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Abstract

One of the main challenges for the realization of a working fusion power plant
is an increased detailed understanding of kinetic phenomena in toroidal plas-
mas. The tokamak is a toroidal, magnetically confined plasma device and
is currently the main line towards a power plant. The spatial and temporal
scales in a tokamak plasma are extreme and the only tractable path for quan-
titative studies is to rely on computer simulations. Present day simulation
codes can resolve only some of these scales. Nevertheless they still require the
largest high performance computing (HPC) resources available in the world.
In combination with the increase of computational performance, it is therefore
necessary to improve the numerical algorithms used in the simulations.

In this thesis we have developed new numerical methods designed for
Monte Carlo simulation of plasma kinetic diffusion. Examples are simula-
tion of fast-ion thermalization and radio-frequency heating. The aim has
been to reduce the statistical random noise in particle codes, produced by
a finite number of particles (or markers). Traditionally the statistical noise
is improved by increasing the number of particles (N) or by simulating the
perturbation of the distribution (with particles) from a known distribution
function. This is the well known δf method. In this thesis we have developed
a new type of δf method, which minimizes the number of particles used in a
simulation. The computational speedup of the new method is substantial. In
this thesis, we have further benchmarked quasi-Monte Carlo techniques that
improve the convergence rate from N−1/2 to N−1 for some cases.

In Monte Carlo simulations, error appears also from the time step dis-
cretization. Based on the mathematics of operator splitting, a new scheme
for the pitch-angle scattering diffusion process has been developed that out-
performs the standard methods. Finally this thesis also presents a new code,
SELFO-light, for self-consistent simulations of ion cyclotron resonance heat-
ing, suitable for routine calculations, which couples a one dimensional Fokker-
Planck model with the finite element wave solver LION.

Descriptors

Fusion plasma, tokamak, Monte Carlo, quasi-Monte Carlo, variance reduction
techniques, the δf -method, pitch-angle scattering, RF heating, ion cyclotron
resonance heating (ICRH), self-consistent calculations, SELFO-light, LION.
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VIII. B. Lehnert and L. J. Höök, An electron model with elementary charge. Jour-
nal of Plasma Physics. 2010;76(3-4):419-428.

vii



0. LIST OF PAPERS

IX. T. Johnson, A. Salmi, G. Steinbrecher, L. -G Eriksson, T. Hellsten, J. Höök
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Chapter 1

Introduction

When an extremely improbable
situation arises, we are entitled
to draw large conclusions from it.

Kurt Gödel

We live in a time of demographic transition from exponential population growth to
an expected saturated population level at about 11 billion individuals at the end
of this century according to Kapitza [2010]. This population growth increases the
demand for energy. The present state of global energy supply ”relies to the extent
of 81% on fossil fuels” reported in Bradshaw et al. [2011], [IEA], which is expected
to increase with the increased exploitation of natural gas resources. To limit the
effects of global warming it is essential to develop new energy producing technologies
that are sustainable. One such potential technology is energy production from
thermonuclear fusion. Thermonuclear fusion is the process of fusing light nuclei into
heavier elements with a net production of energy. The sun is powered by fusion
by burning hydrogen into helium at about 15 million degrees Kelvin, supported
by its great mass, which ensures the required temperature and density conditions.
Replicating this process on earth using the methodology that powers the sun is not
possible. In order to achieve fusion without the density provided by the gravity of
the sun, the temperature must be increased. In order to heat the gas to the required
temperatures, one must confine it in a cage such that it does not come into contact
with the walls. One way of achieving this is to construct a magnetic field cage,
which can levitate the burning gas, isolating it from the walls. This is possible
since the gas is in a plasma state, which is conductive and therefore responds to
magnetic fields.

Presently the achievable reaction for the first generation fusion power plants is
the deuterium-tritium (D-T) reaction,

2D+ 3T → 4He + n + 17.6 MeV.
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1. INTRODUCTION

Fusing a deuterium and a tritium nuclei produces a net energy of 17.6 MeV and an
excess neutron. Since tritium is rare on earth with a half-life of 12.3 years, it must
be bred by fusing lithium with a neutron,

6Li + n → 4He + T+ 4.5 MeV
7Li + n → 4He + T+ n− 2.5 MeV.

Deuterium exists in naturally occurring hydrogen (156 ppm) and can be extracted
from electrolysis of heavy water filtered from freshwater. The supply of deuterium
can therefore be considered as limitless. The supply of lithium is however more of
a concern. If the present lithium reserves were used only for fusion, excluding the
use in batteries, then it would last only for 990 years according to Bradshaw et al.
[2011] for the estimated population growth. However if all of the available resources
on earth are included in the calculation, then Bradshaw et al. [2011] estimate that
there is sufficient lithium for about 3500 years.

The processes in a magnetically confined heated plasma have great complexity
occurring on an immense range of temporal and spatial scales. The spatial scale
ranges from the electron gyro-radius, with a length scale 10−6m, to the size of the
confinement device, which is of the order 101m. The temporal scales are even more
extreme with a range from the electron gyro-period, 10−10s, to the plasma pulse
length, 105s, Tang [2002]. The only tractable path for quantitative studies of a
burning plasma is to rely on computer simulations. Present day simulation codes
can resolve only some of these scales. Nevertheless they still require the largest
high performance computing (HPC) resources available in the world. The current
goal of the European Commission is to reach exa-scale computing (1018 floating
point operations per second), before 2020, EC [2012], which will enable more de-
tailed simulations. Together with the increase of computational performance it is
also necessary to improve the numerical algorithms used in the simulations. This
improvement is the topic of this thesis.

This thesis is divided in two parts; the background is provided in the following
chapters and attached to the thesis are the publications, which contain the original
research.

1.1 Motion of charged particles

In order to approach the topic of simulation of kinetic phenomena in magneti-
cally confined plasmas it is necessary to present the basic equations describing the
dynamics of charged particle that make up the plasma. The motion of charged
particles with mass m and charge Ze in the presence of electric and magnetic fields
is described by,

mv̇ = Ze(E+ v ×B), ṙ = v, (1.1)

where Ze is the charge, m is the mass, v the velocity and r the spatial position.
The electric field, E and the magnetic field, B are in general functions of position

2



and time. In the presence of a magnetic field, the particle will undergo a gyrating
motion perpendicular to the field line with the cyclotron (or gyro-) frequency (Ω =
Ze|B|/m) while moving freely along the field line. The radius of gyration (or
Larmor radius) is given by ρ = v⊥/Ω. Here v⊥ is the component of the velocity
vector that is perpendicular to the magnetic field. Similarly v‖ is the parallel
component. The ratio of the parallel velocity to the total velocity is given by the
cosine of the pitch-angle ξ = cos(ϕ) = v‖/‖v‖. Thus a 90◦ degree pitch-angle gives
v‖ = 0.

The guiding center of the gyration is defined as R ≡ r − Ω−1b × v where
b ≡ B/B. For non-relativistic particles, the gyro-center drift is described by:

Ṙ =
1

b ·B∗

(

v‖B
∗ +E∗ × b+

µ

Ze
b×∇B

)

, (1.2)

where

B∗ = B+
mv||

Ze
∇× b,

E∗ = E− mv||

Ze

∂b

∂t
,

are the modified fields, Northrop [1963], Helander and Sigmar [2002]. In the pres-
ence of a homogeneous magnetic field and no electric fields, the gyro-center will
move along the field line, Alfvén [1950]. However, when the magnetic field is inho-
mogeneous due to field line curvature or gradients, the gyro-centers will also drift
across the magnetic field lines and more complicated drift motions appear, Alfvén
[1950], Lehnert [1964].

1.2 Magnetic confinement

Since the particles follow the field lines, the magnetic field can be used to confine
the particles. The only topological shape that achieves this is the torus. The field
lines in a torus can traverse in three different types of trajectory as noted in Boozer
[2005]. The first type is when the field line closes on itself after n toroidal and m
poloidal revolutions around the toroidal ϕ and poloidal θ directions. The toroidal
coordinates is presented in figure 1.1(a). An important factor for describing the
magnetic field topology is the safety factor q = m/n. Thus q is always a rational
number for closed field lines. Closed field lines are topologically unstable since the
closure can be destroyed by an arbitrarily small magnetic perturbation and thus
affect particle confinement. The second type of field line configuration is when a
field line does not close on itself and stays on a toroidal surface, called magnetic-
or flux surface, and can in the asymptotic limit of infinite turns, come arbitrarily
close to every point on the surface. This configuration forms nested magnetic flux
surfaces, stable to small perturbations and is used for magnetic confinement. Closed
(rational) field lines will lie on a magnetic flux surface if unperturbed. The third
type of field lines can span a volume and can come arbitrarily close to any point

3



1. INTRODUCTION

Z

R

r

q

R0

f

(a) (b)

Figure 1.1: Coordinate definitions and illustration of a flux surface.

in the confining volume and thus, particle confinement is decreased. This type is
often referred to as ergodic and should be avoided. All three types of field line
configuration are present in tokamaks but to different extents.

There are several toroidal configurations Freidberg [2007]. A widely used con-
figuration is the tokamak, which consists of a set of toroidal and poloidal field coils
that generate twisted field lines, as seen in figure 1.2. The tokamak has a strong
toroidal magnetic field supported by the toroidal coils and a weaker poloidal field
provided by currents in the plasma. A common way of generating the current is to
have a solenoid. A plasma current is induced by changing the magnetic flux in this
solenoid. However, the current can only be maintained transiently, which means
that the device must be operated in pulsed mode. For a non-pulsed, steady-state
operation, it is therefore necessary to drive the current using other techniques e.g.
neutral beam injection or through radio frequency induced current drive, Wesson
[2011]. Further a fraction of the current can be produced by the neoclassical trans-
port, the so called bootstrap current, which under certain conditions constitute a
large fraction of the total current, Peeters [2000]. The largest tokamak in operation
today is the Joint European Torus (or JET), in Abingdon, England with a major
radius R0 = 3 m and a minor radius that varies from 1 m to 2 m, JET [2013]. Even
though the dimensions of JET is impressive, it is not large enough for generating a
net fusion power. To prove net power production from fusion, a device called ITER
is currently under construction in Cadarache, France, ITER [2013].

