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Abstract

In this literature survey report an overview of different issues con-
nected to fatigue crack growth under large scale yielding is given.
Nonlinear measures as the J -integral and the Crack Tip Opening Dis-
placement (CTOD) are reviewed and the requirements for path in-
dependence of the J -integral are highlighted. The extension of the
measures to the fatigue situation, i.e. ΔJ and ΔCTOD are also re-
viewed from a theoretical as well as an experimental point of view.

Crack closure is an important issue to consider when conducting
fatigue life assessments. The development of the crack closure be-
haviour under constant amplitude loading under both small scale and
large scale yielding is reviewed. Crack closure under variable ampli-
tude loading and large scale yielding becomes very complex and is
only discussed briefly.

It was found that the operational definition of ΔJ , i.e. ΔJD (where
index D designates an J -value based on the load deformation path of
the actual geometry) and also the ΔCTOD are able to correlate the
fatigue crack growth under both small scale yielding and large scale
yielding. The most common measure used as correlating parameter
is ΔJD. However, the main issue today is the lack of an simple engi-
neering method based either on ΔJ or ΔCTOD.
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1 Introduction

This report considers fatigue crack growth in metals, with focus on the Low
Cycle Fatigue regime. Fatigue crack growth is possible to occur when a struc-
ture or a component is loaded with an in time varying load. If no measures
are taken this might lead to break down, with expensive consequences. To-
day a large number of all failures in load carrying structures originates from
the fatigue phenomenon.

Fatigue crack growth is usually divided into two phases. The first phase is
called the initiation period and is associated with rather large a scatter. Here
the crack initiates and growths to a size detectable with today’s methods.
With non-destructive testing it is possible to detect crack-sizes down to ∼0.5
mm. The initiation part of the total life can be as large as 90% and above
and naturally the propagation part is only a negligible part of the total life.
This uneven distribution between initiation and growth of the fatigue crack
normally arises when the load amplitude is low. This kind of fatigue crack
growth is called High Cycle Fatigue, HCF due to the high number of load
cycles required until failure, normally > 106 cycles.

Methods for calculating the number of cycles to initiation but also the
crack growth rate exists today for HCF applications. One of the challenges
today lies within extending the fatigue crack growth theories in order to
cover the growth rate of cracks smaller than ∼0.5 mm. I.e. assessment of
the fatigue crack growth rate when the crack in the order of 50 to 100 microns
and thereby decrease the need for initiation estimates. This is desirable due
to the rather large scatter in the initiation assessment and consequently the
reliability of the predictions would increase.

Normally the crack propagation share of the total life extends when the
load amplitude increases and at very high load levels the total life merely
consists of crack propagation. This part of the fatigue crack growth theory
is called Low Cycle Fatigue, LCF and the fatigue life is in the order of 10
to 104 cycles. In this phase linear theory is not applicable and some other
measure that takes the nonlinearity into account is desirable.

Applications and areas of interests for these theories where the crack
growth is driven by large plastic deformation are: nuclear power industry,
offshore industry, transport industry (air, sea and land based systems) among
others.

The purpose with this literature study was to find information regarding
the fatigue crack growth process during extensive plastic deformation and
possible parameters able to characterize the process. Also, experimental
methods applicable to the nonlinear test situation were sought for.
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1.1 Objective

The objective of this literature study was to find answers to the following
questions:

� Is the Crack Tip Opening Displacement (CTOD) an unambiguous pa-
rameter? I.e. is the crack tip opening displacement the same for a me-
chanically short crack [1] as for a long crack at the same crack growth
rate?

� Is ΔJ an appropriate measure for estimates of the fatigue crack growth
rate under large scale yielding? Also, is ΔJ a suitable parameter for
safety assessment of engineering applications?
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2 Fatigue Crack Growth Mechanisms

Basically there are two crack growth mechanisms suggested. The first is
Neumann’s coarse slip model [2]. This model suggests the crack to grow
along a single slip system. Along with the crack growth the material work
hardens and after a while a secondary slip system activates, i.e. the crack
growth continues along that plane. The process will continue by alternating
slip and a crack surface will result with striation marks. The second model
is based on the blunting and resharpening mechanism [3, 4]. Here the crack
growth is controlled by slip along two slip planes approximately 45◦ to the
crack plane at the same time, thus blunting the crack tip. Upon unloading
reversed slip takes place and the crack is resharpen

Tomkins [5] investigates the growth mechanisms of a fatigue crack under
both regular and high loads. He concludes that the striation pattern ob-
served is a consequence of a localized shear process. They do not necessarily
correspond to the amount of crack growth in each load cycle but they reflect
the process giving rise to both crack extension and blunting of the crack
tip. At high crack growth rates it’s possible to activate several slip planes
at the same time resulting in a striation patter with several finer striations
in-between larger and coarser striations. Fig. 1 shows the striations mea-
surements on a Type 304 stainless steel presented in [5]. Also shown is the
macroscopic fatigue crack growth rate.

As obvious from Fig. 1, the fine and the coarse striations tend to coincide
at higher crack growth rates. This has also been observed in other materials
and the crack growth rates then follow the coarser striation spacing which
can consists of several fine striations according to Tomkins.
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Figure 1: Comparison between the crack growth rate, the striation spacing
and calculated CTODmax/2 (δ/2). The material used is a Type 304 stainless
steel and a load ratio of R = 0.5. Source [5].
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3 Characterizing Crack Tip Measures

3.1 Linear Elastic Stress Field

Consider a crack tip in an infinite plane body. Williams [6] is first to study
the solution of the elastic stress field surrounding the crack tip. Fig. 2 shows
a polar coordinate system defined at the crack tip and the different stress
components can be represented by

Figure 2: Polar coordinate system.
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where φ is the Airy stress function. Equilibrium is automatically satisfied
since the stresses are expressed through the Airy function. To ensure compat-
ibility, when expressed in terms of the Airy stress function, the biharmonic
equation has to be satisfied

∇2(∇2φ) = 0, ∇2 ≡ ∂2
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1
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+

1

r

2 ∂
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In order to solve Eq. 2 boundary conditions are needed. The crack is assumed
to be traction-free and the boundary conditions becomes

σθθ = σrθ = 0 θ = ±π. (3)

The solution to Eq. 2 is assumed to be of separable type

φ = rλ+1f(θ), (4)

where f (θ) is the angular function describing the variation in the θ-direction.
Insertion of Eq. 4 into Eq. 2 leads to an eigenvalue problem with the solution
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where λ = n/2. Physically admissible values for λ in order to satisfy the
criterion of finite displacements and bounded strain energy at the crack tip
(φ < ∞ when r → 0) give
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1
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2
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, . . . (6)

Substitution of Eq. 5 into Eq. 1 and differentiation give the stress distribu-
tion around the crack. Assuming that the singular term will dominate the
stress field in the vicinity of the crack tip all but the first term will be trun-
cated. Further rewriting the constants C1 and D1 to KI/
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for the Mode I case. The anti-symmetric Mode II part of the solution is
derived in an analogous way. The anti-plane shearing mode called Mode III,
is more straightforward to derive.

The so called stress intensity factors KI, KII and KIII are measures of the
strength of the singularity. The strains and stresses increase in proportion
to stress intensity factors and Eq. 7 describes a first order approximation of
the field quantities near the crack tip. Fig. 3 shows the radial and angular
variation of the stress components for a Mode I load.
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Figure 3: The stress components around a crack tip in an elastic medium.
Source [7].

The stress intensity factor is not only used as a parameter describing the
strength of the singularity at the crack tip, but also used as a parameter
describing the onset of crack growth or fracture. The critical value in Mode
I is then termed ”fracture toughness” and labeled KIc.

3.2 The J -integral and the ΔJ -integral

The J -integral and ΔJ -integral are two measures used in the elastic-plastic
nonlinear fracture mechanics field. This means that the measures are capable
of characterizing the state at the crack tip even if the plastic zone is not
confined to a very small region compared to the in-plane dimensions. Still
the plastic zone may not interact with any in-plane dimension for the theory
to be applicable.

The J contour integral is presented in 1968 by Rice [8]. He idealizes
the elastic-plastic nonlinear constitutive behaviour to a nonlinear elastic be-
haviour. Rice then shows that the nonlinear energy release rate J, can be
written as a path independent line integral, Eq. 8,

J =

∫
Γ

(
wdy − Ti

∂ui
∂x

ds

)
(8)

Here are w the strain energy density, Ti are the components of the trac-
tion vector, ui are the displacement vector components and ds is the length
increment along the contour Γ, Fig. 4.
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The following equation needs to be satisfied in order for the contour in-
tegral to be strictly path independent,

σij =
∂W

∂εij
. (9)

The requirement of elastic material response, linear or nonlinear, may be
relaxed to a least approximately include elastic-plastic materials under the
condition of monotonic loading. The response of the two different constitutive
models is approximately identical (apart from a small change of the Poisson’s
ratio) as long as no unloading occurs. In three dimensions this may not be
true because unloading may occur due to stress redistribution in the elastic-
plastic material. Still, the assumption of nonlinear elastic behaviour may be
a good assumption in cases where a high triaxiality exists at the crack tip
and no global unloading occurs.

In the case of a growing crack elastic unloading occurs in the wake behind
the crack tip. The size of the path independent zone is then expected to be
proportional to the growth increment of the crack.

The J -value can also be calculated as a deformation-J designated JD.
The deformation JD is basically calculated as an integration of the load-
deformation path. In an elastic-plastic material, however, a history depen-
dence exists that is removed when the integration is performed. The J -value
from the contour integral and the (deformation) JD may differ somewhat de-
pendent on the amount of crack growth in the elastic-plastic material. The
path independence is lost for the contour integral, since the integral tends to
zero as the contour shrinks towards the crack tip.

The situation becomes a lot more complicated in the case of fatigue. The
J contour integral is only path independent for linear and nonlinear-elastic
material and deformation plasticity. However, when unloading occurs in an

Figure 4: Path around a crack tip. Source [9].
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elastic-plastic material, deformation plasticity theory no longer describe the
actual behaviour of the material. Thus, highly path dependent values result
in the situation of unloading and are therefore questionable to use in the
fatigue situation. Despite the loss of generality several researchers have tried
to use the ΔJ when correlating the crack growth rate with different degrees
of success. Below the definition of ΔJ is presented, first presented by Lamba
[10] in 1975 in connection to stress concentration factors.

The material in front of the crack tip experiences a cyclic stress-strain
range and consequently the process is characterized by Δσij and Δεij . Fig.
5 shows a cyclic stress-strain loop where the initial value is indicated with
number 1 and final value with number 2. The range of the J -integral is then
defined as [10, 11, 12]

ΔJ =

∫
Γ

(
ψ (Δεij) dy −ΔTi

∂Δui
∂x

ds

)
. (10)

Here Γ is the integration path around the crack tip. Further, ΔTi and Δui
are the changes in traction and displacement between the initial point 1 and
the finial point 2. In addition, ψ corresponds to the strain energy density
and is defined in an analogous way by

ψ (Δεij) =

∫ ε2ij

ε1ij

Δσijd (Δεij) =

∫ ε2ij

ε1ij

(
σij − σ1

ij

)
dεij . (11)

Figure 5: Stress strain curve. Source [9].

Usually only the loading part of the cyclic loop is included in the inte-
gration of the strain energy density rather than the whole loop. If the initial
point 1 is located at zero stress and strain then ΔJ = J. Eq. 10 is a gen-
eralization of Eq. 8 to include the situation when the stress and strain at
point 1 is not at zero. The requirements for ΔJ to be path independent are
analogous to those for the original J mentioned above, i.e. σij = ∂W/∂εij .
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(a) (b)

Figure 6: Integration area. (a) Without respect to the crack closure level.
(b) With respect to the crack closure level. Source [9].

As in the case of monotonic loading it is also possible to calculate the ΔJD
from the cyclic load-displacement curve. Eq. 12 shows the general form,

ΔJD =
η

Bb

∫ ΔV

0

ΔPd (ΔV ) =
η

Bb

∫ Vmax

Vmin

(P − Pmin) dV, (12)

where η is dimensionless constant, B the specimen thickness and b the un-
cracked ligament. Pmax, Pmin, Vmax and Vmin are the maximum and minimum
load and displacement, respectively, during the specific load cycle as shown
in Fig. 6.

Eq. 10 and Eq. 12 do not necessarily give the same value under equal
conditions. This may happen when excessive plastic deformation occurs in
the geometry. Still, the state at the crack tip may be characterized by Eq.
12 meaning that the path independence is lost in Eq. 10.

3.3 Crack Tip Opening Displacement

An easily interpreted measure is the so called Crack Tip Opening Displace-
ment, CTOD. Originally this parameter was developed by Wells [13] who
discovers that several structural steels could not be characterized by LEFM,
i.e. KIc was not applicable. He also discovers while examining the fracture
surfaces that the crack surfaces moves apart prior to fracture. Plastic defor-
mation precedes the fracture and the initially sharp crack tips are blunted.
The plastic deformation increases with increasing fracture toughness and
Wells proposes the opening at the crack tip as a fracture toughness parame-
ter.

The CTOD has no unique definition. Fig. 7 shows three of the different
definitions of the CTOD. The most common one, Rice [8] is measured as the
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Figure 7: Different definitions of the crack tip opening displacement. Source
[14].

distance between two lines separated by 90◦ lines extending from the crack tip
and intersecting the crack surfaces behind the tip, shown in Fig. 7(a). Others
define the CTOD at the elastic-plastic boundary or at a distance beyond the
plastic zone where the crack face is no longer deformed. In connection with
fatigue often the range of the crack tip opening displacement is used, i.e.
ΔCTOD or Δδ.

3.3.1 The Irwin Approximation

When the crack tip is plastically deformed due to loading the crack behaves
as it is slightly longer than the actual crack length. This is shown by Irwin
[15]. Using this information it is possible to estimate the CTOD in the limit
of Small Scale Yielding (SSY). Assuming an effective crack length of a + ry
where ry is the length of the plastically deformed material in front of the
crack tip. The plastic zone correction according to Irwin [15] is

ry =
1

2π

(
KI

σY

)2

. (13)

Eq. 13 combined with the elastic solution for the displacement of the crack
surface in plane stress,

uy =
κ + 1

μ
KI

√
ry
2π
, (14)

gives the CTOD for a stationary crack in the limit of SSY, Eq. 15,
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CTOD = 2uy =
4

π

K2
I

σYE
. (15)

Eq. 15 is based on a linear elastic solution for the stress field in front of the
crack tip, i.e. it is a first order estimate of the plastic zone size. Due to
yielding the stress must redistribute in order to satisfy equilibrium. But the
redistribution is not taken into account and equilibrium is not satisfied. By
assuming a non hardening material giving a constant stress in the yield zone,
σY, a simple force balance is stated in Eq. 16 in order to fulfill equilibrium,

σYrp =

∫ rp

0

σydr =

∫ rp

0

KI√
2πr

dr. (16)

Here rp is the plastic zone size, σy the elastic stress distribution stated in Eq.
7. Integrating and solving for the plastic zone size, rp gives,

rp =
1

π

(
KI

σY

)2

. (17)

This new estimate of the plastic zone size is twice as large as the first order
estimate, i.e. Eq. 13.

3.3.2 The Strip Yield Model

The strip yield model proposed by Dugdale [16] among others estimates the
size of the yield zone ahead of a Mode I crack in a thin plate (plane stress)
of elastic perfectly plastic material. Two elastic solutions are superimposed;
one through crack in an infinite plate under remote tension and a through
crack with closure stresses at the tip, Fig. 8. The model assumes a long,
slender plastic zone (with near-zero height) at the crack tip with length rp,
i.e. the total crack length is 2a+ 2rp.

The stress over rp is equal to σY and since the stresses are finite in the
yield zone there cannot be a stress singularity at the crack tip. This is ac-
complished by choosing the plastic zone length such that the stress intensity
factors from the remote tension and closure stress cancel each other. This
leads to a plastic zone size of,

rp =
π

8

(
KI

σY

)2

. (18)

The CTOD from the strip yield model can be derived at the crack tip by
superposition of the crack surface displacements (in the same way as for the
stress intensity factors). The CTOD becomes
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Figure 8: Superposition of two load cases that form the basis for the Dugdale
model.

