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Abstract

Trough the following pages a comprehensive study of open structures will be shown,
including mono-vacancy calculations and open surfaces. These are electronic structure
calculations using density functional theory within the exact muffin tin method.

First I investigate the accuracy of five common density functional approximations for
the theoretical description of the formation energy of mono-vacancies in three close-
packed metals. Besides the local density approximation (LDA), I consider two general-
ized gradient approximation developed by Perdew and co-workers (PBE and PBEsol)
and two gradient-level functionals obtained within the subsystem functional approach
(AM05 and LAG). As test cases, I select aluminium, nickel and copper, all of them adopt-
ing the face centered cubic crystallographic structure.

This investigation is followed by a performance comparison of the three common gra-
dient level exchange-correlation functionals for metallic bulk, surface and vacancy sys-
tems. I find that approximations which by construction give similar results for the jel-
lium surface, show large deviations for realistic systems. The particular charge density
and density gradient dependence of the exchange-correlation energy densities is shown
to be the reason behind the obtained differences. Our findings confirm that both the
global (total energy) and the local (energy density) behavior of the exchange-correlation
functional should be monitored for a consistent functional design.

I also calculate the vacancy formation energies of paramagnetic face centered cubic (fcc)
Fe-Cr-Ni alloys as a function of chemical composition. These alloys are well known
model systems for low carbon austenitic stainless steels. The theoretical predictions
obtained for homogeneous chemistry and relaxed nearest neighbor lattice sites are in
line with the experimental observations. In particular, Ni is found to decrease and Cr
increase the vacancy formation energy of the ternary system. The results are interpreted
in terms of effective chemical potentials. The impact of vacancy on the local magnetic
properties of austenitic steel alloys is also investigated.

I made a performance comparison of local density and generalized gradient level ap-
proach on substitutional defects in five light actinides. This is a complex test for high
density calculations to check the weaknesses of the local density approximation against
gradient level ones. I believe the existing other gradient level approaches fit our error
bar in the obtained data and shows similar trends against the very limited number of
experimental data. Based on our ab initio results, I predict that vacancies are more easily
formed (more stable) in the fcc(bcc) lattice for U, Np and Pu and in the bcc(fcc) lattice
for Th and Pa.
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Chapter 1

Introduction

In the last decades density functional theory (DFT) [1, 2] has became the most widely
used state-of-the-art approach in computational modeling of solid matter. Due to its
success, during the last two decades the number of applications increased almost ex-
ponentially. The continuously expanding field of applications however presents a great
challenge for the common DFT approximations.

Point defects are well known components of non perfect crystals and are important for
the thermo-physical and mechanical properties of solids. They include substitutional
and interstitial impurities, self interstitials and vacancies. They play a key role for the
kinetic properties, such as diffusion. Today reliable experimental data for the formation
energy of mono-vacancies exist for many of the metals and compounds.

The theoretical description of the formation energy of mono-vacancies has always been
the benchmark for the approximations of the exchange-correlation density functionals
[1]. Slowly and rapidly varying density regimes can be found in solids near vacancies.
The prior corresponds to the oscillating metallic density around the vacancy and the lat-
ter a similar to electronic surface near the core of the vacancy. Because of that, vacancies
represent a critical test case especially for those functionals which go beyond the local
density approximation (LDA) [3]. The LDA functional describes accurately the nearly
homogeneous (uniform) electron gas but is expected to break down in systems with
rapid density variations. To incorporate effects due to inhomogeneous electron den-
sity, researchers made use of the density gradient expansion of the exchange-correlation
functional [2] and arrived to the so called generalized gradient approximation (GGA).
Nowadays, the most commonly accepted GGA for solids is the PBE functional proposed
by Perdew, Burke and Ernzerhof [4]. Recently, Perdew and co-workers [5] introduced
a revised PBE functional, referred to as PBEsol. The PBEsol functional is a redesigned
PBE with the aim to yield accurate equilibrium properties of densely-packed solids and
remedy the deficiencies of the former GGA functionals for surfaces. Simultaneously to
GGA, a different concept for improving the density functional approximations was put
forward by Kohn and Mattsson [6]. The proposed model was first elaborated by Vitos

1



2 CHAPTER 1. INTRODUCTION

et al. [7, 8] and later further developed by Armiento and Mattsson [9] within the sub-
system functional (SSF) approach [10]. All functionals from the SSF family as well as
the PBEsol functional from the GGA family include important surface effects and there-
fore are expected to perform well for systems with electronic surface. For lower density
metals we calculated the vacancy formation energy in face centered cubic structure of
Al, Cu and Ni. Testing with d-metals is important for future applications. Steels are
the modern ”bricks” in our buildings and are alloys of several d-metals, magnetic and
non-magnetic ones. Most of our semiconductors are compounds, which are products
of a metal and a non metal, and have p orbitals as valence. For higher density test we
choose five light actinides, namely: Th, Pa, U, Np and Pu. In case of light actinides
because of the sophisticated alpha structures we choused simplified model structures
like face centered and body centered cubic structures. Last we tested our method of
vacancy formation energy calculation for coherent potentials. This test was done on
paramagnetic austenitic Fe-Cr-Ni alloys.



Chapter 2

Theory

2.1 The Many-body Problem

At atomic level, the electronic and nuclei system can be described with the Schrödinger
equation

HΨ = EΨ. (2.1)

This equation has a general form, and we have to view it in detail. Ψ is the many-body
wave function which is a function of all the positions and spin coordinates in the system
Ψ = Ψ(r1, r2, ..., rn). H is the Hamiltonian, which in our case has the form:

H = −~2

2

nucl∑
j

∇2
Rj

Mj

− ~2

2me

elec∑
i

∇2
ri
−

elec∑
i

nucl∑
j

e2Zj

|ri −Rj|
+

+
1

2

elec∑
i̸=j

e2

|ri − rj|
+

1

2

nucl∑
i̸=j

e2ZiZj

|Ri −Rj|
, (2.2)

where ~ is Planck constant, Rj is the nuclear coordinate for j’th nucleus, ri the elec-
tronic coordinate for the i’th electron and Mj and me are the corresponding masses, Zj

are the nuclear charges. The first two terms are kinetic energy operators for nuclei and
electrons, respectively. The third term describes electron-nucleus interaction; the next
terms describe the electron-electron and the nucleus-nucleus interactions, respectively.
The main problem with this equation is that it can not be solved for systems with many
atoms and electrons. To solve the Schrödinger equation we have to use approximations.
First in the line of approximations is the Born-Oppenheimer approximation. Because
the nuclei are more than a thousand times heavier than the electrons, the kinetic en-
ergy of the nuclei can be omitted and the electrons are considered to be moving in the
external potential, Vext, generated by static nuclei.
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The simplified Hamiltonian can be written as

H = − ~2

2me

elec∑
i

∇2
ri
−

nucl∑
j

e2Zj

|ri −Rj|
+

elec∑
j<i

e2

|ri − rj|
+

nucl∑
j<i

e2ZiZj

|Ri −Rj|

= Te + Vext + Vee + VNN (2.3)

where Te – is the kinetic energy of electrons, Vext – is the external potential, Vee– is the
electron-electron interaction, VNN – is the nucleus-nucleus interaction. We make use
of density functional theory to solve the many-electron Schrödinger equation. Density
functional theory uses the electron density, n(r), as the main variable, which in turn is a
function of the position vector r.

2.2 Density Functional Theory

The first thing that makes this theory very suitable is that it reduces the many-electron
problem to a single-electron problem. Formally, this is realized by introducing the elec-
tron density as the main variable instead of the wave functions. The base of density
functional theory stays on two theorems:

1. the ground state of an interacting electron system is uniquely described by an
energy functional En of the electron density

2. the true ground state electron density n(r) minimizes the energy functional E[n],
and the minimum gives the total energy of the system.

These theorems were introduced by Hohenberg and Kohn [1]. For the simplicity in the
following we use n notation replacing n(r) where is possible. The energy functional is
written as

E[n] = F [n] +

∫
Vext(r)n(r)dr, (2.4)

where the first term on the right hand side is a universal functional of the electron den-
sity, the second term is the interaction energy with the external potential.

The universal functional of electron density may be written as

F [n] = EH [n] + TS[n] + Exc[n]. (2.5)

Here the first term is the Coulombic electron-electron interaction (Hartree energy, EH),

[h!]EH [n] =

∫ ∫
n(r)n(r′)

|r− r′|
drdr′ (2.6)

and the second is the kinetic energy of non-interacting electrons.
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The last term is the exchange-correlation energy functional, which contains the non-
classical part of electron-electron interaction and the difference between the real kinetic
energy and the kinetic energy of the non-interacting electron gas. Finally the energy
functional can be written in the following form:

E[n] =

∫
Vext(r)n(r)dr+

∫ ∫
n(r)n(r′)

|r− r′|
drdr′ + TS[n] + Exc[n]. (2.7)

By applying the variational principle, we arrive to the Schrödinger equation for non-
interacting electrons in the effective potential; known as Kohn-Sham equation:

{−∇2 + Veff ([n]; r)}ψj(r) = ϵjψj(r), (2.8)

where
Veff = Vext(r) +

∫
n(r′)

|r− r′|
dr′ +

δExc[n]

δn(r)
. (2.9)

The only unknown term in the Kohn-Sham equation is the exchange-correlation func-
tional, Exc[n] and the corresponding exchange-correlation potential

µxc ≡ δExc[n(r)]/δn(r). (2.10)

The exact form of this functional is unknown, we need some approximations.

2.2.1 Exchange-Correlation Approximations

Here we review five commonly used exchange correlation approximations, starting
from the Local Density Approximation (LDA) [3]. Approximations going beyond LDA
belong either to the Generalized Gradient Approximation family, such as PBE [4] or the
most recent PBEsol [5]. Alternatively we present the Local Airy Gas (LAG) approxi-
mation [7, 8], and a new exchange correlation approximation developed by Armiento
and Mattson (AM05) [9] for better treating the surface effects in self-consistent density
functional theory.

The Local Density Approximation – LDA

The LDA was derived from the properties of the uniform electron gas. The correspond-
ing exchange-correlation potential is a simple function of the electron density. The
exchange-correlation energy is written as:

ELDA
xc =

∫
n(r)ϵxc(n(r))dr, (2.11)

where
ϵxc = ϵx + ϵc, (2.12)
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ϵxc is the exchange correlation energy per electron,ϵx is the exchange energy per electron
and ϵc is the correlation energy per electron and they are functions of n.

