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Abstract

A power system will experience voltage collapse
when the loads increase up to a certain critical limit,
where the system physically cannot support the amount
of connected load. This point identified as a Saddle-
Node Bifurcation (SNB), corresponds to a generic in-
stability of parameterized differential equation mod-
els and represents the intersection point where differ-
ent branches of equilibria meet. At this point the
jacobian matrix of the system is singular and the
system loses stability bringing the typical scenario of
voltage collapse. To prevent voltage instability and
collapse, the computation of the closest distance from
a present operating point to the saddle-node bifurca-
tion set can be used as a loadability index useful in
power system operation and planning. The power
margin is determined by applying the iterative or di-
rect method described in [16]. Numerical examples
of both methods applied to IEEE 9-bus system and
IEEE 39-bus system shows that the iterative method
is more reliable although it requires a longer com-
putation time. The stability of the system is neg-
atively affected in two ways when generators reach
their reactive power limits: the voltage stability mar-
gin is deteriorated, or immediate voltage instability
and collapse is produced.

Keywords: Voltage stability, voltage collapse, sad-
dle node bifurcation, load power margin, transfer ca-
pability, continuation methods, continuation power
flow.
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Chapter 1

Introduction

Voltage instability is a phenomenon that typically occurs in heavy loaded
electrical power systems. This phenomenon leads to a progressive and un-
controllable fall in voltage (voltage collapse) and, consequently, to a blackout.
Nowadays, large interconnected power systems, heavy loading, and increasing
power demands contribute to a favorable scenario for voltage collapse, being
necessary to have a reliable index for the distance from a given operating point
to voltage stability problems. When the load power is smoothly incremented
from a given operating point up to a critical limit the power system becomes
unstable in terms of voltage. This point known as a saddle-node bifurca-
tion (SNB) corresponds to one generic instability of parameterized differential
equation models of the form ẋ = f (x, µ), and represents the intersection point
where different branches of equilibria meet (stable or unstable). At this point
the Jacobian matrix of the system becomes singular and the system loses sta-
bility, bringing the typical scenario of voltage collapse.

The points that satisfy the SNB conditions form a bifurcation surface in
the power space which corresponds to a load boundary limit. Besides the
singularity condition of the jacobian matrix of the system, the bifurcation
presents other geometrical characteristics that are useful for computing the
closest distance to the saddle-node bifurcation. The initial direction in state
space of dynamic voltage collapse can be determined from a right eigenvector
of the static power flow jacobian matrix of the system. The normal vector
to the bifurcation set in parameter space is function of the left eigenvector of
the jacobian matrix and is essential for computing the minimum distance to
bifurcation in parameter space.

This work is situated in the time line corresponding to small-disturbance
voltage stability in a long-term timeframe[11]. The small disturbances corre-
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CHAPTER 1. INTRODUCTION

spond to smooth variations of load power at specific buses in order to reach
the critical point where the system is not able to sustain the amount of power
required by the loads. Other disturbances as line outages are not considered.

1.1 Problem Statement

A voltage collapse scenario depends on the maximum load that can be sup-
ported by the system at a particular load bus subject to the injection of
reactive power. Any attempt to increase the loads beyond the limits could
make the system stability disappear, leading to voltage collapse. In power
system operation, it is important to have a reliable index for the distance
from a stable system operating point to the critical limit in order to prevent
voltage instability and voltage collapse.

Since the jacobian matrix of the system is singular at the critical point, it
is not possible to obtain information regarding stability of the system using
conventional load flow calculations, being necessary to apply another method
to determine the critical load limits of the system.

This master thesis is concerned with finding the distance in load-space
from a stable system operating point to the closest bifurcation point.

1.2 Outline

This thesis is divided into five chapters.

Chapter 1 Describes the project and gives a short introduction to the cal-
culation of the closest saddle-node bifurcation.

Chapter 2 Provides a theoretical background of all the subjects related to
the aim of this thesis. This chapter is subdivided into four sections which
succinctly treat the conventional Newton-Raphson method in load flow
calculations, stability of power systems in terms of small disturbance
voltage stability, nonlinear phenomena and bifurcations which deal with
the basic concepts of branches, turning points and bifurcations, ending
with saddle-node bifurcations and their relationship with electric power
systems.

Chapter 3 Introduces two methods for computing the distance to the closes
saddle-node bifurcation in power space, the Iterative and Direct method.
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1.2. OUTLINE

At the end of the chapter the influence of generator reactive power limits
is described.

Chapter 4 Presents results of applying the Iterative and Direct methods
to IEEE 9-bus and IEEE 39-bus power systems. The results and per-
formance of both methods are presented and compared. Finally, the
iterative method is applied to IEEE 9-bus system including generator
reactive power limit constraints.

Chapter 5 Presents the conclusions that can be drawn from the work pre-
sented in this thesis, and future work guidelines.
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Chapter 2

Theoretical Background

2.1 Static Analysis of Power Systems

Before any event a power system is in state of equilibrium. Thus, the variables
that determine the current state of a system must be known in advance, and
correspond to the reference point to any type of analysis. Under symmetrical
three-phase conditions the power system is modeled as a set of nonlinear
equations that is solved with help of the Newton-Raphson method, which is
widely used in power systems due to its rapid convergence. The Newton-
Rahpson method is reviewed below according to the EG2020 Static Analysis
of Power Systems course book [1].

2.1.1 Load Flow

To identify the operating point of a power system, voltage angle and magnitude
at each bus must be determined. Given a specific load scenario, generation
and initial estimations of voltage and angles, a set of nonlinear equations must
be solved which corresponds to the model of the power system. It’s well known
that depending on what variables are known at a certain bus, the buses are
modeled in three different ways:

PQ bus: At this bus the net active and reactive power PGDk and QGDk re-
spectively, are known. The voltage magnitude Uk and the phase angle
θk are unknown.

PU bus: At this bus the net active power PGDk as well as the voltage mag-
nitude Uk are assumed to be known. The net reactive power QGDk and
the voltage angle θk are unknown.
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CHAPTER 2. THEORETICAL BACKGROUND

Slack bus: At the slack bus the voltage angle is chosen as a reference angle
θk (0◦) and the voltage magnitude is known.

Therefore, for each PQ bus, both the voltage magnitude and angle are
unknown and must be solved for; for each PU bus, the voltage angle must be
solved for; there are no variables that must be solved for the Slack bus. Since
the power can be generated and consumed at many different locations in a
network, at bus k the power balance can be represented as shown in Figure
2.1:

Figure 2.1: Complex power balance at bus k

According to Figure 2.1, the complex power balance expressed in per-unit
at bus k is given by:

S̄Gk − S̄Dk =
N
∑

j=1

S̄kj (2.1)

Thus, for every bus of the system, the active and reactive power at bus k
is given by the following expressions:

PGDk = PGk − PDk =
N
∑

j=1
Pkj

QGDk = QGk −QDk =
N
∑

j=1
Qkj

(2.2)

The number of equations and variables is determined by the number of
buses and their type. If we consider a power system with N buses, and M
of these correspond to PU buses, then the summary of the equations and
unknown variables for load flow calculations is given by Table 2.1.

Let Ȳ = G+ jB denote the admittance matrix of the power system where
Y is an N×N matrix (the system has N buses). Considering that the relation
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2.1. STATIC ANALYSIS OF POWER SYSTEMS

Bus type Equations Balance Equations Unknown Variables
PGDk =

∑

Pkj QGDk =
∑

Qkj Uk θk
Slack bus 1 0 0 0 0
PU bus M M 0 0 M

PQ bus N −M − 1 N −M − 1 N −M − 1 N −M − 1 N −M − 1
Total N 2N −M − 2 2N −M − 2

Table 2.1: Summary of equations and unknown variables at load flow calcu-
lations

between the injected currents into the buses and the voltages at the buses is

given by Īk =
N
∑

j=1
ȲkjUj, then it is possible to obtain the following expressions

for the injected active and reactive power at bus k :

Pk =
N
∑

j=1
Pkj = Uk

N
∑

j=1
Uj
[

Gkj cos
(

θkj
)

+Bkj sin
(

θkj
)]

Qk =
N
∑

j=1
Qkj = Uk

N
∑

j=1
Uj
[

Gkj sin
(

θkj
)

−Bkj cos
(

θkj
)]

(2.3)

where θkj = θk − θj corresponds to the phase angle difference between bus k
and bus j. Finally, equations (2.2) and (2.3) can be rewritten as:

Pk − PGDk = 0
Qk −QGDk = 0

(2.4)

2.1.2 Newton -Raphson Method

This numerical method is the most used in analysis of power systems since it
converges really quickly, especially if the iteration begins close to the desired
solution. Once the solution is obtained, all the system quantities of interest
can be calculated, for example, line loadings and line losses. The Newton-
Raphson method is applied to solve the following set of non-linear equations:

g1 (x1, x2, ..., xn) = f1 (x1, x2, ..., xn)− b1 = 0
g2 (x1, x2, ..., xn) = f2 (x1, x2, ..., xn)− b2 = 0
...
gn (x1, x2, ..., xn) = fn (x1, x2, ..., xn)− bn = 0

(2.5)
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in the vector form

g (x) = f (x)− b = 0 (2.6)

where

x =













x1

x2
...
xn













, g (x) =













g1 (x)
g2 (x)

...
gn (x)













, f (x) =













f1 (x)
f2 (x)

...
fn (x)













, b =













b1
b2
...
bn













x is an n× 1 vector which contains variables, b is an n× 1 vector which con-
tains constants, and is an f (x) vector-valued function.

Taylor’s series expansion of (2.6) is the basis for the Newton-Raphson
method of solving the set of non-linear equations in an iterative manner. From
an initial estimate x(0), a sequence of gradually better estimates x(1), x(2), x(3), ...

will be made in order to converge to the solution x∗.

