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ABSTRACT

The aim of this master´s thesis is to investigate if it is possible to extract more dynamic 
information out of physical signals from nuclear reactor noise measurements than what is 
possible today. This was achieved by investigating methods to examine and determine the 
process signal quality, and studying the corresponding transfer function. Accurate 
measurements of for example the core stability and the control system interference are 
required for detailed process diagnostics. 

By analysing real reactor signals, (here neutron flux and reactor pressure), it is observed 
that they are correlated. Becuase the structure of the real system is not perfectly known, 
two hypothesis have been made regarding the real system. Identification of the transfer 
function of the two simulated systems have been done using Matlab with process noise 
added to the system, with measurement noise added to the system, and with feedback 
added to the system. The identification models ARX (Auto Regression Moving Average), 
AR (a special case of ARX) and BJ (Box-Jenkin) have been used.

From the results, it follows difficult to adapt a good transfer function using the ARX 
model to data. This is because of bad coherence. When identifying the transfer function 
using a spectrum, an AR model, a good approximation was seen, since the approximation 
does agree well with the spectral estimate. Here the input is not used.
When identifying using an uncorrelated noise vector as input, we get a bias in the 
approximation, since the output can not be fully explained by the input signal.
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1 INTRODUCTION

1.1        BACKGROUND 

Westinghouse Electric Sweden AB (former ABB Atom) in Västerås and Westinghouse 
Electric Company in USA are fully owned subsidiary companies of BNFL, British Nuclear 
Fuels plc. 
Westinghouse is a complete supplier of nuclear power technology, and the company has built 
11 power plants, Boiling Water Reactors (BWR). They supply components, electricity- and 
control system and service in Europe, USA and Asia.  

Westinghouse is organized into three business units: Nuclear Fuel, Nuclear Services (in which 
the division SES is included) and Nuclear Plant Projects (Automation). Nuclear Fuel with its 
fuel factory is one of the most modern fuel manufacturing facilities in the world. Nuclear 
Services supplies services in boiling water reactor technique. Nuclear Automation is an 
independent part, which works with construction in delivery projects for electricity- and 
control system to nuclear power plants.

At a nuclear power plant, the stability in the reactor is measured regularly, where for example 
decay ratio (dr) and resonance frequency (fr) are calculated. When talking about stability it is 
the core stability that is of interest. The measurements represent “passive” registration of the 
process noise in a selection of process signals, where no external input signals have been 
added. Neutron flux, reactor pressure, coolant flow, channel coolant flow, steam flow and 
temperatures are measured for example. The core stability can be estimated from the neutron 
flux. Since the process noise is measured, and no external excitation is made, the disturbance 
which contains dynamic information can sometimes disappear in disturbance noise.

Since the nuclear reactor is a complex feedback system, the oscillations in the neutron flux 
might originate from different processes as the nuclear feedback, the thermohydraulic process 
or from the control systems. When analyzing the core stability it is therefore important to take 
all of the processes into account. This can sometimes be difficult depending on the quality of 
the signals. To better evaluate the core stability, and to make expanding analysis it is important 
to know how good the dynamic information in the measurements are. For process diagnostic 
purposes it is important that the signals are of good quality.

The core stability has traditionally been analyzed from the neutron flux as a time series, by 
estimating a parametric model for example an AR or an ARMA model. At some occasions 
coherence exists for example between reactor pressure and neutron flux. A transfer function is 
then adapted to the measurements, and the core is evaluated from an ARX or an ARMAX 
model.

The purpose of this master thesis is to investigate methods to examine and determine the 
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process signal quality by looking at the transfer function during different occasions.

1.2 THE BOILING WATER REACTOR 

1.2.1 General description

The boiling water reactor, BWR is built in Sweden, developed by ABB ATOM (today
Westinghouse), and is shown schematically in Figure 1.11.

GeneratorTurbineReactor

Condenser

Electricity

GeneratorTurbineReactor

Condenser

Electricity

Figure 1.1: A boiling water reactor.

The reactor contains 450-700 fuel elements. The fuel elements contain the fuel (uranium), and 
constitute the core. Each fuel element, (15 by 15 centimeters in cross-section and four meters
high) in which power is produced, consists of about 100 fuel rods placed in modules. In each 
module a control rod is located between the fuel elements, and the fuel elements are supported 
above by a core grid. By moving the neutron absorbing control rods, the reactivity and power 
of the reactor can be controlled. The power level can also be controlled by changing the flow 
through the core. Between the elements none boiling water is transported upwards. The 
recirculation of water to the core, and the supply of feedwater occur in the downcomer.
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________
1The picture is taken from www.ski.se

Figure 1.22 shows the internal structure of the reactor 
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    Figure 1.2: A reactor.

Water is pumped into the core from below and is heated until it boils by the fuel elements. A 
steam-water mixture is transported upwards to the steam separators, where the saturated steam
is separated from water. The core is then supplied with feedwater (condensed steam) from the 
feedwater pumps to compensate for the steam withdrawal.
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_________
2The picture is taken from [12] 

Then the steam goes as seen in Figure 1.1 from the reactor tank to the turbine, and passes the 
steam separators. The steam dome pressure is kept constant by the turbine controller. The 
turbine drives a generator, which transforms the steam pressure to electricity. Here the steam is 
condensed, and becomes water again. Then it is led back into the core by the feedwater pumps.
Just as much water as steam that leaves the tank is supplied back to the reactor.

1.2.2 Boiling Water Reactor stability 

The reactor is a complex physical system with physical feedback, and thermohydraulic and
neutronic coupling. The thermohydraulic behaviour depends on some fundamental equations 
for the mass balance (1.1), the energy balance (1.2), the momentum equation (1.3) and the heat 
transfer equation (1.4). 

L = liquid phase 
g = vapour phase 
 = density

h = entalphy
u = velocity

For nomenclature, see Appendix A. 

The continuity equation (mass balance) can be described by: 

0
z
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t
        (1.1)

The energy conservation equation (energy balance) can be described by: 
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The impulse balance (momentum equation) can be described by: 
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The heat transfer function can be described by: 
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The thermohydraulic is connected to the neutronic by the void feedback. The void in the core 
is reduced by increased coolant flow, which will give better moderation (more neutrons), and 
an increase in power level. The fuel temperature will also increase, and since the fuel
temperature feedback to power is negative, the power level decreases.

The usual oscillations in a two phase system are density-wave oscillations. They occur due to 
enthalpy variations and density variations, which with the flow are transported upward through 
the channel. Suppose that we have a reduction of the inlet flow to the channel. The change in 
the flow will give a change in the enthalpy in the single phase part. In the two phase part we 
will get a change in the void, which with the flow is transported upward through the channel.

Depending on the operation situation, and the thermohydraulic and neutronic connection, 
power oscillations might occur that can give fuel damage. High amplitude power oscillations 
are not desirable, since they increase the risk of fuel damage, and are a disturbance in the 
reactor operation.

Power oscillations occur due to: 

- The reactor core is unstable.

- The control system causes power oscillations through the physical feedback to the neutron 
flux.

- Some external disturbance, not originating from the core. 



10

Even if all three points above give oscillations in power, it is important to find out the reason 
to the oscillations, because the measures to suppress them are different. If for example the core 
is unstable, the concentration has to be on the design of the core, the operation or make
restrictions at the operation area.

When estimating the core stability properties, a discrete time model can be used. Even though 
the physical process is continous according to [11], the measurements of the neutron noise are 
discrete.
Decay ratio is traditionally used as the measurement of core stability. The decay ratio is 
defined as the ratio between two consecutive amplitude maxima in the impulse response of the 
system, see Figure 1.3, taken from [17] . The decay ratio expresses the stability margin, and is 
a measurement of how fast (dr = 0) or how slow (dr = 1) a disturbance is damped. Thus dr = 1 
corresponds to undamped oscillations, and an unstable core.

      time(s)

Figure 1.3: Impulse response of a second order system.