4



Figure 1.2: Illustration of the tokamak configuration. Source: EFDA

Guiding center orbits in toroidal plasmas

The guiding center orbits of charged particles in a toroidal plasma (tokamak) can be
divided in two groups called passing and trapped particles. Passing particles have
a large parallel velocity relative to the total velocity and are well confined while
trapped particles have a smaller parallel velocity. This smaller parallel velocity leads
to a trapping of the particles between so called mirror points. Passing particles can
either rotate in co-direction or counter direction to the magnetic field depending
on v‖. For trapped particles, the particle orbit projected onto the poloidal plane
can be categorized into different types. Examples are the banana-orbit and the
potato-orbit as seen in figure 1.3. For banana-orbits the poloidal angle oscillates
between the −θt < |θ| < θt, where θt is the angle of the turning point.

The gyrocenter of the particles in a tokamak has a quasi-periodic motion that
allows the orbits to be represented in terms of invariants of motion,

E =
mv2

2
+ ZeΦ

Pϕ = mRvϕ − ZeΨ (1.3)

µ =
mv2⊥
2B

where E is the energy, Pϕ is the toroidal angular momentum and µ is the magnetic
moment, Helander and Sigmar [2002]. Here Φ is the electric potential and Ψ is
the poloidal flux function. The first two in (1.3) are invariants due to the axial

5



1. INTRODUCTION

(a) (b) (c)

Figure 1.3: The different types of particle orbits for a tokamak in the poloidal plane
generated with the ASCOT code. (a) a banana orbit, (b) a potato orbit and (c) a
passing orbits.

symmetry found in tokamaks. The magnetic moment on the other hand is an
adiabatic invariant, which is an approximate constant of motion. In the literature
it is sometimes common to use Λ ≡ µB0/E (B0 is a reference field) instead of µ.

1.3 Coulomb collisions

Collisions between charged particles, so called Coulomb collisions, are very different
from collisions in neutral gases. Coulomb collisions are dominated by small angle,
long range collisions in contrast to large angle, binary collisions in neutral gases.
The collective behavior of Coulomb collisions can often be described by a diffusion
equation in velocity with inhomogeneous coefficients. These coefficients are derived
from a microscopic treatment of the collision process. The macroscopic effects of
Coulomb collisions are several. They affect e.g. the resistivity, heat conduction,
viscosity and temperature of the plasma. Further, Coulomb collisions are important
for non-collisional heating processes like wave-particle interactions by decorrelating
the interactions, thus avoiding super-adiabatic oscillations, Stix [1992].

The simplest model for studying Coulomb collisions is the two-body problem,
illustrated in figure 1.4. Here the particle Z1e is moving with velocity v1 in the
inertial reference frame of particle Z2e. The distance b between the particles in
the figure 1.4 is called the impact parameter. The minimal impact parameter
bmin is defined as the distance that yields a maximal deflection, [Helander and
Sigmar, 2002, p.5]. From the minimum impact parameter we can define the so
called Coulomb logarithm logΛ ≡ log(λD/bmin) where λD is the Debye length,

6



Figure 1.4: Coulomb collision between two particles, 1,2 in the inertial frame of 2.

Spitzer [1962]. The Coulomb logarithm is typically of the order 10 − 20 in fusion
plasmas.

A generalization of the two-body problem is to consider multiple two-body col-
lisions in successive order. In this model the particle is assumed to have completed
its collision before interacting with the next particle in line. It has been pointed out
in [Chandrasekhar, 1942, p. 56] that this is a rough model of the n-body collision
problem since generally the particle undergoing a collision starts to interact with
other particles before completing its trajectory and thus altering the exit angle by
a small factor. The result is that the asymptotes of the trajectory in figure 1.4
is overestimated. For knock-on collision this effect can be neglected but for small
angle scattering the order of the deviation can be expected to be a non negligible
percentage of the exit angle. Nevertheless this model is a sufficient approximation.

When the particle has accumulated a scattering angle of 90◦ =
(∑

i∆θ2i
)1/2

from
a sum of small angle collisions ∆θi, it will be statistically independent of the initial
direction. The decorrelation time is therefore equivalent to the time to accumulate
a 90◦ scattering from small angle collisions.

Due to the long range of the Coulomb force, a good assumption is that colli-
sions are dominated by small angles. Large angle collisions are considered as an
accumulation of many small angle collisions. This gives a large Coulomb logarithm
since it is inversely proportional to the collision angle, Λ ∝ 1/θ. These properties
enable a derivation of a deterministic evolution equation for an ensemble of parti-
cles, called the Fokker-Planck equation and is characterized by having a convection
and a diffusion part, Rosenbluth et al. [1957], Risken [1989], discussed in chapter
2. For a more detailed derivation of Coulomb collision we refer to Chandrasekhar
[1942], [Spitzer, 1962, p.121], [Helander and Sigmar, 2002, p.2, p.23] and [Swanson,
2008, p. 8] and references therein.

7



1. INTRODUCTION

1.4 Plasma heating

The temperature required for a fusion reactor is of the order T = 15 keV. There
exists three main lines for achieving this temperature. Ohmic heating is the simplest
and most straightforward method and can heat the plasma. However, the resistivity
of a plasma decreases as the temperature increases. Therefore ohmic heating can
only heat to a couple of keV. The other methods are neutral beam injection and
RF-heating. For neutral beam heating, an injected beam of high velocity neutral
particles of the same species as the background plasma collides with the background
plasma through charge exchange collision and the beam power is absorbed thereby
heating the plasma. Heating the plasma with the use of radio frequency waves is the
third option. There are several natural resonant frequencies in a plasma that can be
used for radio-frequency heating through non-collisional wave-particle interactions.
The frequencies are the electron cyclotron range of frequencies (30-170 GHz), the
ion cyclotron frequencies (23-57 MHz) and the Lower hybrid frequencies (1-8 GHz).
The frequencies depend on the mass, the charge of the gyrating particle and the
magnetic field; the electron mass, the ion mass and, for the hybrid frequency, the
combined mass. Wave absorption by the electrons can also be obtained by the so
called Transit Time Magnetic Pumping (TTMP) and the Electron Landau Damping
(ELD), Wesson [2011].

8



Chapter 2

Kinetic theory in toroidal plasmas

The purpose of this chapter is to introduce the statistical description of the mo-
tion of charged particles and to introduce the topic of wave-particle interactions
in toroidal fusion plasmas. Some parts of this chapter apply for general plasmas
while others are specific for tokamaks. For further studies of the field we refer to
Brambilla [1998]; Garbet et al. [2010]; Helander and Sigmar [2002]; Karney [1986];
Krommes [2012]; Melrose and McPhedran [2005]; Spitzer [1962]; Stix [1992] and
Chandrasekhar [1942].

In general the motion of charged particles is an n-body problem. However,
the number of particles in a fusion plasma, which is of the order 1020 m−3 for
the electrons and the ions, is too large a system to solve exactly. Therefore it is
more reasonable to describe the collective motion of charged particles statistically
in terms of a time evolving distribution function for each species. This is achieved
by the so called Fokker-Planck model, which describes macroscopic evolution of
the particle distribution from wave-particle interactions and Coulomb collisions.
The Fokker-Planck equation is quite a challenge to model correctly because of the
large differences in the spatio-temporal scales between the distribution function, the
collisions and the wave-particle interactions. The derivation of the Fokker-Planck
equation from single collisions is accomplished by considering multiple moments of
the temporal perturbation (〈∆v1 . . .∆vn〉/∆t) of the particle velocity from multiple
small-angle collisions [Helander and Sigmar, 2002, p. 28]. Each moment contributes
to a term in the partial differential equation describing the distribution function. If
all moments are calculated, a partial differential equation, PDE, (in one dimension
for simplicity) with an infinite number of terms is obtained,

d

dτ
f(v, τ) =

∞∑

i=1

(

− ∂

∂v

)i

D(i)(v)f(v, τ). (2.1)

This is called the Kramer-Moyal equation or expansion, Kramers [1940], [Risken,
1989, p. 8]. The coefficientsD(i) are defined by the moments e.g. D(3) = 1

3!∆τ 〈∆vj∆vk∆vl〉
where the indices j, k, l are over the particles. According to the theorem of Pawula,
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2. KINETIC THEORY IN TOROIDAL PLASMAS

Pawula [1967], the only option of obtaining a probability density, which is every-
where positive, is by either truncating the expansion after the second moment or
including all moments. Further if the motion of the individual particle is driven
by a so called random Langevin force, it can be shown that the moments above
the second order are zero, Risken [1989]. From a physical point of view there
is a good reason for truncating at the second moment, since it is smaller than
1/ logΛ ∼ 10−2 to 10−1 where log Λ is the Coulomb logarithm as shown in He-
lander and Sigmar [2002], and the higher order moments are even smaller. A large
Coulomb logarithm indicates that the plasma is dominated by small-angle collisions
as explained earlier in chapter 1.3, thus the truncation becomes more accurate with
a large Coulomb logarithm.

Truncating the Kramer-Moyal expansion after the second moment gives the
six-dimensional Fokker-Planck equation,

∂fa
∂τ

(R,v, τ) + v · ∂fa
∂R

+
Zae

ma
(E+ v ×B) · ∂fa

∂v
=

(
∂fa
∂τ

)

c

, (2.2)

where the right hand side is the collision operator,
(
∂fa
∂τ

)

c

=
∑

b

Cab(fb, fa). (2.3)

Here the index a and b represent different particle species. The explicit form of the
collision operator is,

C(fb, fa) =
∂

∂vk

[

Ak(fb)fa +
∂

∂vl
(Bk,l(fb)fa)

]

(2.4)

where the coefficients are given by,

Ak =

(

1 +
ma

mb

)(
ZaZbe

2

maǫ0

)2

log Λ
∂h(fb)

∂vk
(2.5)

Bk,l = −
(
ZaZbe

2

maǫ0

)2

log Λ
∂2g(fb)

∂vk∂vl
. (2.6)

The functions h(f) and g(f) are called the Rosenbluth potentials, Rosenbluth et al.
[1957]. The Fokker-Planck equation is not a closed system as presented above since
the equation depends on the electric and magnetic fields. Further the electric and
magnetic fields depend on the distribution function from the charge and current
densities,

ρ =
∑

a

Zae

∫

fadv, j =
∑

a

Zae

∫

vfadv. (2.7)

Thus to obtain a closed system, the Fokker-Planck equation must be solved to-
gether with Maxwell’s equations. A numerical method that achieves self-consistent
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simulations is the particle-in-cell (PIC) method, which was originally developed for
collisionless simulations, Birdsall and Langdon [1991] and references therein. The
PIC method is a hybrid scheme in the sense that particles, also called markers, are
evolved in the Lagrangian frame of reference while the electric and magnetic fields
are calculated on a discrete grid in the Eulerian frame of reference. Self-consistency
is achieved by projecting the particles on the grid, which enables calculation of
charge and current densities.