CTOD =
8σYa

πE
ln

⎛
⎝ 1

cos
(

π
2

σ
σY

)
⎞
⎠ . (19)

A series expansion of the logarithmic term in Eq. 19 and truncating all but
the first two terms gives (zero would be obtained if only one term is included),

CTOD =
π2σ2a

8σY

2

=
K2

I

σYE
. (20)

The CTOD from the strip yield model differs only slightly from Eq. 15 given
by the Irwin approach.

These measures (Eqs. 13 to 20) apply for SSY conditions and mono-
tonic loading. The cyclic crack tip opening displacement, ΔCTOD can be
estimated by a substitution of the applied load by the load range and a mul-
tiplication of the yield stress level by a factor of 2. This applies for R = 0
and no crack closure, cf. Rice [17].

If the line integral, Eq. 8 is applied to the strip yield model the following
relationship between the crack tip opening displacement is obtained,

CTOD =
J

σY
. (21)

In the late 1970’s Budiansky and Hutchinson [18] present a comprehensive
analysis of the ΔCTOD and crack closure under steady-state crack growth
conditions and SSY. The crack is assumed to grow in a semi-infinite thin
plate and the load is specified as a constant value of ΔKnom, thus assuming
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a constant thickness of the plastic zone left behind the crack. The effect of
different R-ratios on the ratio ΔKeff/ΔKnom is included and a unified basis
for correlating experimental crack growth rates at different load ratios is
presented.

Budiansky and Hutchinson formulate the problem as a boundary-value
problem and solve it by use of standard Muskhelishvili potentials. An ap-
proximate solution to the cyclic plastic stretch at the crack tip for positive
load ratios is presented, given in Eqs. 22 - 23,

CTODmax − CTODR ≈ 0.73
(Kmax −Kopen)

2

EσY
(22)

and

CTODmax − CTODR ≈ 0.54
(Kmax −Kclos)

2

EσY
. (23)

Here CTODmax is the displacement at the crack tip at maximum load and
CTODR is the residual displacement due to the plastic stretch, i.e. ΔCTOD =
CTODmax − CTODR. Also, Kopen and Kclos are the corresponding opening
and closure levels at the crack tip given from the analysis.

Quite recently Rose and Wang [19] present an extension of the Dugdale
model to be applicable in the large scale yielding (LSY) region. The model
is consistent with self-similar fatigue crack growth, where the plastic zone
and the plastic wake thickness increase linearly with increasing crack length.
The solution is obtained by use of Mushelishvili potentials and the Riemann-
Hilbert problem.

One fundamental assumption in the model is that the ΔCTOD can serve
as a unifying correlating parameter for crack growth rates within and beyond
the limits of SSY. This assumption is not new and has been used earlier, but
this model seems to be the first one applicable to a study of the influence of
plasticity induced crack closure within and beyond the limits of SSY. Wang et
al. [20] later present an extension of the model to be applicable for the plane
strain case under LSY conditions. Two plastic constraint parameters are
introduced, one for tension yielding and the other for compression yielding.
The two parameters are determined by finite elements computations.

3.3.3 HRR Singularity

The relationship between J and CTOD is also investigated by Shih [21]. He
evaluates the displacements at the crack tip given by the HRR singularity
and related these to J and flow properties. The displacement near the crack
tip is given by Eq. 24 according to the HRR solution,
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ui =
ασ0
E

(
EJ

ασ2
0I0r

) n
n+1

rũi (θ, n) . (24)

Here ũi is a dimensionless function of θ and n, where n is the strain hardening
exponent. Shih evaluates the CTOD at the 90◦ interception as defined by
Rice [8] and obtains,

CTOD = dn
J

σ0
, (25)

where dn is a dimensionless constant given shown in Fig. 9.

(a) (b)

Figure 9: The dimensionless constant dn for plane stress and plane strain.
Source [9].

Shih shows that the relationship Eq. 24 applies well beyond the validity
of LEFM for stationary cracks.

Rice [17] presents the CTOD for a quasi-statically growing crack in a
perfectly plastic material loaded in Mode I,

CTOD =
4 (1− ν) σY

μ
rln

(
Rt

r

)
. (26)

Here Rt is the plastic zone size. The interesting feature about Eq. 26 is the
singularity. The strains exhibit a logarithmic singularity while the stresses
are bounded, resulting in no energy flow to the crack tip. Fig. 10 shows the
crack tip surface displacements for the elastic and logarithmic singularity.
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Figure 10: The crack tip shapes for stationary elastic and an elastic perfectly
plastic growing crack tip.

3.4 CTOA, ΔCTOA

The Crack Tip Opening Angle (CTOA) has no clear definition. Fig. 11 shows
the usual operational definition of the measure. The measure is traditionally
used for crack growth under strictly increasing loading but may also be a
decent measure for fatigue crack growth. The measure d in Fig. 11 is usually
between 0.25 - 1 mm.

Figure 11: The definition of the crack tip opening angle. Source [22].
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4 Small, Intermediate & Large Scale Yielding

4.1 Small Scale Yielding

Linear Elastic Fracture Mechanics, LEFM predicts infinite values of the
stresses and strains at the crack tip. However very few materials exhibit
this behaviour, instead a nonlinear behaviour develops governed by the non-
linear part of the stress-strain curve.

Assume that the nonlinear behaviour only occurs in a very limited spatial
region. Suppose further that outside this region at a radius r the stresses
and strains can be described with the singular solution given by LEFM. All
information known at the crack tip is then passed through the singular field
and the stress intensity factor can be used as a characterizing parameter in
this region. The SSY requirement states that the zone defined by radius
r should be small compared to characteristic dimensions of the crack body.
This means that LEFM may still be applicable in certain situations while the
SSY conditions are not necessarily fulfilled. Assessment of the applicability
of LEFM can be judged by use of nonlinear fracture mechanics.

The ASTM E647 [23] standard recommends that any characteristic di-
mension in the CT-specimen should be larger than

W − a =
4

π

(
Kmax

σY

)2

, (27)

for LEFM to be applicable. Here Kmax is the maximum stress intensity factor
and σY is the yield stress of the material. W is the total ligament length and
a is the crack length.

4.2 Intermediate Scale Yielding

This load region is characterized by a plastic zone size at the crack tip that is
about the same as the characteristic dimensions of specimen, still the plastic
zone should not interact with the outer boundaries of the body. As stated
above, the stress intensity factor may be a possible characterizing measure
even in this region but will not always work. A better measure would be
the J -integral or the CTOD, which are able to account for the nonlinear
deformation.

The ASTM E1820 [23] standard recommends that any characteristic di-
mension l, in the body should be larger than

l = 25

(
JIc
σY

)
, (28)
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for the J -integral to be applicable. Here JIc is the nonlinear fracture tough-
ness. Eq. 10 and Eq. 12 should give about the same result as long as Eq.
28 is fulfilled.

4.3 Large Scale Yielding

When extensive plasticity occurs and the size of the yield zone becomes
large compared to characteristic dimensions in the body the single parameter
description breaks down. The size of the J -dominated zone becomes strongly
dependent on the configuration of the test specimen, which means that the
distributions of stresses and strains in the crack tip vicinity are not unique.
The state may still be characterized by Eq. 12 but the values are very
geometry dependent and Eq. 10 would not give the same result.

24



5 Crack Closure

Crack closure or crack opening, depending on whether if the level is measured
or calculated at the loading or unloading path, is first reported by Elber [24]
in the early 1970’s. The phenomenon has since then provided a rationale
for different observed behaviours such as: retardation of the fatigue crack
growth rate due to overloads, the load ratio effect on the growth rate, some
of the observed fatigue threshold effects and ”small crack” growth behaviour
to mention a few.

Elber [24, 25] observed a change of the compliance during loading and
interpreted this as a gradual change of the crack length due to closure of the
crack faces behind the crack tip, even if a positive global load is applied. An
effective stress intensity factor range ΔKeff is suggested to be used as the
crack driving parameter instead of the nominal stress intensity factor range
ΔKnom. The effective stress intensity factor range is defined as,

ΔKeff = Kmax −Kclosure, (29)

where Kclosure is the stress intensity factor level as the crack opens. Elber
finds that the use of ΔKeff eliminates the R-ratio dependence in fatigue data
and all fatigue data coincide to a common line in double-logarithmic diagram.
He also states that the crack closure phenomenon accounts for acceleration
and retardation effects in variable amplitude crack growth. Others [26] show
the same result, eliminating the R-ratio dependence in fatigue data by use of
an effective stress intensity factor range, but this is not universely observed.

Another indirect definition of the crack closure level is the one stating
that the difference between crack propagation data at different R-values is
due to crack closure, i.e. the crack closure level is estimated from fatigue
crack growth rate data. The crack closure level is solved for by enforcing the
crack growth rate to be the same in the actual test as in the crack closure
free experiment. This definition eliminates the need for accurate crack closure
measurements during the actual test, but requires a fatigue crack growth rate
experiment where no crack closure is present. Also, with the two different
definitions mentioned above it is possible to assess the accuracy of the other
crack closure measuring techniques cf. [27].

Crack closure effects may have several different origins. The common
base is some change of length of the crack faces behind the crack tip or some
obstacle between the crack faces. The origin to this may be due to corrosive
environment that causes the newly created crack faces to oxidize/corrode.
Another cause is the plastic deformation formed due to the growth of the
crack leaving a wake of deformed material behind the crack tip. This plastic
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stretch will vary if the load amplitude is variable causing the closure level
to change with crack length. This type of crack closure is called plasticity
induced crack closure. A third type may occur if a Mode I growing fatigue
crack is subjected to a Mode II overload, a mismatch between the crack
surfaces is created, called roughness induced crack closure. Due to the rela-
tive displacement in the crack plane retardation effects occur that may affect
the crack growth rate several millimeters ahead [28, 29]. For a summary of
proposed mechanisms, see for instance Suresh [1].

The majority of the conducted research on crack closure is focused on the
behaviour during SSY conditions, which is natural since the incorporation of
the closure level into the fatigue crack growth law is straightforward by use
of the stress intensity factor range. Under LSY conditions no theoretically
justified and simple engineering type of parameter exist. This is probably
one of the reasons for the less amount of research work conducted in the LSY
region compared to the SSY region.

5.1 Crack Closure under SSY

5.1.1 Crack Closure Measuring Techniques

Many experimental studies of fatigue crack closure measurements have been
reported since the early 1970’s where various techniques have been used to
measure the closure level. Some of the techniques used are the compliance
method, ultra-sonic measurements, replica, Scanning Electron Microscope
(SEM) and the PD technique. The most common method is the compliance
technique, which is also recommended in ASTM E647 [23]. For a compre-
hensive review of different techniques for crack closure measurements see for
instance Stoychev and Kujawski [30].

The principle of the compliance method is to attach a strain-gauge or
clip-gauge somewhere on the test specimen. When the load is applied the
crack starts to open and the compliance changes as the crack opens up.
Finally when the crack is fully opened and the load continues to increase a
linear response of the compliance is obtained as long as the maximum load is
restricted to the SSY region. Thus, the crack closure level is obtained as the
point when curve starts to deviate from the linear relation; Fig. 12(a) shows
a typical applied load-displacement curve. Due to the difficulty of extracting
the true crack closure level from the load-displacement curve, ASTM E647
recommends a subtraction of the slope of the fully open crack from all points
in the load-displacement curve. The resulting curve is shown in Fig. 12(b);
a typical compliance offset curve resulting from such a procedure. The crack
closure level is defined as the point of 1%, 2% or 4% compliance offset from
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the fully open crack compliance (depending on the noise in the raw load-
displacement data).

(a) (b)

Figure 12: (a) Typical applied load-displacement curve. (b) Typical compli-
ance offset curve.

However, the accuracy of the compliance method has been questioned
and investigated by several researchers since the results are not always con-
sistent with the outcome from other measuring techniques [30, 31]. Accord-
ing to Stoychev and Kujawski [30] the measured crack closure level is about
the same as obtained by the Crack Mouth Opening Displacement (CMOD)
and Back Face Strain (BFS) method, whereas the Near-Crack-Tip-Gauge
(NCTG) and Acoustic Emission (AE) methods result in somewhat higher
values. The difference is explained by plane strain versus plane stress ar-
guments. The CMOD and BFS method measure the bulk behaviour of the
specimen whereas the NCTG and AE in general capture the near-face crack
closure behaviour where a higher crack closure level is present. Kujawski and
Stoychev [32] also study the scatter in the opening load by use of a num-
ber of different curve fitting procedures to load-displacement data obtained
from CMOD clip-gauge. The result, Fig. 13 shows quite a large difference in
obtained crack closure level between the methods and also sometimes high
scatter within the different methods.

Another method for crack closure measurement is the electrical Potential
Drop technique (PD). The idea is to pass a current, Direct Current (DC) or
Alternating Current (AC), through the specimen and measure the potential
difference across the mouth. The potential drop across the crack increases
with increasing crack length. Thus the technique is well suited for crack
length measurements. Several researchers have also used the method for
crack closure measurements. The idea is that the current passes through the
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Figure 13: Normalized crack closure level obtained by the compliance method
through different curve fitting methods. Source [32].

contact between the crack surfaces as long as contact exists. Consequently,
when the contact is released and the crack opens changes in the potential-
drop signal takes place until the crack is fully opened and the potential-drop
value remains constant. However, a number of studies indicates problems
with the PD technique. The problems are mostly connected to fatigue crack
propagation in vacuum where the formation of an oxide layer on the crack
surfaces is absent.

Wilkowski and Maxey [33] present a review paper on the PD technique
for measuring crack initiation and growth of cracks loaded both under mono-
tonically increasing load, and cyclic load (fatigue) and static loading (creep
crack growth). Tab. 1 summarizes some of the points made in [33].

Wilkowski and Maxey conclude that the use of DCPD is increasing and
is in general the better method for crack initiation and length measurement.

Bachmann and Munz [34] use both the PD and the compliance technique
to evaluate the techniques in vacuum and air on a Ti-6Al-4V titanium alloy.
The authors conclude that crack closure measurements may provide erro-
neous results in both vacuum and air due to the uncertain development and
stability of the oxide layer, Fig. 14. Pippan et al. [35] perform experiments
on ARMACO iron and conclude that the PD technique is useful for both
crack length and crack closure measurements in air, but if the contact resis-
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Table 1: Comparison between the DCPD and ACPD methods.
Advantages with DCPD Advantages with ACPD

Good for detecting and measure fa-
tigue crack growth of 2D cracks and
subsurface nucleated cracks.

Thermal EMF is not a problem
when using ACPD.

Good for detecting crack growth un-
der monotonically increasing loads.
Possible to separate crack tip blunt-
ing from crack growth.

Since the current is mainly trans-
ported at the surface a much higher
voltage appears over the crack, com-
pared to DCPD, and the need for
high current input or very sensitive
voltmeter is eliminated.

In general simpler equipment is
needed for DCPD compared to
ACPD measurements.

Good for detecting surface flaws.

Disadvantages with DCPD Disadvantages with ACPD
Because of the low resistance of
most metallic specimens, the voltage
across the crack can be in the micro-
volt range. Resulting in either the
use of high current input or the need
for very sensitive voltmeter with re-
duction of noise and drift.

Electromagnetic induced voltages
may appear in the measuring wires
if the wires for the current input are
close. This problem may be circum-
vented by use of a phase-sensitive
detector.

Thermal EMF is important to con-
sider if temperature differences ap-
pear and dissimilar metals are used
in the wire connections.

Hard to detect the point of crack
growth under monotonically increas-
ing load.

Not as good as DCPD for crack
length measurements due to the
”skin effect”.
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tance is low (as in vacuum) this technique is not working, as compared to the
compliance technique, which is working in both air and vacuum, but may be
less accurate, Fig. 15.

Figure 14: Load versus compliance and load versus potential-drop range for
a test in vacuum. Source [34].