The decay ratio is calculated from the least damped pair of poles. The decay ratio is sensitive
to the pole location, and for the choice of the models order. The dominating poles describe the 
dynamic properties of the system, and the zeros modulate the noise. The decay ratio and 
resonance frequency is usually determined by the pair of poles that is found around 0.5Hz, 
which is a common resonance frequency of the core.

If the order of the system is higher than two, the decay ratio depends on what amplitude
maxima are chosen. Usually, the system includes several frequencies, which makes the 
impulse response the sum of the oscillations. Then as a measurement of the decay ratio the 
damping with the least damped resonance frequency is chosen, i.e. the one that decay last in 
the impulse response.
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Sometimes the autocovariance function is used to calculate the decay ratio, since it has the 
same properties regarding decay ratio and resonance frequency as the impulse response.

The sampled autocorrelation function for a signal is defined as 

N

k

ykyyky
N

R
1

))()()((
1

)(      (1.5)

From the exponential decay of the impulse response it is then possible to calculate the decay 
ratio. Sometimes it is hard, and even impossible to calculate the decay ratio from the 
autocovariance function, see Figure 1.4, taken from [17]. 

time(s)

Figure 1.4: The autocorrelation function. 

Decay ratios under 0.3-0.4 are hard to calculate from the autocovariance function, since the 
oscillations decay very fast. The decay ratio is evaluated from the neutron flux, which is 
proportional to the reactor power. Using the autocorrelation function of the neutron flux noise 
to identify the properties of the system is an example of a non parametric method, which 
mostly was used in earlier days. The autocovariance functions have large drawbacks, as 
mentioned above. 

Another way to calculate the decay ratio is to use parametric methods. Then a model is adapted 
to the measurement, and the parameters are searched because they describe the properties of
the system. Adapting a model to measurements includes choice of model and model order. 
Usual is to assign an AR or an ARMA model when identifying the parameters. An advantage
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using parametric methods is that it is possible to identify decay ratios under 0.3. The drawback 
using AR or ARMA is that they are completely “black box”, which means that the parameters
of the model do not have any physical significance. Another drawback is that it is difficult to 
find which order of the model that best describes the system. If a too high order of the model is 
chosen, the poles and zeros will cancel each other out, if the number of unnecessary poles is 
equivalent to the number of unnecessary zeros. This can be seen in a pole/zero diagram, see 
Figure 1.5, taken from [17], and is an indication to reduce the order of the model. If the 
numbers of poles are more than the number of zeros, the poles that are not needed will lump
toward the middle of the unit circle i.e. with low damping.

        Figure 1.5: A pole/zero diagram. 

Since the core resonance frequency is around 0.5Hz, and the common sampling frequency is 
12.5Hz, a large part of the frequency range is not interesting with regard to the core stability 
characteristics. The preprocessing of data before identification is therefore important.
According to [11], there are two ways to focus on the interesting frequency range: filtering and 
decimation. Here the concentration has been on decimation, since it was seen that a decimated
system gives better identification of the parameters, i.e. the parameters are closer to the real
ones. The influence on decay ratio estimation has also been studied.
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1.3 FORMULATION OF THE PROBLEM

The problem in this master thesis is to investigate the quality of the process signals, and how it 
influences the identification of the dynamic properties of the system. Identification of the 
transfer function and its parameters have therefore been analysed during different occasions, 
when process noise is added to the system, when measure noise is added to the system and 
when the system includes feedback.

As an application, real reactor signals have been analysed, where the physical important
signals as neutron flux and reactor pressure have been reviewed. It is reasonable to assume that 
the real system is affected by noise (inherent process noise), as well as the measurements
(measurement noise). By looking at the real reactor signals, it is seen that they have a 
correlation, looking like Figure 1.6. 

The coherence is described by

Cxy(w)  = Coherence function between X and Y = (abs(Pxy(w)).^2)./(Pxx(w).*Pyy(w)) 

where w is the frequency 

and

Pxx  = X-vector power spectral density
Pyy  = Y-vector power spectral density 
Pxy  = Cross spectral density 

If y(t) = G(p)x(t) + H(p)e(t) 

where x and e are uncorrelated white noise, it follows that 

Pxx = Pee = constant 

22
)()()( iwHPeewPxxiwGPyy

Pxy = G(iw)Pxx(w)
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Figure 1.6: The correlation between the signals.

This correlation can maybe be explained by an input-output relation (u,y) between the signals, 
but we can not be sure about that, therefore we implement two hypothesis. What we know is 
that the real system is a complex system with physical feedback properties, but the appearance 
is not known.

A theoretical study including two hypothesis has therefore been made regarding the real 
reactor case. In the first hypothesis we assume an input-output relation (u,y) between the 
signals, and a causal relation. In the second hypothesis we assume no input-output relation and 
no causal relation, and here the signals can be described as y1 and y2. This is two different
ways to look at the real system.

There are several different directions to this problem. The limitation has here been to focus on 
the dynamic/physical part. Another approach could be to look at the sensors. Since the
interesting dynamic properties and the core stability properties is within the range between 0 
up to about 1Hz, it is important that the sensors that measure the physical properties are 
capable of capturing these properties without distortion of the signals. 

The system has been modeled in Simulink, a program that uses Matlab, and the calculations 
has been made in Matlab. Simulink is a powerful graphical interface for simulations of non 
linear dynamic systems, and Simulink makes it possible to build block models of dynamic
systems. The models can be either linear or non linear, and time discrete or time continuous or 
both. By changing the parameter values, the models will be modified. Different models of the 
system and different identification methods have been used. 
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1.4  GENERAL INFORMATION ABOUT SIMULINK 

Simulink is an interactive tool for modeling, simulating and analyzing dynamic systems. It 
supports linear and nonlinear systems, modeled in continous time, sampled time, or a hybrid of 
the two. Systems can also be multirate, i.e. have different parts that are sampled or updated at 
different rates.

For modeling, Simulink provides a graphical user interface (GUI) for building models as block 
diagrams etc. After building the block diagram in Simulink, it is possible to run the simulations 
and view the results live. The fixed-step and variable-step solvers available in Simulink make 
simulation results highly accurate. If the simulation results are not expected, it is possible to 
debug the model using the graphical debugger. The Simulink debugger is an interactive tool 
for locating and diagnosing errors in the Simulink model, and it is possible to display blocks 
states, block inputs and outputs, and other information while running a model. The Simulink 
debugger also has a command-line interface.  

Since Matlab and Simulink are integrated, it is possible to simulate, analyze and revise the 
models in either environment at any point. These benefits make Simulink the tool of choice for 
control system design, signal processing system design, communications system design and 
other simulation applications. 
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2 THEORY

2.1        IDENTIFICATION 

A dynamic system can be described as in Figure 2:1,

  G y(t)u(t)

Figure 2.1: A dynamic system.

where u(t) is the input to and y(t) is the output of the system. The signal u(t) is possible to 
measure. What we want to identify is the parameters of the transfer function G, where

2
2

1
1

2
1

1
0

1 zaza

zbzb

A

B
G (2.1)

To start with, a model of the system has to be applied. There are two ways of constructing 
mathematical models, Mathematical modeling, which is an analytic approach, and system
identification, which is an experimental approach. Mathematical modeling uses basic laws 
from physics to describe the dynamic behaviour, and is mainly used for simple processes. In 
many cases, the processes are so complex that it is not possible to obtain reasonable models
using only physical insight. When using system identification, some experiments are 
performed on the system, and a model is then fitted to the data by assigning suitable numerical
values to its parameters. Here system identification has been used.

An identification experiment using system identification is performed by exciting the system
(using some sort of input signal such as a step, a sinusoid or a random signal), and observing 
its input and output over a time interval. Then, we try to fit a parametric model of the process
to the input and output sequences. It can for example be linear models, n-dimensional models
on state space form, linear input-output models with stochastic disturbances of order n etc. To 
estimate parameters in different models is a well known statistical problem.

