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Preface 

This is a Master’s thesis written at the department of Mathematics at the Royal Institute of 

Technology (KTH) in Stockholm, supervised by Svante Linusson. It is assumed that the reader has 

studied mathematics at an undergraduate level, and that he is well acquainted with some basic 

graph theory concepts such as paths and cycles. 
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Summary 

This paper is about acyclic orientations of graphs and various models for randomly oriented graphs.  

Acyclic orientations are important objects within Graph Theory. We will briefly go through some of 

the most important interpretations and applications, but focus on the pure mathematical results. 

Richard Stanley has shown that much information about acyclic orientations is encoded in the 

chromatic polynomial      . For instance, the total number of acyclic orientations of a given graph   

is equal to                 ,  [11], and the number of acyclic orientations with a unique source is 

equal to ‘the linear coefficient of      ’       . 

Randomly oriented graphs have received relatively little attention compared to its undirected 

counterparts, such as    (a generalization of the familiar       ), where each edge of a graph is 

removed with probability    . In this paper we will define and analyze various probability spaces 

(models) over directed graphs. The main problem will be to study          “The probability that 

two given vertices   and   are connected by some directed path”. Secondary problems include 

analyzing the probability for having a unique source or sink, as well as analyzing how the existence of 

certain paths correlate with the existence of other paths. 

We shall mainly be working with 3 different models.  One of which, perhaps the most natural one, is 

uniform and based on [1] by Sven Erick Alm, Svante Janson and Svante Linusson. The second one is 

based on [3] by Athanasiadis Christos A and Diaconis Persi, where a random walk on a certain 

hyperplane arrangement produces a distribution of acyclic orientations. The third one, denoted 

       is completely new; it resembles       , but consists of directed acyclic graphs (DAGs).  

In        we will provide an exact recursive formula for       , and then give lower and upper 

bounds for the percolation threshold which is conjectured to be    
 

√ 
.  

When     is held fixed and    , we will show that in        the probability of having a unique 

source tends to some constant    , with         for   
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Sammanfattning 

Denna avhandling handlar om acykliska orienteringar samt olika modeler för slumpmässigt 

orienterade grafer. 

Acykliska orienteringar är viktiga object inom grafteorin. Vi kommer att gå igenom de viktigaste 

tolkningarna och tillämpningarna, men vårt fokus kommer att ligga på de rena matematiska 

resultaten. Richard Stanley har visat att mycket information om acykliska orienteringar finns 

inkodade i det kromatiska polynomet      . Till exempel så är antalet acykliska orienteringar av en 

given graf   lika med                 ,  [11], och antalet acykliska orienteringar med en unik källa 

är lika med ’den linjära koefficienten i      ’       . 

Slumpmässigt orienterade grafer har inte blivit lika uppmärksammade som sin oriktade 

motsvarighet, som till exempel    (som är en generalisering av den välkända       ), där varje kant 

av en graf tas bort med sannolikhet    . I denna avhandling kommer vi att definera och analysera 

olika sannolikhetsrum (modeller) över riktade grafer. Huvudproblemet kommer att bli att studera 

      , som är sannolikheten för att två givna noder   och   är sammanlänkade med en riktad 

stig. Förutom det så kommer vi även att studera sannolikheten för att en orientering har en unik källa 

(eller sänka), samt analysera hur existens av en viss väg kan korrelera med existensen av andra vägar. 

I huvudsak kommer vi bara att arbeta med 3 olika modeler. Den första, som kanske är den mest 

naturliga, är likformig och baseras på [1] av Sven Erick Alm, Svante Janson och Svante Linusson. Den 

andra baseras på [3] av Athanasiadis Christos A och Diaconis Persi, där en slumpvandring på ett 

hyperplansarrangemang ger upphov till en fördelning av acykliska orienteringar. Den tredje, som vi 

kallar        är en ny modell, som liknar       , förutom att den består av riktade acykliska grafer 

(DAGs). 

I        kommer vi att ge en exakt rekursiv formel för       , och sedan ge övre- och 

underskattningar av perkolationströskeln, vars värde förmodas vara    
 

√ 
.  

När     fixeras och    , så kommer vi att visa att i        så går sannolikheten för att ha en 

unik källa mot en constant    , med         för   
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1 Introduction  
 

To those unfamiliar with orientation of graphs, let’s review what an orientation of a graph really 

means. Let   be an undirected graph on   vertices without loops or multiple edges. We may 

transform   into a directed graph  ⃗ by assigning one of two possible directions to each edge. We say 

 ⃗ is an orientation of   and the set of all possible orientations of   will be denoted by     . This 

paper will be devoted to a certain subset            consisting of all the orientations of   

which contain no directed cycles. The elements of        are called acyclic orientations and they 

have been shown to be closely related to many other mathematical objects such as partially ordered 

sets, certain hyperplane arrangements and graph colorings.  

Section 2 covers the background, the preliminaries and the basic definitions needed to understand 

some of the other sections.  

Section 3 is about the Enumerative approach to acyclic orientations, as made famous by Richard 

Stanley. 

Section 4 gives an introduction to hyperplane arrangements and how they can be related to our 

topic. Section 3 and 4 may have independent reading value. 

Our real work begins in Section 5, where we try solve the connectivity problems for the various 

models defined in Section 2.3. 

Section 6 concludes this paper by discussing what further questions that could be asked regarding 

our work, as well as summarizing the most important open problems and conjectures from this 

paper. 
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2 Background 
 

This Section covers the background for our topics. Reading Section 2.1 is vital for understanding the 

terminology in this paper, as well as for getting an overview of all the relevant objects to be studied.  

2.1 Preliminaries and Notation 
 

A graph   formally refers to a pair             such that      is a finite set and      

     }                  }. The graphs we will work with here are finite without loops or 

multiple edges. Moreover, the vertex set       is conventionally labeled as                 }. 

An (undirected) edge      } will also be denoted by         or    , whereas a directed edge from 

  to   will be denoted by              . A directed edge will also be refered to as an arc. 

The adjacency matrix of a graph   refers to the     matrix     }        where          and 

     {
                

              
 

An orientation of a graph   is formally a function   with domain      such that       

            } for all        , but we will also identify   with the resulting digraph  

             , in which case  we say that   is the underlying graph of  . This is illustrated by 

Figure 2.1.1 below,   can both be regarded as the function which orients all the edges of  , or as the 

obtained digraph. 

 

Figure 2.1.1 

An orientation   of   is said to be acyclic if it contains no directed cycles. The set of all acyclic 

orientations of   is denoted by       and the set of all orientations     . 

Let    denote the set of all acyclic directed graphs on   vertices. We have that    ⋃          
 

where   ranges over the set    which denotes the set of all graphs on   vertices. The elements of 

   are called DAGs by standard convention, which is short for “directed acyclic graph”, however  

“acyclic directed graph” would be more grammatically correct. 
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We denote the set of all digraphs by    . Now since    ⋃         
 we have the following 

relations between our sets: For any  ,             and              . Note that the 

equality            holds iff   is a forest, and all the other inclusions are proper as long as 

   .  

The basic sets and objects that we shall be working with are sketched and listed, with respective 

notations, in Figure 2.1.2. below: 

 

 

Figure 2.1.2  Overview over our different graph sets       

 

We will usually denote an arbitrary digraph in    by  ⃗⃗⃗ or  ⃗, but since every digraph is an orientation 

  of some graph  , we may use  ⃗⃗⃗,  ⃗ and   interchangeably. 

If we reverse the direction of all the arcs in an orientation   we obtain a new orientation    - the 

dual-orientation of  . It is clear that if          then          , too. 

The (out-)degree of a vertex   in an orientation   is the cardinality of the set  

                                } . For undirected graphs, the degree is just the number of 

neighbours. 

A  vertex   of degree 0 in    is called a sink, whereas a source is a vertex   that has degree 0 in   , or 

in other words: a source is a vertex   such that all edges incident with   in   point out from     

If                refers to an undirected path from   to   in   then  ⃗⃗ refers to the 

corresponding directed path, which exist only in some of the orientations of  . We will use the 

convention that paths cannot contain repetitions of vertices. 

For   and   in     , the statement     means that there exists a directed path from   to   (in  ). 

If this is the case, then we say   is reachable from  . Another common terminology is to say   is an 

ancestor of  , and that   is a descendant of  . If       is an arc then the ancestor   is also called a 

parent, and   a child. 
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The out-cluster, denoted by  ⃗  , of a vertex   is the set of vertices reachable from   in  . 

In Figure 2.1.3 below we find a list of some of the most basic types of graph classes and their 

notations. 

Graph class                                             Notation 

Complete graph on   vertices 
Cycle on   vertices 
Path on   vertices (    edges) 
Complete bipartite graph on     vertices 

   
   

     
     

Hypercube graph on   vertices    

Figure 2.1.3 Some standard notations for different types of graphs 

The chromatic polynomial       is a function that counts the number of proper vertex colorings of   

which uses   or less colors. 

For    , we write [ ] for the set          }. The permutation group consisting of all bijective 

functions   [ ]  [ ] will be denoted by   . 

A probability space refers to a triple         where   is the sample space,   is the set of 

measurable events, and   is a probability distribution,      [   ]. All the spaces we shall work with 

here will be finite with     , and so we may omit   henceforth and write              . 

For any finite set  , we can always obtain a probability space       by picking      to be uniform 

over  . The subscript-letter   will always be short for “uniform”. For events on       specified by 

some property on  , we will usually write   instead of  , as long as there’s no possibility of confusing 

  with a path. 

The most famous probability space within random graph theory is        where      is the 

sample space. The distribution of        can be obtained by starting from    and then remove each 

edge of    with probability    , independently. 

