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Amer Malik
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Abstract
In this thesis two kinds of phase change i.e., solid state phase transforma-

tion in steels and solid-to-liquid phase transformation in paraffin, have been
modeled and numerically simulated. The solid state phase transformation is
modeled using the phase field theory while the solid-to-liquid phase transfor-
mation is modeled using the Stokes equation and exploiting the viscous nature
of the paraffin, by treating it as a liquid in both states.

The theoretical base of the solid state, diffusionless phase transformation
or the martensitic transformation comes from the Khachaturyan’s phase field
microelasticity theory. The time evolution of the variable describing the phase
transformation is computed using the time dependent Ginzburg-Landau equa-
tion. Plasticity is also incorporated into the model by solving another time
dependent equation. Simulations are performed both in 2D and 3D, for a sin-
gle crystal and a polycrystal. Although the model is valid for most iron-carbon
alloys, in this research an Fe-0.3%C alloy is chosen.

In order to simulate martensitic transformation in a polycrystal, it is nec-
essary to include the effect of the grain boundary to correctly capture the
morphology of the microstructure. One of the important achievements of this
research is the incorporation of the grain boundary effect in the Khachaturyan’s
phase field model. The developed model is also employed to analyze the effect
of external stresses on the martensitic transformation, both in 2D and 3D. Re-
sults obtained from the numerical simulations show good qualitative agreement
with the empirical observations found in the literature.

The microactuators are generally used as a micropump or microvalve in
various miniaturized industrial and engineering applications. The phase trans-
formation in a paraffin based thermohydraulic membrane microactuator is mod-
eled by treating paraffin as a highly viscous liquid, instead of a solid, below its
melting point. The fluid-solid interaction between paraffin and the enclosing
membrane is governed by the ALE technique. The thing which sets apart the
presented model from the previous models, is the use of geometry independent
and realistic thermal and mechanical properties. Numerical results obtained
by treating paraffin as a liquid in both states show better conformity with the
experiments, performed on a similar microactuator. The developed model is
further employed to analyze the time response of the system, for different input
powers and geometries of the microactuator.

Descriptors: Martensitic transformation, phase-field method, polycrystal,
stress-effects, microactuator, finite-element simulations.
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Preface

This work comprises the model development and simulations of phase
change during solid state phase transformation i.e. martensitic transforma-
tion and solid-to-liquid phase transformation i.e. phase change in a paraffin
based microactuator. Results presented in this thesis were obtained by the
author during the period between December 2008 and March 2013. The work
was performed at the Department of Mechanics in The Royal Institute of Tech-
nology. The research results are reported in the following papers:

Paper 1. Yeddu, H. K., Malik, A., Ågren, J., Amberg, G., & Bor-
genstam, A., 2012 Three-dimensional phase-field modeling of martensitic mi-
crostructure evolution in steels, Acta Materialia 60, 1538-1547.

Paper 2. Malik, A., Yeddu, H. K., Amberg, G., Borgenstam, A.
& Ågren, J., 2012 Three dimensional elasto-plastic phase field simulation of
martensitic transformation in polycrystal, Materials Science & Engineering A
556, 221-232.

Paper 3. Malik, A., Amberg, G., Borgenstam, A. & Ågren, J., 2013
Phase field modeling of martensitic transformation- Effect of grain and twin
boundaries, Submitted.

Paper 4. Malik, A., Amberg, G., Borgenstam, A. & Ågren, J., 2013
Effect of external loading on the martensitic transformation- A phase field
study, Submitted.

Paper 5. Malik, A., Ogden, S., Amberg, G., Hjort, K., 2012 Modeling
and analysis of a phase change material thermohydraulic membrane microac-
tuator, Journal of Microelectromechanical Systems 22, 186-194.
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Parts of this work have been presented in the following presenta-
tions:

Elasto-plastic phase field modeling of martensitic transformation in polycrys-
talline alloy of carbon steel. 2011. Hero-M Workshop, Sweden.

Three dimensional elasto-plastic phase field simulations of martensitic trans-
formation in Fe-C polycrystalline alloy. 2011. Materials Science & Technology
Conference, USA.

Three dimensional elasto-plastic phase field simulations of martensitic trans-
formations in polycrystal. 2011. Mathematical Theory & Simulation of Phase
Transitions, China.

Effects of external stresses on martensitic transformation in a 3D polycrys-
tal using phase field method. 2012. Proc. of International Conference on
Multiscale Materials Modeling, Singapore.
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Summary





CHAPTER 1

Introduction

The term phase change or phase transformation has different meanings in differ-
ent scientific communities. From a material science perspective, phase change
is usually considered as the change in crystallographic structure of a material
from one thermodynamic state to the other. This could very well be a solid-to-
solid transformation or a solid-to-liquid transformation. In a fluid mechanics
community, the term phase change is generally referred to the interchange
between the three states of matter i.e. solid-to-liquid or liquid-to-gas and vice
versa. Both soild-to-solid and solid-to-liquid transformations have been studied
and utilized by man since long in various daily life, engineering and industrial
applications.

One of the important applications of a solid-to-solid phase transformation
is hardening of iron or steel, that is known to be used for most utilitarian pur-
poses since 1200 B.C. Steel, quenched from a higher temperature, acquires a
sharp and fine crystalline structure and better physical properties, like harden-
ing. The phenomenon is known as martensitic transformation and the product
is known as martensite. Martensitic transformation, by definition, is a solid-
to-solid, diffusionless phase transformation, accomplished by a systematic dis-
placive movement of atoms. Although the transformation usually happens with
a burst, involving time scales in the regime of speed of sound, it still progresses
as the transformation front moves within the material. The underlying behav-
ior can very well be understood by looking at falling domino bricks. Though
the term ‘martensitic transformation’ covers a broad class of solid-state phase
transformations occurring in metals, ceramics, polymers and even biological
system, the emphasis in this thesis is given only on the transformation hap-
pening in carbon steels. Since the beginning of the iron age, martensitic steel
is being used in widespread applications ranging from culinary equipments to
jet engines.

A fundamental aspect of soild-to-liquid phase transformation is the change
in volume of the material, which could be utilized to produce force and move-
ment on a micro scale. The ideal material for this purpose is a phase-change
material (PCM), which melts and solidifies at temperatures slightly above the
room temperature. Paraffin, a commonly used PCM, is used as an active
material in microactuators to generate movements, which has been utilized
in numerous scientific and engineering applications. One of the characteristic
properties of paraffin is the large volumetric expansion on melting. Combined
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2 1. INTRODUCTION

with its low compressibility, this expansion generates large hydraulic pressures,
which has been exploited in the past for various applications in microactuation.
One of the applications of PCM based microactuators in chemical and biotech-
nology is miniaturized pump or valve that is being used on microreactors to
duplicate chemical reactions on a small chip. The ultra-short response time of
the microactuators makes them an ideal device to control the precision of the
chemical reaction. Microactuator driven refreshable braille display is another
application of the thermohydraulic paraffin microactuators, that can be utilized
in daily life.

Regardless of its classification, phase change in any material is caused by
the change in free energy of the system i.e. the system will tend to evolve
to a state which has the minimal free energy at a particular point in time
and space. This basic principle has been exploited by researchers to build a
model of the phase transformation occurring in various materials. The phase
field method, one of the methods utilizing the same underlying principle with
a diffuse interface approach, has been successfully developed and used over
the past 60 years to study phase transformation and simulate microstructural
evolution in various materials.

In this research, both solid-to-solid phase transformation in steels and solid-
to-liquid phase transformation in PCM based microactuators have been mod-
eled and simulated. The phase field method is employed to simulate the solid
state phase transformation in carbon steels while a rather unique approach is
applied to study phase transformation in paraffin thermohydraulic microactu-
ator, considering paraffin as a liquid in both phases. The aim of the study
in the first case i.e. martensitic transformation, was to build a model and
numerically simulate the phase transformation in steels under external loads,
to predict the volume fraction of martensite. In the second case, i.e. ther-
mohydraulic microactuator, the aim was to construct a geometry independent
model that could be employed to optimize the shape and response time of the
microactuator.

The thesis is composed of two parts. The first part starts with a brief
history and generic explanation of the phase field method followed by a de-
tailed discussion of the physical features of both martensitic transformation
and thermohydraulic microactuator along with their modeling aspects and nu-
merical treatment. The second part of the thesis contains the articles.



CHAPTER 2

Phase field method

2.1. A brief history

The origin of the phase field method dates back to more than a century ago
by the development of a diffuse-interface approach by van der Waals (van der
Waals 1894; Rowlinson 1979), who studied the forces between atoms and molecu-
les. He proposed that a diffuse interface between stable phases of a material
is more natural than a sharp interface assumption with discontinuities in the
material properties. Almost 60 years ago, Ginzburg and Landau (Landau &
Khalatikow 1963), in their famous theory of phase transitions, gave the idea
of the ‘order parameter’ or the phase field variable. The phase field variable is
defined such that it distinguishes between different states of a material which
may be identical in all other state variables. In 1958, Cahn and Hilliard (Cahn
& Hilliard 1958) proposed the continuum thermodynamic formulation of the
free energy of a non-uniform system, incorporating the alloy concentration as
the order parameter. This pioneering work from Cahn and Hilliard forms the
basis of the modern phase field models.

The famous Cahn-Hilliard diffusion equation (Cahn 1961) and the Allen-
Cahn, time dependent Ginzburg-Landau equation (Allen & Cahn 1977), are
now used to describe the spatio-temporal evolution of microstructure in a con-
tinuum material. The Cahn-Hilliard equation describes the evolution of a con-
served quantity and is used to model spinodal decomposition, contact-line dy-
namics, microfluidic applications etc. The Allen-Cahn equation, in contrary,
describes the evolution of a non-conserved quantity and is commonly used to
model solidification, nucleation problems and solid-state phase transformations.
To date, a lot of effort has been made by several authors to simulate various
physical phenomena using the phase field method, e.g. solidification, solid-state
phase transformation, grain growth and coarsening, microstructure evolution,
surface-stress-induced pattern formation, crack propagation, crystal growth,
dislocation-solute interactions, dislocation dynamics and multicomponent in-
terdiffusion (Chen 2002). A few of the comprehensive reviews on the phase
field method which shed light on the subject from different standpoints can
be found in Refs. (Chen 2002; Boettinger et al. 2002; Moelans et al. 2008;
Steinbach 2009; Qin & Bhadeshia 2010).
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4 2. PHASE FIELD METHOD

2.2. The phase field method

The phase field method is a diffuse-interface method with the interface between
the two phases, having a non-zero thickness, endowed with the continuous vari-
ation in the state variables of the system undergoing the phase transformation.
The microstructure is described by a set of field variables, usually known as
the phase field variables. The idea of the diffuse-interface can be explained
schematically, as given in Fig. 2.1. As shown in the figure, the phase field
variable η is a continuous function of the spatial coordinate having a constant
value in each phase (0 in phase A and 1 in phase B) and varying smoothly
across the interface between the two phases. There exists two types of phase
field variables, conserved and non-conserved. Conserved variables are usually
related to the local composition while the non-conserved variables usually con-
tain information about the local microstructure.

Figure 2.1. A schematic illustration of the diffuse-interface
approach of the phase field method. η is the phase field vari-
able.

The phase field method, as usually misunderstood, is not just a mathemati-
cal tool. Its underlying diffuse nature is directly related to the thermodynamics
of the phase transformations. The evolution of the microstructure is governed
by the minimization of the Gibbs free energy of the system, which is described
on the basis of the physics of the problem that is under consideration. The free
energy usually consists of the bulk chemical energy Gbulk, interfacial or gradi-
ent energy Ggrad, and elastic strain energy Gel. It may contain other terms
to account for magnetic or electrostatic interactions and external stresses. The
bulk energy determines the volume fraction of the equilibrium phases while a
competition between the gradient energy and the elastic strain energy governs
the volume fraction and shape of the interfaces (Moelans et al. 2008).