There are some standard models, which are possible to use when identifying the parameters,
and they are ARX (Auto Regression Moving Average), OE (Output-Error), ARMAX (Auto 
Regression Moving Average Xtra input), and BJ (Box-Jenkin). These are all capable of
managing a lot of different cases of system dynamics. Here, in this master`s thesis, the 
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concentration has been on the ARX and the Box-Jenkin models, because these two models
agree best with the whole system.

The models obtained by system identification have the following properties: 

- They are relatively easy to construct and use. 
- They have limited validity (they are valid for a certain working point, a certain type of input, 
a certain process etc.). 
- They give little physical insight, since in most cases the parameters of the model have no 
direct physical meaning.

When a model is chosen, an identification method is searched to calculate the parameters of
the model. Some statically based method is used to estimate the unknown parameters of the 
model (such as the coefficients in the difference equation). The most important parametric
methods are the least square method (using the Yule-Walker equation) and the prediction error 
method. When an identification method is applied to a parametric model structure, the 

resulting estimate is denoted by . The estimate will also depend on the number of data points 
N, the true system and the experimental condition.

ˆ

It is important to have long sample times. Otherwise if the sample time is too short, one will 
loose too much accuracy in the low frequency range to make a good identification.

There are also some non parametric methods using when identifying, as for example transient
analysis, frequency analysis etc. Frequency analysis is used in a qualitative manner in this 
report.

2.1.1 Model structures

2.1.1.1 The ARX model 

The ARX model has the following structure

Figure 2.2: The ARX model. 

and can be described by the difference equation 
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)()()()()( tenktuqBtyqA       (2.2)

or explicitly

)()1()1()(

)()1()(
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1
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natyatyaty
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where y is the output of the process, u is the input to the process, e is white noise and nk is the
time delay. 

B and A are polynomials in the delay operator 1q

na

naqaqaqA 1
11)( (2.4)

(2.5)11
21)( nb

nbqbqbbqB

The numbers na and nb are the orders of the respective polynomials. The number nk is the 
number of delays from input to output.

ARX is suitable when the dominating disturbance comes in early in the process, as for
example as an additive noise on the input. The parameters of the model can be estimated using 
the least square method, see section 2.1.2.2. 

2.1.1.2 The Box-Jenkin model

The Box-Jenkin model has the following structure 

Figure 2.3: The Box-Jenkin model.
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and can be described by the difference equation

)(
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)(

)(
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)( te

qD

qC
nktu

qF

qB
ty (2.6)

where y is the output of the process, u is the input to the process, e is white noise and nk is the 
time delay.
The polynomials in the delay operator q-1 are: 

11
21)( nb

nbqbqbbqB       (2.7)

nc
nc

qcqcqC 1
11)(       (2.8)

nd

nd qdqdqD 1
11)(       (2.9)

nf

nf qfqfqF 1
11)(       (2.10)

The parameters nb, nc, nd and nf are the orders of the Box-Jenkins model, and nk is the delay. 
The model corresponds to na = 0 , see Section 4.2 in [1] for a detailed discussion. 

Box-Jenkin is preferred for modeling disturbances, which come in late in the process, as for
example measurement noise in the output signal. The parameters of the model can be 
estimated using the prediction error method, see section 2.1.2.1.
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2.1.2 Identification methods

Here an identification method is chosen to identify the parameters of the transfer function. 

2.1.2.1          The Prediction Error method

This method minimizes the prediction errors.

According to [2], y(t) can be written as 

)()()( tetty T        (2.11)

where

(t)=(-y(t-1)…-y(t-na)   u(t-1)…u(t-nb))T (2.12)

and

T=(a1…ana   b1…bnb)        (2.13)

The best prediction of y(t), given data at time t-1 is

)()(ˆ tty T         (2.14)

By the time t, it is possible to evaluate how good this prediction is, by calculate the prediction 
error

)(ˆ)(),( tytyt (2.15)

The sum of the errors are given by 

N

t

N t
N

V
1

2 ),(
1

)( (2.16)

Then chose a value of  that minimize (2.16) which gives 
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Since  is the gradient of , the asymptotic accuracy of a certain parameter is related to how

sensitive the prediction

ŷ

)(ˆ ty  is with respect to this parameter. Clearly, the more a parameter

affects the prediction, the easier it will be to determine its value.

The asymptotic covariance matrix can be written as

       (2.20)

Having processed N data points and determined , we may use

1

0 ),(),( ttEP T

N
ˆ

1

1

),(),(
1ˆˆ

N

t

T

NN tt
N

P       (2.21)

and

N

t
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2 ),(
1ˆ         (2.22)

as an estimate of .P

A special case of the prediction error method is the least square method, which is used when 
we have linearity in the parameters.
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2.1.2.2     The Least Square method

The least square method is an important parametric method according to [1]. It is simple and 
very often used. The method is a special case of the prediction error method. The least square 
method is used to find the parameters of an ARX-model.

Consider following system

)()1()1()( 00 tetubtyaty       (2.23)

rewritten as

)(
)1(

)1(
)( 00 te

tu

ty
baty       (2.24)

where y(t) is the output, u(t) is white noise with zero mean and variance  and e(t) is white

noise with zero mean and variance .

2

2

The parameter vector  is defined by
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The error term can be written as

)1(

)1(
)()1()1()(),( 00
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The parameter vector  is the argument that minimizes the sum of squared equation errors, and 
can be defined as
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)(minargˆ V (2.27)

where V( ), the loss function is given by
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Setting the gradients 0/)( 0aV  and 0/)( 0bV  give on matrix form the following 

system in the unknowns estimates â0 and 0b̂
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The equation (2.29) and the approximation
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which is equal to 
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To determine the covariance elements in (2.32), the Yule-Walker equation has to be used. The 
Yule-Walker equation determines the model parameters from the autocorrelations coefficients, 
and is necessary when using the least square method.

Consider the system

)()1()()1()( 01 tetubntyatyaty n , (2.33)

where u(t) is white noise with variance , and multiply y(t) by a delayed value of the process
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which is called a Yule-Walker equation. 

Then use (2.35) for  = 0,…n to determine the covariance elements r(0), r(1),…,r(n) by
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Using the Yule-Walker equation to (2.23) it follows that:
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Using above expressions in (2.32) gives the estimated AR-parameters â0 and .0b̂
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2.2 THE CONCEPT OF “PERSISTENCE OF EXCITATION” (PE) 

The concept of “Persistence of Excitation” is fundamental when analyzing parameter
identifiability, and was introduced as a condition for consistency, see [1] and [2].
A signal u(t) is said to be persistently exciting (pe) of order n if the matrix
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rnr

rr

nrrr

nR      (2.39)

is positive definite, which means that the determinant should be > 0. 
In the frequency domain, this condition is equivalent to requiring that the spectral density of
the signal is nonzero in at least n points.

When the experimental condition includes feedback from y(t) to u(t), it may not be possible to 
identify the parameters of the system even if the input is persistently exciting, see example 1 
below from section 14 of [1]. 
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Example 1: 

Consider the first-order model structure 

      (2.40)

and suppose that the system was controlled by a proportional regulator 

         (2.41)

Inserting the feedback law into the model gives

)()1()1()( tetbutayty

)()( tfytu

)()1()()( tetybfaty       (2.42)

which is a model of the closed loop system. From this, we conclude that all models

subject to)ˆ,ˆ( ba

fbb

faa

ˆ

ˆ

         (2.43)

with  an arbitrary scalar, give the same input-output description of the system as the model 

(a,b) under the feedback. Consequently, there is no way to distinguish between these models. 

For noise free systems, it is not necessary that the input is persistently exciting, because then 
the system can be identified even though the input signal is not persistently exciting. 

