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Abstract

The concept of interference alignment has recently become one of the im-
portant tools to analyze the capacity of many multiuser communication net-
works, e.g. K-user interference channel, wireless X networks, multi hop inter-
ference networks, etc. The idea is to consolidate the interference into smaller
dimensions of signal space at each receiver and use the remaining dimensions
to transmit the desired signals. Furthermore, most progress in understanding
of the wireless networks capacity has been made on the single hop schemes and
multi-hop multi-cast networks. However, there has not been as much progress
in multi-hop multi-flow networks where all messages are not required by all
destination nodes. One of the basic problems in this area, is the capacity of
2 × 2 × 2 interference channel. It is proved that the upper bound value of 2
degrees of freedom (DoF) for this channel can be achieved using the so called
“aligned interference neutralization” method.

In the proposed interference alignment schemes for network problems which
we mentioned in the above, including 2× 2× 2 interference channel, there are
some theoretical assumptions which seem to be difficult to apply in practice,
e.g. high transmit power, asymptotic symbol extension of the channel, global
and perfect channel state information (CSI), etc. Among these assumptions
the availability of CSI specially at transmitter, is crucial for performing the
interference alignment technique. The CSI at transmitter (CSIT) is usually
available through feedback from receiver and it is used to estimate the current
channel state, given that the channel coherence-time is long enough. However,
it has been shown recently that the delayed CSIT, which is assumed to be in-
dependent of current channel state, still can be used to increase DoF of some
specific network settings.

In this work, we consider the 2 × 2 × 2 interference channel where two
source nodes communicate with corresponding destination nodes via two relay
nodes. We investigated the degrees of freedom of 2× 2× 2 interference channel
with delayed CSIT and we derived the upper bound on the degrees of freedom
of the channel under this condition. Furthermore, we showed that this upper
bound can be achieved using interference alignment technique. We also showed
that this completely out-of-date information of the channel can still be useful
to achieve higher rate compared to the situation where no CSIT is available
at the source nodes. Moreover, we observed that using relay nodes in inter-
ference channel can improve DoF compared to one hop interference channel
where transmitters and receivers directly communicate with each other.
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Chapter 1

Introduction

There is a lot of ongoing demand for exploiting different types of wireless networks,
and this demand is expected to grow in the near future. This means that market
is requiring higher data rates and more reliable wireless communication systems.
Major problem that is in the way for fulfilling these requirements is the limiting
nature of radio communication resources, for example radio frequency band, possible
transmitter power, etc. Among these limitations, the most challenging phenomena
which avoid higher and reliable data rates are interference and fading characteristics
of wireless channels. Interference is caused by sharing common medium, among
different users, which reduces the overall data rate that users can achieve compared
to the case when there is no interference in the system. Fading, which is caused by
dispersive characteristics of radio transmission, makes the system prone to error in
transmission and results in less reliable communication.

There has been a large amount of research and excellent techniques proposed
in order to cope with fading drawbacks, for example Transmitter and Receiver Di-
versity techniques using Multi antennas, Error Control Coding, Time- Frequency
Interleaving Diversity, etc. However, the research history of dealing with users’
interference in wireless systems is not very long because the growth of wireless net-
works occurred years after commence of exploiting the radio medium, and appears
along with advent of new technologies, for example Digital Signal Processors and
other hardware technologies. Thus, there is a lot of research going on in order to
devising the optimum solutions for interference mitigation problems. In this thesis
work, we are investigating the methods that are used for coping with the second
drawback i.e. interference in the wireless networks. Specifically we are exploring a
method called interference alignment which was introduced recently and has been
used as a power full technique to approach the capacity upper bound of some of
challenging network schemes that had been unsolved problems for a long time.

1
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1.1 Preliminaries

Interference Channels

Interference channels are referred to the setting where there are several transmit-
ters and receivers that share the medium of communication i.e. each transmitter
has a subset of symbols that are intended to some of the receivers, and each re-
ceiver requires only a subset of symbols from specific transmitters. However, there
are numbers of symbols which are not desired at specific receivers, and since the
medium of communication is shared, this gives raise to interference. As we men-
tioned before this becomes one of the major problems in modern communication
networks. Method of dealing with interference (interference mitigation) depends on
the nature of the interference. According to [1] these methods can be categorized
as follow

• Decoding This is the case when the interference power is strong enough so
that it can be decoded together with desired signal. Although it might seem
very appealing, because of increasing in achievable rate for desired user. This
method limits the achievable rate for unintended users, since signals must be
decodable for undesired user. Also, this method is not usually used in practice
because of complexity in multi-user detection.

