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Abstract

This thesis consists of two papers related to large deviation results
associated with importance sampling algorithms. As the need for effi-
cient computational methods increases, so does the need for theoretical
analysis of simulation algorithms. This thesis is mainly concerned with
algorithms using importance sampling. Both papers make theoretical
contributions to the development of a new approach for analyzing effi-
ciency of importance sampling algorithms by means of large deviation
theory.

In the first paper of the thesis, the efficiency of an importance sam-
pling algorithm is studied using a large deviation result for the sequence
of weighted empirical measures that represent the output of the algo-
rithm. The main result is stated in terms of the Laplace principle for
the weighted empirical measure arising in importance sampling and it
can be viewed as a weighted version of Sanov’s theorem. This result is
used to quantify the performance of an importance sampling algorithm
over a collection of subsets of a given target set as well as quantile esti-
mates. The method of proof is the weak convergence approach to large
deviations developed by Dupuis and Ellis.

The second paper studies moderate deviations of the empirical pro-
cess analogue of the weighted empirical measure arising in importance
sampling. Using moderate deviation results for empirical processes the
moderate deviation principle is proved for weighted empirical processes
that arise in importance sampling. This result can be thought of as the
empirical process analogue of the main result of the first paper and the
proof is established using standard techniques for empirical processes
and Banach space valued random variables. The moderate deviation
principle for the importance sampling estimator of the tail of a distri-
bution follows as a corollary. From this, moderate deviation results are
established for importance sampling estimators of two risk measures:
The quantile process and Expected Shortfall. The results are proved
using a delta method for large deviations established by Gao and Zhao
(2011) together with more classical results from the theory of large
deviations.

The thesis begins with an informal discussion of stochastic simula-
tion, in particular importance sampling, followed by short mathemat-
ical introductions to large deviations and importance sampling.
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1 Introduction

For researchers in the natural sciences stochastic simulation has emerged as
an indispensable tool. The most famous example, Monte Carlo simulation,
was introduced by Metropolis and Ulam in [23] in 1949 but the underlying
idea has been around for much longer than that. A prominent example of
how stochastic simulation, specifically Monte Carlo methods, can come to
use is given by recent findings at CERN, the European center for research
in particle physics. Hardly anyone in all of science can have missed the an-
nouncement that was made in July 2012 regarding the Higgs boson. During
the live press conference and lectures, as the researchers of the two teams
that had come up with the findings were explaining the results, Monte Carlo
was repeatedly mentioned as an integral part of the work. So, in what may
possibly be one of the most profound and exciting scientific findings of the
last couple of decades, stochastic simulation played an important role. This
alone should provide enough incitement to continue study such methods and
their theoretical properties.

This thesis deals with the intersection of the two topics large deviation
theory and importance sampling. The question that has been motivating the
work presented here is “Can the theory of large deviations be used for effi-
ciency analysis of stochastic simulation in general, and importance sampling
algorithms in particular?”. Before we address this question in more detail,
we give a short and non-formal introduction to stochastic simulation.

The term stochastic simulation encompasses all methods used for sim-
ulating a physical system, involving random effects, on a computer. As is
indicated above, the application of such methods can be found in all of the
natural sciences as well as in computer science, finance etc. In virtually all
areas where probability is applied there is a use for stochastic simulation be-
cause the systems being modeled are often too complex to allow for explicit
(analytical) calculations. Since there is such a vast interest in stochastic
simulation from people from rather different scientific fields the development
of these computational methods has gone in different directions. Within the
applied communities the design and application of stochastic simulation al-
gorithms is nowadays a large business and substantial resources are being
put to use in this area. However, development of simulation algorithms is
often done in an ad-hoc way building on intuition. Sometimes this results in
great computational gains, but from a theoretical perspective such heuristic
basis’ are not completely satisfying. Moreover, in the applied community ex-
tensive numerical experiments are often used as the measure of performance
of an algorithm and such ”proof” of efficiency, as it turns out, is unreliable.
Indeed, numerous examples exist for which the standard heuristics, which
may or may not have worked in similar settings, have failed and the nu-
merical evidence falsely suggested convergence of the algorithm. Sometimes
sophisticated algorithms based on some heuristic have poorer performance
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than the more generic algorithms used throughout different scientific disci-
plines. Such issues prompts for a thorough theoretical analysis alongside the
work of practitioners and for good communication and collaboration between
disciplines.

When trying to simulate a physical system on a computer one has to
define the dynamics, or laws, involved. The idea of stochastic simulation
is then to generate particles that move randomly according to the dynam-
ics of the system. Each particle involved carries an individual weight and
to obtain estimators the the particles’ weights are averaged depending on
their locations. The canonical example of a stochastic simulation algorithm
and the one of most interest for the work in this thesis is Monte Carlo. In
standard Monte Carlo simulation the particles are independent and statisti-
cally identical and their weights are constant and equal. Suppose now that
the quantity of interest can be represented as a high-dimensional integral.
Let X be a random variable with distribution F and, for a function f , let
F (f) = E[f(X)], the expected value of f under the law F . The distribution
F is used to describe the dynamics governing the physical system and the
information that we are interested in is represented by the integral F (f). In
standard Monte Carlo, independent copies X1, . . . ,Xn of X are generated
and the empirical mean Fn(f) = (1/n)

∑n
i=1 f(Xi) is used as an estimate

of F (f). By the law of large numbers, the estimate converges to the true
value as n → ∞. Since precision increases with number of particles, the
computational cost of this algorithm is determined by the number of parti-
cles needed for a desired precision times the cost for generating the outcome
of each particle.

