 42.

A command like this would not be acceptable, as shown in the Figure the rise time is
zero, which means that the acceleration is infinity at the beginning and also in the end.
Consequently the acceleration must be reduced so that the gain to Vmax ceases to be
vertical. This can be achieved through using a trapezoid wave instead of a rectangular
wave. This is presented in Figure 43.
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time
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Figure 42. Rectangle wave
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Figure 43. Trapezoid
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It is now clear that the command neither exceeds the Vmax nor the Amax boundary. From

Figure 43 it is easy to see that the time of the acceleration ta is max

max

V
A . It is also

possible to see that the command will become a triangle if the distance is less than

max
max

max

V VA or in other terms a maxt V (which is the area of the two triangles in

Figure 43) and will in that case not reach the maximum velocity, Vmax. If this would
happen the movement could be described by a triangle as illustrated in Figure 44.

Still the command is not desirable there must not be any sharp corners, the sharp corners
represents abrupt changes in the acceleration which the machine tool can not deal with.
To solve this problem a low pass filter is applied to the command, this will smooth out
the curve as illustrated in Figure 45. 

Finally a satisfying velocity command has been generated. The command that been used
to evaluate the controllers is a simple circle with a radius of R mm. This command is
presented in Figure 46.
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         Distance

Figure 44. Triangle.

Figure 45. Smooth trapezoid. 
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Here is t0 the time when the trajectory has completed its course and t1 is the time when it
has come half way,  is the angle and R is the radius. Accordingly the trajectory starts on 
the X-axis and moves counter clockwise. Now if considering this command in a distance-
time plane it would result in Figure 47. This Figure is achieved from integrating the
velocity command in Figure 45. Thus when the command is generated a distance is
specified from this distance the velocity command is designed. After applying the low
pass filter on the velocity command it is integrated to the distance-time plane in Figure
47.

From Figure 46 the Cartesian coordinates can be expressed as:

x t = R cos t

y t = R sin t
(4.1.1)

y

X [mm]

Y [mm]

(t)

x

R

t1
t0

Figure 46. Polar coordinates.
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Figure 47. Distance graph.
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However when generating the command the ball screw must not be disregard we want to
get the command in radians (angular position), consequently the command will be
generated as:

2
x t = R cos t

PL
2

y t = R sin t
PL

(4.1.2)

Here is PL representing the pitch length of the ball screw.

The trajectory is generated as an angular position command together with a time vector
and the simulation is executed with to identical axes. The input to the axes is the position
command and the output in the simulation is the angular position of the motor and the
angular position of the load, as described in Figure 48. However the load position is only
used for evaluation, the only measurable output for the machine tool is the motor
position.

From the output a trajectory is generated for both the motor and the load. With these the
controllers have been evaluated. Though since the outputs are in radians we need to
transform them to meter before we can plot the movement, this is easily done by using
the inverted formula from (4.1.2) that is,

PL
Movement output = x/y load/motor position

2

Trajectory

Y axis
Controller and 
Machine tool

X axis
Controller and 
Machine tool

Y position

X position
X load position

X motor position

Y load position

Y motor position

Figure 48. Block diagram of simulation
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4.2 Parameter settings

With the information from Chapter 2.1 we can derive all the data that is needed to
describe the linear system. From table 1 we have the given test data for the inertia, the
viscous friction and the torque constant. Though as described in Chapter 2.1 we also need 
information about the frequency response to obtain Kr and Dr, table 2 gives this data.

Nomenclature Description Value Unit

Jm Motor Inertia 0.0001 kg·m2

Jl Load Inertia Jm 10 Jm kg·m2

Dvm Viscous friction on motor 0.001 Nm·s·rad-1

Dvl Viscous friction on load 0.001 Nm·s·rad-1

Kt Torque constant 0.5 Nm·A-1

Nomenclature Description Value Unit

fp Resonant frequency 200 Hz
L Damping konstant 0.05 -
zp Damping of resonant frequency 0.1 -

p= Resonant angular frequency 1.26·103 rad·s-1

Dr Damping coefficient 0.0188 Nm·s·rad-1

Kr Spring constant 118.4 Nm·rad-1

In the simulation we have examined both the linear model and the non-linear model. To
achieve the data required to describe the non-linear model, which includes the static and
coulomb friction, we need to know the pitch length of the ball screw and the amplitude of 
the suggested backlash. In our case the coulomb friction and the static friction have the
same amplitude. Table 3 gives the pitch length, the backlash and the non-linear friction.

