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Abstract

Flow control of transitional shear flows is investigated by means of numerical
simulations. The attenuation of three-dimensional wavepackets of Tollmien-
Schlichting (TS) and streaks in the boundary layer is obtained using active
control in combination with localised sensors and actuators distributed near
the rigid wall. Due to the dimensions of the discretized Navier-Stokes opera-
tor, reduced-order models are identified, preserving the dynamics between the
inputs and the outputs of the system. Balanced realizations of the system are
computed using balanced truncation and system identification.

We demonstrate that the energy growth of the perturbations is substan-
tially and efficiently mitigated, using relatively few sensors and actuators. The
robustness of the controller is analysed by varying the number of actuators and
sensors, the Reynolds number, the pressure gradient and by investigating the
nonlinear, transitional case. We show that delay of the transition from laminar
to turbulent flow can be achieved despite the fully linear approach. This con-
figuration can be reproduced in experiments, due to the localisation of sensing
and actuation devices.

The closed-loop system has been investigated for the corresponding two-
dimensional case by using full-dimensional optimal controllers computed by
solving an iterative optimisation based on the Lagrangian approach. This
strategy allows to compare the results achieved using open-loop model reduc-
tion with model-free controllers. Finally, a parametric analysis of the actua-
tors/sensors placement is carried-out to deepen the understanding of the inher-
ent dynamics of the closed-loop. The distinction among two different classes of
controllers – feedforward and feedback controllers - is highlighted.

A second shear flow, a confined turbulent jet, is investigated using parti-
cle image velocimetry (PIV) measurements. Proper orthogonal decomposition
(POD) modes and Koopman modes via dynamic mode decomposition (DMD)
are computed and analysed for understanding the main features of the flow.
The frequencies related to the dominating mechanisms are identified; the most
energetic structures show temporal periodicity.

Descriptors: Flow control, flat-plate boundary layer, optimal controllers,
model reduction, turbulent jet, POD, DMD, Koopman modes.
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Preface

This thesis deals with control of instabilities developing in boundary layers and
flow analysis using global modes. A brief introduction on the basic concepts
and methods is presented in the first part. The second part contains six ar-
ticles. The papers are adjusted to comply with the present thesis format for
consistency, but their contents have not been altered as compared with their
original counterparts.

Paper 1. O. Semeraro, S. Bagheri, L. Brandt & D.S. Henningson,
2011
Feedback control of three-dimensional optimal disturbances using reduced-
order models. J. Fluid Mech. 677 63-102

Paper 2. O. Semeraro, S. Bagheri, L. Brandt & D.S. Henningson,
2013
Transition delay in a boundary layer flow using active control. Submitted to J.
Fluid Mech.

Paper 3. O. Semeraro, J.O. Pralits, C.W. Rowley & D.S. Henning-

son, 2012
Riccati-less approach for optimal control and estimation: An application in 2D
Boundary Layers. Under consideration for publication in J. Fluid Mech.

Paper 4. B.A. Belson, O. Semeraro, C.W. Rowley & D.S. Henning-

son, 2012
Feedback control of instabilities in the 2D Blasius boundary layer: the role of
sensors and actuators. Under consideration for publication in Phys. Fluids

Paper 5. R. Dadfar, O. Semeraro, A. Hanifi & D.S. Henningson,
2012
Output feedback control of a Blasius flow with leading edge using plasma ac-
tuators. Accepted on AIAA J.

Paper 6. O. Semeraro, G. Bellani & F. Lundell, 2012
Analysis of time-resolved PIV measurements of a confined turbulent jet using
POD and Koopman modes. Exp. Fluids 53 (5), 1203-1220
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Introduction





CHAPTER 1

Introduction

In recent years, environmental needs have invigorated the research interest in
many engineering fields. Carbon dioxide emissions are considered one of the
main responsables for the global warming and any reduction of these emissions
can lead to an attenuation of this effect. This is one of the main challenges for
the modern engineering and many, different examples where the fluid mechanics
plays an important role are available. For instance, increasing the efficiency of
the existing technologies for the production of sustainable energy using wind-
power can lead to high potential benefits. A second example is given by the
transport sector: as reported by Kim & Bewley (2007), ocean shipping con-
sumes about 2.1 billion barrels of oil per year, whereas the airline industry
consumes about 1.5 billion barrels of jet fuel per year. Also for this case, any
reduction of hydrodynamic/aerodynamic drag can positively influence the op-
erational cost of cargo ships or commercial aircraft and significantly reduce the
carbon dioxide emissions.

In this thesis, we focus on wall-bounded transitional flows; in these flows, a
thin region known as boundary layer developes in the immediate vicinity of the
surface. A large part of the aerodynamic drag is related to the skin friction that
is originated in this region, where the effects of viscosity are important. Two
different states characterise boundary layer flows: the laminar and turbulent
state. Laminar flows occur when the velocity profile is ordered in parallel layers,
while chaotic motion and eddies dominate the turbulent state. The transition
from the laminar to turbulent state is related to the growth of perturbations
in the boundary layer; this process is characterised by a strong increase in skin
friction. Thus, the delay of the transition process can lead to a reduction of
the aerodynamic drag.

In recent years, several strategies have been applied for the manipulation
of fluids. Among all the techniques, a first classification can be drawn by
distinguishing between passive and active means. All the devices that do not
introduce an extra amount of energy in the system enter the first class of
controllers. In this case, the flow is manipulated by introducing geometric
changes in the configuration such that the stability properties of the flow can
be modified conveniently. Some relevant applications are represented by the
introduction on surface of elements such as riblets (Choi et al. 1993) or discrete
roughness elements (White & Saric 2000; Tempelmann 2011).
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4 1. INTRODUCTION

Examples for active control are given by several, different applications that
can be classified according to the action provided by the controller. In this
case, actuators are introduced for manipulating the flow. The actuators are
active mechanisms that convert an electrical signal to a physical quantity; more
specifically, actuators enable to modify the flow by generating a controllable
disturbance (see Cattafesta & Sheplak 2011, for a review on flow actuators).
We can identify different categories of active controllers (see Gal-El-Hak 2000):

1. Predetermined, open-loop control. This control is predetermined and
based mainly on the knowledge of the flow instabilities and the physical
intuition; a classic example of this class of controllers is given by wall-
motion techniques (Quadrio & Ricco 2004; Hœpffner & Fukagata 2009).

2. Reactive control. We usually refer to this category of devices when
the controller determines its action based on measurements of the flow.
According to the configuration of the system, we can further distinguish
between feedforward and feedback controllers. When the control is in
feedforward configuration, the action is determined by the measurement
of the environment disturbances; in a feedback controller, we feed back
also measurements due to the action of the controller on the system.
Opposition control techniques for the cancellation of instability waves
can be included in the first category (see Hammond et al. 1998; Li
& Gaster 2006). Other examples of reactive control are given by the
experiments performed by Sturzebecher & Nitsche (2003) for the wave
cancellation and Lundell (2007) for the transition delay in presence of
free-stream turbulence (FST); for the latter case, numerical comparisons
were performed by Monokrousos et al. (2008).

For the reactive control, measurements are extracted by means of sensors, typ-
ically located close to the walls or incorporated on the walls.

Theoretical approaches for the linear and nonlinear control can be found
in Högberg et al. (2003), where spatially localised convolution kernels are com-
puted, and Bewley et al. (2001). Applications of adjoint-based methods can be
found in Corbett & Bottaro (2001) and in the review by Kim & Bewley (2007).
Finally, we refer to Bagheri & Henningson (2011) for an account of the latest
developments in flow control.

For a theoretical background on control theory, we refer to Lewis & Syrmos
(1995), Skogestad & Postlethwaite (2005) and Zhou et al. (2002). In the latter
reference, the output feedback control is discussed as general framework for
the solution of standard H2 and H∞ control problems; within this framework,
feedforward control is introduced as a special case of output feedback control.

1.1. Control of transitional flows

In this thesis, reactive control is applied in combination with localised sensors
and actuators for the mitigation of the perturbations arising in a boundary
layer spatially evolving on a flat plate. Indeed, under certain conditions the
initial phase of the laminar-turbulent transition in wall-bounded flows is largely
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(c) t=1600

(b) t=1000

(a) t=400

Figure 1.1. Evolution of a TS wavepacket; the streamwise
component is depicted at three instants of time. The packet
is observed from the top, in the xz plane; the flow direction is
oriented from the left to the right. Red and blue isosurfaces
indicate the positive and negative velocities, respectively (30%
of the maximum perturbation velocity).

governed by linear mechanisms (Schmid & Henningson 2001); our aim is act-
ing during this first stage of the perturbation evolution in order to delay the
transition process. In clean environments characterised by low levels of FST
(Tu < 1%), nearly two-dimensional (2D) Tollmien-Schlichting (TS) wavepack-
ets are observed in the boundary layer. As measure of the perturbation, we
introduce the amplitude a(t), defined as

a(t) =

�

max
x,y,z

u� − min
x,y,z

u�
�

/2U∞, (1.1)

where u� represents the perturbation velocity and U∞ the free-stream velocity.
This measure accounts for the maximum pointwise velocity of the disturbance.
The amplitude of the TS waves grows at an exponential rate and, when reaching
amplitudes of order 1% of the free-stream velocity, a rapid breakdown eventu-
ally leads to a turbulent flow. This scenario for the transition from laminar to
turbulence is referred to as the classic route to transition (Kachanov 1994).



6 1. INTRODUCTION

This mechanism is elucidated in Fig. 1.1, where the spatial development
of a TS wavepacket is observed in the xz plane. A localised, optimal initial
condition providing the maximum energy of the perturbation at a given final
time is introduced. These optimals were computed by Monokrousos et al.
(2010); in the latter contribution, the analysis of the linear evolution is carried
out.

The streamwise component is depicted at three different instants of time.
In the beginning, see Fig. 1.1(a), the structure is clearly 2D; at this stage, the
nonlinear evolution is well predicted by the linear approximation, as confirmed
in Fig. 1.2(a), where the perturbation energy E(t) = �u�,u��Ω is shown; Ω
indicates the computational domain. The amplitude a at this stage is < 1%.
In Fig. 1.1(b), the original TS packet is now distorted due to the appearance of
three-dimensional (3D) structures; this stage is characterised by an amplitude
of order 1% and a corresponding perturbation energy E(t) that quickly starts
to deviate from the linear prediction. The appearance of significantly smaller
structures, related to higher spanwise wavenumbers, characterises the last stage
of evolution of the perturbation; this stage is shown in Fig. 1.1(c), where the
perturbation has developed in a turbulent spot. The transition process at this
location is terminated, as confirmed by the saturation value reached by the
perturbation energy and amplitudes, see Fig. 1.2(a) and 1.2(b), respectively.

A different scenario – bypass transition – observed for higher values of FST
(Tu > 1%), is characterised by the presence of 3D streaks. The amplitude of
these streamwise elongated structures grows at an algebraic rate. A similar fate
characterises the streaky structures, which evolve in a turbulent spot with am-
plitudes of the perturbation velocity one order of magnitude higher (Andersson
et al. 2001).

As shown in Fig. 1.2, the initial growth is mainly dominated by linear
mechanism for sufficiently small amplitudes; under these conditions, the linear
approximation provides a handful tool for investigating the stability properties
of the flow. Moreover, as mentioned earlier, the main aim is to manipulate
the flow during this stage in order to damp the perturbation amplitude of the
original disturbance before the transition process starts. Because the linear
approximation well predicts the flow behaviour at these amplitudes, we aim to
design and test linear controllers in this range.

The long-term goal of this research project is to develop controllers suitable
for experiments in laboratory. Due to the numerous parameters involved in
the control design, one can try to fix some of them by performing numerical
tests. For instance, numerical investigations are useful in determining the most
efficient control law, evaluating the controller action on the flow and providing
guidelines for the spatial distribution and shape of the actuators and sensors.
In that concern, this thesis tries to answer some of those questions: which
is the effect of a finite number of localised actuators on the flow we aim to
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Figure 1.2. (a) Perturbation energy as a function of time for
a propagating TS wavepacket; the dashed line indicates the
linear prediction, while the solid line the nonlinear prediction.
(b) Amplitude evolution as a function of time.

control? Where is the optimal location of sensors and actuators? Under which
conditions is it possible to delay the transition from laminar to turbulence?

In order to answer these questions, different configurations have been in-
vestigated. We consider the control of 2D and 3D perturbations growing in a
boundary layer developing on a flat plate for the analysis of the closed-loop,
sensor and actuator placement and transitional flows. A more realistic model
for the actuators – reproducing the action of a plasma actuator (Kriegseis 2011)
is applied for the control of disturbances arising on a flat plate with a super-
elliptical leading edge.

For control design, we mainly use linear quadratic Gaussian (LQG) con-
trollers (Lewis & Syrmos 1995). Due to the complexity of the flows, control
theory tools are not easily applied. For instance, the dynamical system arising
from the discretisation of the Navier-Stokes equation for a 3D flat plate involves
about n ≈ 107 − 108 degrees of freedom. We compare full dimensional con-
trollers, obtained by iterative methods, with reduced-order controllers designed
by using low-order models of the linearised system. This alternative is referred
to as open-loop model reduction (Anderson & Liu 1989). Balanced realizations
of the system are built by using approximate balanced truncation (Moore 1981;
Rowley 2005) and an equivalent system identification algorithm, the Eigensys-
tem Realization Algorithm (ERA) (Juang & Pappa 1985; Ma et al. 2011).
Starting from these approaches, parametric analysis for the actuators/sensors
placement and investigations of transitional shear flow characterised by 3D
perturbation has been carried out.
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1.2. Flow analysis

An interesting aspect of balanced truncation is related to the computation of
global modes called balanced modes, whose spatial support reveals important
features of the flow (see Rowley 2005). In general, the analysis of complex flow
can take advantage from any modal decomposition.

A second shear flow is analysed in this thesis; proper orthogonal decom-
position (POD) modes (Holmes et al. 1996; Sirovich 1987) and dynamic mode
decomposition (DMD) modes (Schmid 2010) are computed using PIV mea-
surements of a turbulent confined jet with co-flow. POD is a common method
used for identifying coherent structures of the flow. The decomposition allows
to rank the most energetic structures of the flow. However, these structures
are not necessarily the most relevant for the flow analysis. The dynamic mode
decomposition (DMD) algorithm, which theoretical counterpart relies on the
Koopman mode analysis (Rowley et al. 2009) is an alternative way for analysing
the flow. Both techniques are employed and compared to classic spectral anal-
ysis.

Thesis organisation

The introductory part of the thesis is organised as follows. In chapter 2,
the shear flows under investigation are introduced together with the govern-
ing equations and the main numerical tools. The modal decompositions used
for the flow analysis are summarised in chapter 3; as an example, the analysis of
a confined turbulent jet is used. The remainder of the introduction is devoted
to flow control. The input-output system and the theoretical background are
described in chapter 4, while the main results are briefly outlined in chapter
5. The first part of the thesis finalises with concluding remarks and outlook in
the final chapter 6.



CHAPTER 2

Flow cases

In this chapter the analysed flow cases are described. The main focus of the the-
sis is on wall-bounded shear flows developing on a flat plate. Two-dimensional
(2D) and three-dimensional (3D) perturbations growing in a spatially develop-
ing boundary layer are investigated by means of spectral codes for the numerical
simulation (Chevalier et al. 2007b; Fischer et al. 2008).

In Sec. 2.1, the incompressible Navier-Stokes equations and the linearised
Navier-Stokes are introduced; the simulated flows are described in Sec. 2.2
together with a brief overview of the numerical codes. In the last section, the
experimental test case used for the modal analysis, the co-flow jet, is introduced.

