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Abstract

In this thesis we study a classical problem of the electrical field; the op-
timal power flow (OPF) in an electrical network. Given a power grid, the
problem is to find the optimal production of generators respecting all the con-
straints imposed by physics, like Kirchhoff’ equations and power bounds on
each part of network. The goal of a power flow problem is to obtain complete
voltage angle and magnitude information for each bus in a power system for
operating conditions.Solving this problem in a centralized manner for a very
large networks becomes difficult due to computational limitations and be-
come undesirable due to safety reasons. The development of computational
ability in each component of the network has opened new horizons, linking
the electrical and ICT engineering. With the rapid development of smart grid
infrastructures, the OPF problem is becoming very important.Scalability and
the fast convergent properties of the associated solution methods are highly
desirable in a practical point of view. One of the main challenge in the OPF
problem is the decoupling of the constraints enforced by the Kirchhoff’ laws.
Our contribution has been to propose a new formulation of the problem so
that the bigger problem can be decomposable into a number of subproblems
(one for each node), which relies on only the local information available. As a
result, our proposed protocols are scalable. Moreover, we adopt the state-of-
the-art alternating direction method of multipliers (ADMM), which blends
fast convergent properties into the proposed protocol. We also propose a
partially distributed protocol based on ADMM, which relies on an intelligent
central controller to handle the associated constraints of the OPF problem.
In this case, the computational burden at nodes are very small, thus, the
nodes can be unintelligent. Finally, we provide numerical experiments to
illustrate the behavior of proposed algorithms.
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Chapter 1

Introduction

1.1 Energy distribution
Electric energy is an essential ingredient for the development of any coun-

try. It is a serviceable form of energy, because it can be generated centrally
in bulk and transmitted economically over long distances. Further it can
be adapted easily to domestic and industrial applications, like lighting pur-
poses and drives. Over the years some notable change has occurred in the
general power system structure. Generation power plants have been moved
away from the load center. Complex transmission networks have been built
to link these generation plants among themselves and to the load centers,
as well as to neighboring utilities. The overall combination is advantageous,
in that the construction and operation of large generation plants provides
an economy of scale, and their interconnection to the entire network of load
ensures a higher level of reliability of supply for each load. Electric energy
today constitutes about 30 % of the total annual energy consumption on a
worldwide basis. Transportation can be expected to go electric in a big way
in the long run, when non-conventional energy resources are well developed.
The demand for increasing amounts of energy has spurred the construction
of large, complex power systems, comprising of many generating plant and
intricate, widespread networks for transmission and distribution.

1.1.1 Structure of electrical network

Electricity, unlike oil and gas, cannot be stored economically (except in
very small quantities in batteries) and the electric utility can exercise a little
control over the load at any time. The power system must, therefore, be
capable of matching the output from generators to the demand at any time
at a specified voltage and frequency. Many components influence the energy
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demand during the day, like weather, season, time of the day, holyday and a
purely randomly varying component of relatively small amplitude. The av-
erage load determines the energy consumption over the day, while the peak
load along with considerations of standby capacity determines plant capac-
ity for meeting the load. The unvarying (or slowly varying over many hours)
portion of the electric demand is known as the base load and is generally
served best by large facilities (which are therefore efficient due to economies
of scale) with low variable costs for fuel and operations. Such facilities might
be nuclear, coal-fired power stations or hydroelectric, but other renewable en-
ergy sources such as concentrated solar thermal and geothermal powers have
the potential to provide base load power. Renewable energy sources such as
solar photovoltaic, wind, wave, and tidal are, due to their intermittency, not
considered "base load" but can still add power to the grid. The remaining
power demand, if any, is supplied by peaking power plants, which are typ-
ically smaller, faster-responding, and higher cost sources, such as combined
cycle or combustion turbine plants fueled by natural gas. The necessity to
conserve fossil fuels, to protect environment and the need of sustainable de-
velopment has forced to search for unconventional sources of electric energy.
Renewable and non-conventional forms of energy will play an increasingly
important role in the future. Generating stations, transmission lines and the
distribution system are the main components of an electric power system.
Generating station and a distribution system are connected through trans-
mission lines, which also connect one power system to another. A distribution
system connects all the loads in a particular area to the transmission lines.
As the transmission capability of a line is proportional to the square of its
voltage, research is continuously being carried out to raise transmission volt-
ages. The reduced current flowing through the line reduces the losses in the
conductors. According to Joule’s Law, energy losses are directly proportional
to the square of the current. Energy is usually transmitted within a grid with
three-phase AC. Single-phase AC is used only for distribution to end users
since it is not usable for large polyphase induction motors. For very long
distance (over 600 Km) is convenient to transmit power by DC transmis-
sion. It also obviates some of technical problems associates with very long
distance AC transmissions. The first step down of voltage from transmission
level is at the power substation. It is stepped down and sent to smaller sub-
stations in towns and neighborhoods. Sub transmission circuits are usually
arranged in loops so that a single line failure does not cut off service to a
large number of customers for more than a short time. The next step down
in voltage is at the distribution substation. Finally, the distribution system,
taking power from the distribution transformer stations, supplies power to
the domestical/commercial/industrial consumers.
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Figure 1.1: Distribution scheme

1.1.2 Control in electrical networks

The electric power system has undergone extensive change over the past
several decades and has become substantially more complex, dynamic, and
uncertain as new market rules, business practices, regulatory policies, and
electric generation, transmission, distribution, storage, and end-use technolo-
gies have been tried and adopted. Since the early 1970’s many utilities have
built computerized control center to aid in the operation of their systems.
SCADA (Supervisory control and data acquisition functions) were the first
to be implemented in these centers. Measurements from the power system
are continuously sent to a central location in real time and compared to es-
timated values from a state estimator program. The verified quantities are
then checked for system security and for the reliability of the network con-
figuration to supply the load. Other online functions implemented in the
systems are economic dispatch and load frequency control. The first one
computes the most economical distribution of generations, given the list of
available generators. The second one supervises energy interchanges and
controls the system frequency in response to imbalance between the system’s
generation and its load. Due to their complexity, some other useful functions
are used off-line, as tools for analysis. Effective power system planning, oper-
ations, and communications requires power system operators to analyze vast
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amounts of data, such as automated and computer-assisted control data, grid
telemetry, market information, environmental information, and others. With
the advent of Smart Grid technologies, data will become richer and denser.
More data can yield more precise forecasts and enable more robust active
control. With S.G., we add intelligence to an electric power transmission
system, we will have independent processors in each component and at each
substation and power plant. These processors must have a robust operating
system and be able to act as independent agents that can communicate and
cooperate with others, forming a large distributed computing platform. Each
agent must be connected to sensors associated with its own component or its
own substation so that it can assess its own operating conditions and report
them to its neighboring agents via the communications paths. The Smart
Grid will manage and deliver electrical energy through a combined central-
ized and distributed system, in which many nodes are capable of producing,
consuming, and storing electrical energy; [1]

Microgrids are power generation/distribution systems in which users and
generators are in close proximity. This results in relatively low voltage grids
(few hundred kVA). Generation is often done using renewable generation
sources such as photovoltaic cells or wind turbines. Power generation can
also be accomplished through small microturbines and gas/diesel generators.
Storage devices such as battery banks represent another important power
source for microgrids. These units can be used in places such as office build-
ings, parks and homes as distributed power sources. All the microgrids in
the network can work in a cooperative way to meet the overall load demand
in the network. Sensors at each node of the grid will automatically pro-
vide continuous data about energy use, flow, and system status. Managing
transactions on this network will involve extensive communications networks,
real-time data monitoring and analysis, and distributed and hierarchical con-
trol schemes. The general problem of energy management which faces the
power utilities to satisfy customer demand in a safe, reliable and cost effec-
tive manner is a very complex one. It requires much insight into workings
of the power system, for sure, but also a good working knowledge of mathe-
matical optimization theory. Many problems of power system management
and control have been formulated and cover a large part of mathematical
programming discipline, ranging from very long term (ten to fifteen years
for generation and transmission planning), to very short term (a few min-
utes for dispatching and few milliseconds for power imbalance). Due to their
complexities, each problem is usually treated separately. They are usually
performed in a hierarchy, from long term to short term, with output of long
term tasks serving as targets for the short term tasks. The short term func-
tions are grouped under the category of power system operation. Some of
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the more important tasks in this group are economic dispatch, minimum
loss dispatching, minimum load shedding and minimum deviation from op-
erating point. These problems and others, which are subject to the load flow
equation as constraints, share a common nonlinear programming formulation
called optimal power flow, denoted OPF. Optimal power flow modeling is an
important tool for determining the most efficient and economical operation
of existing power systems as well as for planning future expansion. However,
full-scale nonlinear OPF has not been widely adopted in real-time operation
of large-scale power systems because too complex to be solved in a short
time. Instead, system operators often use simplified OPF tools. Historically,
this is due both to the lack of powerful computing hardware in the industry
and to the lack of efficient and robust OPF algorithms. With the advent of
fast, low-cost computers, speed has now become a secondary concern, while
algorithm robustness and scalability are the primary issues. The full OPF
serves two purposes. In operations, it periodically sets optimal target val-
ues for the electrical variables of the power network, following the system’s
varying load. Based on the OPF’s optimal values, the variables can then dis-
patched every few minutes to follow smart variations in load, using simpler
algorithms. A second application for OPF is in the system planning, where it
is used to study the effects of parameter variations on power’s system optimal
operation.