Nomenclature Description Value Unit

BL Backlash 1 10 ·m
PL Pitch length of ball screw 0.01 m
Fc Coulomb friction 0.0372 Nm
Fs Static friction 0.0372 Nm

As in Chapter 2, here is also a varying parameter, namely the backlash. During the
experiment the backlash has been modified between BL = 1 m 10 m , this is to
learn more about how the controllers are able to handle uncertainties.

Table 3. Data needed to describe the non-linear system.

Table 1.Test data for the linear system.

Table 2. Frequency response data for the linear system.
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The signal, which has been generated according to chapter 4.1 has a maximum velocity
of 0.0083 m/s, a maximum acceleration of 0.15 m/s2, a radius of 0.005 m and it uses a
sampling time of 800 10-6 s.

In the simulation the controllers have been evaluated with a trajectory error, this error is
obtained by subtract the smallest value of the trajectory from the largest value of the
trajectory as described in figure 49.
.

When using this method to evaluate the trajectory it is necessary to examine the trajectory 
plot, if both the largest value and the smallest value diverge significantly from the
reference but not from each other the error could still be very small. However, during the
simulations this doesn t happened and therefore this evaluation method is sufficient.

Figure 49. Here does the thin line represent the trajectory command and the
thick line represents the trajectory output. R is representing the largest value 
of the trajectory output and r is representing the smallest value of the
trajectory output. The trajectory error is calculated as error = R-r.
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4.3 Conventional PID controller

In chapter 3.1 the design algorithm for the conventional PID controller was described and
the parameters in Table 4 was obtained.

Nomenclature Description Value

Ki Integral coefficient of velocity controller 114
Kv Proportional coefficient of velocity controller 0.5
Kp Position controller 200
Kf Feedforward I 0.85
Jff Feedforward II 0.0002

In the simulation we will first consider the linear system and see how the conventional
PID controller handles inertia changes. In Figure 50 and Figure 51 the tracking error for

the conventional PID controller is illustrated with the inertia ratio l

m

J = 1J respective

l

m

J = 10J .
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According to the Figures 50 and 51 the conventional PID controller successfully
undertake the inertia change. Considering the non-linear friction we will first apply the
friction without compensation, this results in Figure 52. Here it is evident that the
controller needs compensation both for backlash and stickmotion, in Figure 53 the
compensation for backlash is added. This will get the backlash to vanish, however there
are still stickmotion, finally we add the stickmotion compensation this results in the
trajectory in Figure 54. 

Table 4. Data describing the conventional PID controller

Figure 51. Trajectory for the 
inertia ratio 10.

Figure 50. Trajectory for the 
inertia ratio 1.
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In Figure 54 it is shown that even with the friction compensation there are still some
stickmotion. In Table 5 an experiment is presented showing the tracking error together
with the parameter BL from (3.3.1). This error consists as in Figure 54 mainly of
stickmotion.

BL [ ·m] Tracking error [ ·m]

1 0.72
5 2.28
10 3.6

Table 5. Tracking errors rely 
to BL.

Figure 52. Trajectory without 
friction compensation. Inertia 
ratio 5, backlash 5 m.

Figure 53. Trajectory with 
backlash compensation. Inertia 
ratio 5, backlash 5 m.

Figure 54. Trajectory with backlash 
and friction compensation. Inertia 
ratio 5, backlash 5 m.
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Next we will examine how the tracking error depends on both the inertia change and the
parameter BL.