A partially ordered set is a pair        , where   is a set and ‘ ’ is a binary relation on   subject 

to the following conditions: For any         we have: 

    (reflexivity) 

If     and     then     (anti-symmetry) 

If     and     then     (transitivity) 

If     or     then   and   are said to be comparable; if not, then they are said to be 

incomparable which will be denoted by      . If every pair of elements in   are comparable then   is 

said to be totally ordered. Every partially ordered set    can be extended to a totally ordered set  . 

Then   is called a linear extension of   and satisfies: if     in   then     in  . Partially ordered 

sets may have many different linear extensions. In computer science, finding linear extensions is 

more commonly known as topological sorting. 

For a polynomial  , [  ]     denotes the coefficient of    in     . 
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2.2 Why are Acyclic Orientations and DAGs interesting Objects? 
 

Acyclic orientations and DAGs,       and   ,  are natural objects to study in combinatorics, 

because they are closely related to many other other important combinatorial objects such as partial 

orderings, graph colorings and a certain kind of hyperplane arrangements. There’s also a wide range 

of applications of DAGs: Modeling dependencies, representing Bayesian networks and they appear in 

numerous algorithms in computer science. 

2.2.1 Different Interpretations of Acyclic Orientations. 

 

Recall from Section 2.1 that every acyclic orientation   of a graph   is a DAG and conversely every 

DAG is also an orientation of some graph    Now given any DAG  ⃗    ( ⃗)  ( ⃗)  with  ( ⃗)  

           },  ⃗ induces a partial order   ( ⃗)    by       if       i.e. if there is a path from    

to    in  ⃗. This is easily verified to be a partial order: Reflexivity,       , is always true since       

is true by convention, anti-symmetry follows from the acyclic property of  ⃗ and transitivity follows 
from the fact that the concatenation of two paths in a digraph is a new path. 

Conversely, every partial order       with       is induced by some DAG  ⃗. One possibility to find 

such  ⃗ is to create arcs          in  ⃗ for every pair         with       in  . Another possibility is to 

use the Hasse-diagram of   and create arcs         in  ⃗ only for every covering relation        in  , 

where         means that       and     s.t.         . 

This means that there is a ‘many-to-one’ correspondence map between DAGs and posets. Denote 

this map by  . If two DAGs   
⃗⃗⃗⃗⃗     

⃗⃗⃗⃗⃗ satisfies  (  
⃗⃗⃗⃗⃗)   (  

⃗⃗⃗⃗⃗)  it means that they have they yield the 

same poset and thus have the same reachability-relations. Now fix  ⃗  with  ( ⃗)    and consider 

the digraphs in the set        with the minimal/maximal number of arcs - these are called the 

transitive reduction/closure of  ⃗ respectively. The transitive reduction of a DAG  ⃗ is usually ideal for 

visual representation of a poset, because all redundant arcs are removed.  

DAGs are also naturally related to other its superset    – the set of all digraphs. Given any directed 

graph  ⃗⃗⃗     we may obtain a DAG by merging all the strongly connected components of  ⃗⃗⃗ into 

single vertices, where   &   are said to be strongly connected in  ⃗⃗⃗ if both     &     holds. 

Using this kind compression makes the connectivity of the original digraph  ⃗⃗⃗ more visual. 

Acyclic orientations may also be obtained from graph colorings. Given any proper (vertex-) coloring of 

     with colors         }, we may orient each edge of   so that the resulting arcs always point to 

the vertex with the higher color. This clearly produces an acyclic orientation of  . Moreover, an 

acyclic orientation   produced this way has the property that the longest directed path in   contains 

at most   vertices. In fact, we have the Gallai–Hasse–Roy–Vitaver theorem [7], which says that the 

chromatic number      of a graph G is the largest number with the property that every orientation 

(acyclic or not) contains a simple directed path with      vertices. 

More details about how acyclic orientations and the chromatic polynomials are related may be found 

in Section 3.  
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There’s also yet another way to identify acyclic orientations, as a subset of certain hyperplane 

arrangements, as discovered by Christos A Athanasiadis and Persi Diaconis. More about this can be 

found in Section 4. 

2.2.2 Related Problems and Research Fields 

 

Let        . Now since   may be regarded both as a digraph and a partially ordered set, almost 

any property which makes sense to study for those two objects also make sense to study in the 

context of acyclic orientations. An example would be the number of sources (=number of maximum 

elements using the terminology of partial orders). Another property would be the existence of a 

hamiltonian path in  . In most of this paper, we shall be focusing on properties which are related to 

the “connectivity” of  , and the problems that we will analyze will be concerning the statistics of 

such properties in      . 

However, in the rest of this Section, we will take a brief look at two related research fields and their 

problem statements concerning acyclic orientations. 

Acyclic orientation graph 

      by itself is just a set, but we may give it some additional structure; a proposed structure of 

      is that of a graph. For            draw an edge from   to    if   and    differ by the 

reversal of a single arc. The resulting graph on       is called the acyclic orientation graph, which 

we denote also by        

Consider an arc  ⃗                . We say  ⃗ is dependent (with respect to  ) if reversing it 

would create a cycle, i.e. if (       )             . 

Proposition 2.2.2.1 If   is connected, with         , then any         contains at least     

independent arcs.  

Proof: The proposition follows easily from the following observations, 

i) Removing an edge of  , say    , corresponding to a dependent arc       does not 

disconnect the underlying graph  . 

ii) If       is a dependent arc, then the set of independent arcs for         is the same 

as for  , because by definition of dependent,     holds in         as well. Hence if 

the reversal of an arc creates a cycle in either         or  , it would create a cycle in 

the other one too. 

Consequently, after repeated deletion of dependent arcs, we are left with a digraph consisting of 

only independent arcs, and whose underlying graph is a connected subgraph of  , and so there must 

be at least     independent arcs of  .   

Hence the minimal degree of the       -graph is     and in [10] they proved that this is also the 

connectivity. 

If   has   edges, then elements of       can be encoded by binary words of length    Hence 

      is isomorphic to a subgraph of the Hamming graph        and in particular is bipartite. 
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Recall that        is the graph on all binary words of length,   where two words are connected by 

an edge if they differ in exactly one position. It has been conjectured that       is Hamiltonian if 

      has a bipartition of equal sizes. A weaker result, that          is always Hamiltonian 

was proved in [9]. 

This problem is of great interest. It is closely related to that of Gray Codes. Finding a Hamiltonian 

path on       could prove useful if one wants to perform a search on      , for example as in 

the case of Bayesian networks. 

Acyclic orientation game 

Consider the following 2-player game: Player 1 chooses an arbitrary orientation   from      , and 

player 2 tries to determine   by successively querying the directions of the edges of   in   (one at a 

time).  

Let      denote the minimal number of queries which always suffice for determining  . Equivalently 

     is the greatest lower bound for how many queries an arbitrary algorithm must use to find any 

unknown orientation  . 

If      this game is equivalent to sorting   elements by successive doing comparisons between 

two elements. In this case, we know                 . This is because                is a 

lower bound for the number of comparsions needed in the worst case, whereas many algorithms, for 

example heap-sort, achieves           .  

In [2] they proved that for          where   is constant; it holds, almost surely, that      

         too. 

For some graphs we have             meaning that in the worst case an algorithm must probe 

the direction of every edge in  . These graphs are called exhaustive and it’s still an open problem to 

give a full classification of the exhaustive graphs. Examples of exhaustive graphs are so called cover 

graphs, meaning graphs that are the Hasse-diagram of some poset    Such cover graphs have the 

property that when oriented in accordance with the poset  , they have no dependant edges, and so 

the direction of an un-probed edge can never be determined by knowing the directions of some 

other edges, hence they are exhaustive. 

2.2.3 Applications of DAGs 

 

The most common use of DAGs is to model dependencies between a set of events. Events are 

represented as vertices in a DAG and for two events       we draw a directed edge from   to   if   

depends on  . Typically the events are tasks which have to be carried out in a certain chronological 

order, i.e.     would mean that   has to be carried out before  . Given such a DAG, one usually 

wishes to find an optimal schedule i.e. an ordering of the tasks which respects the chronological 

dependencies. In computer science this type of application arises frequently for instruction 

scheduling and in compilers. The algorithms which resolves the above problems are called 

topological sortings and run in            time. 
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Another typical application of DAGs is for re-computing the values of a spread-sheet. If a certain 

value changes somewhere, then all the numbers which depend on that value have to be 

recomputed, and this is conveniently dictated by a DAG. 

 

DAGs are also commonly used within various other algorithms, for example involving computations 

of reliability of networks. 

 

In all of the above example one works with a fixed known DAG. However there are also applications 

in which one has to consider the entire set of DAGs, one such application is Bayesian network: 

 

In many instances of science, one wishes to fully describe the relationships between a certain set 

   }    
 of random variables. To do this one needs to find the joint-probability distribution 

      }    
  of    }    

 , but if   is big, then even if we work with binary random variables, the full 

joint distribution would require at least      -sized space to store, and in the worst case this is the 

best one can do. However, in many cases one can find a more compact representation of   by using 

the chain rule and the concept of conditional independencies      ; two events       are said to 

be conditionally independent given   if                       or equivalently          

      . More generally, if           }    
  are disjoint sets of random variables, then   and   are 

said to be conditionally independent given   if                           holds for 

all possible sets of values      . Each such triple       thus induces a    statement in     }    
  as 

defined above, which we from now denote by      . 