There are several cases when the above system of equations can be simplified
by various approximations. When studying macroscopic evolution of the distribu-
tion function and especially when modeling heating during ion cyclotron resonance
heating (ICRH), the above system becomes weakly coupled, because of the large
difference in the temporal scale between the propagating radio frequency waves
and the distribution functions. Here it is possible to achieve self-consistent simu-
lations through fixed-point iteration between a linearized Fokker-Planck equation,
not dependent on the distribution function itself, and the wave-equation. Another
common model reduction technique is to orbit-average the Fokker-Planck equation,
Eriksson and Helander [1994], expressed in the invariants, (1.3). Here the phase-
space is reduced from six dimensions to three dimensions. A Monte Carlo code
that uses this type of representation is the FIDO code, J. Carlsson and Hellsten
[1994], which together with the wave solver LION code, Villard et al. [1986], Vil-
lard et al. [1995], achieves self-consistent simulations under the name SELFO code,
Hedin et al. [1998], Hellsten et al. [2004]. When simulating minority species like
neutral beam ions or thermonuclear alpha particles in fusion plasmas, a suitable ap-
proximation is to consider a steady state background distribution, which also gives
a linearized Fokker-Planck equation. This equation can be simplified further if the
background distribution is assumed to be isotropic in velocity, independent of the
direction of the velocity vector, but not the magnitude. The isotropic Maxwellian
distribution fM (‖v‖) is a common background, which gives analytical expressions
of the Rosenbluth potentials when inserted into the collision operator, C(fM , f). A
code that successfully uses this technique is the ASCOT code, Heikkinen and Sipilä
[1995]. The two dimensional linear isotropic collision operator becomes [Stix, 1992,
p.504],

C(f1) = − 1

v2
∂

∂v

[

v2
(

〈∆v||〉+
1

2v
〈∆v⊥〉

)]

f1

+
1

2v2
∂2

∂v2
[v2〈(∆v||)

2〉f1] +
1

4v2
∂

∂ξ
(1 − ξ2)

∂

∂ξ
[〈∆v2⊥〉f1] (2.8)

where 〈∆v||〉, 〈∆v⊥〉 and 〈∆v2⊥〉, 〈(∆v||)
2〉 are the Chandrasekhar coefficients, Chan-

drasekhar [1942], Spitzer [1962]. It is common to use the variables, α(v) = 〈∆v||〉+
1
2v 〈(∆v⊥)

2〉, β(v) = 〈(∆v‖)
2〉 and γ(v) = 〈(∆v⊥)

2〉. Note that the above linearized
operator is not moment and energy conserving since it describes transfer of energy
and momentum to the background particles.
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2. KINETIC THEORY IN TOROIDAL PLASMAS

2.1 Ion cyclotron resonance heating

Heating the plasma through ICRH is achieved by launching waves from an ex-
ternal antenna that couples to the magnetosonic wave in the plasma. Combining
Maxwell’s equations by applying the curl on the Faraday’s law and combining it
with the Ampère’s law gives the so called wave equation, that describes the spatial-
temporal evolution of waves,

∇×∇×E = − 1

c2
∂2E

∂t2
− µ0

∂J

∂t
. (2.9)

In a plasma, the right hand side current density can be separated into a part
induced by the electric wave field and an external source e.g. from an antenna,
J = Jind + Jext. For small-amplitude waves in a uniform plasma, a linear relation
between the induced current density and the electric field can be described by the
so called susceptibility tensor χa

mn, which defines the linear plasma response for
each species a. The uniform plasma assumption enables a relation between the
current and the electric field, to be expressed in Fourier space (k, ω) as,

J ind
m (k, ω) = −iωǫ0

∑

a

χa
mnEn(k, ω). (2.10)

The Hermitian part of χmn, defined as χH
mn = 1/2(χmn + χ∗

mn), describes non-
dissipative processes (oscillations) while the anti-Hermitian part, χA

mn = 1/2(χmn−
χ∗
mn), describes dissipative processes. An example is wave power absorption (dis-

cussed below). An explicit expression of the susceptibility tensor for a warm plasma,
presented in Stix [1992], is given by,

χa(ω,k) =
ω0,a

ωΩ0,a

∫ ∞

0

2πp⊥dp⊥

∫ ∞

−∞

dp‖

(

ê‖ê‖
Ω

ω

[
1

p‖

∂f0
∂p‖

− 1

p⊥

∂f0
∂p⊥

]

p2‖

+

∞∑

n=−∞

Ωp⊥U

ω − k‖v‖ − nΩ
Tn

)

a

(2.11)

where

U =
∂f0
∂p⊥

+
k‖

ω

(

v⊥
∂f0
∂p‖

− v‖
∂f0
∂p⊥

)

and

Tn =







n2

z2 J
2
n

in
z JnJ

′
n

np‖

zp⊥
J2
n

− in
z JnJ

′
n (J ′)2 − ip‖

p⊥
JnJ

′
n

np‖

zp⊥
J2
n

ip‖

p⊥
JnJ

′ p2

‖

p2

⊥
J2
n







.

Here p⊥ and p‖ are the perpendicular and parallel momentum respectively, ω0,a is
the non-relativistic plasma frequency, Ω0,s is the nonrelativistic cyclotron frequency,
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Ω is the relativistic counterpart, f0 is the distribution function and J is the Bessel
function with the argument z = k⊥v⊥/Ω.

The susceptibility tensor is related to the so called dielectric tensor ǫmn by,

ǫmn = δmn +
∑

a

χ(mn)
a , (2.12)

which defines the relation between the electric field and the electric displacement.
Rewriting the wave equation using the dielectric tensor and Fourier transform in
space and time (k, ω) we obtain:

k× k×E(ω,k) +
ω2

c2
ǫ(ω,k) ·E(ω,k) = −iωµ0Jext(ω,k). (2.13)

If the right hand side external current density is put to zero, the above equation can
be written as KmnEn = 0 where the determinant of det[Kmn] defines a relation
between ω and k called the dispersion relation. Each solution of the dispersion
relation defines a ”wave mode” e.g. the fast magnetosonic wave mode. The term
”mode” expresses a type of wave and should not be confused with a Fourier mode.

Clearly the wave equation with the above susceptibility tensors is quite a chal-
lenge to solve (numerically) since the dielectric tensor ǫ(ω,k) depends on the direc-
tion of propagation, k, which is unknown unless the electric field is known. A direct
simplification of the wave equation can be obtained in tokamaks where the wave
can be expressed in poloidal and toroidal wave numbers nφ, kθ. This allows the par-
allel wave propagation to be expressed in terms of the direction of the equilibrium
magnetic field,

k‖ =
k ·B
‖B‖ =

Bθ

B
kθ +

nφ

R

Bφ

B
, (2.14)

where R is the major radius. Due to the toroidal symmetry of the plasma, the
toroidal wave numbers is an invariant. This is not the case for the poloidal wave
numbers. When the poloidal component of the parallel wave number can be ne-
glected one has k‖ ≈ nφ/R.

Turning back to the susceptibility tensor (2.11) the wave-particle interaction is
strongest at the resonances when the denominator in (2.11) vanish, ω−k‖v‖−nΩ =
0. The resonance condition follows a constant |B| surface, which is proportional to
B ∝ 1/R. At the resonance there is an exchange of energy between the charged
particle and the wave. The change in energy is given by

∆W = Ze

∫ τb

t0

v · Edt. (2.15)

When considering the average change in energy over a gyro period, the above
integral reduces to an explicit expression,
∫ τb

t0

v · Edt =

∫ τb

t0

R

{

v⊥

∞∑

n=−∞

(E+Jn−1 + E−Jn+1)e
iθ̂(t,n) + v‖E‖e

iθ̂(t,0)

}

dt.

(2.16)
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Figure 2.1: Numerical calculation of the approximate phase integral (2.17). Here
the resonance occurs at t = 0 where a large jump in energy is observed. The particle
gains or looses energy depending on the initial phase φ0.

Here E± are the right and left hand polarized components of the wave with E+

rotating in the same direction as the ions and where E− is counter rotating. The
Jn±1(k⊥ρ) are the n±1:th order Bessel function were k⊥ is again the perpendicular

wave vector and ρ is the gyro radius. The θ̂ =
∫ t

t0
(nΩs − ω + k‖v‖)dτ function

represents the difference between the gyro phase of the ion and the phase of the
wave, Stix [1992]. Further it can be shown, Bernstein and Baxter [1981]; Catto and
Myra [1992]; Johnson et al. [2006], that the above expression (2.16) is proportional
to,

∆W ∼
∫ τb

t0

cos(t2 + φ0)dt, (2.17)

where τb is the gyro center bounce time and φ0 is an initial phase. Depending on
the initial phase φo, the particle either gains or loses energy. To visualize this effect
a numerical calculation of this integral is illustrated in figure 2.1.
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2.2 Kinetics of ion cyclotron resonance heating

In the quasilinear theory, the wave-particle interaction through ICRH is modeled
as a diffusion process defined as:

Q(·) = 1√
g

∂

∂Ik

√
gDkl

∂

∂Il
, (2.18)

where Dkl is the diffusion coefficient, g is here the Jacobian and Ik are the invariant
coordinates Eriksson and Helander [1994]. The diffusion coefficient is obtained from
the local change in the particle energy during a resonance defined by (2.15),

Dkl ∝
1

2∆τ
〈∆W ∗∆W 〉. (2.19)

In a plain slab geometry, an approximate pitch-angle averaged ICRH operator can
be derived, with a simple expression:

Q(·) =
∑

n,l

1

v2
∂

∂v
v2Kn,l

∣
∣
∣|En,l

+ |Jl−1(k
n,l
⊥ v/ωcq) + |En,l

− |Jl+1(k
n,l
⊥ v/ωcq)

∣
∣
∣

2 ∂

∂v

(2.20)

where Kn,l is a constant that can be found from calculating the absorbed power
(see paper V).

To summarize, modeling ICRH for minorities is accomplished by extending the
Fokker-Planck equation with the ICRH operator:

∂f

∂τ
= C(fM , f) +Q(f). (2.21)

An illustrative solution of this equation is shown in figure 2.2, generated with
the GenFoo code Höök et al. [2013]. The Collision operator tries to thermalize
the distribution function towards the Maxwellian distribution fM while the ICRH
operator heats the particles, producing a distribution function with large tail. An
equilibrium is obtained when the two processes balance each other.

