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Abstract 
 

This work contains a brief review of the lattice Boltzmann method. Specifically, Shan-Chen pseudo- 
potential approach is described in details to simulate two immiscible components and understand the 
deformation of a droplet in a shear velocity. We also discuss the stability of the model in terms of 
different parameters and effects of those parameters on deformation of the droplet. Furthermore, the 
main drawbacks of the model are pointed including spurious currents, break of conservativeness, and 
diffusive –interface. Finally, we are concerned with comparative study of our model. In this content we 
compare our results with the interface tracking method which is coupled to Navier-Stokes equation to 
simulate two phase flows. Our comparison indicates that both methods track the same interface if the 
critical parameters in Shan-Chen simulation selected cautiously according to the stability constraints. 

  



  

 
 

 

  



  

 
 

Sammanfattning 

Lattice Boltzmann-simulering av två oblandbara vätskor 

Detta arbete innehåller en beskrivning av Lattice-Boltzmann metoden för strömningsmekanik. Speciellt 
diskuteras Shan-Chens metod för simuleringen av två icke blandbara vätskor, och metoden används för 
simulering av droppars deformation i skjuvströmning. Vi diskuterar också stabiliteten av metoden för 
olika parametrar, och deformationen av droppen beroende av fysikaliska parametrar. Modellens 
svagheter påpekas såsom falska hastighetsströmmar, brister i masskonservering och diffusa gränsskikt 
mellan vätskorna. Slutligen genomförs en studie där vi jämför resultaten från Shan-Chen modellen med 
en s.k. interface tracking metod,  som är kopplad till en finita differens lösare för Navier-Stokes 
ekvationer. Jämförelsen visar en samstämmighet mellan resultat från de båda metoderna ifall de kritiska 
parametrarna i Shan-Chen simuleringen väljs noggrant enligt stabilitetsbegränsningarna.   
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Introduction 
 

There exist two main approaches to simulate fluid dynamics. One approach starts from continuum 
equations and utilize appropriate numerical scheme to solve them (macroscopic), whilst the other 
approach considers individual molecules of the fluid and their interactions (microscopic). Lattice 
Boltzmann method (LBM) with its roots in kinetic theory arose between these two macroscopic and 
microscopic approaches.  In other words, lattice Boltzmann is a mesoscopic approach which models 
macroscopic dynamics of a fluid based on its underlying microscopic behavior while avoids following 
every single molecules. In LBM, fictitious ensembles of particles perform consecutive streaming and 
collision processes to model the fluid dynamics. This algorithm is designed so that the corresponding 
continuum equations of the fluid dynamics can be recovered through multi scale expansions, i.e. 
Chapman-Enskog analysis. 

Due to its kinetic nature, LBM provides several advantages over traditional methodologies. First, LBM 
possesses a linear streaming process and its combination with collision process allows retrieving the 
nonlinearity of the advection term (implicitly). In contrast, considering the incompressible Navier-Stokes 
(NS) equations, the advection term is nonlinear requiring appropriate numerical treatment and efforts. 
Second, there exists an explicit equation of state in LBM to calculate the pressure directly from the 
density. The Incompressible NS equations offer no explicit equation for pressure, instead a Poisson 
equation is solved to obtain pressure field which causes numerical difficulties and significant 
computational cost. On the other hand, LBM is also advantageous to implement complex geometry 
boundaries. In addition, the local dynamics (only neighboring interactions) of the LBM yields a naturally 
parallel algorithm whose efficiency could easily be improved utilizing parallelization strategies. 

The Boltzmann kinetic equation is the cornerstone of the LBM. Historically, since Ludwig Boltzmann 
established his kinetic equation in 1872, several analysis and expansions were carried out to derive fluid 
dynamics equations from kinetic theory. For the first time, Frisch et al (1986) obtained the correct NS 
equations from the lattice gas cellular automata (LGCA). Lattice gas automaton (LGA) is a simplified 
fictitious molecular dynamic model, defined in a discrete field with Boolean particle numbers. In fact, 
the LBM originated from lattice gas automata and developed in response to its initial drawbacks. The 
first lattice Boltzmann equation (LBE) introduced by McNamra and Zanetti in 1988. They proposed to 
replace the Boolean particle number in LGA equation with its ensemble average, known as the 
distribution function, to eliminate the statistical noise and generate the LB equation. Shortly after, the 
LBE evolved into an independent research subject and developed out of its underlying LGA. A significant 
simplification of the LBE was made by Higuera and Jimenez (1989), who linearized the collision operator 
to circumvent the exponential complexity of the collision rule. In addition, Higuera et al (1989) proposed 
a linearly stable LBE with enhanced collision operator to overcome high viscosity problems. 
Furthermore, several authors (Qian 1990, Chen et al 1991) independently suggested utilizing a single 
relaxation time towards the equilibrium known as the Bhatnagar-Gross-Krook (BGK) collision operator to 
improve the efficiency and flexibility of the model. 
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Some other more complicated LB models have also been proposed by others. Examples include the 
multiple relaxation times (MRT) scheme (d’Humieres et al. 2002) to enhance numerical stability, and the 
unstructured LBM (Ubertini and Succi 2005) to cope with complex boundaries. However, a review of all 
these schemes goes beyond the scope of this thesis. Hence, we will limit our study to the above 
mentioned LBGK model which is employed successfully in various applications.  

Since the earliest lattice Boltzmann model was introduced about two decades ago, it has been 
developing rapidly into a viable alternative method for simulating fluid dynamics. LBM has spread its 
wings over many areas including microfluidics, particle suspension, multi phase/component flows, 
porous materials, turbulent flows, etc. 

1.1. Overview of thesis 

The introduction described the basic notion of kinetic theory and its evolution to lattice Boltzmann 
method. Also some advantages of LBM over traditional numerical schemes discussed therein. We 
continue this thesis in two separate parts. In Part I, we introduce the LB model and the relevant 
equations. We also discuss the boundary conditions and stability of the model. Numerical simulation 
and results are given later to verify the stability and convergence of our scheme.  

Part II deals with multiphase/component fluid systems, specifically the LB model for two components 
flow. In this content we first describe the Shan-Chen multiphase/component model. Then, we present 
the numerical results and test of Laplace law to test the correctness of our simulation. Shortcomings of 
the model are also discussed. Finally, we compare our results with interface tracking method where two 
phase NS equations are coupled to interface PDE based on the immersed boundary method (IBM).  

  



  

3 
 

Part I:  Lattice Boltzmann method 
 
2.1. Lattice Boltzmann Equations 

The Lattice Boltzmann equations (LBE) can be obtained in several ways from either discrete velocity 
model, e.g. LGA equation or the Boltzmann kinetic equation (Chen & Doolen 1997). We have started 
from a discrete kinetic equation for the density distribution function to attain the following LB equation. 

                                          𝑓𝑖(𝑥 + 𝒄𝑖∆𝑥, 𝑡 + ∆𝑡) − 𝑓𝑖(𝑥, 𝑡) = Ω𝑖(𝑓)         𝑖 = 0,1, … ,𝑀,                                   (1) 

where distribution function 𝑓𝑖(𝑥, 𝑡), represents the probability of the fluid particles at time 𝑡 and 
position 𝑥 moving with 𝑐𝑖  lattice velocity. The collision operator Ω𝑖(𝑓) determines the rate of changes of 
the density distribution after each collision process. In fact, the above mentioned LB equation 
formulates the dynamic behavior of the fictitious fluid particles within streaming and collision processes. 
More precisely, its left hand side stands for the streaming process wherein after one time step ∆𝑡, the 
portion of particles moving with 𝑐𝑖  lattice velocity arrives to its neighboring lattice point 𝑥 + 𝒄𝑖∆𝑥. On 
the other hand, the right hand side of the LBE addresses the collision operator in which arriving particles 
from all lattice neighbors collide and portions of particles with new distribution function leave the point 
with different lattice velocities and another streaming process starts. This story continues until the end 
of the simulation. 