For a uniform non-polarized electron gas, the exchange energy per electron is

ϵLDA
x [n] = −3

2

( 3
π

) 1
3
n

1
3 . (2.13)

For a uniform spin-polarized electron gas, the correlation energy has the following pa-
rameterized form:

ϵLDA
c (rs, ζ) = ϵc(rs, 0) + αc(rs)

f(ζ)

f ′′(0)
(1− ζ4) + [ϵc(rs, 1)− ϵc(rs, 0)]f(ζ)ζ

4, (2.14)

where rs is the density parameter

rs =
[ 3

4π(n↑ + n↓)

] 1
3
, (2.15)

ζ is the relative spin polarization

ζ =
n↑ − n↓

n↑ + n↓
, (2.16)

f(n) =
(1 + ζ)

4
3 + (1− ζ)

4
3 − 2

2
4
3 − 2

. (2.17)

For a uniform electron gas (η = 0), without spin-polarization, the correlation energy has
the following form

ϵLDA
c (rs, 0) = ϵc(rs, 0). (2.18)

The functions ϵc(rs, 0), ϵc(rs, 1) and α(rs) are all expressed via the following function

G(rs, A, α1, β1, β2, β3, β4) = −4A(1 + α1rs)× ln
[
1 +

1

2A(β1r
1/2
s + β2rs + β3r

3/2
s + β4r2s)

]
.

(2.19)

The parameters are listed in Table 2.1.

Table 2.1. Parameters for the correlation energy

- ϵc(rs, 0) ϵc(rs, 1) −αc(rs)
A 0.031091 0,015545 0,016887
α1 0.21370 0,20548 0,11125
β1 7.5957 14,1189 10,357
β2 3.5876 6,1977 3,6231
β3 1.6382 3,3662 0,88026
β4 0.49294 0,62517 0,49671
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The Generalized Gradient Approximation - GGA

In our work we choose two versions of the GGA type of functionals. These two are
the PBE (Perdew-Burke-Ernzerhof) and the PBEsol, which is a revised form of PBE for
solids and solid surfaces. Compared to the LDA, the GGA includes an additional en-
hancement factor, F(s) which depend from the scaled gradient

s =
|∇n|
2kFn

, (2.20)

where kF = (3π2n)1/3 is the Fermi wave vector of the electron gas of density n. The
exchange energy for GGA has the following form:

EGGA
x [n] =

∫
d3rnϵLDA

x (n)FGGA
x (s), (2.21)

where n(r) is the electron density, ϵLDA
x is the exchange energy density of a uniform

electron gas, and Fx(s) is the exchange enhancement factor, which in s→ 0 limit can be
written as:

Fx(s) = 1 + µs2 + ...(s→ 0). (2.22)

For slowly varying electron densities the gradient expansion has µGE = 10/81 = 0.1235.
The gradient expansion for GGA correlation functional for uniform gas is:

Ec[n] =

∫
d3rn(r)

{
ϵLDA
c (n) + βt2(r) + ...

}
, (2.23)

where ϵLDA
c (n) is the correlation energy per particle of the uniform gas, β is a coefficient,

and

t =
|∇n|
2kTFn

, (2.24)

kTF =

√
4kF
π

(2.25)

is the appropriate reduced density gradient for correlation (fixed by Thomas-Fermi
screening wave vector). For slowly varying high densities βGE = 0.0667. For PBE
β = βGE = 0.0667 and µ ≈ 2µGE , and for PBEsol β = 0.0375 and µ = µGE . The
PBEsol functional was tested using the jellium surface. The above β value gave the best
fit. For comparison the GGA-PBE parameters are collected in Table 2.2

For a spin polarized system the PBE was reformulated as follows

EGGA
xc [n ↑, n ↓] =

∫
d3rnϵunifxc (n)Fxc(rs, ζ, s). (2.26)
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Table 2.2. Parameters for the gradient expansion for GGA approximations

PBE PBEsol
µ 0.2470 0.1235
β 0.0667 0.0375

The Local Airy Gas Approximation - LAG

For the correction of edge surface effects on Kohn-Sham orbitals many concepts were
born, one of them is the edge electron gas concept. The simplest realization is called
Airy gas model. This model of electrons in a linear potential, was used to construct a
gradient level exchange-energy functional, known as Local Airy Gas functional. In LAG
the exchange energy per electron can be written as

ϵLAG
x (n, s) = ϵLDA

x (n)FLAG
x [s(ζ)]. (2.27)

The parameterized exchange function has modified Becke form

FLAG
x (s) = 1 + β

sα

(1 + γsα)δ
, (2.28)

where α=2.626712, β=0.041106, γ=0.092070, δ=0.657946. For the correlation functional,
LAG approximation uses the LDA correlation scheme, therefore the total LAG enhance-
ment function becomes

FLAG
xc (s) = FLAG

x (s) +
ϵLDA
c (n)

ϵLDA
x (n)

(2.29)

and the total LAG functional

ϵLAG ≈ ϵLAGFLAG
x + ϵLDA

c = ϵLDA
c FLAG

xc . (2.30)

The exchange-correlation approximation developed by Armiento and Mattsson –AM05
(LAA)

Where a strong surface effect appears, the presented exchange correlations fail, and
therefore new exchange correlation functionals have to be worked out. The LAA was
build from first principles, to incorporate sophisticated treatment of electron surfaces
(electronic edge effects). Their improved parametrization includes:

− the landing behavior of the exchange energy far outside the surface,

− asymptotic expansions of the Airy functions,

− an interpolation that ensures the expression approaches the LDA appropriately in
the slowly varying limit.
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The final forms of the exchange and correlation functionals are:

ϵLAA
x (r, [n]) = ϵLDA

x (n(r))[X + (1−X)FLAA
x (s)] (2.31)

ϵc(r, [n]) = ϵLDA
c (n(r))[X + (1−X)γ] (2.32)

[h!]X = 1− αs2

1 + αs2
(2.33)

where the exchange part has parameterized in a different form compared to LAG, namely

FLAA
x (s) =

cs2 + 1
cs2

F b
x
+ 1

(2.34)

where c=0.7168. Here F b
x(s) depends on the scalar gradient s, and can be found in Ref.

[9] and ϵLDA
c is the LDA correlation.

To build an appropriate exchange correlation function, the LAA (or LAG) exchange was
combined with the LDA correlation based functions, but the later is multiplicated with
a γ factor. These functions are tested with a jellium surface fit, where α and γ are fitted
simultaneously. Best result we obtain with the following values: αLAA = 2.804 and γLAA

= 0.8098.

2.2.2 Exact muffin-tin orbital (EMTO) method

The exact muffin tin is the 3rd generation method in muffin tin approximation family. In
the muffin-tin approximations the space is divided into spheres and interstitial zones.
The spheres are located on atomic sites. Within EMTO method the potentials are con-
structed using optimized overlapping spherical potentials. The Kohn-Sham equation is
solved exactly for these potentials. The effective single-electron potential, called muffin-
tin potential (Vmt), is approximated by spherically symmetric potential (VR(r−R)) cen-
tered on lattice site R, plus a constant potential V0 for the interstitial region

Veff ≈ Vmt ≡ V0 +
∑
R

[VR(r−R)− V0]. (2.35)

Solutions for the Kohn-Sham equation are expressed by a linear combination of exact
muffin-tin orbitals (ψ̄a

RL)

Ψj(r) =
∑
RL

ψ̄a
RL(ϵj, r−R)vaRL,j. (2.36)

The expansion coefficients vaRL,j are determined in such a way, that make the wave func-
tion (or the resulting wave function) to be solution for the Kohn-Sham equation for the
entire space.
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For the potential sphere centered at site R (with radius sR) the muffin tin orbitals are
constructed in a way, that inside the sphere we use the basis functions (Φa

RL) (partial
waves), while in the interstitial zone (ϕa

RL(ϵ − V0, r−R)) screened spherical waves. Partial
waves are constructed from solutions of scalar relativistic, radial Dirac equations(ΦRL)
and real harmonics(YL(r̂−R)). The screened spherical waves are basis functions defined
for non overlapping spheres located in lattice site R with radius aR. To join these ba-
sis functions, continuously and differentiably at aR, we use an additional free electron
wave function (φa

Rl(ϵ, aR)). Because the lattice site R with radius aR is smaller then the
potential sphere with radius sR we have to remove the additional free-electron wave
function. This is realized by the so-called kink-cancelation equation.

To obtain the total number of states and the total energy, without solving all possi-
ble wave functions and single electron energies, the Green’s function formalism was
applied. Both self-consistent single electron energies and the electron density can be
expressed within Green’s function formalism.

Total energy

The total charge density is obtained by summations of one-center densities, which may
be expanded in terms of real harmonics around each lattice site

n(r) =
∑
R

nR(r−R) =
∑
RL

nRL(r−R)YL(r̂−R). (2.37)

The total energy of the system is obtained via full charge density (FCD) technique using
the total charge density. The space integrals over the Wigner-Seitz cells are solved via
the shape function technique. The FCD total energy is decomposed into the following
terms

[h!]Etot = Ts[n] +
∑
R

(FintraR[nR] + ExcR[nR]) + Finter[n] (2.38)

where Ts[n] is the kinetic energy, FintraR is the electrostatic energy due to the charges in-
side the Wigner-Seitz cell, Finter is the electrostatic interaction between the cells (Madelung
energy) and ExcR is the exchange-correlation energy.

EMTO-CPA

To treat correctly the substitutionally random alloys is a difficult problem. A good ap-
proach is the a supercell model, distributing A, B randomly within a supercell. This
method is computationally very demanding and time-consuming. The results for many
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configurationally different A− B random alloys have to be averaged. First feasible ap-
proach to treat random alloys was proposed by Soven [11]. This theory was reworked
to include multiple scattering theory by Györffy [12]. The real atomic potential is re-
placed by an effective (coherent) potential constructed from real atomic potentials of
the alloy components. The impurity atoms/alloy components are then embedded into
this effective potential. This is the so-called Coherent Potential Approximation (CPA)
to handle the chemical disorder. Because of the Green’s function formalism used in the
EMTO program, the CPA was easy to implemented and was done by Vitos et al. [13].

EMTO-CPA-DLM

Disordered Local Magnetic Moment (DLM) approach is one way to model the paramag-
netic phase in theoretical calculations [14, 15] using CPA technique. This approximation
describes accurately the paramagnetic state with randomly oriented local magnetic mo-
ments. In the present thesis for the mono vacancy formation energy calculations para-
magnetic Fe-Cr-Ni was used within this approach. Namely in our calculations Fe-Cr-Ni
was described like Fe↑0.5aFe↓0.5aCrbNic, where a, b, c are the individual concentrations
of each component and a+ b+ c = 1 on each site of the lattice.



Chapter 3

Crystal structures and vacancy

3.1 Crystal structures

The breakthrough in the study of the crystal structures was achieved after the invention
of the X-ray diffractions. An ideal crystal has infinite repetition of identical structure
units. These repetitions have to be regular in space. The structure can be described
like a single periodic lattice, and if the lattice points are filled with atoms, a crystal is
obtained. These atoms or group of atoms form the basis of the crystal.

The logical relation is lattice + basis = crystal structure.