Let x∗ be the solution of (2.6), i.e. g (x∗) = 0, and x(i) be an estimate of
x∗. Let also ∆x(i) = x∗ − x(i). Then equation (2.6) can be rewritten as

g (x∗) = g
(

x(i) + ∆x(i)
)

= 0 (2.7)

The first-order term of Taylor’s series expansion for (2.7) corresponds to

g
(

x(i) + ∆x(i)
)

= g
(

x(i)
)

+ JAC(x(i))∆x(i) = 0 (2.8)

where the jacobian1 is given by

JAC(x(i)) =

[

∂g (x)

∂x

]

x=x(i)

=

[

∂f (x)

∂x

]

x=x(i)

(2.9)

From (2.8), ∆x(i) can be calculated as follows:

JAC(x(i))∆x(i) = 0− g
(

x(i)
)

= ∆g
(

x(i)
)

⇒ (2.10)

∆x(i) =
[

JAC(x(i))
]−1

∆g
(

x(i)
)

(2.11)

Since g
(

x(i)
)

= f
(

x(i)
)

− b,∆g
(

x(i)
)

is given by

1The jacobian of g and the jacobian of f are the same since b is a constant.
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∆g
(

x(i)
)

= b− f
(

x(i)
)

= −g
(

x(i)
)

(2.12)

Therefore, ∆x(i)can be calculated as follows

∆x(i) =











∆x
(i)
1

...
∆x(i)
n











=











∂f1(x)
∂x1

· · · ∂f1(x)
∂xn

...
. . .

...
∂fn(x)
∂x1

· · · ∂fn(x)
∂xn











−1

x=x(i)











b1 − f1
(

x
(i)
1 , . . . , x

(i)
n

)

...

bn − fn
(

x
(i)
1 , . . . , x

(i)
n

)











(2.13)
Finally, the following is obtained

i = i+ 1
x(i) = x(i−1) + ∆x(i−1) (2.14)

In the case of a power system, equation(2.4) is expressed in terms of the
state variables and parameters given by equation (2.6), where

x =

[

θ

U

]

=

























θ1
...
θN
U1
...
UN

























, f (θ, U) =

[

fP (θ, U)
fQ (θ, U)

]

=

























P1
...
PN
Q1
...
QN

























, b =

[

bP
bQ

]

=

























PGD1
...
PGDN
QGD1

...
QGDN

























(2.15)

and the aim is to determine x =
[

θ U
]T

Based on equation (2.12) the equations that define explicitly the power
mismatch of the system are:

∆Pk = PGDk − Pk k 6= slack bus
∆Qk = QGDk −Qk k 6= slack bus and PU bus

(2.16)

then the jacobian matrix is given by

JAC =





∂fP (θ,U)
∂θ

∂fP (θ,U)
∂U

∂fQ(θ,U)

∂θ

∂fQ(θ,U)

∂U



 =

[

H N ′

J L′

]

(2.17)

where
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H is an (N − 1)× (N − 1) matrix
N ′ is an (N − 1)× (N −M − 1) matrix
J is an (N −M − 1)× (N − 1) matrix
L′ is an (N −M − 1)× (N −M − 1) matrix

The entries of these matrices are given by:

Hkj = ∂Pk
∂θj

k 6= slack bus j 6= slack bus

N ′kj = ∂Pk
∂Uj

k 6= slack j 6= slack bus and PU bus

Jkj = ∂Qk
∂θj

k 6= slack bus and PU bus j 6= slack bus

L′kj = ∂Qk
∂Uj

k 6= slack bus and PU bus j 6= slack bus and PU bus

Considering the equations (2.10), (2.16) and (2.17) the following is ob-
tained:

[

H N ′

J L′

] [

∆θ
∆U

]

=

[

∆P
∆Q

]

(2.18)

In order to simplify the entries of N ′ and L′, these matrices are multiplied
by U , which gives:

[

H N

J L

] [

∆θ
∆U
U

]

=

[

∆P
∆Q

]

(2.19)

The non-diagonal elements (k 6= j) of the modified jacobian matrix are:

Hkj = ∂Pk
∂θj

= UkUj
[

Gkj sin
(

θkj
)

−Bkj cos
(

θkj
)]

Nkj = Uj
∂Pk
∂Uj

= UkUj
[

Gkj cos
(

θkj
)

+Bkj sin
(

θkj
)]

Jkj = ∂Qk
∂θj

= −UkUj
[

Gkj cos
(

θkj
)

+Bkj sin
(

θkj
)]

Lkj = Uj
∂Qk
∂Uj

= UkUj
[

Gkj sin
(

θkj
)

−Bkj cos
(

θkj
)]

(2.20)

The diagonal elements (k = j) of the modified jacobian matrix are:
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2.2. STABILITY OF POWER SYSTEMS

Hkk = ∂Pk
∂θk

= −Qk −BkkU
2
k

Nkk = Uk
∂Pk
∂Uk

= Pk +GkkU
2
k

Jkk = ∂Qk
∂θk

= Pk −GkkU
2
k

Lkk = Uk
∂Qk
∂Uk

= Qk −BkkU
2
k

(2.21)

Now applying the equation (2.13) the following is obtained:

[

∆θ
∆U
U

]

=

[

H N

J L

]−1 [

∆P
∆Q

]

(2.22)

Thus, the state variables θ and U are updated according to (2.14):

θk = θk + ∆θk k 6= slack bus

Uk = Uk
(

1 + ∆Uk
Uk

)

k 6= slack bus and PU bus
(2.23)

The iterative procedure continues until the values of the variables θ and U
converge according to a specified tolerance.

2.2 Stability of Power Systems

2.2.1 Equilibrium and Stability

In general, engineering systems concerning dynamics can be analyzed by using
a set of differential equations in vector form:

ẋ = f (x) (2.24)

The equilibrium points (if any) are given by the solutions x∗ of the alge-
braic equations f (x) = 0. An equilibrium point x∗ is a particular solution of
the ODE (2.24), since for x0 = x∗ one gets x (t) = x∗ for all t > 0 [4].

In general, the stability of equilibrium points is characterized in the sense
of Liapunov [5], [6]:

• An equilibrium point x∗ is called stable if the solutions with an initial
condition close to x∗ remain near x∗ for all t > 0, i.e.:
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∀ε > 0 ∃ δ = δ (ε) > 0 such that
‖x (t0)− x

∗‖ < δ ⇒ ‖x (t)− x∗‖ < ε, ∀t > t0
(2.25)

• An equilibrium point x∗ is called asymptotically stable if:

∀ε > 0 ∃ δ = δ (ε) > 0 such that
‖x (t0)− x

∗‖ < δ ⇒ ‖x (t)− x∗‖ → 0 as t→∞,∀t > t0
(2.26)

• An equilibrium point x∗ is called unstable if not stable.

The properties of the equilibrium points of a power system regarding sta-
bility are determined by applying the Lyapunov’s indirect method, with which
it is possible to obtain information about the dynamic of the system from the
eigenvalues of the jacobian matrix.

Consider the system (2.24) whose linearization is described by (2.27) which
corresponds to the first-order term of the Taylor series expansion of f (x)around
the equilibrium point x∗:

∆ẋ = A∆x (2.27)

where A is the jacobian matrix evaluated at x∗. The stability properties of the
equilibrium point x∗, according to the Lyapunov’s indirect method, is given
by the eigenvalues of the state matrix A:

• If all the eigenvalues of A have negative real parts, the equilibrium x∗ is
asymptotically stable.

• If at least one eigenvalue of the system state matrix has positive real
part, the equilibrium point x∗ is unstable.

Different types of equilibria can be observed considering the structure of
the trajectories nearby x∗ [4]. Asymptotically stable equilibrium points are
called sinks or stable nodes. If all the eigenvalues have positive real parts the
equilibrium is called a source or an unstable node. If some eigenvalues have
positive real parts and others have negative real parts the unstable equilibrium
point is called a saddle.

12



2.2. STABILITY OF POWER SYSTEMS

The stability of an equilibrium point for which the corresponding jacobian
has one or more eigenvalues with zero real parts can not be determined by
linearization. To illustrate this case, consider the following equation example
taken from [10], with a sign modification:

ẋ = −x2 (2.28)

The system (2.28) has an explicit time solution given by:

x = 0 if x0 = 0

x = 1
t+1/x0

if x0 6= 0
(2.29)

where x0 is the initial condition for t = 0. The responses for positive and
negative initial conditions are shown in Figure 2.2.

0 1 2 3 4 5 6 7 8 9 10

−10

−8

−6

−4

−2

0

2

4

6

8

t[s]

x

Figure 2.2: Time solutions of ẋ = −x2

This system has only one equilibrium point at the origin (x∗ = 0) around
which the linearization results in a zero jacobian, which makes it impossible
to obtain information from the eigenvalues.

∆ẋ = −2x∆⇒

−2x|x∗ = 0
(2.30)

As can be seen from the solutions given by (2.29) and Figure 2.2, when
the initial condition x0 is positive, the state variable x will eventually reduce
to zero. However, for a negative initial condition, the forward trajectory is
unbounded and the system will collapse. This particular type of unstable
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equilibrium point is called a saddle-node.

A saddle-node in multivariable systems is characterized by a jacobian which
has a zero eigenvalue. This characteristic will be used later in the computation
of the distance to the saddle-node bifurcation set.

Figure 2.3 shows the three types of equilibrium points described above,
where the directions of trajectories are represented by arrows.

Figure 2.3: a) stable node, b) unstable node, c) saddle-node

2.2.2 Voltage Stability and Collapse

Voltage Stability is intrinsically a dynamic issue and involves diverse factors
regarding a power system, thus, it can be defined as the ability of a power
system to maintain steady voltages at all buses in the system after being sub-
jected to a disturbance from a given initial operating condition.

The classification of the stability problem in categories and subcategories
is essential since it allows an appropriate analysis and resolution of power
system stability problems in practical terms. This classification is based on
the following considerations [7]:

• The physical nature of the resulting mode of instability as indicated by
the main system variable in which instability can be observed.

• The size of the disturbance considered, which influences the method of
calculation and prediction of stability.

• The devices, processes, and the time span that must be taken into con-
sideration in order to assess stability.

According to the IEEE/CIGRE Task Forces [11], voltage stability corre-
sponds to one of the three main categories of the stability phenomenon in

14



2.2. STABILITY OF POWER SYSTEMS

a power system which is subdivided into the following subcategories: large-
signal and small-signal voltage stability, short and long-term voltage stability.
The complete picture regarding the power system stability problem is given
by Figure 2.4.

Figure 2.4: Classification of Power System Stability [11]

Large-disturbance voltage stability refers essentially to the power system’s
ability to maintain steady voltages following large disturbances such as faults,
loss of generation or circuit contingencies.

Small-disturbance voltage stability refers to the power system’s ability to
maintain steady voltages following small disturbances such as incremental
changes in system load.

Short-term voltage stability involves fast acting load components such as
induction motors, electronically controlled loads, and HVDC converters.

Long-term voltage stability involves slow acting equipment such as tap-
changing transformers, thermostatically controlled loads, and generator cur-
rent limiters.