Unlike classical thermodynamics, where properties are taken as homoge-
neous throughout the system, the Gibbs free energy in the phase field method
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is given as a function of the phase field variables and their spatial gradients.
The phase field variables or the state variables define the characteristics of the
material e.g. the crystal structure (η) or the composition (c) of the material.
Hence, the Gibbs free energy of the system is expressed as a mathematical func-
tional of the state variables, η and c. η, a non-conserved quantity, describes
the crystal structure of the material while c, a conserved variable, describes the
composition of the material.

As stated previously, the phase field variable usually ranges between 0 and
1. In case of single phase field models, for example, the model used to study
solidification, the constant values represent two bulk phases i.e. liquid and solid,
and any deviation from these represents the interface between the two phases.
In multiphase field models, a number of v phase field variables are required to
represent v coexisting phases. For example, in austenite-to-martensite phase
transformation, due to loss of symmetry, austenite can produce three variants of
martensite, each having distinct crystal orientation. In such a transformation,
therefore, three phase field variables are required. The value of each variable is
0 in the austenite phase and 1 in the corresponding variant of the martensite
phase.

Consider the case of a solid-state phase transformation with two phases, A
and M . We can define the phase field variable η to characterize the two phases,
which is analogous to the crystal structure of the material. As described earlier,
η has a distinct constant value in each bulk phase but varies smoothly in the
interfaces. The Gibbs free energy of such a system can be postulated as:

G =

∫ (
Gv (η) +

1

2
β (∇η)

2

)
dV (2.1)

where the last term inside the parentheses on the right hand side accounts for
the interfaces between different phases. Gv is the sum of the bulk chemical
energy density, Gbulkv , and the elastic strain energy density, Gelv . Gbulkv is a
double-well function that has two minima to represent the two stable phases
while Gelv gives the work done by the elastic stresses. The parameter β is used
to control the interface thickness. The details for the specific case of austenite-
to-martensite transformation are given in Section 3.2.

Taking the variation in G yields:

δG =

∫
(G′v (η) δη + β∇ηδ (∇η)) dV (2.2)

Integrating by parts and assuming that the boundary integral vanishes, gives:

δG =

∫ (
G′v (η)− β∇2η

)
δηdV (2.3)
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or,

δG

δη
=

∫ (
G′v (η)− β∇2η

)
dV (2.4)

If we have n number of different phases represented by n number of phase field
variables, the temporal evolution of each variable in the phase field method can
then be obtained by solving the following equation:

∂ηp
∂t

= −Lpq
δG

δηq
(2.5)

Similarly, for a conserved quantity c, the evolution of the phase field variables
can be evaluated by the following equation (Chen 2002):

∂ci
∂t

= ∇Mij∇
δG

δcj
(2.6)

where Lpq and Mij are related to interface mobilities. Eq. 2.5 is the Allen-
Cahn equation, used to describe a non-conserved quantity η and eq. 2.6 is the
Cahn-Hilliard equation, used to study the evolution of a conserved quantity c .
A significant computational advantage of the phase field method is, due to the
diffuse interface approach, the explicit front-tracking of the phase boundary is
avoided. Besides, the relative simplicity of solving phase field equations nu-
merically, makes the phase field method extremely lucrative to model complex
microstructure evolution in the material science community.



CHAPTER 3

Martensitic transformation

The term ‘martensite’ was first used in 1895 in honor of the German metal-
lurgist, Professor A. Martens to distinguish the plate-like microstructures in
hardened steels. Later on, different empirical observations showed this struc-
ture to be body-centered tetragonal (Fink & Campbell 1926). Trolano and
Greninger (Trolano & Greninger 1950) stated that the hardening phenomenon
in steels had similar characteristics as in the shear-like, diffusionless transforma-
tions in other alloys. Therefore, the word ‘martensitic’ was revised to describe
this kind of transformation and martensite was the name given to the resulting
product phase from a parent phase which undergoes a martensitic transfor-
mation. In general, martensitic transformation is defined as a solid-to-solid,
diffusionless or displacive phase transformation, occurring in a wide variety of
metals, alloys, ceramics and even biological systems (Bhattacharya 2003). In
the first section of this chapter, however, I shall take up first some of the basic
characteristics of martensitic transformation in Fe-C alloys specifically the low
carbon iron alloys, and then discuss various factors affecting the morphology of
the resultant martensite structure. In the second section, I shall describe the
modeling aspects of the martensitic transformation in polycrystals using the
phase field method and finally, in the last section, I shall explain the numerical
treatment and the methodology to solve the given numerical problem.

3.1. Martensitic transformation - A theoretical background

As stated earlier, martensitic transformation is a diffusionless, solid-to-solid
phase transformation commonly observed in iron alloys where the lattice or
molecular structure changes abruptly at a certain temperature. The temper-
ature at which the martensite phase becomes thermodynamically stable and
starts to nucleate is usually known as martensitic start temperature (Ms). The
new phase is formed from the parent phase by atomic movements which are
so cooperative and regular that they produce a change in shape of the trans-
forming region. During the transformation an atom does not alter its position
with respect to its neighbors, only the distance is changed. (Bowles & Barrett
1952). This is illustrated schematically in Fig. 3.1. Suppose that the atoms
of the solid material are arranged in a cubic lattice at a certain higher tem-
perature, as shown in Fig. 3.1(a). As the temperature is decreased, a small
thermal contraction may be observed but nothing interesting happens until the
temperature reaches a certain critical value. At this temperature the cubic

7



8 3. MARTENSITIC TRANSFORMATION

crystal structure flips to the tetragonal shape, as shown in Fig. 3.1(b). Al-
though the change is quite abrupt and the distortion of the original lattice is
significant, there is no long range diffusion involved in the process. This kind
of transformation is known as martensitic transformation. The high tempera-
ture structure is known as the austenite while the low temperature structure is
called the martensite (Bhattacharya 2003).

Figure 3.1. Three dimensional schematic illustration of
cubic-to-tetragonal martensitic transformation.

3.1.1. Crystallography

An observable characteristic feature of martensitic transformation is the mi-
crostructure it produces. In a typical cubic-to-tetragonal transformation the
high temperature austenite phase is crystallographically more symmetrical than
the low temperature martensite phase. This is also illustrated in Fig. 3.1 where
the austenite has a cubic lattice while the martensite has a tetragonal lattice.
Starting from the high temperature phase, the cubic structure could have trans-
formed to the tetragonal structure shown in Fig. 3.1(b) or the structure shown
in Fig. 3.1(c). The cubic lattice can not differentiate between the three tetrag-
onal lattices. The three tetragonal structures have the same chemical energy
but different elastic energy. Consequently, it can be stated that the martensitic
transformation gives rise to different ‘symmetry-related variants’ of martensite.
(These are referred to as variants in this thesis). For instance, in the given ex-
ample, martensitic transformation can produce three variants of martensite
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and if the same example is imagined in 2D, i.e. square-to-rectangular transfor-
mation, martensite can have two variants. In general, the number of variants
depends on the change of symmetry during transformation and there is no rea-
son why the whole crystal of austenite should transform to a single variant of
martensite (Bhattacharya 2003).

The main austenite-martensite interface is usually considered to lie par-
allel to the habit plane and hence, the habit plane is defined as the interface
plane between austenite and martensite as measured on a macroscopic scale.
An important crystallographic feature of martensitic transformation is that
the martensitic units usually develop as lenticular or ellipsoidal plates because
of the opposing stresses in the surroundings. In some cases, the austenite-
martensite interface may be quite flat, as when a martensitic unit spreads across
the whole section of a single crystal or when the stresses in the surroundings are
relaxed (Kaufman & Cohen 1958). For instance, for unconstrained transforma-
tions i.e. with the stress-free boundaries, Fig. 3.2(a), the interface plane is flat,
but strain energy minimization introduces some curvature when the transfor-
mation is constrained by its surroundings, 3.2(b). The macroscopic habit plane
is however, identical for both cases.

(a)

(b)

Figure 3.2. A schematic representation of habit plane be-
tween austenite and martensite for (a) an unconstrained trans-
formation and (b) a constrained transformation.

3.1.2. Morphology

The morphology of the martensitic structure also of course, depends on the
composition of the alloy. It could either form the lath like structure i.e. bar
shaped units or the plate like structure i.e. lens shaped units. The lath marten-
site forms several martensitic units parallel to each other while in case of plate
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martensite non-parallel martensitic units are formed (Krauss & Marder 1971).
It has been observed empirically that the carbon composition of the alloy is an
important factor in determining the shape of the martensitic units. Krauss and
Marder (Krauss & Marder 1971) observed that in low carbon steels martensite
forms in the shape of laths while in the high carbon steels, it forms in the shape
of plates. Fig. 3.3 displays typical microstructures in case of a low carbon alloy,
showing formation of lath martensite, Fig. 3.3(a), and in case of Fe-1.86%C
alloy showing formation of plate martensite, Fig. 3.3(b).

(a) (b)

Figure 3.3. (a) Image quality map obtained from the FE-
SEM/EBSD measurement of the lath martensite structure in
the 0.20 wt.%C steel (Kitahara et al. 2006). (b) Autocat-
alytically formed plate martensite in an Fe-1.86 wt.% C alloy
(Krauss & Marder 1971).

As stated earlier, a change in crystal structure occurs during the marten-
sitic phase transformation. The crystal structure of martensite obtained by
quenching carbon steels from the austenite phase having the face-centered cu-
bic (FCC) structure, is body-centered tetragonal (BCT). Since the transforma-
tions are accomplished without any change in the relative position of the atoms,
it can be deduced that the orientation relationship between the parent phase
and the martensitic phase, and the change in shape of the transformed region,
are a direct consequence of the atomic movements during the transformation
(Bowles & Barrett 1952).

The shifting of atoms from the austenite to the martensite lattice can
be described by using transformation strain or in this particular case, Bain
strain. Bain proposed that a BCT lattice, e.g. the one showed in Fig. 3.1(b),
can be obtained from an FCC lattice, i.e. the one showed in Fig. 3.1(a), by
compression along one principal axis and a uniform expansion along the other
two axes perpendicular to it (Zenji 1978). Since there exists three possibilities
to obtain the BCT structure from the FCC structure using the Bain distortion
matrix i.e. applying the same transformation strain in all three principal axes,
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one can have three variants of martensite in an FCC-to-BCT transformation.
There could be other possible lattice distortions to obtain a BCT lattice from
an FCC lattice, however, the Bain strain is the most reasonable since it involves
the smallest relative atomic displacements and hence the smallest strain energy
(Zenji 1978). Fig. 3.4 shows a schematic representation of the Bain orientation
relationship showing the correspondence between FCC and BCT lattices (Guo
et al. 2004).

Figure 3.4. Bain correspondence between austenite (FCC)
and martensite (BCT) during martensitic transformation.

3.1.3. Thermodynamics

For a phase transformation to take place spontaneously at a given temperature
and pressure, it must be accompanied by a decrease in free energy. This phe-
nomenon also holds true for martensitic transformation. Austenite will trans-
form into martensite only when the free energy of austenite is greater than that
of martensite. This difference in free energy acts as the driving force behind
the martensitic transformation (Cohen et al. 1950). The driving force is thus
defined as the “excess in chemical free energy per mole of austenite over that
of martensite of the same composition” (Kaufman & Hillert 1992). However, a
positive change in free energy does not guarantee the start of martensitic trans-
formation due to an energy barrier between the two phases (Cohen 1949). To
trigger the phase transformation, the material must be cooled down to a suffi-
ciently low temperature (Ms) where enough free energy is available to overcome
this energy barrier (Cohen 1951).