• Treat as Noise In this case, interference power is much less than the desired
signal, and this simplify the transmission scheme into single user detection.
This method is the simplest way for interference mitigation and used in pri-
mary wireless networks e.g. frequency reuse in cellular systems. However, it
is not efficient from the theoretical point of view, because utilizing the infor-
mation that might be carrying by interference, is a useful source to increase
communication rate.

• Orthogonalization In this situation the interference power is comparable to
the desired signal, and the transmission scheme is designed such that the
signal dimensions for different receivers are orthogonal to each other i.e. the
interference is canceled out at each receiver. The well known example of
this method is time division multiplexing in which the overall time for each
transmission is divided into different times slots and each user transmits its
signal at specific time slot.

From the interference strength standpoint, interference alignment can be catego-
rized in last regime, however, it does not use conventional interference cancellation
for different users. Instead of dividing signal space dimensions among all users at
the same time and giving one portion to each user, in interference alignment, the
signal dimensions are managed such that at each receiver the whole space is divided
into two subspaces. All interference signals are consolidated into one subspace which
has smaller number of dimensions compared to the overall number of interference
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dimensions, so that the other subspace can be used to communicate interference
free for the desired signals at receiver.
An important issue in utilizing interference alignment is to design and manage the
signal space at transmitters such that at each receiver the desired signals remain
resolvable and the interference signals overlap in a smaller subspace. Accomplish-
ing of this task needs to design the signal space such that the desired interference
alignment pattern could be achieved.

Degrees of Freedom

Degrees of Freedom (DoF) is our main tool in this thesis by which we evaluate
approximately the capacity of the channels, thus we briefly describe this concept in
this part.

One of the important and basic measurement methods for communication sys-
tems is to characterize the capacity of the channels and networks which is the
upper bound of achievable data rates. In a network with n independent messages
W1,W2, . . . ,Wm, the set of (R1, R2, . . . , Rm) is said to be achievable if there ex-
ists a set of codebooks ((2n1R1 , 2n2R2 , . . . , 2nmRm), n1, n2, . . . , nm) such that with
increasing the length of the codes, the error probability of wrong detection at de-
sired destination becomes arbitrarily small. And the closure of achievable rates is
called capacity region [2]. However, because the complexity of determining the ex-
act capacity of some network schemes, e.g Interference Channel, X networks , etc.
is a difficult task and some of them are still considered as open problems, it is much
easier to use some approximation which can give us comprehensive insight on the
capacity of the network. For many problems, including Interference Alignment, one
of the well-known tools is Degrees of Freedom (DoF). DoF is the behavior of the
capacity when the SNR approaches to infinity and it is defined as follow [2]

d = lim
ρ→∞

C(ρ)
log(ρ) , (1.1)

where d is DoF metric, ρ denotes SNR and C(ρ) is capacity with respect to ρ. We
can also write this equation as

C(ρ) = d log(ρ) + o(log(ρ)), (1.2)

where o(log(ρ)) is some function f such that

lim
ρ→∞

f(ρ)
log(ρ) = 0. (1.3)

Based on this definition, Degrees of Freedom can be interpreted as the number
of resolvable signal space dimensions in the transmission signal space, and it is also
known as multiplexing gain or capacity pre-log factor as well. As we mentioned
DoF plays an important role in the Interference Alignment problems, since by using
it, we can find out the number of available signal space dimensions in the system.
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We solve the problem by calculating maximum number of available interference free
dimension for transmission, and that would be our approximation of the capacity
for the network.