1.2 Optimal Power Flow
Active/reactive power dispatch problems have been the research subject

of power system community since in the early 1960’s. The optimal power
flow problem was proposed by Carpentier in the 1962 based on the eco-
nomic dispatch problem. Since then, the OPF problem has been extensively
studied in the literature and numerous algorithms have been proposed for
solving this highly nonconvex problem. Many such methods are based on
the Karush-Kuhn-Tucker (KKT) necessary conditions, which can only guar-
antee a locally optimal solution due to nonconvexity of the OPF problem.
The theory developed by KKT optimality conditions is able to characterize
the solution. However, solving the KKT system to obtain even a suboptimal
solution is often a difficult task except for some special problems.Based on
present requirements, it is desirable in practice to aim at scalable solution
methods with fast convergence properties.

The performance of solution methods in the power system analysis area
dependent on many factors,such as the nature of the system model, the
type of nonlinearities, the type and the number of constraints, etc. The
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OPF problem can be considered as one of the most useful tool for power
system analysis. In General, the OPF results in is a non linear programming
problem that determines the optimal control set points of the system to
minimize a desired objective function, subject to certain system constraints.
The primary goal of a generic OPF is to minimize the costs of meeting the
load demand for a power system while maintaining the security of the system.
Typical objective functions include the minimum operational cost and the
minimum active power losses. The cost associated with the power system
usually is the cost for generating power (megawatts, MW) at each generator.
The objective function usually depends on parameters with a direct economic
impact (e.g., power generation or load) and parameters without a direct cost
impact (e.g., bus voltage magnitude and phase). For generators, the OPF
will control generator outputs (in MW) as well as generator voltage (in Volts,
V). For the transmission system, the OPF may control the tap ratio or phase
shift angle for variable transformers, switched shunt control, and all other
flexible AC transmission system devices.

In addition to optimizing the costs of generation,the problem formula-
tion also considers the physical constraints of the network.Such constraints
are necessary to maintain system’s security, e.g., avoiding overloading of the
power lines. The maintenance of system security requires keeping each device
in the power system within its desired operational range at the steady-state.
This includes limits on the maximum and the minimum outputs for gener-
ators,limits on the maximum MVA flows on transmission lines and trans-
formers, and limits on the system bus voltages. Apart from those inequality
constraints,the OPF problem incorporates equality constraints as well. The
equality constraint set typically consists of both active and reactive power
balance equation at each bus of the network.

It should be noted that the OPF only addresses steady-state operation of
the power system. Topics such as transient stability, dynamic stability, and
steady-state contingency analysis are not addressed. The OPF problem can
be formulated in many different ways,including additional features useful for
the management of a real grid. It can calculate the redistribution and the
release of the loads in case of an overload or an emergency.It also can provide
a preventive dispatch if the system constraints (physical limit) are about to
be violated, Moreover, the OPF can calculate the stress in each transmission
line and many others.

8



Chapter 2

Background

In this chapter, we will make a brief review of methods used to solve the
OPF problem formulations. Since it was introduced, OPF problem has been
extensively studied in the literature and numerous algorithms have been pro-
posed for solving this highly nonconvex problem including linear program-
ming, Newton Raphson, quadratic programming, nonlinear programming,
Lagrange relaxation based approaches, interior point methods and, in recent
years, also artificial intelligence methods, like artificial neural network, fuzzy
logic, genetic algorithm, evolutionary programming and particle swarm opti-
mization. Some of these methods are based on the KKT necessary conditions,
which can only guarantee a locally optimal solution due to nonconvexity of
the OPF problem [15].

2.1 Related work
Let us now discuss some relevant papers that address the OPF consid-

ered in this thesis.Standard linear programming (LP) formulation, of course,
requires the linearization of the objective function and the nonnegativity of
the variables. In [2] authors proposed a LP based OPF for minimization
of transmission losses and generator reactive margins of the Spanish power
system. The objective function consists of minimizing transmission losses
and generator reactive outputs. The problem constraints are the power flow
equations and the bounds of the power system variables (generator reac-
tive outputs, bus voltages, transformer taps, and branch power flows). The
method is an iterative process that linearizes in each iteration both the ob-
jective function and the constraints.In particular, the objective function is
approximated by a piecewise linear function. The discrete nature of shunt
reactors and capacitors is modeled by integer variables.This approach is bet-
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ter than the ones, which linearizes only the objective function [2] once. In
[3] authors have proposed two methods, based on Newton method. The two
methods are compared with the Newton-based full AC load flow method
and the fast decoupled load flow in three test systems to demonstrate their
convergence characteristics. In [4] authors have presented a semi smooth
Newton algorithms for solving OPF problems. It treated general inequality
constraints and bounded constraints separately. By introducing a diago-
nal matrix and the nonlinear complementarity function, the KKT system
of the OPF is transformed equivalently to a system of no smooth bounded
constrained equations.Comparing with the classical OPF methods this treat-
ment has two advantages. First, advantage is that it handles the inequality
constraints in OPF problems. Second, it reduces the number of dual vari-
ables in the KKT system. Based on the reformulated equations, the paper
proposes a algorithm which has nice global and local convergence property.
Furthermore the paper presents a decoupled semi smooth Newton-type algo-
rithm. The decoupled method solves the system of equations via solving two
lower dimension problems. Therefore the method saves the computing cost
in theory.

OPF problems have also been formulated as quadratic programming,
where the objective function is quadratic and constraints are linear. Authors
in [5] presented an extension of basic Kuhn-Tucker conditions and employing
a generalized Quadratic-Based model for OPF. The conditions for feasibil-
ity, convergence and optimality are included in the construction of the OPF
algorithm. It is also capable of using hierarchical structures to include multi-
ple objective functions and selectable constraints. The generalized algorithm
using sensitivity of objective functions yields a global optimal solution. The
algorithm has been tested using different objective functions on actual power
systems, and optimal solutions reached in relatively few iterations. Another
method used in literature to solve the problem is the interior point method.
An implementation of an interior point method to the optimal reactive dis-
patch problem is described in [6]. Numerical results presented in [6] shows
that this technique can be very effective to relatively large scale optimal
power flow applications. One advantage of this method is that the num-
ber of iterations is not very sensitive to network size or number of control
variables.

The reference [7] has presented an artificial intelligence method, (Fuzzy
Logic approach). The fuzzy formulation is then converted into another for-
mulation that is solved using a standard OPF method.This method formu-
lated the contingency constrained OPF problem in a decomposed form that
allows post-contingency corrective rescheduling. Contingencies refer to dis-
turbances, such as line outages or generator outages that can cause sudden
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and large changes in both the configuration and the state of a system. Con-
tingencies often result in severe violations of operating constraints. Con-
sequently, planning for contingencies forms an important aspect of secure
operation. The function of a contingency constrained optimal power flow is
to schedule power system controls to achieve operation at a desired security
level, while minimizing the generator fuel costs and any other economic fac-
tors. The proposed approach in [7] can yield Pareto curves that can guide
the system operator regarding the tradeoff between cost and security against
contingencies.

Another solution method for OPF is based on genetic algorithm.Those
methods belongs to the category of random search algorithms, which sim-
ulate the evolution process based on the theory of survival of the fittest
[8]. The genetic algorithm emulates the optimization techniques found in
nature. This optimization algorithm does not require the strict continuity
of classical search techniques, but allows non-linearities and discontinuities
to appear in the solution space. The application of this algorithm to the
economic dispatch problem uses the payoff information of an objective func-
tion to determine optimality. An application of Genetic Algorithm to solve
an economic dispatch problem is found in [8]. The algorithm utilizes payoff
information of candidate solutions to evaluate their optimality.

Artificial intelligence methods can works with nonlinearities and discon-
tinuities found commonly in physical systems, like power systems. They are
characterized by highly nonlinear and computationally difficult environment
with a need for optimality. Instead classical Lagrangian techniques in eco-
nomic dispatch require the cost curve of generator must be convex and most
industrial algorithms require the incremental cost curves to be piecewise-
linear. The input-output characteristics produced by generator operation
can be made to approximate this requirement. But the loss of accuracy
induced by these approximations is not desirable. Thus, with artificial intel-
ligence methods, the constraints of classical Lagrangian techniques on unit
curves are bypassed.

Reference [9] presented a solution of OPF problem of a power system via
a simple particle swarm optimization (PSO) algorithm. This method is dy-
namic in nature and it overcomes the shortcomings of other evolutionary com-
putation techniques such as premature convergence and provides high quality
solutions. The objective is to minimize the fuel cost and keep the power out-
puts of generators, bus voltages, shunt capacitors/reactors and transformers
tap setting in their secure limits. PSO is an optimization method based on
population, and it can be used to solve many complex optimization prob-
lems, which are nonlinear and non differentiable. The most important merit
of PSO is its fast convergence speed. PSO has been applied to various powers
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system optimization problems with impressive success [9].
In summary we can say that the classical methods, have the following dis-

advantages: they are limited to handle the dynamic of systems, can converge
incorrectly to local solution and they have difficulty to solve large system
due to too big matrices. In most cases, mathematical formulations have to
be simplified to get the solutions because the real power system problems are
too inherently complex due to nonconvexity. Moreover, those methods have
poor convergence and the optimality is not guaranteed. In contrast, meth-
ods based on artificial intelligence are relatively versatile for handling various
qualitative constraints, and can support multi objective cost function. Their
main disadvantage is higher computational time. The algorithm we propose
is based on ADMM method. We can consider it belonging to the first cate-
gory described above. But, this formulation can solve some disadvantages of
this category using some mathematical expedients. At the end, we are able
to obtain an execution time independent of the network size.
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Chapter 3

Mathematical Background

In this chapter we present some classical as well as state-of-the-art dis-
tributed optimization methods. In particular, we discuss general dual decom-
position techniques and alternating direction method of multipliers (ADMM).
These methods are used in later chapters in this thesis for distributed algo-
rithm developments of the optimal power flow (OPF) problem in Smart Grid.
For the completeness, we also discuss in this chapter the recent F-Lipshitz
framework for distributed optimization, though it is not directly applicable
in the context of our considered OPF problem.