An ideal lattice has 3 fundamental translation vectors: a, b, c. We use primitive trans-
lation vectors to define the crystal axes a, b, c. The crystal axes form the edge of a
parallelepiped. If lattice points are only in the corners of this parallelepiped, then the
lattice is primitive. A basis of N atoms or group of atoms (ions) is specified by the set of
N vectors

rj = xja+ yjb+ zjc (3.1)

where the relative positions are expressed in units of a, b and c. The x, y, and z are
usually expressed by values between 0 and 1. The displacement of a unit cell, parallel
to itself by a crystal translation vector is called crystal translation operation, or lattice
translation operation. This vector can be written in this form:

T = n1a+ n2b+ n3c (3.2)

The parallelepiped defined by primitive translations a, b, c is called primitive cell, and
is a minimum volume unit cell. This type of cell will fill all space under action of suitable
crystal translation operations. The volume of the cell is given by

Vc = |a× b · c|. (3.3)

If we draw lines which connect a given lattice points to all nearby lattice points, and at

12



3.2. POINT DEFECTS, VACANCY 13

the midpoint and perpendicular to these lines we draw planes, we obtain another type
of primitive cell. This type of primitive cell is known as the Wigner-Seitz cell.

Within the frame of this work, all the metals and our paramagnetic Fe-Cr-Ni alloys are
described within the face centered cubic(fcc) structure.

(a) (b)

Figure 3.1. Face centered(panel a) and body centered (panel b) cubic lattices.

In case of the light actinides they was also investigated in the body centered cubic(bcc)
structure. The α structures of the five light actinides are close to the used fcc and bcc
structures.

3.2 Point defects, vacancy

Any deviation in a crystal from a perfect periodic lattice or structure is an imperfection.
These imperfections are called crystal structure defects. The simplest point defect is the
lattice vacancy. The vacancies are formed either as Schottky or Frenkel defects.

In the first case, the easiest way to create a vacancy is to transfer an atom from an interior
lattice site to a lattice site on the surface of the crystal. In Frenkel defects one atom is
transferred from a lattice site to an interstitial position, a position which is not occupied
normally by any atom in the same lattice. In every otherwise perfect crystal in thermal
equilibrium, lattice vacancies are always present, because the entropy is increased by
the presence of disorder in the structure.

At a finite temperature the equilibrium condition of a crystal is the state of minimum
free energy F = E − TS.

If we have N atoms, the equilibrium number n of vacancies can be given by the ratio:

n

N − n
= e−Ev/kBT (3.4)

where Ev is the vacancy formation energy, kB the Boltzmann constant, and T the tem-
perature. If we assume that n is much smaller than N , and Ev ≈ 1 eV, then at T ≈
1000◦K we have n/N ≈ 10−5, i.e. the concentration of thermo-vacancies is very low. The
equilibrium concentration of vacancies decreases as the temperature decreases.
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3.3 Surface energy and vacancy formation energy

The mono-vacancy is modeled using a supercell technique. According to that, the for-
mation energy is obtained as

Ev = E3D −N3DEb (3.5)

where E3D is the supercell total energy, Eb the bulk total energy per atom and N3D is the
number of atoms in the supercell. The local lattice relaxation around the vacancy is of
order of 1-2% of the bulk nearest-neighbor distance. However, the energy change due
to the lattice relaxation can be as high as 20%. Because of that, the supercell energy was
obtained by relaxing the positions of the nearest-neighbor atoms around the vacancy.
Here we used the smallest possible supercell for this type of calculations, which has a
dimension of 2x2x2. If we model within an fcc crystal which has a base of four atoms,
this means a 32 atom supercell. For our metals we used one 32 atom supercell with
one vacant site and one ”virtual” 16 atom supercell, which is also 32 atom supercell
but includes two vacant site. Using bigger supercells improve the overall quality of
calculations with a big penalty on computational needs.

The close-packed (111) surface of fcc metals is modeled by a slab geometry consisting of
N2D atomic layers plus a vacuum layer of width equivalent to Nv atomic layers. In our
calculations N2D is eight, and Nv is four. At zero temperature, the surface excess free
energy is calculated as

γ = (E2D −N2DEb)/A2D. (3.6)

Here E2D represents the total energy of the slab (per N2D atomic layers), and A2D the
surface area per atom. The slab calculations were carried out using the equilibrium
lattice constant calculated for bulk. For close-packed surfaces, the surface relaxation ef-
fects in the surface energy are negligible [16, 17], and therefore, the present calculations
were performed for ideal fcc lattice.



Chapter 4

Vacancy formation energy calculations

4.0.1 Common steps: Equation of State, structural relaxation

As usual after working on the same field for longer times we find ourself doing the
same things repetitively for different materials. For clarity I will list here the general
steps what I used in these works.

First I establish the equation of state of the material. This is useful to see how our choice
of DFT implementation works on the interested materials. Accuracy and several im-
provements, test can be done here. Equation of state is done for bulk and supercells as
well. In case of supercell we can get a direct estimate of the unrelaxed (volume relaxed)
vacancy formation energy. If this is value is very far, then we can check for problems.
Choosing between exchange correlations. Checking results calculated with non self-
consistent or fully self-consistent way, in case if we do not looking for exchange corre-
lation effects. Unfortunately most published results restricts themself to PBE, PBEsol
results, which makes difficult to come up with results calculated with other methods,
because of obvious differences.

Having this steps done, using our knowledge that the structure is not that rigid as in
our models we relax the first nearest neighbor sites. This will cover the main effect of
the vacancy over the crystal. We calculate all relaxations separately and the final energy
minimum is found by either second order polynomial fit or cubic spline interpolation.
Her we have to notice that, in case when we miss some points (convergence problems)
then the cubic spline interpolation will still have all the points on the fit, while poly-
nomial fit will have them in the error bars. Here we have the flexibility to choose the
minimum values (spline or respectively polynomial) which fits better with the experi-
mental or reference results.

15



16 CHAPTER 4. VACANCY FORMATION ENERGY CALCULATIONS

4.1 Metals

4.1.1 Al, Ni and Cu

In most of the density functional level studies Al, Cu and for a magnetic case Ni is
chosen to be a benchmark metal[18, 19, 20, 21]. Many works are done on them to test a
methods accuracy because of their properties. Al is 3pmetal which is a model metal of a
nearly free electron system. Cu is the simplest 3d metal with good 3d properties, while
Ni is the simplest well known 3d magnetic metal. Many other choices can be done.

Vacancy formation energy calculations can be a good benchmark for the existing and
newly developed exchange correlation approximations. All these metals have fcc crystal
structure to avoid comparing vacancy formation energies of different crystal structures.
Different crystal structures have different number of nearest neighbor and different dis-
tance between them. These contributions affect the vacancy formation energies.

Bulk properties of Al, Ni, Cu

Calculating properties of bulk materials is the first step towards to determine their
mono-vacancy formation energies. To obtain proper bulk properties we calculate the
equation of state (EoS) of the bulk material. These are compared to the existing exper-
imental and theoretical results for given materials. To assign the equilibrium volume a
Morse type fitting [22] was used over several volumes and the calculated energies. For
the equilibrium energy a final calculation is done on the obtained volume. From this fit-
ting we also get the bulk moduli of the material, given by the second order derivative of
energy at the equilibrium volume. Our data set for Al, Ni and Cu are shown in Tab. 4.1.
First, we compare our results with those obtained using the projector augmented wave
[23], linear combination of atomic orbitals [24] and linear augmented plane wave [25]
methods. In general, the agreement between the three sets of theoretical values is very
good, indicating that EMTO accurately describes the equations of state of fcc Al, Ni and
Cu. Because the bulk modulies are extracted from a Morse type fit function [22] larger
deviations can be excepted. Compared to the experimental values [26] from Table 4.1,
we find that the average errors of the EMTO results obtained within LDA, PBE, PBEsol,
AM05 and LAG are 15.2, 3.7, 10.4, 11.1 and 7.3%, respectively. Thus PBE gives the best
performance for the equations of state and LAG is placed on the second place. It is in-
teresting that the PBEsol and AM05 approximations yield similar average errors. This
observation is in line with a former assessment made on a significantly larger database
(see Tables II and III from Ref. [27]). Since the experimental data refers to room tem-
perature and no phonon effects are included in the present theoretical values, it is not
possible to resolve the small difference between the accuracies of PBEsol and AM05 for
the equation of state of Al, Ni and Cu.
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Table 4.1. Theoretical and experimental (Ref. [26]) equilibrium Wigner-Seitz radius
(w0 in Bohr) and bulk modulus (B0 in GPa) for fcc Al, Cu and Ni. The
present results, shown for five different exchange-correlation approxima-
tions, are compared to former theoretical data obtained using full potential
methods based on the projector augmented wave (a: Ref. [23]), linear com-
bination of atomic orbitals (b: Ref. [24]) and linear augmented plane wave
(c: Ref. [25]) techniques.

system LDA PBE PBEsol AM05 LAG expt.
Al w0 2.95 2.99 2.97 2.96 2.98 2.991

2.94a,2.94b 2.99a,2.98b 2.96b 2.96a -
B0 81.2 75.7 80.1 84.8 76.5 72.8

81.4a,83.8b 75.2a,78.0b 82.6b 83.9a -
Ni w0 2.53 2.61 2.56 2.56 2.57 2.602

- 2.60a - - -
B0 243 198 223 222 214 179

- 199c - - -
Cu w0 2.60 2.69 2.64 2.64 2.65 2.669

2.60a,2.60b 2.69a,2.68b 2.63b 2.63a,2.63b -
B0 182 142 165 163 155 133

180a,190b 134a,142b 166b 157b -

4.1.2 Properties of bulk actinides

To make our baseline we compared our results for bulk metals with previous theoretical
results[28] and existing experimental data[29, 30]. Here we refer to theoretical data
obtained using the full potential implementation of the linear muffin tin orbital method
(FP-LMTO) [31]. We list our calculated theoretical equilibrium Wigner-Seitz radiuses
for LDA and GGA in Table 4.2.

These results show good agreement with the existing FP-LMTO results from Söderlind
et al. [28] and are situated between the full potential and experimental data.

The bulk moduli obtained from a Morse type of equation of state are presented in Table
4.3. Our bulk modulies show an increasing trend with the number of f electrons, which
is the consequence of the monotonously decreasing equilibrium volumes. Similar trend
can be noted for the FP-LMTO results.

Experimental bulk moduli of U, Np, Pu are smaller relative to our theoretical results. It
is important that as can be seen the upturn of α-Pu in the case the equilibrium volumes,
the bulk moduli shows a drop for Np and Pu. This behavior is connected mainly to the
changes in the participation of the 5f electrons in bonding and it is not captured by the
present DFT calculation.
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Table 4.2. Our equilibrium theoretical Wigner-Seitz radii (w) of the bulk metals
compared to former FP-LMTO results [28] and experimental alpha struc-
ture atomic volumes [30]. All radii are presented in Bohr units.

fcc bcc fcc α
LDA LDA FP-LMTO Exp.