Suppose the free energies of austenite and martensite, for a certain alloy,
are given as GA and GM respectively, where A represents austenite phase and
M represents martensite phase. There may be a temperature T o where the
free energies of both these phases are equal. At any lower temperature, the
difference in free energies of austenite and martensite phases is given as:

GM −GA = ∆GA→M (3.1)
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A negative value of ∆GA→M indicates a stable martensite phase and a positive
value indicates a stable austenite phase. As stated earlier, this difference in
energy acts as the driving force to actuate the martensitic transformation. A
higher value of (the magnitude of) ∆GA→M signifies a higher volume fraction
of martensite phase and vice versa. Fig. 3.5 shows a schematic representation
of the free energy of austenite and martensite phase as a function of temper-
ature. At T o, GM becomes equal to GA and ∆GA→M is reduced to zero.
Below T o, although martensite becomes more stable than austenite but the
martensitic transformation does not start until the material is supercooled to
Ms, where austenite-to-martensite reaction sets in spontaneously (Kaufman &
Cohen 1958).

Figure 3.5. A schematic representation of GA and GM vs.
temperature for an iron base alloy.

3.1.4. Effect of grain boundary

A grain boundary or the incoherent boundary is defined as a general planar de-
fect that separates regions of different crystalline orientation i.e. grains, within
a polycrystalline solid. It is a single-phase interface with crystals on each side
of the boundary being identical except in orientation. Since martensitic trans-
formation is a displacive transformation accomplished by cooperative atomic
displacements, it is disrupted at the boundaries between regions of the ma-
trix with different orientations, i.e. the grain boundaries (Guimaraes & Rios
2011). This is shown in Fig. 3.6(a), where martensitic plates are seen to stop
at the austenite grain boundary (shown in white dotted line) in a partially
transformed austenite grain of 12Cr–9Ni–4Mo–2Cu steel (Martin et al. 2008).

In a bulk material, the martensite initially formed in a grain, sets an auto-
catalytic process that can stimulate nucleation of new martensite units across
the grain boundary. Fig. 3.6(b) shows clusters of partially transformed grains
in a Fe-31wt.(%)Ni-0.02wt.(%)C alloy, cooled immediately below martensitic
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start temperature. It is evident from the figure that grain boundaries are im-
pervious to martensite propagation.

(a) (b)

Figure 3.6. (a) Surface relief formed by transformed marten-
site plates during isothermal transformation at 233K on a pol-
ished surface of the studied steel. The dashed line approxi-
mates the austenite grain boundary (Martin et al. 2008). (b)
Optical photomicrographs of a Fe-31%Ni-0.02%C cooled to the
burst temperature, 212-222K (Rios & Guimaraes 2010).

The sudden stoppage of a martensitic plate at a grain boundary generates a
perturbation that can interfere with the transfer of transformation strains to
the matrix grain. The martensite units forming zigzags are observed almost
in every grain where the transformation occurred. This zigzag pattern results
from the coupling of the transformation strain, a form of autocatalysis that
helps to minimize the strain energy (Machlin & Cohen 1951; Yang et al. 1984).
In a bulk polycrystalline material, the grain boundaries are expected to provide
a suitable environment for the initial nucleation of martensite (Yang et al. 1984;
Krauss et al. 1989; Zhang et al. 2007). Hence, the impingement of a martensite
unit onto a grain boundary should provide stimulus for the propagation of a
nucleation site in the adjacent grain (Rios & Guimaraes 2010). These empirical
facts emphasize that modeling martensitic transformation in a polycrystalline
material requires the implementation of a kinetic barrier on the grain boundary.

3.1.5. Effect of twin boundary

In many FCC crystals, another most frequently encountered crystal defect is
the so-called twin boundary or the coherent boundary. Twin boundaries occur
when two crystals of the same type intergrow, so that only a slight misorien-
tation exists between them. It is a high-symmetry interface, often with one
crystal the mirror image of the other. A schematic representation of the twin
boundary, showing the twin plane and the twin direction, is given in Fig. 3.7.
The twin boundary does not resist the martensite propagation as compared to
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the grain boundary. When a martensitic unit hits a twin boundary, it changes
its direction to align with the crystallographic orientation of the twin region.

Figure 3.7. A schematic representation of a twin boundary.

3.1.6. Effect of external loading

It is well known that the applied loading effects the martensitic transformation
as it varies the Ms. As stated in Section 3.1.3, the driving force to trigger
the martensitic transformation mainly comes from the difference in chemical
free energies of the austenite and martensite phases. At temperatures above
Ms, although martensite becomes stable, the phase transformation does not
start since the driving force is not enough to trigger the martensitic transfor-
mation. It is observed by various authors (Scheil 1932; Kulin et al. 1952) that
by applying external stresses, the mechanical energy is added algebraically to
the chemical energy to provide sufficient driving force for the initiation of the
martensitic transformation, even at temperatures above Ms. Patel and Cohen
(Patel & Cohen 1953) utilized this phenomenon and defined a criterion for the
action of applied stresses on the martensitic transformation. With an applied
load (σA), the stress is resolved into two components, parallel (S) and normal
(N) to the habit plane. The effect of the parallel component is carried by the
shear component of the transformation strain and the effect of normal compo-
nent is taken by the dilatational component of the transformation strain, as
shown schematically in Fig. 3.8. Hence, it was found that with an applied load
there is an effect both due to volume change and due to the shear associated
with the martensitic transformation (Fisher & Turnbull 1953).

It is observed that the Ms temperature is raised with a uniaxial compres-
sive stress, even more with a uniaxial tensile stress and lowered by hydrostatic
pressure (Patel & Cohen 1953; Neu & Sehitoglu 1992; Hsu 2006). In case of
uniaxial tensile loading, the component of the applied load normal to the habit
plane adds to the dilatational component of the transformation strain and the
parallel component adds to the shear component of the transformation strain.
As a result, an external tensile load aids the transformation andMs is increased.



3.1. MARTENSITIC TRANSFORMATION - A THEORETICAL BACKGROUND 15

In case of compressive loading, the component of the applied load normal to
the habit plane hinders the transformation since it acts against the dilatational
component of the transformation strain, but the shear component still favors
the transformation. As the shear displacement is much larger than the dilata-
tional displacement, a compressive load also raises the Ms, although it is lesser
than in the case of tensile load. However, a hydrostatic pressure only opposes
the transformation since there is no shear component and the component of the
applied load normal to the habit plane acts against the dilatational component
of the transformation strain. Hence, Ms is lowered with a hydrostatic pressure.

Figure 3.8. A schematic relationship between the applied
stress axis and the normal and shear components along the
habit plane.

The nucleation of martensite due to an external loading is categorized into
two regimes, namely stress-induced transformation regime and strain-assisted
transformation regime (Bolling & Richman 1970a,b; Olson & Cohen 1972). A
schematic relationship between applied stress and temperature is shown in Fig.
3.9. As explained previously, at and below Ms, martensitic transformation
can initiate unassisted. Above Ms, however, an external stress is required to
initiate the nucleation of martensite. From Ms to Mσ

s the stress required to
trigger the martensitic transformation is below the yield limit of austenite but
increases with the increase of temperature. In this regime yielding of the mate-
rial under applied stress is initiated by the onset of martensitic transformation.
Transformation occurring in this region, i.e. due to applied stress below the
yield limit of austenite, is known as stress-assisted transformation .
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Figure 3.9. A schematic representation of the relationship
between stress and temperature to define stress-assisted (below
Mσ
s ) and strain-induced (above Mσ

s ) martensitic transforma-
tion.

Above Mσ
s , the stress required to induce the nucleation of martensite must

reach or exceed the yield limit of austenite. Therefore, in this regime plasticity
initiate first due to slip, before nucleation of any martensite. Plastic strain then
activates the nucleation of martensite and hence, the transformation occurring
in this regime is known as strain-induced transformation (Olson & Cohen 1972,
1975, 1976). The external stress required to trigger the martensitic transfor-
mation just above Ms tends to follow the yield limit of austenite. However,
at higher temperatures, due to further decrease in the chemical driving force,
additional plastic strain are required, which necessitates the applied stress to
increase beyond the yield limit of austenite. In Fig. 3.9 σ̄ represents the yield
limit in a real case that changes with temperature, while σy is the yield limit
taken in this study, which is assumed to be constant. At temperatures above
Md, martensite is not produced even with the application of an external load.

3.2. Phase field modeling of martensitic transformation

Phase field modeling of martensitic transformation started with the pioneering
work of Wang and Khachaturyan (Wang & Khachaturyan 1997), in which the
time dependent Ginzburg-Landau equation was coupled with the Khachatu-
ryan microelasticity model (Khachaturyan 2008) to simulate a generic cubic-
to-tetragonal martensitic transformation in an elastically isotropic and elasti-
cally homogenous single crystal. Thereafter, the similar approach was used by
various authors to simulate martensitic transformation in single crystals and
polycrystals, both in 2D and 3D (Artemev et al. 2000, 2001; Jin et al. 2001;
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Artemev et al. 2002; Ahluwalia et al. 2004; Wang & Khachaturyan 2006; Ya-
manaka et al. 2010; Finel et al. 2010; Man et al. 2010; Levitas & Javanbakht
2011). In this research, the phase field microelasticity model presented by
Khachaturyan is employed to study the evolution of martensitic microstruc-
ture both in 2D and 3D. This section presents an overview of the elasto-plastic
phase field model with the effect of grain and twin boundaries along with the
effect of external stresses, in a polycrystal. Einstein summation convention is
used except for the indices representing different martensitic variants.

In phase field modeling of martensitic transformation, the phase field vari-
ables, or the order parameters, are the non-conserved variables that are used
to represent the microstructure at a particular point in space and time. Since
it is a diffusionless transformation, the alloy composition is assumed to be
constant (Chen 2002). The phase field variable is taken as 0 in the austen-
ite phase and 1 in the martensite phase. As shown previously in Fig. 3.1,
the cubic-to-tetragonal martensitic transformation involves a symmetry reduc-
tion, hence resulting in three equivalent ways to produce a tetragonal structure
from a cubic structure. Since there is a transformation strain associated with
the cubic-to-tetragonal martensitic transformation, the different variants of the
tetragonal structures interact to minimize the elastic strain energy (Moelans
et al. 2008). Therefore, a set of three phase field variables, i.e. η1, η2 and η3,
is required to represent the three tetragonal variants of the martensite phase.

The driving force behind the evolution of the martensitic microstructure
comes from the possibility to reduce the Gibbs free energy, G of the system.
The evolution of the martensitic microstructure, therefore, can be modeled by
the Allen-Cahn time dependent Ginzburg-Landau equation, given below (Wang
& Khachaturyan 1997; Moelans et al. 2008):

∂ηp(r, t)

∂t
= −

3∑

q=1

Lpq
δG

δηq(r, t)
(3.2)

where r(x, y, z) is the vector of the spatial coordinates expressed in Cartesian
coordinate system and Lpq is the kinetic coefficient which is assumed to be
isotropic in this study. Hence, Lpq = Lδpq, where δpq is the Kronecker delta.
The left hand side of eq. 3.2 gives the time evolution of different variants of the
martensite phase by solving for minimization of total Gibbs free energy, on the
right hand side. In case of a solid-state diffusionless phase transformation, the
total Gibbs free energy consists of three components, namely the bulk energy
density Gbulkv , the gradient energy density Ggradv and the elastic strain energy
density Gelv .