Due to its relative simplicity standard Monte Carlo is used in a wide range
of applications. Despite this, the method has some drawbacks that make it
far from universally applicable. One such drawback is that the particles may
wander off to parts of the state space that are irrelevant for the problem of
interest. This leaves only a small fraction of the particles in a region that
actually contributes to the computational task at hand. Therefore, standard
Monte Carlo may need a so large number of particles that the computational
burden for reaching a desired precision is too heavy for any practical use. A
common problem where this becomes an issue is the estimation of rare-event
probabilities.

To resolve the problem that particles can wander off, a control mechanism
needs to be introduced that will force the particles to stay in the relevant
region of the state space. Such a control can come in many different forms
depending on the type of algorithm. In importance sampling, see e.g. [1]
and Section 3 below, the control is a change of dynamics in the system.
Rather than sampling particles according to the original dynamics, one uses
a sampling dynamics which is chosen in a way which forces the particles into
the relevant part of the state space. Such a change in dynamics will of course
introduce an error and this is corrected for by assigning individual weights
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that depend on the trajectory of each particle. Since an importance sampling
algorithm is completely determined by the choice of sampling dynamics,
finding one that is appropriate for a given problem is the main difficulty.
This type of algorithms is the main object of study in this thesis.

Since there can be many suggestions for what simulation algorithm to
use for a given problem, one would like to be able to pick what is in some
sense the best one. Clearly, there is no need to switch from a simulation
algorithm which has been used for a long time to a newer one unless the new
outperforms the old. The need for efficiency analysis in stochastic simulation
is therefore apparent.

Much of the theoretical analysis of efficiency of stochastic simulation al-
gorithms is based on analyzing the variance of the resulting estimators. This
is particularly true for Monte Carlo methods. The motivation is that the ex-
pectation operator is linear, making estimators of such quantities unbiased
and thus variance is the canonical measure of variability. Since this covers
a whole lot of estimation problems, for example that of estimating a prob-
ability, most of the effort related to efficiency analysis has been placed on
variance. However, as the effort to improve simulation algorithms for more
and more complex systems continues, the questions we are trying to answer
using simulation are also becoming more and more intricate. That is, the
quantities we try to estimate are not necessarily as, in some sense, simple as
an expectation. Thus, estimators may no longer be unbiased or it may hap-
pen that more information about the estimator is needed than provided by
variance analysis. This requires additional methods for measuring efficiency.

As a more precise formulation than the motivating question stated at
the beginning, the aim of the project from which this thesis has emerged
is to develop a systematic and unified approach to the construction of ef-
ficient Monte Carlo simulation algorithms. The specific problem on which
the author has worked is the development of large deviation results related
to the empirical measures and processes that arise in importance sampling.
Previously, results on sample-path large deviations have been used exten-
sively to design importance sampling algorithms. The aim of this project
is fundamentally different in the way we propose to use large deviation re-
sults. Accompanying every large deviation result is a so-called rate function,
a concept explained in detail in Section 2. Roughly speaking, the rate func-
tion associated with a system describes the rate of convergence of estimation
errors. Therefore, the rate function can be used to quantify efficiency of a
sampling algorithm and it provides a tool for comparing different algorithms
to each other. The main contribution of the work presented in this thesis is
that we establish the theoretical framework needed for this type of analysis
to be possible.

The rest of the thesis consists of a more detailed introduction to the two
topics large deviation theory (Section 2) and importance sampling (Section
3). In Sections 2 and 3 we also review, albeit briefly, some of the historical
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development of the two topics. The introductory part of the thesis ends with
summaries of two scientific papers in Section 4.

2 Large deviations

One of the main topics of research in modern probability is the theory of
large deviations. Loosely speaking, it is a theory that describes the behavior
of a stochastic system when it deviates from its expected behavior. First pio-
neered by Harald Cramér, the methods and results related to such questions
were unified as a theory by Donsker and Varadhan in the west [9, 10, 11] and
by Freidlin and Wentzell in the east [16, 28, 29, 30, 31]. The importance of
the subject is exemplified by the awarding of the Able prize in 2007 to S.R.S.
Varadahan ”for his fundamental contributions to probability theory and in
particular for creating a unified theory of large deviations.”. Before stating
explicitly the definition that underlies all of large deviation theory we begin
with a motivating example. Variations on this example can be found in any
standard book on large deviations, such as [7, 8, 26], and it gives some of
the flavor of classical large deviation results and arguments. This example
will also be used in Section 3.

Let X1,X2, . . . be a sequence of independent real-valued random vari-
ables with distribution F , with support on all of R, and mean E[X1] = 0.
Let Sn =

∑n
i=1 Xi and suppose that we are interested in the probability

P(Sn ≥ na) for a > 0. By the law of large numbers, Sn/n converges to 0
with probability 1 and thus {Sn ≥ na} is a rare event for a > 0 and n large.
By Chebyshev’s inequality, for any θ > 0,

P(Sn ≥ na) = P(eθSn ≥ enθa)

≤ e−nθa
E[eθSn ] = e−nθaenκ(θ),

were κ(θ) is the log-moment generating function evaluated in θ,

κ(θ) = logE[eθX1 ].