3.1 Decomposition
The material presented in this section is essentially based from [11]. De-

composition is a general approach to solving a problem by breaking it up
into smaller ones and solving each of the smaller ones separately, either in
parallel or sequentially. As a general example of such a problem, suppose the
variable x can be partitioned into subvectors x1, . . . , xk, the objective is a
sum of functions of xi , and each constraint involves only variables from one
of the subvectors xi. Then evidently we can solve each problem involving xi
separately (and in parallel), and then re-assemble the solution x. Of course
this is a trivial but a more interesting situation occurs when there is some
coupling or interaction between the subvectors, so the problems cannot be
solved independently. For these cases there are techniques that solve the
overall problem by iteratively solving a sequence of smaller problems.

For example, the variables might be partitioned into subvectors, some of
which are local (i.e., appear in one subproblem only) and some of which are
complicating (i.e., appear in more than one subproblem). This decomposi-
tion structure can be represented by a hypergraph. The nodes are associated
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with the subproblems, which involve local variables, objective terms, and
local constraints. The hyperedges or nets are associated with complicating
variables or constraints. If a hyperedge is adjacent to only two nodes, we
call it a link. A link corresponds to a shared variable or constraint between
the two subproblems represented by the nodes. Now we describe decom-
position with a general structure. We have K subsystems. Subsystem i
has private variables xi ∈ Rni , public variables yi ∈ Rpi , objective function
f : Rni×Rpi → R and local constraint set Ci ⊆ Rni×Rpi . The overall objec-
tive is

∑K
i=0 f(xi, yi), and the local constraints are (xi, yi) ∈ Ci. These sub-

systems are coupled through constraints that require various subsets of the
components of the public variables to be equal. To describe this we collect all
the public variables together into one vector variable y = (y1, . . . , yK) ∈ Rp,
where p = p1 + ... + pK is the sum of the total public variables.Note that pi
is the number of public variable associated with subsystem i.Suppose there
are N nets.We introduce a vector z ∈ RN that gives the common values of
the public variables on the nets. We can express the coupling constraints
as y = Ez, where E ∈ Rp×n, is a selection matrix that selects for each net
public variables used. Specifically it is a 0-1 matrix that maps the vector of
net variables into the public variables of subsystem i.

Eij =

{
1 ith component is in net j
0 otherwise . (3.1)

We can also write
yi = Eiz, (3.2)

where Ei ∈ Rpi×N denotes the partitioning of the rows of E into blocks
associated with the different subsystems, i.e.,

E = [ET
1 · · ·ET

N ]
T . (3.3)

The problem is of the form:

minimize
∑K

i=1 fi(xi, yi)
subject to (xi, yi) ∈ Ci, i = 1, ..., K

yi = Eiz, i = 1, ..., K ,
(3.4)

where the variables are x = (x1, . . . , xK), y, and z. By applying the dual
decomposition we write the partial Lagrangian of problem:
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L(x, y, z, λ) =
K∑
i=1

fi(xi, yi) + λT (y − Ez) (3.5)

=
K∑
i=1

(fi(xi, yi) + λTi yi)− λTEz , (3.6)

where λ ∈ Rp is the Lagrange multiplier associated with y = Ez, and λi
is the subvector of λ associated with the ith subsystem. To find the dual
function we need minimization over (x, y, z). Note that the minimization
with respect to z indicates that ETλ = 0 (Otherwise, the dual function is
unbounded below), which is a constraint on dual variables. Moreover, we
can independently perform the minimization at each subsystem with respect
to (xi, yi). Let gi(λi) denote the optimal value of the following problem

minimize fi(xi, yi) + λTi yi
subject to (xi, yi) ∈ Ci ,

(3.7)

where the variable is (xi, yi). Thus, the dual problem can be formally ex-
pressed as

maximize
∑K

i=1 gi(λi)
subject to ETλ = 0 ,

(3.8)

where the variable is λ.We use projected subgradient method to solve the
dual problem 3.8, and is given by the following algorithm [11]:

given an initial value of y such that ETy = 0

repeat

1. Solve subproblems 3.7 to obtain xi, yi

2. Compute average ẑ := (ETE)−1ETy

3. Update prices v := v + αk(y − Eẑ)

In the first step, the algorithm optimize the subsystems, solving problems
(3.7) in an independent way. The subsystems’ updates are carried out inde-
pendently. In the second step instead is taken an average, over each net, of
the vector y, which collect all copies of the public variables. Each compo-
nent of z is updated by averaging the values of all its copies in the different
subsystems, this because E ′E a diagonal matrix, which shows the number
of neighbors of each node. Finally, the vector y computed in the last step,
is the projection of the current values of the public variables onto the set of
feasible, or consistent values of public variables.
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3.2 ADMM
The material presented in this section is based on [10]. We refer the reader

to [10] for details. The main motivation for using ADMM is that it combines
the benefits of dual decomposition and augmented Lagrangian methods for
constrained optimizations. The result is a distributed algorithm with fast
(compared to the subgradient method) convergence properties. We start
with a simple convex constrained optimization problem. Then, we describe
the dual ascent algorithm and augmented Lagrangian method for solving
this problem, which are the key ingredients for ADMM. Next we present
the ADMM algorithm and its applicability in the context of some important
problem formulations, which are used in later chapters for addressing OPF
problem. Consider the following convex constrained optimization problem

minimize f(x)
subject to Ax = b ,

(3.9)

where the variable is x. The associated lagrangian is

L(x, y) = f(x) + yT (Ax− b) , (3.10)

where y is the dual variable or Lagrange multiplier associated with the equal-
ity constraint. The dual problem is given by

maximize g(y) , (3.11)

where g(y) = infx L(x, y).
In the dual ascent method, we solve the dual problem using gradient

ascent. Assuming that g is differentiable, the gradient ∇g of g at y is given
by

∇g(y) = Ax+ − b , (3.12)

where
x+ = argmin

x
L(x, y) . (3.13)

Thus, the dual ascent algorithm is given by

xk+1 = argmin
x
L(x, yk) (3.14)

yk+1 = yk + αk(Axk+1 − b) , (3.15)

where αk is the step size.Note that (Axk+1−b) corresponds to the gradient of
g at yk, i.e., ∇g(yk). The first step is an x-minimization step, and the second
step is a dual variable update. The dual variable y can be interpreted as a
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vector of prices. This algorithm is called dual ascent since, with appropriate
choice of α, the dual function increases in each step.

As we have noticed in Section 3.1, the great advantage of the dual as-
cent method is that, in some cases, the algorithm leads to decentralized
algorithms. For example, suppose that the objective f in problem (3.9) is
separable as follows

f(x) =
N∑
i=1

fi(xi) , (3.16)

where x = (x1, . . . , xN). Moreover assume that A is partitioned as A =
[A1 . . . AN ]. Then the Lagrangian is given by

L(x, y) =
N∑
i=1

Li(xi, y)− yT b , (3.17)

where
Li(xi, y) = fi(xi) + yTAixi . (3.18)

This means that the x-minimization step (3.14) splits into N separate prob-
lems that can be solved in parallel.In particular, we have the following iter-
ations:

xk+1
i = argmin

xi
Li(xi, y

k) (3.19)

yk+1 = yk + αk(Axk+1 − b) . (3.20)

However, in the case of convergence, the dual ascent algorithm discussed
above heavily relies on assumptions like strict convexity or finiteness of f [10].
Let us now describe the augmented lagrangian method, which gracefully
achieves convergence without such assumptions, and there more robust. Here
we consider the following equivalent problem formulation, instead of original
problem (3.9)

minimize f(x) + (ρ/2)||Ax− b||22
subject to Ax = b ,

(3.21)

where the variable is x and ρ is a positive scalar. We denote by Lρ(x, y) the
Lagrangian associated with problem (3.21), and is given by

Lρ(x, y) = f(x) + yT (Ax− b) + (ρ/2)||Ax− b||22 , (3.22)

where y represents the dual variables associated with the equality constraint.
Applying dual ascent to the modified problem (3.21) yields the algorithm:

xk+1 = argmin
x
Lρ(x, y

k) (3.23)

yk+1 = yk + ρ(Axk+1 − b) , (3.24)
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which is known as the method of multipliers. Note that the x-minimization
step uses the augmented Lagrangian Lρ(x, y), instead of L(x, y) in (3.10).
Moreover, the penalty parameter ρ is used in the place of αk in (3.15). The
conditions for convergence of the method of multipliers (3.23)-(3.24) is far
more general compared to the dual ascent method (3.14)-(3.15) [10]. How-
ever, when f is separable (e.g., see (3.16)), the augmented Lagrangian Lρ
is not separable,because of the quadratic term ||Ax − b||22. As a result,the
x-minimization step (3.23) cannot be performed in parallel for each xi.