G =

∫
(Gbulkv +Ggradv +Gelv ) dV (3.3)
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3.2.1. Chemical energy

The chemical part of the Gibbs free energy comprises the bulk energy and the
gradient energy. Gbulkv is given as a fourth order Landau polynomial in terms
of the phase field variables, ηp (Artemev et al. 2001):

Gbulkv =
1

Vm

[1

2
Â
(
η21 + η22 + η23

)
− 1

3
B̂
(
η31 + η32 + η33

)
+

1

4
Ĉ
(
η21 + η22 + η23

)2]

(3.4)

where the coefficients are given as: Â = 32∆G∗, B̂ = (3Â − 12∆Gm) and

Ĉ = (2Â− 12∆Gm). A detailed formulation of the modified coefficients can be
found in Ref. (Yeddu et al. 2012) or paper 1 given in Part II of the thesis. ∆Gm
is the driving force behind the martensitic phase transformation i.e. difference
in free energies of the austenite and martensite phases, while ∆G∗ is the Gibbs
energy barrier between the austenite and the martensite phase, which needs to
be overcome to initiate the phase transformation.

(a)

(b)

Figure 3.10. A plot of the bulk energy density of a system
with only one order parameter (a) at To without any driving
force and (b) at Ms with driving force. The zoomed in image
of the dotted region in (b) illustrates the presence of an energy
barrier even with a high driving force.
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As explained earlier in Section 3.1.3, ∆Gm is required to have a certain
critical value to trigger the phase transformation, even in the presence of a pre-
existing nucleus. Eq. 3.4 is a double-well function having minima at η1 = 1,
η2 = 1 and η3 = 1 and a local minima at (η1, η2, η3) = (0, 0, 0). Fig. 3.10 shows
a plot of Gbulkv , without and with a driving force, with only one variant. The
other two variants follow the same trend. As can be seen from Fig. 3.10, at
To both phases are in equilibrium with each other but as the temperature is
reduced to Ms, the martensite phase becomes more stable than austenite phase
leading to the martensitic transformation from a pre-exisitng nucleus.

The second component of the chemical part of the Gibbs free energy, the
gradient energy density Ggradv , is given as the square of the gradient of the
phase field variable times the gradient coefficient βij (Artemev et al. 2001).

Ggradv =
1

2

v∑

p=1

βij (p)
∂ηp(r, t)

∂ri

∂ηp(r, t)

∂rj
(3.5)

In this research the gradient coefficient βij is assumed to be isotropic. Hence,
βij = βδij . β is given in terms of interfacial energy γ, molar volume Vm and
Gibbs energy barrier ∆G∗ as follows (Yeddu et al. 2012):

β =
9γ2Vm
16∆G∗

(3.6)

3.2.2. Elastic energy

The elastic strain energy density of a linear elastic material is given as the work
done by the elastic stresses, σij :

Gelv =

∫ εij(r)

ε0ij(r)

σij (r) dεij (r) (3.7)

where εij are the elastic strains. An elastic stress only arises when the local
strain deviates from the local Eigen strain ε0ij . According to the phase field
microelasticity theory (Khachaturyan 2008), in an elastic material the Eigen
strain is defined by the the transformation strain εtij . ε

t
ij in a single crystal is

given as a sum of the stress-free transformation strain ε00ij weighted with the
corresponding phase field variable:

ε0ij (r) = εtij (r) =

v∑

p=1

ηp (r, t) ε00ij (p) (3.8)

Here the stress-free transformation strain is the strain that would be the result
if a single crystal of parent phase transforms fully to the martensite phase, e.g.
in this case the Bain strain. ε00ij are given as follows (Artemev et al. 2001):
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ε00ij (1) =



ε3 0 0
0 ε1 0
0 0 ε1


 , ε00ij (2) =



ε1 0 0
0 ε3 0
0 0 ε1




ε00ij (3) =



ε1 0 0
0 ε1 0
0 0 ε3


 (3.9)

The components of the transformation strain matrix, ε1 and ε3 are related to
the lattice parameters of the austenite phase (ap) and the martensite phase
(am and cm), as given by the following relations:

ε1 =
am − ap
ap

and ε3 =
cm − ap
ap

(3.10)

For a partly transformed material the elastic strain εij (r) would be the differ-
ence between the total strain εtotij (r) and the Eigen strain ε0ij (r).

εij (r) = εtotij (r)− ε0ij (r) (3.11)

Since the transformation strains are finite, the total strain εtotij is given as a
non-linear function of the gradient of the displacement vector u(r) (Finel et al.
2010).

εtotij (r) =
1

2

(
∂ui (r)

∂rj
+
∂uj (r)

∂ri
+
∂uk (r)

∂ri

∂uk (r)

∂rj

)
(3.12)

However, for the sake of simplicity, in paper 1 and paper 2, the geometrically
linear approximation is employed leading to a linear strain tensor. The qua-
dratic terms are neglected in the previous equation and the resulting relation
is as follows:

εtotij (r) =
1

2

(
∂ui (r)

∂rj
+
∂uj (r)

∂ri

)
(3.13)

The stress is evaluated using the Hooke’s law.

σij (r) = Cijklεkl (r) (3.14)

where Cijkl is the fourth order elasticity coefficient matrix. For simplicity,
isotropic and homogeneous elastic properties are assumed in this research, ex-
cept in paper 1 where anisotropic elastic properties are also studied in a single
crystal. The details of the anisotropic elasticity coefficient matrix are given
in paper 1. Elsewhere, Cijkl is expressed in terms of Young’s modulus E and
Poisson ratio ν as follows:

Cijkl =
Eν

(1 + ν)(1− 2ν)
δijδkl +

E

2(1 + ν)
(δikδjl + δilδjk) (3.15)
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Since mechanical equilibrium is assumed to reached instantly, the following
standard equilibrium equation is used to solve for the elastic stresses:

∂σij(r)

∂rj
= 0 (3.16)

Finally, the elastic part of the Gibbs free energy, Gelv can be evaluated using
eq. 3.7:

Gelv = Cijkl

(
1

2
εtotij (r) εtotkl (r) +

1

2
ε0ij (r) ε0kl (r)− εtotij (r) ε0kl (r)

)
(3.17)

3.2.3. Plasticity model

Plastic deformation will initiate in the material once the stress reaches the
yield limit of the material. This results in the relaxation of elastic stresses. To
introduce the effect of plastic accommodation in the model, the plastic strain
εpij is added algebraically to the transformation strain εtij . The Eigen strain,
eq. 3.8, is now given as:

ε0ij (r) = εtij (r) + εpij (r) (3.18)

To inquire local yielding in the material, the von-Mises criterion is used. The
material starts to yield once the von-Mises equivalent stress σeq reaches or
exceeds the yield stress σy of the material governed by the criterion given
below:

σ2
eq − σ2

y =
1

2
(σxx − σyy)

2
+

1

2
(σyy − σzz)2

+
1

2
(σxx − σzz)2 + 3

(
σ2
xy + σ2

yz + σ2
xz

)
− σ2

y ≥ 0 (3.19)

which can also be written in the energetic form as follows (Guo et al. 2005):

Gshearv − σy
3µ
≥ 0 (3.20)

where Gshearv is the elastic shear strain energy density and µ is the shear mod-
ulus. Hence, plastic deformation initiates in the material when the shear strain
energy density exceeds the ratio of yield stress and three times the shear mod-
ulus. Therefore, the temporal evolution of plastic strain can be evaluated by
the minimization of the shear strain energy density, as given by the following
time dependent equation (Guo et al. 2005, 2008; Yamanaka et al. 2010):

∂εpij (rp, t)

∂t
= −Nijkl

δGshearv

δεpkl (rp, t)
(3.21)
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Nijkl is the fourth order plasticity kinetic coefficient tensor defined as Nijkl =
Sijkl/k where Sijkl is the elastic compliance tensor. The constant k is deter-
mined such that the martensitic transformation initiates at the experimentally
determined Ms for the given alloy in a single crystal (Yeddu et al. 2012). rp
in eq. 3.21 illustrates that the equation is valid only in the regions where
the equivalent stress exceeds the yield stress. The elastic shear energy density
Gshearv is evaluated in the same fashion as elastic strain energy density.

Gshearv =

∫ eij(r)

e0ij(r)

σij (r) deij (r)

= Cijkl

(
1

2
etotij (r) etotkl (r) +

1

2
e0ij (r) e0kl (r)− etotij (r) e0kl (r)

)
(3.22)

where etotij and e0ij are the deviatoric components of the total strain tensor and
the Eigen strain tensor, respectively, and are given by the following relations:

etotij (r) = εtotij (r)− 1

3
εtotij (r) δij

e0ij (r) = ε0ij (r)− 1

3
ε0ij (r) δij (3.23)

3.2.4. Polycrystal model

In order to simulate martensitic transformation in a polycrsytal, a local coor-
dinate system is defined in each grain, aligned with the crystallographic orien-
tation of that grain, which is set at a certain angle with respect to the global
coordinate system. The global coordinate system is kept parallel to the sim-
ulation domain. The stress-free transformation strain is then rotated in each
grain according to the orientation of that grain. In case of 2D simulations, the
orientation of each grain is defined by an angle θ between the local coordinate
system and the global coordinate system. To evaluate the stress-free transfor-
mation strain in each grain, a rotation matrix Rij(θ) is introduced (Yamanaka
et al. 2010). Eq. 3.8 is then modified as follows:

εtij (r) =

2∑

p=1

Rik(θ)Rjl(θ)ε
00
kl (p)ηp (r, t) (3.24)

where Rij(θ) is given as:

Rij(θ) =

[
cos θ − sin θ
sin θ cos θ

]
(3.25)

In case of 3D simulations, three angles φ, θ and ψ are introduced to define
the orientation of each grain along x, y and z-axis, respectively, in a global
coordinate system. To rotate the stress free transformation strain in each grain,
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eq. 3.8 is modified as follows.

εtij (r) =

3∑

p=1

Qik(φ, θ, ψ)Qjl(φ, θ, ψ)ε00kl (p)ηp (r, t) (3.26)

where the rotation matrix Q(φ, θ, ψ) is defined as:

Q(φ, θ, ψ) =



cθcψ −cφsψ + sφsθcψ sφsψ + cφsθcψ
cθsψ cφcψ + sφsθsψ −sφcψ + cφsθsψ
−sθ sφcθ cφcθ


 (3.27)

where cχ = cosχ and sχ = sinχ. Here xyz convention is used to define the
rotation of a 3D matrix.

Apart from the transformation strain, a major difference between a single crys-
tal and a polycrystal is the effect of grain boundaries. In a single crystal, the
grain boundaries are not included since they overlap with the domain bound-
aries and they do not have any effect on the morphology of the martensitic
microstructure. In a polycrystal, however, the grain boundaries should be in-
cluded to correctly capture the evolution of martensitic microstructure, as they
lie inside the computational domain. The effect of the grain boundaries and the
way they are treated in the phase field model are discussed in the next section.

3.2.5. Grain and twin boundaries

It is generally accepted that the martensitic plates in a polycrystalline mate-
rial do not cross the grain boundaries. The transformation rather stops at the
incoherent boundary and stimulates new domains in the neighboring grains, as
explained in Section 3.1.4. Therefore, to introduce the effect of grain bound-
aries in the numerical simulation of martensitic transformation in a polycrystal,
a new region or phase is defined at the boundary of the grains, i.e. the grain
boundary, and a kinetic barrier is employed in this region. The kinetic coeffi-
cient, L in eq. 3.2, is then given by the following equation:

L = Lg[1− tanh(
rgb
∆r

)] + Lgb[tanh(
rgb
∆r

)] (3.28)

where rgb goes to 1 inside the grain boundary and approaches 0 in the grains.
Lg is the kinetic coefficient inside the grains and Lgb is the value of the kinetic
coefficient inside the grain boundary. ∆r is set such that it ensures a smooth
transition from Lg to Lgb. Since kinetic coefficient is related to the mobility
of martensitic interface, Lgb is taken as 0. Consequently interface mobility
also becomes 0 inside the grain boundaries. Figure 3.11 shows a schematic
description of the given model where grain 1 and grain 2, having different
crystallographic orientations, are separated by a region having zero mobility.
This region essentially acts as a grain boundary between the two grains.