It is assumed that κ(θ) exists for θ in a neighborhood of the origin. Since
the above inequality holds for every θ > 0, we have

P(Sn ≥ na) ≤ exp
{

−n sup
θ>0

{θa− κ(θ)}
}

.

This upper bound leads to

lim sup
n→∞

1

n
log P(Sn ≥ na) ≤ − sup

θ>0
{θa− κ(θ)}.

It can be shown that the restriction to positive θ can be removed.
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An accompanying asymptotic lower bound for P(Sn ≥ na) can be derived
using a change of measure. Denote by F̃θ the probability measure defined
through the Radon-Nikodym derivative

dF̃θ

dF
(x) =

eθx

eκ(θ)
, x ∈ R.

Let F̃n
θ denote the product measure of n copies of F̃θ. Then, with x =

(x1, ..., xn) and sn =
∑n

i=1 xi,

P(Sn ≥ na) =

∫

Rn

I{sn ≥ na}F (dx1) . . . F (dxn)

=

∫

Rn

I{sn ≥ na}en(κ(θ)−θsn)F̃θ(dx1) . . . F̃θ(dxn)

≥ enκ(θ)
∫

Rn

I{sn ≥ na}e−nθsnF̃n
θ (dx).

Now, take θ∗ to be such that

sup
θ

{θa− κ(θ)} = θ∗a− κ(θ∗).

Then the above amounts to, with ε > 0,

P(Sn ≥ na) ≥ enκ(θ
∗)

∫

Rn

I{sn ≥ na}e−nθ∗snF̃n
θ∗(dx)

≥ enκ(θ
∗)

∫

Rn

I{n(a+ ε) ≥ sn ≥ na}e−nθ∗snF̃n
θ∗(dx)

≥ e−n(θ∗(a+ε)−κ(θ∗))

∫

Rn

I{n(a+ ε) ≥ sn ≥ na}F̃n
θ∗(dx)

= e−n(θ∗(a+ε)−κ(θ∗))
P

(

n(a+ ε) ≥
n
∑

i=1

X̃i ≥ na
)

,

where the X̃i’s are independent with common distribution F̃θ∗ . Notice that
by the choice of θ∗, under the law F̃θ∗ the random variables {X̃i} have mean
a. Using the central limit theorem it is possible to show that a lower bound
is given by, for n sufficiently large, exp{−n(θ∗a − κ(θ∗)) + o(n)}. Taking
logarithm and sending n to infinity,

lim inf
n→∞

1

n
log P(Sn ≥ na) ≥ −(θ∗a− κ(θ∗)) = − sup

θ

{θa− κ(θ)}.

Combining the upper and lower bounds,

lim
n→∞

1

n
log P(Sn ≥ na) = − sup

θ

{θa− κ(θ)}.
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This characterizes deviations of the normalized random walk from the law
of large numbers behavior.

The cornerstone of the theory of large deviations is the large deviation

principle. Informally, a sequence of random variables satisfy the large devia-
tion principle (LDP) if there is a function, known as the rate function, which
determines the exponential decay of the probability of rare events. Formally,
a sequence of random variables {Xn} on a topological space X satisfies the
LDP with speed λ−1

n , λn → ∞, if there is a lower-semicontinuous function
I : X 7→ [0,∞] such that for any measurable set A,

− inf
x∈Ao

I(x) ≤ lim sup
n→∞

1

λn
P(Xn ∈ Ao)

≤ lim sup
n→∞

1

λn
P(Xn ∈ Ā) ≤ − inf

x∈Ā
I(x),

where Ao and Ā denotes the interior and closure of A, respectively. Unless
otherwise mentioned, the speed is taken to be λn = n.

One of the truly classical and perhaps best known results is Cramér’s
theorem (see [6] and Chapter 2 in [7]) which deals with large deviations
for the empirical mean of independent and identically distributed random
variables (as in the example above). Cramér first showed the result for real-
valued random variables but it has since been extended to a much more
general setting; see [7], Chapter 4.

The earliest works on large deviations, including that of Donsker and
Varadhan and Freidlin and Wentzell, were mostly based on change of mea-
sure techniques. The idea is that a lower bound for the probability of an
event can be obtained by switching from the original measure to a proba-
bility measure which puts more mass (higher probability) on the event in
question. This way, the lower bound of the LDP can be shown. The method
is illustrated in the example above. There is a fundamental connection be-
tween this type of change of measure to prove large deviation results and
the choice of importance sampling algorithm for similar problems. This is
further discussed in Section 3.

In the present work we are interested in the sequence of empirical mea-
sures associated with a sequence of random variables. Sanov’s theorem, first
proved in [25], gives the corresponding LDP. Here, X is a topological space
and M1 = M1(X ) is the space of probability measures on X .