1.2 Motivation

Interference alignment technique has been recently, and in a short time it has recog-
nized to be a solution for approaching the upper bound degrees of freedom of many
wireless channels. However most of the researches has been concentrating on the
systems in which the theoretical and idealized assumption has been made e.g. high
SNR regimes, globally available and perfect channel state information, etc. These
assumptions should be alleviated for the case of real world applications, because it
is not possible to apply these assumptions in real world systems (at least not at the
time that we wrote this thesis).

One of these crucial assumptions, is the availability of Channel State Information
(CSI) specially at transmitter in wireless systems. Channel State Information at
Transmitter (CSIT) is usually obtained through feedback from the receiver, and can
be used to estimate the current CSIT if the coherence time of the channel is long
enough. However, sometimes the channel is changing fast so that these feed back is
not useful to estimate channel at transmitter. The important question which arise
here is whether this outdated feedback can be still used to increase the data rate or
not?

Recently this problem has been addressed in [3], and it is shown that even in
the case where channel information from receiver can be obtained with some delay
and completely independent from current channel information, in a specific setup
i.e. Broadcast channel, It can improve the Degrees of Freedom compared to the
situation where there is no channel state information whatsoever.

On the other hand, a lot of research in the area of information theory is aimed
at capacity of multiple hop networks and it seems that interference alignment can
play an important role in achieving the DoF upper bound of these networks as well.
Specifically it has been shown that the upper bound on the Degrees of Freedom
of 2-hop 2-user interference channel with two relay antennas can be achieved using
interference alignment when perfect channel state information is available at all
nodes instantaneously. [4].

However the problem in the case that channel state information is not available
instantaneously at transmitter, has not been addressed in this work or other related
works at the time we started this thesis to the best of our knowledge. Our main aim
at this thesis work is trying to determine the upper bound of this network under
the condition that the current Channel State Information at Transmission (CSIT)
is not available however the CSIT will be available with some delay and it would
be independent from current CSIT. Furthermore, we are trying to find the method
to achieve this upper bound which believed at it would be accomplished through
Interference Alignment.
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1.3 Contribution of Thesis
Based on what we mentioned so far in this chapter, the contribution of this thesis
is two fold:

• The overview of the Interference alignment technique, and present its applica-
tion in achieving DoF upper-bound of numbers of important problems of wire-
less communications i.e. K-user Interference Channel, Wireless X-Network
and 2 × 2 × 2 interference channel. Moreover Review of the methods for the
case where the CSI will be available in the transmitter with some delay.

• Investigating the achievable degrees of Freedom of 2×2×2 interference channel
in the case where the CSI will be received in transmitter with delay and it
is completely independent from the current state of the channel which will
be use for Beamforming at sources. We will find the upper bound of this
channel and state the solution of how to achieve this upper bound using the
interference alignment method.

1.4 Outline
This thesis is organized as follow. In Chapter 2 the fundamental results and the
method of interference alignment is reviewed. In Chapter 3 first we explain the
methods of using delay CSIT for achieving extra Degrees of Freedom, then the
problem is formulated and the solution is expressed. Chapter 4 reviews the recent
method of using both imperfect current channel information and Delayed CSIT to
improve DoF. Finally in Chapter 5 we make a conclusion on the thesis and Chapter
6 suggest some ideas for future works.





Chapter 2

Interference Alignment

According to [2] the first appearance of Interference Alignment in literatures was
in 1998 and in the context of Informed Source Coding on Demand (ISCOD) and
later as Index Coding problem [5] [6]. We can look at the problem as a Broadcast
channel where each receiver demands its own desired signal and it has some side
information i.e. it knows some of the messages beside its own desired symbols. The
idea of solving this problem is to extend the channel by size two first, i.e. use two
subsequent channel uses to decode the messages (which we use the term Symbol
Extension of Channel for this act in the rest of the thesis), and then group the
symbols in order to send at each signaling transmission. The scheme is designed
such that at each receiver, one “channel use” contains the desired message plus
the side information which is available at that receiver, and the other “channel
use” contains the undesired symbols which is ignored by the receiver. Therefore
we can say that, forcing the undesired messages or simply interference, to condense
in timing of one transmission or in general some signaling dimensions, is the act
of Interference Alignment. However it was later that this concept was rediscovered
and used widely in the solutions of achievablity of Degrees of Freedom of wireless
networks. In this chapter will review the method of interference alignment and its
application in the approximation of wireless networks’ capacity.