Figure 15: Load versus potential-drop signal at the end of a fatigue growth
experiment in vacuum, continuing with the change of the potential during
exposure to air and the first few load cycles in air. Source [35].

Shih and Wei [36] study crack closure in fatigue of Ti-6Al-4V titanium
alloy in dehumified argon that was further purified by a titanium sublimation
pump in order to circumvent the effect of the insulating oxide layer formed
on the fracture surface. Both the PD and compliance techniques are used
and the results show that both techniques give the same result and that the
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(a) (b)

Figure 16: Load versus potential-drop data. (a) Before a compressive load is
applied, R = 0.1. (b) Under compressive load, R = -0.4. Source [36].

crack closure alone cannot account for the stress ratio effect on crack growth.
Fig. 16 shows the load versus potential-drop data from [36].

Spence et al. [37] conduct fatigue crack growth experiments on IMI 834
titanium alloy at +350◦C in laboratory air. The result shows that because
of the severe oxidization at 350◦C the measured potential-drop data are not
reliable. A solution to the problem is to lower the temperature to +20◦C
and propagate the crack a few microns while conducting the potential-drop
measurement. Fig. 17 shows the result.

5.1.2 General Trends of Crack Closure in Constant Load Ampli-
tude Testing and SSY

James and Knott [38] conduct fatigue crack growth experiments on Q1N
(HY80) steel in order to assess the crack closure levels and the extent of the
short crack regime. The crack length is measured by the PD technique and
the crack closure levels are measured by BFS and CMOD techniques. The
test geometries are different four-point bend specimens with a thickness of
25.4 mm. The fatigue crack growth experiments are performed under a load
shedding scheme, which as the authors note probably influences the measured
crack closure level, especially in the threshold region at low R-values.

Fig. 18(a) shows the stress intensity factor level at crack opening, Kopen,
normalized by the maximum stress intensity factor level, Kmax, as a function
of the stress intensity factor range, ΔK. As the ΔK decreases the closure
data for all R-values increases being less marked for the higher load ratios.
An estimate of the load shedding effect shows that the true normalized crack
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Figure 17: The potential-drop signal output during loading cycle for +350◦C
and +20◦C. Crack opening loads are illustrated for +20◦C. Source [37].

opening level is about 0.15-0.20Kmax and that the increase shown in Fig.
18(a) is primarily a load shedding effect. This means that the crack closure
data should be quite constant and independent of the ΔK. Fig. 18(b) shows
some dependence of the Kopen/Kmax ratio on the Kmax-level.

Marci [39] uses a different approach to experimentally obtain the crack
opening level. The technique relies on the fatigue propagation behaviour,
i.e. whether the crack can propagate or not. Two different materials are
used: Al 7475-T7351 and the Nickel base alloy Nicrofer 5219 Nb annealed
and the specimens is of CT type with thicknesses 12.5 mm and 5 mm re-
spectively. The fatigue crack length measurements are conducted in air by
the PD technique. Fig. 19 shows the experimental results of the normalized
crack opening level versus Kmax and the load ratio R.

Fig. 19(a) shows that the normalized crack closure level is independent
of the Kmax-level, but also shows rather high crack opening levels high up
in the load ratio levels for both tested materials, see Fig. 19(b). Marci
also presents empirical functions for the normalized crack closure level as
a function of the load ratio. A review of some of the presented empirical
functions the literature can be found in Kumar [40].

Sehitoglu [41, 42] investigates the fatigue crack growth behaviour from
sharp and blunt notches. The crack opening and closure levels are measured
by replica at different load levels and crack lengths. The experimentally ob-
tained crack opening levels are compared with the analytical model presented
by Budiansky and Hutchinson [18] based on the Dugdale model and a rather
good agreement is obtained, see Fig. 20.
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(a)

(b)

Figure 18: (a) Crack closure data from measurements on long through-cracks.
(b) Replot of some of the data from Fig. 18(a) indicates some dependence
on the Kmax-level. Source [38].
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(a) (b)

Figure 19: (a) Normalized crack closure level versus Kmax for Al 7475-T7351.
(b) Normalized crack closure level versus the load ratio for both materials.
Source [39].

(a) (b)

(c)

Figure 20: Experimental and analytical normalized crack opening levels ver-
sus the load ratio R. Source [41].
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Sehitoglu [41] also concludes that the crack opening and closure level
may differ significantly depending on the load ratio, R. Generally the crack
opening level is higher than the crack closure level.

Ljustell and Nilsson [43] investigate the effects of different constant am-
plitude load schemes on the experimentally obtained fatigue data. The crack
closure levels are estimated as the difference between crack closure free fatigue
data and fatigue data containing crack closure, i.e. no explicit measurements
of the closure level are done. CT-specimens with thicknesses in the range 3
mm to 10 mm are used. The experiments are conducted at +400◦C and the
compliance technique is utilized to measure the CMOD. The material is a
nickel-based super alloy, Inconel 718. Fig. 21 shows the normalized crack
closure level versus ΔK and the load ratio R.

(a) (b)

Figure 21: Experimental data of the crack closure level versus the stress
intensity factor rang and the load ratio R. Source [43].

The results show that the normalized crack closure/opening level is rather
independent of the stress intensity factor range, similar to the results ob-
tained in [38, 39]. Also, the crack opening/closure dependence of the load
ratio seems to be well described by the crack opening function presented by
Newman [44], here shown as the solid line in Fig. 21(b).

5.1.3 Numerical Aspects on Simulations of Crack Closure under
SSY

There are, as mentioned above, several different types of crack closure. Rough-
ness and oxide/corrosion/fretting induced crack closure for instance are dif-
ferent types that contribute to retardation of the crack growth rate in certain
situations. The problem with these types is the uncertainty in and sometimes
lack of reliable physical models describing the process. This is probably one
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of the reasons for the rather few papers investigating and quantifying the
effects of these mechanisms. Recently Parry et al. [45] perform the first
combined roughness and plasticity-induced crack closure analysis based on
finite element technology.

In the 1970’s the development and implementation of the finite element
method into numerical computer codes started. This gave the possibility
to analyze crack closure induced by plastic deformation at the crack tip.
The models were very small and simple at the early stages. But along with
the immense development of the computer capacity larger and more complex
models are now being solved. Solanki et al. [46] recently present an extensive
review paper on simulations of plasticity induced crack closure by the finite
element method. Below are different aspects of crack closure simulations
reviewed.

5.1.4 Mesh refinement

The element size along the crack path is important for several reasons. Suf-
ficiently many elements must be used to resolve the high stress gradients in
front of the crack tip; also the element size determines the simulated crack
growth rate. The first investigation of crack closure by finite elements is
conducted by Newman [47]. He conducts crack propagation simulations with
Constant Strain Elements, (CST), under plane stress, on a Middle Tension
specimen, (MT). The results show that a much finer mesh is needed in order
to obtain convergence when low nominal stress levels are used as opposed to
high stress levels. The constitutive model used assumes elastic perfectly plas-
tic behaviour. McClung and Sehitoglu [48, 49] present two extensive studies
on the effects of mesh refinement on a MT-specimen with a hole. They use
a bi-linear elastic-plastic constitutive model with kinematic hardening. Both
plane stress and plane strain computations are conducted with four noded
isoparametric elements and they suggest that the refinement should be based
on the number of elements in the forward plastic zone. The reference plastic
zone size is of the Irwin type for a center cracked panel under plane stress
and the criterion Δa/rp ≤ 0.10 is presented, where Δa is the element size in
front of the crack tip and rp the forward plastic zone size given by

rp =

(
KI

σY

)2

. (30)

They also note that a sufficient refinement of the cyclic plastic zone may be
important. Additional results show that the crack must propagate through
the initial forward plastic zone in order to develop a stabilized plastic wake
and thereby steady state crack opening value. Dougherty et al. [50] conduct
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Figure 22: The numerically simulated crack closure level versus element size
for the CT- and MT-specimen. Source [52].

mesh refinement studies under plane strain and obtain a similar condition as
[48, 49] with a multi-linear constitutive description and isotropic hardening.
The element type used is a four node quadrilateral. Dougherty et al. also
evaluate the eight node quadrilateral elements but obtain a saw-tooth pat-
tern in the residual stresses and displacements along the crack plane. They
attribute the behaviour to the shape functions of elements and decide to use
the four node elements. Solanki et al. [51] perform finite element mesh refine-
ments studies on the CT and MT geometry using an elastic perfectly plastic
material description and compare both plane strain and plane stress. The
four node quadrilateral element type is used. Convergence is obtained for
both geometries under plane stress but only for the MT under plane strain.
They also conclude that 3-4 elements are required in the reversed plastic zone
for the MT-specimen under plane strain and the same number of elements
in both geometries under plane stress. Newman [52] presents a review paper
on the advances in finite element modeling of crack closure under fatigue
conditions that includes an overview of the results obtained in [51] see Fig.
22. The smallest element in Fig. 22 corresponds to a size of 2.7 μm.

Gonzalez-Herrera and Zapatero [53] present a detailed study on the con-
vergence of the crack opening/closure level as the mesh refinement increases
towards approximately 150 to 200 elements in the forward plastic zone as
given by the Dugdale, Eq. 18. They use the CT geometry and perform anal-
ysis with an elastic almost perfectly plastic constitutive law. Initially, both
isotropic and kinematic hardening constitutive laws are evaluated and differ-
ences in the crack opening/closure level are observed when the ratio between
the plastic slope, H and the elastic modulus E becomes H/E > 0.04. The
results show no convergence of the crack opening/closure level and the main
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conclusion is that the obtained level is dependent on the element size. The
recommended procedure to obtain a converged value is to use at least three
different element sizes and linearly extrapolate the converged value to zero
element size. Jiang et al. [54] obtain the same non-convergent behaviour of
the crack opening level with increasing mesh refinement. The same geometry
and conditions as Solanki et al. [51] are used.

5.1.5 Node Release Schemes

One of the limitations when simulating fatigue crack growth with the finite
element method is the relatively large discrete jumps corresponding to one
element in front of the crack tip. Several different methods are reported in the
literature and the difference is basically when to release the crack tip node in
the load cycle and when to register the crack opening/closure after the node
release. The origin to this problem is related to how and when a real fatigue
crack extends under the load cycle. One maybe natural way is to assume
growth at maximum load and this scheme is suggested by Newman [47]. A
similar technique is used by Fleck [55] and Blom and Holm [56]. Others
release the node at minimum load and obtain similar results as when the
release is done at maximum load. Alizadeh et al. [57] conduct a systematic
analysis of the four most common schemes and the results are presented as
Fig. 23 and Fig. 24.

(a) (b)

(c) (d)

Figure 23: Different load release schemes for numerical estimation of the
crack closure level. Source [57].
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Figure 24: Comparison of the crack closure results from different node release
schemes. Source [57].

An elastic perfectly plastic constitutive law is utilized together with an
element size of 0.1 mm, which is very large compared to what Solanki et al.
[51] and Gonzalez-Herrera and Zapatero [53] recommend. Nevertheless the
results obtained by Alizadeh et al. [57] are in general consistent with results
obtained by others, the node release scheme has negligible influence on the
crack opening/closure level, cf. [48, 49, 51].

5.1.6 Constitutive Dependence of Crack Closure

The constitutive law has a major impact on the response of finite element
analyses. The most commonly used constitutive law when studying crack
opening/closure by numerical methods is the elastic perfectly plastic law.
The reason is probably that this is the simplest law, which minimizes the
initial efforts of conducting and fitting the parameters in the law. Also,
the hardening rule has no effect on the constitutive response for a perfect
hardening material. This allows for parametric studies with a minimum
of parameters. The major drawback is the limited possibility to describe
important features like mean stress relaxation and ratchetting.

Budanski and Hutchinson [18] using a strip yield model and Sehitoglu et
al. [58] using the finite element method show that an increase in the amount
of hardening leads to an increase of the crack opening level. Pommier and
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Bompard [59] find in their parametric study that isotropic hardening low-
ers the effective part of the fatigue cycle, while kinematic hardening or the
Bauschinger effect is found to increase the effective part. This is explained by
reverse plastic deformation taking place at unloading in a material dominated
by kinematic hardening, thereby drastically reducing the compressive resid-
ual stresses ahead of the crack tip. These numerical results were later verified
by an experimental study and the results are concluded to be satisfactory,
Pommier [60].

Jiang et al. [54] conduct a finite element study on a MT-specimen under
plane stress. Three different constitutive models are used: elastic perfectly
plastic, bi-linear stress strain relationship with kinematic hardening and a
kinematic hardening model developed by Jiang and Sehitoglu [61] capable
of displaying ratchetting and cyclic stress relaxation. The results shown in
Fig. 25(a)-(c) indicate a decreasing dependence of the element size as a more
realistic constitutive description is used.

5.1.7 Constraint Effects

The 2D plane strain state often used in finite element simulations is an ideal-
ization of the condition prevailing in the interior of a 3D fatigue crack. The
material transport is totally constrained in the thickness direction, which has
led to a debate of the presence of crack closure under this condition. Very
contradictory results are reported in the literature. Fleck [55] conducts a
2D plane strain finite element study of crack closure in a MT-geometry. He
concludes that, in general, crack closure does not occur under steady state
conditions. Contrary to the conclusion obtained by Fleck [55], Blom and
Holm [56], McClung and Sehitoglu [48, 49] conclude that crack closure does
indeed occur under plane strain conditions. McClung et al. [62] propose
an explanation for crack closure under plane strain. The material along the
crack faces is stretched in the in-plane direction supplying the vicinity of the
crack tip with material causing crack closure to occur. Later studies con-
ducted by Solanki et al. [46, 51] and Roychowdhury and Dodds [63] show
that the proportional term in the series expansion of the stress intensity
factor solution, the T -stress has significant effect on the crack closure level
under plane strain conditions. The MT-specimen and CT-specimen often
used in both experimental and numerical fatigue studies have very different
T -stresses defined as [9],

T =
βKI√
πa
, (31)

40



(a)

(b)

(c)

Figure 25: (a) Crack closure level obtained from an elastic perfectly plastic
material description. (b) Crack closure level obtained from a bilinear elastic
plastic material description. (c) Crack closure level obtained from a more
sophisticated constitutive description. Source [54].
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where a is the crack length, β the biaxiality ratio and KI is the stress intensity
factor. The ratio is equal to -1 and 0.425 for the MT and CT-specimen,
respectively. This means that a compressive stress acts along the tangential
direction of the crack faces in the MT-specimen contrary to a tensile stress
in the CT-specimen. Fig. 26 obtained from [51] shows the effect on the crack
closure level under plane strain of an externally induced T -stress applied as
tractions along the crack face, varying from compressive to tensile. As the T -
stress becomes tensile, Solanki et al. [51] state that the crack front becomes
fully open except for the element just behind the crack tip, which would
indicate negligible closure. This may be an explanation to the problem of
finding a converged value of the crack closure level in CT-geometries (bending
type of geometries) even if extremely refined meshes are used, cf. [53].

Figure 26: The crack closure level versus element size and T -stress level.
Source [51].

The effect of the T -stress on the crack opening level under plane stress
conditions is found to be very small under SSY-conditions [51]. Roychowd-
hury and Dodds [63] also show that the T -stress has a very small influence
on the variation of the opening level in the plane stress region.

