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Abstract

Switched systems form a special class of hybrid dynamical systems, i.e. systems
with both continuous and discrete dynamics. A switched system contains a fam-
ily of continuous subsystems and a discrete variable that governs the switching
between them. The problem of finding necessary and sufficient conditions for
asymptotic stability under arbitrary switching has recently been solved for the
two-dimensional focused switched system ẋ = uAx + (1 − u)Bx. We consider a
generalization ẋ = uA(x − xc) + (1 − u)Bx where the equilibrium points of the
two subsystems have been separated, a defocused system. Using geometrical ar-
guments we show that whenever the focused system is asymptotically stable, a
corresponding defocused system will contain a ‘smallest’ invariant set Ω. In the
case when both the subsystems have non-real eigenvalues we are able to completely
characterize Ω and prove that all trajectories converge to Ω.

We investigate topological properties of Ω and classify the possible irregularities
of ∂Ω. We also build time-optimal syntheses inside Ω which exhibit the behavior
of minimal-time trajectories. Finally we briefly look at additional phenomena that
occur when real eigenvalues are present in the subsystems.
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Sammanfattning

Switchade dynamiska system är en speciell typ av hybrida system, det vill sä-
ga system som har både kontinuerlig och diskret dynamik. Ett switchat system
består av en mängd kontinuerliga delsystem och en diskret variabel som avgör
vilket av delsystemen som är aktivt vid varje tidpunkt. Ett typiskt reglerproblem
för switchade system är att hitta nödvändiga och tillräckliga villkor för asymp-
totisk stabilitet under godtyckligt switchande. Detta problem har nyligen lösts
för tvådimensionella switchade system innehållande två linjära delsystem, det vill
säga system på formen ẋ = uAx + (1 − u)Bx. Här betraktas en generalisering
ẋ = uA(x− xc) + (1− u)Bx där fokuspunkterna för de två delsystemen är separe-
rade. Genom att använda geometriska verktyg visar vi att systemet med separerade
fokuspunkter innehåller en ‘minsta’ invariant mängd Ω när motsvarande fokusera-
de system är asymptotiskt stabilt. I fallet då båda delsystemen har egenvärden i
C\R kan vi karaktärisera Ω och bevisa att alla lösningar till systemet konvergerar
asymptotiskt till Ω.

Vi undersöker topologiska egenskaper för Ω och dess rand ∂Ω. Dessutom stu-
derar vi hur tidsoptimala lösningar till systemet beter sig inuti Ω genom att bygga
två s.k. optimala synteser. Vi tittar också på fallet med reella egenvärden.
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Chapter 1

Introduction

Switched systems have attracted considerable attention in recent years. A switched
system is a special case of a hybrid system, i.e. a system whose state is described by
both discrete and continuous variables. The continuous part of a switched system
is a family F = {fp | p ∈ P} of state-continuous subsystems and the discrete part
governs the switching between these subsystems.Therefore a switched system can
be written on the general form

ẋ = fσ(t)(x, t), (1.1)

where σ(t) ∈ P is called the switching sequence, its value indicates the active
subsystem at the time instant t. Each subsystem is deterministic and can also be
thought of as an admissible vector field which the plant may follow for some time,
as determined by the switching sequence.

Switched systems appear frequently in applications. If the configuration of a
physical system changes over time a model of the system on switched form may
be appropriate. In other cases it may be desirable to use multiple controllers for
a single plant depending on the current state of the plant or its environment. In
this case the switching is introduced in the controller design.

As always with control systems, stability is an important and desirable prop-
erty. For switched systems a fundamental stability question is whether the switched
system is stable under arbitrary switching sequences, i.e. the switching sequence is
treated as external. The switching sequence can also be treated as a control signal
and the challenge is then to find a switching law that renders the system stable.
A more complete introduction to the basic problems and challenges of switched
systems is given by Liberzon and Morse in [15].

When considering arbitrary switching sequences, there are several notions of
stability for a switched system on the form (1.1). An equilibrium point (i.e. a
point p for which fi(p, t) = 0 ∀i, t) can for example be said to be asymptotically
stable (AS), uniformly asymptotically stable (UAS), uniformly exponentially stable

1



CHAPTER 1. INTRODUCTION

(UES), globally uniformly asymptotically stable (GUAS) or globally uniformly ex-
ponentially stable (GUES) for the switched system, where the uniformity is with
respect to switching sequences. A definition of GUES is given in Section 2. In
the linear case where the elements of F form a compact subset of Rn×n it can
be shown that all these notions of stability are equivalent under arbitrarily fast
switching [2,14]. Furthermore stability properties under arbitrarily fast switching
are the same for the two systems ẋ ∈ F and ẋ ∈ conv(F) in this case, where
conv denotes the convex hull. The reason is that a vector field in the convex hull
conv(F) can be written as the limit of a sequence of functions taking values only
in F , see [8,12,16] for further details. Therefore an evident necessary condition for
asymptotic stability in the linear case is that all convex combinations of matrices
in F are Hurwitz.

To actually determine whether a system is stable or not under arbitrary switch-
ing is in general a difficult problem. One method used to attack the problem is to
look for Lyapunov functions. Stability can be proved using a common Lyapunov
function (a single function which is Lyapunov for every element in the family F)
or multiple Lyapunov functions [7]. A converse single Lyapunov function theorem
for linear systems is proved in [9]. In the multiple Lyapunov function approach,
restrictions on switching speed, so called average dwell time, have to be imposed to
prove stability. A different approach is to study the properties of the Lie algebra
generated by F , sufficient stability conditions on the generated Lie algebra have
been obtained for the linear case in [14] and [1]. For a more complete survey of
existing stability results for switched systems, see Chapters 2 and 3 in [13].

When considering linear systems, necessary and sufficient conditions for the
existence of a quadratic Lyapunov function was found in [17]. However such a
system may be GUES also in the absence of a quadratic Lyapunov function [16],
so these are not necessary and sufficient conditions for stability. A special case is
a system that switches between two two-dimensional linear subsystems{

ẋ = uAx+ (1− u)Bx,
u ∈ [0, 1],

(1.2)

where A and B are Hurwitz matrices. As noted earlier, the conditions u ∈ {−1, 1}
and u ∈ [−1, 1] = conv({−1, 1}) give the same stability properties when consid-
ering arbitrarily fast switching. For systems on this form necessary and sufficient
conditions for stability under arbitrarily fast switching have been found using di-
rect geometrical methods [3, 4, 16]. These conditions depend on the eigenvalues
and other geometrical properties of the matrices A and B. The same problem on
non-linear form has been studied in [5], where some sufficient stability conditions
were found using topological methods. When considering systems with more than
two subsystems to switch among, stability for all pairs of subsystems is of course
a necessary condition for stability.
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CHAPTER 1. INTRODUCTION

In this report we study a generalization of the system above where the points
of stability of the subsystems have been separated:{

ẋ = uA(x− xc) + (1− u)Bx,
u ∈ [0, 1].

(1.3)

We will refer to this as a defocused system, as opposed to the focused system (1.2).
For the generalized system (1.3) it is impossible for a single point to be stable
under arbitrary switching. Indeed, starting in any point the switching sequence
u(t) ≡ 1 (resp. u(t) ≡ 0) will steer the system towards xc (resp. 0). Therefore
we will instead be looking at regions of invariance, which in this case can be seen
as a generalization of single-point stability. Characterizing invariants set can be
important from a safety perspective, since a system by definition never leaves an
invariant set. In other words we have a guarantee that the states outside the
invariant set can never be reached from the inside.

We will be assuming that the corresponding system (1.2) is GUES for arbitrary
switching sequences. The existence of a bounded invariant set for (1.3) under this
assumption is intuitive. When looking at the defocused system (1.3) on a scale
much larger than the distance between x0 and 0, due to the homogeneity of the
linear subsystems it will behave as the focused system (1.2), for which the origin is
GUES. In some sense this large-scale stability competes against the perturbation
around the origin which locally causes non-stability. The boundary where these
two phenomena meet turns out to be the boundary of a ‘smallest’ invariant set.

We will be looking at the system (1.3) from two points of view. On one hand
we consider u(·) as an arbitrary switching sequence controlled by the environment
and we look for properties that are true for all measurable switching functions u(·).
The second point of view is to treat u(·) as a control signal and study properties
of the control system, in particular controllability and reachable sets. It turns out
that these two points of view are closely related. To summarize, the questions we
are interested in are the following.

Problem formulation: Consider a defocused system on the form (1.3) and as-
sume the corresponding focused system (1.3) is GUES. We want to prove the
existence of a smallest invariant set Ω for (1.3), smallest in the sense that it is
contained in any non-empty invariant set. By invariance we mean that all trajec-
tories of the system starting in Ω will remain in Ω. We want to investigate the
properties of Ω, in particular we are interested in its topological properties and
the regularity and nature of its boundary. Furthermore we want to study Ω when
the system (1.3) is considered to be a control system, we are then interested in
controllability and the nature of optimal trajectories between points inside Ω.

The report is structured as follows: In Chapter 2 notation that is used through-
out the report is introduced along with basic definitions. Chapter 3 contains the

3



CHAPTER 1. INTRODUCTION

main result about existence and uniqueness of an invariant set under arbitrary
switching. We are able to completely characterize the invariant sets in the case
when both the matrices A and B in (1.3) have non-real eigenvalues. Some numer-
ical examples are shown in Chapter 4 and we also give two examples of optimal
syntheses inside Ω. In Chapter 5 additional phenomena that occur in the presence
of real eigenvalues are mentioned. Finally Chapter 6 concludes the report with a
summary and directions for future research. Technical details about matrix nor-
mal forms, quadratic forms in the plane and differential inclusions can be found
in the appendices.
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Chapter 2

Preliminaries

For a setD we denote its interior by int(D) and its closure by cl(D). We denote the
boundary of the same set by ∂D and its convex hull by conv(D) = {αx+(1−α)y |
α ∈ [0, 1]; x, y ∈ D}. For subsets we do not differentiate between proper and non-
proper subsets and write D ⊂ E to express that D \ E = ∅. For a function
f : X → Y we denote the image of f by im(f) = {f(x) ∈ Y | x ∈ X}.

The indicator function 1D(x) will be used and is defined as

1D(x) =

{
1 x ∈ D,
0 x 6∈ D, (2.1)

where D is a set.
We proceed with some general definitions about dynamical systems that will

be used throughout the report. Unless otherwise stated, the definitions are given
for a general switched system on the form (1.1).

Definition 2.1. The flow φ(t, x0, σ(·)), where σ : R+ → P is a given measurable
function, is such that

i) d
dt
φ(t, x0, σ(·)) = fσ(t)(φ(t, x0, σ(·)), t)

ii) φ(0, x0, σ(·)) = x0

For a given σ(t) and x0 we call φ(t, x0, σ(·)) a trajectory. For the system (1.3)
we will talk about A-trajectories and B-trajectories, where an A-trajectory has
control u ≡ 1 and a B-trajectory has control u ≡ 0. An A-trajectory is simply a
trajectory that follows the vector field A(x− xc), and a B-trajectory follows Bx.

As explained in the introduction there are many definitions of stability when
considering arbitrary switching. When we talk about stability in this report we
will mean global uniform exponential stability, which however is equivalent to other
notions of stability in the linear case, as explained in the introduction. For com-
pleteness we give its definition.
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CHAPTER 2. PRELIMINARIES

Definition 2.2. An equilibrium point p is said to be globally uniformly exponen-
tially stable (GUES) for the system (1.1) if there exists two constants c and µ such
that ‖x(t)− p‖ ≤ ce−µt‖x0− p‖ for all initial points x0 and switching sequences σ.

When talking about stability the switching is assumed to be arbitrary. When
we instead treat σ as a control signal we can introduce the usual notions of con-
trollability and reachable sets.

Definition 2.3. A set D is said to be completely controllable for the system (1.1) if
for any two points x0, x1 ∈ D there exists a finite time T and a switching sequence
σ : [0, T ]→ P such that φ(T, x0, σ(·)) = x1.

Definition 2.4. The reachable set up to time T from x0 is A≤T (x0) = {y ∈ Rn |
there exists 0 ≤ t ≤ T and σ : [0, t]→ U such that y = φ(t, x0, σ(·))}.

The subscript ≤ T can be varied to express reachable sets in different time
intervals than [0, T ]. We also set A(x) = ∪t≥0A≤t(x), i.e. the reachable set in any
time. A reachable set from an initial set D is defined as A≤T (D) = ∪x∈DA≤T (x).

For reachable sets the semi-group property A≤t(A≤s(D)) = A≤s+t(D) holds.
Invariance is a property directly related to reachable sets, the reachable set of an
invariant set is contained in the set itself and any reachable set is invariant.

Definition 2.5. A set D ∈ Rn is invariant if A(D) ⊂ D.

A classical notation in dynamical systems theory is the one of ω-limit sets.
They can be thought of as a generalization of points of convergence and consist of
all the points that a trajectory passes close to infinitely often.

Definition 2.6. The ω-limit set of a trajectory φ(t) is the set of all the points x
for which there exists a sequence {tk}∞k=1 tending to infinity such that

lim
k→∞

φ(tk) = x. (2.2)

We will use the concept of curvature somewhat sloppy. A smooth planar curve
can locally be approximated in a point by a circle segment C. The inverse radius
of C is the curvature in the point. If a curve γ has smaller curvature in a point
than another curve φ through the same point it means that γ is flatter.