Theorem 2.1 (Sanov’s theorem). Let {Xn} be a sequence of independent

random variables with common distribution F on X and consider the se-

quence of empirical measures {Fn}, where

Fn(·) =
1

n

n
∑

i=1

δXi
(·).
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The sequence {Fn} satisfies the LDP in M1 with rate function I(·) given by

the relative entropy H(· | F ),

I(G) = H(G | F ) =

∫

X
log

(

dG

dF

)

dG, G ∈ M1.

Notice that Sanov’s theorem is a special case of the abstract version of
Cramér’s theorem if M1 is equipped with the weak topology, making it a
complete, separable metric space.

An insight that has been useful for proving large deviation results is that
many fundamental concepts and results in the theory of weak convergence,
for example relative compactness, tightness, convergence of subsequences and
the continuous mapping theorem, all have analogues in the theory of large
deviations. This has lead to the development of an approach to proving
the LDP using methods similar to those for proving weak convergence. An
excellent treatment of the similarities between concepts in large deviations
and weak convergence, and of large deviation results for stochastic processes,
is [15].

The weak convergence approach to large deviations

Above we mentioned the analogies between the theory of large deviations and
the theory of weak convergence of probability measures. There is yet another
connection between large deviations and the methods of weak convergence,
developed by Dupuis and Ellis and described in [12]. Their use of weak
convergence methods stem from a connection between large deviations and
control theory. For this, the concept of the Laplace principle plays a crucial
role. A sequence {Xn} of random variables is said to satisfy the Laplace
principle with rate function I if, for every bounded, continuous mapping
h : X 7→ R,

lim
n→∞

1

n
logE[e−nh(Xn)] = − inf

x∈X
{h(x) + I(x)}.

For a general topological space X the relationship between the LDP and the
Laplace principle is given by Varadhan’s lemma and Bryc’s inverse; see [7]
and the references therein. If X is a complete, separable metric space the
Laplace principle is equivalent to the LDP [12, Theorems 1.2.1, 1.2.3]. This
equivalency between the LDP and the Laplace principle reveals an analogy
between the theories of large deviations and weak convergence of probability
measures. In the theory of weak convergence, one can look at either conver-
gence of expectations of bounded, continuous functionals, or upper and lower
limits of probabilities of closed and open sets (see the Protmanteau theorem,
[2], Theorem 2.1). The Laplace principle and the LDP play similar roles
in large deviation theory, the former being a statement about expectations
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of bounded, continuous functionals and the latter one about probabilities of
closed and open sets.

In [12] the authors show how it is possible for a large class of discrete time
large deviation problems to represent the pre-limit quantity in the Laplace
principle as the minimal cost function to a stochastic control problem. The
following is an example of such a variational representation used in the proof
of Sanov’s theorem ([12], Chapter 2). An analogous result is proved and
discussed in detail in Paper 1. Let X1,X2, . . . be a sequence of independent
random variables taking values in a complete, separable metric space X and
having common distribution F . Denote the empirical measure by Fn. Then,
for any bounded, continuous mapping h : M1 7→ R,

− 1

n
logE[e−nh(Fn)] = inf

{Gn,j}
Ē
[ 1

n

n−1
∑

i=0

H(Gn,j |F ) + h(F̄n)
]

where the infimum is over admissible sequences of control (probability) mea-
sures {Gn,j}. Here, F̄n and Ē are used to denote a sequence of controlled
empirical measures and expectation under the corresponding law. The exact
definitions and meaning of these concepts are not important for now, they
are thoroughly explained in Section 1.5 and Chapter 2 in [12] and (somewhat
less) in Paper 1 of this thesis. The main thing to understand from the result is
that rather than working directly with the expectations in the Laplace prin-
ciple one can consider a corresponding stochastic control problem. Thus, the
task of showing the Laplace principle is cast into into the problem of showing
convergence of the stochastic control problem This can be done using various
methods from the well-developed theory of weak convergence of probability
measures, motivating the name weak convergence approach to large devia-
tions. The approach has proved successful in for problems difficult to handle
using standard methods, particularly in infinite-dimensional settings. Of ad-
ditional interest for the work in this thesis, it turns out that the variational
representations used in this approach to proving large deviation results are
useful for designing efficient importance sampling algorithms.

Interpretation of the rate function

The rate function plays a central role in the application of large deviation
theory to real-world problems. The most obvious interpretation of the rate
function is that it provides the exponential rate at which probabilities of rare
events decay. Indeed, suppose that a sequence {Xn} of random variables
satisfies the LDP with rate function I. Furthermore, assume that the set A
of interest is a continuity set for I: I(Ao) = I(Ā), where I(A) = infx∈A I(x).
Then,

P(Xn ∈ A) ≅ e−nI(A). (2.1)
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Similar statements are of course available, albeit less transparent and in
terms of upper and lower bounds, without the assumption of A being a
continuity set for I. The interpretation (2.1) is the basis for the main ap-
plication of large deviation theory, namely approximating the probability of
rare events. In particular, a larger rate implies faster decay.

In addition to yielding exponential estimates of certain probabilities, the
rate function has a more subtle interpretation. Namely, the element which
gives the infimum of the rate function describes the way the event in question
is most likely to happen. This is perhaps best illustrated using an example.
Consider again the normalized random walk Sn/n introduced above. The
derivation shows that the LDP holds with rate function I given by

inf
x≥a

I(x) = sup
θ

{θa− κ(θ)}.