It is well known that the triaxial stress state in front of the crack tip
will vary with specimen thickness, distance from the crack tip and the load
level. A full three dimensional analysis is the only way to capture the relation
between these parameters in the same model.
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5.1.8 Analytical Model; the Strip Yield Model

Based on the Dugdale model [16] several researchers have developed semi-
analytical codes in order to simulate the crack opening/closure behaviour
in constant and variable amplitude loading situations (strip yield models).
The models leave plastically deformed material in the wake of the advancing
crack. Perhaps one of the most famous models is developed by Newman [44].
He presents a general crack opening stress equation for constant amplitude
loading, Eqs. 32 - 37. The equation is a function of stress ratio, stress level
Smax and a three dimensional constraint parameter, α. The equation is based
on a curve fit to simulated crack opening levels by a two dimensional semi-
analytical model, Newman [64], based on the Dugdale model. The constraint
parameter is included in order to account for the three dimensional effects,
which are not possible to simulate naturally in a two dimensional model.
That is, the material yields when the stress is ασ0, where σ0 is the average of
the yield stress and the ultimate tensile strength. In compression the material
is assumed to yield when the stress is equal to -σ0. The constraint parameter
is equal to 1 for plane stress and equal to 3 for pure plane deformation. The
equations are,

S0

Smax
= A0 +A1R +A2R

2 +A3R
3 for R ≥ 0 (32)

and

S0

Smax

= A0 +A1R for − 1 ≤ R < 0 (33)

where S0 is the crack opening stress and S0 ≥ Smin. The coefficients are:

A0 =
(
0.825− 0.34α+ 0.05α2

) [
cos

(
πSmax

2σ0

)] 1
α

(34)

A1 = (0.415− 0.071α)
Smax

σ0
(35)

A2 = 1− A0 −A1 − A3 (36)

A3 = 2A0 +A1 − 1. (37)

The value of α is chosen as a curve fitting parameter in order to collapse
experimental fatigue crack growth rates at different load ratios into a single
curve. But the constraint parameter is also dependent on the stress level and
specimen thickness since the constraint effect will vary with applied load and
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geometry. Newman points out that the precise effect of the three dimensional
constraint on the crack opening stresses is still not known.

The crack opening stress equations are based on an elastic perfectly plastic
constitutive description. The geometry used is the same as Dugdale used;
a Center Crack Tension panel, CCT specimen. Fig. 27(a) shows variation
of the normalized crack opening stresses versus the load ratio for different
applied stress levels. Fig. 27(b) illustrates the dependence of constraint on
the crack opening stress and Fig. 28 shows the normalized crack opening
stresses as a functions of stress level for several different load ratios.

(a) (b)

Figure 27: (a) The crack closure level under plane stress versus the load ratio
for different load levels. (b) The crack closure level versus the load ratio for
different constraint factors. α = 1 for plane stress and α = 3 for plane strain.
Source [64].

Fig. 28 gives that the maximum stress has a major affect on the crack
opening stress at low load ratios and especially under plane stress conditions.
At a load ratio equal to 0.7 no effect can be observed.

5.2 Crack Closure and Crack Length Measurement un-
der ISY and LSY Conditions

5.2.1 Crack Closure and Length Measuring Techniques

The number of experimental studies based on the PD method is limited in
the area of crack closure under ISY and LSY conditions compared to the
amount of research conducted under SSY conditions.
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Figure 28: The crack closure level versus the load level for different load
ratios. Both plane stress and plane strain is shown. Source [44].

Andersson et al. [65] conduct LCF experiments and measure the crack
length and the crack closure level with the DCPD technique. The calibration
curve is constructed from known crack length increments versus increase in
potential-drop value obtained in another study by Andersson et al. [66], but
the function is not reported in either paper. The potential-drop signal is
recorded during the entire load cycle and the crack closure level is extracted
at the first point on the linear part of the upper part of the curve, shown in
Fig. 29.

Fig. 29 shows an increase in the potential-drop signal even though the
crack is fully open. Andersson et al. attribute this behaviour to the plastic
deformation, or the change in conductivity due to plasticity.

In another study by Andersson et al. [31] the possibility to use DCPD
method for crack closure measurements is evaluated by comparison with
in situ scanning electron microscope (SEM) and compliance based closure
simulations and measurements. The compliance measurements are done by
placing a strain-gauge close to the crack tip. Numerical simulations of the
change of the potential-drop signal over a load cycle are also conducted by
use of a 2D FE-model with an elastic-plastic constitutive model. The result
shows that the compliance based simulation of the crack closure level gives
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Figure 29: The normalized potential-drop signal versus the strain level ob-
tained from an experiment. Source [65].

about 10 − 20% lower values than obtained by potential-drop simulations,
which is consistent with the measurements. The crack closure level obtained
from the potential-drop measurements are very close to the ones obtained
with SEM, Fig. 30. Andersson et al. conclude that the DCPD technique is a
reliable technique for measuring the crack closure level under LSY conditions.

Figure 30: The crack closure level obtained from the potential-drop signal
(marked with an arrow) and measured with a scanning electron microscope.
Source [31].

Some researchers have tried to survey the ability of PD technique to
measure the crack length under ISY and LSY conditions, often in connection
with creep. Saxena [67] employs the DCPD method to measure the crack
length under monotonic creep crack growth at high temperature. Saxena
observes differences between potential-drop measured crack length and di-

46



rect measurement. Arguments are presented pointing towards the presence
of plastic and creep deformation at the crack tip resulting in crack tip blunt-
ing, tunneling and change of geometry. Saxena suggests an arbitrary linear
relation that corrects the difference observed in the experiments. Wilkowski
and Maxey [33] pointed out that the potential-drop signal will change with
plastic deformation (material resistivity change) and geometry change due
to plastic deformation. A schematic picture of the dependence of the plastic
deformation and toughness of the material on the potential-drop calibration
curves is presented and is shown in Fig. 31.

Figure 31: The effect of plasticity on the potential-drop signal, schematically.
Source [33].

The authors (Wilkowski and Maxey) also suggest that an initial correction
for the plastic deformation and resistivity change on the reference voltage
is all that is needed before the fatigue experiment (steady state) can be
conducted and the correct crack lengths would be measured. Merah et al.
[68] show in their paper that a calibration curve obtained from a replica
made of aluminum can be used in the presence of high inelastic deformation
in a steel material at room temperature. The important point is to choose
the reference voltage corresponding to the same steady state as the actual
experiment is to be conducted at. Merah et al. also measure the crack length
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directly by an optical system and image processing in order to detect the
crack length. However, at an elevated temperature of 600◦C the calibration
curve is found not to be directly applicable. The authors (Merah et al.)
suggest a correction due to the increase in plastic deformation and crack
tip blunting at the elevated temperature. Fig. 32 shows the potential ratio
versus cycle number; point A is the initial ratio and point B is the ratio after
a few cycles (∼100) chosen as the reference ratio.

Merah [69] also presents a review paper on ACPD and DCPD techniques
as non-destructive detection tools for preventive maintenance.

Härkeg̊ard et al. [70] recently use the DCPD technique for fatigue tests
under LSY conditions. Fatigue cracks are initiated and propagated up to a
crack length of 1-1.5 mm under strain controlled conditions. No problems
are reported regarding the measurements.

Several researchers use the compliance based method to measure the crack
closure level during fatigue crack growth under ISY and LSY conditions.
Under SSY conditions the majority places a strain-gauge close to the crack
tip and record the load cycles. This method is not possible to use under
LSY conditions since the plastic deformation is very large in the vicinity
of the crack tip. Dowling and Begley [11] conduct LSY fatigue tests on
CT-specimens. Shallow threaded holes are made on both sides of the crack
plane and knife edges are attached in order to measure the deflection along
the crack line with a clip-gauge. Comparison between side clip-gauge and
load line clip-gauge is done in order to assess the possibility to extract the
crack opening level from the load line displacement versus load data. No
significant difference is observed and Fig. 33 shows the point of crack closure
in a typical load cycle. Dowling and Begley also state that this is just a
first order estimation of effect of crack closure and no significance should be
putted into its details.

Tanaka et al. [71], El-Haddad and Mukherjee [72], Jolles [73] and several
others all use the same method (load line displacement versus applied load)
as Dowling and Begley for estimating the crack opening and closure level
and the crack length is almost always measured by a visual system. Fig. 34
shows the load line displacement versus applied load presented by Jolles.

5.2.2 General Trend of Crack Closure under Constant Load Am-
plitude Testing and ISY/LSY

A systematic experimental study of the crack closure behaviour under LSY
fatigue has not been published yet (to the author’s knowledge), although
some measurements have been conducted. Iyyer and Dowling [74] conduct
fully reversed strain controlled LCF tests on smooth specimens and measure
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Figure 32: The potential drop signal versus cycle number under two fatigue
tests. Source [68].
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Figure 33: Estimation of the cyclic J -integral, ΔJD. Source [11].

Figure 34: The load versus the load line displacement from a LSY fatigue
test. Source [74].
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the crack opening and closure levels. The qualitative trends show that the rel-
ative crack opening and closure level decrease with increase in strain range,
with the crack closure level decreasing even more than the opening level.
Also, the closure levels are negative meaning that the crack is still open at
negative global loads when gross plastic deformations prevail. However, limi-
tations in their experimental equipment make the specific quantitative values
approximative. McClung and Sehitoglu [75] present results that are consis-
tent with the results obtained in [74]. Strain controlled and fully reversed,
constant and variable block loading, experiments with nominal strain ranges
between 0.001 and 0.007 are conducted. The crack lengths vary between 0.1
to 1.5 mm initiated from 50 μm deep notches. Crack opening and closure
levels are measured with replica technique. The normalized crack opening
level is observed to decrease with increasing strain amplitude for constant
amplitude histories. The crack closing level is also observed to decrease with
strain amplitude and becomes significantly lower than the opening levels at
high strain. Fig. 35 shows the crack opening dependence presented in [76].

Figure 35: Experimental and numerical data on the crack closure level under
load ratio R = -1 versus the normalized load level. Source [76].

Andersson et al. [65] present an overview of the potential-drop measured
crack closure level shown here in Fig. 36.

The experiments are conducted under strain control and the crack length
is measured with DCPD technique as mentioned above.

Despite the rather few experimentally published results regarding crack
opening and closure under ISY and LSY they seems to be quite consistent.
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Figure 36: The normalized crack closure level versus strain ratio for different
strain ranges. Source [65].

The crack opening level is less affected than the closure level with increasing
strain range, but still a strong dependence exist. The crack opening level
decreases with increasing strain range and negative global crack opening
levels occurs as the nominal stress approaches the yield stress level. Fig.
36 also shows an independence of the strain ratio at very high compressive
strain ranges.

5.2.3 Crack Closure under Variable Load Amplitude Testing and
ISY/LSY

A systematic study of the crack closure effects at LSY and simple variable
amplitude load is lacking. McClung and Sehitoglu [75] present some data on
fatigue crack growth rates of small cracks (0.1 to 1.5 mm) subjected to strain
controlled simple variable amplitude block loading. The conclusion from the
study is that an overload in the LSY region may result in an acceleration
of the fatigue crack growth rate in certain types of blocks. If the same load
block would be applied within the SSY region a retardation effect would have
been expected. This is probably due to the overall difference in strain level,
which is the major difference between the two regions (SSY and LSY).
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5.2.4 Numerical Aspects on Simulations of Crack Closure under
ISY/LSY

In the ISY and LSY regions one can expect plasticity induced crack closure
to be the dominating crack closure mechanism. But still very few papers are
published and results regarding the FEM, crack closure, LSY. No systematic
study has been conducted.

5.2.5 Mesh Refinement

The idea with different mesh refinement criteria is to resolve the plastic
strain field in front of the crack tip sufficiently at SSY load levels in order to
obtain steady state of, for instance, the numerically simulated crack closure
level. The element size is then calculated as the ratio between some load
parameter and a material parameter as for instance in Eq. 30. If the load
level is in the ISY or LSY region one can suspect by looking at the criteria
obtained for the SSY region that the element size requirement can be relaxed
when applying higher loads. No papers are published investigating this, but
Newman indicates this in [47].

5.2.6 Constitutive Dependence of Crack Closure

As stated above, the constitutive model has a major influence on the sim-
ulated crack closure level. When LSY prevails, the material is plastically
deformed out to the boundaries of the geometry. This means that the overall
response of the geometry is dependent on how well the constitutive model rep-
resents the real material behaviour, thus the local behaviour at the crack tip
becomes dependent of the deformation of the whole geometry. Most metal-
lic material shows some degree of mean stress relaxation and/or ratchetting
depending on the boundary conditions. The local steady state stress loop
typically becomes R = -1 if some degree of strain control exists in the bound-
ary condition independent of the global strain ratio. This effect becomes even
more pronounced as strain/load range increases. Simple constitutive mod-
els as elastic perfectly plastic and bilinear elastic-plastic combined with a
kinematic and/or isotropic hardening rule do not capture the mean stress
relaxation or ratchetting effect, which may be very important in the ISY and
LSY regime.

5.2.7 Constraint Effects

As gross plastic deformation occurs around the crack tip it can be expected
that the constraint effect will decrease. The stress state, which is near plane

53



deformation in the interior of the crack tip and plane stress on the surface
under SSY conditions, will change towards plane stress through the specimen,
cf. McClung and Sehitoglu [75].

5.2.8 Numerical Results of Crack Closure Simulations under ISY/LSY

If the number of publications on experimental measurements of the crack
closure level is small, the situation is at least better regarding the number of
numerical results in the area.

Lalor and Sehitoglu [77] study the crack opening and closure level of a
growing fatigue crack from a notch and the results are said to be independent
of the notch affected region. A 2D FE model is used and both plane strain
and plane stress are studied under load control. Two different constitutive
models are used; both bilinear elastic-plastic but with different ratios between
the hardening modulus H and elastic modulus E. Kinematic hardening is
employed for both models. Fig. 37 shows the crack opening results for plane
stress and plane strain.

(a) (b)

Figure 37: The crack opening levels obtained numerically for a crack growing
out from a hole in two different materials. Source [77].

Lalor and Sehitoglu conclude from their analysis that the difference be-
tween the crack opening and closure level becomes more significant outside
the SSY regime; the closure level decreases more compared to the opening
level. McClung and Sehitoglu [75] use the modified Dugdale model by New-
man to estimate the crack opening level and compare with the experimental
results shown in Fig. 35. In order to at least approximately take the strain-
hardening into account an average of the yield stress and ultimate tensile
strength is used as yield limit in the model. Fig. 38 shows the general
behaviour of Newman’s crack opening model.

As McClung and Sehitoglu point out, crack closure seems to have a more
significant effect in high strain fatigue than in fatigue under SSY. From Fig.
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Figure 38: The crack closure level versus the normalized load level for differ-
ent load ratios obtained from Newmans crack closure model. Source [75].

38 one can see that Newman’s results of the opening levels show weak de-
pendence of the maximum stress level at plane strain, but vary widely with
maximum stress under plane stress, which is similar to what Lalor and Sehi-
toglu show. Also, a more pronounced dependence of the load ratio seems to
exist at higher maximum stresses. McClung and Sehitoglu conclude that the
effective stress range ratio increases with increasing strain amplitude for con-
stant amplitude cycling at fixed stress ratio. Further the crack closure levels
are significantly lower than the opening levels at large strain amplitudes.

A few years later McClung [78] presents an overview of the effect of stress
amplitude, stress ratio and strain hardening on the crack opening stress under
ISY and LSY, see Fig. 39. McClung also points out from the FEM analysis
that the crack depth had no significance on the crack opening level.

A clear difference exists in the crack opening and closure level when go-
ing from the SSY regime to the ISY and LSY regime. In the SSY regime
the crack opening/closure level is rather independent of the load range ap-
plied under constant amplitude loading and plane strain assuming a constant
load ratio. This is not the case when raising the load range (under constant
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Figure 39: The crack closure level estimated numerically for two different
materials and load ratios versus the normalized load level. Source [78].

load ratio). The crack opening level starts to decrease and the crack closure
level decreases even more. When the nominal stress approaches the yield
limit negative crack opening/closure levels are observed as shown both ex-
perimentally and numerically in Fig. 35. In Fig. 35 also the prediction of
Newman’s crack opening model is included, which is a SSY model, however
here approximately extended to the ISY/LSY regime.

5.2.9 Analytical Method; Extended Dugdale Model

Rose and Wang [19], as mentioned in section ”The strip yield model”, present
an extension of the Dugdale model into the LSY region under the condition
of self similarity. Fig. 40 shows the normalized residual stretch behind the
crack tip of a crack growing at a constant load ratio for different applied load
levels and load ratios under plane stress conditions.