When dealing with directed curves (which is natural when considering trajec-
tories of a dynamical system) we will speak of left and right curvature depending
on whether the curve bends to the left or to the right when following its direction.
For a directed curve γ passing through a point y let R̂y be the vector from y to the
center of the approximating circle segment in y. Let T̂y be the directed tangential
vector.

6



CHAPTER 2. PRELIMINARIES

Definition 2.7. We say that a directed curve γ has left (resp. right) curvature in
a point y if T̂y × R̂y > 0 (resp. if T̂y × R̂y < 0).

For the two-dimensional linear system ẋ = Ax the trajectories have the same
kind of curvature (in the sense of the definition) in the whole plane if A has non-
real eigenvalues. If A has distinct real eigenvalues the plane is divided into four
regions by the eigenvectors, two with left curvature and two with right curvature.

7



Chapter 3

Main result

First we formally introduce two assumptions which the results are based on, the
first one has already been mentioned in the introduction.

Assumption 3.1. The focused system (1.2) is globally uniformly asymptotically
stable.

Remark 3.1. As discussed in the introduction, in the linear case and for arbitrary
switching, global uniform exponential stability is equivalent to the other notions
of stability. Whether the assumption holds for a pair of matrices (A,B) can be
checked using the results in [16].

Remark 3.2. The assumption implies that all convex combinations of the matrices
A and B in (1.3) are Hurwitz.

We also assume the following to exclude degenerate cases:

Assumption 3.2. The images of φ(t, 0, 1), t ≥ 0 and φ(t, xc, 0), t ≥ 0 are not
equal, i.e. the A-trajectory starting in the origin and the B-trajectory starting in
xc do not coincide.

Remark 3.3. Assumption 3.2 is equivalent to assuming that the system is Lie
bracket-generating, i.e. that dim(Lx) = 2 in all points x, where Lx is the Lie
algebra generated by A(x− xc) and Bx evaluated in the point x. This follows by
noting that if the supports do coincide the system can not be bracket generating
since Lx has dimension one along these trajectories (this is also true in higher
dimensions). Conversely, if the system is not bracket generating, by the Hermann
Nagano theorem [12] there exists an invariant submanifold of dimension 1 which
due to its invariance necessarily must connect the two points of attraction 0 and
xc. Furthermore Assumption 3.2 can only be violated when both A and B have
real eigenvalues. Even in this case the property is non-generic and falsified by a
small parameter perturbation.
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CHAPTER 3. MAIN RESULT

For the system (1.3) we now define a set Ω as follows:

Ω =
⋂

D invariant, D 6=∅

D. (3.1)

Since invariance is preserved under set intersection, Ω is also invariant. Further-
more it has the property that Ω ∩ D = Ω for all invariant sets D of (1.3) which
makes it the ‘smallest’ invariant set in the sense that it is contained in all invariant
sets. The main result of this report lists some properties of this set.

Theorem 3.1. Consider the system (1.3) and suppose assumptions 3.1 and 3.2
hold. Then the invariant set Ω defined in (3.1) is bounded and non-empty and has
the following properties.

• When considering u(·) as a control signal, Ω is completely controllable.

• Ω is open and simply connected with a boundary ∂Ω that is piecewise C∞.

• If furthermore both A and B of (1.3) have eigenvalues in C \ R, then Ω is
attractive in the sense that cl(Ω) = cl(limT→∞A≥T (y)) for all y ∈ R2.

The rest of this chapter is devoted to proving this theorem. We begin by
showing the first two points of the theorem in Section 3.1. In Section 3.2 we then
introduce some geometrical concepts which we use in Section 3.3 to construct Ω
explicitly for all possible cases where A and B have eigenvalues in C\R and verify
the attractiveness property. The geometry of the case with real eigenvalues is
further discussed in Chapter 5.

3.1 Proof, part 1
First of all we show that a bounded invariant set always exists for the system (1.3).
The idea is to use a Lyapunov function for the system (1.2) and show that far from
the origin it is also decreasing along the trajectories of (1.3).

Lemma 3.1. Assuming that Assumption 3.1 is true there exists a bounded in-
variant set for the system (1.3).

Proof. As proved in [9], under Assumption 3.1 there exists a common strict Lya-
punov function V (x) which is C∞, homogeneous of degree 2, and for which

∇V
∣∣∣
x
· Ax ≤ −1

4
||x||2, ∇V

∣∣∣
x
·Bx ≤ −1

4
||x||2. (3.2)

We want to show that also ∇V
∣∣
x
· A(x − xc) is negative for large ‖x‖. Then the

same Lyapunov function can be used to find an invariant region for the defocused

9



CHAPTER 3. MAIN RESULT

system. By differentiating the homogeneity property V (x/α) = V (x)/α2 with
respect to x we obtain the relation ∇V

∣∣
x

= ‖x‖∇V
∣∣
x̂
, where the hat symbol

denotes the unit vector, i.e x̂ = x/‖x‖. Then we get

∇V
∣∣∣
x
A(x− xc) ≤ −

1

4
‖x‖2 −∇V

∣∣∣
x
Axc = −1

4
‖x‖2 − ‖x‖‖xc‖∇V

∣∣∣
x̂
Ax̂c = (3.3)

= −‖x‖
2

4

(
1 +

4‖xc‖
‖x‖

∇V
∣∣∣
x̂
Ax̂c

)
.

It is clear that we can define a radius R such that the expression is negative for
all ‖x‖ > R. For instance it is sufficient to choose

R = 1 + 4‖xc‖ max
‖u‖=‖v‖=1

∥∥∇V ∣∣
u
Av
∥∥ . (3.4)

R is finite since the set over which we maximize is compact. We proceed by
selecting a level set C = {x : V (x) = c} of V corresponding to its maximum value
in {x : ‖x‖ = R},

c = max
‖x‖=R

V (x). (3.5)

Again, the maximum value is attained since the set is compact. By continuity
and the homogeneity property of V , the level set C is a bounded simple curve and
by definition lies outside {x : ‖x‖ ≤ R}. Thus the Lyapunov function is strictly
decreasing along trajectories of the system for all x such that V (x) ≥ c and it
follows that the bounded set {x : V (x) < c} is invariant.

The existence of a bounded invariant set shows that also Ω is bounded, as can
be seen from the definition (3.1). Next we show that Ω has a non-empty interior.

Lemma 3.2. There is an open set D0 such that D0 ⊂ D for every invariant set
D.

Proof. First we note that the origin must be in the closure of any invariant set, since
0 can always be asymptotically reached with the constant switching sequence u ≡
0. Under Assumption 3.2 (see also Remark 3.3), Krener’s theorem [12] guarantees
that a set A≤ε(x0) is non-empty for all x0 and ε > 0, in particular this holds for
the origin. We can thus define D0 = int(A≤ε(0)) 6= ∅ and since the plant can get
arbitrarily close to the origin it follows that D0 must be in the interior of every
invariant set.

Since all invariant sets contain the same open set D0, the set Ω is necessarily
non-empty by definition. Knowing that Ω is bounded and non-empty, we proceed
with the additional properties stated in the theorem.

Lemma 3.3. Ω is completely controllable and open.

10
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∂Ω
C

DC

Figure 3.1: Finding a smaller invariant set by excluding DC .

Proof. Take any two points x, y ∈ Ω. By the invariance of reachable sets we have
that

Ω =
⋂

D invariant, D 6=∅

D ⊂ A(x), (3.6)

for all x ∈ R2. In particular y ∈ A(x), so y is reachable from x. Since x and y
were arbitrary, this shows that Ω is completely controllable.

By Lemma 3.2 we know that Ω contains an open set D0. By complete control-
lability we have that Ω = A(D0) and since the reachable set from an open set is
open, it follows that also Ω is open.

Lemma 3.4. ∂Ω consists of pieces of A- and B-trajectories.

Proof. Assume for contradiction that there exists a segment C ⊂ ∂Ω such that it is
nowhere a part of an A- nor aB-trajectory. The A-andB-trajectories starting in its
endpoints must then be outside cl(Ω) for negative times, due to invariance. Then
we can construct a set DC such that Ω \DC is invariant, as shown in Figure 3.1.
This is a contradiction since Ω has the property of being the ‘smallest’ invariant
set.

We conclude that ∂Ω is everywhere tangential to at least one of the vector
fields A(x− xc) and Bx.

A consequence of this fact is that ∂Ω is piecewise C∞, since it consists of field
lines of A(x− xc) and Bx. Finally we show that Ω can not contain holes.

Lemma 3.5. Ω is simply connected.

Proof. Assume for contradiction that there is indeed some ‘hole’ S in Ω with a
boundary ∂S. Ω is invariant so both vector fields A(x−xc) and Bx have to point to
the inside of Ω along its boundary. Since ∂Ω ⊃ ∂S consists of (piecewise smooth)
A- and B-trajectories, we can integrate over ∂S. Let n̂ be the outer normal of ∂S
and integrate counter-clockwise, by the divergence theorem we then have∮

∂S

A(x− xc) · n̂ ds =

∫
S

(∇ · A(x− xc)) dV = Tr(A)

∫
S

dV < 0, (3.7)

11
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since A has strictly negative eigenvalues under Assumption 3.1. But the negativity
implies that somewhere along ∂S we have A(x−xc) · n̂ < 0, i.e. the field A(x−xc)
points to the inside of S and thus out of Ω. This contradicts the invariance of
Ω.

This completes the proof of the first two points of Theorem 3.1.

3.2 Geometric concepts
The idea used prove the last point of the theorem involves constructing the reach-
able set of a specific set Q− ∈ cl(Ω). This will also give us Ω since cl(Ω) =
cl(A(Q−)) due to the complete controllability of Ω. To achieve this we need cer-
tain concepts which are introduced in this section, these are valid for all matrices
A and B. In the following section we then use these tools to prove the last point
of Theorem 3.1 about the case with non-real eigenvalues.

First we note that the system (1.3) can be transformed to an equivalent system
on drift-control form by the substitution ũ = 2u− 1.

ẋ =
1

2
(A(x− xc) +Bx)︸ ︷︷ ︸

F (x)

+ũ
1

2
(A(x− xc)−Bx)︸ ︷︷ ︸

G(x)

,

ũ ∈ [−1, 1].

(3.8)

Definition 3.1. A point y is called a point of local controllability for the system
ẋ = F (x) + uG(x) if F (y) = 0.

Proposition 3.1. Assuming that Assumption 3.1 holds, the system (3.8) has a
single point of local controllability y given by y = (A+B)−1Axc. More generally,
the equation A(x− xc) + αBx = 0 has a unique solution for all α ≥ 0.

Proof. The first statement is true provided that A + B is invertible. A necessary
condition for Assumption 3.1 to hold is that each convex combination of A and B
has strictly negative eigenvalues, as explained in Section 1. Therefore the deter-
minant of (A+B)/2 is non-zero and A+B is invertible. The generalized result is
shown in the same way.

An important object to look at is the set of points where the two vector fields
A(x − xc) and Bx are parallel. The linear dependence of the two fields can be
investigated by computing the determinant of the two vector fields, we will denote
this function ∆A. It can be shown that A(x− xc) and Bx are linearly dependent
exactly when F (x) and G(x) are so, therefore we define ∆A : R2 → R as

∆A(x) = det
[
F (x) G(x)

]
. (3.9)

12
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The set of linear dependence is the inverse mapping of 0 of the function ∆A(x) and
will be denoted Q = ∆−1

A (0). The points 0 and xc will clearly always belong to Q.
Since Q is the set of solutions to a quadratic equation it will be a quadratic form
in the plane, in the non-degenerate cases either an ellipse or a hyperbola. Some
more information about quadratic forms is given in Appendix B.

Lemma 3.6. The set Q can be divided into two curves Q+ and Q− such that on
Q− the two vector fields A(x − xc) and Bx are linearly dependent with opposite
directions and on Q+ they are linearly dependent with the same direction. Fur-
thermore Q− is connected and the two centers 0 and xc are the unique points in
cl(Q+) ∩ cl(Q−).

Proof. We use the same idea as in Proposition 3.1 and study the mapping Y :
R+ → R2 defined by Y (α) = (A + αB)−1Axc. Its image is precisely the set of all
points where A(x − xc) + αBx = 0, α ≥ 0, i.e. A(x − xc) and Bx are linearly
dependent with opposite directions, i.e. Q−. Since all convex combinations of
A and B have strictly negative eigenvalues under Assumption 3.1 it follows that
(A+ αB) is invertible for all α ≥ 0.

We show that the mapping is continuous by showing that ‖Y (α+δ)−Y (α)‖ < ε
if δ is small enough.

Y (α + δ) = (A+ αB + δB)−1Axc =

=
(
I + (A+ αB)−1δB

)−1
(A+ αB)−1Axc︸ ︷︷ ︸

Y (β)

. (3.10)

For δ small enough the left term can be expanded in a convergent series as(
I + (A+ βB)−1δB

)−1
= I +

∑
k≥1

(−δ)k((A+ βB)−1B))k, (3.11)

where the second term is a polynomial in δ which can be made arbitrarily small.
Thus we can find some δ(ε) > 0 such that ‖Y (α)−Y (β)‖ < ε whenever ‖α−β‖ <
δ, so Y is continuous. Furthermore Y (0) = xc and limα→∞ Y (α) = 0. Since
im(Y ) = Q− it follows by continuity that Q− is a connected curve.