Some examples: 

* If u(t) is white noise, the signal is persistently exciting of all orders.
* If u(t) is step function, the signal is persistently exciting of first order only, no greater order. 
* If u(t) is an impulse, the signal is not persistently exciting for any order. 

*An ARMA process is persistently exciting of infinite order. 
* A sum of sinusoids is persistently exciting of finite order. 
* If the numerator and denominator of the model have the same degree n, then the input should 
be persistently exciting of order 2n+1. This means that the spectrum should be nonzero at 2n+1 
points.



27

3 THEORETICAL STUDY

A theoretical study has been made to investigate the influence of process noise, measurement
noise, and feedback on the parameter identification accuracy.

Assume the system

u(t)   G y(t)

where

2
2

1
1

2
1

1
0

1 zaza

zbzb

A

B
G        (3.1)

A discrete system has been chosen as example because we will work with sampled reactor 
signals.

Two examples, with different models have been made when identifying the parameters of the 
transfer function.

In the first example, the parameters of the transfer function G were identified using the 
ARX(2)-model

)()1()2()1()( 021 tetubtyatyaty (3.2)

where u(t) is white noise with variance , and in the second example, the parameters of the 
transfer function G were identified using the ARX(1)-model

2

)()1()1()( 01 tetubtyaty (3.3)

where u(t) is white noise with variance 2 .

Applying the least square method, and using the Yule-Walker equation to the system, and 
using [2], the two examples give:

With the ARX(2)-model
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With the ARX(1)-model

)0(

)1(
ˆ
ˆ

)0()1(

)1()0(

0

1

uy

y

uuy

uyy

r

r

b

a

rr

rr
(3.12)

where



29

)1(

)()(
)1()0(

2

12

3

2

2

2

2

12

22
0

22
0

2
aaaaaa

cb
ary    (3.13)

)1(

)()(
)1(

2

12

3

2

2

2

2

12

22
0

22
0

1
aaaaaa

cb
ary     (3.14)

        (3.15)

         (3.16)

         (3.17)

2
0)0( bruy

0)1(uyr

2)0(ur

it follows that

00

2

1
1

ˆ

1
ˆ

bb

a

a
a

(3.18)

Here, it is clear that it is desirable to use a model of the system of the same order as the real 
system to receive an unbiased identification. This is seen by looking at the result from the 
ARX(2)-model where . That is a better result than from the ARX(1)-model where 11ˆ aa

2

1
1

1
ˆ

a

a
a . When looking at real reactor signals it is difficult to find a model of the system,

because then nothing is known about the system, as for example the order of the system, how 
much noise etc. We only have a neutron flux signal and a reactor pressure signal.

In this master thesis, the parameters of a transfer function of the second order discrete system
have been analyzed, see Figure 3.1. The transfer function is then used in another larger system
in section 3.1, where process noise, measure noise, and feedback have been added separately. 
The reason for adding noise and feedback is to imitate a realistic process. It is also known that 
the reactor is a system with feedback.

   u y965.086.1

1
2 zz
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 Figure 3.1: The system.

The system in Figure 3.1 can be written as 

u
zz

y
965.086.1

1
2

(3.19)

or

)2()2(965.0)1(86.1)( tutytyty     (3.20)

The appearance of the parameters (a1 = -1.86 and a2 = 0.965) of the denominator of the transfer 
function is calculated based on [11] using equation (3.21)-(3.24), and using that usual sample
frequency Fs = 12.5Hz in reality, decay ratio dr = 0.71 and resonance frequency Fr = 0.65Hz. 
This is a reasonable choice for the system.

The equations are given by 

/2rdr          (3.21)

2
sF

fr          (3.22)

cos21 ra         (3.23)

2
2 ra          (3.24)

where r = the pole radius and  = the pole angle.

Now I will begin to look at the system using the two hypothesis. In the first one we assume an 
input-output relation (u,y) between the signals, and a causal relation. In the second hypothesis 
we assume no input-output relation and no causal relation, and here the signals can be 
described as y1 and y2. This is two different ways to look at the real system.
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3.1 HYPOTHESIS I 

Here we have an input-output relation, and a causal relation between the signals. The system is 
here of the same order as the model of the system. This hypothesis is made to be like the real 
reactor system, which appearance is not known. Only a reactor pressure signal and a neutron 
flux signal is given, and it is known that the real system has a feedback.

3.1.1 System Description

A simple system has been built, see Figure 3.2 to be used for theoretical studies, using a 
second order transfer function (G). To use a second order transfer function is not very realistic, 
but is sufficient for describing a damped oscillating system.

Figure 3.2: A general description of the system.

Here

az

K
A a  ,
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gz
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g      and
21

2 azaz

B
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The signal u and y are assumed to imitate the reactor pressure (u) and the neutron flux (y). The 
signal u is possible to measure. The input signal “in” is not known, is a physical unreasonable 
excitation, therefore white noise has been chosen as input to the system.

The question is now, is it possible from an input u and an output y to identify the parameters of
the transfer function (G) with sufficient accuracy? Given that the system contains process
noise and/or measurement noise and even feedback?
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The filter A = 10/(z-0.5) is chosen so that the signal u is persistently exciting, which means
that the signal should be rich enough in frequency. The signal u is possible to measure, and has 
to be persistently exciting, otherwise the parameters can not be identified.

The determinant of u is the determinant of the matrix

.
)0()1(
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)1()1()0(

)(

uu

uu

uuu

u

rnr

rr

nrrr

nR

In Figure 3.3 and Figure 3.4, two examples have been made, where the determinant of u is on 
the y-axis, and the order of the model is on the x-axis. Looking at the determinant with 
different filters, and the system in Figure 3.2 with process noise added to the system it follows

Figure 3.3: Determinant, when using the filter 10/(z-0.8). 
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Figure 3.4: Determinant, when using the filter 10/(z-0.5). 

From Figure 3.3, it is clear that it is only possible to identify models up to order 10, and for 
higher orders the determinant is zero because we got numerical faults, and the signal u is not 
persistently exciting. Then from Figure 3.4, it is clear that it is possible to identify higher 
orders up to about 20 before the determinant becomes zero. Therefore the filter 10/(z-0.5) of 
Figure 3.4 is chosen.
Another reason to have a filter there is to get better singular values, because the filter takes 
away high frequency variations in the signal, and focus on the interesting lower frequency
range. The singular values should work as a criterion for if it is possible to identify or not. 
From them it should be possible to see how much noise that is included in the system.

3.1.2 Implementation 

Three different cases have been analysed to study the transfer function parameters during 
different conditions. In the first case process noise (F) has been added to the system, in the 
second case measurement noise (H) has been added and in the third case the system includes 
feedback (-K) and measurement noise (H).

In all three cases 

a1 -1.86
a2 0.965
Ka 10
a -0.5
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Case 1: When process noise (F) was added we got 

Kf 0.1,1,10,100
f -0.1,-0.9

Kg 0

Case 2: When measurement noise (H) was added we got 

Kg 0.1,1,10,100
g -0.1,-0.9
Kf 0

Case 3: When the system includes feedback (-K)  and measurement noise (H) was added we 
got

Kg 0.1,1,10,100
g -0.1,-0.9
Kf 0
K 0.01

Because it is known that the reactor is a physical system with feedback, the concentration has 
been on this, the third case.

The ARX and BJ models have been chosen to use when identifying the parameters a1 and a2 of 
the transfer function of the system, since these two models agree best with the whole system in 
Figure 3.2. Then as an application, the same procedure has been applied on real reactor signals.

The chosen models have the following appearance

Figure 3.5: The ARX model. 
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Figure 3.6: The Box-Jenkin model.

In all theoretical identifiability studies 500 simulations have been made to achieve sufficiently 
good statistical properties. The difference between making 50 and 500 simulations when
identifying the second parameter (=0.965) of the transfer function has been analyzed, see 
Figure 3.7 and Figure 3.8. 