Fig. 40 shows a decrease in the normalized residual stretch level as the
load level is increased at R < 0.3. When the applied load level approaches the
yield limit and R = -1 only very small normalized residual stretches seems to
exist. At R > 0.3 the residual stretch level seems to be rather independent of
the load level. The result seems to be quite in line with the results presented
by [14, 78, 79], i.e. high load levels and low load ratios give very low crack
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Figure 40: The normalized residual stretch at the crack tip versus the load
ratio for different load levels. Source [19].

closure levels.
Rose and Wang also compare the model with Newman’s crack closure

model [44] here presented in Fig. 41. From Newman’s model the crack
opening level is obtained and through Eq. 38, which is applicable under SSY
conditions, is the nominal ΔCTOD calculated,

ΔCTOD =
ΔK2

eff

Eσ0
. (38)

Fig. 41 shows that Newman’s model is unconservative compared to the
present model presented by Rose and Wang and the difference increases as
the ISY and LSY regions are approached.
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Figure 41: Normalized cyclic crack tip opening range versus normalized ap-
plied load level. Source [19].
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6 Fatigue Crack Growth Investigations & Anal-

ysis Based on ΔJ

Nonlinear fatigue crack growth experiments and investigations are first con-
ducted and published in the middle of the 1970’s, with Dowling and Begley
[11] as the first to investigate the ability of ΔJ to characterize the state
at the fatigue crack tip during elastic-plastic conditions. The question they
wanted to answer was: ”Does the J -integral concept have meaning relative
to the changes that occur in the crack tip stress and strain fields during the
loading half of one fatigue cycle?”. The ΔJD is calculated from Eq. 12 by
integrating the load displacement curves from the experiments. Crack clo-
sure occurs under the experiments and is measured by a clip-gauge attached
to the side of the specimen. As the crack extends the clip-gauge is moved in
order to be as close to the crack tip as possible. The displacement from the
side clip-gauge is plotted versus the load line displacement and the nonlinear-
ity is interpreted as an approximation of the crack closure level. This crack
closure level is compared with the crack closure level estimated directly from
the load displacement data taken from the load line. No significant difference
is observed and the crack closure level from the clip-gauge at the load line is
used. The other type of test, the load controlled experiments, show no signs
of crack closure. Fig. 33 shows the operational definition of ΔJD.

In order to use as much of the specimen ligament as possible the maximum
load/displacement level is decreased during the test. Otherwise rupture of
the specimen would occur quite early during load control or on the other hand
the crack would stop when the displacement is the controlled parameter. The
load/displacement ratio is zero in all experiments.

The material used is A533B, which is a pressure vessel steel, and the
specimens fulfilled the specifications according to ASTM E 399-73. The crack
length is measured by a low magnification traveling microscope and the crack
growth rates are calculated from a seven point interpolation formula of the
crack length versus cycle number data. Fig. 42(a) shows the results from the
displacement controlled experiments and Fig. 42(b) shows the results from
the load controlled experiments. Fig. 42(a) also includes SSY fatigue data.

Fig. 42(a) shows a very clear linear correlation between ΔJD and the fa-
tigue crack growth rate under elastic-plastic conditions (solid circles). Also,
the gross plasticity fatigue data are in agreement with the straight line ex-
trapolation on a log-log plot of the LEFM data. Fig. 42(b) shows significant
deviation from a straight line observed in the tests. Dowling and Begley
explain this as an effect of incremental plasticity or increase in mean J while
ΔJD remains approximately constant. This indicates that ratchetting could
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(a) (b)

Figure 42: ((a) The crack growth rate from displacement controlled tests.
(b) The crack growth rate from load controlled tests. Source [11].

be a problem in experiments if the mean load level is positive and large. A
least squares curve fit to the displacement controlled experimental data is
presented by Dowling and Begley and given below

da

dN
= C (ΔJ)γ , (39)

where C and γ are regarded as material constants. As Dowling and Begley
[11] note, the geometric independence is not tested since the same geometry
is used in all experiments. Dowling presents further experiments [79] on
center crack specimens on the same material and testing conditions as in [11].
Also tested and presented in [79] are fatigue data from large CT-specimens
allowing for high crack growth rates under condition of LEFM. Fig. 43(a)
shows the result from [79] and Fig. 43(b) shows the results from both [79, 11].

Dowling [79] concludes that ΔJD is a valid geometry and size independent
correlation parameter for elastic-plastic fatigue crack growth. This since the
same fatigue crack growth rate is obtained from two different geometries
under the same ΔJD level. Also the fatigue crack growth rate obtained from
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(a) (b)

Figure 43: (a) The crack growth rate from center cracked panels. (b) Com-
bination of the results presented in Figs. 42(a) and 43(a). Source [79].

the large size linear elastic tests correlate with the rates obtained from the
smaller specimen under nonlinear conditions. Dowling further concludes that
an extrapolation of the LEFM fatigue data is in agreement with the fatigue
crack growth rates obtained at elastic-plastic conditions in a log-log plot.

A few year later Brose and Dowling [80] investigate the in-plane size
effects on the fatigue crack growth rate by testing CT-specimens with varying
sizes differing by a factor of 16. The tests where gross plasticity occurs are
conducted with the same method as in [11], i.e. under displacement control to
a sloping line on a load versus deflection plot. This means that the deflection
limit was increased as the load dropped due to crack growth. The other
tests under linear elastic conditions are conducted at load control. The load
ratio and displacement ratio are always zero. Fig. 44 shows the results
from the tests. Brose and Dowling conclude that the cyclic ΔJD based crack
growth rate agrees well with data obtained under linear conditions. They
also conclude that the different size criteria tested vary widely in the amount
of plasticity they allow but provide comparable correlations of crack growth
rate. The material used is AISI Type 304 stainless steel.
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Figure 44: The fatigue crack growth rates from tests with different specimen
sizes. Source [80].

The same year as Brose and Dowling present their data (1979), Mowbray
[81] publishes a paper that includes both experiments and analysis. Mow-
bray uses a somewhat different experimental approach compared to earlier
investigations [11, 79, 80]. He uses a compact-type stripe specimen shown
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in Fig. 45. The specimen is found to give constant growth rates over the
ligament under simple load control. The load ratio is 0.1 in all tests and the
crack length is measured by visual means.

Figure 45: Design of specimen that Mowbray uses. Source [81].

Fig. 46(a) and 46(b) show the results from the tests. The cracks are
propagated approximately 10 mm at each load range and the load frequency
is varied in each test from 10 to 0.01 Hz. Displacement across the knife edges
is measured with a clip-gauge and the crack opening levels are estimated from
the load displacement curve. The material used is a chromium-molybdenum-
vanadium steel.

The estimation of ΔJD is based on integrating the area under the load
displacement curve above the crack opening level. Fig. 47 shows the fatigue
crack growth rate from the elastic-plastic tests as solid markers, also fatigue
crack growth rates from LEFM fatigue tests (on different geometries) are
included as open markers.

The fatigue crack growth rate tends to move away from the linear trend at
very high rates. Mowbray relates this behaviour to the low toughness of the
material compared with A533B used by Dowling and Begley [11]. Mowbray
concludes that the overall results support the Dowling and Begley hypothesis
that the crack growth rate is controlled by the ΔJD and presented material
constants according to Eq. 39.

The mean stress level seems to have a clear effect on the fatigue crack
growth rate as Dowling and Begley [11] observe, shown in Fig. 42(b). This is
further investigated by Tanaka et al. [71] in the early 1980’s. The materials
used are two different low carbon steels with moderate hardening and overall
similar mechanical properties. The specimens are of CT type and Center
Cracked Plates (CCP) with different dimensions. The tests are performed
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(a) (b)

Figure 46: Crack length measurements versus cycle number. Source [81].

in a closed-loop servo-hydraulic testing machine under load controlled con-
ditions with load ratio, R, between -1 and 0.7. The crack length is measured
with traveling microscope with ×100 magnification. The load displacements
are recorded several times during the tests. The displacement is measured
at the loading point in the CT-specimen and at the center of the crack in
the CCP specimens. The crack closure levels are estimated from the load
displacement record.

For the CT-specimen ΔJD is evaluated from the load displacement curve
above the crack closure point by use of the Merkle and Corten equation [82]

ΔJD =
1 + α

1 + α2

ηA∗

Bb
, (40)

where η = 2 for a CT-specimen and A∗ is the area under the load displace-
ment curve, α is given by

α = 2

[
1

2
+
a

b
+
(a
b

)2
] 1

2

− 2

[
1

2
+
a

b

]
. (41)

For the CCP specimen, ΔJD was evaluated from
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Figure 47: Fatigue crack growth rates from linear elastic and elastic-plastic
tests. Source [81].

ΔJD =
ΔK2

I

E
+
S∗

Bb
, (42)

where ΔKI is the maximum stress intensity factor minus the stress intensity
factor at the crack closure point, and S∗ is the energy enclosed by the loading
curve and a secant line from the maximum load to the closure point shown
below in Fig. 48.

Tanaka et al. observe that cyclic creep, i.e. ratchetting or accumulated
plastic deformation, starts to occur when the back face of the CT-specimens
yields. The same thing applies for the CCP specimen but the affect is not as
clear as for the CT-specimen. Fig. 49(a) and 49(b) shows the fatigue crack
growth rate for the two different specimens. ”BY” means back face yielding
and ”GY” means general yielding. The results show rather clearly that a
deviation from the linear trend occurs when general yielding takes place in
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Figure 48: Illustration of the stress strain curve and marked variables. Source
[71].

the specimens under constant load, i.e. ΔJD is unable to account for the
accumulated plastic deformation.

The fracture surfaces of all tested specimens are macroscopically flat and
no shear lips are developed. Also, the fracture surfaces are examined with
SEM, which shows that the initial deviation from the linear trend in growth
rate is not due change in growth mode. The growth mode changes when
rapid acceleration of the growth rate occurs well up in the general yielding
zone. The rapid growth mode is due to void growth and coalescence while the
more moderate growth rates create striation patterns on the fracture surface.

In order to approximately account for the contribution of the cyclic ratch-
etting to the growth rate a division of the maximum J -value is done. It is
assumed that the total deformation can be decomposed into a cyclic com-
ponent and an accumulated monotonic component. The JD,max is evaluated
from the load displacement curve according to

JD,max =
1 + α

1 + α2

Pmaxv
e
max

Bb
+ 2

1 + α

1 + α2

Pmaxv
p
max

Bb
, (43)

Here vemax and vpmax are the elastic and plastic components of the displacement,
Fig. 50, at the load line shown.

The relation between the crack growth increment per cycle and JD,max is
shown in Fig. 51 for the CT-specimens. The results for load ratio R = 0.1
show that the growth rate seems to be rather independent of the maximum
load level. Also, three different stages can be seen in the fatigue crack growth
rate according to Tanaka et al. [71]. The first consists of stable fatigue growth
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(a) (b)

Figure 49: (a) The fatigue crack growth rate from the CT-specimens. (b)
The fatigue crack growth rate from the CCP specimen. Source [71].

Figure 50: Schematic with the variables used in Eq. 40 marked. Source [71].
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in the region below back face yielding, the second is the plateau near general
yielding of the specimen and the third is the acceleration stage due to tearing
mode growth contribution.

Figure 51: The fatigue crack growth rate versus JD,max for different load
levels. Source [71].

In the mid 1980’s Jolles [73] investigates the effects on the fatigue crack
growth rate of the load gradient used in the tests. A few years earlier Hutchin-
son and Paris [83] theoretically show that the region of non-proportional
strains due to crack extension will not have any significant effect on the
validity of J as a characterizing parameter as long as the crack growth in-
crement is small in comparison to the region of proportional strains that
controls the singular field. Hutchinson and Paris state this in an equation,
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ω =
b

J

dJ

da
>> 1, (44)

where b is the uncracked ligament. Jolles uses CT-specimens of one size and
conducts three tests under load control (increasing load at the crack tip) and
seven tests under displacement control (decreasing load at the crack tip). The
load ratios are between 0.1 and 0.3 and the displacement ratios are between
-0.04 and 0.3. The material used is A533B and the crack length is measured
with a low power traveling microscope.

The crack opening load is assumed to be equal to the crack closure load
and is evaluated graphically from the load displacement record. Evaluation
of ΔJD is done by integration of the load displacement record above the crack
opening point. Fig. 52 shows the fatigue crack growth rates versus the ΔJD
for all ten tests.

The non-dimensional JD gradient varies between -2.85 to 4.53 in the ex-
periments. The filled markers in Fig. 52 correspond to load control and
the other to displacement control. Jolles concludes from the results that the
relation between the fatigue crack growth rate and ΔJD is valid for non-
dimensional JD gradients down to -2.85. Also noted is that consideration of
the crack closure level is necessary when analyzing the fatigue data.

In the second half of the 1980’s the regular PC became more widespread
and consequently allowing for more numerical analyses and also to control
the experiments in more sophisticated ways. Lambert et al. [12] conduct
fatigue crack propagation tests on CT-specimens made of AISI 316L stain-
less steel. Side grooves are used to avoid curved crack front, but the result
shows an increase in crack growth rate at the sides when large ΔJD is ap-
plied. The crack length is measured by use of the electric PD method and
no problems are reported regarding influence of the large plastic deforma-
tions on the potential-drop signal. Optical crack length measurements are
not possible due to the side grooves according to the authors. The tests are
either conducted under constant ΔJD or increasing ΔJD. The ΔJD at cycle
n is calculated from the load displacement curve by use of Eq. 40 and the
displacement is adjusted accordingly. The crack length is taken from cycle
n-1. The crack closure level is corrected for in ΔJD during the tests but the
procedure was not reported in detail.

Lambert et al. report influence of the load ratio R on the fatigue crack
growth rate, indicating an effect of the maximum load level since the crack
closure level already is taken into account. The authors use Eq. 45 proposed
in [84] together with Eq. 39 to compensate for the load ratio effect. Note
ΔJD,eff in Eq. 45 is not compensating for the crack closure level but for the
load ratio (or equivalent the maximum load level),
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Figure 52: The fatigue crack growth rates from the tests conducted by Jolles.
Source [73].

ΔJD,eff =
ΔJD

1− R/2
. (45)

Lambert et al. conduct a fractographic investigation of the fracture sur-
faces and both striations and void growth are observed. Void growth is found
below the monotonic fracture toughness level.

Fig. 53 shows the fatigue crack growth rate versus ΔJD (open mark-
ers) and ΔJD,eff (solid markers). The solid line corresponds to fatigue crack
growth rates obtained under SSY conditions.

The authors conclude from the investigation that ΔJD seems to give some-
what lower fatigue crack growth rates compared to extrapolated fatigue crack
growth rates from the SSY region. Also, the fatigue crack growth rates based
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Figure 53: The fatigue crack growth rates obtained by Lambert and Bathias.
The solid line corresponds to LEFM data. Source [12].

on different load ratios can be correlated with ΔJD,eff in the range 0.05 to 0.5
mm/cycle.

In the beginning of the 1990’s Banks-Sills and Volpert [85] report a com-
bined experimental and numerical study on the cyclic J integral, ΔJ . The
idea is compare the experimental results with numerical analysis. The ex-
periments consist of constant amplitude fatigue tests with two different load
ratios R = 0.05 and 0.5 under load control. The load levels are rather low
and are considered to be in the SSY regime. Five CT-specimens of aluminum
2024-T351 are used and the CMOD is measured with a displacement gauge
at the load line. All tests are conducted in room temperature with a sinu-
soidal waveform and mainly at a frequency of 10 Hz. The load displacement
data are periodically recorded by a personal computer. The crack length
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measurements are conducted visually with traveling microscope with a max-
imum magnification of ×80. The crack opening point is evaluated from the
load displacement record, but the procedure is not reported in detail.

Elastic-plastic finite element simulations are carried out for a single crack
length for both load ratios R = 0.05 and 0.5. Comparisons are made between
ΔJD calculated both from the experimental load displacement curve and Eq.
40 and the numerical load displacement curve. Also, ΔJ calculated as a path
independent integral is integrated into the comparison.

The results show a small difference, < 10%, between the numerical results
of ΔJ and the experimentally obtained estimations, ΔJD. The difference is
pointed out to be related to the simple constitutive law included into the
finite element simulations. Bank-Sills and Volpert conclude that ΔJ may
be considered as a crack growth parameter to correlate fatigue crack growth
data in the SSY region. The authors (Bank-Sills and Volpert) also point
out that the line integral is a possible way to evaluate ΔJ in more complex
geometries.