As a result, when a martensitic plate hits the grain boundary, it stops and does
not continue into the neighboring grains. Since the martensitic transformation
introduces stresses in the material, the sudden stoppage of a martensitic plate
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causes increased stress at the grain boundary. As the stress field is continuous,
this perturbation in the stress distribution propagates and induces nucleation
of a martensitic domain in the adjacent grain. The phenomenon is also known
as autocatalysis.

Figure 3.11. A 2D schematic representation of the grain
boundary treatment in a polycrystal. The red line represents
the mobility inside the grains and the grain boundary.

A twin in an FCC crystal is obtained by gliding each (111) plane by a
vector of the type s = a

6 [1,−2, 1] where a is the lattice parameter. Such a
vector is called a Shockley partial. The twin boundary is then the boundary
between the planes that have not glided and the first glided plane. The twin
boundary thus has the normal vector [111]. The crystals on each side of the
boundary are rotated 60o or 180o relative to each other with the [111] vector
as the rotation axis. As explained in Section 3.1.5, a twin boundary does not
hinder the growth of the martensitic units and therefore, no special treatment
is required on the kinetic coefficient. Hence, to include the effect of the twin
boundary a grain is cut on the (111) plane i.e. the twin plane, and the lattice
on one side of the plane is rotated 60o relative to the other along [111] as
the rotation axis. Fig. 3.12 shows a 2D schematic representation of the model
where the twin boundaries are represented by broken lines and the lattice inside
the twin region is rotated by an angle 60o relative to the lattice outside the
twin region.

3.2.6. Applied loading

In most of the previous studies, the effect of external load is employed by adding
a mechanical energy term to the Gibbs free energy, eq. 3.3. In this research,
however, the stress is applied explicitly on the computational domain by adding
it as a boundary condition in the mechanical equilibrium equation. With an
external loading, eq. 3.16 is given as:
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∂σij(r)

∂rj
= 0, with texti = σijnj (3.29)

where texti is the applied load and nj is the normal vector to the given surface.

Figure 3.12. A 2D schematic representation of the twin
boundary (broken line) in a grain. ϕ is the angle by which
the lattice is rotated across the twin boundary.

3.3. Numerical treatment

3.3.1. Physical & computational parameters

For all the simulations performed in this research, elastic and thermodynamic
properties of Fe-0.3%C are used. As stated in Section 3.2.2, the material under
consideration is assumed to be elastically isotropic and homogeneous. The
Young’s modulus for both austenite and martensite phases is taken as 210 GPa
and the Poisson’s ratio is assumed to be 0.33, the values typically used for
steels. In paper 2, for the sake of simplicity, the yield strength (σy) of austenite
and martensite is assumed to be same, i.e. 500 MPa. However, in paper 1,
paper 3 and paper 4, the yield strength of austenite is taken as 500 MPa and for
martensite it is taken as 800 MPa. The transformation strain or the Bain strain
in systems exhibiting dilatation effect, as given in eq. 3.10, are based on the
experimentally determined values of the lattice parameters (Zenji 1978) and are
found to be ε1 = 0.1363 and ε3 = −0.1882. In paper 1, a dilatationless system
is also studied and transformation strain in that case are taken as ε1 = 0.05
and ε3 = −0.1. The values for the dilatationless system are chosen such that
there is no volume change in the domain after the transformation.

An important factor in determining the accuracy of the numerical results
produced from the phase field modeling is the interface thickness. However, it
should be noted that a specific choice is not very important as long as the value
is chosen within a physically acceptable range. Interface thickness (δ), in this
research, is assumed to be 1 nm and interfacial energy (γ) is taken as 0.01 J/m2.
The molar volume Vm for the given alloy is 7×10−6 m3/mol. The quantities
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∆G∗, γ and δ should be regarded as direct physical quantities. However, they
are not independent and could be related by the following relation (The details
are attached as appendices in paper 1):

∆G∗ =
3

4
√

2

γVm
δ

(3.30)

Knowing the values of γ and δ, ∆G∗ can be calculated and is found to be 37.12
J/mol. The gradient coefficient β can then be determined using the relation
given in eq. 3.6. β with the given parameters is found to be 1.06×10−11 J/m.
Due to the insufficient experimental data available on the mobility of marten-
sitic interfaces, the kinetic coefficient Lg is assumed to be 1, having the dimen-
sion of energy−1.time−1. This means that the real time scale may be obtained
by dividing the time in the simulations with the real value of Lg. The driving
force (4Gm) for the given alloy at different temperatures is determined using
the TCFE6 database in the Thermo-Calc software (Andersson et al. 2002). It is
a software package that is used to perform thermodynamic and phase diagram
calculations for multi-component systems in which the calculations are based
on thermodynamic databases produced by evaluation of experimental data us-
ing the CALPHAD method. The results presented in Chapter 5 are given at a
non-dimensional time t∗, which is scaled as follows:

t∗ =
LRT

Vm
t (3.31)

where t is given in seconds, T is the temperature of the system and R is the
gas constant.

To perform numerical simulation on 2D and 3D computational domains,
different grid sizes are used in this research depending on the resources available
at that time. In paper 1, the physical size of the cubic simulation domain
is taken as 1×1×1 µm3 with a grid size of 50×50×50. We do realize that a
coarser mesh does not produce statistically meaningful results and therefore, we
performed a test simulation on 150×150×150 grid, but no considerable change
was observed in the numerical results. In paper 1, therefore, a 50×50×50 grid
was used to perform the numerical simulations. In paper 2, 3 and 4 however,
we used a much finer mesh resolution. The physical dimensions of the 2D
computational domain are 0.1×0.1 µm2 with a grid size of 700×700 and for
the 3D simulations, the physical dimensions of the cubic domain are 50×50×50
nm3 with a grid size of 150×150×150.

The 2D and 3D polycrystalline structures for the parent phase that are
used in paper 3 and 4 are shown in Fig. 3.13. The grain structures used in
this research, e.g. the ones showed in Fig. 3.13, are created using Voronoi
tesellations. To create a polycrystalline structure, 11 and 20 points, selected
randomly, were chosen in 2D and 3D domains, respectively. These points could
be called as nuclei for the grain growth. The distance between these nuclei
and each grid point in the domain was then calculated and a particular grain
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was constructed, comprising of all the points lying closest to the corresponding
nucleus.

(a) (b) (c)

Figure 3.13. (a) 2D and (b)-(c) 3D computational domains
used to perform numerical simulations in paper 3 and 4. The
colors represent different crystallographic orientations of the
grains while the white lines depict grain boundaries. In (c)
the broken black lines illustrate the twin boundaries.

3.3.2. FEM based computational tool-femLego

A finite element based computational toolbox called as femLego (Amberg et al.
1999) is used in this research to perform the numerical simulations. femLego
is an open source symbolic tool to solve partial differential equations using the
finite element method. The whole problem definition including the governing
equations in the weak form along with the initial and boundary conditions, is
done in Maple. On compiling the Maple sheet a C/C++ and fortran code is
generated, which then solves the numerical problem for the given time period.
The unknown variables are discretized in space using piecewise linear approx-
imation functions. One of the main advantages of femLego is that to modify
the governing equations or the parameters involved, one does not need to touch
the source code. The code is finally run on parallel computers comprising of
64 bit quadcore Intel Xeon E5520-2.26 GHz machines.

3.3.3. Numerical algorithm

As stated previously, the finite element method is used to solve the governing
partial differential equations. 2D domain is discretized using the triangular
elements while the 3D domain is discretized using the tetragonal elements.
The algorithm used to solve the numerical problem is as follows. In the first
step of the solution, the equation for mechanical equilibrium (eq. 3.16) is solved
assuming constant values of plastic strain, taken from the previous time step.
Eq. 3.12 (or eq. 3.13) and eq. 3.14 are then used to compute total strain and
total stress. At the end of this step, all the updated values of total strain and
total stress are known. In the next step, von Mises criterion (3.19) is employed
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to check if the equivalent stress at a certain point in the domain has reached (or
exceed) the yield limit of the material or not. For all the points, where yielding
has initiated in the material, eq. 3.21 is used to compute the evolution of
plastic strain. Finally in the last step of the solution, the Allen-Cahn equation
(eq. 3.2) is used to compute the time evolution of the phase field variable. The
whole process is repeated for all the time steps or until the transformation has
stopped.



CHAPTER 4

Thermohydraulic microactuator

4.1. Introduction

A thermohydraulic microactuator is a micro-device that utilizes phase transi-
tion in Phase Change Materials (PCM) to generate movement and forces. The
most commonly used PCM in microactuators is paraffin, that utilizes a solid-to-
liquid phase transition. Depending on the type and applied pressure, paraffin
can achieve an enormous volumetric expansion of up to 15%, generating large
hydraulic pressures. Combined with its low compressibility, these immense
hydraulic pressures are exploited for the applications in microactuation.

The schematic of a typical PCM thermohydraulic microactuator, used to
create a micropump, is shown in Fig. 4.1 (Bodén et al. 2008a). The white
portion in the figure represents a PCM e.g. paraffin and the dark grey color
illustrates the liquid to be pumped. The thin grey plate inside the paraffin
chamber is the heat source. In microfluidics, paraffin based microactuators
have widespread applications including microvalves in space applications and
printing devices, micropumps for drug dosing in medicine and chemical mi-
croreactors, and microgrippers in micro-robotic systems. Paraffin based mi-
croactuators have also been demonstrated in applications like lab-on-a-chip
(Liu et al. 2004a; Bodén et al. 2008b; Jonsson et al. 2012), where the paraffin
valves or pumps are coupled to additional on-chip functionality e.g. syntheses
and analyses in biotechnological and pharmaceutical development processes.

Figure 4.1. Schematic cross-section of a typical paraffin
based micropump. Paraffin is shown in white while the dark
grey color represents the pumped liquid. (Bodén et al. 2008a)

The first microactuators utilizing phase transformation in paraffin were
presented in late 1990s and early 2000s (Kabei et al. 1997; Carlén & Mas-
trangelo 2002a; Klintberg et al. 2002). To date, a number of authors have
reported design, fabrication and analysis of paraffin microactuators (Carlén &
Mastrangelo 2002a,b; Liu et al. 2004b; Lee & Lucyszyn 2005; Bodén et al. 2006;
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Ogden et al. 2010; Sharma et al. 2011). The analyses performed by these au-
thors were largely by employing analytical techniques and theoretical studies.
The group of Hjort et al. at Uppsala University, Sweden, has presented several
studies related to the implementation of paraffin microactuators to create high
pressure micropumps and valves (Bodén et al. 2006; Lehto et al. 2008; Bodén
et al. 2008b,a; Ogden et al. 2010; Svensson et al. 2010; Sharma et al. 2011; Jon-
sson et al. 2012). Most of these studies have focused on techniques to fabricate
such devices and it always remained a need to optimize the response time and
geometry of the microactuator to best suit the applications. It is very difficult
to study the melting process on the physical device, since it it quite impractical
to measure temperature on such a small scale. Hence, a numerical analysis is
the only feasible solution to predict the performance of the actuator and thus
optimize the design procedure.

