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Abstract

This thesis is concerned with computational methods for fluid flows on
the microscale, also known as microfluidics. This is motivated by current
research in biological physics and miniaturization technology, where there is a
need to understand complex flows involving microscale structures. Numerical
simulations are an important tool for doing this.

The first paper of the thesis presents a numerical method for simulat-
ing multiphase flows involving insoluble surfactants and moving contact lines.
The method is based on an explicit interface tracking method, wherein the
interface between two fluids is decomposed into segments, which are repre-
sented locally on an Eulerian grid. The framework of this method provides a
natural setting for solving the advection-diffusion equation governing the sur-
factant concentration on the interface. Open interfaces and moving contact
lines are also incorporated into the method in a natural way, though we show
that care must be taken when regularizing interface forces to the grid near
the boundary of the computational domain.

In the second paper we present a boundary integral formulation for sed-
imenting particles in periodic Stokes flow, using the completed double layer
boundary integral formulation. The long-range nature of the particle-particle
interactions lead to the formulation containing sums which are not absolutely
convergent if computed directly. This is solved by applying the method of
Ewald summation, which in turn is computed in a fast manner by using the
FFT-based spectral Ewald method. The complexity of the resulting method
is O(N log N), as the system size is scaled up with the number of discretiza-
tion points N . We apply the method to systems of sedimenting spheroids,
which are discretized using the Nyström method and a basic quadrature rule.

The Ewald summation method used in the boundary integral method of
the second paper requires a decomposition of the potential being summed. In
the introductory chapters of the thesis we present an overview of the available
methods for creating Ewald decompositions, and show how the methods and
decompositions can be related to each other.





Preface

This thesis consists of an introduction and two papers. The included papers are:

Paper I

L. af Klinteberg, D. Lindbo, and A.-K. Tornberg. An explicit Eulerian method
for multiphase flow with contact line dynamics and insoluble surfactant, Preprint,
2012.

The author of this thesis contributed to the ideas, methods and their imple-
mentations, performed the numerical computations and drafted a portion of the
manuscript.

Paper II

L. af Klinteberg and A.-K. Tornberg. Fast Ewald summation for periodic suspen-
sions using completed double layer boundary integral method, Preprint, 2013.

The author of this thesis contributed to the ideas and methods, implemented
the methods, performed the numerical computations and drafted the manuscript.
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Chapter 1

Introduction

Fluids, meaning gases and liquids, are a central part of the world we live in. The
wind and rain outside the window, the air we breathe and the blood flowing in our
veins are all governed by the same physical laws. The subject of fluid mechanics
studies how fluids behave in different situations, and it is centered around the
Navier-Stokes equations for incompressible flow of Newtonian fluids,

ρ

(
∂u
∂t

+ (u · ∇)u
)

= −∇P + µ∇2u + f ,

∇ · u = 0,
(1.1)

which describe almost all of the fluid phenomena we see around us1. This set of
partial differential equations (PDEs) is nonlinear and very challenging to work with.
Real world problems, such as the question of how the air flows around (and lifts!)
and airplane or how the water flows around a ship hull, can not be solved by purely
theoretical considerations. Before the advent of computers, engineers and scientists
had to rely solely on experimental work in wind tunnels and towing tanks if they
wanted to analyze these flows. In the 1960’s the first computer simulations of fluid
flows were performed, and the last half-century has seen a massive development of
both computer power and numerical methods. Today we can play computer games
with real-time smoke effects, and we regularly expect the weather simulations of our
meteorological institutes to predict the flow patterns of the sky more than a week
into the future. Scientists and engineers are now abandoning their wind tunnels in
favor of computer simulations, which offer cheap and accurate results without even
having to get your hands dirty.

1Some flows require the general form of the Navier-Stokes equations, for example ketchup flow
(non-Newtonian liquid) and the airflow around a supersonic fighter jet (compressible flow).
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1.1 Microfluidics

The field of microfluidics deals with fluid flows at the micrometer scale. It has
grown continuously since the 1990’s, motivated by questions arising from biological
physics and advances in miniaturization technology, especially in what is referred to
as lab-on-a-chip devices (see for example Tabeling [53] and Stone [52] for a thorough
introduction to the subject). The idea of these devices is to take all the steps of a
certain laboratory process, miniaturize them and put them together on one chip. A
typical blood sample analysis, where one wants to detect whether a certain protein
or hormone is present in a patients blood, can for example be miniaturized, thereby
reducing the required sample volume to a nano- or picoliter, and at the same time
speeding up the analysis time. One could potentially construct a device which
splits a single drop of blood into a thousand small droplets and performs a different
analysis on each droplet, giving a doctor an immediate overview of a patients health.

At the small length scales considered in microfluidics, effects related to fluid
viscosity — like the upstream buckling we observe when pouring syrup on pancakes
— start to dominate over the inertia effects that we are used to observing around
us — like the chaotic sloshing which we associate with rapidly moving a mug full
of coffee. At the same time, effects related to surfaces and fluid interfaces become
more pronounced as the surface-to-volume ratio increases. As an example, consider
a box with sides L, filled with a liquid. The surface-to-volume ratio of such a box
is 6:L. In the case of the box being a large tank with side L = 6 m the ratio
would be 1:1, while in the case of the box being a miniature container with side
one micrometer, L = 10−6 m, the ratio would be 6000000:1. One can then easily
understand that flow effects related to physics happening at the inner surfaces of
the box would have a much larger relative importance in the miniature case. As
these surface effects become increasingly important as we scale down our problems,
so does the need to accurately model and capture them in numerical simulations.