Long-term voltage stability is often misunderstood as a static problem due
to the use of static tools (such as modified power flow calculations) to provide
acceptable result. However, it is important to keep in mind that voltage sta-
bility is dynamic by nature.
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In general, it is well known that the voltage instability is a characteristic of
heavy loaded electrical power systems that leads to a progressive and uncon-
trollable fall in voltage (voltage collapse) and, consequently, blackout. This
phenomenon is associated to reactive power limitations which is in general
consequence of load demand increase, line outages, as well as shortage of re-
active power resources. The main criterion for voltage stability at each bus k
is given by (2.31), which can be directly observed in the QU curves presented
later.

dQk

dUk
> 0 (2.31)

where Qk corresponds to the reactive power injected at bus k.

Consider the single-load infinite bus system shown in Figure 2.5. It is
known that the second-order equation that describes the voltage U for a given
load P and Q is given by

(

U2
)2

+
(

2QX − E2
)

U2 +X2
(

P 2 +Q2
)

= 0 (2.32)

which leads to the following solutions

U =

√

√

√

√

√





E2

2
−QX ±

√

E4

4
−X2P 2 −XE2Q



 (2.33)

Equation (2.32) determines a curve in the (P,Q,U) space which is of great
importance for voltage analysis. The projection of this curve onto the P,U
plane defines the known PU curves or nose curves, which correspond to the
characteristics of the voltage when the load is subjected to smooth load incre-
ments.

The load power factor φ also has a very important role in the PU curves
regarding the maximum amount of power that can be transferred without
losing stability (maximum deliverable power). This limit can be increased by
adding local reactive power support which also leads to a decrease of reactive
power losses in the transmission system. The nose curves of Figure 2.6 show
three case of deliverable power limits for different power factors φ: tan (φ) < 0
(QL < 0), tan (φ) > 0 (QL > 0), and tan (φ) = 0 (QL = 0).
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Figure 2.5: SLIB system
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Figure 2.6: PU curves

Other important tool for voltage stability analysis are the QU curves.
These curves represent the relationship between reactive power support at a
given bus, and correspond to the projection of (2.32) onto the Q,U plane. A
QU curve can be determined by connecting a fictitious generator with Pg = 0
and unlimited reactive power capacity to a PQ bus in order to make it as
a PU bus type. To illustrate the purpose of this procedure, consider 2-bus
example showed in Figure 2.7.

The QU curves are determined by successive load flow calculations, and
for this example, the curves can be quickly obtained. Keeping P fixed, Qg is
then computed for a given range of U . Figure 2.8 shows a typical QU curve
where O and Q1 correspond to the current operating point and the reactive
power margin with respect to the loss of the operating point, respectively.
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Figure 2.7: Connection of a fictitious generator to produce QU curves

0.2 0.4 0.6 0.8 1 1.2
−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

U

Qg

Q1

O

Figure 2.8: QU curves

Thus, the QU curves help determining the shunt compensation needed to
restore a previous operating point, or obtain a specific voltage.

2.3 Nonlinear Phenomena and Bifurcation

Theory

Nonlinear phenomena are of interest to scientist and engineers because most
physical systems are inherently nonlinear, and as discussed in the previous sec-
tions, power systems are not an exception. Stability analysis of power systems
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has been possible thanks to the application of diverse techniques to deal with
nonlinear phenomena, developed mostly by a branch of Mathematics called
Bifurcation Theory.

Since Saddle-node bifurcations are the basis in this work, some theoretical
knowledge regarding branching and bifurcations are briefly reviewed. Further
reading regarding bifurcations and stability is found in [12].

2.3.1 Branches

To explain and characterize a saddle-node bifurcation it is necessary to review
briefly the concept of branch, which is the basis of bifurcation theory. For this
purpose, consider the following single-parameter family system of ODEs:

ẋ = f (x, µ) (2.34)

where µ is the parameter and x is a n× 1 state vector.

Assuming that the system represented by the equation (2.35) has a stable
equilibrium point xo and all the eigenvalues of the jacobian matrix Dxf(xo, µ)
have negative real parts. As the parameter µ varies, the equilibrium point
xo varies and is tracked by the state variable x along the associated branch.
Then, for every value of µ, the solution of the system is given by:

f (xo, µ) = 0 (2.35)

The branches correspond to the set of all the solutions (equilibrium points)
of (2.34) as function of the parameter µ. The intersection point of different
branches of equilibrium is called a bifurcation point.

2.3.2 Turning Points and Bifurcations

As was discussed in 2.2.1, saddle-nodes and bifurcation points are examples
of branch points and they correspond to common nonlinear phenomena. Al-
though the term saddle-node is motivated by the stability behavior of the
branch (solutions), these points are also known as turning points, limit points,
noses or knees. Figure 2.9 shows a typical nose curve (see also Figure 2.6) were
the saddle-node and the stability behavior of solutions are indicated with a
dot and arrows, respectively.
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µ

x

(c)

(a)

(b)

Figure 2.9: a) stable, b) unstable, c) saddle-node

It is important to remark that a saddle-node not always separates stable
equilibria from unstable equilibria. An example of this case is described in [12].

As explained in 2.3.1, a bifurcation takes place when a small smooth change
made to the parameter µ, causes a sudden topological change in the system’s
behavior (x), i.e., the parameter change causes the stability of an equilibrium
point to change.

Geometrically, a bifurcation corresponds to the intersection of two (or
more) branches with distinct tangents (Fig.2.10). At the bifurcation point
(x∗, µ∗) the jacobian matrix is singular (2.36) and has a simple zero eigen-
value.

det (Dxf (x∗, µ∗)) = 0 (2.36)

Bifurcations occur in both continuous and discrete systems, and can be
classified into two types: local bifurcations and global bifurcations [8].

Local bifurcations refer to bifurcations from equilibria where the phenom-
ena of interest occur in the neighborhood of a single point, i.e., the system
can be analyzed through changes in the local stability properties of equilibria.
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Global bifurcations refer to bifurcations where qualitative changes are not
captured purely by a stability analysis of the equilibria.

Figure 2.10: Examples of bifurcations

Different types of bifurcations may appear depending on the model of the
system. According to [9], in the structure stability problem for a system de-
scribed by ordinary differential equations of the form (2.34), two types of
bifurcations points are present: Saddle-node bifurcations and Hopf bifurca-
tions. However, if the structure stability problem is a system described by
differential-algebraic equations, one additional type of bifurcation called Sin-
gularity induced bifurcation appears.

2.3.3 Saddle-Node Bifurcation

A Saddle-Node Bifurcation (SNB) corresponds to a local bifurcation in which
two branches of equilibria meet, i.e., at the bifurcation point the equilibrium
becomes a saddle-node, bifurcating.

As discussed in the previous subsection, at a bifurcation point the jacobian
matrix is singular. This singularity condition of bifurcation points is necessary
but not sufficient for a SNB. Consider again the family of ODEs described by
(2.34), where µ now corresponds to a scalar parameter. Then a SNB satisfies
the following conditions [4], [8], [12]:

f (x∗, µ∗) = 0 (2.37a)

det(Dxf (x∗, µ∗)) = 0 (2.37b)

Dµf (x∗, µ∗) 6= 0 (2.37c)

D2
xf (x∗, µ∗) 6= 0 (2.37d)
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In addition to the general bifurcation conditions given by (2.37a) and
(2.37b), conditions (2.37c) and (2.37d) (known as transversality conditions)
guarantee that the tangent to the branch at (x∗, µ∗) is perpendicular to the
µ-axis in the n + 1-dimensional (x, µ) space2 and the equilibrium manifold
remains locally on the one side of the line µ = µ∗. It is important to notice
that (2.37) also are sufficient conditions for an extremum of µ [4], subject to
the constraint (2.37a).

In the case of multiparameters, consider a parameter P which is a k × 1
vector. The points in the (n+k)-dimensional state and parameter space which
satisfy the necessary conditions for a SNB form a (k−1)-dimensional manifold.
Consider the case when the vector parameter P moves along a given curve,
i.e, when the k parameters depend on another the single scalar parameter (say
µ). Making P = P (µ) the system is reduced to a single parameter problem
and the points satisfying the necessary conditions are in general saddle-node
bifurcations [4].

On the other side, if the SNB points are projected onto the k-dimensional
parameter space, a smooth hypersurface Σ of dimension (k − 1), called bifur-
cation surface is defined. Since the manifold of equilibrium points folds at a
SNB with respect to parameter space, the bifurcation surface forms a bound-
ary of the feasibility region, i.e., the region in parameter space in which all the
operating points can be reached from an initial operating point by continuous
variations of parameter without loss of stability [13]. A simple example of a
bifurcation surface Σ in a parameter space is shown in Figure 2.11, where P∗
is the vector parameter at the bifurcation point µ = µ∗.

The convexity properties of the loadability boundary Σ are of high impor-
tance regarding stability margin calculation of power systems. The assumption
that the bifurcation surface is convex has been used over a long time because
it makes the calculations considerably simplified. Although this assumption
gives in general good results, some experimental examples have shown that
this is not always valid, being necessary to evaluate other conditions to check
that the solution corresponds to a local closest saddle-node bifurcation [14].

At the saddle-node bifurcation the jacobian matrix is singular and has a
simple zero eigenvalue with its corresponding left eigenvector w∗ such that the
following is satisfied [2]:

2Since µ is a scalar parameter, the space is (n+ 1)-dimensional.
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P1

P2

Σ

feasibility region

Po = P (µo)

P∗ = P (µ∗)

Figure 2.11: Bifurcation surface Σ in a two-dimensional parameter space

w∗Dxf(x∗, P∗) = 0 (2.38)

Equation 2.38 corresponds to a necessary condition for convexity of Σ,
however it is often considered as sufficient. The convexity of the bifurcation
surface is determined by analyzing the eigenvalues of the Hessian tensor Dxxf
[14], [16].

2.4 Saddle-Node Bifurcation and Electrical

Power Systems

As discussed previously in section 2.2.2, voltage collapse and blackout may oc-
cur in heavy loaded electrical power systems. These phenomena are originated
by loss of stability caused by reactive power limitations and saddle-node bi-
furcation. Thus, the features and properties of a saddle-node bifurcation have
a direct implication in voltage instability and collapse.