 

Now according to the chain-rule we have: 

 

Formula 2.2.3.1    ⋂      
 
      (     |⋂      

   
   )                        

 

The r.h.s. may be compressed using knowledge about     in     }    
 , but there is a problem here –  

how do we conveniently represent and process a large number of    statements? One proposed 

solution, which is the main idea behind Bayesian networks, is using a DAG  ⃗⃗⃗ to encode 

   statements; a DAG  ⃗⃗⃗ with vertices corresponding to         is said to locally Markov w.r.t. 

    }    
  if:    [ ]                    }                  ( ⃗⃗⃗)} or in other words: if each 

random variable    is conditionally independent of its non-descendents in  ⃗⃗⃗, given the values of its 

parents. If this is the case, then we say    }    
  is a Bayesian network w.r.t.  ⃗⃗⃗. This in turn allows us 

to represent the joint-probability distribution as: 

 

Formula 2.2.3.2    ⋂      
 
     ∏  (     | ⋂                     

             

) 
    

This is considerable improvement compared to Formula 2.2.3.1 as long as the underlying graph of  ⃗⃗⃗ 

is sparse. Representation of Bayesian networks by DAGs may not be unique. For example, if we have 

two DAGs  ⃗⃗⃗             and  ⃗⃗⃗            , verifying the local Markov property w.r.t 

    }    
  amounts to verying                       in both cases, because the other 

statements are trivial. Hence if    }    
  is Bayesian w.r.t to  ⃗⃗⃗  it is also Bayesian w.r.t  ⃗⃗⃗ . A more 
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detailed introduction to the above subject and discussions of alternative conditional independence 

models can be found in [17]. 

 

Remark: In practice, one usually has no or very little prior knowledge of the conditional 

dependencies, so given a set of data corresponding to measurements of     }    
 , one would like to 

find the Bayesian network which best fits to the acquired data. In principle this requires a search over 

all DAGs on   vertices, where one for each DAG evaluates a score-function   which measures how 

well the current DAG satisfies the local Markov property (w.r.t measured data). We will see in section 

5 that the number of DAGs grow super-exponentially with   so a brute-force optimization over all 

DAGs is impossible for large    instead one employs one of numerous algorithms to find a good DAG. 

Now it is beyond the scope of this paper to evaluate any of the existing algorithms in detail, but many 

of them perform some sort of random walk on the set of DAGs. We hope that understanding 

different distributions of DAGs and acyclic orientations may aid in understanding some of those 

algorithms. 

2.3 Introduction to Random Models for Acyclic Orientations and DAGs 
 

This section defines and discusses our chosen models. Reading this Section is a prerequisite for 

understanding our main problem statements and results. 

A model (or random model) will refer to a probability space over one of our basic sets of graphs or 

digraphs, as listed in Figure 2.1.2. We mostly use the notation ‘model’ in favor of ‘probability space’ 

for two reasons: It is done so in [8] and it may remind the reader that we are working with non-

abstract random processes – Every model that we have can be generated by a few simple steps of 

random experiments. 

First we take a look at two already well-known models, as discussed in [1]. 

Model 1,       

Given a fixed graph  , we remove each edge of    with probability    , independently. In the 

special case of      the resulting probability space equals the familiar       . When   is 

understood from context, we write         . 

Model 2,      

Given a fixed graph  , every edge is given one of two possible directions with equal probability, 

independently. In other words, the model      is the uniform distribution over the set of all 

orientations of  , which we have denoted by     . For a more detailed introduction, see [1] or [8]. 

Model 1 and 2 can be related thanks to the following lemma, discovered by Mc Diarmid, see [8].  

Lemma 2.3.1 (Mc Diarmid) For any graph   and for any vertex   and set        we have,  

  ( ⃗   )     
 

( ⃗   ) 
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   and    
 

 are the respective probability function in each model, where the parameter   has been 

set to 
 

 
. In other words, the distributions for the random sets of vertices (out-clusters) that you can 

reach from a certain vertex   are equal for these two models. Equal out-cluster statistics means that 

these two models are essentially the same concerning connectivity.  

Model 3,             

           refers to the probability space over       where each orientation has equal 

probability. So   , sometimes written   , refers to the uniform distribution. This model can be 

viewed as the model           conditioned on that the fact that there exist no directed cycles. 

There is no easy way to generate this model by means of independent random experiments as in the 

two previous models, we will address this problem again in the next Section. 

This model is of course equivalent to the pure enumerative combinatorial aspect, where we instead 

of using the word probability simply count the number of elements in       with a given property. 

This research field was made famous by Richard Stanley, and Section 3 will be devoted to 

summarizing the most basic results of his work. 

Model 4,              

In [3] Christos A Athanasiadis and Persi Diaconis worked with a probability distribution over       

which we denote by     . The origin of      is formally explained in Section 4.3, but the idea behind 

it is easy to understand: Fix a graph   and let          be an arbitrary orientation, as depicted 

Figure 2.3.2 (left position). Consider the operation of selecting a certain vertex, say vertex 1, and 

then (re-)orient all the arcs of   , whose edges are incident with vertex 1, so that they point towards 

vertex 1. This operation produces a new acyclic orientation   . Repeating this operation on    with a 

different selection of vertex, say 3, produces yet another acyclic orientation   .  

  

Figure 2.3.2 

When all these selections are uniformly and independently randomized from            }, this 

yields an ergodic Markov chain      } on       which has a unique stationary distribution 

denoted by     .  

One other procedure for obtaining a random element from              is as follows: 
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1) Label the vertices in   by            

2) Pick a random permutation   uniformly from    

3) A sample          from              is now obtained by orienting all the edges of   

according to the topological ordering  , meaning that for each            set  

 (    )  {
(     )     

            

(     )          
  

The map defined in 3), call it  , is in fact a surjection         , but it’s not an injection unless 

     and so in general         . Comparing the two distributions will be done in more detail in 

the next section. The inverse             of an orientation is precisely the set of linear 

extensions to   when   is regarded as a poset as in the previous Section. If we regard two 

permutations        to be equivalent        with respect to   if they induce the same orientation, 

that is if for some   we have,             , then we have          [ ]  which allows us to 

also interpret        as certain equivalent-classes of permutations. 

Using the latter definition,      
      

  
  is easily seen, and by the results of Section 4.3, this is also 

the stationary distribution to the markov chain, so the two definitions are equivalent. 

Consider the following example with     . Such graph has four orientations all of which are acyclic 

since   itself is a tree, so                        } with labeling defined in the figure below. 

 

Figure 2.3.3 

We have                   
 

 
  and                   

 

 
. This is because there are 

1,2,2,1 permutations which induce the orientations   ,   ,   ,    respectively. In general we have 

        
      

  
 

Model 5,        

The main idea behind this model is to combine Model 3 or Model 4 with Model 1. In        a 

random element  ⃗⃗⃗     is obtained by independently sampling                 and 

      
   and then from   remove all arcs       for which         . We write  ⃗⃗⃗       . 
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Figure 2.3.4 How to generate a random element  ⃗⃗⃗         

Proposition 2.3.5  ⃗⃗⃗         can be generated in two equivalent ways, either by combining two 

independently sampled elements                and       
   as above, or by first sampling 

      
   and then orient the resulting graph   according to Model 4                . 

Proof: Clearly the probabilities      for the underlying graph   of   ⃗⃗⃗ are equal in both cases. Now 

 ( ⃗⃗⃗)   ( ⃗⃗⃗  )     since  ( ⃗⃗⃗  )    if   is not the underlying graph of  ⃗⃗⃗. It remains to see that 

 ( ⃗⃗⃗  ) are equal using either of the methods above, but since                             

both methods amount to picking   uniformly from    and then orient   accordingly, and the 

operation of orientating a fixed set of arcs commutes with the operation of removing a fixed set of 

arcs.   

To summarize, referring again to Figure 2.1.2: In Model 1, the sample space is the subset of    

consisting of all subgraphs of  . In Model 2, the sample space is     . In Model 3 and Model 4 the 

sample space is      , and in Model 5 the sample space is   . 

2.3.1 Comparison and Implementation of the Models 

 

It is straight-forward to generate Model 1 in practice, because if we let   } and   } represent the 

non-existence and existence of a given edge, respectively, we set     }          }   , and 

so the entire model is isomorphic to       } , where the edges of   have all been labeled 

          , and where the probability measure of   is given by the natural product measure of  . 

Such probability space is well-known and a random element can be generated quickly by a computer. 

Model 2, can be generated in a similar fashion, with the only difference that   } and   } instead 

represent the two possible orientations of a single edge. 

Recall that Model 3 can be viewed as Model 2 conditioned on the fact that there are no directed 

cycles. Consequently, one could generate a random element from            by using Model 2 

and sample repeatedly until one gets an orientation without any cycles. Checking if a given 

orientation   is acyclic or not is relatively fast – one simply needs to run a topological sort algorithm 

on  , and unless the algorithm fails,   is acyclic – and this can be executed in linear,           , 
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time. However, unless   looks like a forest, this is still very inefficient, because in general         

      . 

Another brute-force implementation of Model 3 would be to list all elements of      . However, 

the best known algorithm for listing all elements of       uses              time, see [15]. This 

grows rapidly as                 .  

Model 4  The space                is a lot easier to sample from, since all one needs to do is 

generate a random permutation   uniformly sampled from   , which then acts on   as defined in 

the model’s definition. We shall later also see that Model 4 is in many other ways more practical to 

work with – Many problems which are difficult to answer in Model 3, are much easier to understand 

in Model 4. For this reason, it might be interesting to compare how different the two models are. 

This, of course, depends on the choice of underlying graph  . If   is empty or complete, the models 

are equivalent, but how can we measure how different they are, for arbitrary  ? One possibility is to 

use the total variation distance between their respective distributions        and         .  