1.2 Overview of this thesis

In chapter 2 of this thesis we discuss a method for accurately simulating multiphase
flows, which are fluid flows containing interfaces between gases and liquids, such
as drops and bubbles, or between immiscible liquids, such as oil and water. We
show how the method can be used to handle flow problems where there are surface
tension altering chemicals present on the surface, and further extend it to handle
wetting problems, where we have a drop attached to a wall.

We turn our attention to a different field of microfluidics in chapter 3, where
we discuss a method for simulating large systems of particles moving in a very
viscous liquid, for which a simplification of the Navier-Stokes equations (1.1) is
valid. The method can be used for the study of particle suspensions, to understand
both how the particles affect the macroscopic flow properties of the suspension, and
the fashion in which the particles settle if the fluid is left resting. The method is
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based on discretization of a boundary integral equation, the solution of which is
accelerated by an Ewald summation method, described in chapter 4. In chapter
5 we continue discussing Ewald summation. We give an overview of the available
methods for creating the decompositions used in Ewald summation, and show how
the methods and decompositions can be related to each other.





Chapter 2

Multiphase flow, surfactants and
wetting

Multiphase flow refers to flow situations including two (or more) fluids, which are
separated by an interface. Examples of such interfaces are the surfaces of ink drops
in an inkjet printer and gas bubbles in boiling water, and the surfaces separating oil
from water in an emulsion, such as milk or mayonnaise. We will here not make the
distinction between multiphase (one fluid in different phases) and multicomponent
(different fluids) flows, but rather just consider systems where the fluids involved
are immiscible and there is no phase change taking place.

In microfluidic applications, and particularly in lab-on-a-chip devices, multi-
phase flows are commonplace. Drops are often used as atomic units of fluid for
analysis or chemical reactions, and it is therefore important to understand and be
able to control how drops form, coalesce, move and break up as they move through
the device [52, 62]. However, surface tension and wall effects are dominant at the
scales in question, due to the large surface-to-volume effects. This makes the fluids
behave quite differently from what we are used to observing on the macroscale,
which is why numerical simulations are an important tool for understanding and
developing the flows in microfluidic devices.

In Paper I we present a method for two-phase flow with surfactants and contact
line dynamics in two dimensions. Here we give an introduction to the concepts
involved, as well as a brief overview of the available numerical methods.

2.1 Multiphase flow

Governing equations

For the setting of multiphase flow, we limit ourselves to two-dimensional flow, which
is a valid simplification in many microfluidic applications. We consider the Navier-
Stokes equations in non-dimensional form for the velocity and pressure fields u and

5



6 CHAPTER 2. MULTIPHASE FLOW, SURFACTANTS AND WETTING

P ,

∂u
∂t

+ (u · ∇)u = −∇P + 1
Re∇

2u + 1
ReCa f ,

∇ · u = 0.
(2.1)

The Reynolds number Re = ρUL
µ expresses the ratio of inertial to viscous forces

for a liquid of density ρ and viscosity µ in a flow with characteristic length L and
characteristic velocity U . The capillary number Ca = µU

σ expresses the ratio of
viscous to surface tension forces, where σ is the surface tension (or surface energy).
The body forces of the system, represented by f , are on the microscale completely
dominated by the surface tension, so gravity can be neglected unless we are con-
sidering bubbles rising under buoyancy forces. The surface tension force can for a
clean interface be expressed as [8],

f(x) =
{
σκn̂, x ∈ Γ,
0, x /∈ Γ, (2.2)

where κ is the local curvature of the interface and n̂ is the normal vector. The
interface Γ can in two dimensions naturally be viewed as a closed curve, which we
parameterize in the arc length s. The time-dependence of the interface can then in
Lagrangian form be expressed as an ODE,

dΓ(s)
dt = u(Γ(s), t). (2.3)

The velocity field u(Γ(s), t) is evaluated at the position of the interface and is
governed by (2.1), which in turn is coupled to the interface through (2.2).

Numerical methods
The system which we describe in (2.1), (2.2) and (2.3) is seemingly simple, yet
presents many computational difficulties. A large number of computational meth-
ods for multiphase flow have been developed since the beginning of the 1990’s, all
with the purpose of circumventing limitations of previous methods. There now ex-
ists a wide range of methods, all with different advantages. Which method is used
in practice depends highly on the application at hand, and also on the availability
of codes, since implementing a state-of-the-art method for multiphase flow is a de-
manding task. We here give a brief overview of some of the existing methods, and
discuss the difference between explicit and implicit interface representations. For a
more in-depth introduction to computational methods for multiphase flow, we refer
to the recent review paper by Wörner [58].

Common to most multiphase methods for finite Reynolds number flows is that
the flow field is computed on an Eulerian grid, either by solving the Navier-
Stokes equations (2.1) or by using a lattice Boltzmann method [10], which solves a
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mesoscale approximation of the Navier-Stokes equations. The task is then to solve
the problem of tracking the interface Γ as it moves by (2.3), compute the surface
tension force (2.2) on the interface and then evaluate the force on the grid. The
essential difficulty in interface tracking is that the dimensionality of the interface is
one less than the domain of the flow, meaning that the interface in practice never
coincides with the Eulerian grid, if a fixed grid is used.

For zero Reynolds number flows, also known as Stokes flow or creeping flow, it
is possible to use a boundary integral method instead of a grid-based method. This
will be discussed further in chapter 3, though not in the setting of multiphase flow.