Jl [kg· m2] BL [ ·m] Tracking error [ ·m]

0.0001 1 0.37
0.0001 5 1.21
0.0001 10 1.98
0.0003 1 0.72
0.0003 5 2.28
0.0003 10 3.6
0.001 1 1.43
0.001 5 4.03
0.001 10 6.06

The last simulation of Table 6 is illustrated in Figure 55, it is here evident that the error
consists mainly of stickmotion. Finally there is one more phenomenon that s needed to be 
examined, that is the how one axis trajectory relates to the trajectory command of a
velocity input, like the plot in Figure 45. First let s examine the velocity output in Figure
56, this experiment have been done without friction.
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From Figure 56 it is difficult to discover any irregularities, to obtain the interesting
information we need to examine the decreasing part. In Figure 57 a more detailed Figure
is presented. Here it is shown that there are some disturbances that quickly diminish, this
information is interesting only for the purpose of machinery performance. When using
the machine the acceleration and the retardation part are not used, the tracking process is
performed according to Figure 58. In this Figure the dotted lines are the acceleration and
the retardation.

Table 6. Tracking errors rely to Backlash 
and inertia ratio.

Figure 55. Simulation of PID
controller with inertia ratio
10 and a backlash of 10 m.

Figure 56. Velocity output
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From Figure 57 we have that the velocity fade away quit fast, the settling time is about 
0.02 seconds and the biggest oscillation is approximately 5,4 10-6 m/s. 

Start position

End position

Figure 57. Velocity 
oscillations. Inertia ratio 3.

Figure 58. Milling trajectory.
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4.4 Sliding Mode Controller

All the sliding mode based controllers have been designed for a simplified system,
namely a one mass system. Concerning motion controls this is the most common way
especially when the only measured output is the motor position. 

The approximated inertia that s been used is m lJ = J + 3 J and the approximated

damping that s been used is r vm vlB = D + D + D . The reason for using the tripled inertia of 
the load is simply because the experiments will be carried out with varying load. 

The ordinary sliding mode controller has three design parameters, that is , and . In
the simulation these parameters have been set to, 

= 200, = 5 and = 2

The values have been obtained with trial and error method. In Figure 59 and 60 the
results for inertia ratio 1 respectively 10 have been presented, this experiment is
performed without any friction influences. In these Figures it is obvious that the sliding
mode controller does not perform satisfyingly towards the varying dynamic. In Figure 59
the trajectory is to small while in Figure 60 the trajectory exceeds the desired path.
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Because of the miserable results for the linear system the sliding mode controller will not 
be analyzed towards non-linearity.

Figure 59. Trajectory for the 
inertia ratio 1.

Figure 60. Trajectory for the 
inertia ratio 10.
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4.5 Disturbance Observer based Controller

Concerning the disturbance observer based sliding mode controller there are only two
parameters that are to be designed these are and D. From Chapter 3 we have that the
larger these parameters are chosen the better will the tracking perform, however if they
are too large the system wont be stable. Hence we must find an equilibrium for these
parameters that achieves good enough tracking but still is stable enough to comprehend
the friction and the inertia changes. For the DOB(IC) we chose,

= 134.5 and D = 765

And for the DOB we chose,

= B Jm m and D = 1000

As with the conventional PID controller we will first consider the linear system and
examine the stability of the disturbance observer based controllers due to inertia changes. 
Figure 61 shows the tracking when the inertia ratio is 1, and Figure 62 when the inertia
ratio is 10.
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As illustrated in Figure 61 and 62 does the disturbance observer sliding mode controls
tackle the inertia change successfully. As for the Conventional PID controller the
disturbance observer based controllers will be examine against non-linear friction. First
the friction is added without compensation, this is presented in Figure 63. Here it is
obvious that the disturbance observer based controllers both needs backlash
compensation and stickmotion compensation. In Figure 64 the backlash compensation
has been added this effectively handles the backlash but the stickmotion is still present.
Finally the stickmotion compensation is added but this only reduces some of the
stickmotion, this is illustrated in Figure 65. 

Figure 61. Trajectory for the 
inertia ratio 1.Trajectory error 
for DOB 0.07um,and for 
DOB(IC) 0.05 um.