Th 3.654 3.670 3.516 3.755
Pa 3.389 3.361 3.295 3.425
U 3.226 3.149 3.138 3.221

Np 3.100 3.025 3.031 3.140
Pu 3.021 2.954 2.965 3.182

GGA GGA
Th 3.752 3.763 3.627 3.755
Pa 3.467 3.447 3.369 3.425
U 3.307 3.223 3.210 3.221

Np 3.182 3.099 3.108 3.140
Pu 3.102 3.026 3.053 3.182

Table 4.3. Comparison of the theoretical bulk moduli (B) with former full
potential[28] and experimental data [30]. All data are presented in GPa
units.

fcc bcc fcc
LDA LDA FPLMTO exp

Th 77.19 68.08 82.6 50-72
Pa 116.35 107.59 141.3 100-157
U 142.05 185.07 186.2 100-152

Np 173.27 213.53 199.3 74-118
Pu 197.30 247.55 214.2 44-50

GGA GGA
Th 41.09 58.93 61.5 50-72
Pa 100.44 91.65 121.6 100-157
U 114.26 115.31 147.9 100-152

Np 132.60 138.44 160.5 74-118
Pu 144.23 182.66 143.5 44-50
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Figure 4.1. Theoretical Wigner-Seitz radii(w) and Bulk moduli(B) for light ac-
tinides. Vertical black bars on right panel shows the range of the exper-
imental values.

4.1.3 Accuracy of the bulk Fe-Cr-Ni alloy calculations

Our results for the alloy calculations can be found in Table 4.4 (3rd and 4th columns).
The equilibrium Wigner-Seitz radii vary within a range of 0.004 Bohr which is in agree-
ment with previous theoretical calculations [32], although our values are slightly shifted
towards higher volumes. The bulk modulus of the base alloy corresponding to the
AISI 304 was calculated to be about 165 GPa [32, 33]. Furthermore, for the equilibrium
Wigner-Seitz radius and bulk modulus of Fe0.7Ni0.15Cr0.15 theory predicted 2.660 Bohr
and 163 GPa, respectively, [34] compared to the experimental values of 2.65 Bohr and
159-162 GPa [35]. The present results from Table I are in perfect line with these former
data.
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Table 4.4. Theoretical results for bulk(b) and vacancy containing (32 site) super-
cell(SC) Fe-Cr-Ni alloys as a function of Cr and Ni concentrations (Fe bal-
ance). We present the equilibrium Wigner-Seitz radii (r in Bohr) and bulk
moduli (B in GPa), and the volume relaxed (Hf1) and structure relaxed
mono vacancy formation energies (Hf2) (in eV).

Cr Ni rb Bb rSC BSC Hf1 Hf2

12.00 8.00 2.662 156.3 2.657 152.6 2.26 1.90
12.00 14.00 2.662 159.7 2.656 153.2 2.23 1.87
12.00 20.00 2.661 162.7 2.658 156.2 2.18 1.83
15.00 13.00 2.663 161.6 2.658 155.1 2.25 1.89
15.00 17.00 2.663 163.7 2.658 157.2 2.23 1.87
17.50 12.00 2.663 163.7 2.678 156.4 2.28 1.92
18.00 8.00 2.662 162.0 2.658 154.9 2.31 1.94
18.00 20.00 2.664 168.0 2.658 161.3 2.21 1.85
21.00 13.00 2.664 167.8 2.659 161.0 2.30 1.92
21.00 17.00 2.664 169.7 2.659 162.8 2.27 1.90
24.00 8.00 2.664 168.8 2.659 159.67 2.43 2.04
24.00 14.00 2.665 171.3 2.660 163.7 2.32 1.94
24.00 20.00 2.665 174.3 2.660 167.2 2.27 1.90

4.2 Substitutional mono-vacancy formation energies and
effects

Volume and structure relaxation effect on the vacancy formation energy

The volume-relaxed vacancy formation energies for fcc Al, Ni and Cu (Ev(η)) are shown
in Table 4.5 as a function of η describing the local lattice relaxation around the vacancy.
Results are displayed for supercells with 16 (E16

v (η)) and 32 (E32
v (η)) atoms and for the

LDA, PBE, PBEsol, AM05 and LAG exchange-correlation approximations.

The minimum of Ev(η) gives the vacancy formation energy Ev (shown in Table 4.6)
and the equilibrium relaxation η0. We find that η0 exhibits a weak dependence on the
exchange-correlation approximation. For instance, in the case of sc16 Al, for η0 we get
-1.370, -1.359, -1.363, -1.361 and -1.359 for LDA, PBE, PBEsol, AM05 and LAG, respec-
tively. Similar behavior is seen for the sc32 supercell and for Ni and Cu as well. Figure
4.2 compares the LDA and PBE values for E32

v (η) for Al, Ni and Cu. We observe that the
difference between the LDA and PBE curves is somewhat larger for large positive and
negative distortions. However, in all three cases ηLDA

0 ≈ ηPBE
0 . The element dependence

of η0 also turns out to be small. Within the numerical accuracy of our fitting (±0.05%),
η0 for Al, Ni and Cu are identical: −1.4% for sc16 and −1.3% for sc32.
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Table 4.5. Vacancy formation energies (in eV) for fcc Al, Ni and Cu as a function
of the local lattice relaxation (η). Results are shown 16-atom and 32-atom
supercells and for LDA, PBE, PBEsol, AM05 and LAG.

sc16
η(%) LDA PBE PBEsol AM05 LAG

Al Ni Cu Al Ni Cu Al Ni Cu Al Ni Cu Al Ni Cu
-6 3.02 4.64 3.46 2.83 4.02 2.89 3.04 4.47 3.30 3.23 4.56 3.37 2.85 4.24 3.07
-4 1.33 2.58 1.88 1.26 2.27 1.60 1.40 2.55 1.85 1.57 2.63 1.91 1.24 2.34 1.66
-2 0.64 1.70 1.23 0.62 1.51 1.06 0.74 1.73 1.25 0.89 1.80 1.31 0.58 1.54 1.08
0 0.85 1.91 1.41 0.81 1.65 1.18 0.94 1.89 1.40 1.09 1.98 1.47 0.77 1.71 1.22
2 1.91 3.13 2.36 1.79 2.64 1.93 1.96 3.00 2.26 2.13 3.11 2.34 1.78 2.80 2.06

sc32
η(%) LDA PBE PBEsol AM05 LAG

Al Ni Cu Al Ni Cu Al Ni Cu Al Ni Cu Al Ni Cu
-6 2.79 4.40 3.28 2.64 3.85 2.77 2.82 4.25 3.14 3.00 4.34 3.21 2.65 4.03 2.93
-4 1.34 2.54 1.84 1.28 2.24 1.57 1.42 2.50 1.81 1.58 2.58 1.88 1.26 2.31 1.63
-2 0.70 1.73 1.24 0.67 1.52 1.05 0.80 1.73 1.25 0.94 1.81 1.31 0.64 1.55 1.08
0 0.81 1.87 1.39 0.77 1.60 1.15 0.91 1.85 1.37 1.05 1.93 1.44 0.75 1.67 1.19
2 1.66 2.91 2.22 1.57 2.46 1.81 1.73 2.80 2.13 1.89 2.90 2.21 1.55 2.60 1.92
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Figure 4.2. LDA and PBE volume-relaxed vacancy formation energies (E32
v (η)) for

fcc Al, Ni and Cu plotted as a function of η describing the local lattice
relaxation in the 32-atoms supercells.

Table 4.6. Vacancy formation energies (in eV) at η0 for fcc Al, Ni and Cu. Results are
shown for 16-atoms and 32-atoms supercells and for the LDA, PBE, PBEsol,
AM05 and LAG exchange-correlation approximations.

LDA PBE PBEsol AM05 x LAG
Al Ni Cu Al Ni Cu Al Ni Cu Al Ni Cu Al Ni Cu

sc16 0.63 1.65 1.18 0.61 1.46 1.03 0.73 1.67 1.20 0.89 1.75 1.26 0.58 1.50 1.01
sc32 0.65 1.67 1.21 0.62 1.46 1.02 0.75 1.67 1.21 0.89 1.75 1.28 0.59 1.49 1.04
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Table 4.7. Theoretical (EMTO: present results; PP: pseudopotential method, Ref.
[9]; FPKKR: full-potential Korringa-Kohn-Rostoker method, Ref. [36]) and
experimental (Ref. [29]) vacancy formation energies (in eV) for fcc Al.

LDA PBE PBEsol AM05 LAG
EMTO 0.65 0.62 0.75 0.89 0.59
PP 0.67 0.61 - 0.84 0.59
FPKKR 0.66 0.61 - - -
Expt. 0.67± 0.03

Table 4.6 demonstrates the effect of the size of the supercell on Ev. In the case of Al,
it is found that the vacancy formation energies increase by 0.00 − 0.02 eV, depending
on the exchange-correlation approximation, when going from the 16 atom supercell to
the 32 atom supercell. The size effects for Cu and Ni are similar to that for Al. Vacancy-
vacancy interaction lowers the vacancy formation energy. The results shows that in case
of the 16 atom supercell the vacancy-vacancy interaction is much higher then for the 32
atom supercell. Previous theoretical calculations indicate the 32 atom supercell is the
smallest possible cell used in this purpose. The gain, with using larger cell, is negligible
and the changes in the vacancy formation energy are usually less than ≈0.015 eV. The
above finding confirms the previous observation about the size of the supercell and the
proper Brillouin zone sampling [37, 38, 39]. In the following, we compare the present
theoretical vacancy formation energies obtained for the 32-atoms supercell with former
theoretical and experimental data.

4.2.1 Accuracy of the chosen theoretical method

To establish the accuracy of chosen theoretical tool I compare the EMTO results with
former theoretical and experimental data.

The fully relaxed vacancy formation energies for fcc Al, Ni and Cu are compared with
the available theoretical and experimental data [40] in Tables 4.7, 4.8 and 4.9. The theo-
retical description of the vacancies in Al has been used many times as a benchmark for
the exchange-correlation approximations. Because of that, for this system theoretical
vacancy formation energies are available within LDA, PBE, AM05 and LAG [9, 36]. The
deviation between the present Ev and those obtained using the full-potential Korringa-
Kohn-Rostoker (FPKKR) method [36] (Table 4.7) is within the numerical error of our
calculations. Somewhat larger differences can be seen between our results and those
calculated using a pseudopotential (PP) approach [9]. These deviations may, however,
be ascribed to the differences between the computational tools (all electron versus pseu-
dopotential) and numerical details. Nevertheless, the trends predicted from EMTO and
PP calculations when going from LDA to PBE, AM05 and LAG are in line with each
other indicating the robustness of the theoretical data.
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Table 4.8. Theoretical (EMTO: present results; LMTO: linear muffin-tin orbitals
method with electrostatic correction, Ref. [37]) and experimental (Expt. Ref.
[29]) vacancy formation energies (in eV) for fcc Ni. Values with ∗ refer to
rigid fcc lattice.