Explicit interface representation

In explicit interface tracking methods, the coordinates of the interface are explicitly
tracked as the interface evolves. The most prominent of these methods is the front-
tracking method [56, 57], where the interface is represented by a discrete set of
marker points. These points need to be redistributed as the interface evolves, to
maintain an accurate interpretation of the interface. This is relatively simple to
implement in two dimensions, but more challenging in three dimensions, as the book
keeping of the interface representation becomes more involved. The connection
between the Lagrangian interface representation and the Eulerian grid is in the
front-tracking method obtained by interpolation using regularized delta functions,
which were introduced in the immersed boundary method by Peskin [36, 37].

A way of using an explicit interface tracking without having to interpolate be-
tween the interface and grid is to use a moving mesh method [17, 33, 43, 42], where
the flow equations are solved on an unstructured grid, which is adapted to follow
the interface at every time step. This allows the interface to be explicitly tracked,
but requires efficient algorithms for automatically refining and coarsening the grid,
especially in the case of large interface deformations.

A feature which is common to all explicit interface tracking methods is that
one must explicitly treat topological changes to the interface, such as breakup and
coalescence of drops. This requires extra modeling and additional implementation
difficulties, but also allows for an accurate treatment of such phenomena, given a
valid model.

Implicit interface representation

In implicit interface tracking methods, the location of the interface is not explicitly
advected from one time step to another. Instead, the interface position is in each
time step recovered from a scalar quantity, which is advected on an Eulerian grid.
Such methods include volume of fluid [47], level set [48], conservative level set [34],
phase field [3] and lattice Boltzmann [2].

Topological changes are handled automatically in all implicit interface tracking
methods, although this behavior is not always physically motivated. The case
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of coalescence appears to be particularly troublesome, as the so-called numerical
coalescence creates results that differ from experiments [58].

2.2 Surfactants

Surfactants, or surface active agents, are molecules which adhere to the interfaces
in multiphase flows, where they lower the surface tension. They occur in many
systems, either by design (e.g. detergents), naturally (e.g. pulmonary surfactant
[59]) or as contaminants, and can drastically affect the dynamics of drops and bub-
bles when present [51, 54]. Surfactants are classified as either soluble or insoluble,
depending on if they can be present as a concentration both in the bulk fluid and
on the interface, or just as a concentration on the interface. Insoluble surfactants
can be modeled as a scalar concentration ρ, which is present on the interface Γ and
governed by an advection-diffusion equation on the interface [50],

Dρ
Dt + ρ(∇s · u) = 1

PeΓ
∇2
sρ, x ∈ Γ, (2.4)

where∇s is the surface gradient operator, which in two dimensions can be expressed
as ∇s = τ̂ d

ds , and PeΓ is the Peclet number, governing surfactant diffusion on the
interface. Soluble surfactants are also governed by an additional advection-diffusion
equation in the domain, together with source terms linking the bulk concentration
to the interface concentration [7].

The presence of a surfactant concentration ρ(s) on the interface creates local
variations in the surface tension σ. This can be modeled through the Langmuir
equation of state [35], here stated in non-dimensional form,

σ(s) = 1 + E ln(1− ρ(s)),

where E is the dimensionless elasticity number, expressing to what extent surfac-
tants modify the surface tension. This local variation in surface tension has a
secondary effect; it generates a tangential force at the interface, proportional to the
surfactant gradient on the surface. This force is known as the Marangoni stress,
and it is central to many of the phenomena which are associated with surfactants.
The full surface force at the interface is then

f = σκn̂ + E
1− ρ

dρ
ds τ̂ , x ∈ Γ.

Simulating flows with surfactants involves representing the concentration ρ and
solving (2.4) on the interface Γ, which is more natural in an explicit interface
representation. There are however numerical methods for multiphase flows with
surfactants using both explicit and implicit interface representations, and there has
been much development in this area in recent years [1, 24, 29, 32, 55, 60].
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2.3 Wetting

When the interface between two fluids comes into contact with a solid surface,
there is a contact line (or point, in 2D), along which the three components meet.
A simple example of a contact line is the intersection between glass, water and
air that encircles a drop lying on a glass plate. The angle θ between the fluid-fluid
interface and the solid is called the contact angle (see Figure 2.1). When the system
is at rest, the surface energies σ1, σ2, σ at the fluid-fluid and solid-fluid interfaces
will be in horizontal equilibrium, which is formulated by Young’s equation [12] for
the static contact angle θs,

σ1 − σ2 − σ cos θs = 0.

σ1σ2

σ(ρ)

θ

fluid 2 fluid 1

solid

Γ

uCL

Figure 2.1: Drop wetting a solid surface, forming a contact angle θ between the
surface and interface.

The case of dynamic wetting, when the contact line is moving on the solid with
a velocity uCL, is very common in many practical applications. However, it is also
much more complicated than the static case. The Navier-Stokes equations with the
standard no-slip boundary condition result in an infinite shear stress at the contact
line, so additional modeling is required (see reviews by Blake [5] and Bonn et al.
[6]). This makes numerical simulation of moving contact lines difficult, since one
has to choose some kind of (more or less physical) model for the movement of the
contact line. Nevertheless, simulations of wetting flows have been performed with
good results, see for example Muradoglu & Tasoglu [31], Zahedi et al. [61] and
Carlson et al. [9].

2.4 Simulating wetting flows with surfactants

In Paper I, we present a method for simulating two-phase flow with moving contact
lines and insoluble surfactants in two dimensions. The method is based on an
explicit interface tracking method developed by Khatri & Tornberg [24] and Lindbo
& Tornberg [26, Paper V], where the interface is divided into segments, which are
each represented by a function in a local coordinate frame (see Figure 2.2). This
representation is natural for solving the surfactant PDE (2.4) on the interface, and
also for representing open interfaces. To drive the motion of the contact line, we
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apply a boundary condition derived by Ren & E [44], relating the contact line
velocity uCL to the contact angle θ. Figure 2.3 shows an example of the results.