Power absorption

From the distribution function one can calculate the amount of power absorbed by
the plasma from ICRH. This quantity can either be calculated from the distribution
of the ions or from the wave field. The power absorbed by species a is given by

PQ
a =

m

2

∫

v2 ∂fa
∂τ

d3v =
m

2

∫

v2Q(fa)d
3v. (2.22)

Alternatively the local absorbed power calculated from the wave field is given by,

Pχ
a = E∗ · χA ·E, (2.23)
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2. KINETIC THEORY IN TOROIDAL PLASMAS

Figure 2.2: Galerkin FEM solution of the Fokker-Planck equation including col-
lisions and RF-heating. The solution has been obtained with the GenFoo code.
Here the electric fields, E+, E− and the Bessel functions are approximated with
a constant as in [Stix, 1992, p.508]. An artificial radial convection proportional to
1/R has also been added, to test the three dimensional performance of GenFoo.

where χA
mn is the anti-Hermitian part of the susceptibility tensor. Using the wave

fields it is necessary to assume the plasma to be quasi-homogeneous otherwise Pχ
a

becomes a non-local quantity. For a specific electric field E and a distribution
function fa the two terms (2.22) and (2.23) should give the same result. This is
used to achieve self-consistent simulations. In figure 2.3 the wave field together
with the absorbed power are illustrated for a JET like plasma. The solution has
been obtained with the code LION.

2.3 The Kolmogorov backward equation

In the previous section we saw that the absorbed power is the mv2/2 moment of
the distribution function, which is obtained from the solution of the Fokker-Planck
equation. In this section, we show how the Fokker-Planck equation and arbitrary
moments of the distribution function are related to the adjoint equation. The linear
Fokker-Planck equation is also known as the Kolmogorov forward equation, which
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Figure 2.3: The wave field of the fast magnetosonic wave in a JET like plasma.
Left figure show the E+ component and right plot illustrate the where the power
is absorbed. The figure has been generated by A. Hannan using the LION code.

in s dimensions reads

∂f

∂τ
(y, τ ;x, t) = − ∂

∂yi
Ai(y)f(y, τ ;x, t) +

1

2

∂2

∂yiyj
Bij(y)f(y, τ ;x, t) (2.24)

where the indexes i, j should be summed over the dimensions s and f : (y, τ ;x, t) ∈
R

s× [t0, T ]×R
s× [T, t0] 7→ R. The initial condition is given by f(y, τ → t0;x, t0) =

δ(y − x). The coefficients Ai(y) and Bij(y) are the drift vector and the diffusion
tensor respectively. The adjoint equation of the Fokker-Planck equation is known
as the Kolmogorov-backward equation, which evolves backward in time with an
initial condition at the final time T . It is defined as,

∂u

∂t
(x, t) = −Ai(x)

∂

∂xi
u(x, t)− 1

2
Bij(x)

∂2

∂xixj
u(x, t) (2.25)

where u : (x, t) ∈ R
s × [T, t0] 7→ R with the initial condition u(x, T ) = g(x) and

where g(·) is an arbitrary function. The Fokker-Planck equation and the backward
equation can be derived from each other by simple calculations [Øksendal, 2003,
p.169]. The relation is,

u(x, t) =

∫

Rs

g(y)f(y, τ ;x, t)dy. (2.26)
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2. KINETIC THEORY IN TOROIDAL PLASMAS

In chapter 3 we will interpret the integral on the right hand side as the expected
value of g(x) where f is the probability density.

Solutions of the Kolmogorov-backward equation correspond to moments of the
distribution function solved by the Fokker-Planck equation. Thus solving the ad-
joint equation directly is more straightforward if the moments are of main interest.
This technique has been used for current drive calculations, Fisch [1986]; Karney
and Fisch [1986]. As mentioned earlier, (2.2), self-consistent simulations require two
moments of the distribution function. The charge and current densities must be cal-
culated and passed to the wave-equation. Here we can see that these quantities can
be obtained directly from the adjoint equation. Thus an alternative self-consistent
system is obtained by coupling the Maxwell’s equations and the two Kolmogorov
backward equations, ûa(x, t0) = na, ūa(x, t0) = ja with initial conditions, ḡ(v) = 1
and ĝ(v) = v respectively. Note however that the Kolmogorov equations are cal-
culated backward in time while the Maxwell’s equations are calculated forward in
time. The adjoint equation is also used for adaptive error control in e.g. Galerkin
FEM codes, [Eriksson, 1996, p.225], Brenner and Scott [2002].

2.4 Numerical solution of the Fokker-Planck equation

Numerical solution of the Fokker-Planck equation in the field of fusion plasmas has
traditionally been solved by method like the finite difference method, Karney [1986];
McCoy et al. [1981]; O’Brien et al. [1986], spectral methods, Brambilla [1994], the
Galerkin finite element method, Appert et al. [1986] or the Monte Carlo method,
Boozer and Kuo-Petravic [1981]; Hammersley and Handscomb [1964]; J. Carlsson
and Hellsten [1994].

In this work we have focused on the Monte Carlo method and to some extent to
the Galerkin finite element method and we have focused on the numerical challenges
more than the Fokker-Planck models. In general the Fokker-Planck equation is six-
dimensional, which makes the Monte Carlo method a good candidate. Furthermore
the Monte Carlo method is very simple to parallelize. Distribute the particles over
the computer cluster and let each node work independently. In lower dimension,
one to two/three, it is preferable to use the finite element method. However, the
computational performance of the Monte Carlo method can be comparable to the
finite element method in lower dimension, if variance reduction methods are used
to reduce the statistical error. In the following chapters we will introduce the
theoretical background for the Monte Carlo method and techniques that improve
the numerical solution.
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Chapter 3

Stochastic differential equations

The aim of this section is to give an overview on the topic of stochastic differential
equations. We will not be able to cover the entire field in this chapter therefore
we have only included what we believe are important for understanding the at-
tached papers. An extensive list of references is provided for more in depth studies,
Carlsson et al. [2010]; Evans [2003]; Kampen [2007]; Kloeden and Platen [1992]; Mil-
stein and Tretyakov [2004]; Øksendal [2003]; Risken [1989]; Rogers and Williams
[2000a,b].

Stochastic differential equations, in short SDEs, can be used to describe random
motion of particles immersed in some type of fluid. The random motion of each
particle form a path, called a realization of the underlying SDE. Even though the
individual particle motion is random, the collectively motion of many particles is
deterministic and can be described by a diffusion equation known as the Fokker-
Planck equation. The solution of many realizations of the SDE is thus an alternative
way of solving the Fokker-Planck equation, which is particular efficient when the
Fokker-Planck equation is high-dimensional.

Stochastic differential equations can be written as an ordinary differential equa-
tion with an extra noise term,

dX(t) = f(X, t)dt+ ”random noise”. (3.1)

and are unique objects in mathematics in several ways. A prominent feature is the
unorthodox way of writing them. Instead of writing dX/dt = f(X, t) as for ODEs
we write dX = f(X, t)dt, which will be explained shortly. Another feature is the
difficulty of constructing numerical schemes with higher order convergence.

Before we can give a formal definition of a stochastic differential equation we
need some mathematical preliminaries. The definitions here are to great extent
based on the work of Øksendal [2003] and Carlsson et al. [2010]. Let Ω be a set,
defining a sample space and let F be a σ-algebra on Ω with the following definition:

Definition 3.0.1. The σ-algebra on Ω is a family F of subsets of Ω with the
following properties:
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3. STOCHASTIC DIFFERENTIAL EQUATIONS

(i) ∅ ∈ F

(ii) f ∈ F ⇒ fC ∈ F, where fC is the complement of f

(iii) f1, f2, . . . ∈ F ⇒ ⋃∞
i=1 fi ∈ F

A probability measure on the space (Ω,F) is a function P (F) → [0, 1] that
assigns probabilities to the event F with the properties P (∅) = 0 and P (Ω) = 1.
The triplet (Ω,F, P ) is called the probability space.

Define a time coordinate t ∈ [0, T ] and let W : [0, T ]× Ω → R
s be a stochastic

process defined on the probability space (Ω,F, P ). A sample path, or a realization,
of W (t, ω) corresponds to selecting an ω. Here ω can be thought to represent a
particular ”Brownian path”, Brown [1828]. It is common practice to simplify the
notation and drop the dependence on ω, W (t, ω) = W (t). To describe how causality
is related to the correlation of W (t1) and W (t2), assume that W (t) generates an
increasing family of right continuous σ-subalgebra called filtration, {Fti} with the
property Ft1 ⊂ . . . ⊂ Ftk ⊂ F. The filtration can be thought of as the history of
W (t) up to time t and is the smallest σ-algebra containing sets of the form,

{Wt1 ∈ F1, . . . ,Wtk ∈ Fk}, (3.2)

for tj ≤ t, [Øksendal, 2003, p.25 ]. A stochastic process X(t) is called Ft-adapted or
simply adapted if it only depends on events from Ft. As an example from [Øksendal,
2003, p.25], X = W (t/2) is Ft adapted while X = W (2t) is not adapted.

The mathematical construction above is quite technical, but it allows us to
construct a formal definition of a stochastic process that acts as the random noise
term in equation (3.1), known as the Wiener process, defined as:

Definition 3.0.2. A real valued adapted stochastic process W (t) defined on a
probability space (Ω,F, P ) is called the Wiener process or Brownian motion if the
following properties are satisfied:

(i) W (0) = 0

(ii) W (t)−W (s) is normally distributed, N(0, t− s), t ≥ s ≥ 0.

(iii) The random variables: {W (t0),W (t1)−W (t0), . . . ,W (tn)−W (tn−1)} tn >
tn−1 > . . . > t0 are independent.

The Wiener process can also be defined from the integral of a Langevin force,
Risken [1989],

dW (t) = W (t+ dt)−W (t) =

∫ t+dt

t

Γ(τ)dτ, (3.3)

where the Langevin force, Γ, has a zero expected value and E(Γ(t)Γ(s)) = δ(t− s)
correlation. The Langevin force has a uniformly distributed frequency spectra,
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Risken [1989]. This property is known as Gaussian white noise. If time-dependent
correlation is introduced in the Langevin force, we say that it has colored noise.
These terms originate as an ”analog of the spectra of light”, Risken [1989]. We are
now ready to formulate the definition of a stochastic differential equation:

Definition 3.0.3. Let X(t) be adapted to the filtration, Ft, t0 ≤ t ≤ T of F,
generated from X(t0) and the history of the Wiener process W (t). Then X(t) is a
solution of an Itô stochastic differential equation if it satisfies,

dX(t) = A(X(t), t)dt+ σ(X(t), t)dW (t), t0 ≤ t ≤ T (3.4)

where X(t0) = x, dW (t) is defined by (3.3) and A(X, t) , σ(X, t) are assumed to
satisfy the local Lipschitz condition |α(x)− α(y)| ≤ KN |x− y|, for all |x|, |y| ≤ N .