Rosenberger and Ghonem [86] investigate the anomalous behaviour of
small fatigue cracks in a nickel-base superalloy by use of deformation based
ΔJD, similar to Eq. 40. They conclude that the anomalous crack growth
is not related to the physical smallness of the crack, nor is it an intrinsic
material property but is created by the precracking technique. The ΔJD
parameter is able to consolidate the growth of small and long crack growth
data according to the Rosenberger and Ghonem.

In the middle of the 1990’s Joyce et al. [87] investigate the general mate-
rial properties including the elastic-plastic fatigue properties of a cast stain-
less steel. The elastic-plastic fatigue experiments are conducted under load
control with load ratios R = -1, 0 and 0.3. The crack length is measured
by compliance estimates, but Joyce et al. point out from earlier work that
side grooves are essential to maintain a straight crack front. Further, the
crack length measurements by the compliance method badly underestimate
the crack length if the crack front tunnels, either forward or backward. Some
problems are encountered with measuring the crack length in the tests with
load ratios R = 0 and 0.3. Crack length measurements of the crack front
on the fracture surface reveal a longer crack compared to the result of the
compliance measurement.

The crack closure level is estimated by finding the point on the loading
portion of the fatigue cycle corresponding to the slope of the initial unloading
part of the same cycle. This is done numerically with a PC. Fig. 54 shows
the closure load versus cycle number for all R = -1 tests. The results show
that the closure load becomes rather constant (after ∼25 cycles) or somewhat
decreasing with increasing cycle number and ΔJD. Near the end of the test a
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steep increase of the closure load is observed that is related to the approach
of the tensile load capacity according to the authors (Joyce et al.).

Figure 54: Measured crack closure levels from tests conducted by Joyce et
al. [87].

The cyclic J -integral is estimated by use of Eq. 40 and consideration of
the crack closure level. Fig. 55 shows the fatigue crack growth rate versus
ΔJD and in Fig. 56 SSY fatigue data are included together with a correlation
equation for austenitic stainless steel from the standard text book of Rolfe
and Barsom [88].

Figure 55: Fatigue crack growth rates from test conducted by Joyce et al.
[87].
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Figure 56: Fatigue crack growth rates from test conducted by Joyce et al.
[87].

A fractographic investigation is conducted to reveal the micro mechanisms
of fracture. The result shows striations marks on the fracture surface and no
ductile tearing occurs until the very last few cycles in each experiment.

Joyce et al. conclude from the investigation that LSY fatigue crack
growth using ΔJD is consistent with SSY fatigue data typical for this type
of material. Further, taking the crack closure effects into consideration is
essential to accurately determine the crack driving force in elastic-plastic
crack growth. The fractographic investigation reveals striation pattern on
the fatigue crack surface and ductile tearing occurred only during the last
few cycles.

Lu and Kobayashi [89] conduct experimental work on a low alloy steel
with yield stress of 448 MPa and an ultimate tensile strength of 548 MPa.
The tests are conducted under load control with load ratio R = 0.05 and
0.6. They observe two transitions in the fatigue crack growth rate. The
fractographic investigation reveal striations at the crack surface when Jmax

< JIC, and when Jmax > JIC the micro mechanism change to ductile tearing
with void growth and coalescence.

In 1996, Skallerud and Zhang [90] present a numerical study of ductile
tearing and fatigue under cyclic plasticity of a welded plate. The total crack
growth rate is assumed to be a sum of the fatigue crack growth rate and the
tearing crack growth rate.

A 3D finite element model of a flat plate with a nearly circular embedded
crack is modeled and subjected to a controlled nominal strain correspond-
ing to the conditions used in earlier experiments on the same geometry. A
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bilinear kinematic hardening constitutive model is used in the cyclic analy-
ses. The cyclic ΔJD is calculated by use of Eq. 12, taking the stress-strain
curve from the FE model at different crack lengths. Minimal crack closure
is detected in the finite element analysis and the whole load range is used in
Eq. 39. The fatigue crack growth rate is obtained by extrapolation of the
crack growth rate obtained under SSY conditions. The ductile tearing part
is modeled with a modified Gurson-Tvergaard constitutive model accounting
for nucleation, growth and coalescence of voids. As voids nucleate, growth
and finally coalescence in front of the crack tip the crack extends in a stable
manner.

The numerically calculated fatigue crack growth rates correlates rather
well with the experimental ones when the ductile crack growth part is active
in the numerical analyses. At lower loads, when only fatigue crack growth
is active, an underestimate of the fatigue crack growth rate is obtained.
Skallerud and Zhang relate the mismatch to the assumption of a homoge-
neous material in the weld in the numerical analyses. In reality a spatial
difference exists in both fatigue crack growth characteristics and stress-strain
behaviour. Also, the constitutive assumption of a bilinear kinematic harden-
ing law is a simplification of the real behaviour.

Approximately 25 years after the first publication of research in the field
of nonlinear elastic-plastic fatigue crack growth McClung et al. [91] conclude
at the end of the 1990’s that it is rather clear that ”ΔJ appears to be the pa-
rameter of choice for characterization of elastic-plastic fatigue crack growth”.
McClung et al. present in [91] the first steps of a practical methodology to-
wards an engineering treatment of the elastic-plastic fatigue problem. Most
of the earlier studies have focused on to show experimentally that ΔJD or
ΔJ is an appropriate parameter for characterizing fatigue crack growth under
linear and nonlinear conditions. Very few of the investigations actually try
to predict the fatigue crack growth rate by either numerical methods or other
estimations schemes of ΔJ. The reason for this is probably connected to the
non-existing computer resources and software needed for the predictions at
that time. In [91] McClung et al. propose to use the reference stress method
[92], a strategy developed by Ainsworth and colleagues at the former Central
Electricity Generating Board (CEGB). Later the reference stress method is
implemented into the R6 procedure for structural integrity assessment. An
overview of different analytical flaw assessment methods can be found in [93].

The reference stress method requires three basic inputs: a K solution,
a description of the elastic-plastic constitutive behaviour and an estimate
of the limit load for the cracked member assuming elastic perfectly plastic
material. Then the J estimate can be written as
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J =
K2

I

f
, (46)

where f is a function of the limit load, yield stress and constitutive equation.
McClung et al. [94] generalize Eq. 46 to the fatigue situation where the
effective cyclic J -value is estimated by

ΔJeff = ΔJe
eff +ΔJp

eff. (47)

The elastic term is written as

ΔJe
eff =

U2
[
ΔKI

(
cΔe

)]2
E ′ , (48)

where U = ΔKmax−ΔKopen

ΔKmax−ΔKmin
is the effective stress intensity factor range ratio.

The crack opening level is obtained from Newmans crack closure equation,
Eqs. 32 - 37. For plane strain E ′ = E

(1−ν2)
and E ′ = E for plane stress, and

cΔe is the crack length corrected for the cyclic plastic zone size. The plastic
term is estimated by use of the reference stress method as

ΔJp
eff = μV αUΔJe (c)

[
ΔP

2P0 (c)

]n−1

. (49)

ΔP is the range of the applied primary load, V is a dimensionless structural
parameter and μ = 1 for plane stress and 1 − ν2p/1 − ν2e for plane strain,
where νe and νp are the elastic and plastic values of Poissons ratio and c
is the actual crack length. P0 is an optimized characteristic yield load [95]
for a cracked structure of yield strength σY. The form of Eq. 49 applies to
materials following the Ramberg-Osgood constitutive relationship.

The method is implemented into the fracture mechanics analysis program
NASGRO and the structural parameter V and the optimized yield load P0

are determined from FE calculations of J for the surface crack and corner
crack geometry [91]. The approach is validated against experimental data
from surface and corner cracked geometries. The tests are conducted both
under SSY and LSY conditions with load ratios R = 0, 0.1 and -1. Fig. 57
shows the correlation of the fatigue crack growth rates based on ΔJeff for
the different geometries under both SSY and LSY conditions. McClung et
al. conclude that it is ”possible to perform accurate elastic-plastic fatigue
crack growth rate life predictions based on Paris crack growth constants from
baseline SSY tests”.

In 2005, Sherry et al. [96] present experiments and numerical analyses
on the interaction between the fatigue crack growth and the ductile crack
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Figure 57: Fatigue crack growth rates versus ΔJeff. Source [94].

growth. The material used is an austenitic stainless steel, 316L(N) and all
experiments are conducted in ambient air. Sherry et al. conclude from the
study that the tearing reduces the fatigue crack growth rate by up to a factor
of 50%. The reduction is likely to result from residual compressive stresses in
front of the crack tip and a mismatch of the fracture surfaces due to ductile
crack growth. However, when the maximum stress intensity range becomes
ΔK > 60 MPa

√
m directly calculated from the applied load levels, a drastic

increase in crack growth rate is observed. The explanation according to the
authors is that the peak driving force is within the elastic-plastic regime close
to or above the initiation toughness.

The same year (2005) Tanaka et al. [97] present tests on thin-walled
tubular specimens made of low-carbon steel. A circular notch is cut out in
the tubular specimens. The specimens are loaded by a cyclic uniaxial tension-
compression combined with cyclic torsion with and without superposed static
and cyclic axial loading. The tests are conducted under load control and the
crack length measurements are done by using a digital video microscope and
plastic replicas. The crack growth directions follow the plane on which the
total range of the normal stress including the compressive component of the
stress is at maximum for both combined mode and single mode loading.

The crack opening level is measured by a specially designed extensome-
ter continually measuring the load displacement loop. Fig. 58 shows the
development of the crack opening level versus crack length.
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Figure 58: Crack opening stress intensity factor from tests conducted by
Tanaka et al. [97].

Both the elastic crack tip parameters, ΔK and ΔKeff based on the load
level information, and the elastic-plastic ΔJD based on load-displacement
loop corrected for the crack closure level are calculated. Fig. 59(a) shows
the fatigue crack growth rate based on elastic assumptions. The solid line
corresponds to fatigue crack growth under SSY conditions and R = 0 for car-
bon steel given in maintenance code of JSME Standard (JSME S NA1-2000)
according to the Tanaka et al. A clear tendency of under prediction of the
fatigue crack growth rate is noted when the nominal stress intensity factor
range is used. This even applies for the effective stress intensity factor range.
Fig. 59(b) shows that the fatigue crack growth data can be approximated by
ΔJD. The solid line is a least squares regression line to the data and not a
prediction. This is the main problem for the application to engineering prob-
lems as the authors state, ”Some computational methods of the J estimation
need to be developed for design purposes”.

As evident from the reviewed papers above ΔJD is a unifying parameter
for the fatigue crack growth under both SSY and LSY conditions. The
work by Banks-Sills and Volpert [85] is probably one of the few on how to
compare ΔJD (Eq. 40) obtained experimentally with ΔJ (Eq. 10) obtained
numerically. The difference is rather small between the different results and
Banks-Sills and Volpert point out this may be a possible way to evaluate ΔJ
in complex geometries. However, one should remember that the experiments
are conducted under SSY conditions. But the problem seems to remain that
no simple predictive engineering method is presented. McClung et al. [94]
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(a) (b)

Figure 59: (a) The fatigue crack growth rate versus the effective stress in-
tensity factor range. (b) The fatigue crack growth rate versus ΔJD. Source
[97].

present a suggestion to an engineering method, but it seems not to have been
adopted by the community, yet.

Another problem is the ratchetting that takes place under load controlled
experiments at high load ratios. The accumulated plastic deformation seems
not to be accounted for by ΔJD cf. [11, 71] and Figs. 42(b) and 49. Tanaka
et al. [71] propose a solution based on the load-displacement curve and the
results becomes rather independent of the maximum load level.
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7 Fatigue Crack Growth Investigations & Anal-

ysis Based on ΔCTOD

Crack tip blunting as a fatigue crack growth mechanism was first proposed
by Laird and Smith [3] in year 1962. Direct observations of the crack tip
opening profile are made. Later Newmann [98] and Kikukawa et al. [99]
make further quantitative observations of the fatigue crack growth rate in
connection to the CTOD parameter. In 1980 Tomkins [5] investigates the
connection between the fatigue crack growth rate under both SSY and LSY
conditions and the micromechanical processes taking place at fatigue crack
tip. The cracked surfaces are studied with aid of SEM and different types
of striations are found. Tomkins concludes that there is a clear link between
CTOD, the striations on the cracked surface and the fatigue crack growth
rate, but no identity exists between them. Fig. 1 taken from [5] suggests
that the fatigue crack growth rate is much smaller than CTODmax (marked as
δ/2 in the figure and calculated theoretically as half of Eq. 20 with the yield
stress substituted with the flow stress) at low growth rates but approaches
about half of the CTODmax at high growth rates.

In 1984 Tanaka et al. [14] present a thorough investigation on the crack
tip blunting as a fatigue crack growth mechanism. Fatigue experiments are
conducted on center crack specimens under load or displacement control. The
displacement is completely reversed and controlled through a gauge placed
on the specimen. The strain range Δε varies from 0.125 to 1.0% resulting in
quite high growth rates. Load controlled experiments with load ratio R = -1
is used to obtain data at lower growth rates. The crack length is measured
with a travelling microscope. ΔJD is evaluated from the load-displacement
record and correction is made for the crack opening level. Three different
materials are used: oxygen-free high-conductivity copper, very low carbon
steel and stainless steel Type 304.

The fracture surface is observed with a scanning electron microscope and
special measurements of the striations pattern are done. The crack opening
displacement is measured with an optical microscope with ×100 - 400 mag-
nification. A number of pictures are taken at the specimen surface around
the crack tip at loading and unloading. Careful examinations give that the
crack tip blunts when the tensile load is applied. As the load is increased
the crack becomes more blunted, controlled by the shear band near the crack
tip spreading in two directions. Tanaka et al. point out that as the shape of
blunted crack tip develops, the position of the shear band seems to suggest
that the alternating shear mechanism rather than the simultaneous shear
mechanism is active.
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The fracture surfaces are covered by striations at crack growth rates above
∼0.2 μm/cycle. Dimples are found among striations on the fracture surface
of the Type 304 stainless steel at rates higher than 3 μm/cycle. No dimples
are found on the fracture surfaces of copper or low carbon steel below 50
μm/cycle. Fig. 60 shows the measured striation spacing versus macroscopic
fatigue crack growth rates. The bars indicate the range of the measured
values.

Figure 60: Measured striation spacing versus the fatigue crack growth rate.
Source [14].

The figure shows a clear 1:1 coupling between the striation spacing and
the fatigue crack growth rate at rates between 2 μm/cycle and 50 μm/cycle
for both copper and the low carbon steel. In the case of the stainless steel
the maximum rate where the striation spacing is measured is 8 μm/cycle.
Thus the void growth seems not to affect the equality between the striation
spacing and the fatigue crack growth rate at the measured growth rates. This
result is quite in line with the results obtained by Tomkins [5] on the same
material shown in Fig. 1.

Tanaka et al. [14] evaluate the CTOD in three different ways in order
to investigate if proportionality exists to the fatigue crack growth rate. The
conclusion is that no proportionality exist and the fatigue crack growth rate
must be expressed as
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da

dN
= A (ΔCTOD)p . (50)

Where ΔCTOD is correlated to ΔJD through the following equation, simply
by assuming that a variant of Eq. 21 is applicable in the fatigue situation,

ΔCTOD = B

(
ΔJD
σY,cyc

)q

. (51)

The parameter q is equal to one for the low carbon steel and larger than one
for copper.

Tanaka et al. present the fatigue crack growth rate versus ΔJD shown
in Fig. 61(a) below. The results exhibit quite large a scatter according to
Tanaka et al. and different slopes for the different materials tested. The
same experiments are also evaluated by measuring the ΔCTOD 250 μm
in-situ behind the crack tip, in Fig. 61(b) expressed as ΔΦ250μm.

(a) (b)

Figure 61: (a) Fatigue crack growth rates versus ΔJD. (b) Fatigue crack
growth rates versus ΔCTOD measured 250 μm behind the crack tip. Source
[14].
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The results in Fig. 61(b) show that the variance between the different
materials is very small based on ΔCTOD measured 250 μm behind the crack
tip compared to the results based on ΔJD. An explanation for this was not
given by Tanaka et al.