Figure 62. Trajectory for the 
inertia ratio 10. Trajectory error 
for DOB 0.09 um and for 
DOB(IC) 0.15 um.
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In Table 7 has the same experiment as in Table 5 for the Conventional PID controller
been performed. However in this experiment we present both the DOB(IC) controller and 
the DOB controller. And as for the PID controller the error mainly consists of
stickmotion.

BL [ ·m]
Tracking error [ ·m]

DOB(IC)
Tracking error [ ·m]

DOB

1 0.99 0.64
5 2.86 2
10 4.21 2.53

Table 7. Tracking errors rely to Backlash.

Figure 66. Simulation of
disturbance observer based
sliding mode controller with
inertia ratio 10 and a backlash of
10 m.

Figure 63. Trajectory without 
friction compensation. Inertia 
ratio 5, backlash 5 m.

Figure 64. Trajectory with 
backlash compensation. Inertia 
ratio 5, backlash 5 m.

Figure 65. Trajectory with both 
stick motion compensation and 
backlash compensation. Inertia 
ratio 5, backlash 5 m.
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From Table 7 it is clear that the DOB controller gives a better result then the DOB(IC)
controller. Now we will examine how the tracking error depends on the inertia change
and the backlash together.

Jl [kg· m2] BL [ ·m]
Tracking error [ ·m]

DOC(IC)
Tracking error [ ·m]

DOB

0.0001 1 0.36 0.56
0.0001 5 1.04 0.86
0.0001 10 1.16 1.33
0.0003 1 0.99 0.64
0.0003 5 2.86 2
0.0003 10 4.21 2.53
0.001 1 2.32 1.62
0.001 5 6.26 4.43
0.001 10 9.03 6.22

Once again the DOB controller achieves the better result, though for the worst scenario
the result is not satisfying. The uncompensated stickmotion is way to large, this
simulation is illustrated in Figure 66, which reveals the very large stick motion. In Figure
67 and 68 the velocity experiment is examined, this reveals that the velocity oscillations
for the DOB(IC) controller have larger oscillations then the DOB controller, though the
DOB(IC) controller have a shorter settling time. Table 9 gives the values for the settling
time and oscillations.
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DOBCI DOB

Settling time [sec] 0.325 -
Oscillation [mm/s] 2.05 10-5 5.42 10-6

Table 8. Tracking errors rely to Backlash and inertia ratio.

Figure 68. Velocity
oscillations for DOB. Inertia
ratio 3.

Figure 67. Velocity
oscillations for DOB(IC).
Inertia ratio 3.

Table 9. Settling time and oscillation for disturbance observer based controllers.
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4.6 Adaptive Robust Controller

Except for the parameters in the position controller the adaptive robust controllers have
only two design parameters, that is K and where K is the feedback gain and is the
adaptation rate of the adaptation law. Also the boundary of the adaptation law (dM and
dm) is a part of the design procedure. The feedback gain will be chosen as large as
possible without causing the system to become unstable. According to [4] should be
chosen relative to K that is if K is large then should also be large. Naturally some sort
of trial and error method is used to achieve satisfying values. To simplify the procedure 
and K are chosen as multiples of Jn according to,

n nK = 2 500 J , = 90 000 J

To begin with the boundary of the adaptation is set for disturbances with the amplitude of 
0.05. And the position controller is set to,

p dK = 100, K = 0.24

The same experiments as for the conventional PID controller and the disturbance
observer based controllers have been carried out. First the linear system is tested due to
inertia changes with the results presented in Figure 69 and Figure 70. 
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The ARC does not have any problem with this uncertainty, moving on to the non-linear
part we add the friction. As shown in Figure 71 the friction influence consists mainly of
backlash. When adding backlash compensation in Figure 72 it reveals that almost all the
friction influence is gone.

Figure 69. Trajectory for the 
inertia ratio 1.

Figure 70. Trajectory for the 
inertia ratio 10.
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With stickmotion compensation the influence is almost totally compensated (this is
illustrated in Figure 73). For the next experiment the controller will be tested with three
different configurations, which are: Conventional stickmotion compensation (SC),
Conventional stickmotion compensation with the adaptive law set to compensate for
stickmotion, that is stickmotion and adaptive compensation (SAC) and finally only the
adaptive law set to compensate for stickmotion, adaptive compensation (AC). When
using the ARC(SAC) controller and the ARC(AC) controller it is necessary to reduce the
performance of the position controller to keep the system stable. Hence for ARC(SAC)
the position controller have been set to,

p dK = 65, K = 0.2

Figure 71. Trajectory without
friction compensation. Inertia
ratio 5, backlash 5 m.