2.1. Governing equations

The Navier-Stokes equations governing the viscous, incompressible flow are
given by

∂u

∂t
= −u · ∇u−∇p+

1

Re
Δu, (2.1a)

0 = ∇ · u. (2.1b)

The velocity field u(x, t) = (u, v, w) is a solution of the system of equations
and p(x, t) indicates the pressure field, both depending on space x = (x, y, z)
and time t ∈ [0, Tf ]. The differential operators appearing in the equations
are the gradient, defined as ∇ ≡ (∂/∂x, ∂/∂y, ∂/∂z), and the Laplacian Δ ≡�
∂2/∂x2 + ∂2/∂y2 + ∂2/∂z2

�
. The equations are written in non-dimensional

form; the velocity is normalised by the reference velocity U∞, the pressure by
the dynamic pressure and the lengths by the displacement thickness at the
inflow position, hereafter indicated with δ∗0 . Thus, the Reynolds number is
defined as

Re ≡
U∞δ

∗

0

ν
, (2.2)

where ν is the kinematic viscosity. A second definition of the Reynolds number
used in this thesis is based on the distance from the leading edge, x

Rex ≡
U∞x

ν
. (2.3)

The solution of this set of nonlinear partial differential equations is provided by
numerical simulations and is dependent on the initial condition u0 = u (x, 0)

9



10 2. FLOW CASES

and the imposed boundary conditions; no-slip conditions are imposed on the
wall, whereas in the far field Neumann conditions or Dirichlet conditions can be
imposed. Both direct numerical simulations (DNS) and large eddy simulations
(LES) are performed.

Stability analysis and control design are based on the characterisation of
the small-amplitude perturbations evolution; to this end, the decomposition

u(x, t) = U(x) + εu�(x, t), (2.4a)

p(x, t) = P (x) + εp�(x, t) (2.4b)

is inserted in the Eq. (2.1). P denotes the mean pressure and p� the perturbation
pressure, whereasU(x) is a steady solution of the Navier-Stokes equations. The
linearisation is performed neglecting the terms of order ε2; the resulting system,
governing the perturbation velocity u� (x, t) reads

∂u�

∂t
= − (U · ∇)u� − (u� · ∇)U−∇p� +

1

Re
∇2u�, (2.5a)

0 = ∇ · u�. (2.5b)

The linearised Navier–Stokes system of equations can be discretised in space,
resulting in an initial-value problem

∂u�

∂t
= Au�, (2.6a)

u�(0) = u�0. (2.6b)

The action of A ∈ R
n×n on u� ∈ U corresponds to evaluating the right-hand

side of the linearised Navier–Stokes equations and enforcing the boundary con-
ditions. The state space U ⊂ R

2 is endowed with the inner-product �·�U. The
associated norm � · �U is related to the kinetic energy of the flow.

The evolution operator Ã : U → U, associated with the linearised Navier-
Stokes operator is defined as

u�(t+ t0) = Ã(t)u�(t0) = exp (At)u�(t0). (2.7)

Given an initial flow field u� at t = t0, the operator Ã provides the velocity
field at a later time t + t0 (see Trefethen & Embree 2005); thus, the action of
the operator amounts to integrating the governing equation forward in time.

Finally, the adjoint operator A∗ is defined by using the relation
�Au,q�U1

= �u,A∗q�U2
for all u(x, t) ∈ U1 and q(x, t) ∈ U2. Hereafter,

unless denoted otherwise, the adjoint will be indicated by a superscript (∗). A
description of the properties of this operator is beyond the scope of this thesis;
we refer to Hill (1995) and Corbett & Bottaro (2001b), where the adjoint sys-
tem are introduced for the analysis of receptivity and optimisation problems;
the set of equations used in this thesis are described in Bagheri et al. (2009a);
Semeraro et al. (2011). Note that also for the adjoint operator we define an
associated evolution operator.
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2.1.1. Stability analysis

The stability analysis of the linearised Navier-Stokes operator A enables the
analysis of the growing perturbations in a flow (see Drazin & Reid 2004). The
spectral analysis of the operator A allows to compute the linear global eigen-
modes φ as

Aφj = λφj , j = 1, . . . , n, (2.8)

where λj ∈ C are the associated eigenvalues, defined as λj = σj + iωj . The
eigenmodes can serve as a basis of expansion, such that the perturbation flow
field u� is decomposed as

u� =

n�

j=1

ajφje
λjt. (2.9)

By performing this expansion, we identify structure of the flow characterised
by a real frequency ωj and an exponential growth-rate in time dictated by σj ;
according to the value assumed by σj , we expect exponential growth (σj > 0)
or decay (σj < 0) of the mode. The computation of the eigenvalues is a
challenging task when high-dimensional systems are investigated; for instance,
for three-dimensional cases the evaluation of the eigenvalues is performed by
means of iterative methods based on time-stepper techniques (Bagheri et al.
2009c; Theofilis 2011).

The linear stability analysis is valid asimptotically (t→ ∞); thus, it can fail
in describing the short-term evolution of the perturbations (Schmid & Henning-
son 2001). From the mathematical point of view, this is related to the high
non-normality of the Navier-Stokes operator that results in non-exponential
transient energy growth (Trefethen et al. 1993). An example is provided by
boundary layer flows, already discussed in the introduction of this thesis: the
maximum energy amplification for a short-term evolution is obtained by streaks
packet, whose amplitude grows at an algebraic rate (Andersson et al. 1999).
Vice-versa, the maximum amplification for long time of observation is obtained
due to the growth of Tollmien-Schlichting (TS) wavepacket.

Alternative methods are used for the analysis of the short-term behaviour
of the perturbations, as reported in Schmid (2007). The framework briefly
mentioned here is based on a temporal analysis; the dual, spatial analysis is
discussed in Huerre & Monkewitz (1990).

2.2. Flow control: investigated cases

The analysis of the evolution and control of perturbations developing in bound-
ary layer flows is the main topic of this thesis. Three different cases are consid-
ered in sections 4 and 5, where the theoretical background for the flow control
and a short summary of the main results are presented. A brief description of
the flow cases is reported below; the box dimension and resolution are reported
for all the cases in Tab. 2.1.
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t = 200

t = 800

t = 1600

Figure 2.1. Streamwise component of the TS wavepacket
generated as impulse response of the system to a localised per-
turbation. The snapshots are taken at three different instants
of time t ∈ [200, 800, 1600].

The first case is the boundary layer flow developing on a 2D flat-plate. The
evolution and control of 2D wavepacket is analysed by considering both linear
and nonlinear simulations. In Fig. 2.1 the spatial evolution of the wavepacket is
shown. The Reynolds number at the inlet is Reδ∗ = 1000. This case is charac-
terised by a number of degrees of freedom n ≈ 105 − 106; due to the dimension
of the resulting problem, applying the control theory tools to such a case can
be challenging. We use this flow case as a test-bed for the comparison between
full-dimensional controllers and reduced-order models. Moreover, a complete
analysis of the sensor/actuator placement along the streamwise direction and
the impact of this choice on the closed-loop dynamics has been carried out.

However, the relative simplicity of the geometry makes this configuration
quite far from realistic setups. A first step towards more complicated config-
urations is represented by the introduction of a leading edge in front of the
flat-plate. In particular, a super-elliptic leading edge is considered in front of
the flat-plate. The receptivity to free-stream vorticity of the boundary layer de-
veloping on this geometry has been thoroughly investigated by Schrader et al.
(2010). In Dadfar et al. (2012), included in the second part of the thesis, this
same configuration is used for the control of perturbation evolving from the ex-
ternal environment in combination with a plasma actuator model, based on the
experimental measurements by Kriegseis (2011). A spectral element method
(SEM) code has been used for the simulation of the flow over this complex
geometry (Patera 1984; Fischer et al. 2008).

Finally, the control of three-dimensional perturbations is performed.
The perturbations are triggered by localised, optimal initial conditions
(Monokrousos et al. 2010). Both streaks and TS wavepacket are studied; for
the latter case, the evolution of the TS wavepacket in nonlinear simulations has
already been discussed in the introduction of this thesis, see Fig. 1.1 and 1.2.
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Disturbance

Sensors Actuators

Domain to minimize 

disturbance energy

Figure 2.2. Configuration for the control of three-
dimensional disturbances.

Our focus is on the control of such perturbations by using localised actuators
and sensors in combination with optimal controllers; a sketch is depicted in
Fig. 2.2, where the arrays spanning the spanwise direction are schematically
shown. Each array is composed by a finite number of localised elements, whose
distribution and shape are discussed in the next sections. The main aim of
this fully three-dimensional configuration is to provide a first assessment of the
performance in terms of perturbation energy damping and delay of transition
to turbulence when these localised perturbations are introduced as prototypes
of the transition scenarios.

2.2.1. Numerical simulations

The investigation is performed by means of numerical simulation of both the
set of linearised and full Navier-Stokes equations, see Tab. 2.1. The main
results of the thesis were obtained by using Simson, an existing code developed
over the last two decades at KTH Mekanik. In this thesis a modified version
for the simulation of the controlled flow has been used when multiple inputs
and multiple outputs are introduced in the system. The code enables also the
solution of the perturbation equations (linear and nonlinear) and the adjoint
equations.

The code uses a global spectral method; more details on the numerical pro-
cedure are included in Chevalier et al. (2007b), where the fully spectral code
is introduced. The incompressible Navier-Stokes equation in (2.1) are solved,
where the wall-normal components of the velocity and the vorticity are the flow
variables. The definition of wall-normal vorticity and the continuity equation
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Geometry Case Box Resolution
2D Flat Plate Linear TS 1000× 30 768× 101× 1

3D Flat Plate

Linear
TS 1000× 30× 377 768× 101× 120

Streaks 1000× 30× 240 768× 101× 120

Nonlinear
TS

1000× 30× 256 768× 101× 256
2000× 30× 256 1536× 101× 384

Streaks 1000× 30× 128 768× 101× 256
Leading edge Linear TS 1170× 31 6000 Cells, 100 GLL

Table 2.1. Resolution and computational box are reported
for each case analysed in this thesis for the control of shear
flows.

are used for recovering the primitive variables u = (u, v, w). The spatial dis-
cretisation is performed by Fourier expansion in the horizontal directions, x, z,
and Chebyshev expansion along the wall-normal direction, y. This choice is
particularly fitted for wall-bounded shear flows; indeed, the grid-points distri-
bution in the Chebyshev approximation allows to concentrate the resolution
towards the walls. Periodicity needs to be assumed along the horizontal di-
rections. Periodicity is usually a good assumption for the spanwise direction,
z; on the other hand, periodicity needs to be artificially enforced along the
streamwise direction, x, when considering spatially growing flows. A so-called
fringe region is introduced in the outflow of the computational box that forces
the flow to the inlet condition; it is implemented as a forcing term acting on the
flow and for all the simulations carried out in this work it extends for about
15 − 20% of the entire lenght of the box in the streamwise direction. More
details can be found in Nordström et al. (1999).

The nonlinear advection and forcing terms are computed in physical space,
while the linear diffusion term is computed in Fourier space. Fast Fourier
transforms (FFT) are employed at each time-step between spectral and physical
space (and vice-versa); the method, referred to as pseudo-spectral approach,
requires de-aliasing on the physical grid space for removing aliasing error arising
during the treatment of the nonlinear term. The 3/2 rule is adopted (Canuto
et al. 2006). Time integration is performed by using a four-step third order
Runge-Kutta method for the nonlinear advective and forcing terms, that are
discretised explicitly, and an implicit second-order Crank-Nicolson method for
the linear diffusion term. The numerical method is similar to the one described
in Kim et al. (1997).

The main advantage of the Simson code is the exponential convergence
of the approximated solution as the number of modes is increased; on the
other hand, it is not capable of handling complex geometries or flow cases
characterised by discontinuities. The limitation is circumvented by Nek5000, a
spectral element code. Details on the technique can be found in Patera (1984),
while the code is documented in Fischer et al. (2008). The flow domain is
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Figure 2.3. (a) Snapshot of the turbulent jet from PIV mea-
surements; the streamwise component is shown. The color-bar
indicates the velocity values. (b) Experimental test section.

divided into spectral elements (also called cells), which in turn are discretised
by means of a Galerkin projection onto a subspace spanned by Lagrangian
interpolants. The discretisation of the cells is performed by means of Gauss-
Lobatto-Legendre (GLL) nodes. The code is used in this study for investigating
the evolution and control of perturbations developing on a flat-plate past a
super-elliptical leading edge.

2.3. An experimental setup: the planar co-flow jet

From a wider point of view, understanding the physical mechanisms governing
flows represents the preliminary step for conveniently manipulating them. In
recent years, advances in experimental techniques and numerical simulations
have provided access to large amounts of spatially and temporally resolved
flow data. Thus, special attention has been devoted to the analysis of these
experimental datasets; in that regard, one of the most viable way to proceed is
to determine modal basis, which allows to identify the dynamics dominating a
flow.

In this thesis we consider two modal decompositions based on the treatment
of datasets composed by snapshots of the flow system: the proper orthogonal
decomposition (POD) and the Koopman mode analysis via dynamic mode de-
composition (DMD). The term snapshot refers to any DNS sample or particle
imagine velocimetry (PIV) measurement at a particular time. The aim of our
analysis is to apply those techniques to the analysis of a turbulent co-flow
planar jet, by highlighting the pros and cons.

An instantaneous snapshot captured by high-speed particle image velocime-
try (PIV) is shown in Fig. 2.3(a), while the test section is depicted in Fig. 2.3(b).
In this figure, the main dimensions of the channel are reported. Note that 30%
of the channel length is characterised by two horizontal screens that extend
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along the spanwise direction dividing the channel in three sections. Thus, the
resulting flow consists of a main inner jet and two outer jets. The main pa-
rameters governing the flow are the velocity ratio λr = Uj/Us, where Uj and
Us are the centerline velocities of the inner and the outer jets, respectively.
The Reynolds number Re = Ujd/ν based on the height of the inner duct d
and the kinematic velocity of the fluid ν. For the analysed setup Re = 11500,
Uj = 1.15 m/s and λr = 2.1. Water is used for filling the channel; more details
are reported in Bellani (2011) and Semeraro et al. (2012a).



CHAPTER 3

A portrait of the flow: linear and nonlinear

decompositions

Analysing the flow is the usual first step when approaching a flow control prob-
lem. Indeed, modal decompositions allow to highlight the stability properties of
the flow, the presence of coherent structures or identifying a basis of projection
that can be used for computing reduced-order models of the analysed system.

In this chapter, two different approaches are introduced for the analysis of
flows: the proper orthogonal decomposition (POD) and the Koopman mode
analysis via dynamic mode decomposition (DMD). The two decompositions
extract information from datasets, obtained either by numerical simulations
or experiments. By following these approaches, we investigate a confined co-
flowing jet by using time-resolved PIV measurements; the flow case is described
in Sec. 2.2.

POD is a classic decomposition; its mathematical foundation relies on the
Karhunen-Loève (KL) theorem, (Loève 1945). By applying the KL theorem,
an optimal representation (in least square sense) of a stochastic process is ob-
tained as an infinite series of orthogonal functions with random coefficients.
This technique has been applied to turbulent signals by Lumley (1970); in this
regard, the modes represent the structures with strongest spatial correlation,
corresponding to the most energetic structures of the flow. Important contri-
butions are represented by the works of Sirovich (1987), who first proposed the
so-called snapshot method for the computation of POD modes, Aubry (1991)
and Noack et al. (2003), where POD-based Galerkin projections are thoroughly
investigated.