Although many specific conditions and/or events regarding power system
components are involved in voltage collapse phenomena (such as faults, loss of
power lines, or reactive power limit in generators), they are not considered in
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the general power system model because they cause changes in the equations
governing the system, making the analysis very complex. Thus, the power
system is modelled as a set of differential equations with a smooth parameter
variation:

ẋ = f (x, P ) (2.39)

where x is the state vector that includes bus voltage magnitudes and angles,
and P is the parameter vector of load powers. The variation of P = P (µ) is
determined by the direction Pl with a magnitude µ, where Po corresponds to
the loads at an initial operating point:

P = Po + µPl (2.40)

As was discussed in section 2.3.2, for this family of ODEs only two bifurca-
tions are present: the saddle-node bifurcation and the Hopf bifurcation. Since
a monotonic decrease of the voltage is observed in voltage collapse scenarios,
the Saddle-node bifurcation is widely used for voltage collapse analysis. The
Hofp bifurcation is not considered in this work since it leads to an oscillatory
instability although it is considered in some dynamic simulations.

In normal operation, the power system is in stable equilibrium at xo, where
the eigenvalues of the jacobian matrix Dxf (xo, Po) have negative real parts.
Smooth variations of the parameter P causes the stable equilibrium to vary,
tracking the state variable x. Once the system reaches the bifurcation, the
simple negative eigenvalue µ reaches the zero value.

As indicated previously, at the bifurcation the jacobian Dxf (x∗, P∗) is
singular and has a simple zero eigenvalue. Then, the following is satisfied:

Dxf (x∗, P∗) v∗ = 0 (2.41)

w∗Dxf (x∗, P∗) = 0 (2.42)

where v∗ and w∗ are the right and left eigenvectors of the corresponding zero
eigenvalue, respectively.

It is known that the analysis of the eigenvalues and eigenvectors of the state
jacobian matrix give valuable information about the response of a system close
to an equilibrium. In this case, the right and left eigenvectors v∗ and w∗ give
important information about the initial voltage collapse and the geometry of
the bifurcation surface.
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2.4.1 Right Eigenvector

The right eigenvector v∗ corresponding to the zero eigenvalue at the bifurca-
tion point (x∗, P∗) shows the direction in state space of the initial collapse,
i.e., any of the state variables can collapse as the system moves in the given
direction v∗. With the relative magnitude of each component of v∗ it is pos-
sible to detect which of the state variables is more susceptible to collapse, for
example, the buses at which voltage magnitudes will fall most quickly have
the largest component of v∗. Thus, in short-term the right eigenvector v∗
indicates which generator angles, or motor slips will increase due to the bifur-
cation, and consequently which machines are prone to lose synchronism [2], [4].

On the other side, it is shown later in 2.4.2 how the right eigenvector at the
bifurcation is used to establish an important fact which allows the utilization
of a static model of a power system for the calculation of voltage stability
margins in parameter space.

2.4.2 Static and Dynamic models

Two different models for power systems are used regarding voltage stability
analysis: a static and a dynamic model. The type of information desired from
the analysis and simulations (time-frame, equipments involved, corrective ac-
tions, etc.) determines if a simple and general model or a specific and detailed
one is required. The information required regarding the initial voltage collapse
direction and the bifurcation surface can be obtained by studying the eigenval-
ues and eigenvectors of the static model of the power system. This important
fact lies on and analysis of both static and dynamic models at (x∗, P∗) which
was presented in [2] and is briefly reviewed below.

Consider the relationship between the static (2.43) model and the dynamic
model (2.44) of a power system given by h:

0 = g (x, P ) (2.43)

ẋ = f (x, P ) = h (g (x, P )) (2.44)

where h(0) = 0.

The solutions of (2.43) are equilibrium points of (2.44) and bifurcation
of solutions of (2.43) at (x∗, P∗) implies bifurcation of equilibria of (2.44) at
(x∗, P∗). At the bifurcation Dxgυ∗ = 0 ⇒ Dxfv∗ = DhDxgv∗ = 0 which
indicates that (2.43) and (2.44) have the same right eigenvector v∗. Moreover,
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if the jacobian Dh is globally invertible and h(x) = 0 iff x = 0, then all the
saddle-node bifurcations of (2.44) are also saddle-node bifurcations of (2.43).
Thus, studying the bifurcations of (2.43) also studies the bifurcations of a
whole class of dynamic models (2.44) whose steady state behavior is (2.43)
[2].

For the application of all these previous concepts to a general power system
model, let y be a vector of load bus voltage and magnitudes, and δ a vector
of generator voltage angles. The the load flow equations are given by:

0 = g1 (δ, y)

0 = g2 (δ, y, P )
(2.45)

where g1 describes real power balance at generators and g2 describes the ac-
tive and reactive power balance at the loads. The parameter P represents a
smooth change in load power demands.

By including the generator swing equation (classical model) and load dy-
namics to (2.45) a dynamic representation of the system can be made:

δ̇ = ω (2.46a)

ω̇ = g1 (δ, y)−
D

M
ω (2.46b)

ẏ = h2 (g2 (δ, y, P ) , ω) (2.46c)

Equations (2.46a) and (2.46b) correspond to generators swing equation
where δ and ω are the angular position and angular velocity of the rotor
with respect to a reference axis which rotates at synchronous speed, and the
constants D and M correspond to the damping windings of the rotor and
the generator inertia respectively. Equation (2.46c) represents any dynamic
model that depends on the active and reactive power balance at each load and
frequency ω3.

The jacobians of (2.45) and (2.46) are (2.47) and (2.48) respectively

JACstat =





Dδg1 Dyg1

Dδg2 Dyg2



 (2.47)

3This load model is considered only for illustrative purposes. Examples of this load
model are shown in [17]
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JACdyn =







0 I 0
Dδg1 − D

M
Dyg1

Dxh2Dδg2 Dωh2 Dxh2Dyg2





 (2.48)

According to the jacobian matrices the static representation of the system
bifurcates at (δ, y∗, P∗) with vstat∗ = (δo, yo), and the dynamic model bifurcates
at (δ, 0, y∗, P∗) with vdyn∗ = (δo, 0, yo). Since vdyn∗ defines the initial collapse di-
rection (which can be directly obtainable from vstat∗ ) , then the initial collapse
direction can be immediately deduced from the jacobian matrix of the static
model. Thus, the static model of a power system provides sufficient infor-
mation to study the bifurcation of the dynamic model and its initial voltage
collapse (notice that the initial collapse of the system doesn’t depend on the
dynamics of load model in h2).

2.4.3 Left Eigenvector

The left eigenvector w∗ corresponding to the zero eigenvalue at (x∗, P∗) also
provides valuable information regarding the geometry of the bifurcation. The
left eigenvector w∗ (which is a row vector) indicates which state variables have
a major effect on the zero eigenvalue, i.e., which variables are more effective
in order to control the bifurcation [4]. Geometrically, it is used to indicate the
normal vector to the bifurcation surface Σ at (x∗, P∗) which is fundamental in
the calculation of the closest saddle-node bifurcation.

Consider an infinitesimal displacement dP from a bifurcation point (x∗, P∗) ∈
Σ where f (x∗, P∗) = 0. Taking into account that for any generic P∗ in Σ there
is a function µ such that x∗ = µ (P∗), then at the “new” bifurcation point the
following is valid:

Df (x∗ + dx, P∗ + dP ) = 0 (2.49)

Expanding equation(2.49) and considering equation (2.42) yields:

Dxfdx+DPfdP = 0 (2.50)

where DPf is a constant matrix for typical power system models parameter-
ized by load powers. Incorporating the left eigenvector w∗ to equation (2.50)
we obtain
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w∗Dxfdx+ w∗DPfdP = 0 (2.51)

Since the first term of (2.51) is zero, the following is obtained:

w∗DPfdP = 0 (2.52)

Equation (2.52) indicates that w∗DPf is orthogonal to any small displace-
ment dP lying on Σ, due to this, w∗DPf corresponds to the normal vector n
at the bifurcation surface:

n = w∗DPf (x∗, P∗) (2.53)

Figure 2.12 shows the normal vector n = w∗DPf to the bifurcation surface
Σ at (x∗, P∗).

∆P1

∆P2

feasibility region

Σ

P∗

n

dP

Figure 2.12: Normal vector n to the bifurcation surface Σ in a two-dimensional
parameter space
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It has been shown how geometrical elements of a SNB provides valuable
information for the study of voltage collapse in electrical power systems. In
particular, the normal vector n plays a very important roll regarding moni-
toring the position of the loads in power space since it shows the most critical
direction in parameter space where the system bifurcates.
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Chapter 3

Distance to the Saddle Node

Bifurcation

As discussed in the introduction, voltage collapse and blackout can occur in
heavy loaded power systems. If the load increases up to a critical limit, the
system will lose stability, leading to voltage collapse. The distance from a
given operating point in power load parameter space to the closest bifurcation
gives a security margin regarding voltage collapse. Thus, in order to preserve
a safe power system operation, the distance to the closest SNB from the cur-
rent loads Po can be monitored, avoiding a possible collapse of the system.

The power space must be defined by a representative selection of the loads,
i.e., the parameter µ shall not be included in loads representing fixed injection
or zero-injection nodes, as well as any other loads not of interest [3].

The calculation of the closest distance to the saddle-node bifurcation set
presented in this work corresponds to a small-disturbance voltage stability
analysis situated in long-term timescale. For illustrative and practical reasons,
the calculations are performed under the following considerations:

• Loads are modeled as constant power.

• Active load powers are smoothly increased. Reactive load powers in-
crease in order to keep the power factor.

• The possibility of non-convexity of the feasibility boundary Σ is not
considered.

• Generators reactive power limitations are not considered. The influence
of these constraints is discussed in section 3.3.
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As discussed in 2.4.2, a static model of the power system model is used to
perform the calculations:

0 = g (x, P ) (3.1)

which x corresponds to the state vector which includes bus voltage phasors,
and P is the vector of power loads. For the analysis in power space only ac-
tive power demands are considered, the variation of reactive power demands
is determined by the second consideration previously indicated.

Consider Figure 3.1. In this example, the power space is defined by P1 and
P2. The locally closest point µ∗ ∈ Σ corresponds to the closest bifurcation.
The line µo to µ∗ corresponds to the worst case load increase and the distance
|µ∗ − µo| indicates the proximity to saddle-node bifurcation and voltage col-
lapse, giving a critical power margin to voltage collapse.

Diverse methods for computing the closest distance to a SNB have been
proposed and discussed during years, involving mainly continuation processes,
optimization, and direct methods such as the Point of Collapse [15], or the di-
rect computation of Σ by using solving tools (as the function fsolve in Matlab)
[16]. In general, most of them correspond to improvements and/or variations
of previously presented methods, having a common base.