The drift coefficient A in the SDE is the same coefficient A in the Fokker-Planck
equation. The coefficient σ is related to the diffusion coefficient by σ2 = B, which
in higher-dimensions becomes, σikσkj = Bij . It can be shown that the sample path
given by ω of the Wiener process W (t, ω) is nowhere differentiable with probability
one, Dvoretzky et al. [1961], which means that the notation dW/dt is invalid. This is
the reason why SDEs are written in the above form without dt in the denominator,
which should be interpreted as a shorthand for the integral equation,

X(t) = X(t0) +

∫ t

t0

A(X(τ), τ)dτ +

∫ t

t0

σ(X(τ), τ)dW (τ), t0 ≤ t ≤ T (3.5)

where the first integral is defined as a Riemann-Stieltjes integral and the second
integral is interpreted as a so called Itô-integral. For a more in depth study of
SDEs, Itô-integrals and the Wiener process we refer to Carlsson et al. [2010]; Evans
[2003]; Øksendal [2003]; Rogers and Williams [2000a,b].

3.1 The Feynman-Kǎc formula

We are now ready to state the formal relation between a general adapted stochastic
differential equation, the Fokker-Planck equation and the adjoint equation. Let
X(t), t0 ≤ t ≤ T be the solution of the SDE, (3.4) and assume u(x, t) satisfies the
Kolmogorov-backward equation, (2.25). Then u is related to the SDE through,

u(x, t0) = E[g(X(T ))|X(t0) = x] =

∫

g(y)f(y, T ;x, t0)dy (3.6)

where f is the probability density of X(t) satisfying the Fokker-Planck equation
for the initial condition f(y, t0;x, t0) = δ(x − y) and E[·] is the expected value.
Many realizations of the SDE give a density of particles described by the density
function, f , see figure 3.1, as described in the beginning of this chapter. This is the
Feynman-Kǎc formula in its simplest form. Several generalizations exist, Milstein
and Tretyakov [2004].
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Figure 3.1: Illustration of the connection between multiple realizations of the SDE
and the particle distribution function p(x).

We have seen how the Fokker-Planck equation, the Kolmogorov-backward equa-
tion and the SDE are related to each other through the Feynman-Kǎc formula. An
illustration of the connection between the Fokker-Planck equation, the Kolmogorov-
backward equation and realizations of the stochastic differential equation is given
in figure 3.2.

22



Figure 3.2: Illustration of the connection between solutions of the Fokker-Planck
equation (upper blue), the Kolmogorov-backward equation (lower pink) and the as-
sociated stochastic differential equation for a simulation of the Ornstein-Uhlenbeck
process. The final time of the backward equation gives the average value of the
density at the final time of the Fokker-Planck equation, given that the simulation
started in the point marked by a star. Here the goal function is g(x) = x and the
arrows give the direction of the time integration for the forward and the backward
equations.
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Chapter 4

Numerical solution of SDEs

Assume we would like to solve the following SDE,

dX(t) = a(X(t))dt+ σ(X(t))dW (t), (4.1)

by computer simulation. The simplest numerical method for solving this equation
is known as the Euler-Maruyama scheme,

Xn+1 = Xn + a(Xn)∆t+ σ(Xn)(∆t)1/2Zn, (4.2)

where Zn ∈ N(0, 1). Here we have defined a time grid t0, t1, . . . , tn, . . . with time
increments ∆t = (tn+1 − tn). Note we will often use the notation Xn = X(tn).

When solving a stochastic differential equation with numerics, two sources of
error appear. The time discretization error and the statistical error. The time
discretization error comes from the numerical method used for the time integration
while the statistical error comes from the use of a finite number of particles (or
markers). There exists several types of measure of the error, but the two most
common are the weak and strong error. The weak error measures the error of
the expected value in terms of moments g(·) of the distribution function while the
strong error measures the path-wise error of each sample path for a fixed Wiener
process. Consider the equation (4.1), discretized with a numerical scheme and let
X̃(t) represent the discrete solution. Then the strong error is,

E[|X̃(T )−X(T )|] ≤ Kp∆tp. (4.3)

Further assume that we would like to calculate the expected value of a function
E[g(X̃(T ))]. Then the weak error is defined as,

|E[g(X̃(T ))]− E[g(X(T ))]| ≤ Kq∆tq. (4.4)

For most applications it is the weak error that is of interest. One example is
the estimation of the power deposition (2.22). From these definitions, the Euler-
Maruyama scheme above has p = 1/2 strong order global convergence and q = 1
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4. NUMERICAL SOLUTION OF SDES

order weak order global convergence. A method with first order strong and weak
convergence is the Milstein method,

Xn+1 = Xn + a(Xn)∆t+ σ(Xn)∆W + 1/2σ(Xn)σ
′(Xn)

(
(∆W )2 −∆t

)
, (4.5)

where ∆W =
√
∆tZn. The Euler-Maruyama scheme and the Milstein scheme are

the two simplest methods available. Higher order methods may require multiple
evaluation of the coefficients, the derivative of the coefficients and additional ran-
dom numbers for each time step. As an example a one and a half order strong
scheme derived in [Kloeden and Platen, 1992, p.387] in one dimension has the
following form,

Xn+1 = Xn−1 + 2a(Xn)∆t− a′(Xn−1)σ(Xn−1)∆Wn−1∆t+ Vn + Vn−1

Vn = σ(Xn)∆Wn +

(

a(Xn)σ
′(Xn) +

1

2
σ2(Xn)σ

′′(Xn)

)

(∆Wn∆t−∆Qn)

+ a′(Xn)σ(Xn)∆Qn +
1

2
σ(Xn)σ

′(Xn)
(
(∆Wn)

2 −∆t
)

+
1

2
σ(Xn)(σ(Xn)σ

′(Xn))
′

(
1

3
(∆Wn)

2 −∆t

)

∆Wn

where ∆Qn = 1
2∆t3/2

(
Z1,n + 3−1/2Z2,n

)
, ∆Wn = Z1,n

√
∆t and Zi,n are normally

distributed random numbers with zero mean and unit variance.
If a particular problem is studied it is sometimes possible to find simpler schemes

using the properties of the equation. In paper III a new scheme for the collisional
pitch-angle scattering operator (see chapter 2) is derived by exploiting the analytical
solution of a neighboring problem together with the method of operator splitting.

Operator splitting

The method of operator splitting is a technique where the solution of a differential
equation, given in terms of the exponential map, is solved by splitting the differential
operator into simpler sub-problems. As an example the linear autonomous Fokker-
Planck operator L can be expanded by separating the drift and diffusion term
L = A+B where A only contains the drift term and B contains the term with the
diffusion tensor. The general solution of the linear Fokker-Planck equation is,

f(R,v, t) = exp ((A+B)t) f0 (4.6)

and can be approximated by splitting the exponential map,

f(R,v, t) = exp (At) exp (Bt) f0 + error, (4.7)

where each exponential map can be solved separately. Note that the initial condition
for the left map (A) is the solution obtain the from right map (B). The error term
obtained can be calculated by Taylor expanding the exponential maps or from the
Baker-Campbell-Hausdorff formula. The above example is the simplest type of
splitting. For more advanced split schemes we refer to McLachlan and Quispel
[2002].
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4.1 The Monte Carlo method

Until now, we have assumed that the expected value can be calculated analytically.
In practice, the expected value is approximated with the Monte Carlo method. The
Monte Carlo method is commonly used to refer to techniques for approximating
integrals in many dimensions by sampling the kernel over the domain of integra-
tion using random numbers. Before presenting the Monte Carlo approximation we
first need to introduce a discrete density function. Let X̃(ωi) be realizations of a
stochastic variable X̃ for i = 1 . . .N . A discrete density function for the realizations
(representing markers) can be defined as:

fN (x) =
1

N

N∑

i

δ(x− X̃(ωi)). (4.8)

Inserting (4.8) into the definition of expected value gives the Monte Carlo estimate,

E[g(X̃(T ))] ≈ 1

N

N∑

i=1

g(X̃i(T )). (4.9)

The approximation error, also known as the statistical error of the Monte Carlo
method, is given by,

ǫ =

N∑

i=1

g(X̃i(T ))− E[g(X̃(T ))]

N
. (4.10)

Here ǫ is a Gaussian distributed random variable, by the Central Limit Theorem,
with zero mean and standard deviation proportional to

O(αN−β), (4.11)

where β = 1/2 and α = (Var[g(X̃(T ))])−1/2.
Solving a stochastic differential equation with numerical methods, thus gives

two errors as mentioned in the beginning; the time discretization error and the
statistical error. Combining these two errors, we get the total error:

E[g(X(T ))]− 1

N

N∑

i=1

g(X̃i(T )) = E[g(X(T ))− g(X̃(T ))]

−
(

1

N

N∑

i=1

g(X̃i(T ))− E[g(X̃(T ))]

)

= cq∆tq + αN−β .

The papers I, II and IV focus on reducing the statistical error for Monte Carlo sim-
ulations of RF-heating (I) and Coulomb collisions (II, IV). In Paper III a numerical
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4. NUMERICAL SOLUTION OF SDES

scheme is derived that improves the time discretization error for the numerical solu-
tion of the stochastic differential equation modeling collisional pitch-angle scatter-
ing. In the following section we will introduce techniques that reduce the statistical
error, so called variance reduction methods, by either reducing α or improving β.
In particular the δf method is considered.

4.2 Variance reduction methods

There exist a number of methods that can reduce the statistical noise by minimiz-
ing the coefficient α in (4.11). Common methods are the importance-sampling
method, the control-variate method, the antithetic method and the stratified-
sampling method, [Glasserman, 2004, p.205,p.209]. Another variance reduction
method common for simulation of plasmas is the δf method. Here we are only
concerned with the control-variate method, the importance sampling method and
the δf method.