Figure 72. Trajectory with
backlash compensation. Inertia
ratio 5, backlash 5 m.

Figure 73. Trajectory with
backlash compensation and stick
motion compensation. Inertia
ratio 5, backlash 5 m.
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and for the ARC(AC),

p dK = 55, K = 0.2

In Table 10 the tracking error and the amplitude of the backlash are presented.

BL [ ·m]
Tracking error [ ·m]

ARC(SC)
Tracking error [ ·m]

ARC(SAC)
Tracking error [ ·m]

ARC(AC)

1 0.37 0.3 0.32
5 0.57 0.47 0.67
10 0.76 0.62 1.01

It is not possible to notice any prominent differences between the different configurations 
in this experiment, the ARC(SAC) controller gives however the best result. Furthermore
we have, as for the other controllers, examined how the tracking error depends on the
inertia change and the backlash amplitude. This experiment is presented in Table 11.

Jl [kg· m2] BL [ ·m]
Tracking error [ ·m]

ARC(SC)
Tracking error [ ·m]

ARC(SAC)
Tracking error [ ·m]

ARC(AC)

0.0001 1 0.35 0.24 0.33
0.0001 5 0.69 0.33 0.38
0.0001 10 1.25 0.4 0.48
0.0003 1 0.37 0.3 0.37
0.0003 5 0.57 0.47 0.67
0.0003 10 0.76 0.62 1.01
0.001 1 0.58 0.49 0.67
0.001 5 1.15 0.94 1.08
0.001 10 1.71 1.02 1.16

In this experiment the most evident difference is detected for the last scenario, here it
reveals that both the ARC(SAC) and the ARC(AC) controller performs better then the
ARC(SC) controller. The last simulation of Table 10 with the ARC(SC) controller is
illustrated in Figure 74, which reveals relatively small error that consists of stick motion.

Table 10. Tracking errors rely to Backlash.

Table 11. Tracking errors rely to Backlash and inertia ratio.
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In Figure 75 the largest oscillation is 6.9 10-6 mm/s and the settling time is about 0.065
seconds.

Figure 74. Simulation of ARC
with inertia ratio 10 and a
backlash of 10 m.

Figure 75. Velocity oscillations. 
Inertia ratio 3.
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5. Conclusion

In this thesis a table driven system has been modeled. The system has been designed as a
two mass system consisting of a motor and a load connected via a ball screw. The system
is suffering from friction influence and that is one of the main concerns in this thesis.
Another concern is varying inertia. Furthermore the friction that s been considered in this
thesis consists of viscous friction, static friction and coulomb friction. The viscous
friction can be modeled as a linear influence while the static and coulomb frictions are
model with non-linear components, though when the friction is not considered the system 
is entirely linear. Different controllers have been designed and evaluated to control this
system. The controllers have been simulated with respect to different amount of friction
and inertia. Initially they have been tested with respect to varied inertia but without
concerning the friction. A summary of these simulations is presented in Table 12.

Inertia ration PID error [ m] DOB error [ m] DOBIC error [ m] ARC error [ m]
1 0.03 0.06 0.07 0.05
10 0.09 0.09 0.15 0.05

From this Table it is evident that the most stable controller is ARC, however both the
conventional PID controller and the disturbance observer based controllers have
satisfying results in this experiment.

The next experiment consists of adding the friction and friction compensation to the
system. Here is the superior winner also the ARC. A summary for the scenario with the
inertia ratio 10 and 1 is presented in Table 12 and in Chart 1.

Inertia ratio PID [ m] DOB [ m] DOB(IC) [ m] ARC(SC) [ m] ARC(SAC) [ m] ARC(AC) [ m]

 1 1.98 1.33 1.16 1.25 0.48 0.4

10 6.06 6.22 9.03 1.87 1.02 1.16

Table 12. Tracking errors for the linear system with different inertia ratio.