In this work the Iterative method based on a continuation process (Contin-
uation Power Flow) and a Direct method using the function fsolve in Matlab
are treated, according to [3], [16] and [18]. As stated in 2.4, to compute the
minimum distance in parameter space from a present operating point (xo, Po)
to the SNB set (x∗, P∗) the orthogonality property of the vector w∗DPg with
respect to the bifurcation surface is used.

3.1 Iterative Method

The iterative method consists essentially in searching the bifurcation point in
an initial arbitrary direction and, from there, the searching direction is up-
dated according to the direction indicated by the normal vector to Σ. For the
following explanation of this process, consider the Figure 3.2.

At the beginning the system is in equilibrium, and its operating point cor-
responds to the base case µ = µo. The load power is smoothly increased in an
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P1

P2

P2∗

Σ

µo

n∗

µ∗

P1o P1∗

P2o

Figure 3.1: Shortest distance from µo to the saddle-node bifurcation in a two-
dimensional parameter space
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P1o

P2o

n2...
n∗

n1

µ1

µ2

µ∗

...Pli

P lo

Pl1

µo

Figure 3.2: Procedure for computing the closest saddle-node bifurcation in a
two-dimensional parameter space
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arbitrary direction in parameter space Pl until a bifurcation point is reached
at µ1. The normal vector to Σ at µ1 shows the direction of the new searching,
i.e., Pl1=n1 . The second searching path gives a second bifurcation point µ2

which is closer to the operating point µo. Thus, the normal vector at µ2, n2,
is used as the next searching direction Pl2. The process is repeated until the
normal vector of the ith iteration ni converges to n∗.

Since the jacobian matrix of the system is singular at the bifurcation, the
question arises naturally: How can the normal vector at the bifurcation be
obtained using conventional load flow calculations?. To overcome this problem
a continuation process is applied, avoiding the singularity of the jacobian
matrix by including the parameter µ into the power flow equations. Thus, for
each PQ bus of interest we have the following power demands:

PL = PLo + µPl (3.2a)

QL = QLo + µQl (3.2b)

Equations (3.2) indicate that the magnitude of the load increment is given
by the parameter µ in direction Pl and Ql respectively. In order to maintain
a constant load angle the following relationship between active and reactive
power increments is considered:

Ql =
QLo

PLo
Pl (3.3)

Finally the single parameter µ is used as parameter in the continuation
process. Then the parameterized system becomes

g (θ, U, µ) = 0 0 ≤ µ ≤ µcritical (3.4)

where the base case corresponds to (θo, Uo, µo) with µo = 0, i.e., the operating
point.

3.1.1 Continuation Power Flow

The continuation power flow (CPF) is a method of finding continuum of power
flow solutions (branch tracing or path following [12]) along the nose curve
applying a parameterized continuation technique [18]. As shown in Figure 3.3,
the CPF makes use of a predictor-corrector scheme to find the solutions, which
consists in using a tangent predictor to estimate the next solution (which in
general is not a solution of (3.4) corresponding to a different value of the load

34



3.1. ITERATIVE METHOD

parameter µ. After the next solution is predicted, it is corrected applying the
same Newton-Raphson method used in conventional load flow calculations.
Thus, the ith continuation step is illustrated as follows:

(xi, µi)→ predictor →
(

x∗i+1, µ
∗
i+1

)

→ corrector → (xi+1, µi+1)

µ

x

critical point

(xi, µi)
solution

(x∗

i+1 , µ∗

i+1)
prediction

(xi+1 , µi+1)
new solution

Figure 3.3: Continuation power flow

Predictor

Having the base case solution obtained by conventional load flow, the next
solution is predicted by taking a small sized step in a direction tangent to the
solution path. The tangent vector is calculated by taking the derivative of the
power flow equations:

Dg (x, µ) = Dxg dx+Dµg dµ = 0 (3.5)

which in factorized form gives

[

Dxg Dµg
]

[

dx

dµ

]

= 0 (3.6)
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The left side of equation (3.6) corresponds to the matrix of partial deriva-
tives of g with respect to x and µ. The first one is jacobian matrix obtained
by conventional load flow, and the second one is a column vector formed by
constants. On the other hand, the right side is a vector formed by differentials
which corresponds to the tangent vector being sought.

With the addition of µ into the load flow equations, one more equation is
required to be able to obtain the tangent vector. This inconvenient is solved
by choosing a non-zero magnitude (say one) for one of the components of the
tangent vector:

t =

[

dx

dµ

]

tk = ±1 (3.7)

With equations (3.6) and (3.7) the following set is obtained:

[

Dxg Dµg

ek

]

[t] =

[

0
±1

]

(3.8)

where ek is a row vector of dimension 1×(n+1) with all the elements equal to
zero except the kth element which equal to one, and n is the number of state
variables respectively. The k index is chosen in such way that the magnitude
of the tangent vector is non-zero and guarantees that the new augmented
jacobian matrix is nonsingular at the critical point. Thus, the kth variable
becomes the continuation parameter and corresponds to the state that has
the greatest rate of change near the given solution. This parameterization
process will be revised later.

Solving equation (3.8) is possible to obtain the first approach for the tan-
gent vector:

[t] =

[

Dxg Dµg

ek

]−1 [

0
±1

]

(3.9)

The sign of the component tk is chosen in such way that the tangent vector
follows the solution path in direction to the bifurcation point. This is achieved
by making tk equal to +1.

As shown in Figure 3.3, once the tangent vector is calculated, the prediction
of the next solution can be made as follows:
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[

x∗

µ∗

]

=

[

x

µ

]

+ σ [t] ⇒







θ∗

U∗

µ∗





 =







θ

U

µ





+ σ







dθ

dU

dµ





 (3.10)

where ∗ indicates the predicted solution for a subsequent value of loading µ
and σ corresponds to the step size that follows the direction of the tangent
vector t. The step size must be small enough to allow the convergence of
the corrector (Newton Raphson method) from the predicted solution. More
elaborated methods of choosing the step size are described in [12] and [19].

Parameterization and Corrector

Each continuation process has a particular parameterization scheme, which in
this case corresponds to local parameterization [12], [18]. In local parameter-
ization any of the state variables can be admitted as parameter as well as µ,
and the original set of equations is incremented by one that corresponds to
the value of one of the variables or µ.

Consider the following state vector where µ is also included:

x =







θ

U

µ







and let

p (x, η) = xk − η

where x is a redefined (n+ 1)× 1 state vector, and η is an appropriate value
of xk. Then the new set of equation becomes

[

Dxg

xk − η

]

= 0 1 ≤ k ≤ n+ 1 (3.11)

The index k and the parameter η = xk are determined at each continuation
step in order to choose the state variable that has the greatest rate of change
near the given solution. In case of power systems, the load parameter µ is the
best choice when starting with the base case, especially if the system is lightly
or normally loaded because the voltage magnitudes and angles remain fairly
constant under the load change [18].
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CHAPTER 3. DISTANCE TO THE SADDLE NODE BIFURCATION

As the solution path approaches to the critical point the state variables will
start to suffer significant changes, being necessary to check if the continuation
parameter corresponds to the variable with greatest rate of change. For this
reason the continuation parameter must be evaluated at each iteration along
the solution path according to:

xk: |tk| = max {|t1| , |t2| , ..., |tn+1|} (3.12)

Thus, the index k of the largest component of the tangent vector deter-
mines the variable xk that suffers the greatest change for a load increase.

With the parameter chosen, the predicted solution is corrected applying
a slightly modified Newton-Raphson load flow. Thus, the power mismatch
equations given by (2.16) become:

∆P = PGD − P − µPl

∆Q = QGD −Q− µQl

∆µ′ = µ− µ∗
(3.13)

where Pl is the ray of active power increase shown in Figure 3.2, and Ql is
given by Ql = QLo

PLo
Pl. With equation (3.13), the state variables are calculated

as follows





Dxg Dµg

ek





−1








∆P

∆Q

∆µ′









=









∆θ
∆U
U

∆µ









(3.14)

Finally, the state variables are updated according in the same way as (2.23):

θ = θ + ∆θ

U = U

(

1 +
∆U

U

)

µ = µ−∆µ

(3.15)

The continuation process is repeated until the bifurcation point has been
passed. Since the critical point corresponds to the point where the loading
reaches a maximum and starts to decrease, a change of sign of the tangent
vector component corresponding to µ (i.e., tn+1 = dµ) indicates that the
bifurcation has been passed (3.16). At the bifurcation point the component
dµ of the tangent vector is zero and becomes negative beyond the critical
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point, consequently the value of µ previous to the sign change is taken as
critical point1.

sign (tn+1) < 0 ⇒ bifurcation point has been passed (3.16)

To get a better perception of the entire process, a flow chart of the contin-
uation power flow is shown in Figure 3.4.

Start

Run Conventional Load Flow
on Base Case

Set Initial
Continuation Parameter

Determine
Tangent Vector

Critical Point
Reached ?

Yes End

No

Choose Continuation
Parameter

Predict Next
Solution

Correction

Figure 3.4: Flow chart of the continuation power flow

1Although this value of µi is a very good estimation, it does not give the exact location
of the bifurcation point.
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CHAPTER 3. DISTANCE TO THE SADDLE NODE BIFURCATION

3.1.2 Computation of the closest SNB

As any iterative method, the computation of the closest SNB in this case re-
quires an initial solution. Then first step in the iterative method is to increase
the loads smoothly in a given direction Plo in power space in order to obtain
the first bifurcation point.

According to Figure 3.2, once the bifurcation surface Σ is reached at (µ1),
the jacobian matrix has a unique simple zero eigenvalue2 with its correspond-
ing left eigenvector w1 of dimension n×1. Then, according to equation (2.53),
the normal vector at the bifurcation is given by

n1 = w1 DPg (3.17)

Since the direction of the closest bifurcation is parallel to the normal vec-
tor n∗ at µ∗, Pli−1 is compared with the subsequent normal vector ni at each
iteration. The vector Pli converges to n∗ when the angle between them is as
small as a desired tolerance, i.e., the locally closest saddle-node bifurcation3

has been reached (3.18). A flow chart of the iterative method is shown in
Figure 3.5.

angle (Pli, n∗) = cos−1

(

〈Pli, n∗〉

‖Pli‖ ‖n∗‖

)

≈ 0 (3.18)

3.2 Direct Method

The direct method described in this work consists basically in solving a system
of nonlinear equations which correspond to the Saddle-node bifurcation con-
ditions indicated in section 2.4. The boundary limit Σ can be determined by
using Matlab’s toolbox fsolve, and the closest bifurcation point is determined
by comparing the normal vector at the bifurcation point with a direction vec-
tor that represents the direction of load increase (3.18).