Since the development of paraffin based membrane actuators, research work
dedicated to numerically model and analyze their performance is sparse. Lee
and Lucyszyn, who performed a thermal analysis (Lee & Lucyszyn 2007b) and
a pressure analysis (Lee & Lucyszyn 2007a) of their electrothermal hydraulic
microactuator, can be given the credit of initiating the trend of numerical
modeling of microactuators. Later, Kong et al. (Kong et al. 2009) and Boden
et al. (Bodén et al. 2008a) performed thermomechanical FEM analyses of
their systems and found good agreement between experiments and numerical
simulations. However, both authors used geometry specific models and thermal
properties that were tuned specifically for their systems, which made their
numerical models unfit for other thermohydraulic actuators. This led us to the
construction of a new model, which can use realistic thermal properties of any
available system and geometry to predict not only the time response of the
system but also its performance for different geometries.

Section 4.2 gives a brief overview of the design and working of the physical
device used in this research. In Section 4.3, a summary of the numerical model-
ing of the paraffin based thermohydraulic membrane actuator is presented. As
opposed to the models previously found in literature, the given model is geom-
etry independent and treats paraffin as a liquid in both phases. The model uses
realistic thermomechanical properties and can be employed to analyze different
geometries.

4.2. Paraffin microactuator

4.2.1. Design

The paraffin based microactuator is developed at Ångstrom Laboratory, Upp-
sala University, Sweden. The paraffin chamber in the microactuator is flat and
cylindrical, with a radius, i.e., wp, of 1 mm and a height, i.e., hp, of 275 µm,
as shown in Fig. 4.2. The actuator is composed of stacked sheets of stainless
steel with different geometries, a patterned copper-clad polyimide sheet holding
the immersed resistive heaters, and a 10 µm thick stainless steel membrane to
cover the actuator. The total thickness of the device, i.e., hs, is 575 µm. In the
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model, the total radius of the device, i.e., ws, is 2 mm. As the thin covering
membrane is the only boundary that is movable, all the expansion upon melt-
ing of the paraffin is directed there. In addition, the cylindrical shape enables
a homogenous force distribution along the rim of the actuator. The details of
the design and experimental setup can be found in paper 5, given in part II of
this thesis.

Figure 4.2. Photo of a device (on the right) comprising three
actuators, of which one is shown as a 3D CAD image (on the
left) with a quarter cut.

4.2.2. Working principle

The white rectangles in Fig. 4.2 inside the paraffin chamber, shown in brown,
represent heat sources. As the heaters are activated, the paraffin starts to
melt causing an increase in volume. Since the paraffin is enclosed by a thin
stainless steel membrane on the top, shown in black, it exerts pressure on
the membrane and causes it to deform. Once all the paraffin is melted, the
membrane reaches its maximum deflection and the system attains a thermal
equilibrium. The hearers are then turned off and the paraffin starts to solidify,
causing a decrease in the volume. The actuator membrane eventually deforms
back to its original state, and this completes one actuator stroke.

4.3. Numerical model

The given problem is solved by using an axisymmteric numerical model. The 2D
axisymmetric geometry of the microactuator is shown in Fig. 4.3. The paraffin
chamber is shown in brown, and the thin black layer on the top shows the steel
membrane. The stainless steel casing is represented by the blue surroundings.
The white rectangles inside the paraffin chamber represent the heaters covered
by the layers of parylene.

In the previous attempts to numerically simulate paraffin microactuators
(Lee & Lucyszyn 2007a,b), paraffin was treated as a solid below its melting
point and a liquid otherwise. The novelty of our numerical model is the treat-
ment of paraffin as a liquid in both solid and liquid phases. Modeling the active
material as fluid enables the model to better conform to localized loads and
offer the opportunity to follow material movements in enclosed volumes. The
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two phases are differentiated by a change in density, viscosity and specific heat,
above and below the melting point. Paraffin is modeled as a highly viscous liq-
uid with high density and viscosity (i.e. a viscoelastic solid) below the melting
temperature and lower density and viscosity above the melting temperature.
This change in the density upon melting causes the paraffin to expand. The
variations in density and specific heat are measured experimentally while the
viscosity varies linearly between the two given values. The finite element based
numerical simulations are performed in COMSOL Multiphysics. COMSOL al-
lows handling different kinds of physics e.g. solid mechanics, fluid mechanics
and phase change, collectively by adding the corresponding modules. The de-
formation in the membrane is tracked using the moving-mesh technique and
the fluid-solid interaction is handled using the ALE method.

Figure 4.3. 2D axisymmetric schematic model of the paraf-
fin microactuator. The paraffin chamber is shown in brown,
the steel membrane is shown in black, and the stainless steel
casing is shown in blue, whereas the white rectangles within
the paraffin chamber represent the heat source. The broken
line in red is the axis of symmetry.

The Young’s modulus of steel is taken as 210 GPa and the Poisson’s ratio
is assumed to be 0.33. Thermal conductivity and kinematic viscosity of the
paraffin are retrieved from literature. The temperature and the displacements
are fixed at the boundaries of the steel casing, whereas the top of the steel
membrane is thermally insulated and stress-free.

4.3.1. Governing equations

The deformation in the steel membrane is modeled as a linear elastic material
with no plastic deformation. As the stresses in the membrane remain well inside
the yield limit, plasticity can safely be neglected. For an axisymmetric time
dependent linear elastic problem, the governing equations are given as follows.

ρs
∂2us
∂t2

−∇ · σ = Fv (4.1)
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where ρs is density of the solid material, us represents the displacement field,
Fv is the force per unit volume which the paraffin exerts on steel membrane
and σ is the elastic stress. Since the given problem is temperature dependent,
elastic stress is given by the following relation.

σ = C : (ε− α(T − Tref )εo) (4.2)

where C is a fourth order tensor containing the elastic constants, α is the
thermal expansion coefficient for steel and εo is the unit tensor. Since the
material is linear elastic and isotropic, a temperature change only produces
normal strain. ε in the above equation is the linear strain tensor, given as:

ε =
1

2

[
(∇us)

T
+ (∇us)

]
(4.3)

The reference temperature Tref for the given problem is set to 293K. As the
velocities inside the fluid domain are very small, Stokes equations are used to
solve for the fluid flow.

ρf
∂uf
∂t

= ∇ ·
[
−pI + µ

(
∇uf + (∇uf )

T
)
− 2

3
µ (∇ · uf ) I

]
+ F (4.4)

where ρf , uf and p are the density, velocity and pressure of the fluid domain, re-
spectively. µ represents the dynamic viscosity of paraffin and it varies smoothly
across the melting temperature of paraffin. F is the external body force per
unit volume, which in this case, is the force exerted by the steel membrane on
the paraffin. (χ) T represents the transpose of (χ).

Finally, the mass conservation is given as:

∂ρf
∂t

+∇ · (ρfuf ) = 0 (4.5)

To solve for the time-dependent heat flow, following equation is used:

ρCp
∂T

∂t
+∇ · (−k∇T + ρCpTuf ) = Q (4.6)

where T represents the temperature distribution in the system. ρ is the density
and uf is the velocity of the fluid. Cp is the heat capacity at constant pressure
and k is thermal conductivity. Q, in the above equation, represents thermal
energy from the heat source.

Further details of the numerical model and the modeling scheme to solve
the numerical problem can be found in paper 5, given in part II of the thesis.



CHAPTER 5

Summary of results

A brief summary of the results obtained in this research is presented below.

5.1. Martensitic transformation in a single crystal

The results presented in this section are reported in paper 1, given in part
II of this thesis. A 3D phase field model is developed to study the marten-
sitic transformation in a single crystal. The martensitic phase transformation
is simulated with both clamped and non-clamped boundary conditions in 3D.
Anisotropic elastic properties and dilatationless transformation strain have also
been studied. In all the cases presented in this section, martensitic transforma-
tion is triggered by placing a pre-existing nucleus in the centre of the domain
while the temperature of the system is set to be at 100oC below Ms. Red,
green and blue colors in the figures given in this section represent first, second
and third variants of the martensite phase, respectively. For all the variants,
the isosurface of the phase field variable is plotted at ηp = 0.5.

Figure 5.1. Final microstructure of martensite in a single
crystal with clamped boundaries and dilatationless transfor-
mation strain. Red, blue and green show different variants of
martensite.

34
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With dilatational transformation strain and without plastic relaxation, the
initial nucleus of the martensite phase shrinks and transforms back to austen-
ite. The reason behind this behavior is the clamped boundary condition which
increases internal stresses as the initial nucleus tends to grow. Since the elastic
energy is always positive, an increase in internal stresses decreases the driv-
ing force for the formation of martensite, making austenite more stable under
the given conditions. With dilatationless transformation strain, however, the
initial nucleus grows causing self nucleation of all three variants of martensite.
Since there is no plasticity, the only mode of stress relaxation here is self nu-
cleation of new variants of martensite. The final microstructure is shown in
Fig. 5.1, where almost all the domain has been transformed to martensite.
The reason of a complete austenite-to-martensite transformation in this case is
the low magnitude of transformation strain, resulting in lesser internal stresses,
consequently making martensite more stable than austenite.

(a) t∗ = 10 (b) t∗ = 40 (c) t∗ = 230

Figure 5.2. Evolution of martensite in a single crystal with
clamped boundaries and anisotropic elastic properties. Red,
blue and green show different variants of martensite.

Fig. 5.2 gives three snapshots in time showing the evolution of marten-
sitic microstructure in a single crystal with anisotropic elastic properties and
clamped boundary conditions. Plasticity is turned “on” in this case. The initial
nucleus grows here as the internal stresses are relaxed due to plastic relaxation
in the material. At t∗ = 10, the initial spherical nucleus has been transformed
to an ellipsoid, primarily due to the minimization of elastic strain energy and
gradient energy. As the time progresses, the initial nucleus comprising the
first variant of martensite, grows and induces self nucleation of second and
third variants of martensite, as shown in Fig. 5.2(b). The phenomenon is
known as autocatalysis. Since the boundaries of the domain are clamped, the
growing martensite phase increases internal stresses in the material and resists
further growth of martensite. The final microstructure is given in Fig. 5.2(c),
where martensitic transformation has stopped, leaving behind a lot of retained
austenite.



36 5. SUMMARY OF RESULTS

(a) (b)

Figure 5.3. Comparison of results from simulations with
isotropic and anisotropic elasticity conditions. (a) Isotropic
elasticity case at t∗ = 200. (b) Anisotropic elasticity case at
t∗ = 200.

The difference between the results obtained from isotropic and anisotropic
elastic properties is presented in Fig. 5.3. Domains of martensite governed by
different Bain strain tensors are marked as “1”, “2” and “3”. It is clear from
the figures that in case of isotropic elastic properties the system first minimizes
its energy by self nucleating of new domains and later by coarsening of these
domains. While in case of anisotropic elastic properties, the system minimizes
its energy mainly by nucleation of several new domains instead of coarsening
of the domains that already exist. It is also observed that martensitic domains
grow in a sequence of repeating pairs, e.g. 1-2, 1-3 and 2-3. The formation
of pairs is believed to be mainly because of minimization of the elastic strain
energy.

Figure 5.4. Morphological mirror image formation.
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Another important characteristic of martensitic transformation i.e. mor-
phological mirror image formation is also observed in all the cases reported in
paper 1. As shown in Fig. 5.4, the martensitic domain marked as 1 is the
mirror image of the domain marked as 2. These mirror images can be called
as twins, a feature that is most commonly observed in martensitic transforma-
tion. The primary reason of twinning here is the strain energy minimization by
nucleating alternating domains which further reduces the overall free energy of
the system.