We next describe the ADMM method, which can be considered as a
blend between the dual ascent algorithm and the method of multipliers. Let
us consider the problem of the form

minimize f(x) + g(z)
subject to Ax+Bz = c ,

(3.25)

with variables x ∈ Rn and z ∈ Rm. The augmented Lagrangian for prob-
lem (3.25) is given by

Lρ(x, z, y) = f(x)+ g(z)+ yT (Ax+Bz− c)+ (ρ/2)||Ax+Bz− c||22 , (3.26)

where y denotes the dual variables as usual.Note that the direct application
of method of multiplier method (3.23)-(3.24) for problem (3.25) results

(xk+1, zk+1) = argmin
x,z

Lρ(x, z, y
k) (3.27)

yk+1 = yk + ρk(Axk+1 +Bzk+1 − c) . (3.28)

In contrast, ADMM split the (x, z)-minimization step (3.27) into two se-
quential updates, namely x-minimization and z-minimization. Specifically,
ADMM consist of the iteration

xk+1 = argmin
x
Lρ(x, z

k, yk) (3.29)

zk+1 = argmin
z
Lρ(x

k+1, z, yk) (3.30)

yk+1 = yk + ρ(Axk+1 +Bzk+1 − c) . (3.31)

where ρ is a positive scalar. There are many convergence results for ADMM in
the literature. Here, we do not go into explicit details and refer the reader for
[cite boyd].However, under the assumptions 1) f and g are closed, proper, and
convex, 2) the augmented Lagrangian has a saddle point, we list 3 interesting
convergence properties of ADMM algorithm [10]:

1. Iterates approach feasibility: Axk +Bzk − c→ 0 as k →∞
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2. Objective function of the iterates approaches optimal value: f(xk) +
g(zk)→ p? as k →∞, where p? is the optimal value

3. Dual variable convergence: yk → y? as k → ∞, where y? is the dual
optimal point

Compared to interior point algorithms, which are based on the Newton’s
method, the convergence of ADMM algorithm is noticeably slow. However,
the convergence is faster compared to the classical dual ascent methods.
ADMM algorithm can typically produce results with modest accuracy within
hundreds of iterations. As a result, ADMM algorithm is suitable for appli-
cations, which do not require results with a very high accuracy.

In the rest of this section we give some important problem formulations,
which are used in later chapters.

3.2.1 Problems with quadratic objective

Here we consider the case of quadratic objective terms. With this par-
ticolar structure of f and g, we can carry out the x and z updates more
efficiently.

Suppose f is given by the (convex) quadratic function

f(x) = 1/2xTPx+ qx+ r, (3.32)

where P is a positive semidefinite n × n matrices. This includes the cases
when f is linear or constant, by setting P , or both P and q, to zero. Then,
assuming P + ρATA is invertible, we have

x+ = (P + ρAT )−1(ρATv − q). (3.33)

The computing the x-update solving a linear system can substantially
improve performance.

3.2.2 Constrained convex optimization

The generic constrained convex optimization problem is

minimize f(x)
subject to x ∈ C ,

(3.34)

with variable x ∈ Rn, where f and C are convex. This problem can be
rewritten in ADMM form as
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minimize f(x) + g(z)
subject to x− z = 0 ,

(3.35)

where g is the indicator function of C.

g(z) =

{
0 if z ∈ C
∞ if z 6∈ C

the associated lagrangian is

Lρ(x, z, y) = f(x) + g(z) + yT (x− z) + (ρ/2)||x− z||22 ,

so we can write

xk+1 = argmin
x
Lρ(x, z

k, yk) (3.36)

zk+1 = argmin
z
Lρ(x

k+1, z, yk) = πC(x
k+1 + yk/ρ) (3.37)

yk+1 = yk + ρ(xk+1 − zk+1) (3.38)

the x-update involves minimizing f plus a convex quadratic function evalu-
ation of the proximal operator associated with f . The z update is Euclidean
projection onto C.

3.2.3 Global variable consensus optimization

Consensus is a generic optimization problem who can be solved via,
ADMM-based methods in a distributed way.For more details you can re-
fer to [10]. We first consider the case with a single global variable, with the
objective and constraint terms split into N parts:

minimize f(x) =
∑N

i=0 fi(x), (3.39)

where x ∈ Rn and fi : Rn → R∪{∞} are convex. Each term can also encode
constraints by assigning fi(x) = ∞ when a constraint is violated. The goal
is to solve the problem above in such a way that each term can be handled
by its own processing element. This problem can be rewritten with local
variables xi ∈ Rn and a common global variable z:

minimize
∑N

i=0 fi(x)
subject to xi − z = 0 i = 1...N,

(3.40)

where the variables are {xi}i=1,...,N and z.
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     sub
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xn

Z

Figure 3.1: Local objective terms are on the left; global variable components
are on the right.

This is called the global consensus problem, since the constraint is that
all the local variables should agree be equal. The resulting ADMM algorithm
is the following:

xk+1
i = argmin

xki

(fi(x
k
i ) + ykTi (xki − zk) + (ρ/2)||xki − zk||22) (3.41)

zk+1 =
1

N

N∑
i=1

(xk+1
i + (1/ρ)yki ) (3.42)

yk+1
i = yki + ρ(xk+1

i − zk+1). (3.43)

The first and last steps are carried out independently for each i = 1, ..., N .
The dual variables are separately updated to drive the variables into consen-
sus, and quadratic regularization helps pull the variables toward their average
value while still attempting to minimize each local fi. We can interpret con-
sensus ADMM as a method for solving problems in which the objective and
constraints are distributed across multiple processors. Each processor only
has to handle its own objective and constraint term, plus a quadratic term
which is updated each iteration. This term is updated in such a way that
the variables converge to a common value, which is the solution of the full
problem.

21



     sub

system 1

     sub

system 2

x1 

x2

     sub

system n

xn

Z

Figure 3.2: As before, local objective terms are on the left and global variable
components are on the right. But now, each subsystem updates only part of
the global variable z

3.2.4 Global variable consensus optimization with reg-
ularization

We can make a simple variation on the global variable consensus prob-
lem adding an objective term g, often representing a simple constraint or
regularization. The associated problem is:

minimize
∑N

i=0 fi(x) + g(z), (3.44)

with variables x. We can equivalently reformulate the problem above as

minimize
∑N

i=0 fi(x) + g(z)
subject to xi − z = 0 i = 1...N,

(3.45)

where the variables are {xi}i=1,...,N and z. The resulting ADMM algorithm
applied to problem 3.44 is as follows:

xk+1
i = argmin

xi
(fi(xi) + ykTi (xi − zk) + (ρ/2)||xi − zk||22) (3.46)

zk+1 = argmin
z
(g(z) +

N∑
i=1

(−ykT z + (ρ/2)||xk+1
i − z||22) (3.47)

yk+1
i = yki + ρ(xk+1

i − zk+1). (3.48)

Now we consider a more general form of the consensus minimization prob-
lem, in which we have local variables xi ∈ Rni , i = 1, ..., N , with the objective
f1(x1) + + fN(xN) separable in the xi. Each of these local variables consists
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of a selection of the components of the global variable z ∈ Rn ; that is, each
component of each local variable corresponds to some global variable compo-
nent zg. Reach consensus between the local variables and the global variable
means that each local variable is just a partial or total copy of the global
variable z. In the global variable consensus, we have xi = z. In the other
case each local vector only contains a small number of the global variables.

3.2.5 General form consensus optimization

The general form consensus problem is

minimize
∑N

i=0 fi(x)
subject to xi − z=0 i = 1...N,

(3.49)

with variables x1, . . . , xN and z. Intuitively, zi ∈ Rni is the fraction of the
global variable z that the local variable xi should be; It is a selection of the
global state z and the local variables xi can influence only these component
of z Then ADMM consists of iterations:

xk+1
i = min

xi
(fi(xi) + ykTi xi + (ρ/2)||xi − zki ||22) (3.50)

zk+1 = min
z

m∑
i=1

−ykTi zi + (ρ/2)||xk+1
i − zki ||22 (3.51)

yk+1
i = yki + ρ(xk+1

i − zk+1
i ), (3.52)

where the xi and yi updates can be carried out independently in parallel
for each i. As in the global consensus case, the general form consensus
problem can be generalized by allowing the global variable nodes to handle
an objective term.
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3.3 F-Lipschitz
This section was written based on the work presented in [12]. For a more

detailed discussion can then refer to this work.
F-Lipschitz is a new optimization method developed primarily to improve

the performance of the calculation in wsn (wireless sensor network), where is
required fast optimization of the node’s variables with minimal exchange of
information among them. Compared to traditional Lagrangian methods, the
convergence time of centralized F-Lipschitz problems is better. These meth-
ods are computationally much more expensive, particularly for distributed
optimization in wireless sensor networks. To compute the optimal solution
for centralized optimization problems, F-Lipschitz algorithms do not require
Lagrangian methods, but superlinear iterations based on a solution of a sys-
tem of equations given by the constraints. Also distributed F-Lipschitz al-
gorithms converge fast, respect to traditional Lagrangian method because
they don’t require Lagrangian decomposition and parallelization methods,
but simple asynchronous iterative methods.

F-Lipschitz optimization defines a class of optimization problems for which
all the constraints, also the inequalities, are satisfied at equality when com-
puted at the optimal solution. The most insidious part of the method is
to formulate conditions, called qualifying properties, that ensure that this
happens, before calculating the solution. The main disadvantage of this
method is just in difficulty to check such conditions. The functional f0 can
be composed of a linear or non-linear, decomposable or a non-decomposable
function.