LDA PBE PBEsol AM05 LAG
EMTO 1.67 1.46 1.67 1.75 1.49
LMTO 1.78∗ - - - -
Expt. 1.79±0.05

Comparing the EMTO results for Al with the recommended experimental value of 0.67±
0.03 eV [29], for the relative deviations within LDA, PBE, PBEsol, AM05 and LAG we
get 3.0, 9.0, 11.9, 32.8 and 11.9%, respectively. The surprisingly good LDA result was
suggested to be coincidental [9]. Except AM05, which gives unexpectedly large Ev, the
present gradient corrected functionals yield similar errors for the vacancy formation
energy of fcc Al. It is important to point out that the main difference between LAG and
AM05 is the correlation functional: the prior uses the LDA correlation by Perdew and
Wang [3, 41], while the latter uses a correlation functional generated from the jellium
surface data [9]. Obviously, this gradient-level correlation term is responsible for the
0.3 eV difference between AM05 and LAG results. Since the PBEsol correlation is also
based on the jellium surface data [5], it seems that the often quoted ”error cancelation”
between the exchange and correlation terms is more effective in PBEsol than in AM05.

For ferromagnetic fcc Ni (Table 4.8), the only available theoretical vacancy formation en-
ergy was obtained using the linear muffin-tin orbitals method (LMTO) in combination
with LDA [37]. In spite of the fact that the reported LMTO value (1.78 eV) corresponds
to a rigid fcc lattice (only volume-relaxed), it agrees well with the mean experimental
value of 1.79 ± 0.05 eV [29]. The relative difference between the present theoretical va-
cancy formation energies and the experimental data is 6.7, 18.4, 6.7, 2.2 and 16.8% for
LDA, PBE, PBEsol, AM05 and LAG, respectively. It is found that the AM05 functional
performs much better for Ni than for Al. At the same time, PBE and LAG only poorly re-
produce the recommended experimental vacancy formation energy of Ni. At this point
it might be worth pointing out that out of the nine quoted experimental vacancy for-
mation enthalpies for fcc Ni (Ref. [29]) only two are close to the recommended value of
1.79± 0.05 eV, all the others range between 1.45 eV and 1.76 eV.

In Table 4.9, we compare the EMTO results for Cu to those obtained using the linear
muffin-tin orbitals (LMTO) [37], the FPKKR [42], and the full-potential linear muffin-tin
orbitals (FPLMTO) [43, 44] methods, as well as to two experimental values [29, 45]. The
large scatter between the LMTO, FPKKR and FPLMTO results illustrates the numerical
difficulties associated with such calculations and shows the sensitivity of the formation
energy to various numerical approximations. All former LDA results from Table 4.9
were obtained for the unrelaxed geometry and thus are expected to overestimate the
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Table 4.9. Theoretical (EMTO: present results; LMTO: linear muffin-tin orbitals
method with electrostatic correction, Ref. [37]; FPKKR: full-potential
Korringa-Kohn-Rostoker method, Ref. [42]; FPLMTOa full-potential linear
muffin-tin orbitals method, Ref. [43]; FPLMTOb full-potential linear muffin-
tin orbitals method, Ref. [44]) and experimental (Expt.a Ref. [29]; Expt.b Ref.
[45]) vacancy formation energies (in eV) for fcc Cu. Values with ∗ refer to
rigid fcc lattice.

LDA PBE PBEsol AM05 LAG
EMTO 1.21 1.02 1.21 1.28 1.04
LMTO 1.33∗ - - - -
FPKKR 1.41∗ - - - -
FPLMTOa 1.29∗ - - - -
FPLMTOb 1.33∗ - - - -
Expt.a 1.28±0.05
Expt.b 1.19±0.03

present LDA value. We note the good agreement between the present unrelaxed value
of 1.39 eV (Table 4.5) and that obtained using the FPKKR method [42].

Finally, we compare the present vacancy formation energy for fcc Cu to the experimen-
tal values. Using the recommended experimental value of 1.28± 0.05 eV [29], we might
conclude that for Cu the AM05 approximation yields the best performance. However,
more recent experiments give 1.19 ± 0.03 eV for the vacancy formation energy in Cu.
This value places LDA and PBEsol on the top (error of 1.7%), followed by AM05 (7.6%),
LAG (12.6%) and finally PBE (14.3%).

4.2.2 Introducing the edge electron gas problem in the exchange cor-
relation functionals

There is one common property of electronic densities in theories for the case of vacancy
description and for surface description. In bulk metals, the electronic density can be
well represented by a uniform or slowly varying electron gas. In the core of the vacancy
or far outside the metals, the electronic density will go down to zero or very close to zero
and this can be represented also like a uniform zero density. The problem is how we go
from a uniform non-zero electronic density to zero density. For the description of this
problem was invented the jellium surface model. The jellium surface model is a surface
of an ideal electron gas. There are several jellium surface models but we notice that
they are not the same like a real surface of a metal. All exchange correlation functionals
mentioned in this work was tested with jellium surface model.

In Table 4.10, we present our calculated results with some reference experimental data
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Table 4.10. Theoretical and experimental Wigner-Seitz radius (w, Bohr radius),
bulk modulus (B, GPa), mono-vacancy formation (Ev, eV) and surface en-
ergies (γ, J/m2) for fcc Al, Ni and Cu. The experimental bulk parameters
are from Ref. [26] and vacancy formation energies from Ref. [29] (a) and
[45] (b). The estimated surface energies are taken from Ref. [46] (c) and
Ref. [47] (d).

LDA PBE PBEsol AM05 Expt. Estimated
Al w 2.950 2.993 2.973 2.964 2.991 -

B 75.87 75.19 77.89 82.17 72.8 -
Ev 0.65 0.62 0.75 0.89 0.67±0.03a -
γ 1.042 0.899 1.058 0.873 - 1.143c

1.160d

Ni w 2.535 2.604 2.563 2.560 2.602 -
B 250.79 199.63 229.05 228.32 179 -
Ev 1.67 1.46 1.67 1.75 1.79±0.05a -
γ 2.713 2.082 2.522 2.228 - 2.38c

2.45d

Cu w 2.604 2.687 2.638 2.636 2.669 -
B 184.13 141.30 165.74 163.77 133 -
Ev 1.21 1.02 1.21 1.28 1.28±0.05a -

1.19±0.03b

γ 1.889 1.366 1.737 1.473 - 1.79c

1.825d

for the bulk equilibrium properties and vacancy formation energy, and estimated data
for the surface energies. Note that today no experimental surface energies are available,
and the only comprehensive ”experimental” surface energy data is based on the surface
tension measurements in the liquid phase and extrapolated to 0 K [46]. Furthermore,
the experimental vacancy formation energies listed in the table (with one exception) are
the recommended values, and the actual experimental data show a significant scatter
around these average values [29]. The reader is referred to Refs. [27] and [48] for a
detailed comparison of the theoretical bulk properties and vacancy formation energies
for Al, Ni and Cu to other first principles theoretical results. The present surface energy
values for Ni and Cu agree well with 1.93 J/m2 and for Cu 1.30 J/m2 obtained using
the projector augmented wave full potential method in combination the PBE functional
[49].

In the following we compare the calculated formation energies to the experimental (es-
timated) data. We would like to emphasize that in this comparison, the experimental
data is used as reference, rather than to disqualify any of the present density functional
approximations. It is found that on the average, the LDA approximation gives the most
”accurate” (relative to the recommended values) vacancy formation energies for Al (-
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3%), Ni (-7%) and Cu (-2%). The two newly developed PBEsol and AM05 approxima-
tions also perform well for Ni (-7% and -2%) and Cu (-2 and 3%), but they overestimate
the vacancy formation energy in Al (12% and 33%). That is, for late transition metals
LDA, PBEsol and AM05 give similar vacancy formation energies, but the overestima-
tion by PBEsol and especially by AM05 in the case of Al seems to be rather severe. The
corresponding theory-experimental differences for PBE are -7% for Al, -18% for Ni and
-17% for Cu.

The surface energies calculated within LDA deviate from the experimental (estimated)
values by -10% for Al, 12% for Ni and 5% for Cu. For PBEsol and AM05, the above
differences are modify to -8%, 4%, -4% and -24%, -8%, -19%, respectively. Notice the
large gap between the PBEsol and AM05 surface energies for Al. For comparison, the
deviations obtained for PBE relative to the estimated values are -22% for Al, -14% for
Ni and -24% for Cu. On these grounds, we should conclude that PBEsol yields surface
energies in closest agreement with the available estimated values. The performance
of AM05 is marginally better than that of PBE, but somewhat worse than that of LDA
and PBEsol. It is rather surprising that the two functionals incorporating surface effects
perform so differently for the present inhomogeneous systems. We emphasize that for
bulk ground state properties (see Table 4.10), PBEsol and AM05 have nearly the same
accuracies, both of them performing slightly worse than PBE.

4.2.3 PBE, PBEsol and AM05 enhancement functions

In order to understand the different performances of the three gradient-level approxi-
mations (PBE, PBEsol and AM05), in Fig. 4.3 we plot the corresponding enhancement
functions Fxc(s, rs) as a function of scaled gradient s and electron density parameter rs.
Note that the s → 0 part of the graphs corresponds to the LDA limit. In the following
we briefly discuss the similarities and differences between the three contour plots from
Fig. 4.3. To this end, we distinguish the low (s . 1) and high (s & 1) gradient regimes
and the high (rs . 2), intermediate (2 . rs . 4) and low (rs & 4) density regimes.

First, we focus on the low gradient (s . 1) part of the diagrams. We observe a clear dif-
ference between the PBE and the two recent approximations. Namely, for both PBEsol
and AM05 the enhancement function shows a weak local minimum with increasing
reduced gradient, which is completely missing from the PBE functional. At high den-
sities, the LDA type of behavior is sustained on the average up to higher s values for
PBEsol and AM05 compared to PBE. Namely, FPBEsol

xc (s,rs . 2) and FAM05
xc (s, rs . 1)

remain nearly constant with s up to s . 0.7 − 0.9 (depending on the density), whereas
FPBE
xc (s, rS . 2) starts to deviate from Fxc(0,rS . 2) (representing the LDA ”enhance-

ment” function) already at s ∼ 0.2 − 0.4. This ”LDA regime” is clearly visible in the
lower left part of the PBEsol diagram.