γ1

γ2

γ3

γ4

f 1
(ξ
)

0 0.6
ξ

f 3
(ξ
)

0 0.6
ξ

Figure 2.2: Interface (left), which is divided into segments. The segments are then
represented in a local coordinate frame (right).
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=0.4

Figure 2.3: Drop on a solid surface in shear flow. To the left is a clean drop, with
a velocity profile that is smooth across the interface. To the right is a drop with
surfactants. The shear flow creates a surfactant gradient on the interface, resulting
in Marangoni forces that cause a kink in the velocity profile across the interface.



Chapter 3

Stokes flow and periodic
suspensions

Viscous forces are in many microfluidic applications dominant over the inertial
forces, which are responsible for the onset of turbulence in flows on the macroscale.
This is measured by the Reynolds number, Re = ρUL

µ , which describes the ratio
of inertial to viscous forces for a liquid of density ρ and viscosity µ in a flow with
characteristic length L and characteristic velocity U . For self-propelling microor-
ganisms, such as swimming bacteria, the Reynolds number is on the order of 10−4

or 10−5 [41]. In such cases, when Re� 1, it is valid to linearize the Navier-Stokes
equations (1.1) by assuming that Re = 0. The nonlinear convective term of the
equations then disappears, and one obtains the linearized Stokes equations1,

−∇P + µ∇2u + f = 0,
∇ · u = 0,

(3.1)

where u is velocity, P pressure and f body force. The lack of time-dependence
in (3.1) implies that the flow at any given time is completely determined by the
boundary conditions, i.e. the flow has no ”memory”.

3.1 Boundary integral formulation

The benefit of working with the Stokes equations is that they belong to the class
of linear PDEs with constant coefficients. This implies, by the Lorentz reciprocal
theorem, that the flow in a domain can be expressed as a surface integral over the
boundaries, assuming the boundaries Lyapunov smooth. This is beneficial because
the dimensionality of the problem is reduced by one; instead of solving a problem in
the entire domain we can solve a boundary integral representation of the problem
on the surface, and then evaluate the solution in the domain.

1We refer to Pozrikidis [39] for a complete version of the brief introduction to Stokes flow
given here.

11
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In the case of external flow we are concerned with the flow in the infinite domain
De outside a body with surface Γ. The reciprocal theorem then states that for
x ∈ De, and given the velocity u and force f on Γ, then

uj(x) =− 1
8πµ

∫
Γ
fi(y)Gij(x,y)dS(y)

− 1
8π

∫
Γ
ui(y)Tijk(x,y)n̂k(y)dS(y), (3.2)

under the assumption that |u| = O(|x|−1) and p = O(|x|−2) as |x| → ∞. The unit
vector n̂ is the outward pointing normal. The kernels T and G are the stresslet and
stokeslet fundamental singularities,

Tijk(x,y) = −6rirjrk
r5 , (3.3)

Gij(x,y) = δij
r

+ rirj
r3 ,

where r = x− y and r = |r|. The two integrals in the boundary integral represen-
tation (3.2) are called the single and double layer potentials, and both can be used
independently to represent Stokes flow.

Keeping only the single layer potential and letting x → Γ, we obtain a weakly
singular Fredholm equation of the first kind for an unknown single layer density f ,
given a surface velocity u,

− 1
8πµ

∫
Γ
fi(y)Gij(x,y)dS(y) = u(x), x ∈ Γ. (3.4)

The single layer formulation (3.4) is ill-conditioned, in the sense that the condition
number is unbounded [18]. However, it is still usable for simulations, see [23, 21].

Keeping instead the double layer potential, we get the double layer representa-
tion for the velocity a point in the domain, such that for a double layer density q
on Γ,

uj(x) =
∫

Γ
qi(y)Tijk(x,y)n̂k(y)dS(y). (3.5)

The actual values of q depend on how we define the double layer representation,
so we are free to scale it with a constant, as we have done here for convenience.
Taking the limit x→ Γ, the double layer potential contains a jump,

lim
ε→0

uj(x± εn̂) = ∓4πq(x) +
∫

Γ
qi(y)Tijk(x,y)n̂k(y)dS(y). (3.6)

This implies that given a surface velocity u for the external surface, we get a weakly
singular Fredholm equation of the second kind for an unknown density q,

uj(x) = −4πq(x) +
∫

Γ
qi(y)Tijk(x,y)n̂k(y)dS(y), x ∈ Γ. (3.7)
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The singularity in the right hand side of (3.7) can be treated by the method of
singularity subtraction, which reduces the order of the singularity (though it does
not remove it completely, as we see in Paper II). One then applies the identity∫

Γ
Tjlm(x,y)n̂m(y)dS(y) = δjl

 0, x outside Γ,
4π, x ∈ Γ,
8π, x inside Γ,

allowing us to restate (3.7) as

uj(x) =
∫

Γ
(qi(y)− qi(x))Tijk(x,y)n̂k(y)dS(y), x ∈ Γ. (3.8)

Working with (3.8), we can skip the term y = x in numerical quadrature, since the
integrand goes to zero as y→ x (assuming q smooth).

The benefit of the double layer formulation — compared to the single layer
formulation — is that it is well-conditioned, in the sense that its condition number
is bounded. The drawback is however that the double layer potential alone is
incomplete, since it can only represent flows which have zero net force and torque
on the surface Γ. There are various remedies for this, as discussed by Gonzalez [18].
We have used the completed double layer formulation of Power & Miranda [38],
where two singular flow solutions (a stokeslet and a rotlet) located at an arbitrary
point inside Γ are added to the double layer representation (3.5), to generate a
completion flow that is able to represent net force and torque.