First, a few notes on total variation. Let       be probability measures on a finite set  . Then, the 

total variation distance between   and   is defined as: 

             
    

            

Where    denotes the set of subsets of  . An equivalent, perhaps more practical definition is: 

              
 

 
∑            

   
 

Note that              . 

Now, consider                     we already know that the distributions coincide if   is the 

empty graph or the complete graph, so                       in these cases, but what happens 

for other choices of  ? To get a very rough idea of this, we will compute this number for various 

choices of   sampled from       , where   is fixed, and then output the result as a computerized 

plot from     to    , meaning that we will plot the numbers                     against an 

increasing edge-density  . 

Using Matlab, where the code can be found in Appendix A the obtained result is the following: 
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Figure 2.3.1.1 

Note that the plot only covers up to    . The algorithm has high complexity w.r.t    higher than 
  , so we could never hope to go much higher. Nevertheless, it is clear already from this small-scale 
plot that for the majority of the graphs  , the probability measures       and         are not very 

similar, and the difference is only small for sufficiently sparse and dense graphs. One implication of 
this is that various results that can be shown to hold in Model  4 are not necessarily natural 
conjectures to hold in Model 3 as well. 
 

2.4 Main Problem Statement 
 

For any of our models, let     } denote the event that there exists a path from   to  . This path is 

always a directed path, except in Model 1. Let   denote the (model-specific) probability function. For 

every model, we wish to analyze the percolation  probabilities,               } . We also 

wish to analyze other measures of connectivity such as the unique-source property   the quantity 

                        }  and the correlation of paths – the quantities of the type               

      }⋂    }        }       } . 

 

 

 

Average value of 

                    

for   sampled 5000 

times from        
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3 Enumeration of Acyclic Orientations and DAGs 
 

In this Section we want to provide formulas which count the elements of       and   , 

respectively. Most of the results in this Section are due to Richard Stanley  [11]. We will not cite the 

full proofs of the formulas, but rather sketch the main ideas behind them. 

Note that the formulas below counts labeled objects – The problem of counting unlabeled digraphs, 

that is, counting the number of isomorphism classes of       or   , will not be addressed here. 

Applications and implications of these formulas will be further discussed in Section 5. 

3.1 Main Formulas 
 

The following theorems (3.1.1 to 3.1.5) are all due to Richard Stanley [11]. 

Theorem 3.1.1                         . 

That is, the number of acyclic orientations of a graph   is equal to (up to sign) the value of its 

chromatic polynomial at   . 

Theorem 3.1.2        (  )      as    . 

This is to be interpreted as ‘the number of (labeled) directed acyclic graphs on   vertices grows as 

  (  )      asymptotically’. The constants may be approximated as                . 

Stanley’s original proof of Theorem 3.1.1 is outlined below. It is based upon two lemmas. 

Lemma 3.1.3 Define          to be the set of pairs       such that   is an orientation of   and   

is a function      [ ], subject to the following two conditions: 

a)                                  

b)                                            

Then            

The proof of this lemma is simply realizing that condition b) implies a) and forces   to be a proper 

vertex-coloring, and conversely, any proper coloring of   using at most   colors induces precisely 

one (acyclic) orientation which is consistent with condition b).  

Now if one weakens the constraint in b) to          , then one gets a new similar set    

        where the new conditions are refered to as                         . Denote the 

cardinality of this set by:  ̅         . Then we have: 

Lemma 3.1.4 :  ̅                                

This is an example of combinatorial reciprocity, and the proof of this amounts to showing that both 

sides satisfy the same recursive relations; we know the r.h.s satisfies: 
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    ̅                    

     ̅         ̅      ̅                                       

      ̅       ̅         ̅        

From Lemma 3.1.3 & 3.1.4 we get that                  equals the number of pairs       such that 

 :      [ ],   is an acyclic orientation of   and   is compatible with  , and now since   is 

constant the latter condition is void, thus the number of such pairs is just         so that would 

conclude the proof of Theorem 3.1.1. 

Now since    ⋃        the number of DAGs on   vertices is the sum of the number of acyclic 

orientations of graphs, as the graphs range over all possible (undirected) graphs on   vertices. This 

allowed Stanley to prove Theorem 3.1.2 with the aid of Theorem 3.1.1. and various other techniques 

whose details we omit here.  

The DAG-enumeration problem (counting   ) has been shown to be equivalent to counting the 

number of           matrices whose eigenvalues are positive real numbers, see [20].  

Exact values for         may be computed using the recursion formula below, which is not 

difficult to prove. Citing sequence A003024 in [OEIS], the first few numbers    for               

are                    

   ∑       (
 

 
)           

 

   

 

As shown by Theorem 3.1.2, these numbers grow super-exponentially fast.  

Another important formula, discovered by Stanley in [13], is Theorem 3.1.5: 

 

Theorem 3.1.5 Let   be the adjacency matrix of the acyclic digraph  ⃗⃗⃗. The number of directed paths 

of length   in  ⃗⃗⃗ is equal to the coefficient of    in                . 

4 Hyperplane Arrangements 
 

The aim of this section is to give an introduction to hyperplane arrangements and to how they can be 

related to graph orientations and in particular to      . This identification allows us to use the 

theory of hyperplane arrangements as a toolkit for making statements about      .   

A random walk defined on a certain hyperplane arrangement will be identified as a Markov chain on 

      with the stationary distribution     , where      is equal to the probability measure of 

Model 4, defined in Section 2.3. Most of this Section is based on the article [3]. Because hyperplane 

arrangements is a very big and general field, we will only be scratching the surface. For a more 

detailed introduction to hyperplane arrangements see [3],[5], [12] and [14]. 
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4.1 Main Definitions  
 

Definition. A hyperplane arrangement      }   
  is a finite set of affine hyperplanes    in 

       

 

That is, each    is a translate of a linear subspace of    with             . Moreover   is said 

to be central if: each    is a proper linear subspace of    (i.e. intersects the origin), or more 

generally if  ⋂      . All the hyperplane arrangements we will work with here will be central and 

satisfy ⋂      . 

 

For    , (or even    ) hyperplane arrangements are easily visualized, see figure 4.3.1 for a 

simple example. 

 

Each hyperplane divides    into two open connected components: If              } then 

the two connected components of        are:   
            }  and 

  
            } . It follows that a finite set of hyperplanes will divide    into a finite set of 

connected components, called chambers, more formally: 

 

Definition. A chamber of hyperplane arrangement      }  is a maximal connected subset of 

   ⋃     . The set of chambers of   will be denoted by      and the number of chambers by 

            

 

Each        is thus a finite intersection of half-spaces of   , a polyhedra, which is 

homeomorphic to the open ball, and so has dimension  . We can describe the location of a chamber 

by using the notion of a sign-sequence. A sign-sequence is an   tuple                

    } . Each chamber   is identified with a sign-sequence by   ⋂   
  

  [ ] . This need not be a 

bijection, because not all possible sign-sequences need to correspond to some chamber. 

 

Geometrically we know the boundary of   is constituted by faces of dimension less than  . The 

formal definition of a face in this context will be defined soon, but first we need to define another 

fundamental object concerning hyperplane arrangements   the intersection-lattice        which is 

a partially ordered set, consisting of all possible non-empty intersections of hyperplanes from  , 

ordered by reverse inclusion: 

 

Definition.       ⋂            [ ]     ⋂        } where                 

     has a unique minimal element  ̂ consisting of the entire space  , corresponding to     

above, and as long as   is central      will also have a unique maximal element  ̂, consisting of the 

origin, corresponding to   [ ].  

     contains all the information needed to compute      as discovered by T. Zaslavsky [18]: 

                ∑   ( ̂  ) 
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where   is the Möbius-function of     . 

     also allows us to conveniently give a formal definition of the concept of faces. For        

set     and consider the hyperplane arrangement    on   given by the intersections between 

  and hyperplanes of   which are not parallel to  . The resulting set of chambers in    are called 

faces of  .  

Definition.   is a face of   iff         for some        

Denote the set of faces by     , now since           and             we have that 

every chamber of   is also a face:          . The chambers are precisely the faces which have 

dimension  . If we define   
     then the faces of    can also be identified with sign-sequences , 

but now of the form       }  where        corresponds to the sign-sequence                

if    ⇒      
  . 

Definition. A subarrangement     is an arrangement obtained from   by only selecting a subset 

of the hyperplanes defining   

Clearly   is a new hyperplane arrangement in    satisfying           (removing hyperplanes 

may merge some chambers together). 

4.2 Interpreting Hyperplane Arrangements as Orientations of Graphs 
 

We will consider two important examples of hyperplane arrangements: The Boolean arrangements   

and the Braid-arrangement  , our goal is to identify the chambers of these arrangements with the 

orientations and the acyclic orientations of a graph  , i.e. with      and       respectively 

Boolean Arrangement 

The Boolean arrangement   in    is the set of the   coordinate-hyperplanes defined by       

       }. The chambers of   are the    orthants: Each chamber is an intersection of   mutally 

orthogonal half-spaces of the form   
  where   

            } &   
            }, 

and so the set of chambers      can be bijectively identified with the set of sign-sequences     } . 

If   is a graph with   edges, then by choosing a total order of the edges,       naturally encodes the 

orientations      through its sign-sequence representation, where    determines the orientation of 

the      edge. That is,           (as sets). 

The intersection-lattice      will be isomorphic to the lattice of subsets of [ ] ordered by inclusion, 

and one may readily verify formula 4.1.1 for this case. 