5.2. Martensitic transformation in a polycrystal

Martensitic transformation is investigated in a polycrystal both in 2D and 3D
and with and without plasticity. The model given in Section 3.2.4 based on
the Khachaturyan model, is employed to simulate martensitic transformation
in polycrystals. The given model, similar to the one used by Wang et al.
(Wang & Khachaturyan 2006) and others (Jin et al. 2001; Artemev et al. 2002;
Yamanaka et al. 2010), does not consider the effect of grain boundaries between
grains of different orientations. Different cases are performed having clamped
and non-clamped boundary conditions. The temperature of the system is set
to be at 100oC below Ms. The results presented in this section are reported
in paper 2, given in part II of this thesis. For the 2D results, red and yellow
show two variants of martensite while the blue color represents austenite. In the
3D simulations, red, yellow and blue show three different variants of martensite
while the green color depicts austenite. In all the cases, the white lines illustrate
grain boundaries.

(a) (b)

Figure 5.5. Final microstructure in a 2D polycrystal with
clamped boundaries (a) without plasticity and (b) with plas-
ticity. Red and yellow illustrate different variants of martensite
and the blue is retained austenite. The white lines represent
grain boundaries.
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Fig. 5.5 shows the final microstructures of martensite in a polycrystal
grain structure with clamped boundary conditions. Phase transformation is
triggered by placing an elliptical nucleus in one of the grains, comprising of the
first variant of martensite. In the first case, Fig. 5.5(a), plasticity is turned
“off” by choosing a significantly higher value of the yield stress, σy, of the
material. As the transformation progresses, the initial nucleus induces self
nucleation of the second variant of martensite to minimize the overall free
energy of the system. It can be noticed from Fig. 5.5(a) that as the martensitic
plates cross the grain boundary, their orientation is changed to align with the
crystallographic orientation of the respective grain. As the boundaries are
clamped, the growing martensitic structure causes an increase in the internal
stress of the system which consequently restricts further growth of martensite.
The final microstructure, therefore, shows some retained austenite, even with
a high driving force.

Figure 5.6. Final microstructure in a 2D polycrystal with
non-clamped boundaries. Red and yellow illustrate different
variants of martensite and the white lines represent grain
boundaries.

Fig. 5.5(b) shows the final microstructure of martensite in the second case
with elasto-plastic material properties. In contrast to the previous case with
no plasticity, the internal stresses are relaxed in this case with the evolution
of plastic strain. A major difference between the two cases is the thickness of
martensitic plates. The results show similar behavior as observed in a single
crystal, Section 5.1. The primary mode of elastic strain energy minimization
here is the thickening of already formed plates of martensite as opposed to the
previous case where strain energy is minimized primarily by self nucleation of
several new domains. However, a lot of retained austenite is still seen due to
increased stress concentration caused by clamped boundaries.
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Martensitic transformation is also simulated with stress-free or non-clamped
boundary conditions. Fig. 5.6 shows the final microstructure of martensite
with a complete austenite-to-martensite transformation. Unlike the cases with
clamped boundary conditions, in this case the internal stresses are relaxed
mainly due to stress free boundary conditions. Relaxation of stresses decreases
the elastic energy and consequently the free energy of the system, to a signifi-
cant extent, hence making martensite more stable than austenite. As described
in Section 3.1.1 (Fig. 3.2), with stress-free boundaries, martensite tends to form
thicker plates resulting in macroscopic change in shape of the material. How-
ever, a decrease in area is observed in 2D simulations due to an incomplete 2D
transformation matrix.

The evolution of martensite in a 3D domain with clamped boundaries is
shown in Fig. 5.7. Phase transformation is triggered by a pre-exisitng spher-
ical nucleus placed in the centre of the cubic domain. As the transformation
progresses, lenticular domains of martensite are formed, aligned with the crys-
tallographic orientation of the respective grain. As observed in the 2D cases,
martensite plates grow and cross the grain boundaries to minimize the overall
free energy of the system. It is also observed that martensite tends to form
sequence of repeating pairs, consisting of different variants of martensitic struc-
ture.

(a) t∗ = 25 (b) t∗ = 50 (c) t∗ = 300

Figure 5.7. Evolution of martensite in a 3D polycrystal with
clamped boundaries. Red, blue and yellow illustrate different
variants of martensite while the empty space inside the cubic
domain is retained austenite.

Fig. 5.8 shows the evolution of martensite in a 3D domain with non-
clamped or stress-free boundaries. The behavior of martensitic evolution is
similar to what was observed in the 2D case with non-clamped boundaries.
Stress free boundaries play a major role in relaxing the internal stresses, hence
reducing the free energy to a significant extent. The low free energy makes
martensite more stable and a complete austenite to martensite transformation
is seen. As the boundaries are free to move, martensitic transformation not
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only causes a macroscopic change in the shape of the domain but also increases
the volume by 4%.

(a) t∗ = 20 (b) t∗ = 25 (c) t∗ = 100

Figure 5.8. Evolution of martensite in a 3D polycrystal with
non-clamped boundaries. Red, blue and yellow illustrate dif-
ferent variants of martensite while green is retained austenite.

5.3. Effect of grain and twin boundaries

The results presented so far for martensite formation in a polycrystalline struc-
ture are based on the Khachaturyan model and hence, do not contain the
effect of grain boundaries. Using this approach, although it aligns the orien-
tation of the martensitic plates with the orientation of the grains, but it also
lets the martensitic structure cross the grain boundaries, which is in contra-
diction with the empirical observations (Martin et al. 2008; Rios & Guimaraes
2010; Guimaraes & Rios 2011). Therefore, to capture the correct physics of the
problem, a kinetic barrier is introduced in the model, Section 3.2.5. Results
presented in this section are reported in paper 3, given in part II of this thesis.

Fig. 5.9 shows the evolution of martensite and von Mises stress distribu-
tion in a 2D domain having two grains. Martensitic transformation is triggered
by placing an elliptical nucleus in the upper grain. As the transformation pro-
gresses, martensitic plates hit the grain boundary, and instead of continuing in
the lower grain, they rather induce self nucleation of other variants of marten-
site in the same grain, as shown in Fig. 5.9(a). As explained in Section 3.1.4,
the sudden stoppage of martensitic plates at the grain boundary, generates a
perturbation in the form of increased stress concentration in the adjacent grain,
Fig. 5.9(d). This concentration of stress at the grain boundary then sets an
autocatalytic process which stimulates nucleation of new martensitic domains
in the lower grain, as shown in Fig. 5.9(b). The zigzag pattern, a form of
autocatalysis that helps to reduce the overall free energy (Machlin & Cohen
1951; Yang et al. 1984), is also observed in the simulations, Fig. 5.9(c).
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(a) t∗ = 100 (b) t∗ = 200 (c) t∗ = 300

(d) t∗ = 100 (e) t∗ = 200 (f) t∗ = 300

Figure 5.9. (a)-(c) Evolution of martensite and (d)-(f) von
Mises stress distribution in a 2D bicrystal, including the ef-
fect of grain boundaries. In (a)-(c), red and yellow illustrate
different variants of martensite while blue is retained austenite.

The final microstructure of martensite in 2D and 3D polycrystals with the
effect of grain boundary, are shown in Fig. 5.10(a) and Fig. 5.10(b), respec-
tively. The martensite forms the lenticular shaped units except in the inner
grains, where stresses are relaxed at the grain boundaries causing thickening of
the martensitic units. As observed in the previous case, the growing martensite
plates stop at the grain boundary and provide stimulus for the nucleation of
new domains in the adjacent grains. The temperature of the system in these
simulations is set to be at Ms, and therefore a lot of retained austenite is seen
(represented as blue in 2D and empty space in 3D).

The effect of another most commonly encountered crystal defect, the twin
boundary or the coherent boundary, is also simulated in martensitic transfor-
mation. The 3D domain shown in Fig. 3.13(c) is used to perform the numerical
simulation with 2 grains having individual twin regions. As the twin boundary
does not provide any resistance to the growing martensitic plates, the kinetic
barrier is removed from the model, leaving behind only the change in orien-
tation. The resulting microstructure is shown in Fig. 5.11. The twin regions
are highlighted by a purple shaded area where a change in orientation of the
martensitic plates can clearly be noticed.
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(a) (b)

Figure 5.10. (a) 2D and (b) 3D polycrystals, including the
effect of grain boundary, showing the final microstructure of
martensite. (a) Red and yellow, and (b) red, green and blue
represent different variants of martensite.

To give a clear picture, the microstructure is plotted at two cross sections,
Fig. 5.12, taken in the lower and upper grains, respectively. The alternative
pattern of martensitic domains is seen to change its orientation as it crosses
the twin boundary, in both figures.

Figure 5.11. The 3D cubic domain showing martensitic mi-
crostructure after the transformation is completed. Red, green
and blue colors show different variants of martensite. The pur-
ple shaded region illustrate the twin region.



5.4. EFFECT OF APPLIED LOADING 43

(a) y = 15 (b) y = 35

Figure 5.12. Different cross-sections of the cubic domain,
showing martensitic microstructure after the transformation
is completed. Red, blue and green colors show three different
variants of martensite while the background colors illustrate
different orientation of the regions. The dotted lines represent
the twin boundaries.

5.4. Effect of applied loading

The effect of external stresses on the martensitic transformation is also stud-
ied, both in 2D and 3D. The results presented in this section are reported in
paper 4, given in part II of the thesis. For all the simulations given below the
temperature of the system is set to be significantly higher than Ms, so that the
phase transformation triggers only under the action of applied stresses. This
mode of martensitic transformation where martensite nucleates with the evo-
lution of plasticity is known as strain-induced transformation, as described in
Section 3.1.6. In the cases given below, the external loading is initiated from
500 MPa and increased gradually until it reaches 1500 MPa, after which it is
kept constant. For the 2D cases, the external load is applied on the top and
bottom edges in the y-direction, except for the shear case, where external load
is applied in the x-direction (see Fig. 3.13(a) for reference). The boundaries
on left and right are kept stress-free. In the figures given below, red, blue and
green represent three different variants of martensite while yellow illustrates
retained austenite.

Fig. 5.13 shows the effect of external stresses on martensitic transformation
in a 2D domain. It is clear from the figures that with the external compressive
stress, Fig. 5.13(a), most of the austenite is transformed to martensite, as
opposed to the case with external tensile stress, Fig. 5.13(b), where the volume
fraction of martensite is relatively low. The reason behind this unphysical
behavior is the incomplete transformation matrix in 2D. As shown in Section
5.2, martensitic transformation in a 2D domain with stress-free boundaries



44 5. SUMMARY OF RESULTS

causes a decrease in area i.e. the compressive component of the transformation
strain is greater in magnitude than the tensile component. Therefore, the
compressive load yields higher volume fraction of martensite as the component
of the applied load normal to the habit plane adds to the contractional part of
the transformation strain.

2D cases with hydrostatic pressure and negative hydrostatic pressure were
also simulated but the figures are not shown here since they produced unphys-
ical results. With the hydrostatic pressure, a complete austenite to martensite
transformation was observed while with the negative hydrostatic pressure no
transformation was observed at all.