Furthermore, the stated lattice velocities are restricted to a set of discrete velocities 𝐶 = {𝑐0, 𝑐1, … , 𝑐𝑀} 
based upon which lattice structure is employed in the simulation. Actually, several lattice structures 
could be utilized in LBM simulation such as D2Q5 and D2Q9 in two dimensions and D3Q19 and D3Q27 in 
three dimensions. For simplicity, we discuss typical D2Q9 (two-dimensions and nine-velocity) lattice 
structure which is applied to most practical LBM simulations. It is notable that nine lattice velocities 
provide second order accuracy which could be still improved if we increase the number of discrete 
lattice velocities. Based on D2Q9 square in figure.1, 𝑐𝑖(𝑥) = {0, 1, 0,−1, 0, 1,−1,−1, 1} and 𝑐𝑖(𝑦) =
{0, 0, 1, 0,−1, 1, 1,−1,−1}  are, respectively, the set of nine lattice velocities in 𝑥 and 𝑦 coordinates and 
𝜔0 = 4 9⁄  ,𝜔1−4 = 1 9⁄  ,𝜔5−8 = 1 36⁄  are defined to be the weight factors. 
  

 

 

 

 

 

As it was mentioned earlier in this thesis, one important simplification of the LBE is the quasi-linear form 
of the collision operator (Higuera & Jimenez 1989), 

   
 
            Figure.1: D2Q9 square 
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                                                                          Ω𝑖(𝑓) = 𝐴𝑖𝑗�𝑓𝑗 − 𝑓𝑗
𝑒𝑞�.                                                                    (2) 

Here, 𝑓𝑗
𝑒𝑞  is the local equilibrium distribution function and 𝐴𝑖𝑗 is the collision matrix which depends on 

the scattering rate between directions 𝑖 and 𝑗. The eigenvalues of this collision matrix are the essence of 
the multiple relaxation time (MRT) model established by d’Humieres (1992) wherein those eigenvalues 
represent the inverse of the relaxation times to equilibrium state. Although the MRT model is more 
stable (d’Humieres et al. 2002) and applicable in a wide spectrum of the fluid dynamics and thermal 
systems, we content ourselves to the single relaxation time model due to its simplicity and 
computational efficiency. The single relaxation time Bhatnagar-Gross-Krook (BGK) collision operator 
(Qian 1990, Chen et al 1991) formulates the collision process such that the local particle distribution 
reaches to the equilibrium state at a single pace 𝜏, 

                                                                           Ω𝑖(𝑓) =
1
𝜏
�𝑓𝑖 − 𝑓𝑖

𝑒𝑞�.                                                                      (3) 

The BGK collision term implies lattice BGK (LBGK) equation, 

                                        𝑓𝑖(𝑥 + 𝒄𝑖∆𝑥, 𝑡 + ∆𝑡) − 𝑓𝑖(𝑥, 𝑡) =  −1
𝜏
�𝑓𝑖(𝑥, 𝑡) − 𝑓𝑖

𝑒𝑞(𝑥, 𝑡)�                                     (4) 

where the equilibrium distribution function 𝑓𝑖
𝑒𝑞  can be written as a discretized Maxwell-Boltzmann 

equilibrium distribution (Qian et al. 1992), 

                                                 𝑓𝑖
𝑒𝑞 = 𝜌𝜔𝑖 �1 +

𝒖.𝒄𝑖
𝑐𝑠2

+
1
2
�
𝒖. 𝒄𝑖
𝑐𝑠2

�
2

−
1
2
𝒖.𝒖
𝑐𝑠2

� .                                                     (5) 

This expression is only valid for low Mach numbers 𝑀𝑎 = 𝑈/𝑐𝑠 requiring low velocities. Here, the 
macroscopic density 𝜌 and velocity 𝒖 can be attained from the distribution function at each lattice point, 

                                                                                      𝜌 = �𝑓𝑖
𝑖

,                                                                               (6) 

                                                                                   𝜌𝒖 = �𝑓𝑖
𝑖

𝒄𝑖  .                                                                           (7) 

Yet in the same expression, 𝜔𝑖  is the lattice weight factor which is defined based on the described lattice 

structure and 𝑐𝑠2 = ∆𝑥2

3∆𝑡2
 is the lattice sound speed. In general, it is very common in LBM simulation to 

define lattice space and time steps by unit length ∆𝑥 = ∆𝑡 = 1 leading to 𝑐𝑠2 = 1
3
 . 

However, at relatively small time and space increment, Taylor expansion can be employed to derive the 
continuum form of the Boltzmann equation from LBE (Chen & Doolen 1997), 

                                                                             
𝜕𝑓𝑖
𝜕𝑡

+ 𝒄𝑖 .∇𝑓𝑖 = Ω𝑖(𝑓).                                                                    (8) 
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It is also possible to apply Chapman-Enskog expansion and some algebra to recover the correct Navier-
Stokes equations from the LB equations (Chen & Doolen 1997): 

                                 
𝜕𝜌
𝜕𝑡

+ ∇.𝜌𝒖 = 0   ,                          
𝜕𝒖
𝜕𝑡

+ (𝒖.∇)𝒖 = −
1
𝜌
∇𝑃 + 𝜈∇2𝒖 ,                             (9) 

with the kinematic viscosity 𝜈 and pressure 𝑃 expressed as: 

                                                                            𝜈 = �𝜏 −
1
2
� 𝑐𝑠2Δ𝑡 ,                                                                        (10) 

                                                                                   𝑃 = 𝑐𝑠2𝜌.                                                                                  (11) 

It is notable that in the absence of sufficient lattice symmetry, the LBE cannot recover the Navier-Stokes 
correctly (Frisch 1986).  

Moreover, Lattice Boltzmann equation may involve body forces such as gravity and electromagnetic 
field which inject momentum into the fluid. The effective body force is added to the collision process, 

                          𝑓𝑖(𝑥 + 𝒄𝑖∆𝑥, 𝑡 + ∆𝑡) − 𝑓𝑖(𝑥, 𝑡) =  −
1
𝜏
�𝑓𝑖(𝑥, 𝑡) − 𝑓𝑖

𝑒𝑞(𝑥, 𝑡)� + 𝐹𝑖∆𝑡 ,                              (12)  

where 𝐹𝑖 = 𝑤𝑖𝑭𝒄𝑖
𝑐𝑠2

 . Alternatively, velocity field could be shifted to incorporate the momentum injection, 

                                                                    𝒖𝑒𝑞 =
1
𝜌
�𝑓𝑖
𝑖

𝒄𝑖 + 
𝜏∆𝑡𝐹
𝜌

 .                                                                (13) 

 

2.2. Boundary conditions 

Appropriate modeling of the boundary conditions is the significant and crucial issue for successful 
simulation of the fluid dynamic. Contrary to numerical methods based on the Navier-stokes equations, 
specifying the boundary conditions is not straight forward for LBM simulation. In the LB evolution after 
each streaming process, the inward density distributions on the nodes near the boundaries are not 
available. These unknown distribution functions entering the fluid domain must be determined in ways 
that satisfy the macroscopic properties of the fluid. Similar to the LB model itself, the corresponding 
boundary schemes also originated from its LGA ancestor. Since the early days of the LBM, numerous 
efforts have been dedicated to develop flexible and accurate boundary schemes (e.g. Ziegler 1993, 
Inamura et al. 1995, Zou and He 1997, Guo et al. 2002, and Le and Zhang 2009). Several approaches are 
reviewed, discussed, and well documented in the literature. Readers may be referred to see excellent 
textbooks by Sauro Succi (2001), Sukop & Thorne (2006), and A. A. Mohamad (2011). In the present 
work, for the convenience of the readers, we repeat the simple bounce back scheme for the stationary 
no-slip boundaries as well as its modification for the moving boundary conditions. 
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2.2.1. Stationary no-slip boundaries (Solid wall) 