An F-Lipschitz optimization problem is defined as:

maximize f0(x)
subject to xi ≤ fi(x). i = i, ..., l

xi = hi(x) i = l + 1, ..., n
x ∈ D,

(3.53)

where D ∈ Rn is a non empty, convex and compact set. It is a box con-
straint. l ≤ n; The objective function and constraints must be continuous
differentiable functions such that:

f0(x) : D → Rm, m ≥ 1

fi(x) : D → R, i = 1, ..., l

hi(x) : D → R, i = l + 1, ..., n

(3.54)

and the following three properties are satisfied:
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∇f0(x) ≥ 0 (f0(x) is strictly increasing),
and

∇jfi(x) ≤ 0 ∀i 6= j, ∀x ∈ D
∇jhi(x) ≤ 0 ∀i 6= j, ∀x ∈ D

or

∇if0(x) = ∇jf0(x) ∀i 6= j, ∀x ∈ D
∇fi(x) ≥ 0 ∀i 6= j, ∀x ∈ D
∇hi(x) ≥ 0 ∀i 6= j, ∀x ∈ D

and

|fi(x)− fi(y)| ≤ αi||x− y||, i = 1, ..., l ∀x,y ∈ D
|hi(x)− hi(x)| ≤ αi||x− y||, i = l + 1, ..., n ∀x,y ∈ D
with αi ∈ [0, 1), ∀i.

(3.55)

All these properties are called qualifying properties of an F-Lipschitz
optimization problem. They are sets of assumptions on f0, f and D which
ensure that the problem is Fast-Lipschitz.

The main theorem of F-Lipschitz optimization says that:
"Let problem 3.53 be weak, F-Lipschitz and feasible. Then, the problem

has a Pareto optimal solution x, uniquely defined by:"

x∗i = fi(x∗) ∀ i = 1, ..., n. (3.56)

A Pareto optimal solution is a vector for which is impossible to improve
one component without decreasing another component. Pareto efficiency, or
Pareto optimality, is a concept in economics with applications in engineering.
In a Pareto efficient allocation, no one can be made better off without making
at least one individual worse off. Given an initial allocation of goods among
a set of individuals, or a set of values in a vector, a change to a different
allocation that makes at least one individual better off without making any
other individual worse off is called a Pareto improvement. An allocation or a
set of values, is defined as Pareto efficient or Pareto optimal when no further
Pareto improvements can be made.

The optimal distribuite solutions can be found by iterating:

xk+1
i =fi(xk) ∀ i = 1, ..., l

xk+1
i =hi(xk) ∀ i = l + 1, ..., n

(3.57)
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Iterating this equation, every node i of the network collects asynchronously
the decision variables x at time k and update its decision variable. In order to
proceed the algorithm requires that the state variables x are to be exchanged
between the nodes.

In the equations 3.57, k is an index associated with iterations. To obtain a
specific precision ε of the optimal solution x∗, an upper bound to the number
of iterations needed is:

k =
ln|ε| − ln|d|

ln|α|
(3.58)

where d = maxx,y∈D||x− y||max and α is the modulus of [f(x)Th(x)T ]T .
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Chapter 4

Mathematical Modeling of
problem

Active/reactive power dispatch problems are fundamental in the field of
electrical engineering. It is usually formulated as an optimal power flow
(OPF) problem. The OPF problem is an important class of problems in the
power industry. The problem is to determine generators power set points
so that the overall cost of power generation is minimized, while respecting
limits on the generator’s capacity and transmission power flow constraints.
The purpose of this chapter is to derive the flow model, which is widely used
to characterize a power system’s behavior around the normal steady state
operation and to formally formulate the OPF problem. We draw inspiration
from the electrical model used in Matpower [13]. It is a tool for Matlab
which was used in our work to get some examples of electrical networks used
in our algorithm’s tests. The problem can be formulated as a minimization
problem with a set of nonlinear algebraic equality and inequality constraints.
These constraints represent both Kirchhoff’s laws and network and generator
operation limits. The objective function is the total cost of real generation.
The costs may be defined as polynomials or as piecewise-linear functions
of generator output. In the formulation of the power flow problem, four
variables are associated to each network node:

• vk Voltage magnitude of node k

• θk Voltage angle of node k

• Pkj Active power flow from node k to node j

• Qkj Reactive power flow from node k to node j
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Depending on which of the above four variables are known and which ones
are unknown and have to be calculated, can be defined three basic types of
nodes (or buses): PQ,PU ,Uθ. In the first the variables are vk and θk, in
the second are Qkj and θk and in the last are Pkj and Qkj. The PQ buses
are normally used to represent load buses without voltage control, while PU
buses are used to represent generation buses with voltage control in power
flow calculations. Finally, Uθ bus, also called reference bus or slack bus. It
has double functions in the basic formulation of the power flow problem, it
serves the roles of both a voltage angle reference and a real power slack. The
voltage angle at the reference bus has a known value, but the real power
generation is taken as unknown. The slack bus is selected to provide or take
active and reactive power to or from the transmission line to provide losses
since these are unknown till the final solution of the problem. The slack bus is
the only bus at which the system reference phase angle is defined. From this,
the various angular differences can be calculated in the power flow equations.
In practice, the slack bus is the connection node of our network with other
external power systems. In normal power systems the far most common are
PQ-buses or load buses, while there is only one reference bus. To guarantee
that the OPF can be solved, the slack bus is assigned a zero phase angle by
setting its phase angle upper and lower limits to zero. The problem can be
formulated schematically as:

minimize costs of active and reactive generation
subject to active power balance equations

reactive power balance equations
apparent power flow limit of line, from and to side
bus voltage limits
active and reactive power generation limits ,

(4.1)

where the variables are listed above.
Generator cost functions usually are represented as quadratic functions:

C(PG) = a+ bPG + cP 2
G, (4.2)

where a, b, c are three positive constants. That means that the cost function
of generators is convex. The convex quadratic cost functions make this OPF
formulation a problem that can be solved with a quadratic programming
(QP) algorithms. In Matpower Model, all transmission lines, transformers
and phase shifters are modeled with a common branch model, consisting of
a standard π transmission line model, with series impedance zij and total
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Figure 4.1: Branch Model
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Figure 4.2: Circuit diagram of node j

charging capacitance bc. In addition there is also an ideal phase shifting
transformer ( figure 4.1). The standard AC Optimal Power Flow problem
involves the minimization of total variable generation costs subject to non-
linear balance, branch flow, and production constraints for real and reactive
power. An AC power flow is modeled by using values for both resistance and
reactance. In practice, AC OPF problems are typically approximated by a
DC OPF problem that focuses only on real power constraints in linearized
form [13]. The model considered, can admit the presence of a transformer in
the line. In the case of our simplified model, transformers are not present.
Therefore, we use transformation ratioN = 1 and phase shift angle θshift = 0.
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Figure 4.3: Node representation scheme

In the electrical model, generators and loads are represented as in Figure
4.2. The general case for load current can be written as:

I loadj = I loadj (vj) (4.3)

where the function I loadk (vj) describe the load characteristics. Generators are
in load flow analysis modeled as current injections. In steady state a gener-
ator is commonly controlled so that the active power injected into the bus
and the voltage at the generator terminals are kept constant. For a deeper
analysis on transmission lines and networks, we refer the reader to [14]. The
DC OPF power flow model assumes that only the angles of the complex bus
voltages vary, and that the variation is small. Voltage magnitudes are as-
sumed to be constant. Transmission lines are assumed to have no resistance,
and therefore no losses. This is a reasonable first approximation for the real
power system, which can be considered only slightly non-linear in normal
steady state operation. Furthermore, we assume that in electricity markets
the loads are usually inelastic, meaning that they do not change as much
as the price changes. In other words, the function given in 4.3 is constant.
When this is the case, the OPF objective is to minimize total generation cost.
We restrict our self to the simplest model of the power supply to test the
proposed distributed algorithm. Extensions of the work to complex models
including more electrical components and additional constraints are left for
future research.

The power system can be modeled as a directed graph. Consider a con-
nected directed graph G = (V , E) as an abstraction of an electrical power
network ( Figure 4.4). The system consists of N buses. We assume that each
bus has a local generator and a local load. In Figure 4.3 is shown a graph-
ical representation used to refer the nodes. An edge from node i to node
j is denoted as eij and zij=rij + jxij is the impedance of the transmission
line corresponding to edge eij (see Figure 4.4). Since rij is often negligible
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Figure 4.4: Correspondence between the electrical model of the transmission
line and the graphical model used to represent the networks

compared to xij, we assume that rij=0 in our DC flow model. In the power
system analysis, power is defined as Re (vi∗) , where v and i represents the
voltage and current, respectively. Re(a) and Im(a) is the real and imaginary
part of a complex number a. Complex power S, reactive power Q and active
power P are defined as

S = vi∗ Q = Im(vi∗) P = Re(vi∗). (4.4)

Remembering the triangle of powers we have

S = P + jQ.