Braid Arrangement 

The Braid arrangement   of    consists of ( 
 
) hyperplanes defined by the equations       for 

       . A chamber in this case is determined by imposing a total order      on the 

coordinates, meaning that a chamber   corresponds to a permutation   if for all     we have 
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So         which also equals the number of acyclic orientations of the complete graph.  
 
Now let   be a graph on   vertices, and consider the subarrangement    of   given by selecting 

only the hyperplanes       such that    is an edge of  .    is called a graphical arrangement of   

It turns out, see [14,Section 2.3] that there is a bijection between       and      : We identify a 

chamber         with an orientation         if for each arc       in  , it holds that       

for some (equivalently, every) point in    . 

 
 

4.3 Shuffling Schemes on Graph Orientations 
 

Now that we know that hyperplane arrangements can be used to encode graph orientations, one can 

start using this to prove statements for      or       using tools from the theory of hyperplane 

arrangements. Since our main focus is to incorporate randomness in graph orientations, we will 

review some of known theory for random walks on hyperplane arrangements. It turns out that this 

has a relatively complete theory and the main conclusions of [3] is that a wide range of Markov 

chains and shuffling schemes can be described in terms of hyperplane walks, in particular one can 

define a shuffling mechanism on our set      , whose assymptotic distribution is     . 
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Figure 4.3.1 

Let   be a hyperplane arrangement. For               we define their product    to be the 

unique chamber    whose boundary contains   and whose distance to   is minimal, meaning that 

the set of hyperplanes separating   from    is minimal. The fact that the product       is well-

defined follows from [16]. We say    is the projection of   on    Geometrically this means    is the 

first chamber you arrive to if you start walking from a point on   towards the chamber  . 

Consider a probability measure   on     : A random walk on   is a Markov chain which proceeds 

from a given chamber    by sampling                and then moving to the chamber 

           . 

This yields a Markov chain    }   
  on      where                and in which      are 

sampled independently from         .    }   
  may also be described in terms of its transitions 

matrix: 

        ∑     

     

 

Remarkably, if we additionally assume   to be separating, meaning that     ,         s.t. 

       and    , then we have the following powerful theorem. 
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Theorem 4.3.2 Let   be a hyperplane arrangement in   with set of faces      and intersection 

poset      and where   is a probability measure on     . 

(i) The characteristic polynomial of K is given by 

          ∏         

      

 

where 

   ∑     

          

 

Is an eigenvalue and 

                                   

where    is the Möbius-function of      

(ii) The matrix K is diagonalizable 

(iii) K has a unique stationary distribution   iff   is separating 

(iv) Assume   is separating and let   
  be the distribution of the chain started from 

the chamber C after l steps, then the total variation distance from   satisfies: 

‖  
   ‖

  
                 where         are independent 

samples from  . Moreover, we also have the ‘eigenvalue-bound’: 

‖  
   ‖

  
 ∑   

 

   

 

 

The proof of Theorem 4.3.2 uses algebraic topology, and we omit it here, but it can be found in [5] 

and [3]. 

What the theorem says is that under some very mild assumptions on  , we will have an ergodic 

chain with good control of the convergence-rate to stationary. 

Now consider the following shuffling mechanism   on       which is a Markov chain that proceeds 

from a given orientation    by selecting one of vertices    of   with probability    and then re-

orients any edge incident with    so that all those corresponding arcs points towards    in      

leaving all the other arcs in    unchanged. 

In [3] they proved that this can be viewed as a random walk on the subarrangement    of the Braid-

arrangement   by doing an appropriate choice of face-weights on     , thereby allowing 

application Theorem 4.3.2 to conclude   has a unique stationary distribution given by        : 

                    ∑
∏      

 
   

         (             )                          
       

 

where      is the set of linear extensions to the   induced partial order,     on      as defined in 

Section 2.3 
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If we pick   uniformly, that is,    
 

 
 
 

 
   

 

 
  then we get            

      

  
, and this is the 

distribution              that was mentioned in Section 2.3. 

Thus our distribution      can be viewed as the asymptotic distribution of a very intuitive shuffling 

mechanism on      , where we thanks to Theorem 4.3 also can say something about the mixing 

time: Let   
  be the distribution on       after   shuffles(with    ̅ , starting at  . Then by (4.6) 

in [3]  we have: 

‖  
      ‖

  
           

 

 
   

So the mixing time is     , since    
 

 
        . 

Remark: An alternative, but similar, shuffling mechanism on       is one where we at each stage 

select a random subset              } and then orients all edges in   of the form    where 

        ,     as       (i.e. as     . This shuffling mechanism may also be described as a 

random walk on the Braid-arrangement, and it is analyzed in [3] as ‘inverse 2-shuffle’. This shuffling 

mechanism turns out to have same stationary distribution, but the mixing time becomes           . 

(It is closely related to ordinary riffle shuffles on decks of cards). 

Intuition behind      

Since we omitted proofs in this Section, it’s only fair to say something about the intuition as to why 

        
      

  
 is the stationary solution to the above shuffle: After a long time of shuffling almost 

surely we have selected each of the vertices at least once. In this case, the current orientation   is 

only determined by the relative ordering   on      of the times when each vertex was selected its 

last time, because we can ignore the earlier selections of that vertex. 

Each such total order      gives the current acyclic orientation   by orienting each           as 

      if               (meaning you selected    after   ). This means two total orders   and    

give the same orientation   if and only if  ,  ’     . And since after a long time, all total orders   

are equally likely, and so it follows that         
      

    
 

      

  
  for any    
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5 Main Results  
 

This Section contains the most important results of the analysis of the models which were defined in 

Section 2.3. Since Model 1 and Model 2 have been studied a lot in the past, the focus will be set on 

the other models over the acyclic orientations, that is, Model 3, 4 and 5. However, some results refer 

to Model 2 as well, for the purpose of getting a wider perspective. 

To recap our notation, see also Figure 2.1.2 or Section 2.3, the 4 different Models of interest here 

are:  

 Model 2 over the set      with probability function       

 Model 3 over the set       with probability function       

 Model 4 over the set       with probability function         

 Model 5 over the set    with probability function   ⃗         

 

In any of these models,     } denotes the event consisting of all those digraphs which have a path 

from vertex   to  . The numbers               } , as   and   vary, say something about 

the connectivity of the particular model. In the following Sections, we will start with simple 

calculations of these numbers, and then move on to address more complex problems such as how 

these events are correlated. 

5.1 Connectivity Results of Model 2, 3 and 4 
 

Model 2, 3 and 4 are fundamentally different from Model 5, because in these models the underlying 

graph   is fixed and we only randomize its orientations, as opposed to model 5 where the underlying 

graph is randomized as well. Therefore Model 5 gets its own section, and in this Section we will 

compare the other models. 

Consider first a duality result: Given any orientation   we may reverse the direction of all the arcs in 

  to obtain a new dual orientation   . This defines a bijective involution on      which preserves 

acyclicity. Now in Model 2 and 3, by definition,   and    are equally likely, and we have that the 

event     is true in   iff     is true in   . Consequently, the events     &     are equally 

likely in these two models. In fact, the same conclusion holds in Model 4 as well, because   &    are 

order duals when regarded as posets and thus have the same number of linear extensions. 

Moreover, for an acyclic orientation the events     &     are disjoint. These facts are 

summarized by the following proposition. 

 

Proposition 5.1.1: For          with     we have: 

 

(i)                 

(ii) 
 

 
                 

(iii) 
 

 
                     

(iv)                                     
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where equality holds in (ii) &  (iii) iff    is an edge in   

 

Proof: The only thing which may require a proof is the last assertion. Suppose         then for 

every   in       exactly one of   and   ,     is oriented as      , which is equivalent to    , 

hence 
 

 
                   in this case. If         then there exist a pair [     

 ] of 

orientations where   and   are both sinks/sources respectively, consequently     for both of 

these, whereas for all other pairs, at most one of them has the property     and so 
 

 
 

        and 
 

 
          .   

 

Hence, for any fixed   and        we have that         and           are maximal if   is 

picked to be a neighbor of   in  . In general we expect         and           to decrease 

rapidly as the distance between   and   increases. 

 

Calculating       exactly for arbitrary   is in general difficult, but if we are lucky, one of the 

elementary methods provided by the lemmas below will provide simple formulas in special cases. 

Let           }   
   denote the set of (undirected) paths from   to   in  . For           let  ⃗⃗  

denote the event consisting of all the orientations in which the directed path  ⃗⃗  exists. 

The event     } is then simply the union over all  ⃗⃗       }  ⋃  ⃗⃗  , so by the principle of 

inclusion-exclusion:  

Lemma 5.1.2:        ∑          
  [ ]   ⋂  ⃗⃗      

This lemma is of course useless unless    ⋂  ⃗⃗      is easier to calculate, but this is usually the case 

when       : 

Corollary 5.1.3            ∑          
  [ ]

   (   ⃗⃗ ⃗⃗ ⃗⃗ )  

| (  ⃗⃗ ⃗⃗ ⃗⃗ )| 
  

Where   
⃗⃗⃗⃗⃗⃗  is the digraph spanned by ⋃  ⃗⃗    .   

⃗⃗⃗⃗⃗⃗  can also be regarded as the partially ordered set 

generated by all the relations belonging to some path  ⃗⃗   In this sense   (   
⃗⃗⃗⃗⃗⃗ )  denotes the number 

of linear extensions of    
⃗⃗⃗⃗⃗⃗  (cf Section 2.2.1). 