The no-slip boundary condition is one of the simplest conditions in which fluid velocity is zero on the 
solid boundary. In LBM, the bounce-back scheme is easily applicable to simulate the flow at the no-slip 
boundaries. Principally, based on the bounce-back scheme when the particles near a boundary stream 
toward that boundary, they will hit the wall and scatter back to their original site with reversed lattice 
velocity. Bounce-back is the essence of the different boundary schemes in LBM simulation. The simplest 
approach to implement the successful bounce-back scheme is to locate the physical boundary exactly on 
the grids line. According to figure.2 the inward distributions functions 𝑓4 ,𝑓7 , and 𝑓8 are not available 
after streaming process at the north boundary. These unknowns could be determined based on outward 
particles which hit the wall and bounce back to their origin in the domain. Hence, 𝑓4 = 𝑓2 ,𝑓7 =
𝑓5,  and 𝑓8 = 𝑓6.   

It has been reported that the so-called on-grid bounce-back scheme described above is not more than 
first order accurate (Cornubert 1991, Ziegler 1993, Ginzbourg & Adler 1994). This degrades the accuracy 
of the LBM which is second order for the internal nodes. Several modifications have been proposed to 
improve the numerical accuracy on the boundaries. For example, Ziegler (1993) proposed to shift the 
physical boundary into the fluid domain by half a grid size. This mid-grid scheme could be implemented 
to enhance the numerical accuracy up to second order. 

 

 

Figure.2. Bounce back at north wall 

 

2.2.2. Moving boundaries with known velocity 

In numerous applications some boundaries of the domain move with known velocity. Movements of the 
boundaries inject momentum into the fluid which is not incorporated in the simple bounce-back 
scheme. Hence, the simple bounce-back scheme must be modified to include the momentum injection. 
Zhu and He (1997) proposed to extend the bounce-back condition to the direction normal to the 
boundaries. They employed equations (6) and (7), respectively, for macroscopic density and velocity 
together with equilibrium condition normal to the boundary to set up a system of four equations and 
four unknowns. Again, the inward distribution functions are the unknowns after each streaming process 

(figure.3). Considering the velocity 𝑈 = �
𝑢𝑁
𝑣𝑁� at the north boundary in figure.3, the stated system of 

equations can be written as follows to specify the unknown distribution functions,  
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𝜌𝑁 = 𝑓0 + 𝑓1 + 𝑓2 + 𝑓3 + 𝑓4 + 𝑓5 + 𝑓6 + 𝑓7 + 𝑓8  

𝜌𝑁𝑢𝑁 = 𝑓1 + 𝑓5 + 𝑓8 − 𝑓6 − 𝑓3 − 𝑓7  

𝜌𝑁𝑣𝑁 = 𝑓2 + 𝑓5 + 𝑓6 − 𝑓7 − 𝑓4 − 𝑓8  

𝑓4 − 𝑓4
𝑒𝑞  = 𝑓2 − 𝑓2

𝑒𝑞   

 

Figure.3: Unknown distribution functions (dotted lines) on the boundaries after streaming process 

Applying equation (5) to the equilibrium distribution functions and some algebra, specify the unknowns 
on the north boundary. 

North Boundary: 

                                                 𝜌𝑁 =
1

1 + 𝑣𝑁
[𝑓0 + 𝑓1 + 𝑓3 + 2(𝑓2 + 𝑓6 + 𝑓5)]                                                  (14) 

                                                                            𝑓4  = 𝑓2 −
2
3
𝜌𝑁𝑣𝑁                                                                         (15) 

                                                𝑓7  = 𝑓5 +
1
2

(𝑓1 − 𝑓3) −
1
6
𝜌𝑁𝑣𝑁 −

1
2
𝜌𝑁𝑢𝑁                                                         (16) 

                                               𝑓8  = 𝑓6 −
1
2

(𝑓1 − 𝑓3) −
1
6
𝜌𝑁𝑣𝑁 +

1
2
𝜌𝑁𝑢𝑁                                                          (17) 

Similarly, the unknowns on the other moving boundaries with known velocity can be specified as, 

South Boundary: 

                                                 𝜌𝑆 =
1

1− 𝑣𝑆
[𝑓0 + 𝑓1 + 𝑓3 + 2(𝑓4 + 𝑓7 + 𝑓8)]                                                (18) 

                                                                            𝑓2  = 𝑓4 +
2
3
𝜌𝑆𝑣𝑆                                                                       (19) 
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                                                𝑓5  = 𝑓7 +
1
2

(𝑓3 − 𝑓1) +
1
6
𝜌𝑆𝑣𝑆 +

1
2
𝜌𝑆𝑢𝑆                                                       (20) 

                                               𝑓6  = 𝑓8 −
1
2

(𝑓3 − 𝑓1) +
1
6
𝜌𝑆𝑣𝑆 −

1
2
𝜌𝑆𝑢𝑆                                                        (21) 

East Boundary: 

                                                 𝜌𝐸 =
1

1 + 𝑢𝐸
[𝑓0 + 𝑓2 + 𝑓4 + 2(𝑓1 + 𝑓5 + 𝑓8)]                                               (22) 

                                                                            𝑓3  = 𝑓1 −
2
3
𝜌𝐸𝑢𝐸                                                                         (23) 

                                                𝑓7  = 𝑓5 +
1
2

(𝑓2 − 𝑓4) −
1
6
𝜌𝐸𝑢𝐸 −

1
2
𝜌𝐸𝑣𝐸                                                        (24) 

                                                𝑓6  = 𝑓8 −
1
2

(𝑓2 − 𝑓4) −
1
6
𝜌𝐸𝑢𝐸 +

1
2
𝜌𝐸𝑣𝐸                                                         (25) 

West Boundary: 

                                                 𝜌𝑊 =
1

1− 𝑢𝑊
[𝑓0 + 𝑓2 + 𝑓4 + 2(𝑓3 + 𝑓6 + 𝑓7)]                                               (26) 

                                                                            𝑓1  = 𝑓3 +
2
3
𝜌𝑊𝑢𝑊                                                                        (27) 

                                                𝑓5  = 𝑓7 −
1
2

(𝑓2 − 𝑓4) +
1
6
𝜌𝑊𝑢𝑊 +

1
2
𝜌𝑊𝑣𝑊                                                      (28) 

                                               𝑓8  = 𝑓6 +
1
2

(𝑓2 − 𝑓4) +
1
6
𝜌𝑊𝑢𝑊 −

1
2
𝜌𝑊𝑣𝑊                                                       (29) 

Observe that the no-slip boundary condition is the especial case of the moving boundaries wherein the 
velocity is defined to be zero. 

 

2.3. Stability 

Stability is an important property of any numerical scheme and protects the simulation against error 
build-up. The LBM is a discrete world and only supports the finite propagation speed. Therefore, the 
physical information should not travel faster than the fastest velocity supported by the discrete grid. 
This is the physics behind the Courant-Friedrichs-Lewy (CFL) conditions which varies accordingly. In LBM, 
CFL condition implies that Mach number 𝑀𝑎 = 𝑈/𝑐𝑠 ≪ 1. However, CFL condition is not sufficient to 
guarantee the practical stability of the LBM. Thereby, a detailed study is required to embrace the knotty 
issue of nonlinear stability as well as straightforward linear stability. 
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Considering the LBGK equation, it has been shown that linear stability implies |1− 𝜔| < 1 where 𝜔 = 1
𝜏
  

(Sauro Succi 2001). That is the condition 

                                                                                      0 < 𝜔 < 2.                                                                             (30) 

On the other hand, kinematic viscosity in equation (10) can be simplified as 𝜈 = 1
3
�𝜏 − 1

2
� for the unit 

lattice time and spacing. This necessitates 𝜏 > 1
2
 since at 𝜏 ≤ 1

2
  viscosity gets zero or negative values 

causing physical instability.  