Moreover, the supremum is attained for θ∗ such that under the distribution
F̃θ∗ the random variable X̃ has mean a. The interpretation is as follows. If
Sn/n is to exceed the threshold a, the most likely way for this to happen
is that each of the random variables involved takes a value ≥ a. The rarer
the event is, in this case the larger a is, the more profound is this behavior.
This is easily illustrated using a computer: Pick a threshold a and simulate
a large number of copies of Sn/n, keeping the ones that exceed a. What are
the individual contributions of the random variables?

3 Importance sampling

Importance sampling is a method for performing Monte Carlo simulations
that, if done correctly, will reduce the computational cost of standard Monte
Carlo. It is particularly when the quantities being estimated are largely
determined by rare events that importance sampling can give significant
computational gains. The underlying idea is almost deceptively simple and
is perhaps best illustrated using an elementary toy problem.

Let X have a N(0, 1) distribution and say that we are interested in the
probability P(X > 3). Just from picturing the famous bell-shaped curve of
the normal density one can conclude that this probability should be quite
small. Indeed, it is approximately 1.35 × 10−3. Suppose we did not know
this and wanted use simulation to find the probability. First, notice that
p = P(X > 3) = E[I{X > 3}]. Recalling the idea behind standard Monte
Carlo, sampling X1, . . . ,Xn independently from N(0, 1) yields an estimate
p̂n = (1/n)

∑n
i=1 I{Xi > 3}. However, only a few particles Xi will be in

the interval (3,∞) and a large number n is required in order to get good
precision of p̂n. Since p̂n is unbiased, the number of samples n needed to
reach a desired precision is determined by the relative error. A reasonable
precision would be that the estimate p̂n has a relative error of 10%. For

9



standard Monte Carlo this amounts to

0.1 =

√

Var(p̂n)

p
=

1√
n

√

1

p
− 1.

Using that we know p (approximately) in this toy problem, an approxi-
mation of the number of samples needed to reach the desired precision is
n ≈ 5.5× 105. What if the random variables were instead sampled from the
normal distribution with variance 1 but mean 3? Then, approximately half
of the particles will be in the region of interest. Can the error introduced
by sampling from the wrong distribution be accounted for? Let ϕ(·;µ, σ) be
the normal density with mean µ and variance σ2. Since ϕ(x;µ, σ) > 0 for
all x ∈ R,

E[I{X > 3}] =
∫

R

I{x > 3}ϕ(x; 0, 1) dx

=

∫

R

I{x > 3}ϕ(x; 0, 1)
ϕ(x; 3, 1)

ϕ(x; 3, 1) dx.

Notice that the latter integration is with respect to the N(3, 1) distribution.
Setting w(x) = ϕ(x; 0, 1)/ϕ(x; 3, 1),

p = E[I{X > 3}] = E[I{Z > 3}w(Z)],

where Z is distributed according to N(3, 1). Hence, it is possible to sam-
ple Z1, . . . , Zn from N(3, 1) and use p̃n = (1/n)

∑n
i=1 I{Zi > 3}w(Zi) to

estimate p. In the case of the normal distribution, since we have approxima-
tions for all tail probabilities, we can get an idea of the computational gain
compared to standard Monte Carlo. Similar to the above analysis for p̂n,
consider the relative error of p̃n being 10%. That is,

0.1 =
1√
n

√

Var(p̃n)

p
=

1√
n

√

E[w(Z1)2I{Z1 > 3}]
p2

− 1.

Evaluating the expectation using estimates for tail probabilities in the normal
distribution, the number of samples n needed to reach the desired precision
is roughly 800. That is, 0.15% of the sample size needed for standard Monte
Carlo.

The above is an example of a change of measure, something already en-
countered in Section 2. In the introduction we mentioned that the idea of
importance sampling is to change the dynamics of the system one is trying
to model. Since the randomness of the system is described by a probabil-
ity measure, formally this change in dynamics corresponds to a change of
(probability) measure. In the example, the change is from the original dis-
tribution N(0, 1) to the sampling distribution N(3, 1) and the function w
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used to make the estimator based on the Z ′
is unbiased is often referred to as

the weight function.

We now give a formal description of importance sampling. Suppose that,
for some random variable X with distribution F on a space X , the quantity
of interest is the expectation F (f) =

∫

f(x)F (dx) for some F -integrable
function f : X 7→ R. Furthermore, let F̃ be the chosen sampling distribution,
that is, the new dynamics. It is required that F ≪ F̃ on the support of the
function f . This guarantees the existence of the Radon-Nikodym derivative
dF/dF̃ on {f > 0}, which in turn makes the weight function

w(x) =
dF

dF̃
(x)I{f(x) > 0}, x ∈ X

well defined. Noting that

F (f) =

∫

X
f(x)F (dx) =

∫

X
f(x)

dF

dF̃
(x) F̃ (dx) = F̃ (wf),

it is possible to construct an unbiased estimator of F (f) as

F̃n(wf) =
1

n

n
∑

i=1

f(X̃)w(X̃),

where (X̃1, . . . , X̃n) is an independent sample from F̃ . The estimator F̃n(wf)
is the importance sampling estimator of F (f). In the example above, F is
N(0, 1), F̃ is N(3, 1) and the weight function w is the ratio between the
respective densities. For the two normal distributions, F ≪ F̃ holds true
on the entire real line (as does F̃ ≪ F ) but in general it suffices that the
absolute continuity holds on the set {f > 0}.