McClung and Sehitoglu [75] conduct an extensive study of the closure
behaviour and fatigue crack growth rates of small fatigue cracks (0.1 to 1.5
mm in length). The crack closure part is discussed earlier in section ”Gen-
eral Trend of Crack Closure under Constant Load Amplitude Testing and
ISY/LSY”. Both constant amplitude and variable strain amplitude block
tests are conducted. The constant amplitude tests have strain amplitudes
ranging from 0.001 to 0.007 and the variable tests have one major cycle within
each block with strain range of 0.005 and several (102, 103 or 104) small cy-
cles. The fatigue data are evaluated by use of both ΔJD and ΔCTOD of
which the ΔCTOD data for the constant amplitude tests are reported here.
The crack lengths are measured by the replica technique.

McClung and Sehitoglu use a series expansion of the result of Dugdale
Eq. 19, here shown in Eq. 52. The expression is modified to fit the fatigue
situation with cyclic loading,

ΔCTODeff =
1.25πa

2ασ0

[
(Δσeff)

2

E
+ UΔσeffΔεp

]
. (52)

The coefficient 1.25 is a free edge correction factor, α is a constraint pa-
rameter equal to 1 for plane stress and 3 for plane strain. U is the effective
stress range defined as Δσeff/Δσ. The crack opening levels are obtained from
replica measurements. Fig. 62 shows the fatigue crack growth rate versus
ΔCTODeff for all the tests. A good correlation is obtained and the data fall
within a scatterband of ×3.

Measurements of the ΔCTOD are also reported. The measurements are
taken on the side surface of the specimens with the aid of engraved fine
polishing marks 1 to 5 μm apart and at an angle of 45◦ to the specimens
load axes. The marks are continuous across the crack when it is closed and
offset by a distance proportional to the CTOD when the crack is open. Fig.
63 shows measured ΔCTOD versus computed ΔCTOD by Eq. 52.

It seems to be generally accepted that the micro mechanisms acting in
the case of a short crack are the same as for a long crack. When applying a
tensile load the shear bands develop on two main slip systems accompanying
the creation of the blunting form of the crack tip. At unloading the crack tip
will resharpen under reversed plastic deformation at the tip. Davidson [100],
McClung and Davidson [101], Nisitani et al. [102] all report experimental
investigations on the blunting shape for both short and long cracks.
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Figure 62: Correlation of constant amplitude fatigue crack growth. Source
[75].

Davidson [100] concludes that the ”fast growth of small fatigue cracks
at high stresses is no more anomalous than the slow growth of large fatigue
cracks at low stresses”. The load levels used in [100] corresponds to SSY.
McClung and Davidson [101] present an extensive study comparing numeri-
cally obtained strains and displacements at the crack tip with experimentally
measured data on commercial 7075 aluminum. Fig. 64 shows the normalized
CTODeff measured by stereo imaging techniques near the crack tip for both
small and large cracks. The maximum applied stresses are about 85% of the
yield stress for the small cracks. Also included are numerical calculations of
the CTODmax for both small and large cracks. The numerical calculations
are based on propagation of the crack through the mesh by changing the
boundary conditions. The material is modelled as linear elastic-plastic with
low kinematic hardening. The small crack data seem to lie somewhat above
the average level of the large crack growth even though the difference is not
as accentuated as the numerical analysis gives. McClung and Davidson note
that the essential difference between large and small cracks does not seem to
be the CTOD behind the crack tip.

Nisitani et al. [102] compare the crack opening displacement near the
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Figure 63: Measured versus predicted crack tip opening range. Source [75].

Figure 64: Numerical and experimental data on the normalized CTODeff

versus the normalized distance behind the crack tip. Source [101].

low cycle fatigue crack tip (in Fig. 65 shown as δ) measured with SEM at
the same crack growth rate for different crack lengths between 0.598 to 1.198
mm. The notations R and L in Fig. 65 indicate right and left hand sides of a
crack in center crack panel. Nisitani et al. point out that the crack opening
displacements near the crack tips are very similar at the same fatigue crack
growth rate. Thus, the crack opening displacement near the crack tip is a
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fundamental factor controlling the fatigue crack growth rate.

Figure 65: The crack tip shape for different crack lengths at the same load
level. Source [102].

Wang and Rose [103] try to use the crack tip plastic blunting as a scal-
ing parameter for correlating growth rates of short and long cracks. The
parameter is estimated by finite element calculations that account for large
deformation and non-proportional straining at the crack tip. The finite el-
ement model is only loaded with a monotonically increasing load and the
Ramberg-Osgood constitutive model is used. Wang and Rose end up with a
closed form expression for the crack tip blunting as a function of the stress
intensity factor, applied far field plastic strain and material parameters as
yield stress and hardening exponent. Fig. 66(a)-(d) show the improvement
of the fatigue crack growth predictions based on the blunting parameter, Δb.

Although not as popular as the ΔJD, ΔCTOD seems to be a parameter
able to correlate both linear and nonlinear fatigue data. The appealing fea-
ture with ΔCTOD is the apparent interpretation of the parameter. But, it
is also more expensive in terms of measuring or calculating with the aid of
the FEM compared to ΔJ or ΔJD.

The measured striations spacing seems to have a clear coupling to the
fatigue crack growth rates, Figs. 1 and 60. However, as Tomkins [5] points
out, no identity exists for sure between the fatigue crack growth rate and the
striation spacing although Tanaka et al. [14] later observes a 1:1 relation.

Very few papers are published regarding measurements and comparison
of the crack tip shapes for short and long fatigue cracks at the same load
levels. The results that Nisitani et al. [102] present shown in Fig. 65 are very
interesting. They show that there seems to be no major difference between
the shape of short and a long crack at the same growth rate.
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(a) (b)

(c) (d)

Figure 66: (a) and (b). The fatigue crack growth rate versus the stress
intensity factor range. (c) and (d). The fatigue crack growth rate versus the
crack tip blunting parameter, Δb. Source [103].
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8 Discussion

The experimental and numerical results presented in [19, 64, 74, 75, 76,
77, 78] all indicate a decreased crack opening/closure level with increased
load level from SSY to LSY levels. The effect of not considering the crack
closure/opening level is obvious; very non-conservative assessments may be
the result.

The effect of the load level on the crack closure level is larger than on the
opening level. There is essentially no difference between these in the SSY
region but as the load is increased the closure level decreases even more than
the opening level [64, 74, 75, 77]. The dependence of the crack closure on the
load ratio seems also to be more pronounced in the LSY region, cf. Newman
[64], Fig. 38.

Papers regarding crack closure under variable amplitude loading and LSY
are lacking. Retardation effects due to overloads in the SSY region may act
as accelerators for the fatigue crack growth rate when the load levels are
increased towards the ISY/LSY region. This applies especially for negative
load ratios since they may result in negative crack opening levels, cf. Mc-
Clung and Sehitoglu [75].

Several different techniques exist for measuring the crack opening/closure
level. The most common techniques in the LSY region are the compliance
and the PD method. The compliance technique is basically used in pa-
pers presented early (1970’s) while usage of the PD technique is introduced
later. The compliance method (Crack Mouth Opening Displacement, Back
Face Strain) gives somewhat lower closure/opening values compared to Near-
Crack-Tip-Gauge and the Acoustic Emission methods in the both SSY and
LSY region, [30, 31]. The PD method gives about the same crack opening
level as the Scanning Electron Microscope method under LSY conditions,
Andersson et al. [31]. This may be an explanation to the increased popular-
ity of the PD technique in later years. The drawback with the PD method
is the need for an oxide layer to develop, on the freshly cracked surfaces, in
order to function as a crack closure measurement method.

The most common technique for crack length measurements under LSY
is some kind of visual system. However, the PD technique seems to be
applicable even in situations of LSY and fatigue, [33, 68]. The requirement is
to make an initial correction for the plastic deformation and resistivity change
on the reference voltage, Wilkowski and Maxey [33]. Also, the continuation
of the test must be conducted under approximately steady state conditions
in order for the potential drop signal not to drift away.

When it comes to simple variable amplitude loading or random loading
and LSY the situation becomes a lot harder to handle. At least if the test
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method is based on in situ measurements of for instance the crack length.
Crack closure measurements with a clip-gauge of the CMOD are not reliable
even under SSY conditions [27] and are thus not expected to work in the
LSY region. The same kind of problems may be expected with the BFS
method. The PD method may work in the variable amplitude situation, but
problems with distinguishing the crack closure point may appear as large
plastic deformation takes place in certain cycles, Fig. 29.

Crack length measurements with the PD technique are probably not pos-
sible due to the overloads deforming the specimen and thereby destroying
the steady state condition needed for this method to work. Methods based
on the compliance are more probable to work if the compliance is measured
on the elastic unloading part on the load cycle.

Some aspects on the numerical treatment of fatigue crack growth under
LSY conditions are the following. The element size requirement in the SSY
region will most probably automatically be satisfied in the case of LSY since
the plastic zone is large compared with the characteristic size of the body.
However, other parameters like the CTOD may be necessary to consider
when studying element size requirements.

The requirement on a good description of constitutive behaviour of the
material is expected to increase as the load level is increased from the SSY to
the LSY region. This is due to the plastic deformation, which is not confined
to a small region as in the SSY region, spreading out towards the bound-
aries of the body. Thus, the local behaviour at the crack tip may become
dependent on the deformation of the whole geometry and thereby is the con-
stitutive description is very important. Also, simple constitutive models like
elastic perfectly plastic or bilinear elastic-plastic combined with a kinematic
and/or isotropic hardening rule do not capture the mean stress relaxation or
ratchetting effect, which may be very important when conducting numerical
simulations of fatigue crack growth at LSY conditions.

Several researches show [14, 81, 88] experimentally that ΔJD is an un-
ambiguous parameter correlating the fatigue crack growth rate under SSY,
ISY and LSY conditions. The fatigue crack growth rate falls onto a single
line plotted in a double logarithmic diagram versus ΔJD. However, the pa-
rameter is not suitable for all situations. For instance, fatigue crack growth
at high load ratios, load control and LSY is a situation shown to be dif-
ficult for ΔJD to correlate due to rachetting effects, [71, 79]. While ΔJD
has shown to correlate fatigue data under both SSY and LSY one cannot
expect ΔJ calculated as a line integral to do the same. If the body is plasti-
cally deformed out to the boundaries i.e. LSY, the behaviour locally at the
crack tip becomes dependent on the overall behaviour of the geometry and
thereby result in path dependent ΔJ values. However, in the SSY [86] and
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ISY region both parameters are expected to give similar results. No papers
are published comparing the both parameters (ΔJD and ΔJ) under ISY and
LSY conditions.

The theoretical base for use of ΔJ in elastic-plastic materials is not with-
out doubts. The definition of the path independence of the J -integral relies
on linear elastic, nonlinear-elastic or deformations plasticity. Also, it is very
hard to interpret the physical meaning of ΔJ .

Despite the theoretical doubt about ΔJ as a correlating parameter, Mc-
Clung et al. [91] based on the quite successful correlations presented by the
research community, conclude that characterization of elastic plastic fatigue
crack growth should be based on ΔJ .

The other nonlinear elastic-plastic parameter ΔCTOD, not as frequently
used as ΔJ , is another possibility for correlating fatigue crack growth. This
parameter has a very clear physical interpretation, easy to relate and compare
with physical mechanisms taking place in the fracture process zone in contrast
to ΔJ . However, more sophisticated equipment is needed in order to measure
the ΔCTOD in experiments compared with ΔJD.

The results that Tanaka et al. [14] and McClung and Sehitoglu [75]
present shown in Figs. 61(b) and 62 respectively, show that ΔCTOD cor-
relates very low (10−9 m/cycle) to very high (10−5 m/cycle) fatigue crack
growth rates. The fatigue crack growth rates of different materials are al-
most gathered by ΔCTOD into a single line as shown in Fig. 61(b).

The results that McClung and Davidson [101] and Nisitani et al. [102]
present indicate the CTOD parameter to be an unambiguous parameter.
That is, the CTOD value is the same for a long as for a short crack at the
same fatigue crack growth rate, Fig. 65. However, it should the noted that
the crack length difference is quite small in the experiments Nisitani et al.
present. Further investigations should be conducted.

The striation pattern is a sign left on the fracture surface from the fracture
process. The measurements conducted in [14], Fig. 60 show a clear 1:1
coupling between the fatigue crack growth rate and the striations. Tomkins
[5] obtains results quite in line with the ones presented by Tanaka et al. [14].

The suitability of the two nonlinear parameters ΔCTOD and ΔJ as
engineering parameters in assessments is problematic. There is no ”easy”
way today to make predictive estimates. The work that McClung et al.
[91] present in the direction of developing an engineering approach to the
nonlinear fatigue crack growth problem is very important. More effort should
be put into that direction. Which of the two parameters should one choose?
No clear answer exists. ΔJ maybe requires somewhat less work compared to
ΔCTOD to calculate by FEM, but on the other hand very hard to interpret
physically.
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9 Conclusions

� Experiments indicate that the ΔCTOD parameter seems to be an un-
ambiguous parameter able to correlate fatigue crack growth data under
LSY of both short and long cracks.

� The ΔCTOD parameter is able to correlate fatigue crack growth from
the SSY to the LSY region into a single line in double logarithmic
diagram.

� Experiments show that ΔJD is an appropriate measure for fatigue crack
growth under LSY. The parameter is able to correlate fatigue crack
growth from the SSY to the LSY region into a single line in double
logarithmic diagram.

� Engineering methods for fatigue crack growth under ISY/LSY are scarce.
ΔJ and ΔCTOD are possible parameters to use. However, more re-
search efforts need to be focused on the development of an engineering
method.

� The crack opening/closure level is decreasing with increasing load level.
The closure level is decreasing more compared with the opening level
and may become negative at high load level and negative load ratios.

� Realistic constitutive models incorporating the mean stress relaxation
effects and the ratcheting effects are important when conducting sim-
ulations of fatigue crack growth under LSY.

� The electric potential drop method is a possible method to measure the
fatigue crack growth rate and crack closure level under LSY. However,
certain conditions must be fulfilled: an oxide lay seems to be neces-
sary in order to the crack closure measurements to work, the reference
voltage must be taken from a steady state condition.
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10 Future Work

The following is a list of issues where further research efforts are needed. The
list is not complete in any way.

� Continuation of the initial efforts on the development of an engineering
approach to handle fatigue crack growth under ISY/LSY based on ΔJ
or ΔCTOD.

� Further theoretical development of the J -integral in line of trying to
justify the use of ΔJ in fatigue crack growth situations.

� Systematic experimental measurements of crack opening/closure under
constant amplitude loading and ISY/LSY are missing.

� Systematic experimental measurements of crack closure under variable
amplitude loading and ISY/LSY are missing.

� Predictions of fatigue crack growth rates based on ΔJ calculated as
a line integral. Very few investigations are found actually trying to
predict the growth rates of a fatigue crack growing under ISY/LSY
conditions.
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[27] T. Månsson, H. Öberg, and F. Nilsson. Closure effects on fatigue crack
growth rates at constant and variable amplitude loading. Engineering
Fracture Mechanics, 71(9-10):1273–1288, 2004.

[28] P. Dahlin and M. Olsson. Reduction of mode I fatigue crack growth rate
due to occasional mode II loading. International Journal of Fatigue,
26(10):1083–1093, 2004.

[29] P. Dahlin and M. Olsson. Mode I fatigue crack growth reduction mech-
anisms after a single mode II load cycle. Engineering Fracture Mechan-
ics, 73(13):1833–1848, 2006.

[30] S. Stoychev and D. Kujawski. Method for crack opening load and
crack tip shielding determination: A review. Fatigue and Fracture of
Engineering Materials and Structures, 26(11):1053–1067, 2003.

[31] M. Andersson, C. Persson, and S. Melin. Experimental and numerical
investigation of crack closure measurements with electrical pd tech-
nique. International Journal of Fatigue, 28(9):1059–1068, 2006.