Remark 3.4. In the case when Q is an ellipse, Q+ is of course also connected.
However, when Q is a hyperbola Q+ will consist of three connected curves.

In the following we define Q− to also contain the delimiter points 0 and xc, so
that Q− is a closed line segment. Q− is then exactly the set of all points that are
stable for a constant switching sequence u.

In a similar manner as ∆A(x) we define the function ∆B(x) as

∆B(x) = det
[
G(x) [F,G](x)

]
, (3.12)

where [F,G](x) denotes the Lie bracket of F and G evaluated in the point x.

13
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Remark 3.5. It is easy to verify that in our case

∆B(x) = det
[
A(x− xc)−Bx ABx−BA(x− xc)

]
. (3.13)

Lemma 3.7.

G(x) · grad ∆A(x) = ∆B(x) + ∆A(x) div G(x) (3.14)

Proof. In index notation, where εijk is the Levi-Civita tensor, we have

G(x) · grad ∆A(x) = Gk∂k(ε3ijFiGj) = ε3ijGkGj∂kFi + ε3ijGkFi∂kGj =

= ε3ijGi(Fk∂kGj −Gk∂kFj)︸ ︷︷ ︸
∆B(x)

+ε3ijGkFi∂kGj − ε3ijGiFk∂kGj =

=∆B(x) + ε3ij (GkFi −GiFk)︸ ︷︷ ︸
=0 if k=i, so k=j

∂kGj =

= ∆B(x) + ε3ij(GjFi −GiFj)∂jGj =

=∆B(x) + ε3ijFiGj (∂jGj + ∂iGi)︸ ︷︷ ︸
∂kGk

= ∆B(x) + ∆A(x) div G(x).

(3.15)

The equality shows that whenever ∆A(x) = ∆B(x) = 0 and G(x) is non-zero,
then G(x) is tangential to Q since Q is a level set of ∆A(x). These points are
important since they indicate when the sign of Ax · n̂ changes, where n̂ is the
normal of Q. This is clarified in the lemma below.

Lemma 3.8. Suppose y is a point in Q such that G(y) · grad ∆A(y) = 0 and
G(y) 6= 0. If n̂ denotes the normal of Q, we have that n̂ · A(x − xc) and n̂ · Bx
change signs when moving along Q over the point y.

Proof. The two fields A(x− xc) and Bx are tangential to Q in the point y. Since
Q is smooth and A(x− xc) is affine, it is for a small ε possible to find some points
y+ ∈ Q and y− ∈ Q different from y such that (1/2)(A(y+ − xc) + A(y− − xc)) =
A(y − xc) + εAn̂, where n̂ is the normal of Q in the point y. By projecting this
equality onto n̂ and choosing ε small enough, we see that n̂ · A(y+ − xc) and
n̂ ·A(y−−xc) must indeed have different signs. The same reasoning is true for the
field Bx.

Definition 3.2. The points characterized in Lemma 3.8 will be called tangency
points. If the field lines of A(x − xc) and Bx in the tangency point have a larger
curvature than the set Q has in that point, we call it an inner tangency point since
trajectories starting in the tangency point initially will be on the ‘curved inside’ of
the Q, as in Figure 3.2 below. On the other hand if the fields in a tangency point
have a smaller curvature than Q has in that point, we call it an outer tangency
point.

14
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Q−

p1

Figure 3.2: Situation around a tangency point p1 ∈ Q−. Trajectories starting in
p1 will initially be on the left side of Q−.

The following lemmas show that inner and outer tangency points are well
defined and where tangency points can exist. The second lemma is proved more
rigorously for the special case when both A and B have eigenvalues in C \ R (see
Lemma 3.12).

Lemma 3.9. Both the trajectories φ(t, p1, 0) and φ(t, p1, 1) starting in a tangency
point p1 either have larger or smaller curvature than Q has in p1. Also, when
several tangency points exist on a connected subset of Q not containing 0 or xc,
the tangency points alter between being inner and outer tangency points.

Proof. Consider a tangency point p1 ∈ Q−. Both A(p1−xc) and Bp1 are tangential
to Q− and since p1 is a tangency point the way the fields point changes when
moving over the point, as shown in Figure 3.2. By looking at the picture one
realizes that the trajectories starting in p1 will go to the same side of Q−, regardless
of whether we follow the red or the blue field. A corresponding picture can be
drawn for Q+. This shows that inner/outer tangency points are well defined. By
drawing a corresponding image with two tangency points the second statement of
the lemma follows.

Lemma 3.10. A tangency point on Q− (where the fields are linearly dependent
with opposite directions) must be in a region where the two fields have oppo-
site curvature. A tangency point on Q+ (where the fields are linearly dependent
with the same direction) must be in a region where the two fields have the same
curvature (i.e. both have left or right curvature).

Proof. Suppose for contradiction that y ∈ Q− is a tangency point such that A(y−
xc) and By have the same curvature. Let C1 and C2 be two circles approximating
the two trajectories of A(x − xc) and Bx passing through y, then the circles are

15
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(a) Inner tangency point on Q−. (b) Outer tangency point on Q−.

(c) Inner tangency point on Q+. (d) Outer tangency point on Q+.

Figure 3.3: The four possible kinds of tangency points.

on opposite sides of Q− and we have that C1 ∩ C2 = y. The line Q must then lie
in the area between both of the circles. But this is a contradiction since the fields
can never be linearly dependent in points in this region, since no perturbation of
the circles can make them tangential in a point close to y. The approximating
circles always have to be on the same side of Q in a tangency point.

On Q+ the situation is the same. If the fields have opposite curvature in a
tangency point y ∈ Q+, two approximating circles in y will be on different sides of
Q+.

By the preceding lemmas we can conclude that there are four different kinds
of tangency points, these are depicted in Figure 3.3.

Of particular importance is the number of tangency points on Q−, which is the
number of solutions of the system


∆B(x) = 0,
A(x− xc) + αBx = 0,
α ≥ 0.

(3.16)

This system can in general not be solved using analytical methods, nor is it possible
to express the number of solutions on a closed form. Therefore the number of
solutions must be found numerically for each example.

Finally we show a property about the points in G−1(0) which are always in
both the sets Q and ∆−1

B (0). Generically there is exactly one such point, namely
(A−B)−1Axc.

Lemma 3.11. For a point p ∈ Q+ such that G(p) = 0, it holds that F (p) ·
grad ∆B(p) = 0.

16
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Proof. In index notation,

F (p) · grad ∆B(p) = Fl∂lε3ijGi(Fk∂kGj −Gk∂kFj) =

= Flε3ij ((∂lGi)(Fk∂kGj −Gk∂kFj) +Gi∂l(. . . ))
∣∣∣
G1(p)=G2(p)=0

=

= FlFkε3ij(∂lGi)(∂kGj).

(3.17)

By making the label changes k ↔ l and i↔ j in last expression and recalling that
εijk = −εikj we see that it must be equal to zero.

This shows that in a point p such that G(p) = 0, i.e. where A(p−xc) = Bp, the
vectors A(p− xc) and Bp are tangential to ∆−1

B (0). Therefore p is not a tangency
point, although it is a zero for both ∆A and ∆B. Since every tangency point is in
the intersection setQ∩∆−1

B (0) which contains at most four points includingG−1(0),
it follows that there can be at most three tangency points in total. Furthermore
the cases with zero or two tangency points are impossible since the number of
intersections between two quadratic forms is even (complex solutions appear in
pairs) when counting multiplicity. Thus there are generically either one or three
tangency points in total (corresponding to two or four intersections between Q and
∆−1
B (0)).
Having introduced these concepts, we construct Ω by finding A(Q−), the two

sets being equal up to their closure. Doing this allows us to prove the third
assertion of Theorem 3.1, that

cl(Ω) = cl( lim
T−>∞

A≥T (x)). (3.18)

Construction of A(Q−): The following technique can be used to find the set
A(Q−). The idea is to exploit the fact that one field always points on the same
side of the other in connected parts of R2 \Q. This means that if we restrict the
dynamics to a given connected subset S ⊂ R2 \Q, the reachable set from a point
x ∈ S will be bounded by φ(t, x, 1) and φ(t, x, 0). By repeatedly constructing these
trajectories we can find A(Q−).

The procedure to find ∂A(Q−) consists of four steps.

a Find all tangency points on Q−. Call them pi.

b Draw all trajectories starting from the origin, xc and the pi’s (if any). Draw
until the first intersection with Q.

c If any of the drawn trajectories stop in Q+, draw new trajectories from their
end points in Q+. Again draw until the first intersection with Q. Repeat
this step until no new intersections with Q+ occur.
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d Remove all inner parts of the drawn trajectories, such that the remaining
trajectories form a simple curve encircling a maximal set.

In Figure 3.4 we illustrate this idea with a simple example for a system where
one matrix has real and the other non-real eigenvalues.

It is possible that this ‘algorithm’ never stops, but in that case it will at least
converge to some boundary. This is guaranteed since the reachable set is bounded
under Assumption 3.1. Once the boundary takes the form of a simply connected
curve containing Q−, Lemma 3.5 states that also all points inside the curve will be
reachable from Q−. As will be seen below, it is in many cases possible to predict
the outcome of this algorithm.
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Q-

Q+

(a) We find all the tangency points on Q−.
In this case there is one point, marked in
black.

(b) We draw trajectories starting in the
tangency point and from the two centers,
until the first intersection with Q. We note
that one of these trajectories stops at Q+

and mark this point.

(c) We draw new trajectories starting from
the previously marked point, until the first
intersection with Q. These trajectories do
not end in Q+, so we finish Step c.

(d) We remove the inner parts of the tra-
jectories, which leaves us with the bound-
ary of the reachable set. Field lines of the
two vector fields are shown, as expected
the fields always point to the inside of the
marked boundary.

Figure 3.4: Example of how the reachable set from Q− can be found for a system
where A has real and B non-real eigenvalues. Blue trajectories correspond to the
real subsystem and red correspond to the subsystem with non-real eigenvalues.
The green set is Q and the yellow set is ∆−1

B (0).
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3.3 Proof, part 2

In this section we prove the last claim of Theorem 3.1 by constructing Ω in the
case where both A and B have non-real eigenvalues, using the tools from the last
section. The explicit construction also reveals how Ω is shaped for different cases.

We consider a system on the form (1.3) and suppose both matrices A and B
have non-real eigenvalues −δA± iωA and −δB± iωB, where δA, δB, ωA, ωB > 0. By
making a suitable change of coordinates and scaling both matrices, as described
in Appendix A, the system can be reduced to the following 4-parameter normal
form:[
ẋ1

ẋ2

]
= u

[
−ρA −1/E
E −ρA

]([
x1

x2

]
−
[
cos(θ)
sin(θ)

])
+ (1−u)

[
−ρB −1

1 −ρB

] [
x1

x2

]
, (3.19)

where ρA = δA/ωA and ρB = δB/ωB are two positive parameters. θ is the angle to
the perturbed center xc, which has been placed at unit distance from the origin.
The eccentricity parameter E is the solution such that ‖E‖ ≤ 1 to the equation
K = (1/2)(E + 1/E) where K is the expression

K(A,B) =
1

4

Tr(A)Tr(B)− 2Tr(AB)

ωAωB
. (3.20)

Since all parameters δA,B, ωA,B, ρA,B and K are coordinate independent (they
depend on eigenvalues and traces of matrices) they can be calculated in any coor-
dinate system. A positive value of E indicates that both the fields A(x− xc) and
Bx spiral in the same direction (counter-clockwise) and they have the same cur-
vature. If E is negative the field A(x− xc) instead spirals clockwise and the fields
have opposite curvature. It turns out that the behavior is remarkably different for
the cases E > 0 and E < 0, so these have to be studied separately.

We start with a result showing on which part of Q that ∆B(x) can be zero,
which is a special case of Lemma 3.10.

Lemma 3.12. When A(x − xc) = αBx for α 6= 1, ∆B(x) = 0 implies that
sign(E) = sign(α).

Proof. From before we have that

∆B(x) = det
[
A(x− xc)−Bx ABx−BA(x− xc)

]
=

= (α− 1) det
[
Bx (A− αB)Bx

]
.

(3.21)

The assumption implies that det
[
Bx (A− αB)Bx

]
= 0. This determinant is

equal to the norm of the vector cross product Bx × (A − αB)Bx. For this to be
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zero, Bx must be an eigenvector to A− αB corresponding to a real eigenvalue. A
computation of the characteristic polynomial p(λ) of the matrix gives

p(λ) = (−ρA + ρBα− λ)2 + (α2 + 1)− α(E +
1

E
). (3.22)

For real roots the last term must be negative, so α and E necessarily have the
same signs.

This tells us that when the fields rotate in the same direction, i.e. E > 0, all
tangency points have to be at the part of Q where the fields are linearly dependent
with the same direction, which is Q+. When they rotate in opposite directions, i.e
E < 0, all possible tangency points are instead on Q−.

3.3.1 Case 1, E > 0

Stability is assumed through Assumption 3.1, which allows us to work in a bounded
invariant region with radius R (c.f. Lemma 3.1) and due to Lemma 3.12 we know
that there are no tangency points on Q− in this case, regardless of whether Q is
an ellipse or hyperbola.