The POD method is particularly robust and efficient from the computa-
tional point of view; however, the most energetic structures are not related –
in general – to a specific frequency. Conversely, the Koopman mode analy-
sis allows the identification of flow structures related to a certain frequency.
From the theoretical point of view, the analysis is based on the definition of
the Koopman operator, a linear mapping of infinite dimensions related to the
nonlinear operator, that propagates an observable forward in time. An ob-
servable is a function that associates a scalar quantity to a flow field. The
methodology has been introduced by Mezić & Banaszuk (2004); Mezić (2005)
and first applied to a flow case for the analysis of a jet in cross-flow by Rowley
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et al. (2009). In the latter, it is shown that the DMD algorithm (Schmid 2010)
is capable of approximating these modes; the equivalence is further explained
in Bagheri (2010). These works have paved the way to numerous applications
and attemps of applying such a technique to the analysis of different flow cases
(see e.g. Schmid et al. 2012; Muld et al. 2012). However, both from the theo-
retical and numerical point of views, the decomposition is an active subject of
research.

In this chapter, POD modes are briefly introduced in Sec. 3.1. A detailed
introduction of the Koopman mode analysis is beyond the scope of this thesis.
However, we provide the definition, a concise description of the DMD algorithm
and details on a convergence test introduced for the selection of the modes in
Sec. 3.2.

3.1. Proper orthogonal decomposition

The Karhunen-Loève (KL) theorem defines an optimal representation of a sto-
chastic process as an infinite series of orthogonal functions with random coef-
ficients. These functions depend on the stochastic process and its covariance
function. Lumley (1970) applied this method to the analysis of turbulent sig-
nals. We define the ensemble Xm = {u1,u2, . . . ,um}, formed by m snapshots
stacked at time ti of dimension n. Once the ensemble Xm ∈ R

n×m is in-
troduced, the kth spatial eigenfunction ϕk is computed as a solution of the
eigenvalue problem �

X

R (x, x�)ϕkdx
� = λkϕk (x) , (3.1)

where the integral is defined on the spatial domain X and

R (x, x�) =

�

T

u (x, t)u (x�, t)dt (3.2)

is the auto-covariance function, averaged in time. The overbar in Eq. (3.2)
denotes the complex conjugate: in general, the problem can be written using
complex variables (see Tinney & Jordan 2008). The function R is positive
semi-definite when real data is used; in this case, the eigenfunctions U =
{ϕ1, ϕ2, . . . , ϕm} are orthogonal and real-valued. The associated eigenvalue
λk represents the energy contained in each mode.

The temporal information can be recovered by projecting back the ensem-
ble X on the computed basis U ∈ R

n×m. The projection results in a series of
time coefficients related to the spatial structures. An alternative way for com-
puting the time coefficients comes from the temporal auto-covariance; indeed,
a second set of temporal modes can be computed by diagonalising the dual
auto-covariance. This procedure is usually referred to as bi-orthogonal decom-
position (BOD) and was first introduced by Sirovich (1987) and later formalised
from the mathematical point of view by Aubry (1991). In literature, the spa-
tial modes are usually referred to as topo-modes, while the temporal modes
are called chrono-modes and enable us to investigate the time evolution of the
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Algorithm 1

Input: Snapshot sequence, X
Spatial weight,W

1: Xm = X(:, 1 : m)
2: R∗ = XT

mWXm

3: [V,Λ] = eig(R∗)
4: U = XmVΛ

−1/2

Output: Eigenvalues, Λ
Spatial POD modes, U
Temporal POD modes, V

Table 3.1. POD via snapshot method.

corresponding spatial structure. The temporal part corresponds to the random
part of the KL decomposition. Thus, in general, we do not expect these signals
to be associated with a particular frequency.

POD is the discretised, finite form of the KL decomposition. The compu-
tation of the modes can be performed by using the snapshot method (Sirovich
1987; Schmid 2010), outlined in Tab. 3.1. A second auto-covariance function R∗

is defined, averaged in space. This function is approximated using the snapshot
matrix Xm as

R∗ =

m�

i=1

uTi Wui, (3.3)

where the matrixW ∈ R
n×n includes the spatial weights. Thus, the modes can

be computed from experimental data. The treatment of this auto-covariance is
computationally more advantageous; indeed, it results in a smaller eigenvalues
problem of order m, due to the dimension of matrix Xm, usually n� m. The
spectral analysis of R∗ leads to the computation of the chrono-modes basis
V ∈ R

m×m, while the spatial modes can be reconstructed by means of Xm.

As an example, the first three POD modes obtained from the analysis of
the jet are shown in Fig. 3.1. The 0-mode (Fig. 3.1a) represents the mean flow
and is associated to the largest eigenvalue; the corresponding chrono-mode is
constant. The first and second modes come in pairs, as clearly shown by an
inspection of the spatial distribution and the Fourier analysis of the correspond-
ing time series. Indeed, in Fig. 3.1(b− c), the structure of the two modes is the
same, but shifted in phase along the streamwise direction. Moreover, they both
present two large lobes located downstream. The corresponding chrono-modes
confirm the observed similarities; indeed, by following the behaviour in time
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Figure 3.1. In (a− c), the arrows indicate the direction and
the magnitude of the flow for the first three POD modes. The
0-mode represents the meanflow, while the first and second
PODs represent the most energetic fluctuation components.
The colorbar shows the magnitude distribution of the veloci-
ties, computed as (U2 + V 2)0.5; in (d) and (e), the solid line
indicates the first chrono-mode, while the dashed line indicates
the second one.

in Fig. 3.1(d), we observe a similar periodicity, characterised by amplitude of
the peaks that is comparable. The dominant frequency is St = 0.02− 0.03, as
shown by the clear peak observed when analysing the chrono-modes in Fourier
space. This is an evidence that the modes represent a wave-like periodic struc-
ture of the flow and justifies the presence of pairs of modes in the spectrum;
as observed by Rempfer & Fasel (1994), when POD modes are represented by
real functions, two modes are needed to describe a traveling wave, representing
the real and complex parts.

From a physical point of view, these structures represent the flapping of
the jet, which is identified from the POD as the most energetic structures of
the flow.
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3.2. Koopman mode analysis and dynamic mode

decomposition

A drawback of POD is related to the temporal description; although frequen-
cies are captured by the chrono-modes, we cannot identify structures related
to only one frequency. Moreover, the correlation function provides second-
order statistics ranked according to the energy content; in general, low-energy
structures can be relevant for a detailed flow analysis. The Koopman mode
analysis provides a tool to decompose a flow field into modes characterised by
a frequency and a growth rate.

The Koopman operator U : L2(U) → L2(U) is a linear mapping of infinite
dimensions associated to the nonlinear operator g that propagates an observable
h (u) of the flow system. An observable is a function that associates a scalar to
a flow field u ∈ U (for instance, the velocity or any physical quantity acquired
at a given point in an experiment or a numerical grid). Therefore, by definition,
the action of this operator is described by the following relation

Uh (u) = h (g (u)) . (3.4)

The Koopman operator allows us to identify the dynamics of a real flow (i.e.
governed by nonlinear equations) from the analysis of observables acquired in
a statistically long interval of time. In particular, the harmonic components
of the flow are identified by the spectral analysis of the operator U , whose
time-dynamics is defined by the complex eigenvalues µj

Uϕj(u) = µjϕj(u), j = 1, 2, . . . . (3.5)

The functions {ϕj}
∞

j=0 is referred to as Koopman eigenfunctions.

We can define as vector-valued observable h(u) : U → R
p. For instance,

considering the co-flow jet snaphots, a scalar-valued observable is obtained by
acquiring a physical quantity only in one point of the plane, while a vector-
valued observable is obtained by taking measures in the entire plane. The
Koopman eigenfunctions can be used as a basis of expansion for the observable
h (u) at a given instant k

h (uk) = Uk




∞�

j=0

ϕj (u0)vj



 =

∞�

j=0

µk
jϕj (u0)vj . (3.6)

The expansion coefficients vj , given by the integral

vj =

�

h (u0)ϕ
∗

j (u0) du0, (3.7)

are defined as the jth Koopman mode associated to the map g. The resulting
coefficients vj of these expansions are vectors and are referred to as Koopman
modes of the operator U associated to g.

In Rowley et al. (2009) is shown that the dynamic mode decomposition
(DMD) algorithm (Schmid 2010) can be used to approximate the Koopman
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modes. The algorithm is a variant of the Arnoldi algorithm (Ruhe 1984). The
main steps of the algorithm are outlined in the following.

Given m snapshots of dimension n, {u1,u2, . . .um}, we form the matrix
Xm ∈ R

n×m. In this case, the snapshots must be consecutive in time, with
a constant Δt (this is not the case for POD). We identify a linear, constant,

mapping Ã ∈ R
n×n in between these snaphots, such that

Xm+1 = ÃXm, (3.8)

where the matrixXm+1 represents the entire sequence of snapshotsXm stepped
forward in time by one time-step. The last columns of Xm will align along the
directions of the larger eigenvalues of the operator Ã; therefore, as m increases,
the sequence will become linearly dependent. This observation leads to the idea
of expanding the last snapshot um+1 (i.e. the last column of the matrix Xm+1)
on a basis formed by the previous m snapshots as

ũm+1 = c1u1 + c2u2 + . . .+ cmum + r, (3.9)

where r indicates the residual error. The coefficients cj are obtained as solution
of a least square problem, r⊥Xm, such that the residual r is minimised. Using
the coefficient cj , Eq. 3.8 is now rewritten as

Xm+1 = ÃXm = XmM+ reT , (3.10)

where e = [0, 0, . . . , 1]T and M is the companion matrix

M =










0 0 . . . 0 c1
1 0 . . . 0 c2
0 1 . . . 0 c3
...

...
. . .

...
...

0 0 . . . 1 cm










, (3.11)

containing in the last column the coefficients cj . The eigenvalues of the matrix
M ∈ R

m×m, with m � n, approximate the larger eigenvalues of the mapping
Ã. These eigenvalues are referred to as Ritz values. The corresponding modes
related to the mapping Ã are given by Φ̃ = XmT, where T are the eigenvectors
of the companion matrixM. The modes Φ̃ ∈ R

n×m are an approximation of the
Koopman modes combined with the Koopman eigenfunctions, (Rowley et al.
2009)

Φ̃ = [ϕ0v0, ϕ1v1, ϕ2v2, . . . , ϕmvm] . (3.12)

Note that the procedure outlined above does not assume the knowledge
of the underlying operator Ã, corresponding to the mathematical representa-
tion of the flow. Therefore, the algorithm can be applied to the analysis of
experimental data as well as data obtained from DNS.

This algorithm has been recently re-proposed and modified by Schmid
(2010) for the analysis of nonlinear flows. In Schmid (2010), a preliminary
singular value decomposition (SVD) of the matrix Xm is suggested, in order
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Algorithm 2

Input: Snapshot sequence, X

1: Xm = X(:, 1 : m)
2: um+1 = X(:,m+ 1)
3: [U,Σ,V] = SVD(Xm), (or algorithm 1)

4: M̃ = U∗Xm+1VΣ
−1

5: [T̃,Λ] = eig(M̃)

6: Φ̃ = UT̃

Output: Ritz values, Λ

DMD modes, Φ̃

Table 3.2. Dynamic mode decomposition (DMD) algorithm.

to remove the nearly singular states from the original dataset. This step corre-
sponds to a POD analysis of the dataset; thus, if large datasets are considered,
the SVD can be replaced by the snapshot method for the computation of POD
modes, outlined in Tab. 3.1. By performing this decomposition, Eq. (3.10)
takes the following form

ÃU = UΣV∗MVΣ−1, (3.13)

obtained by introducing the SVD decomposition of Xm = UΣV∗, and multi-
plying both sides by VΣ−1. A self-similar form of the companion matrix

M̃ = ΣV∗MVΣ−1 (3.14)

appears on the right-hand side of the relation. It can be shown that this
form can equivalently be obtained as M̃ = U∗Xm+1VΣ

−1 (Schmid 2010).
Thus, a projection on the orthonormal basis U is performed; moreover, the
companion matrix M is now replaced by a corresponding self-similar, full-
matrix M̃ ∈ R

m×m. A similar method consists of processing the dataset via QR
decomposition instead of using a SVD (Antoulas 2005). The resulting Koopman

modes are obtained as Φ̃ = UT̃, where T̃ ∈ R
m×m are the eigenvectors of the

transformed companion matrix M̃. The advantage of this algorithm is twofold:

1. The preliminary SVD removes the nearly null states from the original
dataset; moreover the projection of the modes is performed on an or-
thogonal basis represented by the POD modes contained in the matrix
U.

2. The self-similar representation of the companion matrix as a full matrix
improves the conditioning of the eigenvalues problem.
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Figure 3.2. (a) DMD spectrum. In (b) the associated ampli-
tudes are shown (the first mode is omitted). Physical relevant
eigenvalues are kept in (c).

3.2.1. Few comments on the DMD decomposition

Koopman mode and DMD decomposition is an active subject of research and
many recent results have further clarified theoretical and numerical aspects of
this technique. Some of these aspects are summarised in the following.

1. A first interesting question about Koopman mode analysis is related to
the physical meaning of the computed modes. It can be shown that
these modes coincide with the global modes for linearised flows and
Fourier modes for periodic flows (see Bagheri 2010). In a recent review
by Mezic (2012), the author unifies some concepts developed in fluid
mechanics such as the triple decomposition (Hussain & Reynolds 1972;
Reynolds & Hussain 1972) and the global stability analysis of mean flows
(Sipp & Lebedev 2007) by incorporating them within the Koopman
analysis framework. In Bagheri (2013), the modes found by Sipp &
Lebedev (2007) in the analysis of the stability properties of the vortex
street behind a cylinder, for Reynolds number higher than the critical
one, are recovered analytically by using a spectral analysis based on the
Koopman operator. Finally, note that these modes can capture modes
connected to transient states, such as the shift modes described in Noack
et al. (2003).
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2. When applying the DMD decomposition on a set of snapshots where
the meanflow is subtracted (Chen et al. 2012), the resulting modes
correspond to discrete Fourier transform (DFT) modes. This feature
is particularly relevant from the numerical point of view; indeed the
higher frequencies resolved by the DMD are not pre-determined by Δts
(time between two consecutive snapshots), but are still subjected to the
Nyquist theorem. Also for the lower frequency, we can note that the
limitation given by choosing a finite window in time influences the res-
olution of those frequencies, in a similar way to what happens in DFT.

3. The frequency of the jth mode identified by the DMD can be computed
as ωj = � (log µj)/Δts. The real part of log (µj) provides information
on the growth. Note that in the DMD algorithm the action of the
Koopman operator is approximated; hence, the modes can have non-
zero growth rates. However, one would expect that in a fully developed
turbulent flow all the modes should approach the unit circle (Rowley
et al. 2009). Therefore, the physical meaning of those modes need to be
carefully interpreted when investigating fully developed flows. This is
another important difference between Koopman/DMD modes and DFT,
where the growth is null by definition.

4. The choice of the most appropriate dataset of snapshots is crucial when
applying the DMD algorithm. A preliminary analysis of the residuals
can be used as a criteria to determine the dataset. The residual can be
estimated using the norm �ũm+1 − um+1�2, where the last snapshot of
the original dataset um+1 is compared with ũm+1, obtained by using
relation (3.9). Criteria for the error analysis of the DMD algorithm can
be found in a recent contribution by Duke et al. (2012).

5. DMD modes Φ̃ are the product of the Koopman eigenfunctions ϕ and
the corresponding expansion coefficients. Therefore, these modes are
characterised by a proper amplitude related to the expansion coeffi-
cient. When considering flow oscillators, larger amplitudes are clearly
associated to physically relevant structures like flow instabilities (Row-
ley et al. 2009). When considering noise amplifier or fully turbulent
flows, the energy spreading over a broad band of frequencies; thus, by
following this argument based on the physical intuition, we can conclude
that this analysis is not suited for these cases.

Note that when using the algorithm by Schmid (2010) the correct
amplitude of the mode has to be recovered using the finite counterpart
of the relation (3.6), as shown by Chen et al. (2012).