3.2 Sedimentation in suspensions

When a suspension of microparticles is left to rest, the particles will start to sed-
iment due to gravity, unless they are neutrally buoyant. The sedimentation takes
place on the microscale, yet it affects the macroscopic properties of the suspension.
Understanding the sedimentation behavior of particles — and how it depends on
their shape and volume fraction — is of value for scientists and engineers working
with suspensions. It is also surprisingly difficult [19], and has been a field of active
research for many years [11, 20].

Stokes equations (3.1) are in many cases valid when modeling sedimenting par-
ticles, due to the particles’ small size and low individual velocities. However, the
hydrodynamic interactions between the particles are long-range (decay as 1/r), so
in simulations a very large domain would be required to avoid boundary effects due
to a finite-size domain. The remedy for this is to use periodic boundary conditions,
where a primary cell is replicated infinitely in all directions. This means that one
only considers particles in a box of dimensions L1×L2×L3, and then requires the
flow and pressure gradient fields to be periodic with respect to that box,

u(x) = u(x + τ (p)),
∇P (x) = ∇P (x + τ (p)),
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where

τ (p) = (p1L1, p2L2, p3L3), p ∈ Z3.

When using a boundary integral method, this however means that the velocity at
a point is determined by the integral over all particle surfaces all the way up to
infinity. To make the evaluation of this infinite integral computationally attainable,
a fast method is required. In molecular dynamics, the similar problem of computing
an infinite sum of electrostatic potentials is solved by using fast Ewald summation
methods, which are also applicable to the problem of periodic Stokes flow. In
Paper II of this thesis, we present a method for simulating sedimenting spheroids
of arbitrary aspect ratio, which is based on a periodic version of the double layer
formulation (3.5) and accelerated by a fast Ewald method. We will give a brief
review of the boundary integral formulation of this method in the remainder of this
chapter, and discuss Ewald summation in chapter 4.

3.3 Periodic double layer formulation

We consider a primary cell with Np rigid particles with surface Γα and center of
mass x(α)

c , α = 1, ..., Np. Each particle is subject to an external (gravitational) force,
f (α), and zero external torque. Introducing the periodic double layer potential on
a surface Γ,

Wj [Γ,q](x) =
∑

p∈Z3

∫
Γ
ql(y)Tjlm(x,y + τ (p))n̂m(y)dS(y), (3.9)

and the periodic stokeslet potential from a point force f located at xc,

Vj [Γ, f ](x) =
∑

p∈Z3

1
8πµGjm(x,xc + τ (p))fm, (3.10)

the periodic form of the completed double layer representation can be written

uj(x) =
Np∑
α=1

(
Wj [Γα,q](x) + Vj [Γα, f (α)](x)

)
. (3.11)

The interpretation of this is that the flow at a point x is influenced by all periodic
images of all particles in the primary cell, and that the influence is long-range,
since it decays as 1/r. On the surface Γα of each particle we set a no-slip boundary
condition. For a rigid body with center of mass x(α)

c and translational and rotational
velocities V(α) and Ω(α), this implies that

u(x) = U(α)(x) := V(α) + Ω(α) × (x− x(α)
c ), x ∈ Γα.
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Now we let x in (3.11) go to the surface Γβ of one body, and apply the double layer
jump (3.6) and the singularity subtraction (3.8). We then obtain the boundary in-
tegral formulation for the unknown density q for our periodic system of sedimenting
particles,

Np∑
α=1

(
Wj [Γα,q − q(x)](x) + Vj [Γα, f (α)](x)

)
= U

(β)
j (x),

x ∈ Γβ , β = 1, ..., Np.

(3.12)

The system is closed by adding by the constitutive equations relating q to V(α)

and Ω(α) [39],

V(α) = − 4π
SΓα

∫
Γα

q(y)dS(y),

Ω(α) = −4π
3∑

n=1

ω(α,n)

A
(α)
n

(
ω(α,n) ·

∫
Γα

(y− x(α)
c )× q(y)dS(y)

)
,

where SΓα is the surface area of Γα and

A(α)
n =

∫
Γα

[
ω(α,n) × (y− x(α)

c )
]
·
[
ω(α,n) × (y− x(α)

c )
]

dS(y).

The vectors ω(α,n), n = 1, 2, 3, are independent unit vectors, which must satisfy

1√
A

(α)
n A

(α)
m

∫
Γα

[
ω(α,m) × (y− x(α)

c )
]
·
[
ω(α,n) × (y− x(α)

c )
]

dS(y) = δmn.

They can be quickly computed using the modified Gram-Schmidt (MGS) algorithm
[13, p. 107].

To solve the system (3.12) numerically, we discretize the surface integrals using
a Gaussian quadrature with weights wj , such that for a function g(x)

Np∑
α=1

∫
Γα
g(x)dS(x) ≈

∑
α,j

w
(α)
j g(x(α)

j ) =
N∑
s=1

wsg(xs), (3.13)

where the sum s = 1, ..., N goes over all discretization points on all bodies in the
primary cell. Applying the Nyström method, we then require the discrete version
of (3.12) to be satisfied in every point,

−
Np∑
α=1
Wh
j [Γα,q − q(xt)](xt) + Uj(xt) =

Np∑
α=1
Vj [Γα, f (α)](xt),

t = 1, ..., N,
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where Wh is the double layer potential evaluated using the Gaussian quadrature
(3.13). This is a full 3N×3N system which is non symmetric and well-conditioned,
and therefore suitable for iterative solution using the GMRES algorithm [45]. Before
that can be done however, a method for evaluating the infinite sums in (3.9) and
(3.10) must be applied. This is where the subject of Ewald summation enters the
picture, as we will see in the next chapter.