When there are no tangency points on Q− a lot of information can be gained
by studying a deterministic system ẋ = H(x) which is obtained by introducing a
feedback switching law uf (x). The characteristics of this system will allow us to
prove the attractiveness. First we note that

∆A(x) = det
[
F (x) G(x)

]
= −1

2
det
[
A(x− xc) Bx

]
=

= −1

2
A(x− xc)×Bx,

(3.23)

where last term should be thought of as the z coordinate of the vector product for
two vectors in the xy-plane. Since A(x− xc) and Bx rotate in the same direction
(counter-clockwise), we have that ∆A(x) is positive when A(x− xc) points on the
inside of Bx and negative when A(x− xc) points on the outside of Bx, where the
inside should be thought of as the inside with respect to the curvature.

Provided with this information, we now define a ‘worst case’ feedback for the
system (1.3) in the following way,

uf (x) =

{
1 when ∆A(x) < 0,
0 when ∆A(x) > 0.

(3.24)

This feedback always chooses the outermost of the two vector fields, thereby the
name ‘worst case’. Inserting this into the dynamics gives a deterministic dynamical
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system ẋ = H(x) where

H(x) =

{
A(x− xc) when ∆A(x) < 0,
Bx when ∆A(x) > 0.

(3.25)

Proposition 3.2. The system ẋ = H(x) does not have any stable points.

Proof. All possible stable points are exactly the points in the set Q−. The field
H(x) points away from Q− on both sides so the feedback system does not have
stable points.

The function H(x) is continuously differentiable except in the set Q where it
has a discontinuity. From the theory of differential equations with discontinuous
righthand sides [11] the following result can be obtained, which is clarified and
proved in Appendix C.

Lemma 3.13. The ω-limit set of every trajectory not starting from Q− of the
system ẋ = H(x) consists of the same closed trajectory γc(t), whose image is a
simple curve encircling the two points 0 and xc.

By looking at the control system (1.3) and the feedback (3.24) it can be seen
that the closed trajectory γc can be followed by starting in one of its points and
switching every time Q is reached. Thus γc is everywhere C1 and piecewise C∞,
with discontinuities in the points where it intersects Q. In general an expression
for the closed trajectory can not be written down on closed form but it is easy to
find numerically by simulating any trajectory of (3.25) long enough.

Characterization of the set Ω:

Lemma 3.14. The set Ω is the simply connected set such that ∂Ω = γc, where γc
is the periodic trajectory found in Lemma 3.13.

Proof. Starting from a point x ∈ Q− we can follow one of the two fields to an
adjacent point which is not in Q−. If we there start using the feedback (3.24) the
resulting trajectory will converge to γc. This shows that γc ⊂ cl(A(x)). By the
simple connectedness of Ω (Lemma 3.5) we conclude.

Attractiveness:

Lemma 3.15. Any trajectory starting in a point x ∈ R2\Ω will either 1) converge
to γ or 2) intersect γ.
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Proof. In a point x 6∈ Ω the family of admissible vector fields Fx = conv({A(x −
xc), Bx}) is always confined on the inside of the ‘worst case’ feedback trajectory
passing through x. Therefore any deviation from the ‘worst case’ feedback will
result in either 1) the trajectory moves to an inner worst case trajectory or 2) the
trajectory intersects γ. As the ‘worst case’ trajectory converges to γ every other
trajectory must also do so.

This shows that cl(Ω) = cl(limT→∞At≥T (y)) for all y 6∈ Ω and concludes the
proof of the E > 0 case. To summarize, the set Ω is in this case an open simply
connected set bounded by a C1 periodic trajectory which fails to be C∞ in the
switching points (i.e. where it intersects Q+). Some numerical examples are shown
in Section 4.1.

3.3.2 Case 2, E < 0

When E < 0 the two fields spiral in different directions (Bx spirals counter-
clockwise and A(x − xc) clockwise), so they have different curvature everywhere.
As shown in [4], Assumption 3.1 is only true when D > 0, i.e. when Q is an ellipse,
so we assume that this is the case. From Lemma 3.12 we know that all tangency
points then are on Q−. Furthermore we know that generically there are either one
or three such points.

Lemma 3.16. The fields A(x− xc) and Bx enter the area bounded by the ellipse
Q when they intersect Q+.

Proof. Assume the contrary, that both fields exit the ellipse in a point x ∈ Q+

(where they are tangential with the same direction). Since the fields have different
curvature everywhere there is a cone with angle α of allowed velocities pointing
strictly away from the ellipse. By propagating this cone away from Q the angle α
can never decrease to 0, since that would imply that we are at Q. We can therefore
find a switched trajectory starting in x which goes to infinity. This contradicts the
existence of a bounded invariant set.

Lemma 3.17. In the case of one tangency point on Q−, it is an outer tangency
point. In the case of three tangency points the middle point will be an inner
tangency point and the other two outer tangency points.

Proof. We know that there are no tangency points on Q+ and that both fields
A(x − xc) and Bx enter the ellipse when intersecting Q+. Since the field lines of
Bx are spirals, Bx points out of the ellipse on Q− between 0 and the tangency
point p1 closest to 0. This shows that p1 must be an outer tangency point and both
the propositions follow, the second due to the alternation of inner/outer tangency
points stated in Lemma 3.9.
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Since Q− contains at least one tangency point, we can not use a static feedback
like in the previous case. Doing this would make one part of Q− an attractive
sliding mode, i.e. the resulting vector field would point towards Q− on both sides.
Trajectories would then converge to different points on Q− and this does not give
much useful information. And indeed it turns out that the boundary ∂Ω is not a
periodic trajectory in this case. Instead we use the algorithm in the end of Section
3.2 to manually build trajectories in order to find the set A(Q−).

Characterization of the set A(Q−): The set A(Q−) can be constructed by
considering trajectories starting in Q− and having at most one switch.

Proof. If there is only one tangency point p1 on Q−, that tangency point is an
outer tangency point. p1 being an outer tangency point, the trajectories φ(t, p1, 1)
and φ(t, p1, 0) must intersect Q for the first time at Q+. Trajectories starting in
the intersection points on Q+ will intersect Q− the next time they intersect Q, so
the algorithm stops. Depending on what happens first of 1) the two trajectories
starting in p1 intersect each other, and 2) they intersect Q+, two cases appear.

In the case 1) ∂A(Q−) will consist of {φ(t, p1, 1) | t ∈ [0, T1]}∪ {φ(t, p1, 0) | t ∈
[0, T2]}, where T1 and T2 are the smallest positive times such that φ(T1, p1, 1) =
φ(T2, p1, 0). In other words the A- and B-trajectories starting in p1 until they
intersect.

In the case 2) ∂A(Q−) will instead consist of {φ(t, p1,1[τ1,∞)(t)) | t ∈ [0, T1]} ∪
{φ(t, p1,1[τ2,∞)(t)) | t ∈ [0, T2]}, where τ1 and τ2 are the smallest positive times
such that ∆A(φ(τ1, p1, 0)) = 0 and ∆A(φ(τ2, p1, 1)) = 0. T1 and T2 are the smallest
positive times such that φ(T1, p1,1[τ1,∞)(t)) = φ(T2, p1,1[τ2,∞)(t)). In other words,
∂A(Q−) consists of the A- and B-trajectories that start in p1 and switch once they
reach Q+.

If there are three tangency points in Q−, the middle point p3 will be an
inner tangency point and the other two points p1 and p2 outer tangency points.
By applying the algorithm and again noting that trajectories starting in Q+ always
intersect Q− before they again intersect Q+, we can predict that ∂A(Q−) will be
bounded by all or some of the following trajectories:

1 A-trajectory starting in p1 until intersection with Q+: φ(t, p1, 1).

2 A-trajectory starting in p2 until intersection with Q+: φ(t, p2, 1).

3 B-trajectory starting in p1 until intersection with Q+: φ(t, p1, 0).

4 B-trajectory starting in p2 until intersection with Q+: φ(t, p2, 0).

5 A-trajectory starting in p4, where p4 ∈ Q+ is the point furthest away from 0
(along Q+) that belongs to one of the trajectories 3 or 4.
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6 B-trajectory starting in p5, where p5 ∈ Q+ is the point furthest away from
xc (along Q+) that belongs to one of the trajectories 1 or 2.

7 A-trajectory starting in p3.

8 B-trajectory starting in p3.

Which trajectories that are actually part of ∂A(Q−) is determined by how the
trajectories intersect each other and the set Q. For example if p3 is inside a set
bounded by the previous trajectories, trajectories 7 and 8 will not be included.

Attractiveness: The next step is to show that every trajectory must converge
to cl(Ω). We do this by showing that it must either intersect Q−, or converge to
a point in Q−.

Proof. Take any point x0 outside the ellipse and define the A-trajectory γAx0(t) and
the B-trajectory γBx0(t) such that γAx0(0) = γBx0(0) = x0. Both these trajectories
eventually intersect Q since 0 and xc are in Q and the fact that the trajectories
spiral towards their fix points.

We will define a set Wx0 in the following ways, depending on whether these
trajectories intersect or not. An illustration is shown in Figure 3.5.

Case 1: If the two trajectories do not intersect each other outside the ellipse
Q we denote by tA and tB the (finite) times they intersect Q. Define the simply
connected closed set Wx0 such that ∂Wx0 = {γAx0(t) | t ∈ [0, tA]} ∪ {γBx0(t) | t ∈
[0, tB]} ∪ ε, where ε is the one of the two parts of the ellipse connecting γAx0(tA)
with γBx0(tB) making Wx0 minimal. This excludes the interior of the set bounded
by Q from Wx0

Case 2: If the trajectories do intersect outside the ellipse we denote by tA
and tB the times of intersection and define Wx0 such that ∂Wx0 = {γAx0(t) | t ∈
[0, tA]} ∪ {γBx0(t) | t ∈ [0, tB]} ∪ Q. Thus Wx0 is the set between the bounding
trajectories and the ellipse and is thus non-simply connected with one ‘hole’.

Now take a fixed time t̄ > max(tA, tB) and any switched trajectory γ(t) such
that γ(0) = x0. Any switch away from the trajectories γAx0 and γBx0 immediately
takes us to the interior of Wx0 . For

y ∈ {γAx0(t) | t ∈ [0, tA]} ∪ {γBx0(t) | t ∈ [0, tB]} (3.26)

any vector in the set conv(A(y− xc), By) is tangential to ∂Wx0 or pointing to the
interior ofWx0 . Therefore the only way a trajectory can leaveWx0 is by intersecting
Q. By the choice of t̄ it follows that γ(t̄) can not be in ∂Wx0 so we have two cases.
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γAx0
γBx0

x0

Wx0
Q

γAx0
γBx0

x0

Wx0Q

Figure 3.5: Illustration of how Wx0 is constructed. Left: trajectories intersect Q
first. Right: trajectories intersect each other before they reach Q.

If γ(t̄) is in the interior of the set bounded by Q, we are done. Otherwise
it belongs to int(Wx0) and we can define x1 = γ(t̄) and construct the set Wx1 as
before. This yields a sequence of shrinking setsWx0 ⊃ Wx1 ⊃ · · · ⊃ Wxk containing
any trajectory that has not already intersected Q. Since Wxk → ∅ this shows that
any trajectory must eventually intersect or converge to Q.

In case the trajectory intersected Q+ we can use the same argument in the
interior of the ellipse bounded by Q. Since there are no fixed points (to which a
trajectory can converge) and no tangency points on Q+, we can more precisely
show that any trajectory must actually intersect or converge to Q−. Remembering
that cl(A(Q−)) = cl(Ω) we then obtain the desired result cl(limT→∞A≥T (y)) =
cl(Ω), ∀y ∈ R2.

Thus we may conclude that Theorem 3.1 holds also for the case E < 0. However
the boundary ∂Ω is not a periodic trajectory in this case, and only piecewise C1.
It consists of up to eight pieces of C∞ parts, some examples are shown in the next
section.
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Chapter 4

Invariant set properties

We show some examples of how Ω can look using numerical examples. We also
discuss the origins of the irregularities in ∂Ω and construct an optimal synthesis
for one of the example sets. The optimal synthesis answers the question of how
we move between points in Ω in minimal time, when using u(·) as a control.

4.1 Examples of Ω
As made clear in the proof in the previous section, the characteristics of Ω depend
first of all on whether E < 0 or E > 0. In the case E > 0 it could be shown
that ∂Ω is a periodic C1 (piecewise C∞) trajectory. Two examples of this case
are shown in Figure 4.1. In Figure 4.1a Q is an ellipse and in Figure 4.1b it is an
hyperbola, but the behavior is largely the same.

When E < 0 the sets become more complicated due to the tangency points
that appear on Q−. Figure 4.2 shows an example when there is one single tangency
point on Q−, and the result is a set Ω with a boundary ∂Ω including one point
of non-differentiability and three other points where it is C1 but fails to be C2.
More tangency points allow for more complex boundaries, Figure 4.3 shows two
examples where there are three tangency points on Q−.
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(a) (b)

Figure 4.1: Two examples of ∂Ω (in black) when E > 0, i.e. the vector fields spiral
in the same direction. Some field lines of A(x − xc) (in blue) and Bx (in red)
are shown. The set Q is shown in green and the set ∆−1

B (0) in yellow. (a) Q is
an ellipse, parameter values ρA = 0.3, ρB = 0.5, E = 0.9 and θ = 1. (b) Q is a
hyperbola, parameter values ρA = 0.35, ρB = 0.9, E = 0.5 and θ = 1.