Figure 3.7: Histogram of the second parameter after 50 simulations.
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Figure 3.8: Histogram of the second parameter after 500 simulations.

From Figure 3.7 and Figure 3.8, it is obvious that 500 simulations is better than 50, since 
Figure 3.8 is closer to a normal distribution.

Mean value ( a ), standard deviation )(a , Bode plots, coherence plots, spectrum plots, decay 

ratios, resonance frequencies and the poles have been studied regarding sensitivity to model
order, when changing the order of the model.

The sample time has been chosen to Ts = 0.08 s, since a realistic sampling frequency is
Fs = 12.5Hz. 
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3.1.3 Results 

The two models, the ARX model and the Box-Jenkin model have been used when identifying 
the parameters (a1 and a2) of the transfer function in Figure 3.1.

The ARX model can be described by the difference equation 

)()()()()( tenktuqBtyqA       (3.25)

or explicitly 
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and the Box-Jenkin model can be described by the difference equation 
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When identifying the parameters, 500 simulations have been made, see section 3.1.2, and the 
mean values ( a ), and standard deviations )(a  have been analysed. Because it is known that 

the reactor is a physical system with feedback, the focus has been on this, the third case. 

Results when using the ARX model with the system Kg = 0 and K = 0 ( case 1, process noise), 
and with the system Kf = 0 and K = 0 (case 2, measurement noise), respectively results when 
using the Box-Jenkin model with the system Kg = 0 and K = 0 (case 1, process noise), and with 
the system Kf = 0 and K = 0 (case 2, measurement noise) are found in Appendix B and C, see 
Table 1-Table 8.

Case 3: Model ARX, system with Kf = 0 and K = 0.01 (with feedback and measurement
noise). The true values are  and .86.10

1a 965.00
2a

Parametervalues
1a )( 1a 2a )( 2a

  Kg = 0.1, g = -0.1 -1.8782 0.000155 0.9861 0.000488
Kg = 1, g = -0.1 -1.8778 0.000176 0.9857 0.000487

  Kg = 10, g = -0.1 -1.8398 0.000384 0.9485 0.003888
  Kg = 100, g = -0.1 -0.8223 0.030349 0.0030 0.024300
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  Kg = 0.1, g = -0.9 -1.8782 0.000566 0.9861 0.000466
  Kg = 1, g = -0.9 -1.8780 0.000814 0.9859 0.000453
  Kg = 10, g = -0.9 -1.8624 0.001570 0.9702 0.001720
  Kg = 100, g = -0.9 -1.2737 0.024500 0.3772 0.024580

Table 1: The ARX model with Kf = 0 and K = 0.01 (with feedback and measurement noise).

For the Box-Jenkin case, the orders (nb, nc and nd) of the polynomials B,C and D were 
changing, first nb to 1,2 and 3, then nc to 1,2 and 3 and finally nd to 1, 2 and 3, to see if the 
Box-Jenkin model was more sensitive for changing the order of any of the polynomials.

Case 3: Model Box-Jenkin, system with Kf = 0 and K = 0.01 (with feedback and measurement
noise). The true values are  and .86.10

1a 965.00
2a

Parametervalues
1a 2a

Kg = 10, g = -0.1, nb = 1 
Kg = 10, g = -0.1, nb = 2 
Kg = 10, g = -0.1, nb = 3 

-1.8701
-1.8599
-1.8601

0.9725
0.9651
0.9650

Kg = 100, g = -0.1, nb = 1 
Kg = 100, g = -0.1, nb = 2 
Kg = 100, g = -0.1, nb = 3 

-1.5007
-1.8600
-1.8446

0.7906
0.9650
0.9499

Kg = 10, g = -0.9, nb = 1 
Kg = 10, g = -0.9, nb = 2
Kg = 10, g = -0.9, nb = 3

-1.8701
-1.8600
-1.8599

0.9726
0.9650
0.9650

Kg = 100, g = -0.9, nb = 1 
Kg = 100, g = -0.9, nb = 2 
Kg = 100, g = -0.9, nb = 3 

-1.8141
-1.8599
-1.8600

0.9441
0.9649
0.9651

Table 2: The parameter values when changing nb, and using the Box-Jenkin model.

Parametervalues
1a 2a

Kg = 10, g = -0.1, nc = 1 
Kg = 10, g = -0.1, nc = 2 
Kg = 10, g = -0.1, nc = 3 

-1.8701
-1.8701
-1.8702

0.9725
0.9725
0.9727

Kg = 100, g = -0.1, nc = 1 
Kg = 100, g = -0.1, nc = 2 
Kg = 100, g = -0.1, nc = 3 

-1.5007
-1.4604
-1.2697

0.7906
0.7750
0.6723

Kg = 10, g = -0.9, nc = 1 
Kg = 10, g = -0.9, nc = 2
Kg = 10, g = -0.9, nc = 3

-1.8701
-1.8704
-1.8706

0.9726
0.9729
0.9731
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Kg = 100, g = -0.9, nc = 1 
Kg = 100, g = -0.9, nc = 2 
Kg = 100, g = -0.9, nc = 3 

-1.8141
-1.7865
-1.7512

0.9441
0.9295
0.9162

Table 3: The parameter values when changing nc, and using the Box-Jenkin model.

Parametervalues
1a 2a

Kg = 10, g = -0.1, nd = 1 
Kg = 10, g = -0.1, nd = 2 
Kg = 10, g = -0.1, nd = 3 

-1.8701
-1.8595
-1.8599

0.9725
0.9599
0.9600

Kg = 100, g = -0.1, nd = 1 
Kg = 100, g = -0.1, nd = 2 
Kg = 100, g = -0.1, nd = 3 

-1.5007
-1.5800
-1.1660

0.7906
0.9530
0.8650

Kg = 10, g = -0.9, nd = 1 
Kg = 10, g = -0.9, nd = 2
Kg = 10, g = -0.9, nd = 3

-1.8701
-1.8725
-1.8725

0.9726
0.9754
0.9753

Kg = 100, g = -0.9, nd = 1 
Kg = 100, g = -0.9, nd = 2 
Kg = 100, g = -0.9, nd = 3 

-1.8141
-1.7580
-1.7811

0.9441
0.9148
0.9279

Table 4: The parameter values when changing nd, and using the Box-Jenkin model.

From the values in Table 1-Table 4, it is clear that the Box-Jenkin model is a more robust 
model, because the values are closer to the real ones than for the case with the ARX model. 
The ARX model is biased, while the Box-Jenkin model is almost biasfree. The bias is a model
fault, and dates from shortages in the model structure. The ARX model is obviously not 
capable to describe the system. This can also be seen in a Bode plot, when trying to describe 
the transfer function by different orders of ARX and Box-Jenkin models, see for example 
Figure 3.9. 

In the coming figures, we will compare the model with the real transfer function, i.e the 
imperical transfer estimate.
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Figure 3.9: Bode plot, when the orders of the models are 6. 

From the results in Table 1-Table 4, it is also clear that the case with a disturbance term, with a 
pole in 0.9 is easier to identify. This cuts off the high frequencies more than the transfer
function with a pole in 0.1, and has therefore relatively smaller noise in high frequency 
domain. This is seen from the bode plots for the two cases with poles in 0.1 and 0.9 
respectively, see Figure 3.10 and Figure 3.11. 

Figure 3.10: Spectrum, with a pole in 0.1. 
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Figure 3.11: Spectrum, with a pole in 0.9. 

That the case with a pole in 0.9 is easier to identify than the case with a pole in 0.1 can also be 
seen in a spectrum plot for the output signal y, see Figure 3.12 and Figure 3.13. Having a pole 
in (z-0.1) is more like white noise, and needs a higher order of the model, while Figure 3.13, 
which has a pole in (z-0.9) looks more like an AR system.