2.1 Wireless X Channel DoF and Interference
Alignment

In the context of wireless communication, the first work that used interference
overlapping was by Maddah-Ali et al. in [7]. Their idea was a method to achieve
substantially high DoF for two user wireless X channel based on utilizing of Dirty
Paper Coding and iterative decoding at the same time. Although their method is
not exactly what we call Interference Alignment now, it was forcing the interference
signals to overlap so that higher DoF could be achieved. They showed that with
three antennas at all nodes, the new transmission scheme can achieve four degrees of
freedom while maximum multiplexing gain for MIMO-MAC, BC and IC contained

7
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Figure 2.1: Interference Alignment in MIMO X-channel, from [8]

within the X channel is three, which was surprisingly a high DoF value compared
to previously achieved results on the Interference Channels.

The idea and terminology of interference alignment accurately stated and de-
scribed by Jafar et al. in [8], motivated by the idea of interference overlapping in [7].
In [8], the interference alignment for the MIMO X-channel were proposed, by rely-
ing on neither dirty paper coding nor iterative decoding, and as a linear algebraic
form in a general way which could be extended as independent structured method
to other network problems. Figure 2.1 shows the interference alignment scheme
for MIMO X-channel i.e. system with two transmitters and two receivers, each
equipped with multiple antennas in which each transmitter have two independent
messages and needs to send one message to each receiver.

Here, we explain how the idea of interference alignment for MIMO X-channel
works based on the Figure 2.1. The system can be described by following equations

Y[1] = H[11]X[1] + H[12]X[2]

Y[2] = H[21]X[1] + H[22]X[2], (2.1)

where Y[j] is the output vector at receiver j, X[i] is the input vector at transmitter i
and H[ji] is the channel matrix between transmitter i and receiver j. In this model,
we assume that channel matrices are generated from continuous probability distri-
bution function so that almost surely each of them has full rank. We also assume
that perfect Channel State Information (CSI) is available at all transmitters and
receivers, and all nodes are equipped with three antennas. Since we are concerned
about DoF, and in this case the power approaches to infinity, the thermal additive
Gaussian noise can be ignored without influencing the accuracy of calculating of
DoF.
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As we mentioned before, in the X-channel setup, each transmitter has a mes-
sage for each receiver; Let’s Wji be the message from transmitter i to receiver j.
As we can see in figure 2.1, transmitter 1 sends the messages W11 and W21 us-
ing independent codewords X[11] and X[21] along the beamforming matrices U[11]

and U[21], at the same time transmitter 2 sends the messages W12 and W22 using
independent codewords X[12] and X[22] along the beamforming vectors U[12] and
U[22] respectively. Assuming that each transmitter and receiver is equipped with
three antennas, the channel between each transmitter and receiver is 3× 3 full rank
matrix, hence we have signaling space with three dimensions while there are four
messages that are needed to be sent. Therefore, it is not possible to use orthogonal
interference cancellation method for interference free transmission of four messages
because we have only three dimensional signaling space. However, since at each
receiver only two messages are desired if we can align the two dimensions that carry
the undesired messages in one dimensional subspace, we will be able to obtain the
desired messages at each receiver without interference. This task is accomplished
by choosing the beamforming vectors such that

H[11]U[21]X[21] = H[12]U[22]X[22]

H[21]U[11]X[11] = H[22]U[12]X[12], (2.2)

Now, since the undesired messages aligned at the same direction and the desired
messages are linearly independent, together they form a three dimensional space.
We can achieve the two desired messages at each receiver by simple zero-forcing
of the processed signals. In this scheme, 4 independent messages are transmitted
interference free over 3 signaling dimensions, thus the DoF is equal to 4

3 [8].
Authors in [8] showed that for X-channel with single antenna at each node, the

total (sum rate) degrees of freedom bounded as 1 ≤ d ≤ 4
3 , and if the channels vary

from one realization to another then DoF is exactly 4
3 . For M > 1 antennas at each

node the precise DoF equals to 4
3M . Also by utilizing interference alignment, simple

zero-forcing is enough to achieve the upper bound of DoF. We should notice that All
this results are based on the assumption that channel matrices are non-degenerate
i.e they are full rank.