Chapter 4

Ewald summation

As we saw in the previous chapter, formulating a boundary integral equation for a
periodic suspension of sedimenting particles in Stokes flow results in a system where
each particle is influenced by all other particles, all the way up to infinity. From
the discretization of the periodic double layer potential (3.9) we get an infinite sum
of stresslet potentials1

u
(T )
j (x) :=

Np∑
α=1
Wh
j [Γα,q](x)

=
N∑
s=1

∑
p∈Z3

Tjlm (x− xs + τ(p)) ql(xs)nm(xs), (4.1)

where n(xs) = wsn̂(xs) is the discrete form of the vector surface element dS, and
the stresslet T is defined in (3.3). The sum over all periodic images p has very slow
decay, and furthermore it is only conditionally convergent, so direct evaluation of
the sum is impractical. The standard remedy for this is to use Ewald summation,
invented by P.P. Ewald [15] in 1921 for the computation of the electrostatic potential
in periodic crystal lattices. The main idea behind the method is to decompose the
periodic sum into two sums. One sum is designed to contain the singularity and
converge rapidly, while the other is designed to be smooth, such that it converges
rapidly in k-space (Fourier space). In electrostatics, the potential 1/r is decomposed
as

1
r

= 1
r
− erfc(ξr)

r
+ erfc(ξr)

r
= erf(ξr)

r
+ erfc(ξr)

r
.

Figure 4.1 gives an illustration of how this works. The parameter ξ determines how
1We will here only discuss the summation of the double layer potential. For the stokeslet

potential the procedure is equivalent, though the details differ. We refer to Lindbo & Tornberg
[27] for that.

17
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Figure 4.1: Illustration of how Ewald decomposition works. The original 1/r po-
tential (left) is both long-range and singular. The long-range behavior is captured
by the erf(ξr)/r component (middle), such that the final decomposition (right)
separates it from the singular part.

fast the respective sums converge, and is used to balance the workload between
them.

4.1 Stresslet decomposition

Ewald summation for the stresslet potential (4.1) builds on the same ideas as for
the electrostatic potential, though the calculations are lengthier. An Ewald decom-
position for the stresslet was first derived by Fan et al. [16], using the splitting
method by Beenakker described in chapter 5. Recently, a second decomposition
which appears to have better convergence properties was derived for the stresslet
by Marin [30, Paper IV]. We here introduce the decomposition by Fan et al., where
the periodic sum (4.1) is decomposed as

u
(T )
j (x) =

N∑
s=1

∑
p∈Z3

Ajlm(ξ,x− xs + τ(p))Slm(xs)

+ 1
V

∑
k 6=0

Bjlm(ξ,k)e−k
2/4ξ2

N∑
s=1

Slm(xs)e−ik·(x−xs)

+ 1
V

N∑
s=1

T
(0)
jlm(xs)Slm(xs),

(4.2)
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where Slm := qlnm and V = L1L2L3. The first sum in (4.2) converges rapidly in
real space, with A defined as

Ajlm(ξ, r) : = C(ξ, r)r̂j r̂lr̂m +D(ξ, r)(δjlr̂m + δlmr̂j + δmj r̂l),

C(ξ, r) = −2
r

(
3
r

erfc(ξr) + 2ξ√
π

(3 + 2ξ2r2 − 4ξ4r4)e−ξ
2r2
)
,

D(ξ, r) = 8ξ3r√
π

(2− ξ2r2)e−ξ
2r2
.

The second sum in (4.2) converges rapidly in k-space, with B defined as

Bjlm(ξ,k) := −iπ
k

[
(δjlk̂m + δlmk̂j + δmj k̂l)− 2k̂j k̂lk̂m

](
8 + 2k

2

ξ2 + k4

ξ4

)
.

The third sum in (4.2) is related to the k = 0 term omitted from the k-space sum,
and is derived in Paper II for periodic sedimentation of rigid bodies. It turns out
that the choice,

T
(0)
jlm(y) = 8πδlmyj ,

results in a zero mean flow through the primary cell, which is what we want if we
are to observe particles sedimenting through a quiescent fluid.

4.2 Truncation error estimates

While the real- and k-space sums in (4.2) are rapidly converging, they are still
infinite. We therefore need to truncate them, and the question is when to do that.
Ideally, we would like to keep only the terms required to compute u(T ) to a certain
tolerance ε, and discard the rest. This is a question of delicate balancing; compute
too few terms and we lose precision, compute too many and we do unnecessary
work.

For the Ewald sum of the electrostatic potential, Kolafa & Perram [25] devel-
oped an RMS (root mean squares) error estimate for the case of charges randomly
distributed in the primary cell. Their derivation builds on making a statistical es-
timate of the error, but is nevertheless highly predictive and widely used. In Paper
II, we use the reasoning of Kolafa & Perram to develop truncation error estimates
for the stresslet, when decomposed using the Ewald decomposition by Fan et al.
The estimates are for the error in RMS, defined as

erms,j :=

√√√√ 1
N

N∑
s=1

(uj(xs)− ũj(xs))2
,

where u and ũ are the truncated and exact solutions, respectively. Both the real
space and k-space estimates contain a factor

√
Q, which depends on the system in-

volved. We find that for randomly distributed point stresslets, we get very accurate
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error estimates using the definition

Q :=
N∑
s=1

3∑
l=1

3∑
m=1

q2
l (xs)n2

m(xs),

which sums the squared contributions from all the points. However, for the case of
point sources related to quadrature of the double layer potential, using the above
definition gives Q ∼ 1/N for a given geometry, with the number of discretization
points increasing with N . In practice we find that Q is constant as the number of
quadrature points is increased, so we redefine it as

Q :=

 Np∑
α=1

SΓα

( 3∑
l=1

N∑
s=1

wsq
2
l (xs)

)
≈

Np∑
α=1

SΓα

3∑
l=1
‖ql‖22,

where ‖ · ‖2 is the 2-norm, defined as

‖f‖22 =
Np∑
α=1

∫
Γα
f2(y)dS(y).