Proof of Corollary: By Lemma 5.1.2 we must show that     (⋂  ⃗⃗    )  
   (   ⃗⃗ ⃗⃗ ⃗⃗ )  

| (  ⃗⃗ ⃗⃗ ⃗⃗ )| 
. By definition of 

     it suffices to show that                ⋂  ⃗⃗ }  
     (   ⃗⃗ ⃗⃗ ⃗⃗ )  

| (  ⃗⃗ ⃗⃗ ⃗⃗ )|    , but the paths   ⃗⃗ }    will 

exist in        precisely if the vertices in  (  
⃗⃗⃗⃗⃗⃗ ) have the right relative order in  , that is, if they have 

a relative order compatible with the poset   
⃗⃗⃗⃗⃗⃗ , and there are   (   

⃗⃗⃗⃗⃗⃗ )   such choices, whereas the 

remaining vertices       (  
⃗⃗⃗⃗⃗⃗ ) can be positioned in 

   

| (  ⃗⃗ ⃗⃗ ⃗⃗ )| 
 ways.   

Lemma 5.1.4 (“Snake Lemma”) Suppose                        and suppose   has a 

chord, i.e.           for some     with      , so that                  is a shorter 

path from   to  . Then in       we have  ⃗⃗   ⃗. 
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This means that if if the directed path  ⃗⃗ exist then the shorter directed path  ⃗ will exist too. 

Proof:  the proof of the lemma is easy, because    ⃗⃗ means the edges belonging to   are oriented 

as           in   and so the orientation of any chord      with     is imposed as         or   

would have a directed cycle: (     )          (       ). Thus    ⃗.   

The content of Lemma 5.1.4 is that it’s enough to consider those paths in        which have no 

chords. A chordless path of length   in   has another logical description as “an induced subgraph 

isomorphic to   ” or, in alternative graph-theoretic terms: “a snake of length  ”. Let        

       denote the set of such snakes. 

An immediate corollary of this lemma is that        
 

 
 if         because in this case the 

only snake in        is    itself, and the orientation of a single edge is always 50-50 in either 

direction, in any of our models (cf Proposition 5.1.1) 

Finding the snakes in a graph is a well-known problem in graph theory, for instance: An interesting 

open problem is: How many disjoint snakes suffices to partition the vertices of an infinite cubic 

lattice graph   (drawn in    , where the vertices of   are all ordered triplets of integers, in which 

two triplets are adjacent iff they have two coordinates in common and the third one differ by   or 

  . (The reader can verify that the corresponding answer in    is 2). 

Another interesting problem is finding the longest snake in a graph  . If   is a hypercube graph, as in 

the following example, this is known as “the snake-in-the-box problem”, and the answer to this is 

only known in dimensions from   up to  . 

Before we start calculating        with the aid of the above lemmas, we will discuss another 

general property of these models, namely monotonicity. The concept of monotonicity in these 

models can be informally defined as ‘Does adding vertices or edges to the underlying graph   always 

increase or decrease the probability that two fixed vertices will be connected?‘.  For a more formal 

definition, consider the set of probability measures    } where each    is defined on       and 

where   is allowed to range over all possible graphs. 

Definition Let       be graphs. A set of probability measures    } is said to be monotone if for all 

    and       we have that                 , or if for all     and       we have 

that                 . If the latter holds,    } is said to be monotonically decreasing, 

whereas if the first case holds,    } is said to be monotonically increasing. 

Proposition 5.1.5 Consider the sets of probability measures       },       } and         } belonging 

to Model 2,3 and 4 respectively. Then      } and         } are monotonically increasing, whereas 

      } is not monotone.  

Proof: For      , we have                 and clearly 

                                                                                   but 

since in       each edge is oriented independently, the latter equals           . The same 

conclusion does not hold in                           , because the acyclic condition might make 

some of the paths in         more unlikely, and later on in this Section we will indeed find the 

appropriate counterexamples (cf Figure 5.1.13). To see that         } is monotonically increasing, let 
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                 . Suppose      is such that       has the property      in other 

words     
       }  , then any permutation       that has the same relative ordering on 

     as   will also induce an orientation       with the property     (using some path in 

       ). This in turn implies that  

   
       }                       

       }   

So, 

        
   

       }  

   
  

   
       }  

   
          

 

Returning back to the main problem, we now wish to actually calculate and compare        for 

the different models and for various choices of  .  

  

The following conjecture essentially says that Model 2 has the highest “connectivity”, and if we 

condition on acyclicity (Model 3) the connectivity always decreases, whereas Model 4 has the lowest 

connectivity, more formally we have: 

  

Conjecture 5.1.6 For any   the following chain of inequalities can be added to Proposition 5.1.1: 

 

                          

We will test this conjecture against actual calculation of these numbers for special choices of  . 

Recall that for    and    brute force calculation breaks down to simply counting the number of 

orientations with the desired property, as they are uniform. 

Case 5.1.7   is a tree 

In this case        is always a singleton-set    , let             denote the distance between 

        in   (the length of the shortest path from   to  ). 

By Corollary 5.1.3           
   (   ⃗⃗ ⃗⃗ ⃗)  

| (  ⃗⃗ ⃗⃗ ⃗)| 
                           }  

  

      
 

Now since   itself is acyclic,    and   coincide and                   ( ⃗⃗ )  

                }  
  

  , so clearly                           holds in this case, and 

          decreases very rapidly with larger distance. 

Case 5.1.8       

Again let            . Since   is a cycle of length  , we know that        consists of two paths 

  and    of length   and     respectively, so by Corollary 5.1.3.               ( ⃗⃗ )  

    ( ⃗⃗ )      ( ⃗⃗   ⃗⃗ )  
  

      
 

  

        
 

   (  ⃗⃗   ⃗⃗ ) 

  
 

Below we sketch the digraph  ⃗⃗   ⃗⃗  for        . 
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Figure 5.1.9 

This digraph (poset) has ( 
 
) linear extensions, or in general: (   

   
) – the number of ways to insert 

the path  ⃗⃗  into  ⃗⃗ , so           
  

      
 

  

        
 

(   
   )

  
 

On the other hand,           ( ⃗⃗ )    ( ⃗⃗ )    ( ⃗⃗   ⃗⃗ )  
      

       
 

    

       
 

 

       
 

         

    
, because there are      acyclic orientations of    and when the directed path   exists 

there are        possibilities for the orientations of the remaining edges. Similarly we have 

          ( ⃗⃗ )    ( ⃗⃗ )    ( ⃗⃗   ⃗⃗ )  
    

      
 

  

      
 

 

      
 

         

  ,  

Note that if     we always approximately recover the probabilities for trees, by neglecting the 

longer path. From a quick look at these functions it is clear that                 

          in this case too. 

When we move on to more complex graph classes, we cannot expect any nice formulas in general, 

because as we have seen in Section 3, enumeration of        is closely related to computing       

which is        , and the same is actually true for Model 4: the probabilities      are related to 

counting linear extensions, which is also known, cf [4], to be          for a general poset. For this 

reason we can’t really substantiate conjecture 5.1.6 any further. We will do a few more case studies 

nonetheless, but each of the following cases may not cover all the models. 

Case 5.1.10        

For this case  we will only consider Model 3 and Model 4, that is the acyclic orienations. 

     is a highly symmetric graph and essentially there are only two cases for   and  , either they are 

connected by an edge in which case                   
 

 
  or they are in the same color-

class, which we without loss of generality may assume is the color-class of size  , suppose this is 

given by                   } whereas the other color-class is labeled               } 

The set        in this case can be complex, however, in a complete bipartite graph every path of 

length    has a chord, so by Lemma 5.1.4 we have                   } where each    has the 

form         so if     it suffices to check if the induced orientation of the subgraph      
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contains a directed path from   to  . For Model 4, this means that                 

               . This is because (cf the proof of 5.1.5) the existence of some   
⃗⃗⃗⃗   in  only depends 

on the relative ordering  between     and            } in         . 

 

Figure 5.1.11 The snakes       and    are sketched with dashed lines 

Let      be the number of permutations        of the form              or more 

formally: those   for which there exist    such that   preceeds    and    preceeds b in the word-

representation of  . Clearly, these are the precisely the permutations which induce orientations of 

     with the property ⋃  ⃗⃗  . Consequently:           
    

      
. We have      

      

 
 

       (the number of permutations for which   preceeds   minus the ones where   preceeds   

and   and   being adjacent). So, 

                
 

 
 

 

   
 

We see that as    ,           
 

 
. This means that many independent paths of length two 

approximately yields the same connectivity as if   and   were neighbours. 

The problem of determining               is more complicated, because we cannot ignore the 

vertices         in this case. But let’s solve the case of    , that is we seek              . The 

chromatic polynomial of      can be computed using standard techniques:      
            

             so by Theoerem 3.1.1 |  (    )|         . 

How many of these have the property      To produce such an acyclic orientation, we may 

independently orient each of the paths            }  in 3 ways: 

 

Figure 5.1.12 

The only condition is that at least one of them has the first type of orientation. Hence there are 

      acyclic orientations of      satisfying     so: 
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Once again               
 

 
 as as     and the convergence is clearly faster than for Model 4. 

In particular if     we recover         
                  

 

  
. 

Finally, we shall exhibit an example showing that    } is not monotone, more specifically: that 

        
              

     , so consider        

 

Figure 5.1.13 

We have that |  (    )|     and we may count the acyclic orientations satisfying     by brute-

force if we wish, omitting details this number is   , so         
      

  

  
 

 

  
         

     . 

This is a bit strange because it means that the extra vertex   actually decreases the connectivity 

between   and   for Model 3, whereas for Model 2 it increases the connectivity and in Model 4 it is 

unaffected.  