2.2 K-User Interference Channel

One of the major breakthroughs which was possible by using interference alignment
technique is approximation for the capacity of K-user interference channel. Before
this, it was conjectured that the degrees of freedom per user for K user interference
channel where each node equipped with single antenna is 1

K i.e we can write the sum
capacity for each user as 1

K log(SNR)+o(log(SNR)) [9]. This conjecture was based
on the idea which says that interference channel is interference limited, therefore the
solution is the orthogonalization of one DoF available for single Gaussian channel
between each pair of users, this idea is called “cake-cutting” approach according to
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[1], because the whole capacity is divided among all users, and each of them will
get a slice of the cake.

Cadambe and Jafar in [1] proved that if we can increase the number of signaling
dimensions such that there are essentially unlimited signaling dimensions at each
receiver, and the transmit power of each user approach to infinity i.e on the condition
of high SNRs, and the channel coefficients derived from a continuous probability
distribution function, the sum capacity per user for K-user interference channel
is 1

2 log(SNR) + o(log(SNR)). Based on this result each user can gets half of
the capacity of interference channel or every one gets “half of the cake” which is
considerably higher from what was expected before.

3-user interference channel

The idea of achieving half of the overall capacity for each user is obtained by dividing
the signaling space of each user, which is obtained by symbol extension of the
channel, into two subspaces with equal size. One subspace is used for interference
free transmission of desired signals of relative transmitter and the other one is used
to align the interference signals from the other transmitters. Here, as we mentioned
at the beginning of this chapter, by symbol extension of the channel we mean
that subsequent number of transmission symbols, e.g. time slots, are used and the
processing on all these symbols are done together, e.g. beamforming, and then the
output sequence of process will be transmitted over the channel.

For example in K = 3 user interference channel, it is possible to obtain 3n + 1
degrees of freedom over a 2n+ 1 symbol extension of the channel [1], thus the DoF
per channel use equals to 3n+1

2n+1 . By approaching n to large values, it is possible to
approach the total DoF of 3

2 arbitrarily which means 1
2 DoF per user. Figure 2.2

shows the interference alignment scheme for K = 3 user interference channel in the
case that n = 1 i.e symbol extension with length 2n + 1 = 3 which can achieve 4

3
degrees of freedom.

As we can see in the figure, with 3 symbol extension of the channel and assuming
non-degenerating channel matrices, there is a signaling space with three dimensions
available at each receiver. Based on this, The interference alignment scheme is as
follow: user 1 sends two independently coded symbols along beamforming vectors
v[1]

1 and v[1]
2 while users 2 and 3 send one coded symbol each along beamforming

vector v[2] and v[3] respectively. We can choose one of the transmit beamforming
vectors and obtain the other ones based on interference alignment equation as follow:
Let us v[2] = 13×1, i.e. 3 × 1 vector of all ones, then we can write the alignment
equation at receiver 1 as follow

H[12]v[2] = H[13]v[3] ⇒ v[3] = (H[13])−1H[12]13×1, (2.3)

where v[2] is replaced by its value. The two alignment equations for receiver 2 and
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Figure 2.2: Interference Alignment scheme for 3-User Interference Channel, from [1]

3 can be written in the same way.

H[23]v[3] = H[21]v[1]
1 ⇒ v[1]

1 = (H[21])−1H[23](H[13])−1H[12]13×1 (2.4)
H[32]v[2] = H[31]v[1]

2 ⇒ v[1]
2 = (H[13])−1H[32]13×1. (2.5)

By performing these calculations, we can align two interference dimensions at re-
ceiver 1 and achieve two dimensional interference free subspace to communicate the
desired symbols. It is important to mention here that the directions of constructed
beamforming vectors need not to be orthogonal and it is sufficient for them to be
linearly independent. Also, since we choose the first vector to derive others, it is
clear that the solution is not unique.