In situations largely determined by rare events standard Monte Carlo can
be inefficient. The most obvious example is when estimating probabilities of
rare events and this becomes apparent even in the simple toy problem above.
Importance sampling is a remedy for this. For this statement to be made
precise requires a measure of efficiency. Since importance sampling yields
unbiased estimators the canonical choice is variance. Consider first standard
Monte Carlo. To make this as illuminating as possible we return to the
example of Section 2 concerning a random walk exceeding a threshold. Let
us recall the setup. The random variables X1,X2, . . . are real-valued with
distribution F , E[X1] = 0 and let Sn =

∑n
i=1 Xi. We are interested in the

probability pn = P(Sn ≥ na) for a > 0. Let Fn denote the product measure
of n copies of F . Staying with the notation from above, the task is to estimate
the expectation Fn(f) with f(x) = I{∑n

i=1 xi ≥ na} for x ∈ R
n. Take

(X
(i)
1 , . . . ,X

(i)
n ) as independent samples from Fn, i = 1, . . . , k, and set S

(i)
n =

∑n
j=1X

(i)
j . The Monte Carlo estimator is Fn

k(f) = (1/k)
∑k

i=1 I{S
(i)
n ≥ na}
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which has variance

Var(Fn
k(f)) = Var

(1

k

k
∑

i=1

I{S(i)
n ≥ na}

)

=
pn(1− pn)

k
,

and relative error

REMC =

√

Var(Fn
k(f))

pn
=

1√
k

√

1− pn
pn

.

Ideally, one would want the relative error to be no larger than pn (in the toy
problem above we used 10%) and the number of samples must then be of
size ≈ p−1

n . It is clear that for very small probabilities pn this could mean an
enormous computational burden and put severe stress on the random number
generator used. Next, consider the same thing for importance sampling

using F̃n as sampling distribution. That is, S̃
(1)
n , . . . , S̃

(k)
n are constructed

from independent samples from F̃n and the importance sampling estimator

of pn is F̃
n
k(f) = (1/k)

∑k
i=1 wn(S̃

(i)
n )I{S̃(i)

n ≥ na}, where wn is the weight
function (likelihood ratio) between Fn and F̃n. The corresponding relative
error is

REIS =

√

Var(F̃n
k(f))

pn
=

1√
k

√

Ẽ[wn(S̃
(i)
n )2I{S̃(i)

n ≥ na}]
p2n

− 1.

The relative error is determined by the ratio

Ẽ[wn(S̃
(i)
n )2I{S̃(i)

n ≥ na}]
p2n

.

By Jensen’s inequality this is bounded from below by 1, which would corre-
spond to relative error 0. The lower bound is achieved by the so-called zero-
variance change of measure; F̃n is the distribution under Fn conditioned
on the sum exceeding na. Such a change of measure is clearly infeasible in
practice as it requires the knowledge of pn, the quantity we are trying to
estimate.

In the above setting, a standard optimality criterion is the following.
Suppose that for some γ > 0, the sequence of probabilities {pn} satisfies

lim
n→∞

− 1

n
log pn = γ.

The lower bound Ẽ[wn(S̃
(i)
n )2I{S̃(i)

n ≥ na}] ≥ p2n follows from Jensen’s in-
equality. This implies that

lim sup
n→∞

− 1

n
log Ẽ[wn(S̃

(i)
n )2I{S̃(i)

n ≥ na}] ≤ 2γ

12



An importance sampling algorithm is called asymptotically optimal if the
upper bound is achieved, that is if

lim inf
n→∞

− 1

n
log Ẽ[wn(S̃

(i)
n )2I{S̃(i)

n ≥ na}] ≥ 2γ.

In the literature this is also known as logarithmically efficient relative error.

In the above example, if the sampling distribution F̃n is to be the product
measure from some F̃ (that is, independent summands X̃i’s with common
distribution F̃ ) the optimal change of measure is the one provided by large
deviation analysis. That is, an exponential change of measure such that
the random variables all have mean a. This particular choice of sampling
algorithm has logarithmically efficient relative error and is in fact the only
sampling distribution F̃ for which that is true ([1], Theorem 2.5). This
is what was earlier referred to as the change of measure used to prove the
lower bound of the LDP being a good sampling distribution. If one takes into
account the interpretation of the rate function (see Section 2) it is intuitively
clear that such a choice of sampling distribution should be good - one want to
sample in a way such that the event in question becomes as likely as possible.
However, recall that this intuition is not “proof” that the algorithm is efficient
and indeed there are situations in which it is not.