Furthermore, numerical difficulties occur as 𝜔 approaches to either end of the stability region. More 
precisely, as 𝜔 → 0 (infinite viscosity) the conservativeness assumption breaks and the hyperbolic LBE 
diverts to a diffusive equation. In opposite direction, as 𝜔 → 2 (zero viscosity) the sub-grid scales appear 
and give rise to spurious currents leading to numerical blow-up. This is the problematic issue of 
nonlinear stability. A detailed study of nonlinear stability is not in the contents of present work; hence 
we only state the key features. Interested readers may be referred to the excellent text book by Sauro 
Succi (2001) or any other more recent literature. 

Approximate depiction of short scales results in numerical drifts requiring specific treatments. In fact, a 
numerical scheme is nonlinearly stable if it is able to dissipate those spurious currents which endanger 
the positivity of the distribution function in LBM simulation. Nonlinear stability depends on the 
existence of the H-theorem, which impose positive definiteness on the underlying kinetic. In general, the 
nonlinear H-theorem cannot be extended to the over-relaxation regime 1 < 𝜔 < 2 (Sauro Succi 2001). 
Indeed, quasi linear and LBGK models do not support H-theorem. In other words, they stipulate no 
restrictions to ensure the positivity of the distribution functions over the entire spatial domain (Aidun 
and Clausen 2009). Consequently, nonlinear stability only holds in a restricted region,  

                                                                                0 < 𝜔 < 𝜔𝑁𝐿 < 2                                                                     (31) 

wherein 𝜔𝑁𝐿 is an unknown function of the solution and therefore unfeasible, unless the price of solving 
LBE itself is paid. Various attempts have been devoted to circumvent the deficiency of the H-theorem in 
quasi linear LB method. The major progress is to develop a discrete H-theorem constraint so that 
positive definiteness is enforced on the distribution functions. This is a so-called entropic lattice 
Boltzmann (ELB) which bounds the entropy of the collision process. However, a review of the ELB 
method is beyond the scope of this study.  

As already mentioned, another important criterion in the stability analysis is the conservativeness of the 
numerical schemes, meaning that a physically conserved system should be still conserved through 
numerical evolution. Theoretically, LBE is a conserving numerical scheme since both streaming and 
collision processes are conservative. Nevertheless, as 𝜔 approaches to zero, the conservativeness of LBE 
breaks and gives rise to the diffusion mode. It is also notable that the conservativeness of the collision 
operator is only guaranteed up to machine-round-off and this may pose diffusion to relatively long 
simulations. 



  

10 
 

2.4. Lid driven cavity 

Lid driven cavity is widely used in computational fluid dynamics to evaluate numerical methods due to 
its simple geometry and boundary conditions. In 2-dimension, the geometry is a square domain with 
Dirichlet boundary conditions on all sides, three solid walls and one moving lid. 

In the present work, the LBGK model based on D2Q9 lattice structure is employed to simulate 
incompressible flow in the stated lid driven cavity which consists of 𝑁 lattice nodes in each 𝑥 and 𝑦 
directions. Before stepping forward in the simulation, it is important to consider the Reynolds 
number 𝑅𝑒 = 𝑈𝐿 𝜈⁄  , where 𝜈 is the fluid kinematic viscosity, 𝑈 characteristic velocity, and 𝐿 = 𝑁Δ𝑥 
characteristic length. Applying unit size lattice spacing leads to 𝐿 = 𝑁 and 𝑅𝑒 = 𝑈𝑁 𝜈⁄   in the LBM 
simulation. However, macroscopic and LBM Reynolds number do not differ in the value. Therefore, 
number of lattice points, lattice viscosity (say relaxation time), and lattice velocity must be selected 
appropriately to be able to support any macroscopic Reynolds number in LBM simulation. In general, 
lattice velocity should be chosen in the order of 0.1 or 0.2 to insure low Mach number. As a result, for 
instance to reach high Reynolds number either lattice viscosity should be reduced (with respect to 
numerical stability) or number of lattice points should be increased.  

For the simulation, the density distribution must be initiated. Indeed, at the initial point when the fluid is 
in the relaxation state, it is impossible to distinguish distribution function 𝑓 from equilibrium distribution 
function 𝑓𝑒𝑞 . Therefore, equation (5) or some of its leading terms can be applied to initialize density 
distribution over the lattice domain. As time passes, fluid particles stream to their neighboring lattice 
nodes with corresponding lattice velocity while the inward particles near the boundaries remain to be 
specified. As already explained in section 2.2, simple bounce-back scheme is applicable on the solid walls 
besides the formulation of the north boundary (see eq. 15, 16, 17) for the moving lid. As soon as the 
streaming process is completed the collision process starts wherein all arriving particles to the lattice 
nodes collide and portion of particles with a new distribution function leave the nodes in the next 
streaming process. This procedure is formulated in LBGK equation and can be rewritten as, 

                                                                  𝑓𝑖′ = (1− 𝜔)𝑓𝑖 + 𝜔𝑓𝑖
𝑒𝑞                                                                   (32) 

where 𝑓𝑖′ is the mentioned new distribution function which starts the next streaming process. This 
consecutive procedure continued until the end time of the simulation. In summary, when the 
initialization step was completed, the consecutive procedure of the simulation can be performed as: 

• Streaming:  the distribution functions 𝑓𝑖  move to their nearest neighbors with corresponding 
lattice velocity as specified in figure 1. 

• Apply boundary conditions: simple bounce-back scheme is applied on the no-slip boundaries 
and equations (14-17) on the moving lid. 

• Calculate macroscopic variables: macroscopic density and velocity are calculated based on 
equations (6-7). 

• Calculate equilibrium distribution function: 𝑓𝑖
𝑒𝑞  is calculated based on equation (5). 
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• Collision: collision process follows equation (32) to calculate the new distribution function that 
starts the next streaming process. 
 

2.5. Numerical results 

In the following simulation of the lid driven cavity, we are aiming to evaluate the LBGK model for 
relatively high Reynolds number. Therefore, viscosity has been selected as small as possible. Here, 

relaxation time is 𝜏 = 0.6 > 1
2
  which leads to 𝜔 = 1

𝜏
= 1.6 < 2, both satisfying stability condition. Lid 

velocity and number of lattice nodes are 𝑈𝑙𝑖𝑑 = 0.2 and 𝑁 = 200 , respectively.  CFL condition is also 

satisfied within low Mach number 𝑀𝑎 = 𝑈𝑙𝑖𝑑
𝑐𝑠

= 0.2
1
3

= 0.6 < 1 . In addition, viscosity and Reynolds 

number read as, 

𝜈 =
1
3
�𝜏 −

1
2
� = 0.04 ,      𝑅𝑒 = 𝑈𝑙𝑖𝑑𝑁 𝜈⁄ = 1000  

Fluid behavior during the simulation is illustrated in figure.4 and streamlines of the velocity in the lid 
driven cavity are shown in figure.5. 