The direct method has two main components, the solver and an initial
point µio ∈ Σ. Although the initial point is only a guess, it must be good
enough to allow the solver to compute the hypersurface Σ formed by all the

2Using CPF this eigenvalue is very close to zero.
3A locally closest bifurcation is not necessarily the globally closest bifurcation since Σ

may be corrugated.

40



3.2. DIRECT METHOD

Start

Initial Ray of
Load Increase Plo

Continuation
Power Flow

Compute Left
Eigenvector wi

Compute Normal
Vector ni = wi DP

Is Pli−1

parallel to ni ?
Yes End

No

Set Pli = ni

Figure 3.5: Flow chart of the iterative method

points that satisfy the condition of SNB (3.19). The equations to be considered
in the computation of the bifurcation surface are:

g (x∗, P∗) = 0 (3.19a)

w∗Dxg (x∗, P∗) = 0 (3.19b)

w∗w
T
∗ − 1 = 0 (3.19c)

Equations (3.19a) and (3.19b) were described in section (2.3.3): the first
one states that x∗ is a bifurcation point at µ∗, and the second equation corre-
sponds to the singularity condition. Equation (3.19c) ensures the normalized
left eigenvector x∗ is non-zero. The initial guess must be explicitly specified
before the calculations and it is formed by all the state variables and param-
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CHAPTER 3. DISTANCE TO THE SADDLE NODE BIFURCATION

eters that are directly involved in the calculation of the closest saddle-node
bifurcation, i.e.:

• Magnitude and phase angle of voltages (U, θ)

• Mu (µ)

• Direction of load increase (Pl)

• Left eigenvalue (w)

The equations (3.19) are created from the data of the initial guess and
other important parameters, e.g., Ybus. The first equation (3.19a) corresponds
to the conventional load flow equations given by the power mismatch (2.4)
which is slightly modified in order to include µ. Thus, the load increase is
included in the difference between generation and demand at each bus (2.2):

P
′

GD = PGD − µPl

Q
′

GD = QGD − µQl
(3.20)

and equation (3.19a) is finally obtained:

g (x, P ) =

[

P − P
′

GD

Q−Q
′

GD

]

= 0 (3.21)

where the active and reactive power injections P and Q at each bus are
given by equation (2.3).

The second equation (3.19b) corresponds to the left eigenvector w multi-
plied by the jacobian matrix Dxf formed by (2.17):

wDxg = 0 where Dxg =

[

H N ′

J L′

]

(3.22)

Finally, the structure of the third equation (3.19c) is trivial, so it can easily
be incorporated to the solver.

The solver has calculated all the points ∈ Σ, but the value obtained from
the initial guess has to be checked. The same procedure as the iterative method
is used to check if the point calculated by the solver corresponds to the closest
bifurcation set. Thus, the normal vector n to the bifurcation surface and the
ray of load increase Pl are compared.
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3.3 Reactive Power Limitations

A very important factor to consider in the determination of the power margin
is generator reactive power limits. When generators reach their reactive power
limits the voltage is no longer sustained, making the system more vulnerable.
Voltage stability remains in many cases but in highly loaded conditions the
power system may become immediately unstable, leading to a voltage collapse
and blackout [20], [21].

Consider a power system with a PU bus whose generator injects an amount
of reactive power Qg. When the generator reaches its maximum reactive gen-
eration capacity Qgmax, the bus where the generator is located suddenly be-
comes a PQ bus and a new reactive power mismatch is added to the equations
and the generator bus voltage is not longer fixed to its initial value which is
now considered as state variable. The "normal" trajectory of the state variable
(bus voltage) along the nose curve is altered due to the change of the system
structure, affecting the voltage stability in two ways: voltage stability dete-
rioration or immediate voltage collapse [20]. Both situations are illustrated
below for a onedimensional ray of load increase.

In the first case (Figure 3.6), the trajectory of the voltage follows the path
given by the system with unlimited reactive power generation (a). When the
generator reaches its limit Qgmax the equilibrium point now belongs to the
upper branch of the path (b) defined by the system with limited generation
capacity. At this point, the real parts of the eigenvalues obtained from the
jacobian matrix of the limited system Dxg

lim remain negative, i.e., the system
has reduced its stability but remains stable. Considering the reactive power
Q∗ at which the saddle-node bifurcation occurs, the reactive power margin of
the system Q∗ − Qglim has been reduced. Thus, the distance to the closest
saddle-node bifurcation in this case becomes smaller.

In the second case (Fig.3.7), when the generator reaches the maximum re-
active limit, the corresponding equilibrium point is now included in the lower
branch of the nose curve of the system with limited reactive power generation.
At this point, eigenvalues with positive real part appear in the jacobian matrix
Dxg

lim which indicates that the equilibrium point is not longer stable, lead-
ing to immediate voltage collapse. Immediate instability is typical for highly
loaded power systems, and it has been observed that it is also frequent in large
power system models, where the voltage collapses near to the bifurcation [21].

The computation of the distance to the closest saddle-node bifurcation
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(a)

(b)

Qgmax

µ
Qlim
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Figure 3.6: Voltage stability deterioration under limited reactive power gen-
eration

µ

U

(a)

(b)

µ
Qunlim

∗

Qgmax → µ∗

Figure 3.7: Immediate voltage collapse under limited reactive power genera-
tion
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and the load margin in power space can be totally misinterpreted if the re-
active power limits of generators are not considered in the calculations. As
described in the previous cases, due to the generators reactive power short-
age, the distance to the saddle-node bifurcation gets smaller. In worst case,
if the system is loaded enough, the closer distance becomes zero just when a
generator reaches its limit leading to immediate voltage collapse.
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Chapter 4

Simulation and Analysis

In this chapter the computation of the distance to the closest saddle-node
bifurcation for two systems are presented and discussed. An implementation
of the iterative and direct methods in Matlab was applied to the IEEE 9-Bus
System and IEEE 39-Bus System. Both systems were simulated with different
initial rays of load increase and compared in order to check the reliability of
the methods.

4.1 Iterative Method

The setting used in the simulations for both 9-bus and 39-bus power systems
were:

step size : σ = 0.02

angle tolerance : angle (Pl, n) < 10−5 radians

Any modification made to these default settings is explicitly indicated in
the report.

Regarding the continuation power flow process used in this method, only
bus voltage magnitudes and µ are admitted as parameters in the parameteri-
zation stage.

4.1.1 IEEE 9-Bus System

In first place, the iterative method is applied in order to determine the shortest
distance to the saddle node bifurcation for the IEEE 9-Bus System described
in Appendix A. According to what was indicated in section 3.1, a smooth ray
of power increase is applied to the most representative loads which in this
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case correspond to loads connected to buses 5, 6 and 8 (non zero demands
at PQ buses). Since in this case the power space is three-dimensional, the
bifurcation surface is such that dim(Σ) = 2. The base case (given operating

point) corresponds to the loads when µ = 0, which is PLo =
[

1.25 0.9 1
]

.

The state of the system (voltage magnitudes and angles) is determined by
conventional load flow calculations.

To check if the closest saddle-node bifurcation µ∗ found by the iterative
method corresponds to the local minimum, regardless the initial search direc-
tion, three possible initial rays of load increase Plo were set:

Plo1 = [1 0 0]

Plo2 = [0 1 0]

Plo3 = [0 0 1]

The results obtained with Plo1, Plo2 and Plo3 are presented in table 4.1.
The value of µ∗ was the same for the three different cases: µ∗ = 2.5189 in
direction Pl∗ =

[

0.7131 0.5094 0.4816
]

which indicates that the distance to
the closest saddle-node bifurcation was not influenced by the direction of the
initial ray of load increase. The calculations took only a few seconds and
considering the angle tolerance between Pl and n of 10−5 radians, the method
converged very quickly.

Plo1 Plo2 Plo3

µ∗ 2.5189 2.5189 2.5189
∆P5 1.7963 1.7963 1.7963
∆P6 1.2830 1.2830 1.2830
∆P8 1.2132 1.2132 1.2132

Table 4.1: Closest SNB and power margins for different initial rays of load
increase

Plo Plo1 Plo2 Plo3 Pl∗

µ1 2.8099 2.9790 3.6740 2.5189

Table 4.2: Saddle-node bifurcations reached in different directions Pl
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Table 4.2 shows the first encountered saddle-node bifurcation point for
each initial ray of load increase Plo1, Plo2 and Plo3 defined above, in compar-
ison with the critical point in the direction Pl∗ where the closest saddle node
bifurcation actually is.

Figure 4.1 illustrates the searching procedure in the determination of the
closest SNB with an initial ray of load increase of Pl0 = [1 0 0] from the
given operating point Po (base case). Notice that the number of iterations
depends on the angle tolerance between Pl and n∗. In this case, at the 4th

iteration Pl3 is pointing almost in the correct direction, i.e., where the closest
saddle-node bifurcation is located.
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Figure 4.1: Searching the closest bifurcation of the IEEE 9-Bus System in a
tridimensional parameter space
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4.1.2 IEEE 39-Bus System

In this case the iterative method is applied to the IEEE 39-bus system de-
scribed in Appendix B. This time all PQ buses with non zero power de-
mands were considered for the load increase, i.e., loads at buses 13, 14, 17,
18, 21, 23, 24, 25, 26, 27, 28, 29, 30, 32, 35, 36 and 38. These 17 buses form
17th-dimensional power space and the bifurcation hypersurface is such that
dim(Σ) = 16. As in the 9-bus system, in this case 17 different initial rays of
load increase Plo were tested in order to check the convergence of the solu-
tion for larger systems, but only three are presented which correspond to the
following initial directions:

Plo1 =
[

1 0 · · · 0 0
]

1×17

Plo2 =
[

0 0 · · · 0 1
]

1×17

Plo3 =
[

0 · · · 1 · · · 0
]

1×17
, Plo3 (8) = 1

Table 4.3 shows the results of the shortest distance to the saddle-node bi-
furcation for three different initial search directions. The distance to the SNB
set and the power margins computed were the same at each case (µ∗ = 2.5802).
Other 14 initial search directions were tested obtaining the same results, which
confirms the realiability of the method. On the other hand, the computation
time increased drastically compared to the 9-bus system.