Figure 3.12: Spektrum y, when having a system with feedback and measurement noise
where Kg = 100, g = -0.1, Kf = 0 and K = 0.01.
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Figure 3.13: Spektrum y, when having a system with feedback and measurement noise
where Kg = 100, g = -0.9, Kf = 0 and K = 0.01.

Here, in Figure 3.13 it should be a good idea to decimate the system to get a better 
identification. When decimate a system, for example by a factor two, one take away half the 
data, and a better identification will be given, since you loose noise and concentrate on the 
interesting frequency interval 0-1 Hz. Then no parameters are waste on the wrong area, i.e. for 
frequencies > 1Hz. Here, the system has been decimated by a factor 3, and the coherence, the 
coupling between the signals have been analysed, see Figure 3.14 and Figure 3.15.
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Figure 3.14: Original frequency range. 

Figure 3.15: Decimated system.

Since the mean value and standard deviation of the parameters change when decimating a 
system, the poles have been analysed. When looking at the poles, it is the poles around the 
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resonance frequency Fr = 0.65Hz, and with a decay ratio = 0.71 that is of interest. 

When looking at the decay ratio and resonance frequency after 500 simulations it follows 

Order of the model 
(na)

Decay ration (dr) Standard deviation 
(std) of dr

Resonance frequency 
(Fr)

2 0 0.0212 0.0015

4 0.0526 0.0151 0.7073

6 0.3946 0.0214 0.6781

Table 5: Using the ARX model, with nb = nk = 1 and varying na. 

Order of the model 
(nf)

Decay ration (dr) Standard deviation 
(std) of dr

Resonance frequency 
(Fr)

2 Inf NaN 1.1017

4 0.7108 0.0054 0.6528

6 0.7110 0.0032 0.6524

Table 6: Using the Box-Jenkin model, with nb = nc = nd = nk = 1 and varying nf. 

Order of the model 
(na)

Decay ration (dr) Standard deviation 
(std) of dr

Resonance frequency 
(Fr)

2 0.5896 0.0199 0.6658

4 0.6568 0.0096 0.6441

6 0.7090 0.0061 0.6534

Table 7: Using the ARX model, with nb = nk = 1 and varying na, decimated 3 times.  

From Table 7, it is seen that it is easier to identify a decimated system, since we get more 
accurate parameter estimation with less bias and less standard deviation. 
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When identifying using a time series, i.e. an AR model it follows 

Order of the model 
(na)

Decay ration (dr) Standard deviation 
(std) of dr

Resonance frequency 
(Fr)

2 0.5896 0.0199 0.6658

4 0.6568 0.0096 0.6441

6 0.7090 0.0061 0.6534

Table 8: Using the AR model, with nb = nk = 0 and varying na. 
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3.2 HYPOTHESIS II

To get a good approximation of the real system (the measurement in the application), we have 
to bustle about the theoretical system in Figure 3.2 more, because in the real system we have a 
mixture of process noise, measurement noise and feedback. In this hypothesis we have not got 
any input-output relation, and no causal relation between the signals, we only have a 
correlation between the signals y1 and y2, see section 3.2.2. Here we have not the same model
of the system as the system.

    3.2.1 System Description 

To find the best model, the command arstruc i Matlab is used, where the structure is chosen by 
the command selstruc, and AKAIKE, the Final Prediction Error Criterion (FPE) is used as a 
criterion. This criterion takes the complexity of the model into account. The data is divided 
into two parts, the one half to measure the order of the model, and the other half for validation. 

    3.2.2 Implementation

y1(t) is chosen as 
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and y2(t) is chosen as 

where A and B are calculated at the same way as the parameters for the transfer function in
Figure 3.1, chosen that the decay ratio is 0.2 respectively 0.7, and chosen that the resonance
frequency is 0.15Hz respectively 0.5Hz. This is a reasonable choice of parameters for the 
system.

Here

9719.09097.12 zzA

9621.09562.12 zzB

and e1, e2, w1 and w2 are noise. 
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3.2.3 Results

In the coming pictures, we will compare the model with the real transfer function, i.e the 
imperical transfer estimate.

When identifying the transfer function (between y1 and y2) using the ARX model it follows 

Figure 3.17: Approximate the transfer function by the ARX model of order [5 3 4], the “best” 
model from AKAIKE. 
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Figure 3.18: The coherence between the signals.

It is difficult to identify a transfer function, see Figure 3.17 because the coherence is bad, see 
Figure 3.18. 

Order of the model
[na nb nk]

Decay ration (dr) Standard deviation 
(std) of dr

Resonance frequency 
(Fr)

[4 2 1] 0.6748 0.00367 0.4994

[6 4 1] 0.7090 0.0366 0.4976

Table 9: Using the ARX model and varying na.

From Table 9, it seems to be easy to identify a transfer function, because the values of the 
decay ratio and the resonance frequency are close to the real values (dr = 0.71 and fr = 0.5Hz), 
but so is not the case according to Figure 3.17. From the values in Table 9, it is obvious that 
you identify using a time series, where the input signal is not taken into account.
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When identifying using the ARX model decimated 3 times it follows:

Figure 3.19: Approximate the transfer function by the ARX model, decimated 3 times. 

Order of the model
[na nb nk]

Decay ration (dr) Standard deviation 
(std) of dr

Resonance frequency 
(Fr)

[4 2 1] 0.6812 0.0293 0.4966

[6 4 1] 0.6831 0.0537 0.5013

Table 10: Using the ARX model decimated 3 times, and varying na.

A better approximation of the transfer function is given when decimating the system, see 
Figure 3.17 and Figure 3.19. 
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When identifying the transfer function using a time series, i.e. the AR model it follows:

Figure 3.20: Identifying the transfer function using the AR model.

Order of the model
(na)

Decay ration (dr) Standard deviation 
(std) of dr

Resonance frequency 
(Fr)

4 0.6736 0.0363 0.4990

6 0.7093 0.0336 0.4980

Table 11: Using the AR model, where nb = nk = 0 and varying na. 

It is seen that identifying the transfer function using a time series, i.e. an AR model gives a 
better approximation of the transfer function than using an ARX model, see Figure 3.17 and 
Figure 3.20.
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When identifying the transfer function using an uncorrelated noise vector as input it follows: 

Figure 3.21: Identifying the transfer function using an uncorrelated noise vector as input.

Figure 3.22: The coherence between the signals.
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Order of the model 
[na nb nk]

Decay ration (dr) Standard deviation 
(std) of dr

Resonance frequency 
(Fr)

[4 2 1] 0.6758 0.0355 0.4992

[6 4 1] 0.7048 0.0347 0.4981

Table 12: Identifying the transfer function using an uncorrelated noise vector as input.

When identifying the transfer function using an uncorrelated noise vector as input, we got bias 
in the approximation, see Figure 3.21. 

4      APPLICATION 

4.1      SYSTEM DESCRIPTION  

In this application, one real measurement has been analysed, where the neutron flux and the 
reactor pressure have been measured. It is known that the reactor pressure and the neutron flux 
are connected, have coherence, and therefore they are analysed in more detail. Only a reactor 
pressure signal and a neutron flux signal is given, the appearance of the system is not known.  

4.2  IMPLEMENTATION 

As in the theoretical study, the best model of the system is found by using the AKAIKE Final 
Prediction Error Criterion (FPE), and the poles round the resonance frequency 0.5Hz have 
been analysed. The approximate value of the resonance frequency can be found by looking at 
the peak in the spectrum plot of the output signal y (neutron flux), see Figure 4.1.
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Figure 4.1: Spectrum y, 5%.