Even though the ideas used for importance sampling dates back to the
1940’s it is often considered that Siegmund in [27] started the kind of research
that is carried out today. In [27] importance sampling is studied in the con-
text of sequential tests and the conclusion is that the change of measure that
is used to prove the lower bound of the LDP is the choice for the sampling
distribution. The analysis in [27] is related to large deviation theory and
the connection between the two topics has since then grown very strong.
Sadowsky unified the work on estimating large deviation probabilities in an
abstract setting in [24], the main motivation being sample path problems
such as time-varying level crossings. In [19] it is shown that although the
change of measure in large deviations often produce sampling distributions
with good performance, the method is by no means universal. Indeed, if
the conditions of the results established in, e.g., [24] are not met, then the
estimators suggested by a large deviation analysis can have really poor per-
formance. Rather than using just one (fixed) change of measure, algorithms
can also be state-dependent. In terms of a sum of random variables, the
change of measure can evolve dynamically and depend on the previous sum-
mands rather than preserving independence. Since efficiency is traditionally
expressed in terms of variance it is natural that the design of algorithms has
also been done with this in mind. That is, algorithms have been designed
in a way so as to, whilst remaining unbiased, control the second moment.
For state-dependent algorithms, Dupuis and Wang made important contri-
butions in [13]. They were primarily interested in sums of random variables
and observed that asymptotic optimality is related to solutions of an Isaacs
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equation. By finding subsolutions to this equation one can design impor-
tance sampling algorithms with good performance; see also [14]. Another
successful approach to designing state-dependent algorithms is the use of
Lyapunov inequalities [3, 4, 5]. However, the emphasis for such algorithms
has been on the heavy-tailed setting.

As long as an estimator is unbiased, variance is indeed the canonical
measure of efficiency. However, when one wants to estimate quantities in
which, for example, the random variables of interest enter in a non-linear
way, variance is no longer the obvious choice. This is the case for many
applications of stochastic simulation. For example, in finance it is often the
tail of a distribution that is of interest. Risk measures such as Value-at Risk
(VaR) are used throughout all of finance and insurance. Explicit calcula-
tions are not possible and in order to estimate such risk measures stochastic
simulation is used. How to design algorithms for such problems? For the
specific problem of using importance sampling to compute VaR in finance,
[18] investigates a bisection search method. Basically, standard importance
sampling algorithms for computing a probability are used to compute the
probability of exceeding some high threshold. Depending on how that prob-
ability compares to the quantile of interest the threshold is changed and
the procedure is run once again. Once the estimated probability coincides
with the desired VaR level the algorithm is complete. In [20] Glynn takes a
more direct approach and studies central limit theorems for the importance
sampling estimators. Efficiency is put in terms of the resulting variance in
the limiting normal distribution. More recently, [21] continued on a path
similar to that of Glynn and considered weighted empirical processes that
are associated with an importance sampling algorithm. By proving central
limit theorems for the estimators of VaR and Expected Shortfall in an em-
pirical process setting, the authors are able to relate efficiency for the more
complicated problems to the ability of an algorithm to estimate probabili-
ties. In general, the simulation literature is scarce regarding how to quantify
efficiency in a good way when the estimators are no longer unbiased or, more
generally, when variance is not certain to be obvious choice.

4 Summary of papers

Paper 1: Large deviations for weighted empirical measures

arising in importance sampling

In this paper we study large deviation results related to the weighted em-
pirical measures that arise in importance sampling. The aim of the paper
is to complement the variance analysis common in efficiency analysis of im-
portance sampling algorithms by studying the rate function associated with
the LDP for the weighted empirical measure which can be associated with
the output of an importance sampling algorithm.
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For the sake of illustration, consider estimating an expectation F (f) for
a distribution F and some F -integrable function f . Using standard Monte
Carlo simulation, an estimate is given by

Fn(F ) =
1

n

n
∑

i=1

f(Xi),

where the Xi’s are independent with common distribution F . Suppose now
that E[exp{θf(X)}] is finite for θ in a neighborhood of the origin. Then,
Cramér’s theorem ([7], Theorem 2.2.3.) states that Fn(f) satisfies the LDP
with rate function I(x) = supθ{θx− κ(θ)}, where

κ(θ) = logE[exp{θf(X)}].

Suppose that we want a precision ε with probability at least 1− δ. That is,
n needs to be large enough so that

P(|Fn(f)− F (f)| ≥ εF (f)) ≤ δ.

Cramér’s theorem gives an upper bound in terms of the rate function I. If
Aε is the complement of the open ball of radius ε around F (f), then at least
approximately

P(Fn(f) ∈ Ac
ε) ≤ e−nI(Aε),

from which it is concluded that an upper bound δ on the probability corre-
sponds to

n ≥ 1

I(Aε)
(− log δ).

Hence, the computational cost for standard Monte Carlo is expressed in
terms of the rate function of Cramér’s theorem. If instead importance sam-
pling, with sampling distribution F̃ , is used, an estimator of F (f) is given
by

F̃n(wf) =
1

n

n
∑

i=1

w(X̃i)f(X̃i),

where the X̃i’s are independent with common distribution F̃ and w =
dF/dF̃ . Let P̃ and Ẽ denote the probability and expectation in this setting.
Analogous to the case of standard Monte Carlo, if Ẽ[exp{θw(X̃)f(X̃)}] is
finite for θ in a neighborhood of the origin the Cramér’s theorem states that
F̃n(f) satisfies the LDP with rate function Iw(x) = supθ{θx−κw(θ)}, where

κw(θ) = log Ẽ[exp{θw(X̃)f(X̃)}].
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Similar to standard Monte Carlo, in order to reach a precision ε with prob-
ability at least 1− δ the number of samples needed is roughly

nIS ≥ 1

Iw(Aε)
(− log δ).