 

Figure.4. Evolution history of the lid driven cavity in200 × 200 lattice domain with  𝑅𝑒 = 1000  
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Figure.5. Streamlines of the lid driven flow in 200 × 200 lattice domain with  𝑅𝑒 = 1000 

From our simulation it is recognizable that LBGK is able to model fluids flow at relatively high Reynolds 
number. As already mentioned, in order to reach even higher Reynolds number it is required to either 
increase the number of lattice points or decrease the lattice viscosity. However, it is impossible to 
reduce lattice viscosity very much as numerical blow-up will occur in our simulation very soon, resulting 
from nonlinear instability. On the other hand, the lattice viscosity cannot be too large either since the 
conservativeness of LBE will break at fairly high viscosity. In terms of stability, it could be concluded that 
simulations can only be performed within a moderate stability region, namely 0.6 < 𝜔 < 1.7.  

 

2.6. Convergence 

In order to study the convergence of our simulations, we perform a set of runs for the same Reynolds 
number, with an increasing number of lattice points in the simulations. In LBM, it is necessary to fix not 
only the value of the Reynolds number but the value of the relaxation parameter which determines the 

viscosity 𝜈 = 1
3
�1
𝜔
− 1

2
�, hence, viscosity must be kept unchanged in different runs either. Considering 

the expression of the Reynolds number 𝑅𝑒 = 𝑈𝑙𝑖𝑑𝑁 𝜈⁄   reveals that to fix both viscosity and Reynolds 
number, the product of  𝑈𝑙𝑖𝑑 and 𝑁 must be fixed. Therefore, 𝑈𝑙𝑖𝑑 has to be decreased at the same rate 
𝑁 is being increased.  

Here, we first fixed 𝑅𝑒 = 40 and 𝜔 = 1.25 and ran the simulation for 𝑁 = 640 and 𝑈𝑙𝑖𝑑 = 0.00625 as a 
reference solution. Thereafter, several numbers of lattice points should be applied to trace the 
convergence of the solutions. Thus, different pairs of 𝑁 = [20  40  80  160  320] and 𝑈𝑙𝑖𝑑 =
[0.2  0.1  0.05  0.025  0.0125] are employed together with max-norm, which is a base for error 
estimation in each simulation. That is, 

𝑒𝑟𝑟𝑜𝑟 = �𝒖 − 𝒖𝑟𝑒𝑓�∞ = 𝑀𝑎𝑥 (�𝒖 − 𝒖𝑟𝑒𝑓�) 

where 𝒖  and 𝒖𝑟𝑒𝑓  are the solutions on the comparatively coarse and fine lattice domains, respectively. 
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Figure 6: Convergence of velocity in ∞-norm for the LBGK simulation of the lid driven cavity flow 
 
 
It is reported that LBM is a second order accurate scheme in space and time (Sauro Succi 2001). 
However, as it can be seen in figure 6, our simulation does not provide second order accuracy. This is 
mainly due to the first order boundary scheme, namely the simple bounce-back scheme. Nevertheless, 
we can claim that our LBGK simulation is better than first order and could be improved if a higher order 
boundary scheme was employed. 
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Part II:  Multiphase/component fluids 
 

The dynamics of multiphase/component fluids is one of the centre problems in fluid mechanics due to 
its economic significance and engineering applications e.g. petroleum industry, water recourses, and 
liquid metal. Owing to the wide spectrum of applications, numerical simulation of 
multiphase/component fluids flow is critically important but still challenging. The dynamics of such fluids 
is associated with several complexities due to a variety of involving physics including surface tension, 
phase transition, heat transfer, etc, which should all be incorporated in the simulation. Tremendous 
attempts have been dedicated over the decades to establish a highly efficient and accurate numerical 
scheme for multiphase/component fluids such as continuum approaches with front-tracking or front-
capturing treatments, and mesoscopic approaches. However, a general approach to encompass the full 
range of complexities is not yet available.  

 

3.1. Two phase Navier-Stokes flow 

Multi-phase Navier-Stokes flow as a challenging problem in fluid mechanics and mathematics, has been 
studied widely during the decades and several approaches are proposed in the literature. Considering 
incompressible Navier Stokes equations,  

𝜌 �
𝜕𝒖
𝜕𝑡

+ (𝒖.∇)𝒖� = −∇𝑃 + 𝜇∇2𝒖+ 𝑭 

∇.𝒖 = 0 

or its non-dimensional form: 

𝜕𝒖
𝜕𝑡

+ (𝒖.∇)𝒖 = −∇𝑃 +
1
𝑅𝑒

∇2𝒖 + 𝑭, 

with Reynolds number 𝑅𝑒 = 𝑈𝐿
𝜇

, the main difficulties are the nonlinearity of the momentum equation 

and the space of solutions which is restricted to be divergence free. In case of two immiscible fluids and 
dynamic interface, the scene becomes even more complicated. This should be treated as a large, 
coupled, and nonlinear system. However, treatment of two phase Navier-Stokes flow is not in the scope 
of this thesis. Here we content ourselves with using the results of excellent work by Lindbo and 
Tornberg (2010) to evaluate our mesoscopic approach.  

As a simple case, they have simulated a droplet in a shear flow where two fluids with equal density and 
viscosity separated by a closed interface, represented as a parametric curve. The bulk flow was 
presented by incompressible Navier Stokes equations which treated numerically in a finite difference 
staggered grid and coupled to the interface tracking method to incorporate the movements of the 
interface. Principally, Interface tracking method provides a concrete representation of the interface 
curve and an equation of time evolution to track the interface. Lindbo and Tornberg represented the 
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interface as a set of segments and each of those segments was described as a single valued function. 
Then, they derived a segment advection PDE based on the convective field and corresponding ODE that 
deform the interface. 

In order to couple the motion of the dynamic interface with bulk flow, a discrete Immersed boundary 
method (IBM) has been formulated with surface tension force, which drives the flow internally. The 
source term in the momentum equation causes a pressure jump. This discontinuity in the pressure is 
corrected numerically based on the evolution of the immersed boundary to the immersed interface 
method (IIM) which, however, has more tendencies to instability. In terms of convergence and accuracy, 
they have shown that IBM does not reach more than first order accuracy while IIM provides second 
order accuracy.  

 

3.2. LBM for multiphase/component fluid 

LBM is an alternative method to simulate the dynamics of the multiphase/component fluids and 
provides several advantages over traditional numerical methods. In fact, LBM promises to cope with 
complex flow phenomena (e.g. phase transition) and complex boundary conditions (e.g. porous media) 
without the decay of the computational efficiency. This valuable feature is resulting from the fact that 
LBM is a mesoscopic approach which is well suited to deal with underlying microphysics of the 
complexities. For example, fluid-solid and fluid-fluid intermolecular interactions in surface wettability 
and droplet dynamics are properly incorporated in a mesoscopic simulation method, namely LBM. 

Several approaches have been discussed in the literature to develop LBM for multiphase/component 
fluids. Gunstensen et al. (1991) were the first who introduced a color-fluid method based on the 
Rothman and Keller (1988) LG model to develop a multicomponent LBM. In this method, colored 
distribution functions are employed to represent different phases or fluids wherein conservation of 
mass and momentum are enforced at each lattice point. Later, Shan and Chen (1993) proposed a 
method founded on the intermolecular interaction potential to improve the surface tension related 
collision operator. In this method, Phase separation is spontaneously and happens naturally. Swift et al 
(1995, 1996) established their model based on the free-energy approach in which equilibrium 
distribution function is defined consistently on thermodynamics basis. However, there exist different 
criticisms around each of these approaches and all of them are still affected by different practical 
restrictions. In this thesis we only focus on the Shan-Chen method due to its elegance and simplicity. 