[32] D. Kujawski and S. Stoychev. Parametric study on the variability of
opening load determination. International Journal of Fatigue, 25(9-
11):1181–1187, 2003.

[33] G. M. Wilkowski andW. A. Maxey. Review and applications of the elec-
tric potetial method for measuring crack growth in specimens, flawed
pipes, and pressure vessels. In J. C. Lewis and G. Sines, editors, ASTM
STP 791, pages 266–294. American Society for Testing and Materials,
1983.

[34] V. Bachmann and D. Munz. Fatigue crack closure evaluation with the
potential method. Engineering Fracture Mechanics, 11(1):61–71, 1979.

[35] R. Pippan, G. Haas, and H. P. Stuwe. Comparison of two methods
to measure crack closure in ultra-high vacuum. Engineering Fracture
Mechanics, 34(5-6):1075–1084, 1989.

101



[36] T. T. Shih and R. P. Wei. Study of crack closure in fatigue. Engineering
Fracture Mechanics, 6(1):19–32, 1974.

[37] S. H. Spence, W. J. Evans, and N. Medwell. Crack growth response
of IMI 804 under variable amplitude loading. International Journal of
Fatigue, 19(1):33–41, 1997.

[38] M. N. James and J. F. Knott. An assessment of crack closure and
the extent of the short crack regime in q1n (hy80) steel. Fatigue and
Fracture of Engineering Materials and Structures, 8(2):177–191, 1985.

[39] G. Marci. Determination of the partitioning point dividing ΔK into
ΔKeff. Engineering Fracture Mechanics, 53(1):23–36, 1996.

[40] R. Kumar. Review on crack closure for constant amplitude loading in
fatigue. Engineering Fracture Mechanics, 42(2):389–400, 1992.

[41] H. Sehitoglu. Crack opening and closure in fatigue. Engineering Frac-
ture Mechanics, 21(2):329–339, 1985.

[42] H. Sehitoglu. Characterization of crack closure. In M. F. Kanninen
and A. T. Hopper, editors, ASTM STP 868, pages 361–380. American
Society for Testing and Materials, 1985.

[43] P. Ljustell and F. Nilsson. Effects of different load schemes on the fa-
tigue crack growth rate. Journal of Testing and Evaluation, 34(4):333–
341, 2006.

[44] J. C. Newman Jr. A crack-closure model for predicting fatigue crack
growth under aircraft spectrum loading. In J. B. Chang and C. M. Hud-
son, editors, Methods and Models for Predicting Fatigue Crack Growth
under Random Loading, ASTM STP 748, pages 53–84. American So-
ciety for Testing and Materials, 1981.

[45] M. R. Parry, S. Syngellakis, and I. Sinclair. Numerical modelling
of combined roughness and plasticity-induced crack closure effects in
fatigue. Materials Science and Engineering A: Structural Materials:
Properties, Microstructure and Processing, 291(1):224–234, 2000.

[46] K. Solanki, S. R. Daniewicz, and J. C. Newman Jr. Finite element
analysis of plasticity-induced crack closure: an overview. Engineering
Fracture Mechanics, 71(2):149–171, 2004.

102



[47] J. C. Newman Jr. A finite element analysis of fatigue crack closure. In
Mechanics of crack growth, ASTM STP 590, pages 281–301. American
Society for Testing and Materials, 1976.

[48] R. C. McClung and S. Sehitoglu. On the finite element analysis of
fatigue crack closure-1. basic modelling issues. Engineering Fracture
Mechanics, 33(2):237–252, 1989.

[49] R. C. McClung and S. Sehitoglu. On the finite element analysis of
fatigue crack closure-2. basic modelling issues. Engineering Fracture
Mechanics, 33(2):253–272, 1989.

[50] J. D. Dougherty, J. Padovan, and T. S. Srivatsan. Fatigue crack prop-
agation and closure behaviour of modified 1070 steel: Finite element
study. Engineering Fracture Mechanics, 56(2):189–212, 1997.

[51] K. Solanki, S. R. Daniewicz, and J. C. Newman Jr. Finite element
modeling of plasticity-induced crack closure with emphasis on geom-
etry and mesh refinement effects. Engineering Fracture Mechanics,
70(12):1475–1489, 2003.

[52] J. C. Newman Jr. Advances in finite-element modeling of fatigue-crack
growth and fracture. Proceedings of the Eight International Fatigue
Conference, 1:55–70, 2002.

[53] A. Gonzalez-Herrera and J. Zapatero. Influence of minimum element
size to determine crack closure stress by the finite element method.
Engineering Fracture Mechanics, 72(3):337–355, 2005.

[54] T. Jiang, M. Feng, and F. Ding. A re-examination of plasticity-induced
crack closure in fatigue and crack propagation. International Journal
of Plasticity, 21(9):1720–1740, 2005.

[55] N. A. Fleck. Finite element analysis of plasticity-induced crack clo-
sure under plane strain conditions. Engineering Fracture Mechanics,
25(4):441–449, 1986.

[56] A. F. Blom and D. K. Holm. Experimental and numerical study of
crack closure. Engineering Fracture Mechanics, 22(6):997–1011, 1985.

[57] H. Alizadeh, D. A. Hills, P. F. P. de Matos, D. Nowell, M. J. Pavier,
R. J. Paynter, D. J. Smith, and S. Simandjuntak. A comparison of two
and three-dimensional analyses of fatigue crack closure. International
Journal of Fatigue, 29(2):222–231, 2007.

103



[58] H. Sehitoglu, K. Gall, and A. M. Garcia. Recent advances in fatigue
crack growth modeling. International Journal of Fatigue, 80(2-3):165–
192, 1996.

[59] S. Pommier and P. Bompard. Bauschinger effect of alloys and
plasticity-induced crack observe: a finite element analysis. Fatigue
and Fracture of Engineering Materials and Structures, 23(2):129–139,
2000.

[60] S. Pommier. A study of the relationship between variable level fatigue
crack growth and the cyclic constitutive behaviour of steel. Interna-
tional Journal of Fatigue, 23(SUPPL. 1):S111–S118, 2001.

[61] Y. Jiang and H. Sehitoglu. Modeling of cyclic ratchetting plasticity.
I. development of constitutive relations. Transactions of the ASME.
Journal of Applied Mechanics, 63(3):720–725, 1996.

[62] R. C. McClung, B. H. Thacker, and S. Roy. Finite element visualization
of fatigue crack closure in plane stress and plane strain. International
Journal of Fatigue, 51(1):27–49, 1991.

[63] S. Roychowdhury and R. H. Dodds Jr. Effect of T-stress on fatigue
crack closure in 3D small scale yielding. International Journal of Solids
and Structures, 41(9-10), 2004.

[64] J. C. Newman Jr. A crack opening stress equation for fatigue crack
growth. International Journal of Fracture, 24(4):131–135, 1984.

[65] M. Andersson, T. Hansson, C. Persson, and S. Melin. Fatigue crack
propagation in ti-6al-4v subjected to high strain amplitudes. Fatigue
and Fracture of Engineering Materials and Structures, 28(3):301–308,
2005.

[66] M. Andersson, C. Persson, S. Melin, and T. Hansson. Numerical ex-
amination of potential-drop technique for crack closure measurements.
In A. F. Blom, editor, Proceedings of the Eight International Fatigue
Conference, volume 4, pages 2301–2307. Emas, United Kingdom, 2002.

[67] A. Saxena. Electrical potential technique for monitoring subcritical
crack growth at elevated temperatures. Engineering Fracture Mechan-
ics, 13(4):741–750, 1980.

[68] N. Merah, T. Bui-Quoc, and M. Bernard. Calibration of dc potential
technique using an optical image processing system in LCF testing.
Journal of Testing and Evaluation, 23(3):160–167, 1995.

104



[69] N. Merah. Detecting and measuring flaws using electric potential tech-
niques. Journal of Quality in Maintenance Engineering, 9(2):160–175,
2003.

[70] G. Härkeg̊ard, J. Denk, and K. Stärk. Growth of naturally initiated
fatigue cracks in ferritic gas turbine rotor steels. International Journal
of Fatigue, 27(6):715–726, 2005.

[71] K. Tanaka, T. Hoshide, and M. Nakata. Elastic-plastic crack propaga-
tion under high cyclic stress. In C. F. Shih and J. P. Gudas, editors,
Elastic-Plastic Fracture: Second Symposium, Volume II - Fracture Re-
sistance Curves and Engineering Applications, ASTM STP 803, pages
708–722. American Society for Testing and Materials, 1983.

[72] M. H. El-Haddad and B. Mukherjee. Elastic-plastic fracture mechanics
analysis of fatigue crack growth. In C. F. Shih and J. P. Gudas, editors,
Elastic-Plastic Fracture: Second Symposium, Volume II - Fracture Re-
sistance Curves and Engineering Applications, ASTM STP 803, pages
689–707. American Society for Testing and Materials, 1983.

[73] M. Jolles. Effects of load gradients on applicability of a fatigue crack
growth rate-cyclic J relation. In ASTM STP 868, pages 381–391.
American Society for Testing and Materials, 1985.

[74] N. S. Iyyer and N. E. Dowling. Opening and closing of cracks at high
cyclic strains. In Small fatigue cracks, Proc. 2nd Engineering Founda-
tion Int. Conf. And Workshop on Small Fatigue Cracks, pages 213–223.
Metallurgical Society of AIME, 1986.

[75] R. C. McClung and H. Sehitoglu. Closure behaviour of small cracks
under high strain fatigue histories. In J. C. Newman and Jr. W. Elber,
editors, Mechanics of Fatigue Crack Closure, ASTM STP 982, pages
279–299. American Society for Testing and Materials, 1988.

[76] R. C. McClung and H. Sehitoglu. Characterization of fatigue crack
growth in intermediate and large scale yielding. Journal of Engineering
Materials and Technology, 113(1):15–22, 1991.

[77] P. L. Lalor and H. Sehitoglu. Fatigue crack closure outside a small-scale
yielding regime. In J. C. Newman and Jr. W. Elber, editors, Mechan-
ics of Fatigue Crack Closure, ASTM STP 982. American Society for
Testing and Materials, 1988.

105



[78] R. C. McClung. Finite element modeling of fatigue crack growth. In
Theoretical concepts and Numerical Analysis of Fatigue, pages 153–172.
Engineering Materials Advisory Services, Warley, 1992.

[79] N. E. Dowling. Geometry effects and the J -integral approach to elastic-
plastic fatigue crack growth. In Cracks and Fracture, ASTM STP 601.
American Society for Testing and Materials.

[80] W. R. Brose and N. E. Dowling. Size effects on the fatigue crack
growth rate of type 304 stainless steel. In J. D. Landes, J. A. Begley,
and G. A. Clarke, editors, Elastic-Plastic Fracture, ASTM STP 668,
pages 720–735. American Society for Testing and Materials, 1979.

[81] D. F. Mowbray. Use of a compact-type strip specimen for fatigue crack
growth rate testing in the high-rate regime. In J. D. Landes, J. A.
Begley, and G. A. Clarke, editors, Elastic-Plastic Fracture, ASTM STP
668, pages 736–752. American Society for Testing and Materials, 1979.

[82] J. G. Merkle and H. T. Corten. A J -integral analysis for the compact
specimen, considering axial force as well as bending effects. Journal of
Pressure Vessel Technology, 96 Ser. J(4):286–292, 1974.

[83] J. W. Hutchinson and P. C. Paris. Stability analysis of J -controlled
crack growth. In J. D. Landes, J. A. Begley, and G. A. Clarke, edi-
tors, Elastic-Plastic Fracture, ASTM STP 668, pages 37–64. American
Society for Testing and Materials, 1979.

[84] J. L. Bernad and G. S. Slama. Nuclear Technology, 59, 1982.

[85] L. Banks-Sills and Y. Volpert. Application of the cyclic J -integral
to fatigue crack propagation of al 20204-t351. Engineering Fracture
Mechanics, 40(2):355–370, 1991.

[86] A. H. Rosenberger and H. Ghonem. High temperture elastic-plastic
small crack growth behaviour in a nickel-base superalloy. Fatigue and
Fracture of Engineering Materials and Structures, 17(5):509–521, 1994.

[87] J. A. Joyce, E. M. Hackett, and C. Roe. Effects of cyclic loading on
the deformation and elastic-plastic fracture behaviour of a cast stain-
less steel. In J. D. Landes, D. E. McCabe, and J. A. Boulet, editors,
Fracture Mechanics: Twenty-Fourth Volume, ASTM STP 1207, pages
722–741. American Society for Testing and Materials, 1994.

106



[88] S. T. Rolfe and J. M. Barsom. Fracture and Fatigue Control in Struc-
tures. Prentice-Hall Inc., 1977.

[89] Y. L. Lu and H. Kobayashi. An experimental parameter Jmax in elastic-
plastic fatigue crack growth. Fatigue and Fracture of Engineering Ma-
terials and Structures, 19(9):1081–1091, 1996.

[90] B. Skallerud and Z. L. Shang. A 3D numerical study of ductile tearing
and fatigue crack growth under nominal cyclic plasticity. International
Journal of Solids and Structures, 34(24):3141–3161, 1996.

[91] R. C. McClung, G. G. Chell, D. A. Rusell, and G. E. Orient. A practical
methodology for elastic-plastic fatigue crack growth. In R. S. Piascik,
J. C. Newman, and N. E. Dowling, editors, Fatigue and Fracture Me-
chanics: 27th Volume, ASTM STP 1296, pages 317–337. American
Society for Testing and Materials, 1997.

[92] R. A. Ainsworth. The assessment of defects in structures of strain
hardening material. Engineering Fracture Mechanics, 19(4):633–642,
1984.

[93] U. Zerbst, R. A. Ainsworth, and K.-H. Schwalbe. Basic principles of
analytical flaw assessment methods. International Journal of Pressure
Vessels and Piping, 77(14-15):855–867, 2000.

[94] R. C. McClung, G. G. Chell, and Y. D. Lee. Practical engineering
methods for elastic-plastic fatigue crack growth. Proceedings of the 7th
International Fatigue Congress, pages 433–438, 1999.

[95] G. G. Chell, C. J. Kuhlman, H. R. Millwater, and D. S. Riha. Appli-
cation of reference stress and probabilistic methodologies to assessing
creep crack growth. In Elevated Temperature Effects on Fatigue and
Fracture, ASTM STP 1297, pages 54–73. American Society for Testing
and Materials, 1997.

[96] A. H. Sherry, G. Wardle, S. Jacues, and J. P. Hayes. Tearing-fatigue
interactions in 316L(N) austenitic stainless steel. International Journal
of Pressure Vessels and Piping, 82(11):840–859, 2005.

[97] K. Tanaka, H. Takahash, and Y. Akiniwa. Fatigue crack propagation
from a hole in tubular specimens under axial and torsional loading.
International Journal of Fatigue, 28(4):324–334, 2006.

107



[98] P. Newmann. New experiments concerning the slip processes at prop-
agating fatigue crack. Acta Metall, (22):1155–1165, 1974.

[99] M. Kikukawa, M. Jono, and M. Adachi. Direct observation and mecha-
nisms of fatigue crack propagation. In ASTM STP 675, pages 234–253.
American Society for Testing and Materials, 1979.

[100] D. L. Davidson. Small and large fatigue cracks in aluminum alloys.
Acta Metallurgica, 36(8):2275–2282, 1988.

[101] R. C. McClung and D. L. Davidson. High resolution numerical and
experimental studies of fatigue cracks. Engineering Fracture Mechanics,
39(1):113–130, 1991.

[102] H. Nisitani, N. Kawagoishi, and M. Goto. Growth behaviour of small
fatigue cracks and relating problems. In A. Carpinteri, editor, Handbook
of Fatigue Crack propagation in Metallic Structures. Elsevier Science
B. V., 1994.

[103] C. H. Wang and L. R. F. Rose. Crack-tip plastic blunting under
gross section yielding and implications for modeling physically short
cracks. Fatigue and Fracture of Engineering Materials and Structures,
22(9):761–773, 1999.

108


