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Abstract 
 
This note discusses some shortcomings of two papers by Dial. In these insightful but 
somewhat confused papers Dial studies the problem of determining “optimal” congestion 
tolls. The papers have several flaws, as well as outright errors. Moreover the presentation 
often is not very clear, often leaving the reader in doubt of what is proved about what. In this 
note we try to pinpoint the main flaws of the papers. 
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A Note on Two Papers by Dial 
 

1. Introduction 

In two insightful but somewhat confused papers Dial (D99a, b) studies the problem of 
determining “optimal” congestion tolls. He studies a case where there is a continuous 
distribution of time values over the users. In particular Dial indicates how “optimal” tolls can 
be determined in such a situation by solving a certain variational inequality, and also how this 
variational inequality may be solved. 

Dial’s paper gives important insights, in particular that the conditions for an equilibrium 
under marginal social cost tolls corresponds to a Variational Inequality (VI), which in turn 
gives necessary conditions for a local optimum of the total perceived value of travel time. 

However, the papers have several flaws, as well as outright errors. Moreover the presentation 
often is not very clear, often leaving the reader in doubt of what is proved about what.  

In this note we try to pinpoint the main flaws of the papers. The note is not self-contained, and 
we refer to Dial’s papers (D99 a, b) and our paper (EL06) for general setup and some results. 
We will mainly use notation from (D99a), see in particular sections 2.2 and 2.3 of that paper. 
Numbered formulas and theorems etc concern the first paper (D99a) unless otherwise stated. 

We will go through the shortcomings one by one. Sometimes it is hard to separate one flaw 
from the other, so there might be some overlap. 

I might seem as a grumpy old man, when I am criticizing Dial’s papers. I think, however, that 
outright errors in articles in scientific journals should not be left uncommented. And while 
commenting on these errors it is hard to avoid the other shortcomings of the papers. 

 

2. Optimality conditions 

The most serious error is that Dial seems to erroneously believe that absence of feasible 
descent directions is a necessary and sufficient condition for a local optimum (his formula 
(17) and Thm. 1). In fact it is only necessary (not assuming convexity), a fact every OR 
student knows (or at least should know). 

This error propagates through the paper (D99a) to make most statements about optima 
incorrect. 

Further, Dial talks about optimal tolls (Thm. 1, Lemma 3) and, the optimal tolls problem 
(Lemma 3, Thm. 3) without defining either (see section 4 below.) In this way he avoids the 
problem of whether implementation of the computed tolls would give the desired result, 
something he seems to take for granted. Prop. 4.1 of (EL06) shows that this is no altogether 
trivial. 

 

3. Infinite dimensional setting 

Dial regrettably sets up the problem in an infinite dimensional setting, although in his own 
applications he uses finite dimensions. The infinite dimensional setting creates theoretical 
difficulties, and Dial does not seem to posses the machinery necessary to handle those. This is 
a pity, since his intuition guides him to essentially correct conclusions. 
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Instead of a finite set of user classes, Dial uses a continuum A of user classes α  with different 
time values, taken to be α . Demands, flows, etc. are then mass distributions over A. In 
particular, the demand for OD-pair (o, d) has its own density )(αodf  for time values. 

Dial attempts to minimize the total perceived value V of travel time, which in his notation is 
written 

 ∑=
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time (VOT) for travellers using link e. 

In our notation (exchanging a sum over k for an integral) the corresponding function would be 
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Dial explicitly mentions the possibility that his density )(αodf  could have point masses. 

Dial “derives” the “gradient”  of V (his Lemma 1) by formally taking partial 
derivatives of V with respect to 

)(xV∇
)(αex  (corresponding to our ). This of course is not a 

valid operation, in particular since the density 
)(kfa

)(αodf  could have point masses. The result, 
though, might be correct in the appropriate function space. 

Moreover there is no single concept of gradient in infinite dimensions. There are instead 
concepts like Gateaux and Fréchet derivatives (W10) with increasing demands on 
differentiability. 

Similarly, in proving that his extension of the Wardrop conditions are equivalent to a 
variational inequality (his Thm 2), he concludes, in the second half of his proof, that if the 
Wardrop conditions are not fulfilled for a subset AA ⊆′ , then the variational inequality is not 
satisfied. For this conclusion to hold though, the Wardrop conditions need to be violated on a 
set of positive measure. In fact, his Wardrop conditions (which are not really spelled out, 
see section 2.9) need to be phrased e.g. “for almost all 

A′
A∈α ”. 