In next section we will go through the interference alignment scheme for K-user
interference channel and see how it can achieve 1

2 DoF for each user.

Asymptotic Interference Alignment for K-user Interference
channel

Although the interference alignment scheme proposed in [1] is mostly of theoretical
interest, however it is applicable to arbitrarily large number of linear and nonlinear
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problems and can be used in different scenarios e.g. K-user interference channel,
wireless X network, compound broadcast channel, network coding and cellular net-
works, and it is a strong tool to achieve higher bound on DoF in these problems.

Consider the K-user interference channel i.e. K transmitters and K receivers
each equipped with one antenna. We can write the channel output at receiver k
over time slot n as follow

Y [k](n) = H [k1](n)X [1](n) +H [k2](n)X [2](n)+
. . .+H [kK](n)X [K](n) + Z [k](n), (2.6)

where, k ∈ {1, 2, . . . ,K}, is the user index, Y [k] and X [k] are the input and output
signals at receiver and transmitter k respectively, H [ji] is channel coefficient from
transmitter i to receiver j, and Z [k] is additive white Gaussian noise at receiver k.
We will drop the time index and write the above equation as follow

Y [k] = H [kk]X [k] +
k×K∑

i=(k−1)×K+1
i 6=(k−1)×k

TiX
[i] + Z [k], (2.7)

where Ti is the interference channel imposed by transmitter i mod-K. We assume
that the superscript inside square brackets are used in mod-K e.g. X [0] = X [K],
X [1] = X [K+1] and so on and so forth. Now we can see that there are N = K(K−1)
channels {T1, T2, . . . , TK(K−1)} which are carrying interference signals in the overall
system equations. Here, The goal of interference alignment is to consolidate the
interference carried by all these channels in to small subspace i.e. at each receiver
the interference signals should be aligned in half of the total available dimensions
of signal space, so that the other half can carry the desired messages. This task
is accomplished by increasing the overall number of dimensions of signal space and
solving the problem asymptotically. We can formulate the asymptotic alignment
problem as follow [2]: we have number of N interference channels T1, T2, . . . , TN
which act like linear transformation matrices based on our definition of channel.
We should construct a finite cardinality set V = {v1, v2, . . . , v|V|}, where linear
transformation output of this set can be defined as TiV = {Tiv1, Tiv2, . . . , Tiv|V|}
and we assume that transformations are commutative i.e. TiTjvk = TjTivk (we can
easily see that this definitions are compatible with the model of the interference
channel), such that

|I|
|V| → 1, (2.8)

where

I , V ∪ T1V ∪ T2V ∪ · · · ∪ TNV. (2.9)

and | · | here is the cardinality operation. In order to do this, we should construct
V such that

V ≈ T1V ≈ T2V ≈ . . . ≈ TNV, (2.10)
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Figure 2.3: Asymptotic matrix construction for obtaining Interference Alignment, from [2]

which means that V is approximately invariant to scaling factors T1, T2, . . . , TN
i.e all linear transformations of the set V align with V itself. Now let us set
N = 1 and V = {w, T1w, (T1)2w, . . . , (T1)(n−1)w} , where w is non zero scalar,
so T1V = {T1w, (T1)2w, . . . , (T1)nw} and I = {w, T1w, (T1)2w, . . . , (T1)nw}, then
we have |I| = n+ 1 and |V| = n and as a result |I||V| = n+1

n → 1 for n approach to
infinity.

The scheme of general solution is shown in figure 2.3 which is an iterative loop
with unit delay and input V1 = {w}, where w is a generic non-zero element as
input. If we assume that the input is a single column with all elements equal to
unity i.e. 1, the output of the first iteration is

I1 = {1,T11,T21, . . . ,TN1} (2.11)

it is obvious that at the first iteration the cardinality of V1 is one while the cardi-
nality of I1 is N + 1, this cannot be a good for alignment purpose. Now if we go
through the loop again, this time take V2 = I as the input, we will get

I2 = {1, . . . ,Ti1, . . . ,TiTj1, . . . ,T(N−1)TN1,T2
N1} (2.12)

which is all possible combinations of Ti with power less than or equal to 2. After n
iterations we have

Vn = {(T1)α1(T2)α2 . . . (TN )αN1,

s.t.
N∑
i=1

αi ≤ n− 1,

α1, . . . , αN ∈ Z+}, (2.13)
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and