5.2 Connectivity Results of Model 5 
 

Model 5,       , is different from the others, because the underlying graph for the orientations is 

not a fixed graph, but instead a random graph, which means that unless    , the sample space of 

        consists of all directed acyclic graph on   vertices. An outcome  ⃗⃗⃗         (cf Section 2.3) 

consists of a random acyclic orientation of the complete graph,               , followed by a 

process of random deletions of the arcs in   in accordance with a random underlying graph 

      
  . For any given  , the vertex set is denoted by                 }. Recall that 

               may be represented as a permutation  in   . 

The main question here is ‘How does the connectivity of        depend on        . That is, for  

       we want to study             . Note that by symmetry we may assume          . 

We already know              
 

 
 if     and                if    , and it is clear that 

             is increasing with respect to  , because no matter which           is sampled, 

the event     } is monotonically increasing with respect to addition of edges to       
  .  

Theorem 5.2.1 below provides a recursive formula for calculating              for any        

Theorem 5.2.1 For        we have: 

             
∑             

   

      
 

Where             is the solution to the recursion: (        },      ) 
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{
                                  

            

 

 

Proof: 

Let  ⃗⃗⃗        ,          .We may calculate        (        ⃗⃗⃗) by conditioning on   and using 

the law of total probability: 

                  
∑        (        ⃗⃗⃗     )     

  
 

What is        (        ⃗⃗⃗     )   As an example, suppose     and   =132, then before 

removing arcs we have the following picture: 

  

Figure 5.2.2         

In order for at least one path of  ⃗⃗⃗ to persist after random deletion by       
  , we need either 

       or both        and       , so in this example        (        ⃗⃗⃗     )       . 

In general,        (        ⃗⃗⃗     ) depends only on   and                  , or in other 

words: on the edge-density and the distance between 1 and 2 in   . For this reason we write  

         ⃗     (        ⃗⃗⃗     ). When   is held fixed, we write also write            . 

If     then         (        ⃗⃗⃗     )   . Note that by the above example,           . 

Instead of summing over    in     we may now sum over the possible values of   and     becomes 

∑        
    {         

        
     } 

  
.But  {                      }              Because there 

are     possible values for         and         and        for the rest. Thus     is equal to: 

                  
∑             

   

      
  

Let        denote the probability that given        
, there is an   [       ] such that in  ⃗⃗⃗ 

we have      . Then            . 
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Figure 5.2.3         
 

It remains to show that        satisfies the recursion given by the theorem. Clearly if     then 

there is a   [       ] such that in  ⃗⃗⃗ we have       if and only if 

                                       which by independence happens with 

probability         , so            .  

Otherwise, consider the two cases given by whether or not the following condition    [       for 

all        ] holds. Under this condition, we can ignore the vertex   , and with slight abuse of 

notation we get          =         .  

Under the negated condition   , then there is a   [       ] such that in  ⃗⃗⃗ we have       

if and only if then there is a   [     ] such that in  ⃗⃗⃗ we have      , so           

=           . Putting all this together we get: 

                                                               

  

f(k,m) m=1 m=2 m=3 ... 

k=1 1-q 1-q^2 1-q^3 ... 

k=2 q(1-q)+(1-q)(1-q^2) q^2(1-q^2)+(1-q^2)(1-q^3) ...   

k=3 q^2(1-q)+q(1-q)(1-q^2)+(1-q)q^2(1-q^2)+ 
(1-q)(1-q^2)(1-q^3) 

...   
  

... ...       

Table 5.2.4 

The first couple of computed values for        are found in Table 5.2.4 above. Note that the first 

column equals the values            . Each value with     is a (weighted) mean of two values on 

the preceding row, and as we increase   (decrease    all the entries on the first row clearly increase, 

therefore it is clear that every entry in the table increase with  , and hence so does   ⃗          .  
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Moreover, from Theorem 5.2.1, the recursion of f and the table above, it is easy to see that 

             is always a polynomial in  , hence also a polynomial in  . Its degree and leading 

coefficient depends on  . 

How small can we make   before   ⃗           vanishes? We will state this question in the 

following form: Is there a function       such that                          if and only if 

             ? (Note:               means                          )  

In other words, if the edge-probabilties       is asymptotically less than the threshold       then 

  ⃗         almost surely has no directed paths joining two arbitrary vertices. Such threshold functions 

are commonly calculated in random graph theory. For        the corresponding answer would be 

      
 

 
 (cf [19]). Since        is based upon       , 

 

 
 still serves as a lower bound. The following 

proposition puts some more constraints on      . 

Proposition 5.2.5  Let    , if      
 

√ 
 then                          

Proof: 

Claim      we have: 

                                

Proof of Claim    :             (        ⃗⃗⃗     ) where    is of the form 

                   with            }. Consider the probability of that   (there is a 

directed path     of length at most 2 in  ⃗⃗⃗). Then                           

           , because conditioned on   , the existence of the possible directed paths of length at 

most 2,      or   , are all independent. 

Now assume      
 

√ 
    , and let    . Then for all    , and if   ⌈

 

 
⌉ we have        

          (  
 

 
)

 

 
    √        So, by Theorem 5.2.1,  

                
∑             

   

      
 

∑             

  ⌈
 
 
⌉

      
     √       

∑         

  ⌈
 
 
⌉

      

     √        
  ⌊

 
 ⌋  ⌊

 
 ⌋ (    ⌈

 
 ⌉)

       
 

     √        
   (    ⌈

 
 ⌉)

  
 

     √        

           
 
  

      √        
   

  
  

By choosing   small enough so that    (√     )   , the right hand side is clearly bounded 

below by some positive constant, and we are done.   
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Corollary 5.2.6 Proposition 5.2.5 proves that if      with      
 

√ 
 for    , we have 

                        . So any candidate for       must necessarily be assymtotically 

dominated by 
 

√ 
. 

We believe that this is also sufficient: 

Conjecture 5.2.7 For        we have       
 

√ 
 

Due to the high complexity of calculating              by using Theorem 5.2.1, we cannot really 

substantiate the above conjecture by using computer calculations, but to get a rough idea of how 

             might behave for larger  , we will plot              against   for 4 different values 

of   in Figure 5.2.7 below: 

 

Figure 5.2.7 ‘*’ -     ; ‘x’  -       ; ‘+’       ; ‘ ’         

An idea for proving (or disproving) Conjecture 5.2.7 would be to analyze how large ‘error’ we make in 

Claim    , where we estimate             (        ⃗⃗⃗     ) with 

       (        ⃗⃗⃗                                      ).  
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5.3 Number of Sources 
 

In this Section we collect results regarding the distribution over the number of sources in our models. 

Note that we could just as well have chosen to study the dual problem of counting sinks.  

Every acyclic orientation   has at least one source, because otherwise given any         which is 

not a source, by definition there is a    with      , and since    is not a source either, there is a 

   with         , repeating this argument yields an infinite sequence            

where either       holds for some    , or all    are distinct, the first case yields a cycle and the 

latter case yields         , and both of these cases are contradictions. In fact, we have the 

following proposition: 

Proposition 5.3.1 For any connected graph   and        , the following statements are 

equivalent. 

i)   has a unique source 

ii)         such that              (in  ) 

Proof: It is clear that ii)⇒i, as   is the only candidate for being a source. Now for i)⇒ii), let   be the 

unique source. Now choose      and proceed as above: if    is not a source, there is a      with  

       … This sequence has to terminate at the source      so                 . 

  

Note that when   is a tree, such a vertex   is called the root of the directed tree. Every tree can be 

oriented in unique way to produce a unique source at any given       ,  

For any digraph  ⃗⃗⃗ let      denote the property that  ⃗⃗⃗ has exactly   sources and   sinks. The statistics 

of this property has already been studied a lot, especially for the set      . By regarding      as a 

subset of       in the natural way, we may define      ⋃       as the set of acyclic orientations 

of   with a unique source. It has been shown, cf [6], that the number of acyclic orientations of   with 

a unique source is equal to        times the absolute value of the linear coefficient of the chromatic 

polynomial of  , or in other words |    |    [ ]      . Note that for trees |    |    [ ]        , 

which we already knew. We now summarize this result in the language of our models, 

Proposition 5.3.2  

     (    )    
 [ ]      

                
 

This formula is easily verified in some special cases. If   is the complete graph we have,    

      (    )    
 [ ]      

                
   

         

  
  , as every acyclic orientation of the complete 

graph is a total order and so has a unique maximum element, which is a source. A slightly more 

complicated case is when   is the cycle graph   .  The linear coefficient of        is [ ]       

               , so    [ ]              , so       (    )  
      

    
. The intuition behind 

this is as follows, for cycles unique source implies unique sink, and we may choose source & sink in 

       ways, and these determine the orientation completely. We were unable to get any nice 
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corresponding formulas for Model 2 and 4, but for Model 5 we have Proposition 5.3.3. For Model 2 

and 4 it turned out to be easier to instead work with the expected number of sources. 

Let   be the random variable the counts the number of sources. We have      ∑  ∑           but 

  may also be expressed as a sum of indicator variables:   ∑     where    {
                 
               

.  

Then in Model 2 we have                
 

      
, where       denotes the degree of    in   so by 

linearity of expectation               ∑
 

       . For            such procedure doesn’t work, 

because we have no immediate information about local behavior as acyclicity is a global property. 

In the alternative model              we do however have immediate information about local 

behavior, because the probability that    is a source is just the probability that   preceeds   in      

for every   s.t.    is a neighbor of    in  , so for Model 4 we have                    
 

       
 and 

                  ∑
 

        . 

For cycles,                        
 

 
 and for                                  

 

 
, since 

for sparse graphs            &           nearly coincide. Consequently Model 3 has much fewer 

sources than Model 4 in this case, and we believe this to be a part of a general phenomenon. 