These flaws would not have appeared in finite dimensions, and could probably be repaired by 
stating the problem in the proper spaces, giving the right definitions and making the 
derivations more carefully. 

 

4. Problem definitions 

Dial talks about the optimal tolls problem at several places, without defining it. 

In the beginning of the formal analysis (D99a, section 2) he says 

“The model … minimizes the expected total (perceived) cost of time V …”, so this could be 
the problem, i.e. to minimize V. 

On the other hand in the proof of Lemma 3 he says “… the directional derivative of the 
optimal tolls problem (21) …”, so maybe he means that (21) somehow is the optimal tolls 
problem. 

A third possibility, maybe the most probable, is that he considers the VI (21) (or rather its 
LHS!), to be “the directional derivative of the optimal tolls problem” (or rather of V!). 
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A fourth possibility is that he simply considers “the optimal tolls problem” as the task to find 
the best tolls, without any mathematical specification. 

But in a setting with proofs and lemmas, and where one talks about some mathematical entity 
solving a named problem, it is confusing not to know what is meant by such a central notion. 
The “optimal tolls problem” is mentioned at least 6 times in the first paper (D99a). 

This ambiguity of course affects theorems and lemmas where Dial says that an entity solves 
e.g. the optimal tolls problem (see section 5.) 

Further on (section 2.9), Dial talks about “T2 Equilibrium Traffic Assignment”, a concept that 
also is not quite defined. It is clear that it concerns a multi-class assignment problem with 
both times and costs. What is unclear from the statement is whether it concerns such a 
problem with fixed costs, with general flow dependent costs, or with flow dependent costs of 
the form considered in the paper. From the proof of Thm 2 it seems that it is the last that he 
has in mind. 

 

5. Proofs 

Considering what is said above, it is not unexpected that many of the proofs of the papers 
need polishing.  

Consider e.g. the first part of the proof of Thm 2. Dial starts by introducing  and , 
which are not used at all in the proof! Then he goes on to say  

opt
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“Consider trips for one given VOT A∈α ! The total generalized trip cost at equilibrium is 
calculated by summing the products of the time and cost at equilibrium with the arc volumes 
resulting from a conventional, constant-VOT “all-or-nothing” assignment: 
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… Equation (23) is true because at equilibrium, every trip with the same (o, d) uses a path 
with identical (minimal) GC (Wardrop 1952).” 

We see that he, contrary to what he just said, Dial is not using an all-or-nothing assignment in 
the calculation of the generalized cost, but the arc flows at “optimum”. Further, the conclusion 
about (23) being true, is not altogether trivial. As help for the reader Dial refers to the 50+ 
page Wardrop paper that is not easily available. 

It is in the second half of the proof, that Dial erroneously thinks that it is enough that his 
inequality (25) is invalid on some subset A´⊆ A, for the VI (22) to be invalidated, when he 
in fact needs it to be invalid on a set of positive mass. 

In Lemma 3 he states that  solves the T2-ETA problem if and only if 
 solves the optimal tolls problem. But in the first three possibilities for 

the “optimal tolls problem” mentioned in section 4, there is no explicit toll at all. So in what 
sense does  solve the optimal tolls problem? And what is really proved? 
Or are we in the last possibility, to find tolls without any mathematical specification? In the 
opinion of the present author, it is not up to reader to provide such guesswork.  
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6. Minimization versus VI’s 

Dial sets out to minimize the total perceived value of travel time, ∑= )()( eeee xtxV αx . 

He then states the VI (21) as a necessary and (erroneously) sufficient condition for a local 
minimum to V, as well as the closely related VI (22) as a necessary and sufficient condition 
for an equilibrium of the (undefined) T2-ETA tolled problem (which probably is correct up to 
that equilibrium should be stated in a “almost all” form). 

But when he attempts to solve his problem through simplicial decomposition in (D99b), he 
forgets that he has an optimization problem, and he instead attempts to solve the VI’s (22) by 
simplicial decomposition: In this way he loses the power of having an objective to steer and 
control the convergence. 

 

7. Stochastic Programming 

Dial says (99a) in several places that his model is a stochastic multi-commodity network 
optimization model. But there is nothing stochastic about his model, except that his OD-
demands have distributions over values of time. But the corresponding probabilities are in 
practice treated as fractions in the paper. He further says that his decision variables )(αex  are 
random variables, when they in fact are completely deterministic, although depending on the 
value of time α . 
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