Since the dynamic properties depend on operation point, the resonance frequency will usually
be in the interval 0.3Hz < Fr < 0.7 Hz. The resonance frequency of the core depends on the 
dynamic properties of the core, the thermohydraulic (transport time) and the feedback of the 
void.
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4.3 RESULTS

When identifying the transfer function (between u and y, i.e reactor pressure and neutron flux) 
using the “best” ARX model given from the AKAIKE it follows:

Figure 4.2: Approximate the transfer function by an ARX model of order [19 2 1], 
the “best” model from AKAIKE. 
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Figure 4.3: The coherence between the input and the output signal. 

Order of the model
[na nb nk]

Decay ration (dr) Standard deviation 
(std) of dr

Resonance frequency 
(Fr)

[15 2 1] 0.5136 0.0418 0.4824

[17 2 1] 0.5428 0.0388 0.5043

[21 2 1] 0.6154 0.0422 0.5134

[23 2 1] 0.5882 0.0462 0.5159

[25 2 1] 0.5796 0.0469 0.5184

[27 2 1] 0.5796 0.0469 0.5184

Table 13: Using the ARX model and varying na.

The coherence (coupling) between the signals in the interesting frequency interval 0-1 Hz was
bad, , see Figure 4.3, and therefore it was difficult to adapt a transfer function to data, see 
Figure 4.2. 
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When identifying the transfer function using the ARX model decimated 3 times it follows:

Figure 4.4: Approximate the transfer function by an ARX model decimated 3 times
of order [13 1 5], the “best” model from AKAIKE. 

Figure 4.5: The coherence between the input and the output signal. 
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Order of the model
[na nb nk]

Decay ration (dr) Standard deviation 
(std) of dr

Resonance frequency 
(Fr)

[6 1 5] 0.5887 0.0266 0.5109

[8 1 5] 0.5723 0.0330 0.5167

[10 1 5] 0.6389 0.0313 0.5222

[12 1 5] 0.6659 0.0326 0.5241

[14 1 5] 0.6342 0.0394 0.5151

[15 1 5] 0.6069 0.0498 0.5145

Table 14: Using the ARX model decimated 3 times, and varying na.

When decimating the system, it was easier to adapt a model to data, see Figure 4.2 and Figure 
4.4. A better coherence was also seen when decimating the system 3 times. 

When identifying the transfer function using the AR model it follows:

Figure 4.6: Identifying the transfer function using the AR model.
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Order of the model
[na nb nk]

Decay ration (dr) Standard deviation 
(std) of dr

Resonance frequency 
(Fr)

[15] 0.5075 0.0417 0.4824

[17] 0.5399 0.0387 0.5047

[21] 0.6148 0.0421 0.5136

[23] 0.5883 0.0459 0.5162

[25] 0.5800 0.0466 0.5185

[27] 0.5800 0.0466 0.5185

Table 15: Using the AR model, where nb = nk = 0 and varying na.

It was easier to adapt a time series, an AR model to the transfer function, see Figure 4.2 and 
Figure 4.6. When identifying using the AR model the input signal is not used. 

When identifying the transfer function using an uncorrelated noise vector as input it follows 

Figure 4.7: Identifying the transfer function using an uncorrelated noise vector as input, and 
the order of the model was [19 2 1]. 
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Figure 4.8: The coherence between the input and the output signal. 

Order of the model
[na nb nk]

Decay ration (dr) Standard deviation 
(std) of dr

Resonance frequency 
(Fr)

[15 2 1] 0.5074 0.0416 0.4822

[17 2 1] 0.5396 0.0387 0.5046

[21 2 1] 0.6152 0.0421 0.5136

[23 2 1] 0.5880 0.0459 0.5136

[25 2 1] 0.5799 0.0467 0.5185

[27 2 1] 0.5799 0.0467 0.5185

Table 16: Identifying the transfer function using an uncorrelated noise vector as input.
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5 CONCLUSIONS 

From the results it was seen that it was difficult to adapt a good transfer function using the 
ARX model to data, see for example Figure 4.2. This is because the coherence is bad, see 
Figure 4.3.

Hypothesis I was not a good approximation of the real system, since the coherence plots in 
Figure 3.15 and Figure 4.3 did not agree. Hypothesis II was a better approximation of the real 
system. Here the coherenceplots agree better, see Figure 3.18 and 4.3, but using the models 
ARX and Box-Jenkin still gave unreasonable results. This was because here we did not have 
any causal relation between the signals.  

When taking away data, i.e. when decimating the system, a better identification of the transfer 
function was seen, see for example Figure 4.2 and Figure 4.4. When decimating a system noise 
is lost, and the concentration is on the interesting frequency range 0-1Hz, see Figure 4.5. One 
does not waste parameters on the wrong area. When using less parameters a better 
identification is given.

When identifying the transfer function using a time series, an AR model, a good 
approximation was seen, since the approximation does agree well with the transfer function, 
see Figure 4.6. Here the input is not used.

When adapting an ARX model, using an uncorrelated noise vector as input we got bias, which 
is not good in the approximation, see Figure 4.7. This is because the output signal can not be 
wholly explained by the input signal.
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6 FUTURE WORK 

6.1 USE OTHER MODELS AND METHODS

As a future work, one can try to use other models as for example n-dimensional models on 
state space form, linear input-output models with stochastic disturbances of order n etc. for 
identifying the transfer function. One can also improve the modelling, and make a more 
detailed physical feedback to better understand the information in the signals.

An idea is to measure a multivariable system with two outputs and no inputs. This system can 
be described by 
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where e1 and e2 are noise. H1 and H4 have values, but H2 = H3 = 0, which give no correlation 
between the output signal y and the output signal u.

6.2 LOOK AT THE SINGULAR VALUES

Another future work could be to look closer at the singular values. It might be possible to get 
more information out of them. Then it is of interest to look at the singular values of
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where n is the order of the system.

Here, the singular values have been analysed when having measurement noise and process 
noise added to the system. At first when having measurement noise added to the system many 
of the singular values became one, this is because white noise have singular values equal to 
one. There was no big difference between the singular values when adding process noise and 
measurement noise, in each case it was only possible to identify models of order two. This was
no good result, it should have been possible to identify orders of 10. Then the mean value was 
taken away from the signal, but the singular values did not become much better so I decided 
not to work any further with the singular values.
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7 FINAL WORD 

It has been a fun and interesting master thesis with a good mixture of model work, method 
choice, literature study, analysis etc, and I got a good understanding of how system 
identification works in reality.  
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Appendix A 

Nomenclature 

Symbol     Definition     Unit 

h     Enthalpy     (J/Kg) 
     Void(volume fraction of steam in the fluid) (-)  
     Density     (kg/m3)

g     Gravity     (m/s2)   
A     Area      (m2)
PH     Heated perimeter    (m)   
V     Volume     (m3)
hm Heat resistance    (W/m2K)
cpm     Specific heat     (J/kgK) 
T     Temperature     (oC)
u     Velocity     (m/s) 
P      Pressure     (bar) 
Q0     Total power     (W) 
q     Relative power    (-) 
fax Axial power distribution   (-) 

p     Pressure drop     (bar) 
Fw     Wall friction     (N/m3)
Tc     Coolant temperature    (K) 

Subscript

g     Vapour phase 
l     Liquid phase 
m     Material- (“fuel”)  



Appendix B 

Case 1: Model ARX, system with Kg = 0 and K = 0 (with process noise). The true values are 
 and .86.10

1a 965.00
2a

Parametervalues
1a )( 1a 2a )( 2a

Kf = 0.1, f = -0.1 -1.8784 0.000132 0.9807 0.000532
Kf = 1, f = -0.1 -1.8784 0.000139 0.9807 0.000532
Kf = 10, f = -0.1 -1.8765 0.000765 0.9791 0.000820
Kf = 100, f = -0.1 -1.8664 0.002188 0.9708 0.002234

Kf = 0.1, f = -0.9 -1.8784 0.000131 0.9806 0.000493
Kf = 1, f = -0.9 -1.8785 0.000106 0.9804 0.000547
Kf = 10, f = -0.9 -1.8741 0.000569 0.9725 0.000752
Kf = 100, f = -0.9 -1.8705 0.000681 0.9696 0.000866