Figure 4.2: Example of ∂Ω for E < 0 when there is one tangency point on Q−.
Parts belonging to an A-trajectory are blue, and those belonging to B-trajectories
are red. The set Q is shown in green and the set ∆−1

B (0) in yellow. The point
where ∂Ω is non-differentiable may also be located outside the ellipse. Parameter
values: ρA = 0.32, ρB = 0.43, E = −0.75, θ = 3.
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(a)
(b)

Figure 4.3: Two examples of ∂Ω for E < 0 when there are three tangency points
on Q−. Pieces of ∂Ω consisting of an A-trajectory are blue and those made up of
B-trajectories are red. The set Q is shown in green and the set ∆−1

B (0) in yellow.
(a) Trajectories 1,2,3 and 4 (using the numbering from Section 3.3) are included in
∂Ω. Parameter values: ρA = 0.99, ρB = 0.15, E = −0.368, θ = 0.72. (b) All eight
possible trajectories are included in ∂Ω. Parameter values: ρA = 0.99, ρB = 0.71,
E = −0.28, θ = 0.67.
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Q+

Figure 4.4: Irregularity of type ‘switch point’.

Q−

Figure 4.5: Irregularity of type ‘tangency point’.

We say a few words about the nature of the irregular points in ∂Ω that appear
in the examples above. There are essentially three different kinds, illustrated in
Figures 4.4 to 4.6 and discussed below. In the case with non-real eigenvalues the
last two kinds can only appear when E < 0.

Switch points: These are the points that occur when some part of ∂Ω is a
trajectory of the system with one switch. They are always inside Q+ and ∂Ω is C1

but not C2 in these points. This kind of irregularity often occurs and examples
can be found in Figures 4.1a, 4.2 and 4.3(b).

Tangency points: When E < 0 at least one tangency point at Q− is included
in ∂Ω. These points are similar to the switch points since ∂Ω is C1 but not C2

also in these points, but as opposed to switch points they lie in Q−. Therefore
the trajectory pieces that form ∂Ω actually start in the tangency point and have
different directions. Examples of tangency points can be found in Figures 4.2 and
4.3.

Angles: These occur when the trajectories forming ∂Ω intersect each other in a
point outside Q, so ∂Ω is not C1 in these points. Both fields A(x − xc) and Bx
are non-zero and point to the interior of Ω in such a point. Angles can be found
in Figures 4.2 (one point) and 4.3 (two resp. three points).
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Ω

Figure 4.6: Irregularity of type ‘angle’.

4.2 Optimal synthesis

In this section we construct so called optimal syntheses inside Ω for two defocused
systems with non-real eigenvalues, one for which E > 0 and another for which
E < 0. An optimal synthesis starting in y is, loosely speaking, a function that
to every point x ∈ Ω assigns the minimum time trajectory from y to x when
considering u as a control signal. For a two-dimensional system such as ours,
the optimal synthesis can be represented by drawing bundles of trajectories in the
plane in such a way that each point is reached by exactly one trajectory. A natural
starting point for an optimal synthesis is the point of local controllability y where
the drift is zero. For such a point it holds that AT (y) = A≤T (y) since it is possible
to ‘wait’ in y before leaving.

Remark 4.1. As opposed to stability properties, an optimal synthesis does change
when the matrices are scaled. Also the point of local controllability y, which we
will choose as the initial point for our optimal synthesis, moves along Q− when
scaling, since y = (A + B)−1Axc. Therefore two systems have the same optimal
synthesis (up to a coordinate change) only if they have the same 5-parameter
normal form, given in Appendix A.

The system we consider in this example is the following:[
ẋ1

ẋ2

]
= u

[
−0.42 1.33
−0.75 −0.42

]([
x1

x2

]
−
[
cos(3)
sin(3)

])
+(1−u)

[
−0.6 −1.5
1.5 −0.6

] [
x1

x2

]
. (4.1)

First we briefly present the theory of time-optimal synthesis with focus on the
tools we need for this example. For additional details and proofs that are left out
here, see [6].
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4.2.1 Time-optimal synthesis in two dimensions

In general we consider a two-dimensional system on the form

ẋ = F (x) + uG(x), u ∈ [−1, 1]. (4.2)

As mentioned before, we choose a point of local controllability y ∈ F−1(0) as the
starting point for the optimal synthesis. We also recall the functions ∆A(x) and
∆B(x) introduced earlier:

∆A(x) = det
[
F (x) G(x)

]
,

∆B(x) = det
[
G(x) [F,G](x)

]
.

(4.3)

The zero-level sets of these functions will be called ∆−1
A (0) (called Q earlier) and

∆−1
B (0).
The basic tool in optimal control is Pontryagin’s Maximum Principle (PMP)

which will be used to derive properties about the optimal synthesis for a system
on the form (4.2). For such a system the PMP takes the following form.

Theorem 4.1 (PMP). Define for all (x, λ, u) the Hamiltonian H for the system
(4.2) as

H(x, λ, u) = λTF (x) + uλTG(x). (4.4)

If γ : [t0, t1] → R2 is a time optimal trajectory corresponding to a control u :
[t0, t1] → [−1, 1], there exists a non-vanishing covector λ : [t0, t1] → R2

∗ and a
constant λ0 ≤ 0 such that the following conditions hold for all times t ∈ [t0, t1]:

• λ̇(t)T = −λ(t)T (∇F |γ(t) +u(t)∇G |γ(t)).

• H(γ(t), λ(t), u(t)) + λ0 = 0.

• H(γ(t), λ(t), u(t)) = maxu∈[−1,1]H(γ(t), λ(t), u(t)).

The conditions in the PMP are necessary but not sufficient, so a trajectory
that satisfies the conditions is not necessarily optimal. This is similar to first-
order conditions in regular optimization where a local extremum not necessarily
has to be globally optimal. Trajectories that satisfy the conditions of the PMP are
called extremals and the set of extremals is thus a superset of the set of optimal
trajectories.

Remark 4.2. Extremals corresponding to λ0 = 0 are so called abnormal extremals.
Since the Hamiltonian vanishes for these extremals abnormal extremals are not
dependent on the cost function, but can still be optimal. For many optimization
problems it can be shown that λ0 < 0, i.e. that there are no abnormal extremals.
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From the third condition of the PMP it can be seen that

sign(u(t)) = sign
(
λ(t)TG(γ(t))

)
(4.5)

for an extremal, so it is natural to define a switching function φ for the extremal
pair (γ, λ) as

φ(t) = λ(t)TG(γ(t)). (4.6)

Assuming that the switching function only has isolated zeros on some time interval,
the corresponding trajectory will be bang-bang on that interval and all switches
will occur at times when φ(t) = 0. For an extremal trajectory a control in the open
interval (−1, 1) can only occur when the switching function is zero on an interval,
we call such extremals singular extremals.

Definition 4.1. A singular extremal is a trajectory which satisfies the conditions
in the PMP and for which the corresponding switching function φ is identically 0.

When φ is identically 0, its derivative φ̇(t) must also be 0. Differentiating gives

d

dt
φ(t) = λ̇(t)TG(γ(t)) + λ(t)T

d

dt
G(γ(t)) =

− λ(t)T (∇F |γ(t) +u(t)∇G |γ(t))G(γ(t))+

+ λ(t)T
(
∇G |γ(t) (F (γ(t)) + u(t)G(γ(t)))

)
=

= λ(t)T (∇G |γ(t) F (γ(t))−∇F |γ(t) G(γ(t)) = λ(t)T [F,G](γ(t))

(4.7)

The two conditions φ(t) = φ̇(t) = 0 now become

λ(t)TG(γ(t)) = λ(t)T [F,G](γ(t)) = 0, (4.8)

and we get the following result.

Lemma 4.1. All singular trajectories are contained in the set ∆−1
B (0).

Proof. Suppose γ(t) is singular for all t ∈ [t1, t2]. Since λ(t) 6= 0, G(γ(t)) and
[F,G](γ(t)) must be linearly dependent to satisfy the conditions above. But then
∆B(γ(t)) = 0 for all t ∈ [t1, t2].

We will use the following notation for different kinds of extremal trajectories.

• A singular extremal is called an S-trajectory.

• A trajectory corresponding to control +1 is called an A-trajectory.

• A trajectory corresponding to control −1 is called a B-trajectory.
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• A trajectory switching from control +1 to −1 is called an AB-trajectory.

• A trajectory switching from control −1 to +1 is called an BA-trajectory.

For combinations we read from left to right, for example an ASB-trajectory would
start with control +1, then follow a singular trajectory and finish with control −1.

The differentiation of φ above also gives another useful piece of information.
For a trajectory that switches at time t the sign of φ̇(t) determines if the switch is
of AB or BA type. This can be figured out by studying the function

f(x) = −∆B(x)

∆A(x)
. (4.9)

Theorem 4.2. Suppose γ is an extremal trajectory contained in a simply con-
nected subset D ⊂ R2 \ (∆−1

A (0)∪∆−1
B (0)). If f(x) > 0 in D, γ is an A-trajectory,

a B-trajectory or a BA-trajectory. If f(x) < 0 in D, γ is an A-trajectory, a
B-trajectory or an AB-trajectory.

Proof. For an x such that ∆A(x) 6= 0 we can find f(x) and g(x) such that
[F,G](x) = f(x)F (x) + g(x)G(x), from which we also get f(x) = −∆B(x)/∆A(x).
If we have a trajectory γ with a switching time t, i.e. φ(t) = λ(t)TG(γ(t)) = 0, we
get that

φ̇(t) = λ(t)T [F,G](γ(t)) = f(γ(t))λ(t)TF (γ(t)) (4.10)

Now we recognize λ(t)TF (γ(t)) as the value of the Hamiltonian for time t, and by
condition 2 of the PMP it is non-negative. It follows that

sign(φ̇(t)) = sign(f(γ(t))). (4.11)

By monotonicity of φ it has at most one zero along γ so we can conclude.

If ∆B(y) 6= 0 (which guarantees that the A- and B-trajectories through the
initial point y are not tangential to ∆−1

A (0) by Lemma 3.7) Theorem 4.2 guarantees
that we can find a small set around the initial point y such that all extremal
trajectories contained in the set will be of bang or bang-bang type. Constructing
these trajectories will be the first step when building the optimal synthesis.

The function f also permits to make conclusions about the singular trajectories,
as captured in the following definition.

Definition 4.2. Let D be a set and S ⊂ ∆−1
B (0) a curve segment such that D \S

has exactly two connected components. Assume that ∆A(x) 6= 0 for all x ∈ S and
that neither the A-trajectories nor the B-trajectories are tangential to S anywhere
on S.
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• If the A-trajectories and the B-trajectories point to the same side of S we
call S a barrier.

• If the A-trajectories and the B-trajectories point to different sides of S we
define DA as the component of D \S where the A-trajectory points, and DB

as the component where the B-trajectory points.

– If f(x) > 0 in DA and f(x) < 0 in DB we call S a turnpike.
– If f(x) < 0 in DA and f(x) > 0 in DB we call S an anti-turnpike.

Clearly it is never possible to stay on a barrier. To stay on a turnpike or an
anti-turnpike the feedback

ϕ(x) = −F (x) · ∇∆B(x)

G(x) · ∇∆B(x)
(4.12)

must be used, which can be shown by differentiating ∆B(γ(x)). It can be shown
that if an extremal reaches a segment S ∈ ∆−1

B (0) that is not a barrier, it will
continue to be extremal by entering S. On the other hand, if S is an anti-turnpike
it can be shown that this extended extremal will never be optimal. This leads to
the following conclusion:

Theorem 4.3. Every optimal singular extremal is contained in a turnpike S with
the property that |ϕ(x)| ≤ 1 for all x ∈ S.

4.2.2 The function θγ

Determining the switching function φ requires solving the PMP to obtain λ(t),
which in general is hard. However there is a trick to study the properties of φ for
a given trajectory which we present below.

The first condition in the PMP governs the time evolution of the covector λ(t).
By introducing the adjoint equation v̇(t) = (∇F |γ(t) +u(t)∇G |γ(t))v(t) it follows
that λ(t)Tv(t) is constant for all times t, which can be seen by differentiating.
In particular we have that λ(0)Tv(0) = λ(t)Tv(t) which can exploited to find
λ(t)TG(γ(t) = φ(t). We define vγ(t) to be the solution at time 0 to the following
Cauchy problem on R:{

d
ds
vγ(s) = (∇F |γ(s) +u(s)∇G |γ(s))v

γ(s),
vγ(t) = G(γ(t)).

(4.13)

Then by definition it follows that φ(t) = λ(t)TG(γ(t) = λ(0)Tvγ(t) which is good
since λ(0) is constant. We can see that φ(t) is zero exactly when vγ(t) is perpen-
dicular to λ(0), therefore we define the new function

θγ(t) = arg(vγ(t))− arg(vγ(0)) (4.14)
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and make the following important observation.

Theorem 4.4. Assume that γ is an extremal trajectory and let t̄ be the first time
its switching function is zero, i.e. t̄ = min{t ≥ 0 | φ(t) = 0}. If θ̄ = θγ(t̄) the
switching function is zero for time t iff θγ(t) = θ̄ + nπ, n ∈ N.

The function θγ is also related to the singular trajectories. The next theorem
shows that θγ has a local extremum iff γ(t) ∈ ∆−1

B (0).