At low gradients (s . 1) and intermediate densities (2 . rs . 4), the deviation com-
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Figure 4.3. Contour plot of the Fxc(s, rs) enhancement function generated for PBE,
PBEsol and AM05 functionals for 0 ≤ s ≤ 2 and 0 ≤ rs ≤ 6 (in atomic
units).

pared to the LDA behavior becomes more pronounced for AM05 than for PBEsol. The
deviation is located approximately between s ∼ 0.3 and s ∼ 0.8 for AM05 and between
s ∼ 0.6 and s ∼ 1.1 for PBEsol. That is, for intermediate densities the PBEsol maintains
its LDA character up to s . 0.6 in comparison to 0.3 for AM05.

For low densities (rs & 4) and low gradients (s . 1), both PBEsol and AM05 show
clear structure with s. The minimum of AM05 remains approximately around the same
s values as for intermediate and low densities, but that of PBEsol gradually shifts to
higher s values. In other words, for these densities and for s . 1, AM05 deviates more
significantly from LDA than PBEsol. It is interesting that PBE remains the most ”LDA
type” at low densities and low gradients [4].

For high gradients (s & 1), the three graphs show large deviations. On the average, the
PBEsol enhancement function remains the closes to the LDA limit. Its s and rs depen-
dence is relatively weak and for intermediate densities we have FPBEsol

xc (2, 3)/Fxc(0, 3) ≈
1.06 compared to 1.15 and 1.10 obtained for PBE and AM05, respectively. Except the low
rs part of diagrams, AM05 and PBE show some similarities. Both FPBEsol

xc and FAM05
xc in-

crease rapidly with s reaching values around 1.45 in the upper right corner of the maps.
For density parameters rs . 1, the AM05 functional exhibits the weakest gradient de-
pendence.
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4.2.4 Density parameters for the defected Al, Ni and Cu
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Figure 4.4. Contour plot for the density parameter rs (in atomic units) for defected
fcc Cu. The two cross sections correspond to (a) a monovacancy, and (b)
the (111) surface. Low rs values mark the positions of the atoms. The solid
black lines (A-A’ and B-B’) are approximately the pathes used for Figures
4.5 and 4.6 (see the corresponding discussion in the text).

Next we turn to the present surface and vacancy systems and try to place them on the
graphs from Fig. 4.3. The contour plot for the density parameter for defected fcc Cu
is shown in Figure 4.4. Panel (a) corresponds to a monovacancy, and panel (b) to the
fcc (111) surface. The solid lines from Fig. 4.4 mark some selected pathes along which
we compare the density parameters for the present test systems. Figure 4.5 displays the
electronic radius and reduced gradient for an atomic site next to the vacancy or surface.
The rs and s values have been calculated within the Wigner-Seitz spheres using the
density along a path pointing from the nucleus towards the vacancy or surface (Fig. 4.5,
upper panel) and for the opposite path pointing towards the bulk metal (Fig. 4.5, lower
panel) (i.e., the A-A’ path from Figures 2a and 2b). Since we are mainly interested in the
density far from the nucleus, the structures close to the nucleus (corresponding to small
rs and large density) are not shown in great details. It should be mentioned, however,
that the fact that the plots from Fig. 4.5 are rather symmetric at small rs indicates that
this core region is not significantly altered by the vacancy or surface effects.

With very good approximation, we can take the numbers from the lower panel of Fig.
4.4 as being the corresponding bulk values for rs and s. We observe that for all solids
considered here, the bulk electron density is limited to rbs < 2, i.e. we are dealing with
high density bulk systems. The bulk reduced gradient remains below 1, except for Al
where sbmax ≈ 1.3. For s < 1 and rs < 2, the PBEsol and AM05 maps from Fig. 4.3 show
great similarities, which explains why for bulk Al, Ni and Cu these two approximations



4.2. SUBSTITUTIONAL MONO-VACANCY FORMATION ENERGIES AND EFFECTS29

0 1
6

4

2

0

2

4

6

r S

Al vacancy
Al surface

0 1 2

Cu vacancy
Cu surface

0 1
s

Ni vacancy
Ni surface

NN site NN site NN site

Figure 4.5. Comparing the s and rs density parameters (in atomic units) for the
nearest neighbor atomic site (NN site) around vacancy (black lines) and
surface (red lines) for Al, Ni and Cu. The parameters were calculated
within the Wigner-Seitz spheres and correspond to the density along a path
going from the nucleus towards the vacancy or surface (upper panel) and
the opposite path pointing towards the bulk (lower panel).

give very similar ground state properties (Table 4.10). On the other hand, the PBE map
deviates markedly from the PBEsol and AM05 maps already for s < 1 and rs < 2,
elucidating why the PBE equilibrium Wigner-Seitz radii (bulk moduli) for Al, Ni and
Cu are larger (smaller) than the corresponding PBEsol and AM05 values (Table 4.10).

The two major changes in the upper part of Fig. 4.5 compared to the bulk-like lower
part is the increased rs values and the slightly increased s values. Note that there are no
large deviations between the parameters obtained for the vacancy and surface atoms.
In the vacancy or surface side of the atoms (Fig. 4.5, upper panel) we have rs . 3 − 4
and s . 1.1 − 1.3. That is, this density region already corresponds to that part of the
exchange-correlation functional maps from Fig. 4.3 where sizable deviations between
the three functionals are seen. It is clear that this density region gives positive energy
contributions to the PBEsol and AM05 formation energies compared to the PBE and
LDA values (we recall that smaller enhancement function corresponds to larger total
energy). The effect is expected to be stronger in the case of AM05 than for PBEsol. Nev-
ertheless, since for the vacancy and surface atoms from Fig. 4.5, the density parameters
remain relatively close to each other, these atomic sites alone cannot explain the large
differences seen in the performances of the functionals.

Figure 4.6 shows the density parameters for the vacancy site and for the first ”empty”
sphere next to the surface (i.e., the B-B’ path from Figures 2a and 2b). In the case of
vacancies, the reduced gradient remains bounded: s . 0.8 for Al, and s . 0.6 − 0.7
for Ni and Cu, and the electronic radius extends up to ∼ 4.7 for Al, ∼ 3.7 for Ni and
∼ 3.9 for Cu (see also Figure 4.4). Accordingly, the vacancy site scans an s-rs interval
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Figure 4.6. Comparing the s and rs density parameters (in atomic units) for the
vacancy site (black lines) and first ”empty” surface site (red lines) for Al,
Ni and Cu. The parameters have been calculated within the Wigner-Seitz
spheres and correspond to the density along a path across the cell going
from one nearest neighbor atom to another across the vacancy and from a
surface atom towards the vacuum across the ”empty” surface site.

from Fig. 1 where both PBEsol and AM05 enhancement functions go below and the PBE
one above the LDA value. This means that the PBE vacancy formation energy should
be smaller and the PBEsol and AM05 larger than the corresponding LDA value, in line
with Table 4.10. The characteristic s-rs domain for the vacancy site remains the closest
to the ”low s-low rs” region in the case of Ni, which explains why for Ni the PBEsol and
AM05 vacancy formation energies are still small and close to the experimental value.
The situation is quite similar for Cu as well. However, for Al the characteristic s-rs
domain is shifted to larger rs and s values where the negative part of the PBEsol and
AM05 (relative to LDA) functions becomes more pronounced. This is the reason why
for Al, the two recent functionals give vacancy formation energies larger than LDA.
When it comes to the PBE functional, since the ”LDA regime” in the PBE approximation
increases with rs, it is understandable that for Al the PBE vacancy formation energy is
relatively close to the LDA value.

For surface ”empty” sites, we have rs & 2 and s & 0.5. According to Fig. 4.3, the surface
s-rs domain scans both the s < 1 (where the PBEsol and AM05 enhancement functions
are below the LDA one) and s > 1 regions. Therefore, depending on the actual extent
of the density, the PBEsol and AM05 approximations are not expected any longer to
overestimate the formation energy (relative to the LDA). Since for rs > 2 and s > 1, the
AM05 map rapidly approaches the PBE map, it is clear that AM05 should yield surface
energies closer to PBE than to PBEsol. The latter functional has only a moderate increase
in the s > 1 region (compared to PBE and AM05), which is partly canceled by the slight
decrease at lower gradient and thus yielding surface energies which are relatively close
to the LDA values. This cancelation is less efficient for AM05, especially when rs is
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large, which results in AM05 surface energies close to the PBE values.

The two recent AM05 and PBEsol gradient-level functionals have been established so
that both of them accurately reproduce the jellium surface energies. In spite of that,
these approximations are found to give rather different surface energies and vacancy
formation energies for the present close-packed metals as well as for the late 4d metals
[27]. The deviations have been shown to be due to the differences in the exchange-
correlation energy density versus density parameter rs and reduced gradient s. This
means that designing functionals by monitoring merely the total (integrated) energy
can lead to very different local behaviors, which in turn can give strongly deviating
results for realistic systems. A gradient-level functional density includes information
about the density in a point and its immediate vicinity, and thus tracing the local rather
than the global behavior of the functional seems to be a more natural option. However,
due to the reduced flexibility of these two-parameters functionals, a unified gradient-
level description of the energetics of the ideal bulk and defected lattices might not be
possible and one may need to go further by including non-local information like, e.g.,
in the recently revised meta-GGA approximation [50].

4.2.5 Vacancy formation energies of Th, Pa, U, Np, and Pu

We established the equation of state for the 2 × 2 × 2 supercells as well. The results of
these calculations are shown in Table 4.11.

Table 4.11. Theoretical Equilibrium volumes and bulk modulies for the 2 × 2 × 2
fcc and bcc supercells.

w fcc32-LDA fcc32-GGA bcc16-LDA bcc16-GGA
Th 3.644 3.747 3.641 3.734
Pa 3.372 3.454 3.334 3.419
U 3.206 3.286 3.128 3.206

Np 3.082 3.162 3.000 3.071
Pu 3.004 3.084 2.931 3.001
B fcc32-LDA fcc32-GGA bcc16-LDA bcc16-GGA
Th 61.48 50.25 65.73 54.47
Pa 109.07 91.10 104.26 86.07
U 140.41 113.09 154.31 118.71

Np 170.28 131.38 204.79 153.72
Pu 194.95 145.06 233.96 174.75

The volumes of the fcc(bcc) supercells containing 1/32(1/16) vacancies shows the simi-
lar shrinking behavior compared to the ideal bulk as that noticed in our previous works
[48, 51]. Exchanging an atom to a vacant site causes a small decrease in the volume and
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a softer bulk moduli. In experiment this is not visible, because the atoms knocked out
by neutrons or thermal excitations, occupy initially an interstitial positions. The energy
of the dislocation is restricted in a small place will cause a reconstruct around the vacant
site, when energetically its more favorable. The released energy of this reconstruction
is called Wigner energy, and it is well known in nuclear industry. By the end of this
reconstruction of the crystal, the volume of the crystal is increased and the process is
called swelling.

Table 4.12. Theoretical and experimental vacancy formation energies of the light
actinides (eV).

fcc bcc
LDA GGA LDA GGA Exp.