(a) (b)

Figure 5.13. Final microstructure in a 2D square domain
showing different variants of martensite (in red and blue) and
retained austenite (in yellow) for uniaxial (a) compressive load-
ing and (b) tensile loading

With the unphysical results obtained from 2D simulations, it became in-
evitable to perform 3D simulations. External loading is applied on the 3D
cubic domain, shown in Fig. 3.13(b) in the y-direction. The stress is applied
only on the top plane and the bottom plane is kept fixed to avoid any rigid
body motion. A stress-free boundary condition is applied on the rest of the
planes. Fig. 5.14 shows the final microstructures of martensite in the cubic
domain with applied compressive loading 5.14(a) and tensile loading 5.14(b).
Since there is no pre-existing nucleus in these cases, the evolution of plasticity,
due to applied loading, stimulates the nucleation of martensite in the material.
As can be seen from the figures, an external compressive stress does not aid
the transformation, and thus yields only 58% of martensite. On the contrary,
an external tensile stress highly favors the transformation and produces around
90% of martensite in the cubic domain.
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(a) (b)

Figure 5.14. Final microstructure in a 3D cubic domain
showing different variants of martensite (in red, blue and
green) and retained austenite (in yellow) with uniaxial (a) com-
pressive loading and (b) tensile loading.

Fig. 5.15 shows the final microstructure of martensite with an external
shear stress. The volume fraction of martensite is an aftermath of the compe-
tition between the component of the applied load, parallel to the habit plane
and the component, normal to the habit plane. The former component always
favors the transformation, regardless of it’s sign while the effect of latter com-
ponent depends on the sign of the stress which consequently depends on the
orientation of the grain. Since the shear component aids the transformation
more effectively than the normal component opposes it (Patel & Cohen 1953),
the end result is a higher volume fraction of martensite than the compressive
case.

Figure 5.15. Final microstructure in a 3D cubic domain
showing different variants of martensite (in red, blue and
green) and retained austenite (in yellow) with shear loading.

The final microstructure of martensite with the negative hydrostatic pres-
sure is given in Fig. 5.16. In this case a complete austenite to martensite
transformation is observed. Since there is no shear component in this case,
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martensitic transformation is assisted merely by the normal component of the
applied load, which highly favors the transformation. A 3D case with hydro-
static pressure was also simulated (not shown here) but it did not produce any
martensite. In contrast to the results obtained in 2D cases, 3D simulations
produce results that conform well with various empirical observations found in
the literature (Kulin et al. 1952; Patel & Cohen 1953; Fisher & Turnbull 1953;
Olson & Cohen 1975; Hsu 2006).

Figure 5.16. Final microstructure in a 3D cubic domain
showing different variants of martensite (in red, blue and
green) and retained austenite (in yellow) with negative hy-
drostatic pressure.

A graphical comparison of the volume fraction of martensite for different
kinds of loading is given in Fig. 5.17(a), for 2D and in Fig. 5.17(b), for 3D.
It is evident from the plots that 2D simulations of martensitic transformation
do not capture the correct picture with external loadings. However, the results
obtained from 3D simulations are in accordance with well known experimen-
tal observations. The volume fraction of martensite can also be linked to the
change in martensitic start temperature (Ms) of the alloy at the given tempera-
ture. For example, considering the volume fraction of martensite with different
kinds of applied loading, it can be stated that a compressive load will raise
the Ms, more so by a shear load and further more by a tensile load and nega-
tive hydrostatic pressure. Similarly, since a hydrostatic pressure produced no
martensite at all, it can be said that the hydrostatic pressure will lower the Ms

temperature of the alloy. This behavior regarding the change in Ms temper-
ature is in accordance with the experimental results obtained by Machlin and
Cohen (Machlin & Cohen 1951), Kulin et al. (Kulin et al. 1952) and Patel and
Cohen (Patel & Cohen 1953).
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Figure 5.17. Graphical representation of the volume fraction
of martensite for different kinds of applied loading in (a) 2D
domain and (b) 3D domain.

5.5. Phase change in thermohydraulic microactuator

Numerical simulations are performed on the 2D axisymmetric model of the
paraffin microactuator. Simulations are performed for different frequencies,
input powers and geometries of the microactuator. Results presented in this
section are reported in paper 5, given in part II of the thesis.

As explained in Section 4.3, instead of a solid, paraffin is treated as a highly
viscous fluid below its melting point. To validate the numerical model, simu-
lations are performed for different effective powers of the heat source and the
results are compared with the empirical data, obtained on a close to identical
paraffin microactuator. Here the effective power is defined as 40% of the input
power to the heaters, since it is established that 60% of the heat is lost thr-
ough the mechanical probe that measures the deflection in the steel membrane.
This was confirmed by using a white-light interferometer, that did not involve
any mechanical probe. A good agreement is found between the numerical and
empirical results and it is found that using a fluid model is essentially a better
way to solve such problems since a fluid can reconfigure itself under the local-
ized loads, whereas a solid can not do so. Furthermore, this also allowed us to
use realistic values of thermal properties, as compared to the previous studies
(Bodén et al. 2008a), where drastically higher value of thermal conductivity
was used to compensate for convection within the paraffin.

Fig. 5.18 shows snapshots in time for temperature (on left) and density
(on right) distribution within the microactuator. Phase change in paraffin is
coupled to the change in density at the melting point. When the density reaches
a certain value, which corresponds to its melting point, paraffin is treated as
liquid, and above this value of density, it is taken as solid. Rest of the properties
are also changed accordingly. In the density distribution, given in Fig. 5.18,
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red depicts the solid paraffin while blue represents the liquid paraffin. The
deflection in the steel membrane can also be noticed as the paraffin melts.

(a)

(b)

(c)

(d)

(e)

Figure 5.18. Temperature distribution (given in K, on the
left) in the actuator and the density (given in kg.m−3, on the
right) of paraffin at different time steps with effective heating
power of 0.33 W. (a) t = 0 s. (b) t = 0.5 s. (c) t = 0.75 s. (d)
t = 1 s. (e) t = 2 s.

To analyze the frequency response of the system, simulations are performed
for different frequencies, i.e. 0.5, 0.25, 0.167 and 0.1 Hz and the deflection in
the membrane is compared with the experimental data. It is observed that
numerical results match quite well with the empirical results for the heating
cycle of the actuator but show a little deviation for the cooling cycle. This is
likely because the air surrounding the actuator is assumed to be at a constant
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temperature in the simulations, which is not the case in the experiments. It
can also be observed that at higher frequencies, the actuator does not reach
its steady state. Hence, to achieve steady state with a lower actuation time,
higher input power would be required.
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Figure 5.19. Deflection at the center of the steel membrane
for different frequencies of the heating source. (Top to bot-
tom) 0.5, 0.25, 0.167, and 0.1 Hz. The solid lines show the
numerical results, whereas the circled lines represent the em-
pirical results. The broken lines show the effective power of
the heating source.

Time constant, in this work, is defined as the time required for the steel
membrane to reach 70% of the maximum deflection. It is important to analyze
time constant for different powers to optimize the microactuator in terms of
power consumption and geometrical features. Simulations are performed for
different input powers of the heaters and the time constant is noted for each
case. Results are plotted in Fig. 5.20(a), where blue curve shows the time
constant while the red curve gives the volume fraction of liquid paraffin at the
corresponding powers. It is observed that time constant initially decreases with
the increase in power, up to the point where paraffin starts to transform to the
liquid phase. At this point, latent heat comes into play and therefore, once the
paraffin starts to melt, the time constant starts to increase with the increase
in power. When almost 50% of the paraffin is melted, time constant starts to
decrease again. This is because most of the paraffin has melted now and the
system is about to reach the steady state. An increase in the power will now
cause the paraffin to melt faster, consequently causing the membrane to deform
quicker.
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Figure 5.20. Time to reach 70% of the maximum deflection
for (a) different effective powers of the heating source (solid
line) and (b) different width-to-height ratios of paraffin cham-
ber.

To investigate geometrical effects, the time constant was also computed
for different geometries of the microactuator. A constant value of effective
power, i.e., 0.33 W, was used for all the cases. Four different geometries were
investigated, all with different width-to-height ratios of the paraffin chamber,
while keeping the volume constant. The results are plotted in Fig. 5.20(b)
and it is observed that a pancake-like actuator (high width-to-height ratio) will
respond faster than a pencil-like actuator (low width-to-height ratio). This is
because with a high width-to-height ratio, most of the paraffin lies close to the
heaters and hence, melts faster as compared to the low width-to-height ratio
actuator, where a small portion of the paraffin is in direct contact with the
heaters, and hence, takes a longer time to melt. Therefore, in applications
where a higher frequency is required, a pancake-like actuator is more suitable.



CHAPTER 6

Concluding remarks

In one part of the research i.e. modeling and simulation of martensitic transfor-
mation in steels, the final aim was to develop and simulate a model to predict
the volume fraction of martensite in a polycrystalline material with external
loads. Initially, a 3D elasto-plastic phase field model, based on the Khachatu-
ryan microelasticity theory, was developed to numerically simulate martensitic
transformation in a single crystal of Fe-0.3%C alloy. The said model could
capture the morphology of martensite in a single crystal, which showed good
qualitative agreement with experimental observations. It was found that plas-
ticity and stress-free or the non-clamped boundaries are a major source of stress
relaxation and hence, minimization of strain energy, during martensitic trans-
formation. The same model was then extended to simulate martensitic trans-
formation in a polycrystalline alloy of Fe-0.3%C, both in 2D and 3D. Although
the model could predict the microstructure evolution and stress distribution in
a polycrystalline material, it lacked a key ingredient that could have a signifi-
cant effect on the morphology of the final microstructure, i.e. the effect of the
grain boundary.

An important achievement of this research was thus, the inclusion of the
grain boundary effect in the phase field model to study martensitic transforma-
tion in polycrystals. A new region was introduced between grains of different
orientations and a kinetic barrier was employed in this region to mimic the grain
boundary. Although this was a modeling artifact, the resulting microstructure
showed better conformity with empirical observations, as compared to the ear-
lier models. To the authors’ knowledge, the grain boundary effect had never
been implemented before in the phase field modeling of martensitic transfor-
mation in polycrystals, and hence, it was a big step forward compared to the
Khachaturyan model. It was found that incorporation of grain boundary effect
is certainly necessary to correctly capture the morphology of martensite in a
polycrystalline material.

One of the industrial applications of martensitic transformation is cold
rolling of steel, where martensite is induced under controlled conditions, mainly
by applying external loads, to get required properties in the product. To deter-
mine the volume fraction of martensite under such conditions, the phase field
model with grain boundary effect was further employed to simulate martensitic
transformation with different external loads, both in 2D and 3D. 3D results
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showed good conformity with the empirical observations found in the litera-
ture, however, the results obtained from the 2D simulation were found to be
unrealistic. It was thus concluded that to study the martensitic phase transfor-
mation with external loads, 3D numerical simulations are indispensable. Given
the physical and thermodynamic properties, the model developed in this re-
search can be used to predict the volume fraction of martensite, not only in
steels but also in other materials. Although the presented results can not be
compared directly with the experimental figures, they certainly have opened a
window that could lead us to the construction of a model, directly comparable
to the empirical observations.

In the other part of the research, a 2D axisymmetric model was devel-
oped to study the phase change in a paraffin based thermohydraulic membrane
microactuator. Unlike already existing models, where paraffin was treated as
solid below the melting point and liquid otherwise, in this work, we modeled
paraffin as liquid in both states, i.e. below and above the melting temperature.
The thermal and physical properties were chosen such that the paraffin be-
haves as a highly dense and viscous fluid below its melting point and relatively
less viscous fluid above its melting point. However, the thermal and physical
properties were not geometry dependent, and could be used to analyze phase
change in any microactuator. The results showed good conformity with the
empirical data obtained on a similar microactuator and thus, it was concluded
that treating paraffin as a liquid in both phases is essentially a better way to
tackle such problems. The model was also used to analyze the time response
for different input powers and geometries of the microactuator.

On the concluding note, I would like to state that the modeling techniques
such as presented in thesis, although lacking complete mechanistic description
of the phenomena, they still can be used to save a substantial amount of time
and energy on the product development and can make it much cheaper and
easier than today.
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