3.2.1. Shan-Chen method 

Shan-Chen method (1993, 1994), also known as pseudo-potential approach, was developed based on 
the concept of pairwise intermolecular interactions among fluid particles. In this model, assuming 
nearest-neighbors interactions at the mesoscopic scale, the effective force on the 𝜎th phase/component 
is defined as, 

                                                        𝑭𝜎(𝑥) = −𝐺𝜓𝜎(𝑥, 𝑡)∑ 𝑤𝑖𝑖 𝜓𝜎�(𝑥 + 𝑐𝑖 , 𝑡)𝑐𝑖                                                  (33)  



  

17 
 

where 𝜎 and 𝜎� are different phases/components of the fluid system. The magnitude of 𝐺 determines 
the strength of the interactions and its sign indicates whether the interactions between 
phases/components are attraction (negative) or repulsion (positive). The effective density or pseudo-
potential 𝜓𝜎(𝑥, 𝑡) is described as a function of density, 

                                                                𝜓𝜎(𝑥, 𝑡) = 𝜌0 �1 − exp (−
𝜌(𝑥, 𝑡)
𝜌0

)�                                                      (34) 

with a constant parameter 𝜌0 known as reference density. It is notable that at relatively low density the 
pseudo-potential can be set as 𝜓(𝜌) = 𝜌, while at high density this assumption will cause saturation 
(Sbragaglia et al. 2007). However, in the absence of attraction between phases/components the 
effective density is commonly reduced to physical density for the sake of simplicity. 

Similar to the body force, it is also possible to incorporate the effective force of the interaction potential 
in the fluid velocity field as, 

                                                                             𝒖𝜎
𝑒𝑞 = 𝒖′ +

𝜏𝜎𝑭𝜎
𝜌𝜎

 .                                                                      (35) 

In case of the multicomponent fluid system, 𝒖′ is a combined velocity of the fluid system which is 
different from the macroscopic velocity in equation (7). That is, 

                                                                             𝒖′ =
∑ 1

𝜏𝜎𝜎 ∑ 𝑓𝑖𝜎𝑐𝑖𝑖

∑ 1
𝜏𝜎𝜎 𝜌𝜎

.                                                                    (36) 

Furthermore, the above mentioned intermolecular interactions lead to non-ideal fluid behavior which 
provides a non-ideal equation of state, 

                                                                            𝑃 = 𝑐𝑠2𝜌 +
𝑐𝑠2𝐺

2
𝜓2                                                                      (37) 

wherein the first term of the right hand side denotes the ideal fluid and the second term is the effects of 
the non-ideal fluid behavior. The interaction strength 𝐺 acts as an inverse effective temperature of the 
system and phase separation appears if only 𝐺 surpasses a critical value. In other terms, phase 
separation is attained spontaneously from the intermolecular interactions when interaction strength G 
exceeds a critical value. In fact, automatic phase separation is one of the important attributes of the 
Shan-Chen multiphase/component model. Since G is the only free parameter adjusting both surface 
tension and density ratio between two phases, it is impossible to tune them independently (Sbragaglia 
et al. 2007). In order to overcome this problem Sbragaglia et al. (2007) have generalized the interaction 
force to the next-nearest neighboring nodes, 

                            𝑭𝜎(𝑥) = −𝜓𝜎(𝑥, 𝑡)�𝑤𝑖
𝑖

[𝐺1𝜓𝜎(𝑥 + 𝑐𝑖 , 𝑡) + 𝐺2𝜓𝜎(𝑥 + 2𝑐𝑖 , 𝑡)]𝑐𝑖                                 (38) 

with the resulting non-ideal equation of state given as, 
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                                                                    𝑃 = 𝑐𝑠2𝜌 +
𝑐𝑠2(𝐺1 + 2𝐺2)

2
𝜓2                                                              (39) 

where 𝐺1 and 𝐺2 could be applied to tune the surface tension and density ratio independently. 
However, a detailed study of this issue is beyond the scope of present work, and we restrict ourselves to 
immiscible multicomponent fluids with nearest-neighbor interactions. In this case, fluid-fluid 
interactions are only taken into account for unlike fluid components and interaction strength is set as 
repulsive to guarantee phase separation. As a result, the density of each individual component is almost 
constant except on the interface of the different fluid components. Additionally, in case of different 
densities for different fluid components, the equation of state could be generalized for a 
multicomponent fluid as, 

                                                                 𝑃 = 𝑐𝑠2�𝜌𝜎
𝜎

+
𝑐𝑠2𝐺

2
�𝜓𝜎𝜓𝜎�
𝜎,𝜎�

.                                                          (40) 

In principle, the equation of state (EOS) expresses a relation between fluid pressure and density which 
leads to surface tension estimation. The numerical estimation of surface tension is based on the fact 
that Laplace law is satisfied by the Shan-Chen method within the accuracy of the measurements. Laplace 
law states, 

                                                                        ∆𝑃 = 𝑃𝑖𝑛 − 𝑃𝑜𝑢𝑡 =
𝜎
𝑅

                                                                    (41) 

where ∆𝑃 is the pressure difference between inside and outside of a circular droplet with radius 𝑅, and 
𝜎 is surface tension between two phases or components. 

It is also notable that Shan-Chen multicomponent model solves LBGK equation for a set of components 
𝜎 = {1, 2, … , 𝑆} as, 

                                  𝑓𝑖𝜎(𝑥 + 𝑐𝑖 , 𝑡 + 1) − 𝑓𝑖𝜎(𝑥, 𝑡) = −
1
𝜏𝜎
�𝑓𝑖𝜎(𝑥, 𝑡) − 𝑓𝑖

𝜎(𝑒𝑞)(𝑥, 𝑡)�                                 (42) 

where 𝜏𝜎  is the mean relaxation time and 𝑓𝑖𝜎  and 𝑓𝑖
𝜎(𝑒𝑞)  are distribution function and local equilibrium 

distribution function of the 𝜎th component, respectively. Again, equation (5) is utilized to compute the 
local equilibrium distribution function of the 𝜎th component, here, from equilibrium velocity in equation 
(35). In other words, individual distribution functions should be defined for individual components and 
these distribution functions also evolve individually in accord with their LBEs. 

The Shan-Chen model provides isotropy of the surface tension and spontaneous phases/components 
separation which improves the numerical efficiency of the simulation. The method is outstandingly 
successful because of its simplicity and flexibility to the large scale simulations of complex fluids. Indeed, 
it is well suited for the simulation in micro and meso-scale, but not down to the molecular scale (Falcucci 
et al. 2011). However, the Shan-Chen model also comes with some unphysical features such as diffusing 
interface and spurious currents (see section 3.2.6).  



  

19 
 

3.2.2. Droplet in a shear flow 

We employ the Shan-Chen model to simulate the dynamics of the simple fluid system of a droplet in a 
shear flow. The fluid domain is open in 𝑥-direction requiring periodic boundary condition while it is 
moving with known velocity on the top and bottom boundaries by opposite directions, and the droplet 
is located at the middle of the simulation domain. Periodicity of the boundaries could be incorporated 
properly in the LBM streaming process, whereas precise consideration is required on the moving 
boundaries as described in section 2.2.2. The unknown distribution functions near the moving 
boundaries must be formulated such that it is consistent with the directions of the velocities to 
incorporate the momentum injection correctly. In terms of density distribution it is clear that although 
the density could be even zero at some locations of the fluid domain, it is impossible for both 
components to have zero density at the same location (Sokup). Moreover, since the interaction between 
two immiscible components –for instance oil and water- is repulsion, we can set the effective density 
as 𝜓(𝜌) = 𝜌. 

In this simulation Reynolds number and Capillary number are expressed as, 

𝑅𝑒 =
2𝑟𝑈
𝜈

, 𝐶𝑎 =
𝑈𝜈
𝜎

, 

where 𝑟 is the radius of the droplet, 𝑈 is the shear velocity, 𝜈 is the fluid viscosity, and 𝜎 is the surface 
tension between two components. Although each components of the fluid system could have different 
value of density and viscosity, in this simulation we assume the same density and viscosity for both 
components. 