In = {(T1)α1(T2)α2 . . . (TN )αN1,

s.t.
N∑
i=1

αi ≤ n,

α1, . . . , αN ∈ Z+}, (2.14)

here, the number of column vectors in Vn and In and therefore the cardinality of
these sets respectively are

|Vn| =
(
n+N − 1

N

)
(2.15)

|In| =
(
n+N
N

)
, (2.16)

and we can simply show that

lim
n→∞

|In|
|Vn|

= n

n+N
→ 1. (2.17)

Now we can observe that both two sets have approximately the same size while In
contains Vn which means that there is a asymptotically interference alignment i.e.
I ≈ V.

Now that all the interferences are aligned, we should make sure that the desired
signal sub-space do not overlap with interference. Each transmitter use precoding
vector V and so the interference subspace is also aligned with V subspace. However
the desired signal will go through H[kk] which is linearly independent from V because
H[kk] does not appear in the alignment process and therefore it is independent from
the alignment subspace. Thus, the desired signal will transform to H[kk]V; and if
the signal and the interference are larger or equal than I and V, desired signal and
interference does not overlap and this can be achieved by choosing the overall signal
space S = |I|+ |V|, thus we have

(H[kk]V) ∩V = {0} (2.18)

|H[kk]V|
S

= |V|
|V|+ |I| →

1
2 . (2.19)

Now to be more specific we return to the interference channel in equation (2.6),
we explain how the 3

2 DoF for K = 3-User interference channel is achieved, using
the above alignment method [1]; the scheme can be extended to larger number of
users as in [1]. In [1], authors also proved this degree of freedom is the upper bound
achievable DoF as well.
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We show that (d1, d2, d3) = ( n+1
2n+1 ,

n
2n+1 ,

n
2n+1) lies in the DoF region and since

the region is closed [1], we have

max
(d1,d2,d3)∈D

d1 + d2 + d3 ≥ sup
n

3n+ 1
2n+ 1 = 3

2 . (2.20)

In the way that explained before, we have to use the asymptotic approach which
is possible by channel extension. To do this we construct a super-symbol by using
2n + 1 subsequent coded symbols at transmitter. We can rewrite the channel for
K = 3 at receiver k = {1, 2, 3} as follow

Y[k](m) = H[k1](m)X[1](m) + H[k2](n)X[2](m)+
+H[k3](m)X[3](m) + Z[k](m), (2.21)

where X[k] is a column vector with 2n + 1 entities which represents the symbol
extension of the channel of 2n+ 1 order for the transmit symbol X [k] i.e.

X[k](m) ,


X [k]((2n+ 1)(m− 1) + 1)
X [k]((2n+ 1)(m− 1) + 2)

...
X [k]((2n+ 1)m).

 (2.22)

In the same way Y[k] and Z[k] are the (2n+1) symbol extension of Y [k] and Z [k]

respectively. H[kj] is a diagonal (2n + 1)(2n + 1) matrix for the 2n + 1 symbol
extension of the channel i.e.

H[kj] ,


H [kj]((2n+ 1)(m− 1) + 1) . . . 0

... . . . ...
0 . . . H [kj]((2n+ 1)m)

 . (2.23)

In the channel extension model, messageW1 is encoded at the transmitter into n+1
independent streams x[1]

i , i = 1, 2, . . . , n+ 1 each with corresponding beamforming
vector v[1]

i so that

X[1](m) =
n+1∑
i=1

x
[1]
i (m)v[1]

i = V[1]x[1](m), (2.24)

where V[1] is (2n+ 1)× (n+ 1) dimensional matrix and x[1] is the column vector of
x

[1]
i s. In the same way we can encode W2 and W3 into n independent streams

X[2](m) =
n∑
i=1

x
[2]
i (m)v[2]

i = V[2]x[2](m) (2.25)

X[3](m) =
n∑
i=1

x
[3]
i (m)v[3]

i = V[3]x[3](m). (2.26)
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The received signal at the qth receiver can be written as

Y[q](m) = H[q1]V[1]x[1](m) + H[q2]V[2]x[2](m)+
+H[q3]V[3]x[3](m) + Zq](m). (2.27)

To achieve the desired signal at receiver q, the interference can be eliminated by
zero-forcing of V[j], j 6= q and obtaining Wq by decoding the n+ 1 desired streams,
and consequently achieving n+ 1 degrees of freedom.