Let Sij denote the complex power flow from node i to node j, and vi
denote the generator voltage at node i. Magnitude-phase representation is
given by:

vi = |vi|ejθi , vj = |vj|ejθj , (4.5)

and active and reactive powers are given by

Pij = −Pji =
|vi||vj|
xij

sin(θi − θj) (4.6)

Qij =
|vi|2

xij
− |vi||vj|

xij
cos(θi − θj) (4.7)

Qji =
|vj|2

xji
− |vj||vi|

xji
cos(θi − θj). (4.8)
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The active power flow from node i to node j is mainly dependent on θi− θj,
and the reactive power flow from node i to node j is mainly dependent on
|vi| - |vj|. Under normal operating conditions, we have |vi| = |vj |, and θi−θj
is typically small. In this case, there is reasonably good decoupling between
the control of active power flow Pij, Pji and reactive power flow Qij, Qji.
In the DC flow model we further assume that only the voltage phases θi, θj
vary, and that variation is small. Voltage magnitudes |vi|, |vj | are assumed
to be constant (|vi|, |vj| = 1 (p.u.)). (In the field of electrical engineering, a
per-unit system (p.u.) is the expression of system quantities as fractions of
a defined base unit quantity. The base voltage might be the nominal voltage
of a bus as we used here, or nominal current or power). In this case, the
reactive power flow Qij is negligible, and we are only considering only the
active power flow Pij . It is a scalar value. Under the assumptions and
simplifications above, the power flow from node i to node j is given by

Pij =
1

xij
(θi − θj) (4.9)

In our problem we consider constraints on the maximum flow in each edge.
Therefore we need to write the equation above in a matrix form, obtaining
the powers flow in each edge of the graph (in each transmission lines)

Pedge = Fθ. (4.10)

Here, θ = (θ1, . . . , θn) and the matrix F is constructed in such a way as to
operate the phase difference between all pairs of nodes in the net, taking into
account the impedance of the edge that connects them. In this way we obtain
Pedge which collects all the flows in all branches of the network. The total
power flowing into bus i, Pi, must equal the power generated by generator i
minus the power absorbed by the local load PLi. Therefore, Pi, must equal
the sum of the power flowing away from bus i on all transmission lines, i.e.,

Pi =
∑
j

Pij. (4.11)

The equation 4.11 can be compactly expressed as

P = Bθ, (4.12)

where P= (P1, ..., Pn) , and the ith jth component of B is given by

bij =


∑

j(1/xij) i = j

(−1/xij) eij ∈ E
0 eij 6∈ E .

(4.13)
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Here the matrix B is singular. It can be thought as a weighted Laplacian
matrix of the graph. Now, we can formulate the General OPF problem as
follows :

maximize C(PG) =
∑N

i=1Ci(PGi
)

subject to
Bθ = PG − PL
Pmin ≤ Fθ ≤ Pmax
PGmin

≤ PG ≤ PGmax

θimin
≤ θi ≤ θimax

(4.14)

The variables are PG = (PG1 , ..., PGN
),θ = (θ1, ..., θN), and the problem data

are PL = (PL1 , ..., PLN
), Pmin = (P1min

, ..., PNmin
), Pmax = (P1max , ..., PNmax),

PGmin = (PG1min
, ..., PGNmin

) , PGmax = (PG1max
, ..., PGNmax

), θmin = (θ1min
, ..., θNmin

)
and θmax = (θ1max , ..., θNmax). Here Pimin

, Pimax represent the lower and up-
per limits of the power flows on each transmission lines, PGimin

and PGimax

represent the minimum and maximum active powers output for generator i,
likewise PLi

represent the local loads for node i and θimin
, θimax represent the

lower and upper phase limit of node i.
The General OPF problem seeks to find the optimal generated active

power PG such that the total generation cost is minimized, subject to the
power flow equation and physical constraints of the generation and transmis-
sion systems. The objective function of equation 4.14 represents the total
generation cost of all the generators, and the cost for generator i to generating
PGi unit of active power is usually in the form:

Ci(PGi
) = ai + biPGi

+ ciP
2
Gi
, (4.15)

where ai, bi, and ci are positive coefficients.
In the next chapter we develop algorithms for solving the OPF problem

4.14.
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Chapter 5

Solution Procedure

In this chapter we provide distributed algorithms for OPF problem 4.14
formulated in the previous chapter. We first summarize a centralized method
that is used as a benchmark for our proposed algorithms. In particular, we
start by briefly explaining the method used by matpower ISCED to solve
the problem. We next provide distributed solution procedures for the OPF
problem based on ADDMmethod. Specifically, we give two equivalent formu-
lations of the original OPF problem 4.14. The first one results in a partially
distributed algorithm where we need to rely on another entity who must
take care of all the constraints of problem 4.14, including power flow balance
equation and others. The second formulation gracefully resolve the coupling
constraints of the original formulation by introducing new interface variables
together with consistency constraints to guarantee the convergence of inter-
face variables to their common net values (see Section 3.1). The result is a
fully decentralized algorithm. Consequently, each node need to know only
the neighbors’ s data and it is not required to know all the network data.
Moreover, this proposed method requires only message passing among neigh-
bors. Therefore, the algorithm is scalable and can be applied in the case of
very large networks. Roughly speaking this means that the growth of the
network does not increase the computational load of the individual nodes.
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5.1 Centralized formulation
In this this section, we briefly explain the method used byMatpower [13]

to solve the problem in a centralized manner. Matpower uses four different
algorithms for solving the power flow problem. The default solver is based on
a standard Newton’s method. With this method typically five iterations are
required for a solution. Memory and time requirements vary approximately
in direct proportion to the problem size. We start from the problem 4.14 and
rewrite it for clarity, i.e.,

minimize C(PG) =
∑N

i=1Ci(P
i
G)

subject to Bθ = PG − PL
Pmin ≤ Fθ ≤ Pmax
PGmin ≤ PG ≤ PGmax
θimin

≤ θi ≤ θimax ,

(5.1)

where the variables are PG and θ. For notation simplicity, we rewrite the
optimization problem in standard form. In the standard form problem, we
adopt the convention that the right-hand side of the inequality and equality
constraints are zero. This can always be arranged by subtracting any nonzero
right-hand side. To do this, we introduce new functions defined as follows:

h(PG, θ) = Bθ − PG + PL

g(PG, θ) =


Fθ − Pmax
PG − PGmax
θ − θmax
Pmin − Fθ
PGmin − PG,
θmin − θ


(5.2)

and
f(PG, θ) = C(PG)

where f, g, h are convex and twice continuously differentiable. Now, problem
5.1 can be equivalent reformulated as

minimize f(PG, θ)
subject to h(PG, θ) = 0

g(PG, θ) ≤ 0,
(5.3)

where the variables are PG and θ. The Lagrangian associated with problem
5.3 is given by:

L(PG, θ) = f(PG, θ) + µTh(PG, θ) + λTg(PG, θ) (5.4)
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Where µ and λ are vectors of the Lagrange multipliers associated with con-
straints. We also put z = [PG, θ, µ, λ]

T .
From this, according to optimization theory, the Kuhn-Tucker necessary

conditions of optimality are:

f(P ∗G, θ
∗) = 0

g(P ∗G, θ
∗) ≤ 0

h(P ∗G, θ
∗) = 0

λ∗ ≥ 0

∇PG,θf(P
∗
G, θ

∗) + λ∇PG,θg(P
∗
G, θ

∗) + µ∇PG,θh(P
∗
G, θ

∗) = 0

λ∗g(P ∗G, θ
∗) = 0

(5.5)

where (P ∗G, θ∗, µ∗, λ∗) is the primal and dual optimal solution and ∇PG,θ rep-
resents the gradient of the accompanying function with respect to primal
variables (PG, θ).

Interior-point methods solve the problem 5.3 (or the KKT conditions).The
basic idea of method is to decompose the problem into a sequence of equality
constrained problems, and then solve each of it by Newton’s Method. Among
the convex optimization algorithms, linear equality constrained quadratic
problems are the simplest. For these problems the KKT conditions are a set
of linear equations, which can be solved analytically. Newton’s method is
the next level in the hierarchy. We can think of Newton’s method as a tech-
nique for solving a linear equality constrained optimization problem, with
twice differentiable objective, by reducing it to a sequence of linear equality
constrained quadratic problems. Interior-point methods form the next level
in the hierarchy: They solve an optimization problem with linear equality
and inequality constraints by reducing it to a sequence of linear equality con-
strained problems. Many problems are already in the form 5.3, and satisfy
the assumption that the objective and constraint functions are twice differen-
tiable and many others problems can be easily reformulated in the required
form. [15, Section 11].
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5.2 Distributed formulation
In this section, we first consider a partial distributed algorithm imple-

mentation where we rely on a central controller to handle all the problem
constraints. Then, we propose a fully distributed algorithm, where there is
no a central controller to perform any variable updates. Unlike the partial
distributed methods, all the algorithm variable update can be carried out in
fully distributed fashion with communication among local entities only.

5.2.1 Partially distributed formulation

Each node has a generator that produces PGi
and a fixed load PLi

.Moreover,
recall that the variables for each node are PGi

and θi. Thus for generator i,
we have its (local) variables (PGi

, θi). We denote by xi the local variables at
generator i, i.e.,

xi = (PGi
, θi) (5.6)

Let us introduce a new variable z where the components represents the global
consensus of all the variables (PG1 , θ1, PG2 , θ2, . . . , PGN

, θN) Specifically, we
let

z = (zP1 , zθ1 , zP2 , zθ2 , . . . , zPN
, zθN ) = (PG1 , θ1, PG2 , θ2, . . . , PGN

, θN) .