As already mentioned, the Shan-Chen model solves the LBGK equation for a set of components which 
requires defining different distribution functions for each component of the fluid system. In other 
words, each individual fluid component is modeled separately through its individual LBE. However, the 
meaningful velocity of the multicomponent fluid system is the combined velocity of the fluid 
components (eq. 36) which represents the velocity of the bulk fluid. This combined velocity then is 
shifted separately according to the effective force of the interactions on each fluid component to 
incorporate the fluid-fluid interactions at the interfacial area of the fluid components. In summary, 
when the initialization step was completed, the consecutive procedure of the simulation of two 
components fluid system can be performed as: 

• Streaming:  the distribution functions of each component say 𝑓𝑖1 and 𝑓𝑖2 move to their nearest 
neighbors with corresponding lattice velocities as specified in figure 1. 

• Apply boundary conditions: equations (14-21) are applied on the top and bottom moving 
boundaries. 

• Calculate combined macroscopic velocity: the combined or meaningful velocity of the bulk fluid 
is computed using equation (36).  

• Calculate interaction forces: equation (33) is employed to calculate the interaction force on each 
component.  
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• Calculate equilibrium (shifted) velocities: in equation (35) the combined velocity is shifted based 
on the corresponding interaction force on each component to calculate the equilibrium velocity 
for those components. 

• Calculate equilibrium distribution functions: the equilibrium velocity is applied in equation (5) to 

compute 𝑓𝑖
𝑒𝑞  for each component. 

• Collision: collision process follows equation (32) to calculate the new distribution function for 
each component which starts the next streaming process. 
 

3.2.3. Numerical results  

In the following simulation of a droplet in a shear flow, we are aiming to investigate the deformation of 
the circular droplet from its initial state. Here, the simulation domain consists of 100 × 100 lattice 
points and the droplet is located at the middle of the domain. The diameter of the droplet is set to be 
one third of the characteristic length i.e. radius 𝑟 = 16.7. Additionally, the shear velocity is imposed on 
the north and south boundaries as a Dirichlet boundary condition, 𝑈𝑁 = 0.2 and 𝑈𝑆 = −0.2. Above all, 
the relaxation parameter and interaction strength must be selected precisely due to their essential role 
in the reliability of the results. We set the relaxation parameter to 𝜔 = 1 in order to avoid numerical 
instability. The value of the interaction strength should be selected utterly consistent with both density 
and surface tension. In fact, at low density a high value of interaction strength is required to avoid very 
thick interfacial area. In the following simulation where the total density is 𝜌 = 1, the value of the 
interaction strength could be safely selected 𝐺 = 2.5 to ensure that two fluid components are 
immiscible.  

As it can be seen in figure 7, the initially circular droplet deforms to an ellipse and reaches a steady 
state. In this simulation, the interface of the components is relatively sharp verifying that 𝐺 has 
exceeded the critical value and two components are separated properly. It is recognizable that 𝐺 is a 
crucial parameter in our simulation which requires a detailed study. However, in the following 
paragraphs we are aiming to investigate not only the effects of the various interaction strengths, but 
various relaxation parameters and shear velocities on our simulation. 

 

Figure 7: Deformation of interface reaches a steady state  
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Figure 8: Velocity filed of a droplet in a shear flow 

Effects of interaction strength  

As already mentioned, the strength of the surface tension is directly correlated with the parameter 𝐺, 
the interaction strength. In fact, the value of the surface tension varies depending on the value of the 
interaction strength together with fluid density. Therefore, any reduction in the value of the interaction 
strength means reduction in the surface tension unless the fluid density is increased adequately. In 
figure 9 we compare the density profile with respect to interaction strength where  𝐺 = {1.2, 1.8} and 
fluid density is 𝜌 = 1. Here we run the setup in a fully periodic domain with no velocity field to compare 
the results from different values of the interaction strength i.e. surface tension. It can be seen that a low 
value of the interaction strength (below the critical value) causes a very thick interface so that the 
border of the droplet is not clearly defined. This means that droplet shrinks in size and mixes with the 
surrounding fluid because the surface tension or repulsion between the fluids is not strong enough to 
guarantee the sharp and correct separation of the components. Hence, we conclude that sufficiently 
large 𝐺 (above the critical value) or surface tension is essential to attain the sharp interface. The critical 
value of 𝐺 varies with the value of the density. 

 

Figure 9: Density profile over the lattice domain for different interaction strength  
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Effects of shear velocity 

The deformation of the initial droplet varies from an almost unchanged circle to a stretched ellipse 
depending on the value of the surface tension and shear velocity.  As an example, deformation of a 
droplet in case of low interaction strength 𝐺 = 1.6  and relatively high shear velocity 𝑈 = 0.25 can be 
seen in figure 10 wherein the circular droplet has been stretched. The droplet can be stretched more if 
we still increase the shear velocity or reduce the surface tension, even there could be no steady state 
(figure 11). However, the low value of the interaction strength which probably causing the shrinkage of 
the droplet in the following simulation, cast doubts on the reliability of the results. We also note that it 
is impossible to enhance the shear velocity unboundedly due to stability constraints. Here, all interfaces 
are plotted employing contour function in MATLAB.   

 

Figure 10: Interface at various times, 𝐺 = 1.6 and 𝑈 = 0.25 , it reaches steady state 

 

Figure 11: Interface at various times, 𝐺 = 1.4 and 𝑈 = 0.25 , there is no steady state 

 



  

23 
 

Effects of relaxation parameter 

The relaxation parameter 𝜔 is the inverse of the relaxation time which determines fluid viscosity 𝜈 =
1
3
�1
𝜔
− 1

2
�. As already explained, the stability constraint implies 0 < 𝜔 < 2  but it is, however, impossible 

to approach either end of this stability region. Indeed, our simulation is only available within the stability 
region 0.8 < 𝜔 < 1.5 . In figure 12 we present fluid interface in a fully periodic domain with no velocity 
field and 𝐺 = 1.8 to compare the results from different relaxation parameters.   

         

                 

Figure 12: Interface simulated for various relaxation parameters in a fully periodic domain with no velocity field  

 

It can be seen that, for a lower relaxation parameter the droplet shrinks. This phenomenon is partly due 
to the lack of conservation in our numerical scheme as it is in case of 𝜔 = 0.9, and partly because of the 
relatively low interaction strength such is that in case of 𝜔 = 1, which could be remedied if we increase 
the value of the interaction strength. 

 

3.2.4. Evaluation of surface tension 

Here we perform a test of Laplace law to test the correctness of our two components model handling 
the fluid-fluid interactions. Here a series of initially circular droplets with different radius have been 
simulated in a fully periodic domain where no velocity field is applied. The interaction strength and 
relaxation parameter are selected as 𝐺 = 1.8 and 𝜔 = 1.15 .The simulation runs until steady-state is 
achieved. Figure 13 shows the history of the oscillations in pressure difference which damps as the fluid 
system reaches a steady state. It can be seen that for higher relaxation parameter longer simulation is 
required to damp the oscillations.  



  

24 
 

 

Figure 13: Pressure history, damping oscillations  

 Steady state pressure difference between the inside and outside of the droplet is measured as well as 
the final droplet radius (see table 1). In fact, the inside and outside pressure should be measured on the 
nodes located far from the interface, for instance innermost and outermost nodes, respectively. This 
choice is due to the variation of the pressure near the interface. The pressure inside the droplet is 
always higher than the pressure outside. In this simulation, the non ideal equation of state (40) has been 
employed to measure the nodal pressure since each component has different density at these nodes. 