This gives a way of quantifying the gain in using importance sampling as
compared to standard Monte Carlo; compare the rate functions I and Iw.
Furthermore it provides a possible criteria for choosing the sampling distri-
bution. Namely, one should chose the sampling distribution which maximizes
Iw(Aε).

To generalize the method here described so as to encompass not only
expectations but also more general functionals of a distribution, we sug-
gest studying the empirical measures associated with standard Monte Carlo
and importance sampling respectively. For standard Monte Carlo, Sanov’s
theorem provides the LDP. However, no such result is available for the
weighted empirical measures arising in importance sampling. The main re-
sult of the paper, Theorem 3.1, is a Laplace principle for such weighted
empirical measures. More precisely, suppose that f is some F -integrable
function and w = (dF/dF̃ )I{f > 0}. Then, under the assumption that
Ẽ[exp{θw(X̃)f(f̃)}] < ∞ for all θ > 0 and an additional technical assump-

tion, the sequence {F̃wf
n } satisfies the Laplace principle on the space of finite

measures equipped with the τ -topology.

Aside from establishing the large deviation result for the weighted empir-
ical measures arising in importance sampling, we apply the result to quantify
the performance of an importance sampling algorithm over a collection of
subsets of a given target set. The idea is that if an algorithm is designed for
some target set A, then it should also have good performance over subsets C
of A that are not given too small probability under the original distribution
F . This is made precise by studying the rate function of the Laplace prin-
ciple for the weighted empirical measures over some appropriate subsets in
the space of finite measures. The rate function is studied in Lemmas 4.1-4.5
which results in explicit expressions for the quantities of interest, as well as
an explicit characterization of the set (in the space of finite measures) that
determine performance in this setting. In examples 4.6-4.8 the well-known
cases of standard Monte Carlo, (constant) exponential change of measure
for a light-tailed random walk and the zero-variance change of measure are
analyzed from the large deviation perspective. In these cases the results co-
incide with that of variance analysis - as they should - and they also provide
a measure of the possible gain in computational cost.

The method of proof for the main result is that of the weak convergence
approach to large deviations developed by Dupuis and Ellis in [12] and briefly
discussed in Section 2.
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Paper 2: Moderate deviations of importance sampling esti-

mators of risk measures

In this paper we study importance sampling algorithms and the resulting es-
timators of risk measures from the perspective of empirical processes. Many
risk measures can be represented as non-linear functionals of a distribution
and therefore the unbiasedness that is often true for Monte Carlo methods
does not hold for estimators of such quantities. Therefore, studying solely
variance can be misleading regarding the performance of a simulation algo-
rithm. Furthermore, risk measures are often determined mainly by events
far out in the tail of the underlying distribution and thus standard Monte
Carlo estimates come with a large computational cost, motivating the use of
importance sampling.

This paper complements the work presented in [21] on using empirical
process results for efficiency analysis of importance sampling algorithms. In
[21] the authors study central limit theorems associated with the weighted
empirical process arising in importance sampling and we complement that
work by studying large deviation properties of the same process. The aim
is to establish the theoretical framework necessary for a large deviation ap-
proach to efficiency analysis. A nice feature is that, due to the empirical
process framework, uniform versions of the LDP is established for estima-
tors of certain quantities.

Let (E, E) be a measurable space and consider some random variables
taking their values in this space. Let F be a collection of functions f : E 7→ R

and ℓ∞(F) the space of bounded, real-valued functions on F. Changing
notation slightly from the above, suppose that the original distribution of
interest is µ and the sampling distribution is ν. The large deviation proper-
ties of standard empirical processes are considered in [32]. There, necessary
and sufficient conditions for the LDP are shown for the empirical process
{bn(µn − µ)} as an element in ℓ∞(F). Here, µn is the empirical measure
obtained from n independent samples from µ and bn is a particular type of
sequence such that bn → ∞. Let w = dµ/dν which for now is assumed to
be well-defined over the entire underlying space. Theorem 3.1 extends the
results of [32] to hold also for the weighted empirical process {bn(νwn − µ)},
where νwn is the weighted empirical measure given by νwn (g) =

∫

gw dνn for
every bounded, measurable function g. The proof uses the results of [32] and
[22] and the contraction principle.

With Theorem 3.1 for the weighted empirical processes established we
consider estimators of the risk measures VaR and Expected Shortfall. Using
a delta method for large deviations established in [17] together with Theorem
3.1, the LDP is derived for importance sampling estimators of the tail of a
distribution (Corollary 4.1) as well as of the quantile process (Theorem 4.2).
Finally, the LDP for importance sampling estimators of Expected Shortfall is
proved in Theorem 4.3 using the result on estimators of the quantile process
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together with the large deviation concept exponentially good approximation.
The proofs of the various results utilize both classical large deviation tech-
niques, such as the contraction principle and exponential approximations,
and results from the theory of empirical processes and general Banach space
valued random variables.
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