Real space sum

In the real space sum the truncation is spatial, such that only points within a
truncation radius rc from the target point x are included in the sum. For a given
radius rc and Ewald parameter ξ, the RMS error is estimated as

e(R)
rms ≈ e−ξ

2r2
c

√
1
27
Q

V
ξ2rc (327 + 1588ξ2r2

c − 1392ξ4r4
c + 448ξ6r6

c ),

by following the steps of Kolafa & Perram.

k-space sum

In the k-space sum, the truncation is on the reciprocal lattice, so we only compute
the contribution from k-vectors within a box K, such that |ki| ≤ K. Deriving an
estimate for the k-space truncation error turns out to be hard, but we heuristically
find an error estimate that gives satisfactory results,

e(F )
rms ≈ e−K

2/4ξ2+0.43K/ξ
√
ξ2L

Q

V
,

where L = mini Li.
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4.3 Fast Ewald summation

We have so far discussed how the slowly converging sum over periodic images (4.1)
can be cast into an Ewald sum (4.2), which converges very fast. However, even
though it is rapidly converging, the Ewald sum is very expensive to compute in
practice, since it has O

(
N2) complexity with a constant that grows rapidly with

increasing rc and K. This complexity can be reduced to O (N logN) by applying
a mesh-based method, which allows the k-space sum to be computed using a fast
Fourier transform (FFT). Such methods include the particle–particle–particle–mesh
(P3M), particle mesh Ewald (PME) and smooth particle mesh Ewald (SPME),
all of which are introduced in a unified way by Deserno & Holm [14]. A recent
contribution to this class of methods is the spectral Ewald (SE) method by Lindbo &
Tornberg [27, 28], which uses scaled Gaussians instead of interpolation polynomials
to create a grid representation of the pointwise charge density. This decouples the
approximation error of the summation method from the truncation error of the
Ewald sum, thus reducing the memory requirements of the method by allowing a
minimal FFT grid to be used.

These mesh based fast Ewald methods are widely used for computing the long-
range interactions in molecular simulations, but they have also been applied to
hydrodynamic problems with Stokes flow. The PME method was used by Sierou &
Brady [49] for their accelerated Stokesian dynamics (ASD), simulating suspensions
containing up to 1000 spheres. Saintillan et al. [46] used SPME for sedimenting
fiber suspensions, simulating systems of up to 512 fibers. Recently, Marin et al.
[30, Paper III] used SE for the same problem, simulating up to 3800 fibers while
using a more accurate fiber discretization.

In Paper II we extend the spectral Ewald to work with the stresslet potential,
and apply it for a suspension of sedimenting spheroid particles.





Chapter 5

Ewald decompositions

As we have seen in the previous chapter, Ewald summation is a very useful technique
for summing periodic potentials which converge slowly, if at all, when summed
directly. To apply the technique to a given potential, one first requires what is
called an Ewald decomposition. The decomposition splits the potential into two
parts, one which is short-ranged and converges rapidly in real space, and one which
is smooth and converges rapidly in k-space. As we shall see, decompositions are
not unique, and there are several ways of constructing a decomposition of a given
potential.

We will here describe two general approaches for creating decompositions, and
relate them to each other in a way which we have not seen documented before. We
will then show how this relation can be used to create new decompositions with
relatively little effort.

5.1 Splitting and screening

Given a PDE in free space (with the Laplace equation as an example in parentheses),

Lu = 4πqδ, (L = −∆),

we have a Green’s function s.t.

u = qG, (G = 1
r

).

In many cases, the Green’s function can also be expressed as an operation K on r,

G = K r, (K = 1
2∆). (5.1)

In a periodic setting, u will be computed by summing all periodic images of G. If
G decays slowly (1/r) an Ewald decomposition is required to compute the sum in
a fast way. Such a decomposition can be obtained by splitting the operator K or
by screening the Green’s function G.

23
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Splitting

The splitting method was invented by Beenakker [4] for the Rotne-Prager tensor,
and later applied on the stokeslet by Pozrikidis [40], and on the stresslet by Fan
& Phan-Thien [16]. The decomposition is obtained by introducing Φ and Θ, such
that

Φ + Θ = r,

and writing

GF +GR = K(Φ + Θ).

The real space part is obtained by applying K to Θ, which in general is a matter
of differentiation,

GR = K Θ,

while GF is transformed to Fourier space,

ĜF = K̂Φ̂,

where K̂ is the transformed operator (Laplace: K̂ = − 1
2k

2). The Beenakker decom-
position is obtained by setting

Φ = r erf(ξr),
Θ = r erfc(ξr),

having (see [40])

Θ̂ = −8π
k4

(
1 + 1

4
k2

ξ2 + 1
8
k4

ξ4

)
e−k

2/4ξ2
.