Although the difference in size of both systems, the number of iterations
remained reduced. However, the computation time was comparatively long for
the case of the 39-bus power system, which indicates that it is the continuation
power flow process which requires a large amount calculations.
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Plo1 Plo2 Plo3

µ∗ 2.5802 2.5802 2.5802
∆P13 0.6251 0.6251 0.6251
∆P14 0.5337 0.5337 0.5337
∆P17 0.4439 0.4439 0.4439
∆P18 0.4594 0.4594 0.4594
∆P21 0.6718 0.6718 0.6718
∆P23 0.6710 0.6710 0.6710
∆P24 0.6706 0.6706 0.6706
∆P25 0.6345 0.6345 0.6345
∆P26 0.6745 0.6745 0.6745
∆P27 0.6778 0.6778 0.6778
∆P28 0.6892 0.6892 0.6892
∆P29 0.6839 0.6839 0.6839
∆P30 0.6797 0.6797 0.6797
∆P32 0.4713 0.4713 0.4713
∆P35 0.6402 0.6402 0.6402
∆P36 0.6650 0.6650 0.6650
∆P38 0.6535 0.6535 0.6535

Table 4.3: Power margins of IEEE 39-bus system for different initial rays of
load increase

4.2 Direct Method

The direct method was implemented by using Matlab’s optimization toolbox
fsolve. Although the direct method was applied to the IEEE 9-bus and IEEE
39-bus systems, results were obtained only in the case of the small power
system. Possible causes of this problem are discussed in 5.1.

4.2.1 IEEE 9-Bus System

The direct method was applied to the IEEE 9-bus system with two different
initial points. The first initial estimation of the bifurcation point X01 corre-
sponds to voltage magnitude and angles taken from the results of conventional
load flow calculations. A practical value of µ = 4 in direction Plo = [1 0 0] ,
and a unit left eigenvector w are assumed. The second initial point X02 cor-
responds to the bifurcation found in direction Plo = [1 0 0] using the iterative
method. Both initial estimations are indicated below:
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X01:
Plo = [1 0 0]
µ0∗ = 4
w0 = [1 1 1]√

3

bus 1 bus 2 bus 3 bus 4 bus 5 bus 6 bus 7 bus 8 bus 9
U 1.0400 1.0253 1.0254 1.0259 0.9958 1.0128 1.0261 1.0162 1.0327
δ 0 0.1618 0.0813 -0.0387 -0.0696 -0.0644 0.0648 0.0126 0.0343

X02:
Plo = [1 0 0]
µ0∗ = 4.0599 (|µ∗ − µo| = 2.8099)
w0 = [0.9459 0.2016 0.2542]

bus 1 bus 2 bus 3 bus 4 bus 5 bus 6 bus 7 bus 8 bus 9
U 1.0400 1.0253 1.0254 0.8610 0.6304 0.8828 0.9316 0.9382 0.9841
δ 0 -0.3091 -0.3142 -0.2539 -0.7042 -0.3602 -0.4160 -0.4394 -0.3636

According to table 4.4, due to the low number of variables involved in
the calculations fsolve was able to determine the boundary limit for each
initial point, although X01 is not a very good estimation of a SNB point
∈ Σ. The closest distance to the boundary limit was the same in both cases
(µ∗ = 2.5400), however it did not match the solution found with the iterative
method (µ∗ = 2.5386) in terms of the direction of the closest SNB Pl∗. Figure
4.2 shows the bifurcation surface for the three-dimensional parameter space
of the IEEE 9-bus system. The axes correspond to the power margin of
the system with respect to the given operating point Po(base case) and the
direction of the closest saddle-node bifurcation obtained with the iterative and
direct methods are indicated by the blue and red arrows respectively.

X01 X02

µ∗ 2.5400 2.5400
∆P5 2.2411 2.2411
∆P6 0.8172 0.8172
∆P8 0.8725 0.8725

Table 4.4: Distance to the closes SNB and power margin for X01 and X02
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Figure 4.2: IEEE 9-bus system bifurcation surface and closest SNB for itera-
tive and direct methods

4.2.2 IEEE 39-Bus System

The direct method was applied to the IEEE 39-bus system, but unfortunately
was not possible to obtain a solution. Although diverse initial points X0 were
tested, the calculations did not converge. This divergence may be caused
by the large number of variables and parameters involved in the calculations
(large power system).

4.3 Generator Reactive Power Limits

Generator reactive power limits of the IEEE-9-bus system and their influence
in the computation of the closest saddle-node bifurcation set were studied us-
ing the iterative method. In this analysis generators are assumed to inject
unlimited active power to the system, but reactive generation capacity is lim-
ited according to a maximum value Qgmax. These considerations are not valid
for bus 1 which corresponds to the slack bus.

When a generator reaches the maximum reactive power limit during the
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CPF process, the corresponding PU bus is changed to a PQ bus, and the gen-
erated reactive power is set to Qgmax. Since the conventional jacobian matrix
Dxg changes, the vectors ek and Dµg are slightly modified, but the parame-
ter xk remains unchanged . Finally, the continuation process continues with
the prediction of the new solution of the modified system, from the previous
equilibrium point found.

Consider a direction of load increase Pl∗ =
[

0.7131 0.5094 0.4816
]

which
corresponds to the direction of the closest SNB when generators are capable
to supply unlimited reactive power (µ∗ = 2.5189). As explained in section
3.3 the system changes structure when a generator reaches its reactive power
limit, and consequently, the distance from a given operating point to the clos-
est saddle-node bifurcation gets smaller. In this case, reactive power generator
constraints produce the original system to change structure twice during the
load increase. The first modification is produced when the generator at bus 3
reaches its maximum reactive power generation capacity (Qg3max = 1), while
the second change is produced when the generator at bus 2 reaches its reac-
tive generation limit (Qg2max = 1.4). Then, it is possible to divide the whole
system into three different subsystems independent of each other: the original
system denoted by (a), a second system (b) where Qg at bus 3 is equal to
Qg3max = 1 and a third system (c) where the reactive power generation at
buses 2 and 3 are set to Qg2max = 1.4 and Qg3max = 1, respectively. As con-
sequence, the bifurcation points in direction Pl∗ of each independent system
are reached in different loadings and are presented in table 4.5.

System µ∗

Qgunlimited 2.5189
Qg3max 2.4287

Qg3max and Qg2max 2.3135

Table 4.5: SNB in direction Pl∗ for the three independent subsystems

For illustrative purposes, the nose curves at bus 5 for the three subsys-
tems previously described are shown in Figure 4.3. Under this assumption,
three different bifurcation surfaces can be determined, one for each system.
Figure 4.4 shows the bifurcation surface Σa of the original power system, and
the bifurcation surface Σc of the modified system due to generation reactive
power limitations at buses 2 and 3 (Qg2max and Qg3max). Hence, the shortest
distance to the SNB using this reasoning corresponds to the bifurcation point
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of the third system, i.e., µ∗ = µc∗ = 2.3135, however, the system as a whole
must be considered in order to understand the effects of generator reactive
power limitations properly.
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Figure 4.3: Nose curves at bus 5 and bifurcation points for systems (a), (b)
and (c)

The effects of generator reactive power limits during the load increase pro-
cess are presented in table 4.6 and shown in Figure 4.5. In this case the power
system is considered as a whole and the state variable U5 follows the trajectory
indicated by the arrows. As indicated above, the generator at bus 3 is the first
to reach its reactive power limit Qg3max = 1 at µ = 2.2714, where the original
system (a) changes structure. Thereafter, the operating point of the system
is situated in the upper branch of the system defined by (b). In this case the
system remains stable although the voltage stability deteriorates, exactly as
described in Figure 3.6.

While loads keep increasing, the operating point continues in the trajec-
tory of (b) up to a second point where generator at bus 2 reaches its reactive
limit Qg2max = 1.4 at µ = 2.3134, hence the system suffers another modifi-
cation and the operating point belongs to the upper branch of new system
denoted by (c). Although the operating point is situated very close to the
bifurcation point and the voltage stability margin is even more reduced, the
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Figure 4.4: Boundary limits Σa and Σc of systems (a) and (c) respectively

system remains stable. Thus, following the trajectory of (c), the bifurcation
point is finally reached right after a small load increase at µc∗ = 2.3135, which
also corresponds to the closest distance to the saddle-node bifurcation µ∗ in
direction Pl∗ previously specified.

µ Qg2 Qg3

0 0.6690 -0.1080
2.2714 1.2937 1
2.3134 1.4 1

Table 4.6: Loading µ when generators reach reactive power limits

In both considerations the closest saddle-node bifurcation µ∗ = 2.3135 in
direction Pl∗ was determined by the trajectory of the state variables along
the path of the system (c). However, this is only valid for this specific power
system in study, and considering that the trajectory of the state variables cor-
responds to the first case described in section 3.3.
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Figure 4.5: Trajectory of the state variable under limited generator reactive
power conditions

Until now the effect of generator reactive power limits has been analyzed
considering a load increase in direction Pl∗ =

[

0.7131 0.5094 0.4816
]

, which
corresponds to the direction of the closest SNB when generators are capable
to supply unlimited reactive power (µ∗ = 2.5189). In that case, the first gen-
erator that reached the reactive power capacity was the generator connected
to bus 3, however, if the bifurcation is searched in other directions, it is pos-
sible that the other generator (generator at bus 2) reaches first its maximum
reactive power limit instead. Hence it is necessary to take into account all
possible cases when calculating the distance to the closest saddle-node bifur-
cation, because Σ suffers modifications that leads to a completely different
result.

As discussed before, when generator reactive power constraints are con-
sidered in the calculations, the critical limit is expected to be even closer to
the operating point, but not necessarily in the same direction. In this case,
the closest distance to the bifurcation surface was µ∗ = 2.2532 in direction
Pl∗ =

[

0.5260 0.4625 0.7137
]

. Table 4.7 shows the closest bifurcation point

and power margins for the original system (generators can supply unlimited
reactive power), and the real system, where generator reactive power limits
are considered.
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System µ∗ ∆P5 ∆P6 ∆P8

Qgunlimited 2.5189 1.7963 1.2830 1.2132
Qglimited 2.2532 1.1852 1.0422 1.6082

Table 4.7: Closest saddle-node bifurcation with and without generator reactive
power limit constraints

Figure 4.6 shows the bifurcation surface and the location of the closest
saddle-node bifurcation when generator reactive power limits are considered.
Due to the changes of the system structure, the bifurcation surface of the
whole system Σ is formed by different sections of the boundary limits Σa,
Σb and Σc previously described. As expected, it can be noticed that the
resultant bifurcation surface has increased its curvature but remains smooth
and continuous, which ensures a proper application of the iterative method
for finding the closest saddle-node bifurcation point.
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4.3. GENERATOR REACTIVE POWER LIMITS
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Figure 4.6: Bifurcation surface Σ when generator reactive power limits are
considered
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Chapter 5

Conclusion and Future Work

5.1 Conclusion

Two methods for computing the closest distance to the saddle-node bifurca-
tion set were presented, an iterative method based on the continuation power
flow algorithm, and a direct method based on the Matlab solver fsolve. Both
methods were applied to IEEE 9 and 39-bus power systems, unlimited reactive
generation capacity was considered. Finally, the effect of generator reactive
power limits was analyzed in 9-bus system by using the continuation power
flow method.