Table 1: The ARX model with Kg = 0 and K = 0 (with process noise).
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Case 1: Model Box-Jenkin, system with Kg = 0 and K = 0 (with process noise). The true values 
are  and .86.10

1a 965.00
2a

Parametervalues
1a 2a

Kf = 10, f = -0.1, nb = 1 
Kf = 10, f = -0.1, nb = 2 
Kf = 10, f = -0.1, nb = 3

-1.8672
-1.8600
-1.8600

0.9689
0.9650
0.9650

Kf = 100, f = -0.1, nb = 1 
Kf = 100, f = -0.1, nb = 2 
Kf = 100, f = -0.1, nb = 3 

-1.8680
-1.8600
-1.8600

0.9698
0.9650
0.9650

Kf = 10, f = -0.9, nb = 1 
Kf = 10, f = -0.9, nb = 2 
Kf = 10, f = -0.9, nb = 3

-1.8656
-1.8600
-1.8600

0.9670
0.9650
0.9650

Kf = 100, f = -0.9, nb = 1 
Kf = 100, f = -0.9, nb = 2 
Kf = 100, f = -0.9, nb = 3 

-1.8652
-1.8600
-1.8600

0.9665
0.9650
0.9650

Table 2: The parameter values when changing nb and using the Box-Jenkin model.

Parametervalues
1a 2a

Kf = 10, f = -0.1, nc = 1 
Kf = 10, f = -0.1, nc = 2 
Kf = 10, f = -0.1, nc = 3 

-1.8672
-1.8681
-1.8689

0.9688
0.9699
0.9707

Kf = 100, f = -0.1, nc = 1 
Kf = 100, f = -0.1, nc = 2 
Kf = 100, f = -0.1, nc = 3 

-1.8680
-1.8689
-1.8696

0.9698
0.9707
0.9715

Kf = 10, f = -0.9, nc = 1 
Kf = 10, f = -0.9, nc = 2 
Kf = 10, f = -0.9, nc = 3 

-1.8656
-1.8664
-1.8671

0.9670
0.9680
0.9687

Kf = 100, f = -0.9, nc = 1 
Kf = 100, f = -0.9, nc = 2 
Kf = 100, f = -0.9, nc = 3 

-1.8652
-1.8659
-1.8665

0.9665
0.9674
0.9681

Table 3: The parameter values when changing nc and using the Box-Jenkin model.
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Parametervalues
1a 2a

Kf = 10, f = -0.1, nd = 1 
Kf = 10, f = -0.1, nd = 2 
Kf = 10, f = -0.1, nd = 3

-1.8672
-1.8780
-1.8775

0.9688
0.9763
0.9755

Kf = 100, f = -0.1, nd = 1 
Kf = 100, f = -0.1, nd = 2 
Kf = 100, f = -0.1, nd = 3 

-1.8680
-1.8852
-1.8208

0.9698
0.9847
0.9595

Kf = 10, f = -0.9, nd = 1 
Kf = 10, f = -0.9, nd = 2 
Kf = 10, f = -0.9, nd = 3

-1.8656
-1.8649
-1.8526

0.9670
0.9620
0.9462

Kf = 100, f = -0.9, nd = 1 
Kf = 100, f = -0.9, nd = 2 
Kf = 100, f = -0.9, nd = 3 

-1.8652
-1.8619
-1.8574

0.9665
0.9588
0.9528

Table 4: The parameter values when changing nd and using the Box-Jenkin model.
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Case 2: Model ARX, system with Kf = 0 and K = 0 (with measurement noise). The true values 
are  and .86.10

1a 965.00
2a

Parametervalues
1a )( 1a 2a )( 2a

Kg = 0.1, g = -0.1 -1.8784 0.000131 0.9807 0.000553
Kg = 1, g = -0.1 -1.8779 0.000164 0.9801 0.000552

Kg = 10, g = -0.1 -1.8262 0.004049 0.9296 0.004112
Kg = 100, g = -0.1 -0.7356 0.023980 -0.0731 0.017560

Kg = 0.1, g = -0.9 -1.8784 0.000129 0.9806 0.000514
Kg = 1, g = -0.9 -1.8782 0.000138 0.9805 0.000524
Kg = 10, g = -0.9 -1.8569 0.001808 0.9593 0.001958
Kg = 100, g = -0.9 -1.2009 0.020200 0.3022 0.020530

Table 5: The ARX model with Kf = 0 and K = 0 (with measurement noise).
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Case 2: Model Box-Jenkin, system with Kf = 0 and K = 0 (with measurement noise). The true 
values are  and .86.10

1a 965.00
2a

Parametervalues
1a 2a

Kg = 10, g = -0.1, nb = 1 
Kg = 10, g = -0.1, nb = 2 
Kg = 10, g = -0.1, nb = 3 

-1.8659
-1.8600
-1.8600

0.9675
0.9650
0.9650

Kg = 100, g = -0.1, nb = 1 
Kg = 100, g = -0.1, nb = 2 
Kg = 100, g = -0.1, nb = 3 

-0.9067
-1.8561
-1.8562

0.6477
0.9613
0.9615

Kg = 10, g = -0.9, nb = 1 
Kg = 10, g = -0.9, nb = 2 
Kg = 10, g = -0.9, nb = 3 

-1.8664
-1.8599
-1.8600

0.9679
0.9650
0.9650

Kg = 100, g = -0.9, nb = 1 
Kg = 100, g = -0.9, nb = 2 
Kg = 100, g = -0.9, nb = 3 

-1.6218
-1.8537
-1.8599

0.8254
0.9608
0.9649

Table 6: The parameter values when changing nb and using the Box-Jenkin model.

Parametervalues
1a 2a

Kg = 10, g = -0.1, nc = 1 
Kg = 10, g = -0.1, nc = 2 
Kg = 10, g = -0.1, nc = 3 

-1.8659
-1.8638
-1.8663

0.9675
0.9664
0.9679

Kg = 100, g = -0.1, nc = 1 
Kg = 100, g = -0.1, nc = 2 
Kg = 100, g = -0.1, nc = 3 

-0.9067
-0.9955
-0.9268

0.6477
0.6727
0.5644

Kg = 10, g = -0.9, nc = 1 
Kg = 10, g = -0.9, nc = 2 
Kg = 10, g = -0.9, nc = 3 

-1.8664
-1.8666
-1.8670

0.9679
0.9682
0.9686

Kg = 100, g = -0.9, nc = 1 
Kg = 100, g = -0.9, nc = 2 
Kg = 100, g = -0.9, nc = 3 

-1.6218
-1.7107
-1.6729

0.8254
0.8668
0.8392

Table 7: The parameter values when changing nc and using the Box-Jenkin model.
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Parametervalues
1a 2a

Kg = 10, g = -0.1, nd = 1 
Kg = 10, g = -0.1, nd = 2 
Kg = 10, g = -0.1, nd = 3 

-1.8659
-1.8553
-1.8515

0.9675
0.9550
0.9508

Kg = 100, g = -0.1, nd = 1 
Kg = 100, g = -0.1, nd = 2 
Kg = 100, g = -0.1, nd = 3 

-0.9067
-0.5601
-1.0198

0.6477
0.8306
0.7419

Kg = 10, g = -0.9, nd = 1 
Kg = 10, g = -0.9, nd = 2 
Kg = 10, g = -0.9, nd = 3 

-1.8664
-1.8693
-1.8692

0.9679
0.9707
0.9707

Kg = 100, g = -0.9, nd = 1 
Kg = 100, g = -0.9, nd = 2 
Kg = 100, g = -0.9, nd = 3 

-1.6218
-1.6812
-1.7018

0.8254
0.8630
0.8789

Table 8: The parameter values when changing nd and using the Box-Jenkin model.
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