A convergence test

As observed in the previous section, DMD and DFT share many, common
features. Moreover, the preliminary analysis of the residuals as test allows to
determine the best suited dataset of snapshots. Starting from this idea, we pro-
posed in Semeraro et al. (2012a) a convergence test based on the comparison
of the modes obtained from different datasets of snapshots characterised by the
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Figure 3.3. DMD modes associated to four different St. For
all of them, the real part is depicted. The colorbar shows the
magnitude of the mode, while the arrows indicate the direction
of the flow.

same sampling parameters – i.e. the number of snapshot m and the sampling
time Δt – but acquired in different time windows. The modes obtained from
each dataset are compared and a convergence analysis is performed by consid-
ering a tolerance value; the comparison among the modes is ensured by further
verifying the associated eigenvectors via a cross-correlation.

We consider again the flow already analysed in Sec. 3.1. Fig. 3.2(a) shows
the discrete spectrum obtained from one of those set. We can observe that
nearly all the eigenvalues lie close to the unit circle. The amplitudes associated
to the modes are depicted in Fig. 3.2(b) with the same colour; the darker the
colour, the higher the amplitude of the mode. After the comparison is made,
only those modes satisfying the convergence criteria are kept. Fig. 3.2(c) shows
the continuous spectrum of the converged modes. The eigenvectors correspond-
ing to each mode are obtained by averaging among the set of modes selected
by the method. This last step allows us to obtain a final set of modes that does
not depend on a dataset, i.e. a particular choice of the time-window.

By comparing the original spectrum with the one obtained after the se-
lection is performed, we observe that many of the modes far inside the unit
circle are discarded; indeed, they show a large shift in the complex plane when
different datasets are compared. In general, we observe that the meaningful
modes are the ones approaching the null-growth.

3.2.2. Brief overview of the results

The meanflow is associated to the mode indicated by a black dot in Fig. 3.2(c);
this mode is the only one represented by a real function, while all the other
DMD modes are complex; thus, they represent traveling wave-like structures of
the flow. In Fig. 3.3(a), a low-frequency mode is shown, St ≈ 0.01; the structure
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is anti-symmetric with respect to the X-axis and mostly located downstream
of the inlet. From the physical point of view, this mode can be related to the
presence of the recirculation bubble in the vicinity of the inlet.

The mode in Fig. 3.3(b) is characterised by St = 0.023. The structure
closely resembles the POD modes, which are characterised by a well defined
frequency that is matching the one identified by the DMD. The two lobes
appearing downstream are the footprint of the flapping of the jet, confirmed
by the St in line with the previous frequency measurements. By observing
the structure of the mode, we note some extra features appearing in the DMD
mode; indeed, together with the lobes related to the flapping, we observe the
presence of oblique structures located close to the wall. We can speculate that
these are structures dependent on the jet confinement.

Fig. 3.3(c − d) show anti-symmetric modes, characterised by finer struc-
tures located downstream in the domain and associated to higher frequencies.
These same structures appear in the POD modes characterised by higher order,
together with the structure related to the circulation bubble.

The analysis of the modes confirm that in a flow oscillator the information
provided by POD modes and DMD is complementary; indeed, the two decom-
positions tend to provide similar results. This view has been already suggested
by Schmid et al. (2012) and confirmed by Mezic (2012). However, cleaner struc-
tures are expected when considering POD, while phenomena characterised by
different frequency can be highlighted when DMD is used.



CHAPTER 4

Input-output system and control design

Control design is introduced in this chapter. First, We described the input-
output system; in our configuration, the actuators and disturbances represent
the inputs of the system, while the outputs are the sensors localised close to
the wall. An overview of this setup and the main characterising elements is
introduced in Sec. 4.1, where the input-output framework is introduced. The
resulting dynamical system is usually characterised by dimensions n > O(106),
according to the flow case under investigation. Although it is relatively com-
mon to deal with such dimensions when analysing flow system, this number of
degrees of freedom (DOF) can result in a prohibitive problem of control de-
sign. A classic example is provided by the solution of the Riccati equations
(Lewis & Syrmos 1995), which requires a number of DOF that does not exceed
n ≈ O(103). To this end, the control design can be performed on a small dy-
namic system able to reproduce the essential dynamics of the original system.
This procedure is referred to as model reduction problem and is described in
Sec. 4.2; once the reduced-order model is built, the controller can be designed
by using the standard tools provided by control theory. Sec. 4.3 deals with
control strategy adopted in this thesis, based on the linear quadratic Gaussian
(LQG) framework.

In the last part of this chapter, an iterative procedure for the computa-
tion of controllers based on the full dimensional Navier-Stokes system is dis-
cussed; the aim is to compare the model-reduction based approach with a
full-dimensional one.

4.1. Input-output system

In the following sections the control design is introduced by discussing each step
of the process. The control of the two-dimensional (2D) and three-dimensional
(3D) perturbations arising in the boundary layer developing on a flat-plate is
discussed; the main results are outlined in chapter 5, while in the following the
theoretical background is analysed.

First, we define our configuration and describe the main elements. In
Fig. 4.1 the distribution of actuators and sensors on the 3D-flat plate is
sketched; the inputs, hereafter indicated with B, and the outputs, indicated
with C, are schematically indicated. Starting from the inflow (leftmost region
in the figure), the first input B1 is introduced and models an incoming external

28
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Figure 4.1. Configuration for the control of three-
dimensional disturbances.

perturbation. Optimal initial conditions leading to the largest energy growth
for a final time are used (Monokrousos et al. 2010).

The second input B2 is the actuator and allows to manipulate the flow;
it consists of an array of m elements distributed along the spanwise direction.
Each element is localised in a region close to the wall and is represented by a
volume forcing; the different choices are further analysed in chapter 5.

Two sensors, C1 and C2, are introduced for extracting measurements of
the flow. The first sensor is located downstream and quantifies the action of
the controller. The aim of the controller is to minimise the amplitude of the
perturbation in order to delay the transition to turbulence; thus, the minimi-
sation of the amplitudes in the region identified by C1 can be interpreted as
the objective of the controller design. The second sensor, C2, is placed in the
vicinity of the actuator and detects the incoming perturbation. The sensor
C2 consists of p localised elements; the configuration of the sensors array is
the same as that characterising the actuators line. In the sketch in Fig. 4.1,
this sensor is located a short distance upstream of the actuators: the aim is
to provide measurements of the perturbation, by estimating the phase and the
amplitude. Alternatively, the sensors array C2 can be placed downstream of
the actuators line: this choice deeply influences the inherent dynamics of the
system. Indeed the relative position along the streamwise direction of these el-
ements characterises two different classes of devices: feedforward and feedback
controllers (see Sec. 4.3.2).

The input-output dynamics of the system can be described defining a linear
state-space system as

u̇ = Au+Bf, (4.1a)

y = Cu+Df. (4.1b)
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The state u ∈ U is the perturbation velocity, governed by the linearised Navier-
Stokes operator. Hereafter, the superscript (�) has been omitted for brevity.
The quantity f(t) ∈ R

m denotes the input and y(t) ∈ R
p is the output of the

system. The matrix A ∈ R
n×n represents the action of the linearised Navier-

Stokes. The matrices B ∈ R
n×m and C ∈ R

p×n are usually low-rank (i.e.
m, p � n) and describe the spatial distribution of the actuators and sensors,
respectively. Finally, the matrix D ∈ R

p×m is the feed-through matrix.

A system is a linear mapping between an input signal and an output signal,
G : L2 → L2. A signal is a vector-valued time-function time; in the following,
signals will be defined also over infinite or semi-infinite intervals, that physically
is possible due to the stability of the system. Indeed, in such a system the
transients asymptotically die out. By assuming the input f(t) known, the formal
solution of the stable system (4.1) is given by

y(t) = Gf(t) = C

� t

−∞

eA(t−s)Bf(s)ds, (4.2)

assuming both the initial condition u0 and the term D to be zero. The dual
representation in frequency domain is provided by the Fourier transform

y(t) = Ĝ(iω)f(t) =
�
C (iωI−A)

−1
B
�
w, (4.3)

where the system Ĝ is now represented by a transfer function matrix and ω ∈ C

represents the frequency. This representation enables the use of box-diagrams of
the system, useful for visualising the main features of the closed-loop. Hereafter
the hat is neglected; indeed, the time-domain and frequency-domain norms are
equal by the Parseval’s theorem (Glad & Ljung 2001). Due to this equivalence,
the state-space realization is often denoted as

G =

�
A B

C D

�

. (4.4)

System characterised by one input and one output are usually referred to as
single-input single-output (SISO), while multi-variable systems are often in-
dicated as multi-input-multi-output (MIMO) systems (Skogestad & Postleth-
waite 2005).

Performance can be estimated by considering system norms; in particular,
the 2-norm is useful in presence of stochastic noise and can be defined (Green
& Limebeer 1995) as

�G�22 =

�
∞

0

|y|2dt = �y�2L2(0,∞). (4.5)

From the physical point of view, this norm is associated with the total energy
of the signal. The counterpart of the 2-norm in frequency domain for a MIMO
system reads

�G�22 =
1

2π

�
∞

−∞

tr
�
G (−iω)

T
G (iω)

�
dω. (4.6)
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Figure 4.2. Impulse response of the 2D system: (a), B1 →
C2; (b), B2 → C1; (c), B1 → C1. The red solid line shows the
DNS results, while the grey dots indicate the impulse response
of a reduced model of order 60.

The 2-norm provides an estimation of the system behaviour over the entire fre-
quency domain. A second choice is represented by the ∞-norm. By considering
the induced norm of the system, the latter norm is quantified as

�G�∞ = sup
ω

�Gf�L2

�f�L2

, f �= 0. (4.7)

This norm gives the maximum factor by which the system magnifies the input
signal f at a specific frequency. For this reason, this norm is more suitable for
system characterised by well defined peak frequencies, such as oscillators (see
Huerre & Monkewitz 1990); in control literature, this quantity is also called gain
of the system. For a MIMO system, the corresponding definition in frequency
domain is given by

�G�∞ = sup
ω

[σ1(G(iω))] . (4.8)

where σ1 denotes the largest singular value of the transfer function matrix,
defined in Eq. (4.3).

4.1.1. Behaviour of the input-output system

In Fig. 4.2, the input-output behaviour of the systems is shown. The 2D system
is excited by impulse response δ(t− t0), with t0 = 0, at the input location B1

and B2; the signals in time are extracted at the sensor C1 and C2.

The input-output behaviour reveals some peculiarities that will be crucial
in the analysis carried out in this chapter. First of all, the presence of strong
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Figure 4.3. Reduction and control: the sketch represents the
two approaches usually followed for the design of active con-
trollers. In general, the two schemes do not produce equivalent
results.

time delays in the system. As an example, we can consider the impulse response
of the system to an excitation at input B1; the signals measured by the sensors
C2 and C1 are shown in Fig. 4.2(a) and Fig. 4.2(c), respectively. Due to
the strong advective nature of boundary layer flows, in combination with the
localisation of the measure, a time-lag of t ≈ 1500 is observed. Time delays
limit the performance of the system and strongly affect the behaviour of the
closed-loop (Skogestad & Postlethwaite 2005; Belson et al. 2012).

A second important aspect is related to the number of DOF; a dynamic sys-
tem reproducing such an input-output system can be obtained with a low-order
model, thus replacing a huge dynamic system arising from the discretisation of
the Navier-Stokes system (O(n) ≈ 105−107) with a small model. As suggested
by Bewley (2001), this can be sufficient for the control design; indeed, we can
achieve the desired flow behaviour by determining suitable control signals based
on the filtered measurements extracted from the sensors. From the mathemat-
ical point of view, this means to introduce proper mappings that enable the
description of the system from the signal point of view rather than basing it
on the knowledge of the velocity field u.

These observations lead us to the next step: the open-loop model reduction
problem.
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4.2. Open-loop model reduction

The input-output dynamics of the flow system shown in Fig. 4.2 is captured
by localised sensors introduced in numerical simulations with dimensions n ≈
O(106). However, due to the localisation of the sensors, only a portion of the
entire dynamics of the system can be captured. Thus, a common approach
consists of reproducing properly this portion of the dynamics by identifying a
model with a number of DOF r � n. In Fig. 4.2, the input-output dynamics of
the system is compared with the one reproduced by a model with r = 60: the
dynamics is perfectly reproduced by the reduced-order model. Such a drastic
reduction of DOF enables the application of standard control tools, otherwise
prohibitive when dealing with huge dynamic systems.

This approach is usually referred to as reduce-then-control (see Anderson &
Liu 1989) and it is schematically represented along the leftmost branch of the
diagram in Fig. 4.3. The second approach sketched in Fig. 4.3 is referred to as
control-then-reduce; in this case, the first step is the design of a controller, while
the second step is the controller-reduction. Indeed, also if a very high-order
controller is available, usually it is more interesting for engineering applications
to reduce its dimensions for an actual implementation.

In both strategies, the final result is a reduced-order controller that can be
applied to the full-dimensional system we wish to control. Despite the possi-
bility of reproducing the input-output dynamics of the system in a satisfactory
way, the two approaches do not commute; in particular, the reduce-then-control
approach is potentially prone to inconsistencies once the controller is applied
to the system (Anderson & Liu 1989). Indeed, the model reduction step is
usually performed in open-loop: when the control is applied and the loop is
closed, a number of states disregarded during the design of the model might
become important for the dynamics of the closed-loop system.

In the following section, we focus the attention on the open-loop model
reduction, that enables us to follow the approach reduce-then-control (see
Fig. 4.3). This methodology will be later compared to full-dimensional con-
trollers in Sec. 4.3.4 in order to highlight the limits of the approach.

4.2.1. Balanced realizations

Reduced-order models can be identified via a projection of the system onto
a low-dimensional subspace, spanned by r � n basis functions, Φr =
(φ1,φ2, . . . ,φr) ∈ R

n×r. Thus, the flow field - or, in general, the state variable
- is approximated as

u ≈
r�

j=1

qjφj = Φrq
T , (4.9)

where q = (q1, q2, . . . , qr) ∈ R
r are the scalar expansion coefficients. The

coefficients are computed as

q = Ψ∗

ru, (4.10)
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where Ψ∗

r = (ψ1,ψ2, . . . ,ψr) ∈ R
n×r are adjoint modes, bi-orthogonal to the

expansion basisΦr. Plugging (4.9) in and using the adjoint modes, the resulting
reduced model of order r is computed as follows

G =

�
Ar Br

Cr D

�

=

�
Ψ∗

rAΦr Ψ∗

rB

CΦr D

�

. (4.11)

The choice of the projection basis is crucial for the performance of the reduced-
order system; for instance, the modal decomposition of the system and the
projection onto a basis containing the least stable modes is a classic way to
proceed when unstable systems are considered. However, we aim to build a
model that preserves the dynamics between the actuators and sensors.

Among all the possible flow states, only a portion can be excited by the
inputs and observed by the outputs; in literature, these states are referred as
controllable and observable (see e.g. Glad & Ljung 2001; Bagheri et al. 2009b).
Since the control design is based on the dynamics coupling the actuators and
sensors, one way to proceed is to disregard uncontrollable/unobservable states.
In such a way, the entire input-output behaviour of the system can be accurately
reproduced by a reduced number of states.