In the iterative method, the use of a step size for tracking the nose curve
carries an inherent error when reaching the critical value. As soon as the crit-
ical point has passed the bifurcation the previous value of µ is assigned as µ∗,
which is in fact smaller than the exact value. Although the computation time
depends on the specified angle tolerance between Pl and the normal vector n,
it also depends on the continuation power flow procedure, which is determined
by the size of the power system (a smaller step size gives a more detailed PU
curve, increasing the computation time).

Regarding the direct method, the guess for the initial bifurcation point µio
plays a very important role in the calculation of the bifurcation surface. Given
the amount of variables to be guessed (θ, U, w, Pl, µ), it is not an easy task to
provide a good starting point, especially for large power system. In this case
the probability of obtaining non reliable results or divergence gets higher as
the dimension of the power space increases.

Since load power margins decrease when generators reach their reactive
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power limits, these constraints must be considered in the computation of the
shortest distance to the SNB set in order to interpret the results correctly.
On the other hand, this effect was not possible to incorporate to the direct
method since the process is not performed step by step following the solution
path of the system as in the iterative method.

The iterative method is flexible, more reliable and secure than the direct
method, although a large amount of computation is required. Since the cal-
culations are performed step by step it is possible to follow the whole process
which makes easier to detect possible errors. It doesn’t have convergence prob-
lems as the direct method, and it’s not necessary to know either the shape of
Σ or a good initial estimate of the solution. The most important disadvantage
of the direct method is the impossibility of including generator reactive power
limits to the process, giving a fictitious value of the distance to the closest
SNB set.

Finally, to obtain more reliable and accurate results, it is recommended
to start from an operating point close to the bifurcation surface and choose
carefully the buses affected by the load increase in order to reduce as much as
possible the dimension of the power space.

5.2 Future Work

This thesis can be considered an introductory basis to voltage stability analysis
in terms of the computation of the closest saddle-node bifurcation in power
space. Suggestions for future work are summarized in the following:

• The convexity of the bifurcation surface is assumed in this work, how-
ever it must be considered in order to minimize the uncertainty in the
calculation of the closest local saddle-node bifurcation.

• The study of optimization based methods can be incorporated, as well
as improvements in the continuation process in order to reduce the com-
putation time.

• The effect of generator reactive power limits should be studied in depth
and fully incorporated in every analysis.

• The incorporation of generator reactive power limits in other direct
methods can be studied with the purpose to determine the effective-
ness of direct methods in the calculation of distance to the closes SNB.
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Appendix A

IEEE 9-bus System Data

Figure A.1: IEEE 9-bus Power System
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APPENDIX A. IEEE 9-BUS SYSTEM DATA

LINE DATA

from bus to bus R X

4 1 0.0000 0.0576
4 5 0.0100 0.0850
5 7 0.0320 0.1610
4 6 0.0170 0.0920
6 9 0.0390 0.1700
7 8 0.0085 0.0720
2 7 0.0000 0.0625
8 9 0.0119 0.1008
3 9 0.0000 0.0586

BUS DATA

Bus U θ Pg Qg PL QL G B Type Qgmax Qgmin
1 1.0400 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 1 - -
2 1.0253 0.0000 1.6300 0.0000 0.0000 0.0000 0.0000 0.0000 2 1.4000 -1.0000
3 1.0254 0.0000 0.8500 0.0000 0.0000 0.0000 0.0000 0.0000 2 1.0000 -1.0000
4 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3 0.0000 0.0000
5 1.0000 0.0000 0.0000 0.0000 1.2500 0.5000 0.0000 0.0000 3 0.0000 0.0000
6 1.0000 0.0000 0.0000 0.0000 0.9000 0.3000 0.0000 0.0000 3 0.0000 0.0000
7 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3 0.0000 0.0000
8 1.0000 0.0000 0.0000 0.0000 1.0000 0.3500 0.0000 0.0000 3 0.0000 0.0000
9 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3 0.0000 0.0000

type of bus: 1-Slack 2-PU 3-PQ
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Appendix B

IEEE 39-bus System Data

Figure B.1: IEEE 39-bus Power System
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APPENDIX B. IEEE 39-BUS SYSTEM DATA

LINE DATA

from bus to bus R X

39 30 0.0007 0.0138
39 5 0.0007 0.0142
32 33 0.0016 0.0435
32 31 0.0016 0.0435
30 4 0.0009 0.018
29 9 0.0008 0.0156
25 8 0.0006 0.0232
23 7 0.0005 0.0272
22 6 0.0000 0.0143
20 3 0.0000 0.0200
16 1 0.0000 0.0250
12 10 0.0000 0.0181
37 27 0.0013 0.0173
37 38 0.0007 0.0082
36 24 0.0003 0.0059
36 21 0.0008 0.0135
36 39 0.0016 0.0195
36 37 0.0007 0.0089
35 36 0.0009 0.0094
34 35 0.0018 0.0217
33 34 0.0009 0.0101
28 29 0.0014 0.0151
26 29 0.0057 0.0625
26 28 0.0043 0.0474
26 27 0.0014 0.0147
25 26 0.0032 0.0323
23 24 0.0022 0.0350
22 23 0.0006 0.0096
21 22 0.0008 0.0135
20 33 0.0004 0.0043
20 31 0.0004 0.0043
19 2 0.0010 0.0250
18 19 0.0023 0.0363
17 18 0.0004 0.0046
16 31 0.0007 0.0082
16 17 0.0006 0.0092
15 18 0.0008 0.0112
15 16 0.0002 0.0026
14 34 0.0008 0.0129
14 15 0.0008 0.0128
13 38 0.0011 0.0133
13 14 0.0013 0.0213
12 25 0.0070 0.0086
12 13 0.0013 0.0151
11 12 0.0035 0.0411
11 2 0.0010 0.0250
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BUS DATA

Bus U θ Pg Qg PL QL G B Type Qgmax Qgmin
1 0.9800 0.0000 5.0451 1.36036 0.0920 0.0460 0.0000 0.0000 1 - -
2 1.0300 0.0000 10.0000 1.9575 11.0400 2.5000 0.0000 0.0000 2 4.0000 -2.0000
3 0.9800 0.0000 6.5000 1.5910 0.0000 0.0000 0.0000 0.0000 2 2.7000 -1.3000
4 1.0100 0.0000 5.0800 1.5816 0.0000 0.0000 0.0000 0.0000 2 2.3000 -1.000
5 0.9900 0.0000 6.3200 0.9558 0.0000 0.0000 0.0000 0.0000 2 2.5000 -1.2000
6 1.0400 0.0000 6.5000 2.7641 0.0000 0.0000 0.0000 0.0000 2 2.5000 1.3000
7 1.0600 0.0000 5.6000 2.3549 0.0000 0.0000 0.0000 0.0000 2 2.5000 -1.1000
8 1.0200 0.0000 5.4000 0.6302 0.0000 0.0000 0.0000 0.0000 2 2.2000 -1.1000
9 1.0200 0.0000 8.3000 0.8479 0.0000 0.0000 0.0000 0.0000 2 3.2000 -1.7000
10 1.0400 0.0000 2.5000 1.4648 0.0000 0.0000 0.0000 0.0000 2 1.8000 -0.5000
11 1.0300 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3 0.0000 0.0000
12 1.0200 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3 0.0000 0.0000
13 0.9900 0.0000 0.0000 0.0000 3.2200 0.0240 0.0000 0.0000 3 0.0000 0.0000
14 0.9500 0.0000 0.0000 0.0000 5.0000 1.8400 0.0000 0.0000 3 0.0000 0.0000
15 0.9800 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3 0.0000 0.0000
16 0.9500 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3 0.0000 0.0000
17 0.9500 0.0000 0.0000 0.0000 2.3380 0.8400 0.0000 0.0000 3 0.0000 0.0000
18 0.9500 0.0000 0.0000 0.0000 5.2200 1.7600 0.0000 0.0000 3 0.0000 0.0000
19 1.0100 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3 0.0000 0.0000
20 0.9500 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3 0.0000 0.0000
21 0.9900 0.0000 0.0000 0.0000 2.7400 1.1500 0.0000 0.0000 3 0.0000 0.0000
22 1.0100 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3 0.0000 0.0000
23 1.0100 0.0000 0.0000 0.0000 2.7450 0.8400 0.0000 0.0000 3 0.0000 0.0000
24 0.9800 0.0000 0.0000 0.0000 3.0860 0.9220 0.0000 0.0000 3 0.0000 0.0000
25 1.0200 0.0000 0.0000 0.0000 2.2400 0.4720 0.0000 0.0000 3 0.0000 0.0000
26 1.0100 0.0000 0.0000 0.0000 1.3900 0.1700 0.0000 0.0000 3 0.0000 0.0000
27 1.0000 0.0000 0.0000 0.0000 2.8100 0.7550 0.0000 0.0000 3 0.0000 0.0000
28 1.0200 0.0000 0.0000 0.0000 2.0600 0.2760 0.0000 0.0000 3 0.0000 0.0000
29 1.0200 0.0000 0.0000 0.0000 2.8350 0.2690 0.0000 0.0000 3 0.0000 0.0000
30 0.9800 0.0000 0.0000 0.0000 6.2800 1.0300 0.0000 0.0000 3 0.0000 0.0000
31 0.9500 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3 0.0000 0.0000
32 1.0000 0.0000 0.0000 0.0000 0.0750 0.8800 0.0000 0.0000 3 0.0000 0.0000
33 0.9500 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3 0.0000 0.0000
34 0.9600 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3 0.0000 0.0000
35 0.9600 0.0000 0.0000 0.0000 3.2000 1.5300 0.0000 0.0000 3 0.0000 0.0000
36 0.9800 0.0000 0.0000 0.0000 3.2940 0.3230 0.0000 0.0000 3 0.0000 0.0000
37 0.9900 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3 0.0000 0.0000
38 0.9900 0.0000 0.0000 0.0000 1.5800 0.3000 0.0000 0.0000 3 0.0000 0.0000
39 0.9800 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3 0.0000 0.0000

type of bus: 1-Slack 2-PU 3-PQ
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