Th 2.583 2.066 1.781 1.694 1.3±0.25(bcc)[29, 52]
Pa 2.082 2.120 1.764 1.678
U 0.727 0.699 1.783 1.625 1.0-1.3 (bcc)[29, 53]

Np 0.227 0.405 1.688 1.537
Pu 0.323 0.552 1.132 0.960 0.46-0.85,1.5(fcc)[54, 55, 56, 57]
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Figure 4.7. Relaxation of vacancy formation energy for LDA in fcc(Panel a) and
bcc(Panel b) crystal structure of the light actinides

For a more proper description of the local effects of the vacancy, we relax the atomic
positions in the first nearest neighbor of the vacancies as seen in Fig.4.7.

The fully relaxed vacancy formation energies are listed in Table4.12 and shown in Fig.4.8.

Despite of the large scatter in the reference data, we can see that our results are over-
shooting the experimental values for both LDA and GGA approximation. As we go
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Figure 4.8. Vacancy formation energies of light actinides. Black vertical bars shows
the experimental values with error bars (for Th and U) and in case of Pu
the range of expected and calculated values.

from Th to Pu the theoretical results approach the experimental values. Surprisingly
our scattered results on both crystal structure fits well the reported values for Pu.

The difficulties associated with a proper description of the changes observed in the light
actinides upon creating a vacancy are lying in their complex electronic band structures
around the Fermi energy. Between the pioneering works we limit ourself to the publi-
cation by Brooks and Johansson [58]. As explained by Moore and van der Laan [59] the
5f forms a peak around the Fermi level. In case of thorium the peak is laying above, but
as population number of the band increases forward to Pu the peak of the 5f bonding
states slowly shifts trough the Fermi level. The bandwidth of this peak was observed
to be around or less then 10 eV and changing as the band filling increases. The review
in question[59, 60] mentions that the 5f band after Pu shows similar behavior like the
4f band for lanthanides with the same number of f -type of electrons. This behavior can
be captured by fully relativistic full potential calculations, as it was done by Söderlind
et al. [61]. One phase stability study for Th, U and Pu was also done by Wills and Eriks-
son [62]. Our results shows similar trends as the full potential scalar-relativistic results
[28, 62].

In an early attempt to calculate Th and Pu properties including vacancy formation ener-
gies, Chen [63] using Local Volume Potential combining with Embedded Atom Model
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got around 3.0 eV for fcc Th, 1.45 eV for fcc Pu and 1.39 eV for bcc Pu. Chen‘s results
for the bulk metals were highly ”accurate” which comes from the fitting behavior of the
used method. However the vacancy formation energy of Th is offside against the exper-
imental measurements[52]. On the Pu side we did not find experimental results and the
presented values for fcc and bcc phase shows the trend of decreasing vacancy forma-
tion energies. In case of uranium similar behavior was reported [53]. Newer calculation
based on the Modified Embedded Atom Model [54, 55, 64] shows a range of values be-
tween 0.4 and 0.6 eV for δ-Pu. Density functional Projector Augmented Wavefunction
(PAW) results by Robert [57] suggest a value of 0.85 eV within GGA approximation in
δ-Pu. Robert mentions that within fcc metals the experimental values for vacancy for-
mation energy is related to the cohesion energy and in our case for δ-Pu would be 1.5
eV. Realistic values of vacancy formation energies in δ-Pu should be higher then 0.5 eV,
because experiment found that the Frenkel pair energy is averaging around 3.9 eV[65].
Analyzing the Frenkel pair formation energy, including some uncertainties of the used
process, the vacancy formation energy can be deduced to be between 1 and 1.5 eV, with
a 2.4 eV energy needed for self interstitial atom [54, 55, 64].

We verified the energy differences between the fcc and bcc phase and the results are
plotted on Fig. 4.9.
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Figure 4.9. Structural energy differences between fcc and bcc along with the differ-
ence between the vacancy formation energies obtained for the two crystal-
lographic phases.

An initial idea is that the trends shown by different exchange correlation approxima-
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tion are very similar. At low 5f occupation (Th and Pa) the fcc crystal structure is more
stable than the bcc phase. As the band filling increases the bcc structure becames more
favorable over the fcc one. Defining the same kind of structural energy difference for
the supercells is difficult. We decided to check the difference in the vacancy formation
energies. This energy still contains informations about the crystal phase and the relative
vacancy concentration vs the super cell size. The lines marked ”damaged” on Fig.4.9
shows these structural energy differences obtained from the differences of the vacancy
formation energies. We can clearly see that for the crystals containing vacancies the pre-
ferred crystal phase is opposite to the bulk one. There could be many compensations
to cancel the effect of the vacancies, however the fact that crystal can be destabilized
trough point defects is interesting. In a hypothetical system we could remove all other
effects, then a high concentration of vacancies could in fact lead to a phase transforma-
tion in light actinides where the structural energy differences are small.

4.2.6 Vacancy formation energies of homogeneous Fe-Cr-Ni alloys

The vacancy formation energies of pure elements vary with crystal structure and mag-
netic state. For Fe and Cr, there are no available experimental paramagnetic fcc mono-
vacancy formation energies. For fcc Ni the recommended mono-vacancy formation en-
thalpy in fcc is 1.79 eV [29].

The theoretical vacancy formation energies are listed in Table 4.13. We find that the the-
oretical fully-relaxed Hfr(volume-relaxed Hfu) increases from 1.83 eV to 2.04 eV (2.18
eV to 2.43 eV) as going from Fe0.68Ni0.20Cr0.12 to Fe0.72Ni0.08Cr0.20. Before discussing the
obtained trends, we try to place these results on the palette of the existing experimental
data for Fe-Cr-Ni. The volume relaxed formation energies are found to be larger than
the recommended value (1.8 eV) for Fe-Cr-Ni alloys [29]. The difference between Hfu

and Hfr gives the structural relaxation effect, which accounts for about 0.4 eV (∼ 20%)
for most concentrations. Our fully-relaxed values fit well into 1.8 − 2.0 eV represent-
ing the range of experimental vacancy formation energies for austenitic Fe-Cr-Ni solid
solution [29]. For commercial austenitic stainless steel AISI316 the experimental va-
cancy formation enthalpy is 1.61 eV. This material usually contains 16-18 % Cr, 10-14 %
Ni, and a few percent Si, Mn and Mo, and max 0.08 wt. % C(balance Fe). For similar
compositions, the present calculations give 1.90 eV. It was reported that the Si-vacancy
interactions reduce the vacancy formation energy [29, 66, 67, 68], which may explain
the difference between theory and experiment for the AISI316 alloy. Taking into ac-
count that the present study is based on the fully disordered model described within
the mean-field approximation, we conclude that the agreement between the theoretical
results from Table II and the available experimental data is satisfactory.

Since the vacancy formation energies of pure elements vary with crystal structure and
magnetic state, it is rather difficult to discuss to what extent the rule of mixing for the
vacancy formation energy works for Fe-Cr-Ni alloys. For fcc Ni, the recommended
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Table 4.13. Theoretical results for vacancy formation energies in paramagnetic fcc
Fe-Cr-Ni alloys as a function of Cr and Ni concentrations (Fe balance).
We present the volume-relaxed (Hfu) and structure-relaxed (Hfr) vacancy
formation energies (in eV).

Cr at. % 12 15 17.5 18 21 24
Ni at. % 8 14 20 13 17 12 8 20 13 17 8 14 20
Hfu 2.26 2.23 2.18 2.25 2.23 2.28 2.31 2.21 2.30 2.27 2.43 2.32 2.27
Hfr 1.90 1.87 1.83 1.89 1.87 1.92 1.94 1.85 1.92 1.90 2.04 1.94 1.90

mono-vacancy formation enthalpy is 1.79 eV. However, for Fe and Cr, there are no avail-
able experimental paramagnetic fcc mono-vacancy formation energies. Thus, in order
to be able to see whether a linear interpolation between end members holds for the for-
mation energy one should perform similar theoretical calculations for the hypothetical
paramagnetic fcc Fe and Cr.
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Figure 4.10. Vacancy formation energy (in units of eV) of homogeneous paramag-
netic fcc Fe-Cr-Ni alloy as a function of chemical composition. Left panel:
volume relaxed results; right panel: volume and structure relaxed results.

The volume-relaxed and volume plus structure-relaxed formation energies are plotted
in Fig. 4.10 as a function of chemical composition. We notice that after structural relax-
ation the trend of the vacancy formation energies remains practically the same as that
seen for the formation energies without local relaxation. This has been expected since
by local relaxation we only change the size of vacancy but keep the mean-field environ-
ment almost constant. Figure 4.10 shows that the formation energy decreases (increases)
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monotonously with Ni (Cr).

4.2.7 Vacancy effect on the local magnetic moments

Recent work investigated the effect of vacancy on the electronic Wigner-Seitz radius
(charge density) [69]. It was shown that the compensation effect in the charge density
is not observable beyond the 2nd nearest neighbor around the vacancy. Those obser-
vations turned our attention to verify the local magnetic moments in Fe-Cr-Ni alloys,
where the magnetic state was found to have a large influence on the mechanical proper-
ties [34]. The paramagnetic state of Fe-Cr-Ni alloys was described within the disordered
local magnetic moment method. According to that, there are non-zero local magnetic
moments on Fe atoms, but those on Cr and Ni atoms vanish (in lack of longitudinal spin
fluctuations). The present results on the magnetic configuration of Fe-Cr-Ni supercells
with vacancy are shown in Figs. 4.11-4.13.
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Figure 4.11. The chemical effect on the local magnetic moments (in µB) (panel a),
and the deviation from the mean bulk magnetic moment for the two most
extreme compositions (panel b). The local magnetic moments are shown
as a function of the order of the nearest neighbor atomic sites (coordina-
tion shells).

We selected two series of Fe-Cr-Ni alloys in Fig. 4.11 to illustrate the compositional
effect on the local magnetic moments. The open and filled symbols correspond to alloys
with Cr content fixed to 24% and 12%, respectively, and with variable Ni content (8, 14
and 20%). In this way, one can follow how the moments vary with Cr and Ni content
including the alloy with the lowest amount of Fe (encompassing 24% Cr and 20% Ni).
In panel (a) of Fig. 4.11, the local magnetic moments are shown for all distinct nearest
neighbors (coordination shells) within the 32-sites supercell. In order to compare the
magnetic moments to the corresponding bulk values, in panel (b) of Fig. 4.11 we plot
the shell-resolved moments for two alloys relative to their mean bulk values.
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Figure 4.12. Local magnetic moments (in µB) of the nearest neighbors atoms
around the vacant site as a function of local relaxation (η). The vertical
line shows the equilibrium relaxation (η0) corresponding to the minimum
of Hfr(η).