Starting with the importance sampling method. Let f(y, T ;x, t0) be the prob-
ability density of X and also let g(·) be an arbitrary goal function. Assume we are
interested in the following moment of the distribution function,

E[g(X(T ))] =

∫

g(y)f(y, T ;x, t0)dy. (4.12)

The idea of importance sampling is to rewrite the above integral using a new dis-
tribution function p(y, T ;x, t0),

E[g(X(T ))] =

∫

g(y)
f

p
pdy = E

[

g(X̂(T ))
f(X̂(T ))

p(X̂(T ))

]

p

. (4.13)

Here X̂ is a new stochastic variable distributed according to p. Inserting a weighted
discrete Dirac representation of p =

∑N
i=1 ωiδ(x−X̂) into the above equation gives,

E

[

g(X̂(T ))
f(X̂(T ))

p(X̂(T ))

]

p

≈
N∑

i=1

wig(X̂i(T )) (4.14)

where wi are the particle weights. The variance is reduced when

Var[g(X̂(T ))f(X̂(T ))/p(X̂(T ))]p < Var[g(X(T ))]. (4.15)

This condition can also be expressed in terms of the second moment as expressed in
Glasserman [2004], by using the following properties: Var[gf/p]p = E[g2f2/p2]p −
E[gf/p]2p, Var[g] = E[g2]− E[g]2 and E[gf/p]2p = E[g]2. The condition becomes,

E

[

g2(X̂(T ))
f2(X̂(T ))

p2(X̂(T ))

]

p

< E[g2(X(T ))], (4.16)
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where the left hand side can be expressed in terms of X as

∫

g2(x̂)
f2(x̂)

p2(x̂)
p(x̂)dx̂ =

∫

g2(x)
f(x)

p(x)
f(x)dx = E

[

g2(X(T ))
f(X(T ))

p(X(T ))

]

. (4.17)

Thus the variance is reduced when

E

[

g2(X(T ))
f(X(T ))

p(X(T ))

]

< E
[
g2(X(T ))

]
. (4.18)

A sufficient condition for variance reduction is

f(x)

p(x)
< 1. (4.19)

The control-variate method

Turning to the control-variate method, the idea is to reduce the variance using in-
formation from a neighboring problem that is easy to calculate. The control-variate
method exists in two different versions as noted in Hammersley and Handscomb
[1964]. Commonly the control-variate method refers to a method where an addi-
tional strongly correlated stochastic process is simulated together with the original
process. The alternative version of the control-variate expands the distribution
function in terms of a background f0 and a perturbation δf , which is the well
known δf method discussed in the following section.

Starting of with the strongly correlated version of the control-variate method.
Let Y be a stochastic variable with distribution f0 and assume that E[g(Y )] is
known. With this new variable, we can expand the expected value as,

E[g(X)] = E[g(Y )] + E[g(X)]− E[g(Y )] = E[g(Y )− (g(X)− E[g(Y )])]. (4.20)

This expansion does not modify the expected value, but the variance of the right
hand side differs from the variance of the left hand side, g(X). Let Z = g(Y ) −
(g(X)− E[g(Y )]) then

Var[Z] = Var[g(X)] + Var[g(Y )]− Cov[g(X), g(Y )]. (4.21)

Here we can see that the variance of Var[Z] is smaller than Var[g(X)] when

Cov[g(X), g(Y )] > Var[g(Y )].

The challenge of the control-variate method is to find a process Y such that the
above holds.

In theory there exists a so called perfect control-variate, which can reduce the
statistical error to zero. In practice it is not possible to derive such a method since
the construction of a perfect control-variate depends on the solution of the problem
to be solved. However, several attempts have been made to derive an approximate
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4. NUMERICAL SOLUTION OF SDES

perfect control-variate method with some success, see Milstein and Schoenmakers
[2002]; Milstein and Tretyakov [2004, 2009]. We will briefly present the concept here.
The approximate perfect control-variate in Milstein and Tretyakov [2009] uses an
extended version of the Feynman-Kǎc formula, which corresponds to a Kolmogorov-
backward equation with a source term, H , and a killing term, Cu. Starting from
the Kolmogorov-backward equation. Let u(x, t) solve the extended Kolmogorov-
backward equation, here in one dimension for simplicity, with the initial condition
u(x, T ) = g(x) and t0 ≤ t ≤ T :

∂

∂t
u(x, t) +A(x, t)

∂

∂x
u(x, t) +

1

2
B(x, t)

∂2

∂x2
u(x, t) + C(x, t)u(x, t) +H(x, t) = 0.

(4.22)

Furthermore define a system of SDEs,

dX = A(X, t)dt− σ(X, t)µ(X, t)dt+ σ(X, t)dW (t),

dY = C(X, t)Y dt+ µ(X, t)Y dW (t), (4.23)

dZ = H(X, t)Y dt+ F (X, t)Y dW (t),

with X(t0) = x, Y (t0) = y and Z(t0) = z. Here A, C and H are the same
coefficients as in (4.22). The coefficient σ is related to B through σ2 = B. In
Milstein and Tretyakov [2004] it is shown that the above system is related to the
extended backward equation through,

u(x, t0) = E[g(X(T ))Y (T ) + Z(T )|X(t0) = x, Y (t0) = 1, Z(t0) = 0]. (4.24)

An explicit form of the Feynman-Kǎc relation is obtained for the case µ = F = 0
in [Carlsson et al., 2010, p.42],

u(x, t0) = E

[

g(X(T ))e
∫

T

t0
C(X(τ))dτ −

∫ T

t0

H(X(τ))e
∫

τ

t0
C(X(γ))dγ

dτ |X(t0) = x

]

,

where the right hand side is the same as E[g(X(T ))Y (T ) + Z(T )] for

Y (T ) = e
∫

T

t0
C(X(τ))dτ

and Z(T ) = −
∫ T

t0

H(X(τ))e
∫

τ

t0
C(X(γ))dγ

dτ.

Note that the coefficients, µ and F do not modify the expected value u since

E[

∫ T

t0

µ(X, t)Y dW (t)] = 0 and E[

∫ T

t0

F (X, t)Y dW (t)] = 0,

which is a property of the Itô integral. However, the variance of Γ = g(X(T ))Y (T )+
Z(T ) depends on µ and F ,

Var[Γ] = E

∫ T

t

Y 2(s)

(

σ
∂u

∂x
(x, s) + u(x, s)µ(x, s) + F (x, s)

)2

ds. (4.25)

30



This is theorem 4.4 in [Milstein and Tretyakov, 2004, p.129] here expressed in one
dimension. The functions, µ and F are arbitrary functions and can be selected such
that the integral is zero. This is achieved by,

σ(x)
∂u

∂x
(x, s) + u(x, s)µ(x, s) + F (x, s) = 0. (4.26)

According to Milstein and Tretyakov [2004], the control-variate case is obtained
when we set µ = 0 and the importance sampling method is obtained if we set
F = 0. Thus the perfect control-variate is obtained for F = −σ ∂u

∂x , which in
practice must be approximated, since the derivative of the wanted solution, ∂xu, is
unknown, Milstein and Tretyakov [2009].

An alternative control-variate method – the δf method

Here we consider the alternative version of the control-variate as noted in Ham-
mersley and Handscomb [1964] also known as the δf -method, Aydemir [1994]. The
principal idea of the δf method is to represent as much as possible of the distribu-
tion function by a function that is computational cheap to evaluate. Starting from
the expected value (4.12) we add and subtract a known function f0,

∫

g(y)f(y, T ;x, t0)dy =

∫

g(y)f0(y)dy +

∫

g(y) (f(y, T ;x, t0)− f0(y))
︸ ︷︷ ︸

δf

dy. (4.27)

By construction, the first term is calculated either analytically or efficiently with
numerics. The second integral is evaluated with the Monte Carlo method. The δf
method exists in several versions. Here we will derive the simplest version. Let
L(fb, f) be the right hand side of the Fokker-Planck operator, and assume that
f(y, τ) solves,

∂f

∂τ
= L(fb, f). (4.28)

Further expand the distribution according to (4.27),

f = f0 + δf = f0 + wg, (4.29)

where f0 is the known distribution, g is the marker (particle) distribution and w is
the weight equation defined as

w ≡ δf

g
. (4.30)

Inserting the expansion (4.29) in (4.28) gives,

∂wg

∂τ
− wL(fb, g) = L(fb, f0). (4.31)
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4. NUMERICAL SOLUTION OF SDES

As seen in (4.31), using the δf expansion produces an inhomogenous Fokker-Planck
equation with a source term L(fb, f0), which must be modeled. The traditional
technique, is to model the source term with a weight equation. The weight equa-
tion is obtained from rewriting (4.31) such that it becomes homogeneous. This is
achieved, if we let the weights evolve according to:

ẇ = −1

g
L(fb, f0). (4.32)

Furthermore, if we sample the markers according to the background distribution,
g = f0 ≈ f and use the identity 1/f = 1/f0(1 − δf/f), the above weight equation
can be written on the form:

ẇ = −(1− w)
1

f0
L(fb, f0). (4.33)

The above expansion is the one-weight δf method developed in Parker and Lee
[1993] for PIC simulation without collisions. However, it has been extended to
include collisions in Chen and White [1997], Hu and Krommes [1994]. The δf
method reduces α in equation (4.11) by a factor ∝ δf/f and is small when f0
is close to f . Note that the weight equation has the marker distribution in the
denominator (importance-sampling), which will give a large weight rate when g is
small. This can be avoided (in collisionless simulations) if g is sampled uniformly.
For simulations without collisions the distribution function will be a constant along
the characteristics, which makes the weight equation particularly simple. When
including collisions, the distribution functions are no longer a constant along the
characteristics and this method is no longer practical. Since the weight equation
requires the evaluation of g at every particle position. This is resolved in the
extended two-weight scheme developed in Brunner et al. [1999, 2000] and references
therein.

The concept of the two-weight scheme is to extend the phase space with two
extra weight dimensions f(y, τ, w1, w2),

∂

∂w1
C1δf +

∂

∂w2
C2δf ≡ L(fb, f0) (4.34)

such that

∂

∂τ
δf − L(δf)− ∂

∂w1
C1δf − ∂

∂w2
C2δf = 0, (4.35)

where C1(y, τ), C2(y, τ) are arbitrary functions. Absorbing the extra drift terms
in a new operator, L − ∂

∂w1

C1 − ∂
∂w2

C2 = L̂, gives a homogeneous Fokker-Planck
equation,

∂

∂τ
δf = L̂(δf). (4.36)
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The equations of motion of (4.36) are given by,

dV = A(V (t))dt + σ(V (t))dW
dw1 = C1dt
dw2 = C2dt.