Table 12. Tracking errors with inertia ratio=10 and 1 with backlash amplitude = 10 m.
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From Table 12 it is shown that among the ARC controllers it is the controller that uses
both conventional friction compensation and adaptive compensation that achieves the
best result. 

Next we have the velocity experiment, even though this experiment is the less important
one it should not be disregarded. From the Figures in Chapter 4 (Figure 57, 67, 68 and
75) the following data have been collected.

Table 13 reveals that the conventional PID controller achieves the best results. Both the
disturbance observer based controllers have strong oscillation and long settling time. The 
ARC however might not have as short settling time as the PID controller but it does have
smaller oscillation and when comparing Figure 57 and 75 we can see that the ARC have a 
much smoother trajectory without any overshot.

Finally the robust stability of the systems will be evaluated. To do this it is according to
the authors of [16] and [17] appropriate to examine the sensitivity function, S and the
complementary sensitivity function, T. These functions can reveal how the control system
will react toward disturbance and noise. To clarify the functions examine Figure 76.

PID DOB DOB(IC) ARC

 Settling time [sec] 0.02 0.325 - 0.065

Oscillation [mm/s] 5.4 10-6 2.05 10-5 5.42 10-6 6.9 10-6

Chart 1. Tracking errors with inertia ratio 1 and 10 with backlash amplitude = 10 m.

Table 13.Oscillation and settling time for velocity plot.
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Here is r the reference signal, d is disturbance, y is the output and n is noise. S is defined 
as the frequency response from the disturbance d to the output y and T is defined as the
frequency response from the noise n to the output y. This means that S reveals how the
disturbance influences the system and T reveals how the noise influences the system. For
disturbance rejection S must be as small as possible. If the function equals zero for all
frequencies there is perfect disturbance rejection, this means that d does not affect the
output y. The same thing goes for T, if it equals zero for all frequencies there would be
perfect noise rejection.

The common desire for robust stability is to achieve:

(1) S i small for low frequencies, which will attenuate the effect of the

disturbance input.

(2) T i  small for high frequencies, which will attenuate the effect of the noise.

(3) T i unity for low frequencies so that the characteristics of the reference

signal are unaffected.

An interesting feature with the complementary sensitivity functions is that the highest
peak of T can be used to determine a perturbation criterion. According to [17] we have
that,

1
<G MT

(5.1)

Here is G the relative modeling error and MT is the highest peak of T. These values

have been presented for the different controllers in Table 14 and in Figure 77, 78, 79 and
80 the sensitivity and the complementary sensitivity function have been illustrated. This
experiments have been performed with the linear models.

PID DOB DOB(IC) ARC

 MT 3.089 9.89 5.6 2.2

G
32 % 10 % 18 % 45 %

Controller Plant
r

d

n

y
+
    +

    +
+

+
    +

Figure 76. Block diagram with disturbance d and noise n.

Table 14. Highest peak of T, MT, and relative modeling error G
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From the figures above we can see that the requirements are reasonably satisfied for all
the controllers. The absolute value of S is small for the low frequencies, and then it rises
to unity for the higher frequencies. The absolute value of T behaves reversed from S, this 
means unity for low frequencies and small for high frequencies.

However the peaks of T are distinct for the controllers, both the ARC and the PID
controller have small peaks which allows a bigger relative error while the DOB
controllers have higher peaks. This is reflected in table 12 where the DOB and DOB(IC)
achieve the poorest results.

Throughout the experiments the ARC controller have achieved the best results, it handles
the friction influences and the varying inertia in a superior way. The DOB controllers on
the other hand have achieved similar results as the PID controller. The PID controller
does however accomplish more satisfying results. A choice between these controllers
would have to be the PID controller.

Figure 77. Sensitivity and
Complementary Sensitivity of the
Conventional PID controller,
Mt=3.089.

Figure 80. Sensitivity and
Complementary Sensitivity of the
Adaptive Robust controller, Mt=2.2.