Theorem 4.5. sign(∆B(γ(t))) = sign(θ̇γ(t))

We are now equipped with the necessary tools to build optimal syntheses. We
proceed by computing θγ(t) for the A- and B-trajectories starting in y. By looking
at its extrema and when the difference in value reaches π we can figure out when
it crosses ∆−1

B (0) and also when it stops to be extremal.

4.2.3 Optimal synthesis, example 1

Here we use the tools from previous sections to build an optimal synthesis in a
E < 0 case, when Ω looks like in Figure 4.1a. We begin by computing the value
of f(x) in the different components of Ω \ (∆−1

A (0) ∪ ∆−1
B (0)), which is shown in

Figure 4.7. Starting in y, the B-trajectory goes into the region where f > 0, and
the A-trajectory goes into the region where f < 0. By Theorem 4.2 we can then
build the optimal synthesis up to a short time τ , this is shown in Figure 4.8.

y

0
xc

Figure 4.7: Sign of f in different components of Ω. As before ∂Ω is shown in black,
∆−1
A (0) in green and ∆−1

B (0) in yellow. The points y, 0 and xc are also marked.
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Figure 4.8: The optimal synthesis for a short time τ . All optimal trajectories are
of bang or bang-bang type. The black curve shows the boundary of the reachable
set Aτ (y). Remark: the aspect ratio is changed for visibility.

We now turn to study θγ for the A- and B-trajectories starting in y, we call
these two trajectories γA and γB and the associated θ-functions θA and θB. By
solving the Cauchy problem (4.13) numerically we can obtain vγ(t). To find θγ(t)
we then use numerical integration to evaluate the integral

θγ(t) =

∫
vγ[0, t]

dθ =

t∫
0

det(vγ(s), v̇γ(s))

‖vγ(s)‖2
ds. (4.15)

The results are shown in Figure 4.9. From the graph of θA we see that it has a
minimum for the time t̄ when γA intersects ∆−1

B (0), as expected from Theorem
4.5. We know that the switching function is 0 here and let θA(t̄) = θ̄A. Then
we can conclude that γA stops to be extremal shortly before it intersects ∆−1

A (0)
the second time, since its switching function is 0 also at θ̄A + π. This switching
time, which we call tA, can be found by solving a number of non-linear equations
numerically.

For γB we remark that we can find an extremal γ̃B arbitrarily close to γB by
using the input ũ(t) = 2 · 1[0,ε)(t) − 1 for ε small. γ̃B switches at time ε so the
switching function has a zero at time ε. By letting ε→ 0 it follows that φ(0) = 0
for γB, so θ̄B = 0. Thus γB stops to be extremal when θB = −π, which turns out
to happen at the time tB when γB intersects ∆−1

A (0).
We now turn to the singular trajectories. By the signs of f we can verify that

the segment of ∆−1
B (0) to the left of γA is indeed a turnpike. Thus we consider the
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(a) The A-trajectory γA starting in y. (b) The B-trajectory γB starting in y.

1 2 3 4 5
t

1

2

Π+Θ

Θ
AHtL

(c) The times when γA intersects ∆−1
B (0)

and ∆−1
A (0) are marked.

1 2 3
t

-1

-2

-Π

Θ
BHtL

(d) The time when γB intersects ∆−1
B (0) is

marked.

Figure 4.9: Trajectories γA and γB together with the corresponding functions θA
and θB.

two trajectories γSA and γSB corresponding to the control signals

uSA(t) = 1[0,t̄)(t) + 1[t̄,ts)(t)ϕ(γSA(t)) + 1[ts,∞)(t), (4.16)
uSB(t) = 1[0,t̄)(t) + 1[t̄,ts)(t)ϕ(γSA(t))− 1[ts,∞)(t), (4.17)

where ϕ is the feedback used to follow the turnpike and ts > t̄ is the time the
trajectories exit the turnpike. These inputs are shown in Figure 4.10 for ts − t̄ =
1 together with the resulting trajectories γSA and γSB and the corresponding
functions θSA and θSB. As expected θSA and θSB are constant when the trajectories
are singular.

The similarity of these θ-functions to those in Figure 4.9 is striking. We see
that the optimal synthesis will contain two switching curves CA and CB where
trajectories of types A, ASA, B, AB (that switch before time t̄) and ASB stop
to be extremal. CA and CB can be found by numerically solving the equations
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1 2 3 4 5 6
t

-1.0

-0.5

0.5

1.0

uSAHtL

(a) The input for an extremal of ASA type.

1 2 3 4 5
t

-1.0

-0.5

0.5

1.0

uSBHtL

(b) The input for an extremal of ASB
type.

(c) The ASA-type trajectory γSA. (d) The ASB-type trajectory γSB.

1 2 3 4 5 6
t

1

2

Π+Θ

Θ
SAHtL

(e) The times t̄, t̄ + ts and the two inter-
section times with ∆−1

A (0) are marked.

1 2 3 4 5
t

-1

-2

-Π

Θ
SBHtL

(f) The times t̄, t̄ + ts and the two inter-
section times with ∆−1

A (0) are marked.

Figure 4.10: Inputs, trajectories and θ-functions for trajectories of ASA and ASB
types.

θSA(t) = θ̄ + π and θSB(t) = −π and plugging the found times into the trajectory
equations. The result is shown in Figure 4.11. At a first glance it seems like the
switching curves coincide with the set ∆−1

A (0) but a closer look reveals that this is
not the case.
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(a) Enlargement of left switching
curve CA.

(b) Enlargement of right switching
curve CB.

Figure 4.11: Switching curves where extremals switch control from ±1 to ∓1.

As before let t̄ be the time γA intersects ∆−1
B (0) and let tAQ be the time it

intersects ∆−1
A (0). Due to Theorem 4.2 an AB switch is forbidden for times in the

interval [t̄, tAQ]. Keeping this in mind we can consider trajectories of types A, B,
BA, AB, ASB and ASA to plot the front of the reachable set for larger times,
which has been done in Figure 4.12.

As can be seen the two fronts overlap each other in the lower two pictures, and
this will happen for all times larger than tAQ. Overlapping fronts indicate that the
extremals ending ‘inside’ have stopped to be time optimal. Therefore the optimal
synthesis contains an overlap curve K where the two fronts intersect for increasing
times. To find the curve for larger times we also have to consider trajectories that
pass the switching curves CA and CB.

Every extremal whose domain is R+ can be characterized by its initial behavior
which can be divided into 5 cases: AB1, AB2, BA, ASA and ASB. AB1 and AB2
are both of AB type, we say AB1 if the switching time is smaller than t̄ and AB2
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Γ
AHtAQL

Figure 4.12: Fronts of the reachable set for increasing times. Fronts where trajec-
tories end with control +1 are shown in blue, those where trajectories end with
control −1 in red.

if it is larger than tAQ. Each type of extremal has one degree of freedom associated
with it, for AB- and BA-extremals the degree of freedom is the switching time,
which is finite. For ASB- and ASA-extremals it is the time it stops being singular
and exits the turnpike.

The two fronts that meet at the overlap curve K can then be parametrized
with one parameter each, s1 and s2. We denote by ΦA(τ), ΦB(τ) and ΦS(τ) the
operators that take a point along the field A(x − xc), along Bx, and using the
singular feedback ϕ(x), respectively, during a time τ . t̄ is the time γA enters
the turnpike, tA is the time γA stops being extremal, tB the time γB stops being
extremal, and tAQ is the time when γA reaches the set ∆−1

A (0) (i.e. where θA has
a zero). The front equations Af and Bf become.

Af (t, s1) =

=



ΦA(t− s1) ◦ ΦB(s1)y 0 < s1 ≤ tB,
t ≥ s1,

ΦA (t− tπ(s1)− s1 + tB) ◦ tB < s1 ≤ tB + t̄,
◦ΦB(tπ(s1)) ◦ ΦA(s1 − tB)y t ≥ tπ(s1) + s1 − tB,

ΦA(t− tπ(s1)− s1 + tB) ◦ ΦB(tπ(s1))◦ s1 > tB + t̄,
◦ΦS(s1 − tB − t̄) ◦ ΦA(t̄)y t ≥ tπ(s1) + s1 − tB.

(4.18)
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These different trajectories are of BA, AB1 and ASB type, read from above.

Bf (t, s2) =

=


ΦB(t− s2) ◦ ΦA(s2)y tAQ < s2 ≤ tA,

t ≥ s2,
ΦB(t− tπ(s2)− s2 + tA − t̄)◦ s2 > tA,
◦ΦA(tπ(s2)) ◦ ΦS(s2 − tA) ◦ ΦA(t̄)y t > tπ(s2) + s2 − tA + t̄.

(4.19)

These two kinds are of AB2 and ASA type, respectively.
From Figure 4.12 we see that the starting point of the overlap curve K must

be γA(tAQ) and the end point must be the angle of ∂Ω. Points on K can be found
by solving the equation Af (s1, τ) = Bf (s2, τ) for fixed values of τ .

By computing the overlap curve K we have completed the optimal synthesis,
which is shown in Figure 4.13. Starting in y it gives a unique shortest path to
steer to any point inside Ω. As shown in Figure 4.14 the overlap curve is actually
tangential to γA in its starting point γA(tAQ). This behavior is expected and can
be proved under generic conditions [6].
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S

Figure 4.13: Complete optimal synthesis consisting of the two trajectories γA and
γB, a singular curve S, the switching curves CA and CB and the overlap curve K.

K
Γ

A

Γ
AHtAQL

Figure 4.14: K is tangent to γA in its starting point.
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f>0

f<0

f<0

y
xc0

Figure 4.15: Sign of f(x) = −∆B(x)/∆A(x) in different regions.

4.2.4 Optimal synthesis, example 2

Here we build the optimal synthesis starting in the point of local controllability y
for an example when E > 0. The set Ω we consider here looks like in Figure 4.1a
and corresponds to the defocused system[

ẋ1

ẋ2

]
= u

[
−0.5 −2
0.5 −0.5

]([
x1

x2

]
−
[
1
0

])
+ (1− u)

[
−0.4 −1

1 −0.4

] [
x1

x2

]
. (4.20)

As before we begin by looking at the sign of f(x) in different regions of the plane,
this is shown in Figure 4.15. According to Theorem 4.2 only BA-switches are
possible for an extremal in (most of) the upper region of Ω and only AB-switches
can occur in the lower region.

The reachable set for small times can then computed by considering trajectories
of types A, B, AB and BA, which has been done in Figure 4.16. As before
the A- and B-trajectories starting in y will at some point stop to be extremal.
Exactly when this occurs can be found out by computing the functions θA and
θB. By considering a trajectory that switches at an arbitrarily small time ε, a
limit argument can be used to show that the switching functions for both these
trajectories must be zero at t = 0. Then the switching function is 0 again exactly
when the absolute value of θA and θB is equal to π. The θ functions are shown
in Figure 4.17 together with the trajectories γA and γB which switch when the θ
functions are equal to multiples of π. These trajectories actually switch inside the
set Q and are therefore C1. In fact they are what is called abnormal extremals, a
special type of singular extremal which has interesting properties [6].

The corresponding figures for extremals that switch before they reach Q for
the first time is shown in Figure 4.18. Consider the AB-switched extremal. By
setting θ̄ = θAB(s1), where s1 is the first switching time, this extremal will have
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Figure 4.16: Reachable set A(y).

(a) Extremal γA starting with control +1. (b) Extremal γB starting with control −1.
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-2Π

Θ
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(c) The intersection times with Q are
marked.

1 2 3 4 5 6
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-1

-2

-Π

-4

-5

-2Π

Θ
BHtL

(d) The intersection times with Q are
marked.

Figure 4.17: Extremals γA and γB together with the corresponding functions θA
and θB.
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(a) AB-switched extremal. (b) BA-switched extremal.
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(c) The intersection times with Q are
marked.
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Θ

-2
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Θ
BAHtL

(d) The intersection times with Q are
marked.

Figure 4.18: Extremals which switch before they reach Q together with the corre-
sponding functions θA and θB.

to switch again when θ(t) = θ̄ ± π. The same holds for the extremal of type BA.
As can be seen the switches happens before the extremal reaches Q for the second
time, so the switching curves will not lie inside Q.

As in the previous optimal synthesis the extremals can be characterized by
their initial behavior, in this case the first switch completely determines the future
evolution of an extremal. Let tA be the time when γA reaches Q and tB the time
when γB reaches Q, then every extremal which starts with control +1 (resp. -1)
is uniquely associated with a switching time 0 ≤ sA ≤ tA (resp. 0 ≤ sB ≤ tB).
Figure 4.19 shows the complete optimal synthesis in Ω. The result reminds of the
optimal synthesis for the forced pendulum (see [6] p. 63), but in a bounded and
non-linear domain. For a closer look at the two switching curves CA and CB, see
Figure 4.20.
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Γ
B

y

Γ
A

xc
0

CB

CA

Figure 4.19: The complete optimal synthesis consists of the two trajectories γA
and γB and two switching curves CA and CB. The outer arrowheads represent
extremal trajectories at time t = 10.3.

(a) Left switching curve CB. (b) Right switching curve CA.