For the Laplace example, this yields

GR = 1
2∆ (r erf(ξr)) = erfc(ξr)

r
+

2ξe−ξ2r2 (
ξ2r2 − 2

)
√
π

,

ĜF = −k2F [r erfc(ξr)] = 4π
k2

(
1 + 1

4
k2

ξ2 + 1
8
k4

ξ4

)
e−k

2/4ξ2
.

This particular decomposition is however of limited interest, since it is more com-
plicated than the classical Ewald decomposition for the Laplacian, and is likely
to have slower convergence. The point here is that it is very simple to apply the
Beenakker method, given K in (5.1).
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Screening
Screening is done by introducing a screening function γ, ‖γ(x)‖ = 1, that decays
smoothly away from zero. The decomposition of G is then obtained by adding and
subtracting the convolution of G and γ,

G = G− (G ∗ γ) + (G ∗ γ),

such that

GR = G− (G ∗ γ),

ĜF = Ĝγ̂.

The classical Ewald decomposition for Laplace uses

γE(x) = ξ3π−3/2e−ξ
2r2


 γ̂E(k) = e−k
2/4ξ2

,

which leads to the decomposition

GR = erfc(ξr)
r

ĜF = 4π
k2 e

−k2/4ξ2
.

For the Stokeslet, the original derivation of the Ewald decomposition by Hasimoto
[22] did not involve a screening function. However, it was later shown by Hernández-
Ortiz et al. [23] that it is equivalent to applying the screening function

γH(x) = ξ3π−3/2e−ξ
2r2
(

5
2 − ξ

2r2
)


 γ̂H(k) = e−k
2/4ξ2

(
1 + 1

4
k2

ξ2

)
.

The screening method has one drawback, which is that evaluating the convolution
(G ∗ γ) can be quite tedious. Reproducing the result by Hernández-Ortiz et al.
requires a fair amount of calculations.

Relationship between methods
Screening and splitting can be viewed as two different ways of obtaining the same
decomposition. There is then a relationship between (Φ,Θ) and γ, which can be
explicitly expressed as

K Θ = G− (G ∗ γ),

K̂Φ̂ = Ĝγ̂.

However, since G = K r, we have the relationship

Ĝ = −8π
k4 K̂,
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and so

Φ̂ = −8π
k4 γ̂ 
 γ̂ = − k

4

8π Φ̂

and

γ = − 1
8π∇

4Φ. (5.2)

Given a decomposition r = Φ + Θ, we can then calculate the corresponding screen-
ing function γ by simple differentiation of Φ. Conversely, assuming Φ spherically
symmetric, we can get Φ for a given γ by solving the biharmonic equation (5.2) in
spherical coordinates,

4
r

Φ(3)(r) + Φ(4)(r) = − 1
8πγ(r).

5.2 Summary of decompositions

We are now able to complete Tables 5.1 and 5.2, where we list screening functions
and corresponding splitting for the Ewald, Hasimoto and Beenakker methods, some
of which have not been previously published. This allows us a comprehensive view
of the decomposition methods so far listed in the literature. It also provides us
with shortcuts if we want to calculate either decomposition for a given potential.
If we, for example, want to calculate the Hasimoto decomposition for a given G,
we might be reluctant to carry out the calculation of (G ∗ γH). If we know K, we
can instead get GR directly by applying K to Φ, which in general is a much simpler
operation.
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Name Screening function γ(r) Fourier screening γ̂(k)

Ewald, γE αe−ξ
2r2

e−k
2/4ξ2

Hasimoto, γH αe−ξ
2r2 ( 5

2 − ξ
2r2) e−k

2/4ξ2
(

1 + 1
4
k2

ξ2

)
Beenakker, γB αe−ξ

2r2 (10− 11ξ2r2 + 2ξ4r4) e−k
2/4ξ2

(
1 + 1

4
k2

ξ2 + 1
8
k4

ξ4

)
Table 5.1: Screening functions, α = ξ3π−3/2.

Name Splitting Φ(r) Splitting Θ(r) = r − Φ(r)

Ewald, (ΦE ,ΘE) r erf(ξr) + r erf(ξr)
2ξ2r2 + e−ξ2r2

√
πξ

r erfc(ξr)− r erf(ξr)
2ξ2r2 − e−ξ2r2

√
πξ

Hasimoto, (ΦH ,ΘH) r erf(ξr) + e−ξ2r2
√
πξ

r erfc(ξr)− e−ξ2r2
√
πξ

Beenakker, (ΦB ,ΘB) r erf(ξr) r erfc(ξr)

Table 5.2: Splittings, Θ(r) + Φ(r) = r.





Chapter 6

Conclusions and future work

In this thesis we have discussed numerical methods related to two types of fluid
flow which are of interest in microfluidics: multiphase flow and sedimentation in
particle suspensions. In the two included papers (Paper I and Paper II) we present
methods for simulating these respective flow types.

The method presented in Paper I can be used for simulating complex flows
involving surfactants and moving contact lines. It is based on an interface tracking
method where the interface is decomposed into segments. This provides a natural
framework for the treatment of surfactants and contact lines, but is limited to two
dimensions. Extending this method to three dimensions is not straightforward, as
discussed in [26], and we have chosen not to continue along this path of development.

In Paper II we present our most recent work, which is a fast boundary integral
method for periodic Stokes flow in three dimensions, applied to sedimentation in
particle suspensions. Continuing the development of this method is our current
focus, with the next step being to improve the quadrature used for the boundary
integrals, such that very close interaction between particles can be treated with
control of the numerical errors. Future work will be directed towards further de-
velopment of the method, to allow for high accuracy quadrature over particles of
general shape. Possible research then includes extending the method to handle
deformable particles and interfaces between immiscible fluids.
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