Balanced truncation, first proposed by Moore (1981), represents a system-
atic way to perform this reduction. The procedure makes use of the Hankel
operator to define the relation among the inputs and the outputs (Glover 1984);
this operator, H : L2(−∞, 0] → L2[0,∞) is defined as

y(t) = (Hf)(t) =

� 0

−∞

CeA(t−s)Bf(s)ds, (4.12)

and maps past inputs signals f(t) to future outputs y(t). As already noticed
in Sec. 4.1, the formal solution of Eq. (4.1) also provides a mapping between
inputs and outputs of the system. However, the mapping given by Eq. (4.1) is
not a finite rank operator; conversely, it can be shown that the operator H has
at most rank n for a state space of order n, resulting in an easier mapping to
be handled, see Glover (1984). Indeed, the Hankel operator can be split in two
parts, H = LoLc. The controllability operator Lc : L

2(−∞, 0] → U maps past
inputs f(t) to an initial state u0 and is defined as

Lcf =

� 0

−∞

e−AsBf(s)ds. (4.13)

The second map is the observability operator Lo. The operator Lo : U →
L2[0,∞) maps an initial state u0 to future outputs and is defined as

Lou0 = CeAtu0, t ≥ 0. (4.14)

The past input f is mapped to a future output y via a reference state u0 at t = t0
by first applying the observability operator y = Lou0 to the state obtained by
the controllability operator as u0 = Lcf. Due to this, two different inputs f will
excite two linearly indipendent states u1 and u2 at t = 0, that will produce
two different future outputs y1 and y2; thus, the rank of H corresponds to the
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number of linearly indipendent states n. For a complete derivation we refer to
Bagheri et al. (2009a).

Using the Hankel operator and the related adjoint operator H∗, we can
quantify the output energy obtained from a past input f(t), by

�y�2L2 = �Hf,Hf�L2 = �f,H∗Hf�L2 . (4.15)

If a given input forcing fi(t) is a unit-norm eigenvector ofH∗H, then the output
energy will be given by the square of the corresponding Hankel singular value
(HSV) σi

H∗Hfi(t) = σ2
i fi(t). (4.16)

The HSVs are real and positive; thus, they can be ranked according to the
associated energy amplification. The balanced modes φi associated with σi is
defined as

φi =
1

σi
Lcfi. (4.17)

In an analogous way, the adjoint balanced modes are defined as

ψ∗

i =
1

σi
L∗

osi, (4.18)

with s given by HH∗si(t) = σ2
i si(t). The two sets of modes provide a suitable

projection basis for computing the reduced-order model; moreover, their spatial
support reveals peculiarities of the flow from the input-output point of view. In
fact, the resulting balanced mode φj is the global structure in the flow that is
“influenced”by the inputBi by an amount given by its HSV. The corresponding
adjoint mode ψ∗

i is a flow structure that – if used as an initial condition – will
result in an output energy given by its corresponding HSV.

Modes corresponding to small HSV are representative of states either nearly
uncontrollable or unobservable; thus, the truncation of these modes does not
significantly affect the performance of the modelGr. By breaking in two blocks
the matrix containing the HSV value Σ

Σ =

�
Σr 0

0 Σn−r

�

, (4.19)

we can partition the balanced realization such that the states related to the
HSV σr+1...σn can be discarded. The ∞-norm of the difference between the
original system G and the new system Gr is bounded by the following relation

σr+1 ≤ �G−Gr�∞ ≤ 2

n�

j=r+1

σj . (4.20)

However, the stability or performance of a compensator designed on the
reduced-order model Gr are not guaranteed when it is applied to the full sys-
tem G. Indeed, as already mentioned in the beginning of this section, states
that are irrelevant when the open-loop model reduction truncation is performed
might be important for the dynamics of the closed-loop system.
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4.2.2. Snapshot method and Eigensystem Realization Algorithm

The operators Lc and Lo are connected to the controllability and observability
of the system. For instance, a state is controllable if it can be triggered by
a past input f, such that u0 = Lcf, while – for the linear independence of
those mappings – a system is observable if Lou0 = 0 implies u0. The states of
the system that are controllable (observable) can be identified by defining the
corresponding Gramians. We define the controllability Gramian P ∈ R

n×n as

P = LcL
∗

c =

�
∞

0

eAtBB∗eA
∗tdt, (4.21)

and the observability Gramian Q ∈ R
n×n as

Q = L∗

oLo =

�
∞

0

eA
∗tC∗CeAtdt, (4.22)

whereA∗ is the adjoint operator, while L∗

c and L
∗

o are the adjoint of the control-
lability and observability operator, respectively (Bagheri et al. 2009a). Both
the Gramians are semi-positive definite; thus, the eigenvalues are real and pos-
itive and can be easily ranked. The analysis of the controllability Gramian
allows to identify and rank the states that are more influenced by an input.
Note that by considering the impulse response of the system given by Eq. 4.2,
it is easy to recognise that the Gramian equals the discrete form of the autoco-
variance Eq. 3.1. Thus, the eigenvectors obtained from the diagonalisation of
the Gramian P can be regarded as POD mode. In this context, these modes
represent the most controllable structures of a flow.

The observability Gramian identifies the states that produce the largest
output energy; the rank is provided by the eigenvalue-decomposition of the
Gramian Q. Using these definitions is possible to show that balanced modes
are equivalently obtained as

PQφi = σ2
iφi, i = 1, . . . , n. (4.23)

The adjoint set is represented by the set of left eigenvectors. Following the
method proposed by Laub et al. (1987), a Cholesky decomposition can be
performed, such that

P = XX∗, Q = Y∗Y. (4.24)

The Gramians can be computed as solutions of Lyapunov equations, (Green
& Limebeer 1995). The following singular value decomposition (SVD) is per-
formed

Y∗X = UΣV∗. (4.25)

The diagonal matrix Σ contains the HSVs. The direct and adjoint balanced
modes are then given by

Φ = XVΣ−1/2, Ψ = Y∗UΣ−1/2. (4.26)

Note that the Cholesky factors X ∈ R
n×n and Y ∈ R

n×n are the numerical
counterparts of the controllability operator Lc and the observability operator
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Algorithm 3

Input: Low-rank Cholesky factor X̃, related to P̃

Low-rank Cholesky factor Ỹ, related to Q̃

1: [U,Σ,V] = SVD(ỸT X̃)

2: Φ̃ = X̃VΣ−1/2

3: Ψ̃ = ỸUΣ−1/2

4: Selection of the projection basis

Ψr = Ψ̃(:, 1 : r)

Φr = Φ̃(:, 1 : r)
5: Galerkin projection
Ar = ΨT

rAΦr

Br = ΨT
r B

Cr = CΦr

Output: Reduced-order model, Gr = (Ar,Br,Cr)
Direct balanced modes, Φ
Adjoint balanced modes, Ψ

Table 4.1. Approximate balanced truncation algorithm.

Lo. Moreover, the Hankel matrix H0 = Y∗X represents the action of the
Hankel operator.

Snapshot-based method

The solution of the Lyapunov equations involves a computational complex-
ity O(n3) and a storage requirement O(n2) making it prohibitive for high-
dimensional systems. On the other hand, the number of inputs and outputs is
usually much smaller than the number of DOF, m, p� n. For this reason, the
Gramians have a low numerical rank, k � n. Starting from this observation,
several methods have been proposed for the computation of low-rank Cholesky
factors of the GramiansP andQ, such as Krylov subspace methods (Jaimoukha
& Kasenally 1994), alternating direction implicit (ADI)/Smith methods (Penzl
2000; Gugercin et al. 2003) or snapshot-based method (Lall et al. 2002).

The alternative described in the following has been proposed by Rowley
(2005) and relies on the identification of empirical Gramians by using snapshots

of the system. By recalling the operator Ã in Eq. (2.7) and introducing the

analogous adjoint operator Ã∗, marching the state backward in time, we can
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compute the empirical Gramians by using the following quadratures

P̃ ≈

nt�

j=1

Ã(tj)BB
∗Ã∗(tj)δj = X̃X̃

∗, (4.27a)

Q̃ ≈

nt�

j=1

Ã∗(tj)C
∗CÃ(tj)δj = Ỹ

∗Ỹ. (4.27b)

Here δj are the time quadrature weights and nt the number of samplings;
note that the number of collected snapshots is mc = ntm for the inputs and
mo = ntp for the outputs. X̃ ∈ R

n×mc and Ỹ ∈ R
n×mo are the Cholesky

factors

X̃ = [Ã(t1)B
�
δ1, Ã(t2)B

�
δ2, . . . , Ã(tk)B

�
δnt

], (4.28a)

Ỹ = [Ã∗(t1)C
∗

�
δ1, Ã

∗(t2)C
∗

�
δ2, . . . , Ã

∗(tk)C
∗
�
δnt

]. (4.28b)

Each element of the low-rank Cholesky factor X̃ contains snapshots of the
flow field computed by the impulse response to each input Bi at a given time
tj . Similarly, the low-rank Cholesky factor Ỹ can be obtained by gathering
the snapshots computed by marching backwards in time with the adjoint sys-
tem. Once the approximate Cholesky factors are defined, the algorithm follows
according to the Laub’s method, as outlined in Tab. 4.2.2. Finally, the ap-
proximate basis allows to perform the oblique projection on the balanced mode
basis according to Eq. (4.11).

Numerical tests have shown that the approximate balanced modes are a
good approximation to exact balanced modes and that Σr are close to the true
HSVs (Ilak & Rowley 2008; Ahuja 2009; Bagheri et al. 2009b). This can be
attributed to the low numerical rank of the Gramians, when m, p � n. The
efficiency of the resulting model is shown in Fig. 4.2, where the output signals
extracted from the full DNS are compared with a reduced-order model based
on r = 60 modes. The same agreement characterises also reduced-order models
reproducing the 3D perturbations evolution (Semeraro et al. 2011).

Eigensystem Realization Algorithm (ERA)

An equivalent reduced-order model can be identified directly from the in-
put/output signal analysis using system identification algorithms. Identifi-
cation algorithms are particularly suited to experimental setups; indeed, the
model is built on measurements extracted locally and full knowledge of the
flow field is not necessary. An example is given by the Eigensystem Realization
Algorithm (ERA), first proposed by Juang & Pappa (1985) and introduced in
flow control by Ma et al. (2011). In the latter contribution, it is shown that
ERA represents an approach formally equivalent to the balanced truncation,
although it is computationally cheaper.
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Algorithm 4

Input: Markov parameters [CB,CÃB, . . . ,CÃNB]

1: Form the Hankel matrices H0 and H1

2: [U,Σ,V] = SVD(H0)
3: Truncation; r states are selected
Ur = U(:, 1 : r)
Σr = Σ(1 : r, 1 : r)
Vr = V(:, 1 : r)

4: Model identification

Ãr = Σ−1/2UTH1VΣ
−1/2

B̃r = Σ−1/2UH0(:, 1)

C̃r = H0(1, :)VΣ
−1/2

Output: Time-discrete reduced-order model, Gr = (Ãr, B̃r, C̃r)

Table 4.2. Eigensystem Realization Algorithm (ERA).

The Markov parameters of the system are computed by simulating the
impulse response in each input Bi

�
CB,CÃB,CÃ2B, . . . ,CÃNB

�
, (4.29)

where N = mc + mo is the number of Markov parameters. The sequence of
Markov parameters can be arranged into two Hankel matrices. The first matrix
H0 ∈ R

mo×mc is a representation of the Hankel operator and reads

H0 =








CB CÃB . . . CÃmcB

CÃB CÃ2B . . . CÃmc+1B
...

...
. . .

...

CÃmoB CÃmo+1B . . . CÃmo+mcB







. (4.30)

This is the key point of the algorithm: we define the Hankel matrix H0 by
gathering it directly from the Markov parameters in Eq. (4.29) instead of com-

puting it as a product of the low-rank Cholesky factors H0 = ỸT X̃. The
procedure is equivalent, although the advantage is remarkable in terms of stor-
age and computational cost. Note that a set of modes for the projection is not
available.

The second Hankel matrix H1 ∈ R
mo×mc is obtained from H0 by cutting

the row r = 1 and adding an extra row of Markov parameters
�
CÃmo+1B,CÃmo+2B, . . . ,CÃmo+mc+1B

�
(4.31)

in the last row of the matrix. In general, these matrices can be rectangular
and are always characterised by constant skew-diagonals. A singular value
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decomposition (SVD) is performed such that

H0 = UΣV∗. (4.32)

The Hankel values are contained in the diagonal matrix Σ ∈ R
mo×mc ; we

keep the first r states, by considering the first r columns of the matrices U ∈
R

mo×mo , the first r rows of the matrix V ∈ R
mc×mc , and the first r rows

and columns of Σ. The resulting matrices Ur ∈ R
mo×r, Vr ∈ R

mc×r and
Σr ∈ R

r×r are used for finding the reduced-order models. In particular,

Ãr = Σ−1/2
r U∗

rH1VrΣ
−1/2
r , (4.33a)

B̃r = the first (m) columns of Σ−1/2
r V∗

r , (4.33b)

C̃r = the first (p) rows of UrΣ
−1/2
r . (4.33c)

The procedure is summarised in Tab. 4.2.2. The equivalence between bal-
anced truncation and ERA can be shown by directly comparing the relations
in Eq. (4.33) with reduced-order model obtained as projection onto a base of
balanced mode in Eq. (4.26), see Ma et al. (2011) for more details. The result-
ing reduced-order model is in time-discrete form, but it can be easily converted
in continuous-time form (Glad & Ljung 2001) for running next to the main
DNS simulation. The technique is employed in Semeraro et al. (2013) for the
computation of reduced-order models where m, p ≈ O(10); good agreement
with DNS data has been found when using models with r > 100.

4.3. Control design

The input-output behaviour of the Navier-Stokes system has been characterised
in the previous sections. We are now interested in modifying the system –
hereafter denoted as plant – by introducing a controller. To this aim, an inter-
connection is introduced among the inputs and the outputs; more specifically,
the outputs of the flow are used as input of a controller, whose output is the
control signal φ(t). The new system is referred to as closed-loop system Gc.
By quantifying the performance using the system norm, we aim to minimise
the system norm of the closed-loop system such that

�Gc�2 < �G�2. (4.34)

In this section, the linear quadratic Gaussian (LQG) approach is presented.
The optimal control is well known and the available literature is quite broad;
for more details we refer to Anderson & Moore (1990); Lewis & Syrmos (1995).
One of the main drawback of the LQG framework is related to the robustness.
We refer to robust control when the designed controller properly works also
in presence of uncertainties of the system; in that sense, the LQG does not
account for uncertainties of the system (Doyle 1978). An extension to robust
optimal control problem, referred to as H∞ control, is proposed in Doyle et al.
(1989); Zhou et al. (2002). In the latter contributions, the framework of the
output feedback control is introduced.
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Figure 4.4. Inherent closed-loop

4.3.1. Plant

The linear state system 4.1 can be now rewritten by explicitly introducing the
inputs and the outputs introduced in Sec 4.1 and sketched in Fig. 4.1.

u̇ = Au+B1w+B2φ, (4.35a)

z = C1u+ lφ, (4.35b)

ψ = C2u+ αg, (4.35c)

where the physical shape of the inputs/outputs is given by the matrices B =
(B1, 0,B2) and C = (C1,C2)

T . The temporal behaviour of the system is

described by the input vector f(t) = (w, g, φ)
T

and the output vector y(t) =

(z, ψ)
T
, respectively. In more detail, the signals φ feed the actuators with a

control signal based on the noisy measurement signals contained in the vectors
ψ and extracted by the sensors C2; the noise corruption is introduced by the
unit-variance white noise g(t). Two scalar values are defined; the scalar value
l is called control penalty and allows to adjust the action of the controller, as
shown later. A large value of α introduces a high level of noise corruption
on the measurement ψ, whereas a small value indicates high fidelity of the
information extracted by the sensors C2. The aim of the controller is to reduce
the perturbation energy in the region defined by C1; thus, the minimisation of
the output norm �z� can be regarded as the objective function of the controller.