Figure 79. Sensitivity and
Complementary Sensitivity
DOBIC controller, Mt=5.6.

Figure 78. Sensitivity and
Complementary Sensitivity of DOB
controller, Mt=9.89.
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The conclusion from these results is that Mitsubishi should implement the ARC
controller instead of the PID controller. It is also evident from the results that the main
problem for the controllers is to handle friction influences. The experience from this
thesis tells us that it is very hard to design a controller without explicit friction
compensation. Consequently the next thing to study would be a more advanced friction
compensator. Since the ARC controller is able to compensate some of the friction
successfully an independent adaptive friction compensator might be a good beginning.
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Appendix A: Adaptation, Block diagram
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Figure A. Block diagram of adaptation law.
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Appendix B: Lyapunov Theory

Here is the Lyapunov theory explained according to [7].

Consider the nonlinear differential equation

0 0
dx

f x f
dt

(b.1)

Since 0 0f , the equation has the following solution 0x t . To guarantee that a 

solution exists and is unique, it is necessary to make some assumptions about f(x). A 
sufficient assumption is that f(x) fulfill,

0f x f y L x y L (b.2)

in the neighborhood of the origin.

Lyapunov stability

The solution 0x t  to the differential equation (b.1) is called stable if for any given 

0  there exists a number 0  such that all solutions with initial conditions

0x (b.3)

have the property

0 0x for t (b.4)

The solution is unstable if it is not stable. The solution is asymptotically stable if it is 
stable and can be found such that all solutions with 0x  have the property that 

0 0x as t

Remark 1. If the solution is asymptotically stable for any initial value, then it is said to be 
globally asymptotically stable.

Remark 2. Notice that Lyapunov stability refers to stability of a particular solution and 
not to the differential equation.
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Positive definite and semidefinite functions

A continuously differential function : nV R R  is called positive definite in a region 
nU R  containing the origin if

1. 0 0V

2. 0, 0V x x U and x

A function is called positive semidefinite if Condition 2 is replaced by 0V x .

A positive definite function has level curves that enclose the origin. Curves 
corresponding to larger values of the function enclose curves that correspond to smaller 
values. The situation in the two-dimensional case is illustrated in Figure a1. If wee can 

find a function so that the velocity vector, dx f xdt , always point toward the interior 

of the level curves, then it seems intuitively clear that a solution that starts inside a given 
level curve can never pass to the outside of the same level curve.

x=0

x2

x1

Figure B. Illustration of Lyapunov s method for
investigating stability.

V(x)=const

dx

dt
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Lyapunov s stability theorem: time-invariant systems

If thers exists a function : nV R R  that is positive definite such that its derivative along 
the solution of equation l1,

T TdV V dx V
f x W x

dt x dt x
(b.5)

is negative semidefinite, then the solution x(t)=0 to equation (a.1) is stable.
Moreover if

0
dV

and V x when x
dt

then the solution is globally asymptotically stable.

Proof : Given 0  such that |x x U , determine l and  such that 

min max
x x

l V x V x (b.6)

Consider initial conditions such that

0x (b.7)

Since V is positive definite, it then follows from above that

V x o l (b.8)

To prove that inequality A4 hold, we proceed by contradiction. Assume that t1 is the 

smallest value such that 1x t . It follows from equation A6 that

1V x t l (b.9)

Furthermore,

1 1

1

0 0

0 0
t t

dV
V x t V x dt V x W x s ds

dt
(b.10)

Since W(x) is positive semidefinite, it follows that

1 0V x t V x l (b.11)
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and we have obtained a contradiction and it can be concluded that x t  for all t, 

which by Definition 5.1 implies that the solution 0x t  is stable. To prove asymptotic 

stability, we notice that if follows from equation B10 that.

1

0

0 0
t

W x s ds V x V x t l (b.12)

Since W(x) and x(t) are continuous, it then follows that

lim 0
t

W x t

If W(x) is positive definite, this implies that 0x t as t

Remark. Notice that if follows from the proof that if the derivative of the Lyapunov 
function is negative semidefinite, the solution converges to the set | 0x W x .