(4.37)

With the coefficients Ci, explicitly restated here from [Kleiber et al., 2011, equation
26a,b], gives:

dw1 = 1
f0
L(fb, f0)w2dt

dw2 = − 1
f0
L(fb, f0)w2dt.

(4.38)

Note that this system is on the same form as (4.23) with Y = w2, Z = w1, C =
−L(fb, f0)/f0, H = −C and µ = F = 0. Thus the above system is associated to an
extended Kolmogorov-Backward equation (4.22) through the extended Feynman-
Kǎc formula (4.24).

It was shown in Kleiber et al. [2011] that the weight w2(t) evolves towards
zero with increasing time with the effect that most of particles have zero weights
and the distribution is described by a few nonzero particles. This is known as the
weight spreading effect also reported in Brunner et al. [1999, 2000]; Chen and White
[1997]; Hu and Krommes [1994]; Kleiber et al. [2011]; Parker and Lee [1993]; Qin
and Davidson [2008]. In the following section, we will discuss common techniques
that partially resolves the weight spreading effect.

Avoid weight spreading

The spreading of the particle weights in the δf method is a well known and docu-
mented problem. During the simulation the weights of the particles spread in mag-
nitude the longer the simulation runs. At the end of the simulation the majority of
the particles will have approximately zero weight. For non-collisional simulations, it
has been argued that the weight spreading is caused by the non-equilibrium charac-
ter of the solution. However, [Brunner et al., 1999] shows that the weight spreading
remains and grows even faster for simulations where collisional effects are included,
which has an equilibrium solution.

Several methods have been developed for reducing the weight spreading. Two
methods are the binning method, Brunner et al. [1999] and the coarse graining
method, Chen and Parker [2007]. Both methods calculate new weights of the
particles using local information from the surrounding particles. The method of
Brunner et al. [1999] averages the weights between particles present in local bins.
A new algorithm has been developed in Höök [2009] and Askari [2011] that conserves
the first three moments in the least-squares sense.

Instead of binning the phase-space we used local spheres (balls) with adaptive
radius. The particles inside each ball are replaced with new particles sampled
from a local Gaussian distribution with the same mean value as the ball center see
figure 4.1. The new particles are assigned weights using the information from the
old particles such that the first three moments are approximately conserved. The
algorithm is as follows:
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1. Given a particle at position xc, find a set of neighboring particles {xj} with
weights βj inside a ball with radius r centered at xc.

2. Sample new normally distributed particles {x̂i} ∼ N(p, r) with mean xc and
variance r and calculate new weights αi for x̂i from the least square fit of the
moment equations:

min
αi

∥
∥
∥
∥
∥
∥
∥

∑N
i=1 αi −

∑M
j=1 βj

∑N
i=1 αix̂i −

∑M
j=1 βjxj

∑N
i=1 αix̂

T
i x̂i −

∑M
j=1 βjx

T
j xj

∥
∥
∥
∥
∥
∥
∥

.

The new particles x̂ with weights αi are an equivalent representation of the
distribution.

3. Continue this operation until all particles have been replaced.

Figure 4.1: Illustration of the ball-resampling method on a particle cloud.

This method requires no mesh in the phase-space and all three moments are con-
served in the least-squares sense. If a KD-tree algorithm is used for finding approx-
imate nearest neighbors then the average computational complexity for a query
is O(logN), Arya and Mount [1993] Mount and Arya [1997]. This method was
first tested on a two-dimensional test case of two intersecting Gaussians in Höök
[2009], plotted in figure 4.2. This work has been extended by a one-dimensional
convergence study for smooth functions in, Askari [2011].

4.3 Finding a correlated process

The control-variate methods presented above requires a random process that is
strongly correlated with the original process or alternatively, a distribution function
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(a) (b) (c)

Figure 4.2: The figure illustrates two normal distributions with weights ±1. The
proposed algorithm reduces the number of particles by 20% with ball radius r = 0.1.
The leftmost figure is the original distribution after projection on a radial basis.
The middle is the distribution obtained after re-sampling with 20% less particles
and the rightmost figure is the residual error.

that is close to the calculated solution. If the selected random process is strongly
correlated to the original process then the distribution functions will also be close
to each other. Finding such a process is an artwork. In Giles [2008], a coarse time
grid solution of the same SDE is used as the correlated process Y . The coarse grid
solution is correlated to the solution if the same underlying Wiener process is used.
This is illustrated in 4.3(a) and 4.3(b). However, if a separate Wiener process is
used for the coarse grid solution then the correlation will be lost and the variance
will not be reduced. This concept can be generalized to multiple levels as is done
in Giles [2008].

4.4 The quasi-Monte Carlo method

In the previous section, it was shown that the statistical error can be reduced
through the coefficient α. Instead of reducing α we can also reduce the variance
by improving the order of convergence itself, β. This is achieved by replacing the
pseudo-random numbers in the Monte Carlo method with low-discrepancy points,
which are deterministic. When using low-discrepancy points in the Monte Carlo
method, it is common to add the term quasi in front of Monte Carlo.

It can be shown that the asymptotic convergence of the quasi-Monte Carlo
method is proportional to,

O(N−1 log(N)s), (4.39)

where s is the number of dimensions. For a small number of dimensions, the log(N)s

term can be ignored. This term can no longer be neglected when the number of
dimensions is large, which suggests that the quasi-Monte Carlo method does not
scale well with the number of dimensions. However, in Morokoff [1998] it is shown
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Figure 4.3: The left figure represents a sample path of an SDE, the Ornstein-
Uhlenbeck process, and the right figure shows the Wiener process for this SDE.
The black sample path lies on the coarse time grid and the red sample path is
on the fine time grid. Note that the coarse and fine sample paths of the Wiener
process coincide at the same time instance, which is not the case for the SDE. This
is caused by the drift term in the SDE.
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Figure 4.4: Illustration of sample paths for an SDE defined on a coarse time grid
in black, and a fine time grid in red. Sample paths on the coarse grid produce
a distribution function (fblack) with a large time discretization error compared
to the distribution function from the fine time grid. The difference between the
distributions is given by: δf = fred − fblack.
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that the quasi-Monte Carlo method converge faster than predicted by the theory
for some cases.

Low-discrepancy sequences were first developed in number theory where re-
searchers were looking for point sets, which could cover the s-dimensional unit cube
with maximal uniformity. This property is described by the so called discrete star
discrepancy, D∗

N , which is used to bound the integration error in a deterministic
version of the law of large numbers called the Koksma-Hlawka inequality,

∣
∣
∣
∣
∣
∣

∫

[0,1)s
g(z)dz1dz2 . . . dzs −

1

N

N∑

j=1

g(Zj)

∣
∣
∣
∣
∣
∣

≤ D∗
NVHK(g). (4.40)

Here VHK(g) is a coefficient that bounds the variation of the moment g(·) and is
generally small for smooth functions.

Common low-discrepancy sets are the (digital) nets, the sequences and the lat-
tice rules. Two well known sequences are the Sobol sequence and the Faure se-
quence. The latter is used in paper II. The simplest low-discrepancy sequence
available is the one dimensional van der Corput sequence. Many higher dimen-
sional sequences e.g. Halton, Faure are based on this sequence, e.g. see [Fasshauer,
2007, p.427] for a brief introduction on Halton points.

The construction of the van der Corput sequence starts from the observation
that every integer number n ≥ 0 can be expanded uniquely in a prime base b ≥ 2,

n =

m∑

i=0

nib
i, (4.41)

where the coefficients ni are integers 0 ≤ ni ≤ b − 1. The expansion is called the
b-adic representation of n. An example: 7 in base b = 2 has the b-adic digit vector
(1, 1, 1) since 7 = 1 · 20 + 1 · 21 + 1 · 22. From the b-adic representation we can
construct the so called radical inverse,

Φb(n) =

m∑

i=0

ni

bi+1
, (4.42)

which reflects the b-adic digit around the decimal point. The radical inverse of the
above example is Φ2(7) = 1/2 + 1/22 + 1/23 = 4/8 + 2/8 + 1/8 = 7/8. It is the
output sequence from the radical inverse that form the van der Corput sequence.
The first eight points of the van der Corput sequence are listed in table 4.4 where
the reflection can be observed by comparing the output from the radical inverse
with the b-adic digit vector. From the table we can see that the van der Corput
sequence is alternating between the [0, 1/2) and the [1/2, 1] region with increasing
index n. As noted in Morokoff and Caflisch [1993], this behavior will give a biased
result in a particle simulation if the sequence is used as the ”random” number, Zi.
As an example, the particle with index number 4 in the particle array, will receive
kicks Z1 = 3/4, Z2 = 7/8, . . ., which are all on the right part of the unit interval.
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n 2-adic digit vector Φb(n) in base 2 Φb(n) in base 10
0 000.0 0.000 0
1 001.0 0.100 1/2
2 010.0 0.010 1/4
3 011.0 0.110 3/4
4 100.0 0.001 1/8
5 101.0 0.101 5/8
6 110.0 0.011 3/8
7 111.0 0.111 7/8

Table 4.1: The first eight points from the van der Corput sequence in base 2.

Hence this particle will never be kicked with negative values. This issue can be
solved by randomizing the index of the particles or the low-discrepancy sequence.

For an in depth exposition on low-discrepancy sequences we refer to the mono-
graph Niederreiter [1992] and the paper Niederreiter [2005].

Randomization

Scrambling is a randomization method for obtaining new uncorrelated digital-nets
generated from a common mother net. One randomization method is the so called
linear scrambling also known as generalized Faure Matoušek [1998]; Tezuka [1995].
The idea of the scrambling method is to shuffle points by randomizing the digits in
the b-adic digit vector, n. This is achieved by performing a matrix vector multipli-
cation in the argument of equation (4.42). The sj component of an s-dimensional
point is given by,

Φb(L
(sj)P sj−1n). (4.43)

Here, the matrix P sj is the sjth power of the Pascal matrix modulo b where the

(k, l)-element of P is equal to
(
l−1
k−1

)
mod b. The matrix, L(sj) is lower triangular

with diagonal elements selected randomly from {1, . . . , b−1} and the other elements
chosen randomly from {0, . . . , b−1}. For a more in depth treatment on randomized
digital-nets we refer to Faure [2001]; Hong and Hickernell [2003]; Niederreiter [2005];
Vandewoestyne et al. [2010].
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Chapter 5

Summary of the included papers

The material presented so far provides the background information for the included
papers in the appendix. We started with the motion of charged particles, followed
by a brief introduction of the tokamak device. Different methods for heating the
plasma was mentioned. Chapter 2 introduced the Fokker-Planck equation together
with the wave equation, followed by a short section on ICRH. Some mathematical
properties of stochastic differential equations were defined in chapter 3. Finally,
chapter 4 introduced the concept of operator splitting, the Monte Carlo method
and different variance reduction methods.