4.3.2. Feedback or Feedforward?

The time delays characterising the signal behaviour of the system make the
analysis of the input-output system crucial. Indeed, it is possible to highlight
some fundamental features by analysing the transfer functions of the system;
we consider the plant in Eq. (4.35) rewritten in transfer function formulation
as follows

�
z

ψ

�

= G(s)

�
w

φ

�

=

�
G11(s) G12(s)
G21(s) G22(s)

��
w

φ

�

. (4.36)
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For sake of clarity, the transfer functions connected to the term g, modelling the
noise in the measurements, are neglected. The system G is now ’broken’ into
four internal transfer functions, each of them connecting one input with one
output. A graphical synthesis is obtained by sketching a control box diagram,
see in Fig. 4.4. In the figure, the controller is added as a transfer function
between the output ψ and the input signal φ, K : ψ → φ.

Among the four internal transfer functionsGij , we now focus the attention
on the transfer functionG22 : φ→ ψ. Indeed, by carefully following the internal
interconnections in Fig. 4.4, we observe that the external closed-loop ’collapses’
into a loop between the transfer function G22 and the controller K. Thus, the
closed-loop behaviour is related to the dynamic features of those two transfer
functions.

In Fig. 4.5, the input-output behaviour between the inputB2 and the sensor
C2 is shown for two different combinations of actuator-sensor. In Fig. 4.5a, the
sensor is located at xC2

= 300, upstream of the actuator (placed at xB2
= 400);

the resulting dynamics is negligible and, as a consequence, also the transfer
function G22 results to be null. Vice-versa, in Fig. 4.5a, the sensor C2 is
located downstream of the actuator, at xC2

= 415. In this case, the impulse
response of the system to an impulse in B2 is detected by the sensor. These
two classes of actuator-sensor combinations highlight an important difference
among two categories of controllers: the feedforward and feedback controllers.
Indeed, a truly feedback configuration is obtained when the sensor can measure
the effect of the actuation, since the controller action determines its future
actuation based on this information. From the physical point of view, the
explanation is quite clear: as already mentioned, the flow under investigation
is highly convective and the resulting input-output system is dominated by
strong time-delays. Consequently, the sensor can actually measure the effect of
the actuation only when located in the vicinity of the actuator or downstream
of it. This is not the case when the sensor is placed far upstream of the
actuator. From the mathematical point of view, this distinction is highlighted
by Doyle et al. (1989) within the output feedback control framework, where four
special cases are identified. When the dynamics of the transfer function G22

is negligible, the configuration coincides to a disturbance feedforward control.
In this limit, the action of the controller is based only on the disturbance
measurements and on the model of the system employed for the control design;
this observation justifies the alternative definition of active noise cancellation
often found in literature for such a system.

The distinction among feedforward and feedback controllers is not just se-
mantic. Indeed, the two systems are characterised by different properties in
terms of stability and robustness of the closed-loop system. First all, by con-
sidering the interconnections among inputs and outputs, we observed that a
system compensanted by a feedforward controller is inherently characterised
by an open-loop; in principle, we have a truly closed-loop system only when
the effects of the actuator are detected by the sensor C2. For a feedforward
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Figure 4.5. Input-output dynamics between sensor C2 and
actuator B2. (a), feedforward configuration, the sensor is up-
stream of the actuator. (b), feedback configuration, the sensor
is downstream of the sensor.

controller, the stability is mainly an issue connected to the controllability of the
system and the quality of the model used for the control design; however, the
performance of these controllers often degrades in the presence of disturbances
and unmodeled dynamics. On the other hand, feedback controllers are usually
much less sensitive to these uncertainties. In that sense, a feedback configura-
tion, where the effects of the actuation are detected, may be desiderable. For
a complete discussion, we refer to Belson et al. (2012).

4.3.3. Linear quadratic Gaussian control

For the formulation of the LQG, we assume that the external disturbance signal
w(t) and the measurement noise g(t) in Eq. (4.35) are unit-variance white-noise
processes. Then, based on the noisy measurements ψ(t) extracted from the sen-
sors C2, the controller provides a control signal φ(t) for the actuators B2, such
that the mean of the output energy of z is minimised. The LQG controller can
be designed in two steps, performed independently of each other (see Anderson
& Moore 1990): the estimation and the full-information control. If both prob-
lems are optimal and stable, the resulting closed-loop system, composed of the
two problems, is also optimal and stable. In the following the two problems are
discussed separately.

Full information, optimal control

The heart of the optimal control problem is the minimisation of the cost func-
tion

J (u (φ) , φ) =
1

2

� T

0

�
uHQu+ φHRφ

�
dt, (4.37)
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where the n × n matrix Q > 0 and the m × m matrix R > 0 contain the
weights for the kinetic energy and the control penalty, respectively; hereafter,
the conjugate transpose is indicated by (·)H . In our configuration, the weight
Q = CH

1 C1 and the entries of R are given by the scalar value l2, the control
penalty. Indeed, due to the chosen input-output framework, the first term on
the right-hand side of Eq. (4.37) can be represented by the norm of the output
signal z(t), extracted by the sensor C1.

The optimal control problem is solved by casting an optimisation where the
control signal φ(t) is determined such that the cost function J is minimised;
within the chosen framework, the cost is related to the minimisation of the
output z. The constraint for the minimisation is given by the linearised Navier-
Stokes equation forced by the control signal φ(t)

u̇ = Au+B2φ, u (0) = u0. (4.38)

With this constraint and following the Lagrangian approach, the equation sys-
tem to solve consists of three equations

∂J

∂q
= u̇−Au−B2φ, u (0) = u0, (4.39a)

∂J

∂u
= −q̇−A∗q−Qu, q (T ) = 0, (4.39b)

∂J

∂φ
= B∗

2q+Rφ. (4.39c)

Eq. (4.39a) is the forced linearised Navier-Stokes equation in Eq. (4.38).
Eq. (4.39b) is the adjoint equation. The last relation is the optimality con-
dition and relates the control signal φ(t) ∈ [0, T ] and the adjoint state q.

The optimal signal φ(t) is the solution of the system of equations. If a
finite horizon T is assumed, the optimal control signal φ can be computed by
iterating until the equality (4.38c) holds under a chosen tolerance. Numerically,
this solution is obtained by using the Direct-Adjoint (DA) iteration sketched
in Tab. 4.3. In principle, with the same strategy, the optimal control might
be computed in real time, while the controller is active. Alternatively, under
the assumption of time-invariance of the system, we can evaluate the steady
solution for T → ∞; in this case, the optimal control signal is directly computed
as

φ = Ku (4.40)

by applying the feedback gain K ∈ R
m×n

K = −R−1B∗

2X, (4.41)

where the symmetric matrix X ∈ R
n×n is the solution of the algebraic Riccati

equation

0 = A∗X+XA−XB2R
−1B∗

2X+Q. (4.42)
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Note that the linear relation q = Xu is assumed. In literature, the solution
of the full-information optimal control problem is also referred to as linear
quadratic regulator (LQR).

Dual system and estimation problem

Once the control law is defined, the second step is the estimation of the full
state u, based on the noisy measurements ψ. By indicating the estimated state
with û(x, t) ∈ U, an estimator can take the following form

˙̂u = Aû+B2φ− L(ψ − ψ̂), (4.43a)

ψ̂(t) = C2û. (4.43b)

The last term in Eq. (4.43) forces the state û, such that the error ue = u− û
is minimised. It can be shown (Kim & Bewley 2007) that this optimisation
problem can be solved by applying the feedback problem to the dual, adjoint
system

−q̇ = A∗q+C∗

2ψ
∗, q (0) = q0 (4.44a)

ψ∗(t) = L∗q. (4.44b)

The adjoint of the outputs C∗ = [C∗

1,C
∗

2] are the inputs forcing the governing
equation (see Eq. 4.44a), while the adjoint of the inputs B∗ = [B∗

1; 0;B
∗

2] plays
the role of the outputs of the system via the relation

e(t) = B∗q, (4.45)

where the output signal is e(t) = [w∗, g∗, φ∗]. Based on this system, the cost
function of the estimation problem reads

N (q (ψ∗) , ψ∗) =
1

2

� T

0

�
qHQ1q+ (ψ∗)HQ2ψ

∗
�
dt. (4.46)

The constraint is now represented by the adjoint Eq. (4.44a), by introducing
u(x, t) as Lagrangian multiplier. By proceeding in perfect analogy with the
control problem, if steadiness of the solution is assumed, it is possible to derive
a second algebraic Riccati equation

0 = AY +YA∗ −YC∗

2Q
−1
2 C2Y +Q1. (4.47)

The estimation gain L ∈ R
n×p assumes the form

L = −YC∗

2Q
−1
2 , (4.48)

where Y ∈ R
n×n is a symmetric matrix representing the solution obtained by

solving the Riccati equation (4.47) (Lewis & Syrmos 1995).

The same result is obtained by solving the problem in presence of stochastic
forcing driving the system, with the inputs terms f(t) modelled as white-noise
stochastic processes with zero mean. Defining the matricesW ∈ R

n×n andG ∈
R

p×p as the covariance matrices for w(t) and g(t), respectively, it can be shown
that the estimator gain L assumes the form in Eq. (19), with Q1 = B1WB

∗

1

and Q2 = G. In conclusion, the choice of the proper weights as covariance
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Algorithm 5

Input: Initial guess at i = 0, φ(t) on t ∈ [0, T ]
Tolerance ε

1: Solve ∂u/∂t = Au+B2φ with u(0), for t ∈ [0, T ]
2: Compute J = J (u(φ), φ)
3: if i > 0 and (Ji+1 − Ji)/Ji < ε, then

exit loop

end if

4: Solve −∂q/∂t = A∗q+Qu with q(T ), for t ∈ [−T, 0]
5: Compute ∂J /∂φ = B∗

2q+Rφ
6: Update φ via gradient-based method
7: go to 1

Output: Optimal signal φ(t) on t ∈ [0, T ]

Table 4.3. Direct-Adjoint (DA) algorithm.

matrix allows us to extend the deterministic approach to stochastically driven
systems. We refer to Bagheri et al. (2009b) for a detailed derivation.

Finally, combining the estimator (4.43) and the full-information controller
in (4.40), we obtain the final controller (also called compensator or observer)

˙̂u(t) = (A+B2K+ LC2)û− Lψ (4.49a)

φ(t) = Kû (4.49b)

At each instant in time, given only the measurements ψ(t), the compensator
provides the control signal φ(t), thus resulting in the interconnection already
discussed in Sec. 4.3.2. This dynamical system runs next to the main DNS
simulation, either based on the reduced-order systems or, when full-dimensional
gains are computed, based on a second DNS simulation.

4.3.4. Solving the optimal problems

The solutions of the control and estimation problems can be performed by
following two strategies:

1. Casting an iterative procedure for the solution of the optimisation prob-
lem, for a given final time T . The solution can run on-line in parallel
with the simulations. The iterative procedure is sketched in Tab. 4.3
where the DA algorithm is presented for the solution of the optimal
control problem. First, the direct solution is obtained by marching in
time Eq. (4.39a); this solution is used for forcing the adjoint solution
during the second step, where Eq. (4.39b) is integrated backward in time.
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(a)

(b)

(c)

Figure 4.6. Estimation gain L for two different positions of
the sensor C2, here indicated by a darker shadow, x = 300
(a) and x = 405 (b). The control gain K for the actuator B2

located in x = 400 is represented in (c). For all of them the
streamwise component is depicted.

Finally, the optimal signal is computed by gradient-based methods. An
analogous iteration can be cast for the estimation problem.

2. Computing directly the solution of the control (estimation) Riccati equa-
tions. The computation is off-line.

We focus on the second alternative, the solution of the Riccati equations. For
solving this problem, we need to know the complete state matrix of the system
A; moreover for computational reasons the number of DOF can not exceed
n ≈ O(103). In practice, unless using a reduced-order model based solution,
we cannot compute a controller (estimator) by solving directly the Riccati
equation for the flow system under investigation due to the dimensions of the
problem (n ≈ O(105), for a 2D case; n ≈ O(107), for a 3D case). However,
the drastic reduction of states during the model-reduction process can lead to
inconsistencies for the closed-loop system. Thus, it can be relevant to compute
a full-dimensional controller as a benchmark.

The Chandrasekhar method is a first alternative for the computation of the
Riccati solution; in this procedure, the full Riccati equation is replaced by a set
of partial differential equations, valid when the number of DOF of the system
n is much larger than the number of actuators n� m. Efforts were devoted in
optimising the integration of these equations by using Newton-methods (Banks
& Ito 1991; Benner et al. 2008), projection on Krylov subspaces by using the
Arnoldi process (see the review by Benner 2004) or hybrid methods combining
the full-dimensional set of equation and reduced-order models based on POD
modes (Borggaard & Stoyanov 2008; Akhtar et al. 2010).
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4.3.5. Adjoint of the direct-adjoint algorithm (ADA)

In this thesis, we apply the method proposed by Pralits & Luchini (2010) for
the computation of full dimensional controllers; following this procedure, the
original direct-adjoint optimisation outlined in Tab. 4.3 is replaced with the
corresponding sensitivity analysis. To this end, the adjoint of the entire direct-
adjoint problem is performed. The algorithm is referred to as Adjoint of the
Direct-Adjoint (ADA). The method is outlined in Pralits & Luchini (2010) and
Semeraro et al. (2012b). We report a brief overview of the algorithm in the
following.

The starting point is the DA algorithm for the solution of the optimal
control problem; this procedure allows for any initial condition u0 to minimise
the cost function J . When the algorithm converges, i.e. ∂J /∂φ→ 0, the result
of the optimisation is the optimal signal φ(t) ∈ [0, T ]. However, the optimal
gain K is not directly computed. By recalling the relation (4.40), we can write
it at time t = 0 as

φ0 = K0u0. (4.50)

The input φ0 has the dimension of the number of actuator, m, while both K0

and q0 have dimension n. In principle, by considering n linearly independent
initial conditions u0 and solving for each optimisation problem, we can write

�
φ1
0 φ2

0 ... φn
0

�
= K0

�
u10 u20 ... un0

�
, (4.51)

and solve for the feedback gain matrixK at t = 0. The gain is assumed invariant
in time, so analysing the problem at t = 0 does not affect the generality of the
procedure. Note also that by the optimal condition Eq. (4.39c) and Eq. (4.50),
we can write the following equivalence

φ0 = [K0]
H
u0 =

�
−R−1B2

�H
q0. (4.52)

In flow control, usually n � m; thus, for any linear system where the dimen-
sion of the output m is smaller than the dimension n, it is computationally
less demanding to perform the optimisation by considering the sensitivity with
respect to the initial condition using the adjoint of the entire system. This ma-
nipulation allows to swap the original optimisation problem along the direction
of the m inputs. To this end, the system (4.39) is rearranged as

T =





B2R

−1B∗

2

d

dt
−A

−
d

dt
−A∗ −Q






together with initial conditions u(0) = u0 and q(T ) = 0. We introduce the
inner product

�y,Tx� = �T∗y,x�+ b (4.53)

where y is the adjoint of the entire state x

x =

�
q

u

�
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and T∗ the adjoint operator. The operator T is chosen self-adjoint. In order
to establish the connection between the new system and the former one, the
key point is the term b; it can be shown, by introducing the initial conditions,
that this term reduces to the identity

q̃H0 u0 = ũH0 q0 (4.54)

By comparing the latter relation with (4.52), we note that by introducing as
initial condition of the optimisation problem

u(0) = −R−1B2 (4.55)

the control gain K0 is computed as adjoint solution at t = 0, once the iteration
is converged. Note, that the algorithm shares the same numerical machinery of
the original DA problem; indeed, the entire problem is self-adjoint, thus char-
acterised by the same equations. Nonetheless, the procedure is more general
and it holds also for different choices of this operator. As a consequence, the
algorithm Tab. 4.3 can be used by using the initial condition (4.55). The al-
gorithm can be extended to the estimation problem by applying it on the dual
system in Eq. (4.43). The algorithm is referred to as Adjoint of the Adjoint-
Direct (AAD) and allows to compute the estimation gain L (Semeraro et al.
2012b). By combining the results of the two iterative schemes, full-dimensional
linear quadratic Gaussian (LQG) controllers are designed.