Figure 4.20: Closer look at the two switching curves in Figure 4.19.
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Chapter 5

Real eigenvalues

In this section we describe additional phenomena that appear when real eigenvalues
are present in the matrices A and B and show some numerical examples. We
conjecture that the attractiveness property of Theorem 3.1 is true also when real
eigenvalues are considered, but to prove it is more difficult than in the non-real
case. One reason is that nothing can be said about the location of tangency points
like was possible in the non-real case, since real systems have different curvature
in different regions in the plane. One could imagine a classification of all possible
cases depending on the number of tangency points on Q+ and Q−, but doing this
would be a tedious task. Also for the focused system (1.2) the cases with real
eigenvalues present more difficulties when proving asymptotic stability [4].

One geometric phenomena that frequently occurs in systems with real eigenval-
ues is another kind of irregularity of ∂Ω, in addition to those discussed in Section
4.1. While ‘non-real’ trajectories circle around their center, a ‘real’ trajectory is
confined to a slice of R2 bounded by the eigendirections of the system. As a con-
sequence a non-smoothness of ∂Ω in the real center can appear, which we call
real angles. They can only occur in 0 or xc and are different from the ‘angles’
of Section 4.1 in the sense that the two trajectories do not enter Ω in the point of
non-smoothness. Instead the vector field corresponding to the exiting trajectory
goes to zero while approaching the angle. The situation is depicted in Figure 5.1.

Below we show the set Ω for some examples where at least one of the matrices
A and B have real eigenvalues.

When there are no tangency points on Q−, the technique of Section 3.3.1 can
be used with some modifications, and again it turns out that ∂Ω is a periodic
trajectory. However in this case it can in general not be traversed in finite time
since one or both of the centers may be included in ∂Ω. These are exactly the ‘real
angles’ discussed above. In this case attractiveness can also be proved in the same
way as in the non-real E > 0 case. An example of a periodic trajectory is shown
in Figure 5.2a. A boundary that is a periodic trajectory may however also occur
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Ω Real center

Figure 5.1: Irregularity of type ‘real center’.

when there are tangency points present. Figure 5.2b shows an example when there
are two tangency points on Q− but ∂Ω is a C1 periodic trajectory traversable in
finite time.

Figure 5.3 shows two more complicated examples where there are tangency
points present. Here ∂Ω contains different pieces of trajectories. Both cases remind
of the non-real E < 0 case.
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(a) (b)

Figure 5.2: Two real/non-real numerical examples when ∂Ω (in black) is a periodic
trajectory. Some field lines are shown in red and blue. The set Q is green and
∆−1
B (0) is yellow. (a) There are no tangency points on Q− and ∂Ω has two points

of non-regularity. One of type ‘switch’ (lower) and the other of type ‘real angle’
(upper). Parameter values: ρA = 0.43, ρB = 2.25, ψ = 0.64, θ = 1.43. (b) There
are two tangency points on Q− and ∂Ω has two points of non-regularity of type
‘switch’. Parameter values: ρA = 0.28, ρB = 0.01, ψ = 1.35, θ = 1.26.
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(a)
(b)

Figure 5.3: The parts of ∂Ω made up of A-trajectories are blue, those made up of
B-trajectories are red. The set Q is green and ∆−1

B (0) is yellow. (a) Real/non-real
case with three tangency points. The irregularities of ∂Ω are two tangency points,
one angle and one switching point. Parameter values: ρA = 0.23, ρB = 0.43,
ψ = 2.6, θ = 3.6. (b) Real/real case with one tangency point. The irregularities
of ∂Ω are one real angle and one tangency point. The boundary is actually C∞
in the red center, since the trajectories become parallel to the same eigendirection
close to the origin. Parameter values: ρA = 0.1, ρB = 0.5, E = 10, θ = 2.
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Chapter 6

Conclusions and future research

We have, assuming asymptotic stability of the focused system (1.2), proven the
existence of a smallest invariant set Ω for the defocused system (1.3) and investi-
gated its properties. Most importantly we have shown that ∂Ω consists of pieces of
trajectories and is piecewise C∞ and that Ω is completely controllable in the sense
that any point in Ω can be reached using an appropriate switching sequence. In
the case where A and B have non-real eigenvalues we were also able to characterize
Ω in different cases depending on the eigenvalues of A and B and prove that Ω
is attractive in the sense that any trajectory must converge to Ω. It is likely that
this is true also in the cases with real eigenvalues, but that is harder to prove using
the ‘direct’ techniques used in this report.

For future research it would be interesting to study the generalization of our
problem in the non-linear case, i.e. for a general non-linear system ẋ = uF (x) +
(1− u)G(x) for which the origin is GUES under arbitrary switching, consider the
perturbed system ẋ = uF (x−xc)+(1−u)G(x). Under some regularity assumptions
on F and G, can existence and properties such as complete controllability and
attractiveness of an invariant set for this system be proven? This could also be
a way to prove attractiveness for the linear case with real eigenvalues. Other
generalizations of this problem include systems with higher dimensions and more
than two switching modes, but for these systems the problem of finding sufficient
and necessary stability conditions of the focused system is still open.

It would also be interesting to build optimal syntheses for more examples of
invariant sets, and try to find general properties for these.

Another unanswered question is the following: assuming that the focused sys-
tem (1.2) is unstable, is it possible to find a center perturbation xc such that (1.3)
has an invariant set around the origin? If (1.2) is unstable for a constant u it is
not possible, but for more complicated examples the answer is not as clear. If this
would be true, some unstable systems could be stabilized by finding an appropriate
perturbation.
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Appendix A

Parameter reduction

We are interested in reducing the number of parameters needed to define a switched
system ẋ = uA(x− xc) + (1− u)Bx where (A,B) is a pair of real matrices. First
we give the single-matrix normal form AN of a real matrix A together with a
coordinate transformation matrix AK , such that AN = A−1

K AAK , in the two cases
where A has eigenvalues in C\R and in R. Then we can work out the normal forms
(AN , BN) of matrix pairs (A,B) by exploiting invariances of the single-matrix
normal forms. We also explain how the matrices can be scaled while keeping the
set of admissible trajectories for the switched system intact, which allows us to
reduce the number of parameters in our problem to only four. The notation AN for
a matrix on normal form will be somewhat abused, it will have a different meaning
depending on the case.

Single-matrix normal forms

In the case with real eigenvalues, the normal form of a matrix is nothing else but
its diagonalization. However there exists a different normal form in the case of
non-real eigenvalues which avoids the use of complex numbers.

Non-real eigenvalues Assume A has eigenvalues δ ± iω and corresponding
eigenvectors v1 ± iv2 such that{

A(v1 + iv2) = (δ + iω)(v1 + iv2)
A(v1 − iv2) = (δ − iω)(v1 − iv2)

(A.1)

By linear combinations of these two equalities we obtain{
Av1 = 1

2
((δ + iω)(v1 + iv2) + (δ − iω)(v1 − iv2)) = δv1 − ωv2,

Av2 = 1
2i

((δ + iω)(v1 + iv2)− (δ − iω)(v1 − iv2)) = ωv1 + δv2,
(A.2)
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and combined
A
[
v1 −v2

]
=
[
v1 −v2

] [δ −ω
ω δ

]
,

→ A =
[
v1 −v2

]︸ ︷︷ ︸
AK

[
δ −ω
ω δ

]
︸ ︷︷ ︸

AN

[
v1 −v2

]−1︸ ︷︷ ︸
AK

−1

. (A.3)

By making a change of coordinates x̃ =
[
v1 −v2

]
x, the system ẋ = Ax will

be transformed to ˙̃x = AN x̃. AN is the non-real normal form and is rotational
invariant, i.e. R(−φ)ANR(φ) = AN for all rotational matrices R(φ).

Real eigenvalues It is well known that when A is diagonalizable it can be
written as

A =
[
v1 v2

]︸ ︷︷ ︸
AK

[
λ1 0
0 λ2

]
︸ ︷︷ ︸

AN

[
v1 v2

]−1︸ ︷︷ ︸
AK

−1

, (A.4)

where AN now is the real normal form of A and has the property that DAND−1 =
AN for all non-singular diagonal matrices D.

Double-matrix normal forms
We want to find a change of coordinates that allows a pair of matrices (A,B) to
be expressed in a form as simple as possible. The idea is to transform B to its
normal form and then use invariances of the normal form to find a simple form
also for the matrix A.

Non-real/non-real normal forms Starting with two matrices A and B with
non-real eigenvalues δA ± iωA and δB ± iωB we first use the transformation ma-
trix BK to put B in its normal form BN . As noted earlier, R(−φ)BNR(φ) =
BN , so by adding a rotation the complete transformation of A becomes AN =
R(φ)−1B−1

K ABKR(φ), where the rotation angle φ can be chosen freely. We note
that a linear coordinate change preserves the eigenvalues of A, so we can put
B−1
K ABK in its non-real normal form using some transformation matrix CK ,

B−1
K ABK = CK

[
δA −ωA
ωA δA

]
︸ ︷︷ ︸

AN

C−1
K . (A.5)

Now we do a singular value decomposition of CK to obtain

CK = UΣV T , (A.6)
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where Σ is diagonal and U and V are orthogonal matrices, i.e. they are either
rotational or reflection matrices depending on the sign of their determinants. We
can make sure that det(U) = 1 by possible changing the sign of one column in U
and the corresponding column in V . This ensures that U is a rotational matrix.
The complete expression for AN now becomes

AN = R(φ)−1UΣV T

[
δA −ωA
ωA δA

]
V Σ−1UTR(φ). (A.7)

Now we choose the rotation angle φ to exactly offset the rotation of UT ,

φ = arg(U

[
1
0

]
). (A.8)

Then UTR(φ) = I2 and we can work out an expression for AN ,

AN = ΣV T

[
δA −ωA
ωA δA

]
V Σ−1 =

[
δA −ωA/E
EωA δA

]
, (A.9)

where E = det(V ) · (s2/s1). Since V is orthogonal its determinant is ±1 and
s1 > s2 are the diagonal values in Σ, i.e. the singular values of the matrix CK .
This implies that ‖E‖ < 1.

To summarize we obtain the following two-matrix normal forms in the non-
real/non-real case: 

AN =

[
δA −ωA/E
ωAE δA

]
,

BN =

[
δB −ωB
ωB δB

]
.

(A.10)

To avoid going through this procedure in order to find the normal forms, we want
to find coordinate invariant expressions for the parameters ωA,B, δA,B and E. The
first are easy, they are just the components of the eigenvalues of A and B. To find
E we note that

K(AN , BN) ≡ 1

4

Tr(AN)Tr(BN)− 2Tr(ANBN)

ωAωB
=

1

2

(
E +

1

E

)
. (A.11)

K is just a function of traces and is therefore coordinate invariant, K(A,B) =
K(AN , BN). Therefore E can be found by solving the equation

K(A,B) =
1

2

(
E +

1

E

)
(A.12)

and choosing E as the unique root absolutely smaller than 1.
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Real/non-real normal forms We assume that B has non-real eigenvalues δB±
iωB and that A has real eigenvalues λ1 < λ2. First we find the matrix BK which
transforms B to its non-real normal form BN . We diagonalize BKAB

−1
K (which

has the same eigenvalues as A) to obtain

BKABK
−1 =

[
cos(ϕ1) cos(ϕ2)
sin(ϕ1) sin(ϕ2)

] [
λ1 0
0 λ2

] [
cos(ϕ1) cos(ϕ2)
sin(ϕ1) sin(ϕ2)

]−1

, (A.13)

where ϕ1 and ϕ2 are the arguments of the two eigenvectors. Because of the rota-
tional invariance of BN we can use a rotation matrix R(−ϕ1) to align the eigen-
vector corresponding to the smallest eigenvalue with the x-axis, while keeping BN

on the same form. The complete transformation BK
−1R(ϕ1) of A becomes

R(−ϕ1)BKABK
−1R(ϕ1) =

= R(−ϕ1)

[
cos(ϕ1) cos(ϕ2)
sin(ϕ1) sin(ϕ2)

] [
λ1 0
0 λ2

] [
cos(ϕ1) cos(ϕ2)
sin(ϕ1) sin(ϕ2)

]−1

R(ϕ1) =

=

[
1 cos(ϕ2 − ϕ1)
0 sin(ϕ2 − ϕ1)

] [
λ1 0
0 λ2

] [
1 cos(ϕ2 − ϕ1)
0 sin(ϕ2 − ϕ1)

]−1

=

=

[
λ1 (λ2 − λ1) cot(ϕ2 − ϕ1)
0 λ2

]
.

(A.14)

We call the angle difference ψ and obtain the two-matrix normal forms in the
real/non-real case: 

AN =

[
λ1 (λ2 − λ1) cot(ψ)

0 λ2

]
,

BN =

[
δB −ωB
ωB δB

]
.

(A.15)

By π-rotational invariance of AN we may assume that ψ ∈ [0, π). Similarly as in
the non-real/non-real case we compute the coordinate-invariant quantity

K(AN , BN) ≡ 1

2

Tr(AN)Tr(BN)− 2Tr(ANBN)

(λ1 − λ2)ωB
=

1

2
cot(ψ). (A.16)

and find that ψ can be found by solving cot(ψ) = 2K(A,B).