In other words, each component of each local variable corresponds to some
global variable component of z (see figure 5.1). For latter use, we let

zi = (zPi
, zθi), i = 1, . . . , N ,

which corresponds to the global copies of local variables (PGi
, θi). The vector

zi can be easily obtained by using a selection matrix Ei
select as follows:

zi = Ei
selectz (5.7)

It is useful to define the linear transformation s(z) = Pz, where P is a
permutation matrix such that

s(z) = (zP1 , . . . , zPN
, zθ1 , . . . , zθN ) = (zP , zθ) (5.8)

and
zP = (zP1 , . . . , zPN

) and zθ = (zθ1 , . . . , zθN ) .

Note that s(z) and z contain the same components, but grouped according
to different orders. Now we are ready to reformulate the problem 4.14 For
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Figure 5.1: Local objective terms are on the left; global variable components
are on the right. Each edge in the bipartite graph is a consistency constraint,
linking a local variable and a global variable component.

clarity let us rewrite the original problem:

minimize
∑N

i=1Ci(PGi
)

subject to Bθ = PG − PL
Pmin ≤ Fθ ≤ Pmax
PGmin ≤ PG ≤ PGmax
θmin ≤ θ ≤ θmax ,

where the variables are PG = (PG1 , . . . , PGN
) and θ = (θ1, . . . , θN). The

problem above can be equivalently formulated as

minimize
∑N

i=1Ci(PGi
)

subject to Bzθ = zP − PL
Pmin ≤ Fzθ ≤ Pmax
PGmin ≤ zP ≤ PGmax
θimin

≤ zθi ≤ θimax

(PGi
, θi) = (zPi

, zθi), i = 1, . . . , N ,

(5.9)
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where the variables are PGi
, θi, zPi

, and zθi , i = 1, . . . , N . We can compactly
express problem 5.9 as follows:

minimize
∑N

i=1Ci(PGi
)

subject to [−Cg B]s(z) + PL = 0
Pmin ≤ [0 F ]s(z) ≤ Pmax
xmin ≤ s(z) ≤ xmax
xi = zi, i = 1, . . . , N ,

≡

minimize
∑N

i=1 fi(xi)
subject to [−Cg B]Pz + PL = 0

Pmin ≤ [0 F ]Pz ≤ Pmax
xmin ≤ Pz ≤ xmax
xi = zi, i = 1, . . . , N ,

(5.10)
where the variables are x = (x1, . . . , xN) and z. Note that the objective
function Ci(PGi

) = fi(xi). The problem data have their usual meaning with

xmin = (PG1min, . . . , PGNmin, θ1min, . . . , θNmin)

xmax = (PG1max, . . . , PGNmax, θ1max, . . . , θNmax) .

Note that the matrix Cg of problem 5.10 above is the generation connected
matrix and we have.

Cg = I , (5.11)

where I ∈ RN×N is the identity matrix in the problem 5.10 above. In general,
Cg is defined as follow. If its (i, j)th element is 1, the generator j is located
at bus i and 0 otherwise. The matrix Cg is used to select only the generators
active on the nodes. If all nodes have a generator, the matrix becomes
an identity matrix. The last constraint of problem 5.10 is the consensus
constraint, see Section 3.2.5, problem 3.45 and problem 3.49 Now we can
express the problem in general consensus form (see section 3.2.5) as follows:

minimize
∑N

i=1 fi(xi) + g(z)
subject to xi = zi, i = 1, . . . , N ,

(5.12)

where the variables are x = (x1, . . . , xN) and z, and g is the indicator function
of the set C defined as

C =

z
∣∣∣∣∣∣
[−Cg B]Pz + PL = 0
Pmin ≤ [0 F ]Pz ≤ Pmax
xmin ≤ Pz ≤ xmax

 .

By applying ADMM to problem 5.12, we obtain the following iterations:

xk+1
i =argmin

xi
(fi(xi) + ykTi (xi − zki ) + (ρ/2)||xi − zki ||22)

zk+1 =argmin
z∈C

N∑
i=1

−ykTi zi + (ρ/2)||xk+1
i − zi||22

yk+1
i =yki + ρ(xk+1

i − zk+1
i )

(5.13)
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As we can see from the equations above, in this implementation, the in-
dividual nodes calculate their own production taking into account the cost
function, without considering constraints. This step can be carried out in
parallel from all nodes of the network. The constraints involved instead, in
updating the global variable z. It is updated taking into account the con-
straints and the state of all nodes. Finally, the dual variable y is updated in
a distributed fashion.

5.2.2 Distributed formulation

In this section we develop a new equivalent formulation of problem 5.1, in
order to obtain fully distributed implementation among the nodes.The key
idea is based by introducing interface or public variables to each nodes in the
system to decouple the coupling constraints and by introducing consistency
constraints to enforce the global agreement of the public variables.The global
opinion of public variables are modeled by a (global) vector z.In this formu-
lation, updating the global variable z can be implemented in a distributed
fashion, unlike the z update in 5.13. Roughly speaking, the z update is
simply an averaging of the public variables of neighbors.Let us rewrite the
original problem 5.1 for clarity.

minimize
∑N

i=1Ci(PGi
)

subject to Bθ = PG − PL
Pmin ≤ Fθ ≤ Pmax
PGmin ≤ PG ≤ PGmax
θmin ≤ θ ≤ θmax ,

(5.14)

where the variables are PG = (PG1 , . . . , PGN
) and θ = (θ1, . . . , θN). We show

next, how to eliminate coupling of the problem above. Note that only the
first two constraints of problem above are coupled via matrices B and F .
Recall that the matrices B and F are dependent on the structure of the
network. See Chapter 4, relations given in 4.10, 4.12, and 4.13. For example,
consider the network, composed by 4 nodes shown in figure 5.2. Here the
matrix B and F , can be written as:

B =


b11 b12 b13 0
b21 b22 0 b24
b31 0 b33 b34
0 b42 b43 b44
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Figure 5.2: Example network representation

F =


f11 f12 0 0
f21 0 f23 0
0 f32 0 f34
0 0 f43 f44


Note that, each row, with index i, contains a nonzero element in column

j, only if jth node is directly connected to node i. This indicates that
each node needs to know only the information of the neighbors and not
of the entire network. To facilitate the decoupling of the problem let us
now consider the decomposition structure of figure 5.2. Different variants
of the decomposition structures are shown in figure 5.3 and figure 5.4. The
subsystems here correspond to generator nodes and the arrows correspond to
the coupling between the subsystems. We refer to the different arrow groups
represented by different color as nets. Next, we introduce a global (scalar)
variable θn to each net, i.e., we have the global variable vector z given by

z = (θ1, . . . , θN) .

Moreover, we introduce pi interface (scalar) variables to node i, where pi
is the number of nets connected to subsystem i. For example, each node
in figure 5.2 has 3 interface (scalar) variables, because each has connections
to three nets. We combine these interface variables of node i to the vector
xi ∈ Rpi . Thus, node i has its variables (PGi

, xi), where PGi
is refereed to as

the local variable and xi is the interface variable. It is also useful to define a
vector x that collects all the interface variables, i.e.,

x = (x1, . . . , xN) . (5.15)

Note that (scalar) components of the interface variable x ∈ R
∑N

i=1 pi are
related to (scalar) components of global variable z, see figure 5.3). We clearly
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Figure 5.3: Decomposition structure

see that the vector x is easily obtained by multiplying z by an appropriate
matrix E ∈ R

∑N
i=1 pi×N as shown in section 3.1, equation 3.2, i.e.,

x = Ez (5.16)

Moreover, we have
xi = Eiz (5.17)

for some appropriately chosen matrix Ei ∈ Rpi×N , see section 3.1. Now we
can use the newly introduced interface variables x and global variables z to
decouple the problem.In order to proceed, let us first consider the Kirch-
hoff’s equations,i.e., first constraint of problem 5.14. By using the interface
variables and the global variables, we can decouple Kirchhoff’s equations
equivalently as follows:

Bixi = PGi
− PLi

, i = 1 . . . , N (5.18)

xi = Eiz , i = 1 . . . , N (5.19)

where the row vector Bi ∈ R1×pi is constructed by using ith row of B and
removing the columns that corresponds to zero elements. It is worth noting
that any node i can construct Bi from local information. For example, in the
case of our example network (see figure 5.2), we have

B1 = [b11 b12 b13] B2 = [b21 b22 b24] (5.20)
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Figure 5.4: Decomposition structure:Each subsystem needs to know is the
value of the phase of its neighbors and not of the whole network only.