According to the Laplace law 𝑃𝑖𝑛 − 𝑃𝑜𝑢𝑡 = 𝜎
𝑅

  , surface tension is the slop of the linear plot of ∆𝑃 

versus  1
𝑅

  as presented in figure 14.  

 

Figure 14: Test of Laplace law, the slope is 0.0867 

The square symbols in figure 14 denote the results of the Shan-Chen simulation and the solid line is their 
linear fit with the slop of 0.0867. It is recognizable that all points fit the straight line properly and 
Laplace law is well satisfied in our simulation. This agreement between our simulation and theory 
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verifies that the described Shan-Chen method handles the simulation of two components fluid system 
correctly. 

Table 1: Test of Laplace law 

Radius 34.8840 29.7713 24.7173    19.6419 17.5103 15.4556 13.4229 11.1927 

∆𝑃 0.0026     0.0030 0.0035 0.0044 0.0049 0.0056 0.0065 0.0078 

𝜎 0.0893     0.0885 0.0873 0.0867 0.0866 0.0866 0.0866 0.0869 

 
3.2.5. Convergence 

As described in section 2.6, in order to study the convergence of our simulation it is necessary to 
perform a set of runs for the same Reynolds number and relaxation parameter (viscosity), with an 
increasing number of lattice points in the simulations. Considering the expression of the Reynolds 

number 𝑅𝑒 = 𝑈𝑁
𝜈

  we realized that to fix both viscosity and Reynolds number, the product of 𝑈 and 𝑁 

must be fixed. Therefore we decreased 𝑈 at the same rate 𝑁 was being increased. However, this 
treatment is not sufficient to study the convergence of our simulation of two components fluid system 
since in this case Capillary number must be kept unchanged either. According to the expression of the 

Capillary number 𝐶𝑎 = 𝜈𝑈
𝜎

 (relative effect of viscous forces versus surface tension), it can be seen that 

surface tension must be decreased at the same rate with velocity 𝑈 to fix the Capillary number. This task 
requires a precise calibration to find appropriate interaction strength 𝐺 for each simulation which 
determines the surface tension for that simulation.  As already mentioned, the non-ideal equation of 
state (37) must be applied together with Laplace law to measure the surface tension. 

3.2.6. Drawbacks 

Whereas Shan-Chen model provides several advantages over traditional multiphase/component 
schemes, it also comes with some practical restrictions. First, collision operator in the Shan-Chen model 
does not satisfy local momentum conservation (Chen and Doolen 1997). Second, Shan-Chen model is a 
diffuse-interface method in which the interface spread over a few lattice spacing and implies resolution 
constraint. Although the calculated interface in this method is thicker than the real one, this upscaling is 
negligible in large scale simulation. The contour plot in figure 15 illustrates the thickness of the 
interfaces for the low value of the interaction strength.  

      

Figure 15: Interface thickness in Shan-Chen simulation,  𝐺 = 1.6  

http://en.wikipedia.org/wiki/Viscosity�
http://en.wikipedia.org/wiki/Surface_tension�
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The third criticism is about the spurious currents near the interface which is mainly owing to the lack of 
high-order isotropy of the forcing term (Falcucci et al. 2011). This may lead to devastating instabilities 
(case-by-case study is required). In figure 16 we have presented the spurious currents on the interface, 
appeared in the above mentioned periodic domain with no velocity field.   

         

Figure 16: Spurious currents at different time with the maximum value of 0.0464 at the end of the simulation 
(𝜔 = 1.15) 

In table 2 it can be seen that the magnitude of the spurious velocities increase as relaxation parameter 
increases. It is considerable that 0.0464 is not a negligible value where the characteristic velocity should 
be selected in the order of 0.1 or 0.2. This is the issue of nonlinear stability as discussed in section 2.3. 
Several developments are aiming to overcome this problem, for instance the 2-belt approach provides 
the possibility to decrease the magnitude of spurious currents (Falcucci et al. 2011).  

Table 2: Spurious velocities for different 𝜔 

𝜔 1 1.15 1.25 1.4 

‖𝑣‖ 0.0318 0.0464 0.0575 0.0758 

 

The other drawback is that, the surface tension tied-down to the equation of state (Falcucci et al.). This 
is the main limitation of the method as we have already seen through the study of the convergence of 
the scheme. 

 

3.3. Comparative study 

In figure 17 we present a comparison between two interfaces simulated by different numerical schemes, 
namely Shan-Chen LB model and Interface tracking method. The droplet deformations are plotted for 

different Reynolds number 𝑅𝑒 = 2𝑟𝑈
𝜈

 and Capillary number 𝐶𝑎 = 𝜈𝑈
𝜎

. In both methods number of nodes 

is selected as 𝑁 = 200 , and the initial diameter of the droplet is one third of the characteristic length. 
The relaxation parameter in all LB simulations is 𝜔 = 1 as it is the safest value in terms of stability 
(Sokup 2006).  We also set the interaction strength as 𝐺 = 2.5 which provides the sharp and reliable 
interface. Then, we calculate the Reynolds number and Capillary number based on the different value of 
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velocity as 𝑈 = {0.1, 0.2, 0.3}. The calculated 𝑅𝑒 and 𝐶𝑎 are applied to run the coupled Navier-Stokes 
simulation. 

 

 

Figure 17: Interface comparison between Shan-Chen simulation and two-phase Navier-Stokes coupled to interface 
tracking method, 𝜔 = 1, 𝐺 = 2.5, 𝑈 = {0.1,0.2,0.3} 

 

It can be seen than, despite the small discrepancies which are mainly due to using the different scales in 
each method, both interfaces in our simulations show the same form of deformation. However, in case 
of reduction in the value of 𝐺, shrinkage appears in the interface of the Shan-Chen simulation as shown 
in figure 18. 

  

Figure 18: Shrinkage in the Shan-Chen simulation. 𝐺 = 2 , 𝑈 = 0.3 (left),  𝐺 = 1.8, 𝑈 = 0.3 (middle), = 2 , 𝑈 = 0.2 
(right). 

Moreover, the results of the simulation with lower value of the relaxation parameter are not reliable 
since the Shan-Chen model is not conservative for low value of the 𝜔, here for 𝜔 ≤ 0.9 as described in 
section 3.2.3. On the other hand, spurious currents arise at higher value of the 𝜔. These spurious 
currents can probably ruin the simulation or raise doubts about its accuracy and validity (Falcucci et al. 
2011). Hence, we contented ourselves to 𝜔 = 1 in this comparative study.  
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Clearly, our Shan-Chen simulation is very sensitive to the value of both relaxation parameter and 
interaction strength. Nevertheless, as far as these parameters are selected cautiously, both methods 
track the similar interface for the same Reynolds number and Capillary number. Compared to interface 
tracking method, the Shan-Chen simulation gives a very thick interface even at high value of the 
interaction strength. On the other hand, our Shan-Chen simulation is more efficient and reaches a 
steady state very faster than interface tracking method coupled to NS equations.  

 

4. Conclusion 

We have reviewed the fundamentals of the lattice-Boltzmann method, including lattice Boltzmann 
equations, boundary conditions, and stability to model the fluid flows, we also discussed its advantages 
over traditional numerical schemes. Specifically, Shan-Chen LB model was introduced to simulate the 
multi component fluid flows. We have applied Shan-Chen model to simulate the deformation of a 
droplet in a shear flow where the effects of different parameters on the stability of the model were 
discussed in details. We also discussed the shortcomings of the Shan-Chen method.  

In order to validate our model, interface tracking method was employed as a baseline. We, then, 
comparatively studied the interface dynamics which was simulated by both methods. Our comparisons 
revealed that if the values of the both relaxation parameter and interaction strength in Shan-Chen 
simulation are selected appropriately with respect to the stability constraint, both methods satisfy the 
same interface for the same Reynolds number and Capillary number.  
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