This chapter summarizes the scientific results and achievements of the included
papers.

5.1 Paper I

In paper I a new δf method has been developed based on several new ideas. Instead
of representing the source term with weights as in the established δf methods. The
source term is treated as an influx of simulated particles, which practically implies
that new particles are added in each time step. The benefit of this is that the
particles have fixed weights and no separate equation for the weight evolution is
needed. The disadvantage is that the number of simulated particles grows during
the simulation. However, if the number of required time steps is known in advance it
is possible to tune the influx of particles for a prescribed number of particles at the
final time. If the number of time steps is unknown, as is the case for time-adaptive
schemes, the number of particles at the final time can be estimated by the infimum
of ∆t times the source rate used by the scheme. Another concept introduced in
paper I is optimal estimation of the background distribution subject to a minimal
use of simulated particles. In our work we found that if we only minimize δf by
selecting the background distribution close to f , we sometimes obtain a very large
source term, which requires the birth of many new particles. The other extreme is to
select the background distribution such that the source term is zero only to recover
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a full-f scenario. From these observations we proposed an optimization model that
accounts for both effects by minimizing the number density of |δf | and the number
of new particles dN/dt. The background distribution is adaptively (re)calculated
at a fixed number of stopping times during a simulation and a new source term is
obtained at these time instances. The new source is then sampled with rejection
sampling and the particles are evolved with an SDE.

The combination of the adaptive model together with the direct source sam-
pling technique improved the computational performance by two-orders of magni-
tude compared to the standard Monte Carlo method for a simple one-dimensional
RF-heating test case. It should be noted that a rough model based on moment
expansion for representing the background distribution was used. Thus the perfor-
mance could likely be further improved with a more sophisticated representation of
the background distribution with e.g. higher order finite elements or radial basis
functions.

5.2 Paper II

In Paper II we studied the applicability of the randomized quasi-Monte Carlo
method for simulation of fast-ion thermalization processes. Two different quasi-
Monte Carlo techniques were compared for a neutral beam injection scenario and
the statistical convergence of the methods was measured. The tested methods were
the Brownian bridge technique combined with the scrambled Faure sequence and
the method presented in Lécot and Khettabi [1999]. Applying low discrepancy se-
quences to the simulation of diffusion processes is an active area of research and
current quasi-Monte Carlo methods suffer from a limitation in the number of time
steps for convergence. In plasma kinetic simulations it is common to run for tens
of thousands time steps and we found that the method of sorting and mixing and
the Brownian bridge method do not scale to this range. However, both methods
outperform the standard Monte Carlo method for modest number of time steps
(thousand or less). The conclusion of the paper is that these methods can be used
for modest number of time steps, but not for time steps required for detailed plasma
kinetic simulations. We believe that combining the two methods can resolve this
issue. The idea would be to generate a coarse Brownian bridge path with say a
thousand time steps and use the method of sorting and mixing between the gen-
erated points on this course path. This method could open up the range of time
steps required for detailed plasma kinetic simulations.

5.3 Paper III

Modeling Coulomb collisions in gyro center orbit following particle codes is of fun-
damental importance for the study of many plasma physical effects. In tokamaks
like ITER, the study of wall load due to magnetic ripple effects is one example of
an important subject. Another example is modeling of collisions in the Pfirsch-
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Schlüter regime and of high Z impurities. This type of physics occurs when colli-
sions dominate, which put an extra demand on the numerical method used. In gyro
center Monte Carlo codes with collision models it is common to use higher order
Runge-Kutta schemes for the guiding center orbit integration, but the order of the
numerical integrator of the collisions is in general of low order. In this paper, two
second order accurate schemes for the SDE describing collisional pitch-angle diffu-
sion are derived and tested in the ASCOT code, Heikkinen and Sipilä [1995], for
simulation of slowing-down ions in a tokamak plasma. These schemes outperform
the commonly used method of Boozer and Kuo-Petravic and do not require an ad-
ditional reflection method as the method of Boozer and Kuo-Petravic does in high
collision regions. We derive a collision dependent error scaling for the case when
the orbit operator and the collision operator are integrated separately. The domi-
nating error may either come from the collision integrator or the operator splitting
depending on the what numerical scheme is used. Future work includes developing
higher order splitting schemes for the energy part of the Coulomb collision operator,
which can be used in codes like ASCOT.

5.4 Paper IV

In this work the Multilevel Monte-Carlo method is reviewed for the stochastic
differential equation describing energy scattering against a Maxwellian background
distribution for simulation of slowing down of fast-ions. The aim of this work is to
investigate how the energy scattering operator can be solved more efficiently and
is partly a complementary study to paper III. The Multilevel Monte-Carlo method
is discussed from the control-variate perspective.

We derive an approximate model of the energy scattering models, which turned
out to be the well studied Cox-Ingersoll-Rossmodel in finance. This model describes
a squared Ornstein-Uhlenbeck process, which means that the velocity diffusion
according to the Chandrasekhar model can to the lowest order be approximated by
an Ornstein-Uhlenbeck process. The derived model is used as a control-variate to
improve the accuracy of the estimated moments.

5.5 Paper V

A new code called SELFO-light for self-consistent modeling of ICRH has been
developed. Self-consistency is achieved by coupling the finite element wave code
LION with a one-dimensional time-dependent finite element Fokker-Planck code.
New methods have been developed to include higher order finite larmor radius
terms and up- and downshift of the parallel wave number to improve the modeling
of the power deposition. With the new code a study of the power partition for a
fast-wave current-drive scenario at harmonic resonances of deuterium in the plasma
is conducted.
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5. SUMMARY OF THE INCLUDED PAPERS

5.6 Contributions from the author of this thesis

• Paper I: This study was initiated by T. Hellsten and the author of this thesis
performed and extended this work by introducing the adaptive optimization
models.

• Paper II: The author of this thesis initiated and performed this study.

• Paper III: The author of this thesis initiated this study. The author derived
the new schemes and performed the implementation and simulation of the
schemes in ASCOT. The ASCOT code was provided by S. Äkäslompolo,
which also helped out on running the code. T. Johnson derived the presented
error scaling of the collision and the orbit operator. The paper was written
by the author in collaboration with T. Johnson and S. Äkäslompolo.

• Paper IV: The author of this thesis initiated and performed this study.

• Paper V: The author of this thesis contributed to the theoretical discussions on
the use of finite element method on parabolic PDEs and the code development
of the Fokker-Planck solver used in SELFO-light in collaboration with T.
Hellsten and A. Hannan.
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Chapter 6

Discussion and conclusions

New variance reduction methods have been developed with application to plasma
kinetic diffusion in toroidal plasmas. The methods are suitable for simulation of
RF-heating and transport but are not limited to these types of problems. In paper
I, we derived a novel δf method that minimizes the number of required particles
during a simulation, which implicitly reduces the variance.

In paper II we considered different quasi-Monte Carlo methods with Faure quasi-
random numbers on a neutral beam injection scenario for up to tens of thousands
of time steps. To our knowledge this is the first paper where this large number of
time steps are considered. Typically up to a couple of thousands of time steps has
been tested previously, but on problems in finance. It was shown that the quasi-
Monte Carlo methods converged according to (∼ O(N−1)) for modest number of
time steps, up to a thousand, but the convergence degrades for a larger number of
time steps.

Paper III presents new numerical schemes for the pitch-angle scattering operator
for simulation of collisional diffusion. The proposed methods have second order
weak convergence and outperform the widely used method of Boozer and Kuo-
Petravic. Further paper III shows that an additional error is obtained when splitting
the orbit operator and the collision operator in the total gyro-centered operator.
We point out that this error can dominate for certain types of simulations and
should be taken into the account when designing the simulation experiment.

In paper IV we derive an exact model for the energy part of the linear Coulomb
collision model, which is then used as a control-variate to improve the accuracy
of moment estimations. Secondly we test the recently developed Multilevel Monte
Carlo method by Giles on the same problem, which was about 20 times faster than
the standard Monte Carlo method. In the broader perspective this paper shows
that the simplified plasma models developed decades ago can play an important
role for accelerating more advanced models.

A new code for self-consistent simulations called SELFO-light has been devel-
oped in paper V. The code couple the finite element wave solver LION against a

43
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new one-dimensional time-dependent Fokker-Planck solver.
There exists a large number of variance reduction methods for reducing the coef-

ficient α. The new method based on multilevel techniques proposed by Giles [2008]
is an interesting method for accelerating particle simulations. A future direction
would be to extend the multilevel Monte Carlo method to the PIC method. Further
it would also be interesting to develop quasi-Monte Carlo techniques for simulations
using tens of thousands of time steps. To our knowledge there exists only one pa-
per Owen [1998], which discusses techniques for extending the quasi-Monte Carlo
method to this regime.

The variance reduction methods developed and presented in this work together
with the derived higher order methods for the simulation of the pitch-angle colli-
sional diffusion is one step forward for improving the computational performance
of plasma simulations. The results have the potential to open up for quantitative
studies of plasmas in collision dominated regimes.
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L. J. Höök, T. Johnson, and T. Hellsten. Rapid prototyping of Fokker-Planck
models with GenFoo, 2013. URL http://launchpad.net/genfoo.
Referenced on page: 15

I. E. A. (IEA). Key world energy statistics 2012. Paris, 2012.
Referenced on page: 1

ITER, Feb. 2013. URL http://iter.org.
Referenced on page: 4

L.-G. E. J. Carlsson and T. Hellsten. Fido, a code for calculating the velocity
distribution function of a toroidal plasma during icrh. In In Theory of Fusion
Plasmas, Joint Varenna-Lausanne International Workshop, Società Italiana di
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C. Lécot and F. E. Khettabi. Quasi-monte carlo simula-
tion of diffusion. Journal of Complexity, 15(3):342 – 359,
1999. ISSN 0885-064X. doi: 10.1006/jcom.1999.0509. URL
http://www.sciencedirect.com/science/article/pii/S0885064X99905095.

Referenced on page: 40
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