Lyapunov redesign

The Lyapunov redesign is presented according to [18].

Consider the system

, , , ,x f t x G t x u t x u (b.13)

where is a disturbance. A nominal model of the system can be presented as,

, ,x f t x G t x u (b.14)

Assume that a feedback control law ,u t x  asymptotically stabilizes the closed loop

, , ,x f t x G t x t x (b.15)

and that we have a Lyapunov function for the closed loop (b.15) that satisfies the 
inequalities

1 2,x V t x x (b.16)

3, , ,
V V

f t x G t x t x x
t x

(b.17)

where 1, 2 and 3 are class  functions. Suppose that with ,u t x v  the 

disturbance satisfy the inequality

0 0, , , , , 0 1t x t x u t x v (b.18)
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With the knowledge of the Lyapunov function V we can design an additional feedback 
control v for the system such that the overall control 

,u t x v (b.19)

stabilize the system (b.13), this design is called Lyapunov redesign. Applying the control 
(b.19) we get the closed loop system,

, , , , , , ,x f t x G t x t x G t x v t x t x v (b.20)

The derivative of V along the trajectories of  (b.20) is now,

3

V V V V
V f G G v x G v

t x x x
(b.21)

with T V x G  we can rewrite the inequality (b.21) as,

3
T TV x v (b.22)

The second and the third term on the right-hand side represents the effect of the control v 
and the effect of the disturbance on V . The goal is now to choose v such that 

0T Tv . If this can be done a complete controller for the system (b.13) can be 
obtained.
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Appendix C: Matlab code, trajectory command

% trj_cmd.m

%==================================================
Tn=800e-6; % [s]       Sampling time (Interpolate time)
V=0.5/60*speed; % [m/s]     Maximum Velocity
A=0.15; % [m/s2]    Maximum Acceleration
R=0.005; % [m]       Radius
S=(2*pi*R)*1; % [m]       Distance on the circle trajection
tavg=0.4; % [s]       Time constant of the moving average filter 
(LPF)
%==================================================
P=(2*pi)/0.01; % [rad/m]   Pitch length

% time of acceleration (reduction) velocity [s]
ta=V/A;
% Minimum distance for velocity command becomes trapezoid wave
Smin=(V/A)*V;

if(S<Smin);
% Triangle

  V=sqrt(A*S);
  ta=V/A;
  tc=0;
else

% trapezoid
ta=V/A;

  tc=S/V-ta;
end

td=Tn*200+tavg;
tt=2*ta+tc+td;
tt=ceil(tt);

% make the command pattern
if tc>0
  cmdu1=[0  ta ta+tc 2*ta+tc tt ];
  cmdy1=[0   1   1      0     0  ];
else
  cmdu1=[0  ta 2*ta tt ];

cmdy1=[0   1   0   0 ];
end
cmdy1=cmdy1*V;

% Interpolation
cmdu2=[0:Tn:cmdu1(end)];
cmdy2=interp1(cmdu1,cmdy1,cmdu2,'linear');

cmdu=cmdu2;
cmdy=cmdy2;

if tavg>0
% Moving Average Filter

    cmdu3=cmdu2;
    N=round(tavg/Tn); % (Time constant)/(Sampling time)

% output passed through the Filter
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    A=[1,zeros(1,N-1)];
    B=[ones(1,N)/N];
    cmdy3=filter(B,A,cmdy2);

    cmdu=cmdu3;
    cmdy=cmdy3;
end

% Calculate the distance by integrating the velocity command (cmdy)
s=zeros(1,length(cmdy));
s(1)=cmdy(1);
for i=2:length(cmdy)
  s(i)=s(i-1)+cmdy(i)*Tn;
end

% Transform the s(i) to the command on XY coordinate
trj=zeros(length(cmdy),3);
for i=1:length(cmdy)

trj(i,1)=Tn*(i-1);
  ang(i)=s(i)/R;
  trj(i,2)=R*(cos(ang(i))-1)*P; % [rad]
  trj(i,3)=R*sin(ang(i))*P; % [rad]
end
% Variable 'trj' is Final trajection command to two axis model.
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