Real/real normal forms We assume that both matrices A and B have real
eigenvalues λA1,2 and λB1,2 and that no two eigenvectors of A and B coincide. We
align the axes along the eigenvectors of B at the same time as we make

[
1 1

]
an
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eigenvector of the transformed A matrix by the following coordinate change 1
cos(α)

0

0 1
sin(α)


︸ ︷︷ ︸

T

BK
−1, (A.17)

where α 6= nπ/2 is a parameter to be determined later. This gives the transformed
matrices 

AN = TBK
−1ABKT

−1,

BN = TBK
−1BBKT =

[
λB1 0

0 λB2

]
,

(A.18)

since DBND
−1 = BN for all diagonal matrices D. We now assume that the

eigenvectors of BK
−1ABK have angles β1 6= β2 with the x-axis, where β1 is the

angle corresponding to the smallest eigenvalue, and choose α = β1. This gives that

TBK
−1ABKT

−1 =

 1
cos(β1)

0

0 1
sin(β1)

[cos(β1) cos(β2)
sin(β1) sin(β2)

] [
λA1 0
0 λA2

]
[
cos(β1) cos(β2)
sin(β1) sin(β2)

]−1
 1

cos(β1)
0

0 1
sin(β1)

 = ... =

=

[
λA1 (1− E) + λA2 E (λA1 − λA2 )E
(λA1 − λA2 )(1− E) λA1 E + λA2 (1− E)

]
,

(A.19)

where E = 2 sin(β1) cos(β2)/ sin(β1 − β2)− 1.
Thus we get the following normal forms in the real/real case:

AN = 1
2

[
λA1 (1− E) + λA2 (1 + E) (λA1 − λA2 )(1 + E)

(λA1 − λA2 )(1− E) λA1 (1 + E) + λA2 (1− E)

]
,

BN =

[
λB1 0

0 λB2

]
.

(A.20)

The parameter E can be directly found by computing the coordinate-invariant
parameter K which is now is defined as.

K(AN , BN) ≡ Tr(AN)Tr(BN)− 2Tr(ANBN)

(λA1 − λA2 )(λB1 − λB2 )
= E. (A.21)

E governs the angle of the second eigenvector of AN with the x-axis, this angle
can be expressed as arctan((E − 1)/(E + 1)). Therefore E ∈ R \ {−1}.
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Scaling invariance

The solution of the differential equation ẋ = Ax is x(t) = eAtx0, from which it
follows that the solution of ẋ = αAx is x(t) = eαAtx0 = eA(αt)x0. Thus a scaling of
the matrix A is equivalent to a scaling of the time variable. Therefore all stability
properties of a switched system, which are not contingent on the time scales in the
subsystems, are preserved under scaling. This allows to further reduce the number
of parameters by scaling the matrices. For the system ẋ = uA(x−xc) + (1−u)Bx
the matrices A and B can be scaled with different factors without affecting the
stability properties.

We also note that for the system

ẋ = uA(x− xc) + (1− u)Bx =

= ‖xc‖(uA(x/‖xc‖ − xc/‖xc‖) + (1− u)B(x/‖xc‖)),
(A.22)

a scaling of the coordinate variable x can be used to put the perturbed center xc
at unit distance while leaving the stability properties of the system unchanged.

Normal forms of the switched systems

We state the normal forms of the switched system ẋ = uA(x − xc) + (1 − u)Bx,
where both A and B are Hurwitz, for the three different cases. They are obtained
by making a coordinate change to the basis of the two-matrix normal form followed
by scalings of the matrices and the state variable.

Non-real/non-real case:



[
ẋ1

ẋ2

]
= u

[
−ρA −1/E

E −ρA

]([
x1

x2

]
−

[
cos(θ)

sin(θ)

])
+

+(1− u)

[
−ρB −1

1 −ρB

][
x1

x2

]
,

ρA ∈ [0,∞],

ρB ∈ [0,∞],

E ∈ [−1, 1] \ {0},
φ ∈ [0, 2π).

(A.23)
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Real/non-real case:

[
ẋ1

ẋ2

]
= u

[
−ρA (ρA − 1) cotψ

0 −1

]([
x1

x2

]
−

[
cos(θ)

sin(θ)

])
+

+(1− u)

[
−ρB −1

1 −ρB

][
x1

x2

]
,

ρA ∈ [0, 1],

ρB ∈ [0,∞],

ψ ∈ [0, π),

φ ∈ [0, 2π).

(A.24)

Real/real case:

[
ẋ1

ẋ2

]
= u

[
−1− ẼρA (ρA − 1)Ẽ

(ρA − 1) −Ẽ − ρA

]([
x1

x2

]
−

[
cos(θ)

sin(θ)

])
+

+(1− u)

[
−ρB 0

0 −1

][
x1

x2

]
,

ρA ∈ [0, 1],

ρB ∈ [0, 1],

Ẽ ∈ R,
φ ∈ [0, 2π).

(A.25)
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Quadratic forms and
parametrization

A general quadratic form QF (x) = ax2
1 +bx1x2 +cx2

2 +dx1 +ex2 +f can be written
with matrix notation as

QF (x) =
[
x1 x2

] [ a b/2
b/2 c

]
︸ ︷︷ ︸

M

[
x1

x2

]
+
[
d e

] [x1

x2

]
+ f. (B.1)

If detM = 0 one of the eigenvalues of M is 0, which we assume is not the
case. Then there are two cases, if detM > 0 the set QF−1(0) is an ellipse and if
detM < 0 it is an hyperbola.

M being symmetric, it can be diagonalized with a orthogonal matrix P such

that M = P

[
λ1 0
0 λ2

]
P T . Introducing the change of coordinates

[
x̃1

x̃2

]
= P T

[
x1

x2

]
we obtain

QF (x̃) = x̃TDx̃+
[
d e

]
P

[
x̃1

x̃2

]
= λ1x̃

2
1 + λ2x̃

2
2 + αx̃1 + βx̃2 + f, (B.2)

[
α β

]
=
[
d e

]
P. (B.3)

By setting this equal to 0 and completing the squares, we obtain

λ1(x̃1 +
α

2λ1

)2 + λ2(x̃2 +
β

2λ2

)2 =
1

4

(
α2

λ1

+
β2

λ2

)
− f. (B.4)

If the form is an ellipse, there is a requirement on f to ensure that the equations
have real solutions. If f = 0 this is always the case. Assuming that the solutions
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are real, by parametrizing and substituting back x, we obtain in the ellipse case
(when sgn(λ1) = sgn(λ2)):

x(θ) = Px̃ = P

[
−α/(2λ1) + a1 cos(θ)
−β/(2λ2) + a2 sin(θ)

]
, (B.5)

a1 =

√∣∣∣∣ 1

λ1

(
α2

4λ1

+
β2

4λ2

− f
)∣∣∣∣, a2 =

√∣∣∣∣ 1

λ2

(
α2

4λ1

+
β2

4λ2

− f
)∣∣∣∣. (B.6)

and in the hyperbola cases (when sign(λ1) 6= sign(λ2)):

x(θ) =


P

[
−α/(2λ1)± a1 cosh(θ)
−β/(2λ2) + a2 sinh(θ)

]
when 1

4λ1

(
α2

λ1
+ β2

λ2

)
> 0,

P

[
−α/(2λ1) + a1 sinh(θ)
−β/(2λ2)± a2 cosh(θ)

]
when 1

4λ2

(
α2

λ1
+ β2

λ2

)
> 0.

(B.7)
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Discontinuous ODEs

In this section a result equivalent to the Poincaré-Benedixson theorem for ODE’s
with continuously differentiable righthand sides is given. It turns out that under
certain conditions a similar result exists when the righthand side has a smooth
discontinuity. For a complete discussion including proofs of the theorems, see the
book [11].

Summary of relevant theory

Definition C.1. A function x(t) is said to be a solution in the sense of Filippov
to the differential equation ẋ = f(x) if for all t

ẋ(t) ∈
⋂
δ>0

⋂
µ(N)=0

conv (f(B(x(t), δ) \N)) , (C.1)

where B(x, δ) denotes the ball centered in x with radius δ, conv is the convex hull
and the second intersection is taken over all sets N of Lebesque measure 0.

The motivation for this definition is to allow the exclusion of null-measure sets
where f is not defined, as in the case of discontinuities. In the case where f is on
the form

f(x) =

{
f+(x) x ∈ D+,
f−(x) x ∈ D−, (C.2)

where D+ and D− are separated by a smooth boundary S, the definition requires
the derivative ẋ on S to be in the set {αf+(x) + (1− α)f−(x) | α ∈ [0, 1]}. Below
f is assumed to be on this form. The projections of f+ (resp. f−) onto the normal
of S pointing from D− to D+ will be denoted f+

N (resp. f−N ).

Definition C.2. A set-valued function F (x) is upper semicontinuous at the point
p if supa∈F (p′) infb∈F (p) ‖a− b‖ → 0 as p′ → p.
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A set-valued function on the form

F (x) =


{f+(x)} x ∈ D+,
{f−(x)} x ∈ D−,
{αf+(x) + (1− α)f−(x) | α ∈ [0, 1]} x ∈ S,

(C.3)

can easily be shown to be upper semicontinuous.

Definition C.3. It is said that right uniqueness holds at the point (x0, t0) if there
exists a time t1 > t0 such that all solutions satisfying x(t0) = x0 also coincide on
the interval [t0, t1], or on the part where they are both defined.

Theorem C.1 ( [11] p. 110). For a system on the form (C.2) where S is C2 and
f+(x)− f−(x) is C1 and such that at least one of the two inequalities f+

N (x) < 0
and f−N (x) > 0 hold for each x ∈ S, right uniqueness occurs for all times and all
x ∈ R2.

Remark C.1. The sections of S where both f+ and f− point either towards or
away from the surface will induce a ‘sliding mode’ where a trajectory will follow S.
If the field points away from S on both sides uniqueness can not be guaranteed,
since the trajectory can leave S in any point. Also higher order sliding modes,
when one or both of f+ and f− are tangential to S, have been studied, see for
example [10].

The inequalities require that at least one of the fields f+ and f− must point
towards the surface S. If both fields point away from the surface in a point x, right
uniqueness can not be guaranteed in this point. Now a theorem corresponding to
that by Poincaré-Benedixson can be stated.

Theorem C.2 ( [11] p. 137). Take a set-valued function F (x) that is bounded,
closed, convex, upper semi-continuous and non-empty for all x. Assume that there
exists anM such that |y| < M for all y ∈ F (x). Assume that the ω-limit set of any
trajectory γ of the system ẋ ∈ F (x) is bounded and does not contain stationary
points. Assume also that right uniqueness holds along γ. Then the ω-limit set of
γ is a closed trajectory.

A segment T of S is called a transversal if it is intersected by trajectories only
in one direction. The following lemma is an easy consequence of right uniqueness.

Lemma C.1 ( [11] p. 134). Take a trajectory γ for which right uniqueness holds.
If γ intersects a transversal T several times the points of intersection are placed
monotonically on the transversal.
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Proof of Lemma 3.13 We prove the Poincaré–Benedixson property for the
system ẋ = H(x) for the special case when

H(x) =

{
A(x− xc) when ∆A(x) < 0,
Bx when ∆A(x) > 0.

(C.4)

Lemma 3.13 The ω-limit set of every trajectory not starting from Q− of the
system ẋ = H(x) consists of the same closed trajectory γc(t), whose image is a
simple curve encircling the two points 0 and xc.

Proof. By the existence of a bounded invariant set (proven in Section 3.1) we can
restrict the study to a bounded domain. First we note that the function H(x)
convexified to the form of (C.3) is indeed bounded, closed, convex, upper semi-
continuous and non-empty for all x. We use the notation of the previous section,
f+ = A(x − xc) and f− = Bx. As proved in Lemma 3.6 the discontinuity set Q
can be divided into two parts Q+ and Q− such that sign(f+

N ) = sign(f−N ) on Q+

and sign(f+
N ) = −sign(f−N ) on Q−. Thus conditions for Theorem C.1 are violated

on Q− where f+
N > 0 and f−N < 0. But if we take a trajectory that does not start

in a point on Q− it can never reach this set just because of this reason. Therefore
right uniqueness holds in all points such a trajectory may reach. By Theorem C.2
the ω-limit set of such a trajectory is then a closed trajectory γc.

No closed trajectory can exist just in the set where ∆A(x) > 0 or where
∆A(x) < 0, therefore at least one point of Q+ must be in γc. Take a maximal
segment of Q+ including this point but without tangency points. This segment is
then a transversal and because of the closedness of γc the segment can only have
one intersection point with γc due to Lemma C.1. This is true for each segment
of Q− without tangency points, the number of such segments is at most 4. This
shows that the image of γc is a simple curve encircling Q−.

For uniqueness we assume for contradiction that two periodic trajectories exist.
They can not intersect each other, and both have to encircle 0 and xc. Therefore
one of the trajectories has to be encircled by the other. Now take a trajectory
starting somewhere between the two periodic trajectories. It must either 1) con-
verge to one of their periodic trajectories or 2) form a periodic trajectory itself.
In the case of 1) we can find a closed curve that separates the starting points
which lead to convergence to the inner periodic trajectory from those that lead to
convergence to the outer. But then this curve must itself be a periodic trajectory.

In both cases the argument can be repeated and there must be an infinite
number of periodic trajectories between the inner and the outer one. This is
impossible due to the affineness of the two fields. Indeed for two starting points y
and y + ε, it holds that ‖eBty − eBt(y + ε)‖ → 0, and the corresponding for the
field A(x− xc). By assuming that the switches happen at the same times for two
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periodic trajectories, which is true in the limit for periodic trajectories lying close
to each other, we get a contradiction.
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