The variation of the local magnetic moments upon structural (local) relaxation around
the vacancy are presented in Fig. 4.12 for the alloy containing 17.5% Cr and 12% Ni.
Here, the vertical line marks the equilibrium local relaxation around the vacancy cor-
responding approximately to the vacancy formation energy minimum. Figure 4.13 dis-
plays the compositional map of the difference (δm in percent) between the average local
magnetic moment in the supercell with vacancy and the corresponding bulk value. The
difference is defined as δm = (mb −ms)/mb, where mb is the bulk local magnetic mo-
ment and ms is the average supercell local magnetic moment.

4.2.8 Trends of the vacancy formation energy

In the Landol-Börnstein database for experimental results [29] there are 2 graphs for the
vacancy formation energies. One is for 16 wt. % Cr and Ni content varying from 20 to
75 wt. %. For this system, the vacancy formation enthalpy scans values from 2.00 to
1.50 eV with increasing Ni content. In the second graph, the Ni content is fixed to 25 wt.
% and the Cr content changes from 8 to 16 wt. %. In this case, the vacancy formation
enthalpy scans values between 1.60 and 1.80 eV. For a compound with 25 % Ni and 16
% Cr we get 1.95 eV from the first and 1.80 eV on the second graph. However, both
graphs contain large error bars which may explain this apparent inconsistency between
them. It was also mentioned that in pure Fe-Cr-Ni solid solution the vacancy formation
energy depends on the short range order in bulk alloy.

In experiments, the vacancy formation enthalpy is given by the difference of the self
diffusion coefficient and the vacancy migration enthalpy [29, 67]. Checking the corre-
sponding figures and tables from Ref. [29] we notice that neither the vacancy migration
enthalpies nor the self diffusion coefficient change with composition. Substracting these
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Figure 4.13. The difference (in percent) between the average local magnetic mo-
ment in the Fe-Cr-Ni supercell with vacancy and the corresponding bulk
value plotted against the chemical composition.

energies from each other will give an average 1.8 eV vacancy formation enthalpy (rec-
ommended value in Ref. [29]). The reported weak compositional dependence could be
the results of the annealing after the electron irradiation, which helps the relaxation of
the crystal to reduce the effect of defects by recrystallization and diffusion. The above
experimental values from Ref. [29] agree well with the results reported by Dimitrov
and Dimitrov [70]. According to these authors, the vacancy formation energy is 2.02
and 1.84 eV, for Fe-Cr-Ni containing 20 wt. % and 45 wt. % Ni, respectively, and 16 wt.
% Cr.

Our theoretical formation energies range from 1.83 to 2.04 eV as we go from Fe12Cr20Ni
to Fe24Cr8Ni. These values are in line with the above experimental data [29, 70]. The
compositional dependence of the theoretical formation enthalpy shows the same trend
as in experiments. Namely, increasing Ni content lowers the vacancy formation energy
and increasing Cr content increases it. The small differences in the theoretical and ex-
perimental slopes can be attributed to the the differences in sample preparations and
the approximations used in the theoretical description.

Quite interestingly, the compositional changes (segregation) in the nearest neighbor
(nn.) sites around the vacancy shows the same behavior as the one found in the ex-
periments mentioned above and also in the present theoretical results. Here we quote
a comprehensive test performed on Fe-Cr alloys done by del Rio et al. [71] and Olsson
et al. [72]. Despite of the body centered cubic (bcc) structure used in these theoreti-
cal works, with decreasing the Cr content in the 1st nn. the vacancy formation energy
drops to the values found for the host bcc Fe. In our theoretical results, by reducing the
Cr coordination around the vacancy, the vacancy formation energy decreases to the the-
oretical vacancy formation enthalpies found for fcc Ni and paramagnetic fcc Fe [48, 37].
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4.2.9 Effective chemical potentials

To shed more light on the trends of the vacancy formation energy, we study the effec-
tive chemical potential (ECP) representing a measure of the interaction between alloy
components and vacancy. Here we focus on the first coordination shell around the va-
cancy (1st nearest neighbor) and on the 5th coordination shell, the latter corresponding
approximatively the bulk ECP. In these additional calculations, we consider a ternary al-
loy Fe1−n−cNinCrc containing 17.5 % Cr (c = 0.175) and 12 % Ni (n = 0.12). Numerically,
the Cr-Fe effective chemical potential was computed according to

∆µs
Cr−Fe ≡ µs

Cr − µs
Fe =

∂Es
SC(n, c)

∂c
≈ Es

SC(n, c+ 0.01)− ESC(n, c)

0.01
, (4.1)

where ESC(n, c) is the total energy of the 32-sites supercell with base composition on
all atomic sites, Es

SC(n, c + 0.01) the total energy of the supercell with 1% concentration
variation in the 1st (s = 1) or 5th (s = 5) coordination shell. A similar expression was
used for the Ni-Fe ECP, ∆µs

Ni−Fe. We find that in case of Ni-Fe exchange process, the
effective chemical potentials are ∆µ1

Ni−Fe = −35.042967 Ry and ∆µ5
Ni−Fe = −35.041200

Ry. For Cr, these figures change to ∆µ1
Cr−Fe = +23.445442 Ry and ∆µ5

Cr−Fe = +23.443500
Ry. Therefore, according to the theoretical effective chemical potentials, Ni atoms prefer
positions near the vacancy (within the first coordination around the vacancy), whereas
Cr atoms do not. This finding is in perfect agreement with the trends calculated for the
vacancy formation energy.

The ”segregation energy” around the vacancy in the case of Ni becomes ∆µ1
Ni−Fe −

∆µ5
Ni−Fe = −1.767 mRy/atom and that for Cr ∆µ1

Cr−Fe − ∆µ5
Cr−Fe = 1.942 mRy/atom.

That is, it is slightly more likely to meet Cr depleted zone near the vacancy than Ni
enriched zone. Assuming infinitely large bulk reservoir, at thermodynamic equilibrium
the Ni (Cr) segregation (desegregation) should eventually lead to Ni-rich coordination
around the vacancy. Since the ECP are composition dependent (even at static condi-
tions), the equilibrium concentration ”profile” will realize when the difference between
surface and bulk ECPs vanish (or when we reach a pure Ni coordination).

With increasing temperature, the configurational entropy opposes the Ni-Fe or Cr-Fe
exchange process favoring a more homogenous distribution of the alloy components
around the vacancy. We illustrate this effect by considering the Ni-Fe exchange in an al-
loy with homogeneous Cr content and neglecting the concentration dependence of the
ECP. From the condition of vanishing ∆µ1

Ni−Fe(T )−∆µ5
Ni−Fe(T ) ≈ ∆µ1

Ni−Fe −∆µ5
Ni−Fe +

kBT log [n1(1− n− c)/n/(1− n1 − c)], at temperature T the equilibrium Ni concentra-
tion in the first coordination around the vacancy becomes

n1 =
n(1− c)

n+ (1− c− n)e(∆µ1
Ni−Fe−∆µ5

Ni−Fe)/(kBT )
, (4.2)

where kB is the Boltzmann constant. At T = 0 K, we obtain n1 = (1− c), i.e. all Fe atoms
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from the 1st coordination shell are changed to Ni. At T = 300 K, n1 = 0.25, i.e. at room
temperature the Ni concentration around the vacancy is about double of the bulk value.
On the other hand, at 1000 K, we get n1 = 0.15. This means that already at relatively
low temperatures, the equilibrium concentration of Ni in the 1st nearest neighbor sites
is close to its bulk value. This result confirms the validity of our theoretical study per-
formed on homogenous alloys. Furthermore, the above finding is in line with the earlier
experimental conclusion [67], namely that Cr moves away from the vacancies while Ni
segregates to them.

4.2.10 Local magnetic moment variations

It was reported [73, 74] that the non-local effect, that includes the variations of the charge
and magnetic moments, accounts for about 0.6 eV in the vacancy formation energy of
Ni and Fe. In order to reveal these effects in the vacancy formation energy of the Fe-
Cr-Ni alloys, in Fig. 4.11 displays the local magnetic moment variations as a function
of distance from the vacancy. We can see that the local moments in the 5th coordination
shell still do not reach the bulk magnetization. This indicates that the effect of vacancy
has a longer range on the local moments than on the charge density [69]. The role of
chemistry on the local magnetic moment wave is also visible in Fig. 4.11. Increasing Ni
concentration raises the magnetic moments while increasing Cr concentrations lowers
them. The slope of the magnetic wave changes when moving from high-Cr content to
high-Ni content. This should be attributed to the different magnetic properties of the
alloying elements. On the right hand side part of Fig. 4.11, we can see that Ni addition
and Cr removal reduce the range of the falloff in the magnetic moment.

In Fig. 4.12, we plotted the local moments for the nearest neighbor (nn.) atoms as a
function of local lattice relaxation around the vacancy (η). The η = −6 point depicts a
fairly distorted system with minimum volume for the vacancy and maximized volume
for the 1st nn. atom. The opposite is the η = +2 point where the vacancy has the
maximum volume. The 1st nn. local moments increase with the volume of the vacancy,
whereas the moments on the 2nd nn. remain almost constant. The 3rd, 4th and 5th nn.
moments, on the other hand, show a decreasing trend with increasing volume of the
vacancy. The above variations are in line with the oscillatory behavior of the magnetic
moments with increasing distance from the vacancy (panel (b) in Fig. 4.11).

The difference between the bulk magnetic moment and the mean supercell magnetic
moment (δm, Fig. 4.13) is always negative and shows a clear chemical composition de-
pendence. We see higher deviations for the Cr rich alloys (up to −10%) and smaller de-
viations for the Ni rich alloys (. −3%). Using ab inito alloy theory, Vitos and Johansson
[34] demonstrated that the elastic properties of paramagnetic Fe-Cr-Ni alloys depend
sensitively on the local magnetic moment. According to Fig. 4.13, the mean local mag-
netic moment increase around the vacancy, meaning that there is a magnetism-driven
elastic softening around the vacancy. Using Fig. 1 from Ref. [34], we find that 10%
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increase in the average local magnetic moment results in about 10-20 K (2-4%) decrease
of the elastic Debye temperature.



Future work

I found that our models and methods are suitable for a proper description of defected
metals and alloys. For future work I try to continue this work for alloys on which the
industry is interested. Calculating multi component systems within CPA is a difficult
task. Real alloys are always multi component systems, and is a big challenge to have any
properties calculated reasonable correct. Our base line is equation of state. However it
looks like a trivial thing in the case of simple metals, for alloys it is not. These problems
became more complicated calculating crystal defects, vacancy, alloy interfaces, stacking
faults and so on. The theoretical description of vacancies and surfaces, and understand-
ing how the exchange correlations work, open an exciting new world in the applied
physics. I have in my focus to calculate materials where the interested properties comes
from the defects in the crystal structures. This could be not just vacancy formation ener-
gies, but bulk moduli changes, elastic properties, magnetic properties and so on. For me
was one very interesting question how bonding is in solid state. This field looks open
to my knowledge and I work to improve myself on this field too.
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