Proposition 5.3.3  

       (    )  ∏          
    ,       

Proof: 

Suppose we condition that                 
 is sampled, then    is the only candidate for 

being unique source in  ⃗⃗⃗        and this may only happen if          has a sufficient amount 

of edges. More specifically, this happens if      exists (otherwise    becomes source) and (     or 

     exists) (otherwise    becomes a source) and so on, that is, the necessary and sufficient 

condition on   is      ⋃     
 
      for each          , and so by independence in        

we get: 

       (           
)                      ∏       

   

   
 

Now by symmetry, any other   would yield the same probability, so: 

       (    )  ∑        (         )  ⃗      

     

        
∏ (    )   

   

  
 ∏       

   

   
 

  

This product is well-known and doesn’t really have any simpler forms. However one can apply         

and then use the Taylor series expansion for           to the equality for the purpose of 

approximation: 
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   (∏ (    )
   

   
)  ∑      

   

 
 

   

 
 

   

   
   [

    

   
 

      

       
 

      

       
 ] 

Or, 

∏ (    )
   

   
    ( [

    

   
 

      

       
 

      

       
 ]) 

One can show that if       then this expression tends to   as      with      . 

For example if     
 

 
  then         , meaning that for large    more than one forth of all the 

DAGs sampled from  (  
 

 
 ) will have the unique source property. An open question would be to 

find the corresponding answer for the uniform distribution over   . 

 

 

5.4 Correlation of Paths 
 

For any given model with     we may fix 3 vertices           and      and define the 

events       }       } and        }. These events are sketched in Figure 5.4.1 

below: 

 

Figure 5.4.1 The dashed lines mean that those two vertices are joined by some directed path. 

Recall that the event     } denotes all orientations for which there is a directed path from   to  . 

We want to analyze how     and   are correlated in the different models. For two arbitrary events 

  and   we shall use the notation     and      for positive correlation and negative correlation, 

respectively. 

Starting with   and  , the paper [8] asserts that     holds in both Model 1 and Model 2. 

Algebraically this means: 
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The proof of this fact, cf [8], rests upon Harris’ inequality, which states that     always holds (under 

some mild conditions on   and  ) when   and   are both increasing events. The notion of increasing 

events requires a sample space   which is a (finite) distributive lattice, in the case of Model  1, 

       , we have that two graphs         satisfies      if           , so that   is a 

minor of   . In this way, an event   is increasing if      and     implies     . In the 

framework of graph theory/combinatorics increasing events would correspond to monotone graph 

properties. Clearly   and   are increasing in Model 1 w.r.t this definition, because adding edges 

never disrupts existing paths. In a similar way, for Model 2, [8] defines a new lattice on      where 

     if  ⃗      ⃗     , that is, if the out-cluster of   in    contains the out-cluster of   in  . If 

then       and     implies     ,   is said to be  -out-cluster increasing. Using this,     was 

proved in Model 2 as well.   

Now concerning our models over the acyclic orientations, we had hoped to analyze     as well, but 

it is difficult, because Harris inequality is not directly applicable in this case, and we are absent of 

analytical calculations of    . However, in the case of Model 5, it is clear that for        ⃗⃗⃗ under 

the special condition where   is held fixed, and only the underlying graph   is randomized,     can be 

deduced from Harris’ inequality, since either            or                                   

in which case   and   are increasing events w.r.t.   (as in Model 1). That is,                   

                        . But we will have to leave this as an open problem: 

Problem 5.4.2 Does     hold in Model 3, 4 and 5 as well? 

Note that by duality, in any of our models      is equivalent to    , so the only remaining case is 

comparing   with  . This problem is addressed in [1] and one conclusion is that neither     nor 

    necessarily holds in Model 2, but when the underlying graph   of Model 2 is instead a random 

graph        , they could show that for fixed   and   large enough     holds if       and 

    holds if      . Therefore, inspired by that result, we tried to analyze this for        too. 

By Theorem 5.2.1,            and            are easily calculated by brute-forcing through the 

recursion (                        are polynomials in  ). Concerning             , a very similar 

procedure to Theorem 5.2.1 will produce the following formula. 

Proposition 5.4.3              
∑ ∑              

               
   

           
, where      is the same function as 

in Theorem 5.2.1 

Proof: Again we have ∑                               
     , and the only real difference from 

the proof of Theorem 5.2.1 is that instead of splitting the sum by the value of                ,we 

split it on both                   and                  . Now       must be positive for 

both directed paths     } and     } to exist, and for fixed positive values of   and  , there are 

                such    and                            since conditioned on    the set 

of relevant edges in       
   for     } to occur is disjoint from the set of relevant edges in 

      
   for     } to occur. Hence we have a conditional independence and                 

and                 are as in Theorem 5.2.1 so the result follows.   
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Conjecture 5.4.4 In Model 5,     holds for all      . That is: 

                                    

Below we plot the exact values of                                   for various      , using the 

formulas from 5.2.1 and 5.4.3 (to see the code behind it, cf Appendix). 

 

Figure 5.4.5 ‘*’ -     ; ‘x’  -       ; ‘+’        

From the data in the plot, it is reasonable to believe that Conjecture 5.4.4 is true, unless something 

unexpected happens at the limits. The magnitude of the expression 

                                 , which is a polynomial in  , seems to increase with both   

and  . But this remains an open problem. 
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6 Conslusions, Further Questions and Open Problems 
 

When we compare               with            in terms of connectivity, we can expect 

            to be more likely to contain long paths and have fewer sinks and sources.  

We expect           to have ‘better’ connectivity than           , cf Conjecture 5.1.6, that is, 

allowing cycles is good from percolation perspective, but we cannot yet prove this in a general 

setting. We believe that obtaining nice and exact general formulas for        is computationally 

difficult, because it may be related to computing the chromatic polynomial or counting linear 

extensions, which is known to be        , as mentioned in Section 5.1. 

We still do not know if the path correlations which are known to hold for            such as 

    }      }, persist when we condition on the fact that there are no cycles (cf Problem 5.4.2). 

One other natural related model that we did not touch in this paper is the uniform distribution over 

all DAGs         . Note that        with       is still a poor approximation to this, for the 

same reason as why              is  a poor approximation to            (cf Section 2.3.1). 

Understanding the statistics of the different properties that we have worked with, is perhaps much 

more interesting in the uniform cases, but also very difficult. In some ways, the alternative models 

are a little easier to work with, because they generally behave a little nicer, as we saw in Proposition 

5.1.5, and they are easier to generate by a sequence of random experiments, as we saw in Section 

2.3.  
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A Appendix 
 

Matlab code for the plot in Figure 2.3.1.1: 

Pseudo-code: 

For          : 

For          step 0,05 

  #Sample   graphs   from        

  For each  : 

   #Generate the space              ...,   } 

   #Generate the two probability vectors   and  : 

#            }   
 ,               }   

  

#Calculate and store           using     

  Next   

  #Set       average value of           

  #Store          

 Next   

 #Plot          

Next   

Actual Code: 

function main =main() 
format long 
hold off 
Gvec=[]; 
M=5000; %number of random matrixes per p 
colorvec=['b','g','r','c','m','y']; 
for N=3:4 
    hold on %nr of nodes 
    B=perms(1:N); 
    Y=[]; 
    pvec=0:0.05:1; 
    for p=pvec 
        H=[]; 
        for k=1:M 
            A=binornd(1,p,[N,N]); 
            G=triu(A,1)+triu(A,1)'; 
            H=[H, F(G)]; 
        end 
        Y=[Y,mean(H)] 
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    end 
    plot(pvec,Y,colorvec(N-2)); 
end     
function F=F(G) 
    C={}; 
    P=[]; 
    for i=1:factorial(N) 
        O=G; 
        for j=1:N 
            x=B(i,j); 
            for k=1:N 
                O(x,k)=2*not(O(x,k)==0); 
                O(k,x)=not(O(k,x)==0); 
            end 
        end 
        s=1; 
        for k=1:length(C) 
            if isequal(C{k},O) 
                s=0; 
                P(k)=P(k)+1; 
            end 
        end 
        if s 
            C=[C O]; 
            P(length(C))=1; 
        end 
    end 
    %calculate total variation from P: 
    D=length(P); 
    sum=0; 
    for i=1:D 
        sum=sum+abs(P(i)/factorial(N)-1/D); 
    end 
    F=sum/2; 
end 
end 

 

 

Matlab code for the plot in Figure 5.4.*: 

function out=Correlation() 
    symbolVector=['*','x','+','s','o','d','p','h','v','<']; 
    for n=12:4:20 
        hold on; 
        for p=0:0.1:1 
            plot(p,P_ab_bc(n,p)-P_ab(n,p)*P_ab(n,p),symbolVector(n/4-2)) 
        end 
    end 
end 

  
function P_ab=P_ab(n,p) 
    tmp_sum=0; 
    for k=1:(n-1) 
        tmp_sum=tmp_sum+d(k,p)*(n-k); 
    end 

     
    P_ab=tmp_sum/(n*(n-1)); 
end 
function d=d(k,p) 
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    d=f(k,1,p); 
end 
function f_res=f(i,j,p) 
    if i==1 
        f_res=1-(1-p)^j; 
    else 
        f_res=(1-p)^j*f(i-1,j,p)+(1-(1-p)^j)*f(i-1,j+1,p); 
    end 
end 
function P_ab_bc=P_ab_bc(n,p) 
    tmp_sum=0; 
    for l=1:(n-2) 
        for m=1:((n-1)-l) 
            tmp_sum=tmp_sum+d(l,p)*d(m,p)*(n-(l+m)); 
        end 
    end   
    P_ab_bc=tmp_sum/(n*(n-1)*(n-2)); 
end 
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