4.3.6. Reduced controllers vs full-dimensional controller

The streamwise components for the control gain K and two estimation gains
L are shown in Fig. 4.6. The control gain is an adjoint solution; indeed, we
can note that its structure is leaning against the shear and located downstream
of the actuator location. The support is compact and spatially localised. The
estimation gains are obtained as direct solution and located upstream of the
corresponding estimation sensors.

Once the gains are available, it is possible to test the design of the con-
troller performed by using full-dimensional methods versus the design of the
controllers based on the open-loop model reduction. The analysis is shown in
Fig. 4.7. When a feedforward configuration is considered, the agreement be-
tween the two strategies is excellent, as shown by the signals in Fig. 4.7(a− c);
however, we need to note that for such a configuration, the closed-loop reduces
to an open-loop, due to the absence of dynamics inG22. Thus, open-loop model
reduction guarantees perfect agreement in the results. Vice-versa, when a feed-
back configuration is considered, with sensors C2 downstream of the actuators
B2 located at x = 400, this agreement is lost. More interestingly, it is found
that for location of the sensor x > 415, the stability of the closed-loop in the
reduce-then-control case is not guaranteed anymore, but it is highly influenced
by the choice of the control penalty l. For these cases, full dimensional gains
always guarantee stability of the closed-loop.
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Figure 4.7. Input-output dynamics for two different control
configurations. The estimation signal ψ and the control φ(t)
are depicted in panel (a) and (c), respectively, for the feedfor-
ward configuration; for the feedback configuration, the same
quantities are shown in panel (b) and (d). The perturbation
energy as a function of time is shown in (e), compared to the
uncontrolled case (black solid line). For all the panels: the full
dimensional (FD) case xC2

= 300 is indicated by a green solid
line, the FD case xC2

= 405 by a red solid line, the reduced-
order model (RM) case xC2

= 300 by a black dashed line and
the RM case xC2

= 405 by a grey dashed line.



CHAPTER 5

Flow control in boundary layer flows

The control of infinitesimal and finite-amplitude perturbations growing in
boundary layer flows is the main topic of this chapter. In the following, we
propose a brief summary with the main results obtained during this investiga-
tion.

The first question to answer is related to the choice of the configuration;
as mentioned in the previous chapter, the localisation of sensors and actuators,
the shape of each element and the control design constitute a wide parametric
space; each choice can influence the properties of the closed-loop system in
terms of performance, stability and robustness. In Sec. 5.1, some guidelines
for the choice of the sensors, actuators and objective function are proposed. In
Sec. 5.2, the control of three-dimensional (3D) perturbations is discussed in the
full configuration within the linear approximation and the finite amplitude case;
the question we try to answer is the same already proposed in the introduction
of this summary: under which conditions is it possible to delay the transition
from laminar to turbulent state using the configuration in Fig. 4.1?

5.1. Configuration

The main elements related to the hardware for the control design are the
estimation sensors, the actuators and the objective function. These choices
are commented in this section by addressing the main issues arisen during the
investigation.

5.1.1. Centralised vs decentralised control

The configuration in Fig. 4.1 is characterised by m localised actuators B2 and
p localised sensors C2; moreover, the output C1 and the upstream distur-
bance B1 can consist of a basis. The resulting configuration is referred to as
multi-input multi-output system (MIMO) and requires a proper multi-variable
approach for the control design when combining the m actuators B2 and p sen-
sors C2. Two choices have been tested: the decentralised and the centralised
control approach (Skogestad & Postlethwaite 2005). The first approach consists
of coupling one actuator with only one sensor (for instance, the one upstream).
A number of controllers m = p is designed; this approach is particularly sim-
ple and advantageous for practical implementations, but the stability of the
closed-loop is not guaranteed (Glad & Ljung 2001). In the second approach
– the centralised control – all the m actuators and p sensors are used for the
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design of one control unit. In this case, we do not require m = p and the
stability of the closed-loop system is guaranteed; the main drawback is related
to the practical implementation, less easy than a decentralised controller.

In Semeraro et al. (2011), the centralised controller was found do be neces-
sary for the design of the TS-wave controller, while both strategies were found
to be feasible for the streaks case. Similar considerations are carried out by Li
& Gaster (2006).

5.1.2. Objective function

The objective function is a design parameter of the controller. When dealing
with an input-output framework, the minimisation of the norm �z�22 is the
objective of the control design, where z is the signal extracted by the output
denoted with C1. However, it is crucial to guarantee that the minimisation
of the output signal corresponds to an actual damping of the perturbation
amplitude. Indeed, the controller is designed to reduce the norm of z and not
the perturbation energy. A systematic way to circumvent for addressing this
issue is represented by the projection of the outputs C1 on a proper basis of
functions. We follow the output projection technique (see Rowley 2005): POD
modes are generated from the impulse response of the system to each input and
used as a basis forC1; the projection of the velocity onto these modes represents
an approximation of the disturbance energy and is given by the norm of z. An
alternative choice is tested in Semeraro et al. (2010), where a set of Fourier
modes localised in the streamwise and wall-normal directions were introduced
to define the objective function.

Note that the matrix C1 enters the Riccati Eq. (4.42) and affects its so-
lution; thus, it is an off-line parameter that does not represent an active term
for the on-line controller. For this reason, a POD basis can be of interest also
for a practical implementation, where the controller is designed by numerical
investigation. On the other hand, a proper distribution of localised sensors can
serve as objective function of the controller; in this case, the localisation of the
elements requires preliminary tests by means of numerical simulations.

5.1.3. Sensors and actuators placement

The sensor-actuator placement along the streamwise direction and their relative
position have been already discussed in the previous chapter. A quantitative
analysis can be performed by considering the performance and robustness of
the resulting device. Two parameters are used in Fig. 5.1: the cost function J ,
related to the performance of the linear quadratic Gaussian (LQG) controller,
and the sensitivity transfer function between the actuators and sensors (see e.g.
Skogestad & Postlethwaite 2005)

S =
1

1−G22K
(5.1)

In Fig. 5.1, the actuator is placed at xB2
= 400, while the sensor is analysed

in different configurations, xc2
∈ [100, 450]. The cost function shows a quick
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Figure 5.1. (a) Cost of optimal controlled simulations nor-
malised by the uncontrolled cost. (b) Infinity norm of sensi-
tivity function, �S�∞, for optimal controllers. The actuator is
located at xB2

= 400; in both figures, the analysis is based on
reduced-order model of the system.

decay of performance when the sensor is placed in the vicinity of the actuator
or downstream of it; on the other hand, the infinity norm of the sensitivity
function increases when xc2

≥ 370. Indeed, at these locations, the action
of the controller can actually be sensed by the estimation sensor. Only in
this condition, the closed-loop is actually characterised by feedback. However,
the norm of the function S is significantly non-zero; thus, also small errors
between the model and the full system can result in instability. Indeed, in this
range of sensor position, it is not always possible to obtain a stable closed-
loop. By following this analysis, the choice of the sensor placement can be
seen as a trade-off: given an actuator at xB2

= 400, the performance of a
feedforward controller is insensitive to the location of the estimation sensor
when xC2

≤ 360 − 370. For a feedback controller, we can choose any location
in the interval x ∈ [370, 415]. Locations further downstream are characterised
by a quick decay of performance and are not interesting from the physical point
of view. On the other hand, due to the poor robustness, alternative control
design can be considered for such a configuration. For more details, we refer
to Belson et al. (2012), where a proportional-integral controller is tested in
combination with a feedback configuration.

The distribution along the spanwise direction has been analysed in Semer-
aro et al. (2011). For the TS-case, the performance is not affected by a reduced
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number of sensors along this direction; a similar behaviour has been found in an
analogous, experimental, setup also by Li & Gaster (2006). Vice-versa, for the
streak-case, the spanwise modulation of the perturbation dictates this control
parameter.

5.1.4. Actuators

The second input B2 is the actuator and allows to manipulate the flow. The
choice of the main parameters related to the actuator design results in a trade-
off that considers the achievable performance, the effects on the flow and the
robustness properties of the device. If realistic actuators are investigated, it
is important to account for geometric constraints that might limit the control
design. In the following discussion, some of these aspects are outlined.

Effects of localisation

The distribution of the actuator used for the control of 3D perturbations is
sketched in Fig. 2.2; it consists of an array of m elements distributed along
the spanwise direction. Each element is represented by a Gaussian function,
localised in the vicinity of the wall (Semeraro et al. 2011, 2013); the elements
are equispaced and, hereafter, the distance among them is indicated by Δz.
The forcing appears in the momentum equation (see Eq. 4.35) and is applied
on all the three velocity components. For this configuration, we do not limit
the orientation of the forcing that acts in both positive and negative directions.

The action of the controller is characterised by a 3D footprint that can
be observed in the compensated flow, see Fig. 5.4(b − e). When increasing
the perturbation amplitude, the three-dimensionality of the control action can
trigger new instabilities and limit the performance of the device (see Sec. 5.2).
It has been found that the spacing Δz and the control penalty l, related to the
cost function in Eq. (4.37), are the parameters that affect more the action of
the controller, in particular when considering the control of TS waves.

Robustness

An alternative perspective is related to the robustness of the system. When
considering feedforward controllers, robustness is not an issue. On the other
hand, for a controller in feedback configuration this analysis is neccessary. In
this case, the analysis is carried by computing the zeros of the transfer func-
tion G22. The presence of right-half plane (RHP) zeros in this function limits
the control design. Indeed, their frequency equals the approximate maximum
bandwidth (or maximum frequency) that can be controlled with good perfor-
mance and robustness (Skogestad & Postlethwaite 2005). Therefore, the RHP
represents a severe limit in the design whether they are characterised by low
frequencies. The influence of the actuator/sensor choice on the robustness of
the control system is analysed in Belson et al. (2012),
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Realistic actuators

Plasma actuators have gained attention in the last years as viable candidates
for the implementation of controllers in real experiments. The main advan-
tage of these actuators is represented by the low power consumption, the high
frequency response and the lack of any moving parts; some successful appli-
cations can be found in Corke et al. (2009); Grundmann & Tropea (2008).
Despite these advantages, simulating how the momentum forcing is generated
by such an actuator and how it influences a flow results in a challenging task
(Corke et al. 2010). A first approach consists of reproducing the forcing gener-
ated by the actuators by modelling it. Based on esperimental measurements,
Kriegseis (2011) proposes a model reproducing the net forcing of a plasma ac-
tuator. The forcing is a function of the voltage and unidirectional. We focus on
the latter limitation; indeed, this feature represents a constraint for the control
design that needs to be modified ad-hoc in order to account for this limitation.
By assuming a constant unidirectional forcing, we apply the plasma actuator
model for the control of perturbations arising in a boundary layer developing
over a flat plate with a super-elliptical leading edge (Dadfar et al. 2012). The
investigation is included in the second part of the thesis.

5.2. Transition delay

Transition delay is analysed by means of numerical simulations of the full
Navier-Stokes equations. We investigate the impulse response of the system
to localised, optimal initial conditions, which trigger perturbations attaining
their maximum energy amplification at a given time (Monokrousos et al. 2010).
Short time of optimisation provides an initial condition developing streaks,
while longer time are characterised by Tollmien-Schlichting (TS) wavepack-
ets. Thus, the two classic routes for the transition from laminar to turbulence
(Kachanov 1994; Andersson et al. 2001) are reproduced by following the evo-
lution of these optimal perturbations.

5.2.1. TS case

First, we consider the evolution of the controlled perturbation within the linear
framework. The urms as a function of the streamwise direction x reads as

urms(x) = max
y

�
1

T

�

T

�

Z

ũ (x, t)
2
dzdt

�

. (5.2)

The maximum value along y is taken at each location along the streamwise
direction x. For the TS-wave, the comparison between the uncontrolled and
controlled case is shown in Fig. 5.2; the streamwise location of the actuators is
marked with a grey region. The controller is a linear quadratic Gaussian (LGQ)
based on a reduced-order model of the system obtained by using the eigensys-
tem realization algorithm (ERA). For the sake of clarity, only one configuration
is discussed here, characterised by m = 17 actuators and a spanwise spacing
among the elements Δz = 10. The control penalty is chosen l = 100 and the



56 5. FLOW CONTROL IN BOUNDARY LAYER FLOWS

0 100 200 300 400 500 600 700 800

10
0

10
1

x

u
rms

Figure 5.2. TS-wave evolution. The uncontrolled system
(solid red line) is compared with the controlled cases (black
lines) by comparing the urms as a function of the streamwise
direction x, see Eq. (5.2). The actuator location along x is
marked by a grey region.

level of noise contamination is set at η = 0.01. In Semeraro et al. (2013), this
controller is compared with two further configurations, differing by the spacing
along the spanwise direction Δz, the distribution of the actuator forcing and
number of elements m. In Fig. 5.2, a drastic reduction of the urms is observed
at the actuators location x0 = 400. The controller quenches the propagating
disturbance similarly to opposition controller. Note that a renewed growth is
observed Δx ≈ 200 downstream of the actuators, suggesting a quick recover of
the coherence of the TS wave along the spanwise direction.

Using the same computational box adopted for the design within the linear
framework (see Tab. 2.1), the controller is tested by varying the amplitude and
the control penalty l (see Eq. 4.37). We consider as reference amplitude aref
the one at t = 800, corresponding to the instant of time when the leading
edge of the wavepacket is approaching the actuator row at xB2

= 400. For
this case, this value of the amplitude is particularly relevant: indeed, we want
to determine the range of amplitudes where it is possible to manipulate the
wavepacket in order to delay the transition to turbulence. This analysis is
carried out in Fig. 5.3. As global measurement of the performance, we define
the quantity

ΔE = log10

�
1

T

� T

0

Econ(t)

Eunc(t)dt

�

, (5.3)

where we consider the ratio between the perturbation energy of the controlled
case Econ(t), and the uncontrolled case Eunc(t). This value is averaged in
time, considering the interval in time t = [0, 2000]. Negative values ΔE < 0
indicate the range of parameters where the controllers are able to damp the
perturbation. Positive values ΔE > 0 indicate the range where the controllers
promote an energy increase, related to the excitation of secondary instabilities.
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Figure 5.3. Performance map; the parameter in Eq. (5.3) is
shown as a function of the reference amplitude aref at the ac-
tuator location and the control penalty l. The contour level
indicates the trend of the parameter ΔE; negative values in-
dicate when the controller is able to damp the perturbations;
vice-versa, when ΔE > 0, the controller can promote transi-
tion. The dashed line indicates the values of l, for each ampli-
tude value, where the best performance is observed. The red
dot indicates the case analysed in Fig. 5.4.

Consequently, for the latter case, such a control strategy is counter-productive
because it can promote transition to turbulence rather than delay it.