B3 = [b31 b33 b34] B4 = [b42 b43 b44] . (5.21)

Similar decomposition can be performed in the case of the second con-
straint of problem 5.14 as well. By using the interface variables and the global
variables, we can equivalently express the second constraint as follows:

Pimin
≤ Fixi ≤ Pimax , i = 1 . . . , N (5.22)

xi = Eiz , i = 1 . . . , N , (5.23)

where Fi ∈ R1×pi , can be constructed by using local information by node i.
For example, in our example network (see figure 5.2), we have

F1 = [f11 f12 0] F2 = [0 f32 f34] (5.24)

F3 = [f21 f23 0] F4 = [0 f43 f44] . (5.25)

By using 5.18, 5.19, 5.22, and 5.23, now we can equivalently express the

43



original problem 5.14 as follows:

minimize
∑N

i=1Ci(PGi
)

subject to Bixi = PGi
− PLi

, i = 1 . . . , N
Pimin

≤ Fixi ≤ Pimax , i = 1 . . . , N
PGimin ≤ PGi

≤ PGimax , i = 1 . . . , N
ximin

≤ xi ≤ ximax , i = 1 . . . , N
xi = Eiz , i = 1 . . . , N ,

(5.26)

where the variables are PGi
, xi, i = 1, . . . , N and z = (θ1, . . . , θN) and the

problem data ximin
∈ Rpi represents the lower phase limits of its neighbors,

and ximax ∈ Rpi represents the upper phase limits of its neighbors. Now we
can apply ADMM to problem 5.26. Given the dual variables {yki ∈ Rpi}i=1...,N

and the global variable zk ∈ RN , the x-update in the kth iteration of ADMM
is distributed among the nodes. In particular, xk+1

i is obtained as a part of
the solution of the following problem solved at node i:

minimize Ci(PGi
) + ykTi (xi − Eizk) + (ρ/2)||xi − Eizk||22

subject to Bixi = PGi
− PLi

Pimin
≤ Fixi ≤ Pimax

PGimin ≤ PGi
≤ PGimax

ximin
≤ xi ≤ ximax ,

(5.27)

where the variables are (PGi
, xi). We denote by (P k+1

Gi
, xk+1

i ) the solution of
problem 5.27 in the kth iteration of ADMM.

Given the dual variables {yki ∈ Rpi}i=1...,N and the interface variable
xk+1 ∈ R

∑N
i=1 pi , the z-update in the kth iteration of ADMM is obtained as

the solution of the unconstrained problem

minimize
∑N

i=1 y
kT
i (xk+1

i − Eiz) + (ρ/2)
∑N

i=1 ||x
k+1
i − Eiz||22 , (5.28)

where the variable is z = (θ1, . . . , θN). We denote by zk+1 the solution. Note
that zk+1 can be expressed in closed form as

zk+1 =
(∑N

i=1E
T
i Ei

)−1∑N
i=1E

T
i

(
xk+1
i + (1/ρ)yki

)
(5.29)

=
(
ETE

)−1∑N
i=1E

T
i

(
xk+1
i + (1/ρ)yki

)
(5.30)

= diag((1/n1), . . . , (1/nN))
∑N

i=1E
T
i

(
xk+1
i + (1/ρ)yki

)
. (5.31)

The relation (5.29) follows by making the gradient of problem 5.28 objective
function equals to 0, (5.30) follows from (3.3), and (5.30) follows from the
properties of E, where ni represents the number of subsystems associated
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to net i. For example, in our 4-node example (see figure 5.2), we have
ni = 3, i = 1, 2, 3, 4. If we carefully analyze (5.31), we note that z-update
is simply obtained as follows: each subsystem i update its global net value
θi simply by averaging ni scalars, where each scalar is the sum of net i’s
interface variables and scaled versions of dual variables. This is interesting,
because z-update can be implemented in a distributed fashion.

Given the previous iteration dual variables {yki }i=1,...,N , the interface vari-
able xk+1 ∈ R

∑N
i=1 pi and the global variable zk+1, y-update or the dual vari-

able update in the kth iteration of ADMM is as follows:

yk+1
i := yki + ρ(xi − Eizk+1) .

Note that the iteration above can also be implemented in a distributed fash-
ion.

The main advantage as we will see in the next chapter is that the formu-
lation above is scalable, because x, y, and z updates are not affected by the
size of the network. Indeed, these updates rely only on the information from
adjacent nodes.

45



Chapter 6

Numerical results

In this chapter, we numerically illustrate the behavior of solution meth-
ods discussed in section 5.1, 5.2.1, and 5.2.2 by implementing them.All the
simulations have been carried out on a personal computed with the following
specifications: Windows 7 Enterprise, CPU Intel (R) i7-2600@ 3.4 GHz and
8 GB of RAM. Networks and related data were inspired from the sample
data of the simulator Matpower[13]. First we show the results obtained on
the network composed of 4 nodes, shown in figure 6.1. Results obtained on
larger networks are provided later in this section.
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Figure 6.1: 4-node network topology

46



0 200 400 600 800 1000
0

0.5

1

1.5

2

2.5

3

3.5

4
x 10

6

Iteration, k

O
bj

ec
tiv

e 
fu

nc
tio

n 
va

lu
e

 

 
ρ =10
ρ =5
ρ =2
ρ =1
ρ =0.5
ρ =0.125
ρ =0.1

(a) Semi distributed

0 200 400 600 800 1000
0

0.5

1

1.5

2

2.5

3

3.5

4
x 10

6

Iteration, k

O
bj

ec
tiv

e 
fu

nc
tio

n 
va

lu
e

 

 
ρ=10000
ρ =5000
ρ =1000
ρ =500
ρ =100
ρ =50
ρ =10

(b) Fully distributed

Figure 6.2: Total objective value versus ADMM iteration
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Figure 6.3: G1 output power (Watts) versus ADMM iterations
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Figure 6.4: θ3 (degrees) versus ADMM iterations
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Figure 6.5: Generators’ output power (Watts) versus ADMM iterations

After, we shows the evolution of the objective value of problem 5.1 in
the case of partial distributed algorithm (figure 6.2(a)) and fully distributed
algorithm (figure 6.2(b)). Here the X-axis of the figures represent ADMM
iterations. Different curves in each figure correspond to different values. We
note that the behavior of two algorithms are very similar and both algorithms
converges to the optimal objective value found by Matpower. Results show
that lager ρ values give faster convergence compared to smaller ρ values.

Figure 6.3 shows the evolution of the output PG1 of the generator 1 in
the case of partial distributed algorithm (figure 6.3(a)) and fully distributed
algorithm (figure 6.3(b)). Results show, that the value of ρ greatly influences
the speed of convergence. For high values of ρ, we get a much faster conver-
gence. Even though, we have not shown exhaustively, for the generators of
other nodes, i.e., node 1, 2, 3, the behavior is almost the same.

Figure 6.4 shows the evolution of the phase 3, (i.e., θ3) in the case of
partial distributed algorithm (figure 6.4(a)) and fully distributed algorithm
(figure 6.4(b)). The influence of ρ on the convergence can be seen in the case
of phases as well. Note that the θ3 convergence of the proposed algorithms
is different from the value given by Matpower centralized method. This
behavior is not surprising, because there can be multiple solutions for phases.
In other words, the objective function of problem 5.1 is not strictly convex
in θ, which is an indication of existence of multiple solutions for θ. Figure
6.5 shows all the generators’output power for all the node. The rate of
convergence is the same for each node.
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Figure 6.6: Overall consensus error versus ADMM iterations
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Figure 6.7: Consensus error in fully distribuited formulation versus ADMM
iterations
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Figure 6.8: Error percentage of the power respect respect benchmark versus
ADMM iterations.
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Figures 6.6(a), 6.6(b) show the trend of consensus error. In particular we
define the overall error as follows in the case of semi distributed algorithm

e1 =
∑
i

||xi − zi||22

where, xi and z are respectly the local copy for node i and the global variable
(see section 5.2.2). For the fully distribuited case instead, we define the
overall error as

e2 =
∑
i

||θi − zθi ||22

It represents the difference between the local copy and the average of all copy
of that variable (see equation 3.45). We show again the consensus error in
figure 6.7(a), where is plotted the error trend for each local copy of the phases
variables.Figure 6.7(b) shows the error of the three copy of the variable θ3
used by node 3 and its neighbors. The error is given by:

e3 = ||yi − θ2||22

where yi is the local copy of θ2 at either subsystem i = 1 or 2 or 3.
Figures 6.8(a) and 6.8(b) plot the error % of the power respect to the

benchmark given by Matpower [13]. This error is given by:

e4 =
∑
i

100||Pi − P benchmark
i ||

P benchmark
i

Again we can see how the value of ρ influences the error.
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Figure 6.9: Topology of other networks used
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Figure 6.10: Total objective function versus ADMM iterations
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Table 6.1: Time needed for 200 iteration, varying number of node (seconds)

variable 4 nodes 9 nodes 14 nodes
x update 49,55 49,41 45,96
z update 0,01 0,04 0,15
y update 0,01 0,00 0,00

To get inside into scalability of the fully distributed algorithm, we consider
also two other network, composed respectively of 9 and 14 nodes. In the
figures 6.10 is possible to see the trends of functional for these new networks
varying the parameter ρ. The results again shows fast convergence properties
for larger ρ.

Looking on the table 6.1 we can compare the time required to perform a
given number of iterations. We see that the execution time is independent
from the number of nodes. The results also show that the time for updating
the x the dual variable y, and z at each node is independent of the number
of nodes. Therefore, we can see the scalability of the proposed fully dis-
tributed algorithm. The growth of the size of the network is not important
for individual nodes, because they only need to exchange messages with their
neighbors.
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Chapter 7

Conclusion and future work

In this work, we created a new formulation for the DC-OPF problem. The
main advantages of this new formulation are mainly scalability and fast con-
vergence. Here was done a basic implementation of this method. There are
numerous ways to continue and extend this work. For example, following the
same steps as those proposed in the thesis, a more general AC-OPF problem
in this distributed formulation can be investigated. Is of relevant interest how
the algorithm works with very large networks (hundreds of nodes), because in
these networks the distributed approach to the solution of the optimization
problem better shows its advantages. Moreover, would be useful to create an
appropriate framework for testing large networks. Is also possible to continue
studying this problem by including variable load in the functional or testing
new cost functions closer to the real cost of electric generators, such as semi
convex or piecewise functions. In general is possible to extend or change the
objective function to include new costs related to social welfare or customer
benefits.
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