This parameter has been compared with different measurements, including
the energy distortion ΔE = Econ(t) − Eunc(t) and the ratio of the norm �z�22
for the two cases. Good agreement has been found in predicting the most
suitable range of values (l, aref ), although these parameters quantify the energy
damping and do not give a direct quantification of the achievable delay of the
transition process. Moreover, note that by applying the relation Eq. (5.3),
we include in the average also the instants of time when the controller is not
active; thus, the perturbation damping results to be underestimated. As shown
in Fig. 5.3, the device is effective in delaying the onset of laminar-turbulent
transition up to aref ≈ 1%. In particular, we observe that the controller
is particularly efficient for amplitudes value below aref < 0.40%. For this
amplitudes, the performance approaches the linear approximation prediction,
as reported in the same map. For values aref > 0.40%, a progressive increase

of ΔE is observed. In this range, the performance is highly affected by the
control penalty l; indeed, we can identify a range (l < 150) where the controller
promotes an energy increase. In general, note that the best performance is
achieved by using l values progressively higher: this means that a strong action
of the controller, related to low value l, turns into a worsening of the overall
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Figure 5.4. The evolution of the perturbation energy-density
in time E(t)/V of a TS-wave is shown in (a) for the uncon-
trolled case. The black line shows E(t)/V when the control is
active. Frames (b)-(e) show snapshots of the flow. The packets
are shown from the top, in the xz-plane by using isosurfaces
corresponding to 30% of the maximum of the streamwise ve-
locity component (red), and the minimum velocity component
(blue). The uncontrolled configuration is shown in the frames
(d) at t = 1000, and (b) at t = 1500, while the controlled case
is shown in (e) at t = 1000, and (c) at t = 1500.

performance. This effect is related to the stronger effects of the nonlinearities
for this range of values (l, aref ).
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Figure 5.5. Streaks, linear evolution. The uncontrolled sys-
tem (solid red line) is compared with the controlled cases
(black lines) by comparing the urms as a function of the
streamwise direction x, see Eq. (5.2). The actuator position is
marked by a grey region.

The investigation related to the delay of the transition process is carried
out in a longer computational box (Lx = 2000); the analysed case corresponds
to the red dot in Fig. 5.3, aref ≈ 0.20% and l = 150. The perturbation energy-
density is shown in Fig. 5.4(a). The streamwise component of the uncontrolled
wavepacket is shown in Fig. 5.4(b) and Fig. 5.4(e) at t = 1000 and t = 1500,
respectively. Details on the visualised component are given in the caption. The
wavepacket is still clearly laminar and extends in the spanwise direction while
propagating downstream. Effects of nonlinearities lead to a quick growth of
the energy later in time, at t > 3000, when the energy behaviour in time is
not characterised anymore by exponential growth. At this stage, the original
two-dimensional structure develops into a more complicated 3D structure; a
turbulent spot appears in the end of the considered region. By comparing the
uncontrolled configuration with the controlled one, we observe that the struc-
ture of the wavepacket preserves its two-dimensionality and coherence along
the spanwise direction, although it can be clearly recognised the footprint of
the controller by observing the modulation along the spanwise direction of the
isosurface.

Further downstream of the actuation array, at t = 1500 (see Fig. 5.4c),
the perturbation gradually recovers its spanwise coherence, which leads to a
renewed growth of the TS-wavepacket. Note that the slope of the energy curve
for the controlled perturbation is essentially the same as for the uncontrolled
case (see comparison in Fig. 5.4a). For a transitional case with aref ≈ 0.20%,
a delay of the classic scenario by Δx ≈ 300 units is observed.

In conclusion, it is worth to mention that different configuration of the
spanwise arrays of actuator can strongly influence the performance of the de-
vice; for instance, when m = 9 and Δz = 20, the original wavepacket is sliced
into more complicated 3D structure as it traverses the actuators. In a purely
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linear analysis, this action leads to a 3D structure less unstable than the orig-
inal perturbation (i.e. has a smaller growth rate), but in a nonlinear regime
the three-dimensionality triggers effects related to the secondary instability.
Thus, transition to turbulence can be promoted at lower amplitudes for the
configuration with Δz = 20 and m = 9 (see Semeraro et al. 2013).

5.2.2. Streaks

The controller designed for the streak is based on the same typology of actuators
and sensors, described by a Gaussian function. The arrays of actuators and
sensors consist of m = p = 8 elements and a spacing Δz = 4 along the spanwise
direction. The choice is mainly dictated by the spanwise modulation of the
streak. The linear analysis of the controlled case indicates a sudden drop of
the urms at the actuator location xB2

= 125, as shown in Fig. 5.5. Note
the upstream location of the actuator array; this choice is mainly due to the
algebraic growth of the streaky packet, that requires a quick action on the
growing perturbation. Further downstream, we observe a decay of the urms due
to the viscous effects; nonetheless, in nonlinear simulations, the perturbation
amplification is responsable for a quick breakdown that promotes the transition
to turbulence. This process is elucidated in Fig. 5.6, where an initial condition
with finite amplitude a0 = 0.05% is chosen. The uncontrolled configuration is
shown in Fig. 5.6(b − d), where the streamwise component is depicted in the
xz-plane, while the evolution of the energy in time is depicted in Fig. 5.6(a).
At t = 300, the streaky structure is still clearly recognisable; the packet is
characterised by the coexistence of low- and high-speed elongated structures
(Fig. 5.6b). An abrupt growth of the perturbation energy can be observed,
t ≈ 400, leading to the formation of a turbulent spot when the maximum
energy amplification is attained by the perturbation (Fig. 5.6d).

When the controller is active, the quick energy growth is observed with
a delay of approximately 350 time units, at t ≈ 700, when the disturbance is
located at Rex = 6.5× 105 and has an amplitude of a ≈ 25%. The comparison
of the streaky structures at t = 300 shows that the flow structure is essen-
tially left unmodified by the action of the controller; however, the amplitude
of disturbance is reduced by approximately Δa ≈ 9%. This mitigation leads
to a delay of the transition to turbulence; indeed, the perturbation structure is
still laminar at t = 600 when the control is active, while the uncontrolled flow
develops into a turbulent spot. For this case, the analysis of the skin coefficient
cf allows to quantify a transition delay Δx ≈ 220; thus, the total transition
delay can be estimated around the 27.5% of the entire physical lenght of the
computational box (Lx = 800).



5.2. TRANSITION DELAY 61

0 100 200 300 400 500 600 700 800 900 1000 1100
10

−8

10
−6

10
−4

t

E(t)/V

(a)

(b) (c)

(d) (e)

x x

z

z

t = 600

t = 300

No control Control

Figure 5.6. In (a) the red line depicts the evolution of the
perturbation energy-density in time E(t)/V of a streak for
the uncontrolled case. The black line shows E(t)/V when the
control is active. Frames (b − e) show snapshots of the flow;
in each frame, the isosurfaces corresponding to 30% of the
maximum of the streamwise velocity component are shown
in red, while the minimum velocity component is shown in
blue. The packets are shown from the top, in the xz-plane;
the direction of the flow is oriented in the upright direction.
The uncontrolled configuration is shown in the leftmost frames
(d) at t = 300, and (b) at t = 600, while the controlled case is
shown in (e) at t = 300, and (c) at t = 600.



CHAPTER 6

Conclusions and outlook

A concluding summary is proposed as an overview of the main results reported
in this thesis. Some outlines for the future, possible developments of this work
are suggested.

6.1. Control in boundary layer flows

Numerical simulations of boundary layer flows developing over a flat-plate have
been performed. The main idea is to delay the transition to turbulence by
damping the amplitude of the growing perturbation; to this end, localised in-
puts (disturbance and actuators) and outputs (measurement sensors) have been
introduced in the system in combination with optimal controllers, designed by
following the linear quadratic Gaussian (LQG) approach (Lewis & Syrmos 1995;
Anderson & Moore 1990).

The study has been carried out by investigating the evolution and control
of two dimensional (2D) and three dimensional (3D) perturbations. The mid-
long term aim of this research is the implementation in experimental setups of
efficient controllers; in this sense, preliminary analysis performed by numerical
simulations can help to design efficient controllers by reducing the number of
experiments required to obtain satisfactory performance.

Effects of sensors and actuators placement

The localisation of the inputs and the outputs in combination with the advective
nature of the boundary layer flows leads to a dynamic system characterised
by strong time-delays. Due to these features, the relative position between
estimation sensor and actuator strongly affects the properties of the closed loop.
Within the general mathematical framework of the output feedback control
(Doyle et al. 1989; Zhou et al. 2002), we can distinguish between two classes
of controllers: feedforward and feedback controllers. For our configuration, a
feedforward controller is obtained when the estimation sensors are upstream of
the actuators; vice-versa, when the actuators are upstream of the sensors, the
controller is in feedback configuration. Important differences characterised the
two strategies in terms of performance, stability and robustness of the system.

The actuators role has been studied mainly for the 3D case by investigating
the distribution along the spanwise direction of the localised elements. When
finite-amplitude perturbations are introduced, the resulting performance of the

62
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device is highly affected by those design parameters due to the nonlinearities
of the flow; for instance, for the control of 3D Tollmien-Schlichting (TS) waves,
an array with a finer grid of elements in combination with a careful choice of
the forcing, results in controllers more effective in manipulating flows up to
perturbation amplitudes a ≈ 1%.

Model reduction

The discretisation of the Navier-Stokes equation results in a large dynamic
system that prohibits the application of the control theory tools. In our case,
the number of degrees of freedom n ≈ O(107).

A standard way to proceed is to build low-order controllers based on
reduced-order models, computed by system identification algorithms. The ap-
proach is called reduce-then-control or open-loop model reduction (Anderson &
Liu 1989). In this thesis, balanced truncation and the eigensystem realization
algorithm (ERA) have been used for computing low-order balanced realizations
of the system under investigation (see Moore 1981; Rowley 2005; Ma et al. 2011)

The dual scheme is referred to as control-then-reduce or controller reduc-
tion; in this approach, we first build full-dimensional controllers that are re-
duced in the second step. We design full dimensional, optimal controllers by
introducing an iterative scheme for the solution of the associated Riccati equa-
tions (Pralits & Luchini 2010). The two schemes perfectly commute when the
controllers are active in feedforward configuration; this is not the case when
feedback control is applied to our configuration.

Transition delay

Within the linear framework, we demonstrate that the energy of optimal 3D TS
wavepacket is damped by two orders of magnitude. When an initial condition
triggering a streaky wavepacket is considered, the controller is able to damp by
half the perturbation energy. The drastic reduction of the perturbation energy
results in a delay of transition to turbulence when 3D TS wavepacket with
realistic amplitudes are considered. As already mentioned, the performance of
the control is degraded by the 3D nature of the controller action, combined with
the nonlinearities of the uncontrolled flow. A careful design of the actuators
can positively influence the controller action in presence of nonlinearities. The
streak case is less affected by the localised actuation. The spanwise distance of
the elements is chosen by considering the nature of the perturbation.

Outlook

Due to the number of parameters involved and the physics of the three-
dimensional perturbations, the design of efficient controllers represent still a
challenging task. In that sense, different research routes can be followed for
improving the performance and robustness of the devices.

Localised disturbances have been considered in this thesis as a proof of
concepts. We assumed an exact knowledge of the propagating perturbations
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and built the reduced-order model and the estimator by using this information.
This approach can represent a limit when considering more realistic cases like
the control of bypass transition due to free-stream turbulence (FST) or natural
transition, where disturbances are randomly appearing in the flow. Moreover,
we addressed the performance decay of a fully linear control strategy when
nonlinearities appear in the flow. In order to extend the range of amplitudes
where the controllers can be efficient and improve the estimation, different
strategies can be applied; examples are provided by adaptive techniques, such
as least mean squares (LMS) filters (see Sturzebecher & Nitsche 2003), or
auto-regressive models, recently applied for convective flows by Hervé et al.
(2012). An advantage characterising the LMS filters is the feedback informa-
tion; indeed, while having a feedforward configuration, by using these filters is
still necessary to account for feedback measurements for adapting the model.

The off-line design of controllers can be replaced by predictive approaches
where the controller is updated on-line; model predictive control (MPC) rep-
resents a wide category of controllers, where the optimisation is performed
during the control action (Comacho & Bordons Alba 2004). This controller
can be considered the discrete version of the traditional Lagrangian approach,
for a given time-horizon. A recent application for the control of 2D TS waves
can be found in Losse et al. (2011); in the latter, the reduced-order model is
built by including also the actuation effects. As discussed in this thesis, this is
a crucial aspect when dealing with feedback controller, while it is not an issue
for pure feedforward controllers.

MPC controllers are particularly fitted when dealing with nonlinearities,
including saturation functions, and can be advantageous for the design of con-
troller based on time-variant system. An example is given by plasma actuators,
whose forcing distribution is a depending by the voltage of the device. Thus,
an improved modelling for those actuators require a time-variant approach and
– consequentially – adaptive control design.

A last aspect that is related to the tree-dimensionality of our configuration
and how all the localised sensors and actuators are connected together. We con-
sider two limit-cases, the centralised and decentralised control (Glad & Ljung
2001). However, different control-units, where a partial decentralised control is
adopted, can be tested. In this case, only a portion of the m actuators is con-
nected to some of the p sensors; the analysis can be crucial when dealing with
a number of elements > O(10). In such a case, reducing the dimensions of the
control units can be convenient for the computational costs, while preserving
the performance and stability of the control device.

6.2. Analysis of experimental data

Proper orthogonal decomposition (POD) and Koopman mode analysis via dy-
namic mode decomposition (DMD) have been applied for the analysis of ex-
perimental data from particle imagine velocimetry (PIV) measurements of a
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turbulent confined jet with co-flow (see Holmes et al. 1996; Rowley et al. 2009;
Schmid 2010).

The jet is turbulent, however the results from the spectral analysis have
shown the presence of periodic features, arising from the flapping of the jet
induced by a recirculation zone on the sides of the inner jet. Spectral analysis
of the PIV measurements, modal analysis by POD and DMD were compared.
Jet flapping is identified by the first couple of POD modes. These two modes
appear to be coupled to each other, as highlighted by the eye-inspection of
the spatial structure and the temporal-analysis of the corresponding temporal
modes. A recirculation zone appears on the side of the jet; this mechanism is
clearly identified by the DMD analysis together with the associated frequency.

We highlighted some limitations of the DMD algorithm, in particular for
what it concerns the presence of spurious modes without physical relevance. We
suggested a convergence test for discarding these modes. In that sense, efforts
can be made for improving the algorithm (see for instance Chen et al. 2012;
Jovanovic & Schmid 2012); moreover, reduced-order models can be tested, in
particular for reproducing the dynamics of oscillators (Schmid et al. 2012).



Acknowledgements

Wrapping up this page is the moment for taking stock of this experience and
involves many more aspects than the ones shining through the pages of a thesis.
Thus, it is time to acknowledge the people I met along the way during this long
journey.

I like to thank Dan Henningson for giving me this opportunity. I’m grateful
for his inspiration and optimism, that he never spared, particularly when I was
focussing only on the negative aspects of my work. Luca Brandt is acknowl-
edged for his enthusiasm, patience in revising my manuscripts and amazing
physical intuition that always helped us to move on.

During these years, I had the opportunity of travelling and spending time
abroad. Clarence Rowley is acknowledged for hosting me in Princeton and
giving me the chance to face my research from a different perspective.

Many thanks to Shervin Bagheri, who introduced me the basics I needed
for this project; Jan Pralits, Flavio Giannetti and Gabriele Bellani, for the
fruitful and inspiring collaboration; Brandt Belson and Reza Dadfar, for their
hard work; Ardeshir Hanifi and Fredrik Lundell, for sharing their knowledge
and opinions with me on the common works. I learnt a lot from all of them
and I am grateful for this.

Stefan Wallin is gratefully acknowledged for the suggestions and comments
given on the first draft of this manuscript.

Finally, I like to thank Qiang Li, Antonios Monokrousos, Johan Malm,
Armin Hosseini1, Iman Lashgari and Nima Shahriari1 for making our office
such an enjoyable place to stay, also when the working days were too long.

The list of people to acknowledge is still long and the risk of forgetting
people proportionally increases with it. This path has been rich of many expe-
riences and I’m grateful to all the persons that have shared part of this journey
with their company, suggestions and support. Thanks to all of you for being
part of this adventure!

Last and not the least, a special thank goes to my family for supporting
me in all my decisions, including the more difficult ones. Grazie!

1Thanks also for proofreading the introduction of this thesis!

66



Ithaca has given you the beautiful voyage.
Without her you would have never set out on the road.
She has nothing more to give you.

And if you find her poor, Ithaca has not deceived you.
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