In order to obtain n + 1 interference free dimensions from 2n + 1 dimensional
received signal Y[1](m) at the receiver 1, the number of dimensions for interference
signal subspaces i.e. x[2] and x[3], must be equal or less than n and they must
be aligned along each other. This is satisfied by aligning the interference from
transmitter 2 and 3 i.e.

H[12]V[2] = H[13]V[3], (2.28)

and for receivers 2 and 3, the overall number of dimensions for interference subspace
must be less than or equal to n+ 1 i.e in receiver 2 we must have

rank(
[
H[21]V[1] H[23]V[3]

]
) ≤ n+ 1. (2.29)

This can be achieved by choosing V[3] and V[2] so that

H[23]V[3] ≺ H[21]V[1], (2.30)

where A ≺ B means that the column vector space of matrix A is a subset of the
column vector space of matrix B. Similarly to decode W3 at receiver 3, we have to
choose V[2] and V[1] so that

H[32]V[2] ≺ H[31]V[1]. (2.31)

Therefore, the three equations must be satisfied in order to achieve the inter-
ference alignment. Since the extended channel matrices are diagonal with generic
entities, all of them are full rank and multiplication by these full rank matrices does
not change the conditions in the above equations. We can rewrite the equations as
follow

B = TC (2.32)
B ≺ A (2.33)
C ≺ A, (2.34)
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where

A = V[1] (2.35)
B = (H[21])−1H[23]V[3] (2.36)
C = (H[31])−1H[32]V[2] (2.37)
T = H[12](H[21])−1H[23](H[32])−1H[31](H[13])−1, (2.38)

since all the channel matrices are invertible A, B and C can be chosen such that
the three equations are satisfied. If we choose w as identity column vector and
choose other matrices by using the approach that we explain before for asymptotic
alignment, we have

w =


1
1
...
1,


and

A =
[
w Tw T2w . . . Tnw

]
B =

[
Tw T2w . . . Tnw

]
C =

[
w Tw . . . Tn−1w

]
. (2.39)

By replacing these matrices in Equations (2.32), It can be easily shown that
these matrices satisfy the three equations.

For the solution to be complete, we need to show that the interference from two
other transmitters at each receiver occupy only half of the space i.e. they are aligned
in half of total space. Let’s consider the received signals at receiver 1. The desired
signal has n + 1 dimensions along H[11]V[1] while interference is received along
H[12]V[2] and H[13]V[3]. As we showed before interference are perfectly aligned and
it is sufficient to show that the following vector columns are independently linear
almost surely [

H[11]V[1] H[12]V[2],
]

(2.40)

this is based on the generic properties of channel coefficient. The complete solution
can be found in [1]. Hence, the overall space has exactly 2n+1 dimensions while the
interference signals lie in n dimensional subspace and the other n + 1 dimensional
subspace is interference free for transmission. We can use exactly the same approach
at the other two receivers. With this the achievablility of the 3

2 for 3-interference
channel is complete.
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Figure 2.4: The 2× 2× 2 interference alignment, from [4]

2.3 2-User 2-Hop or 2× 2× 2 Interference Channel

In the last few years, Most research in interference alignment realm were focusing
on single hop wireless schemes. However, research is aiming towards multi-hop
wireless networks recently, and considerable results have been achieved regarding
DoF of multi-hop wireless networks by using interference alignment technique.

A special case of multi-hop networks is layered multi-hop interference networks
i.e. concatenation of single hop networks where each node can be heard only by the
nodes in the next layer. In this scenarios either there is a relay that is equipped
with multiple antennas or there are a many antennas of distributed relays. In all
cases the goal is to eliminate the interference between source nodes and destination
nodes as much as possible [2].

It is proved that in the case of fully connected network i.e. all channel coefficients
are nonzero, where global channel knowledge is available in all nodes, using relays
cannot increase DoF of the network [10]. However using relay nodes may reduce
the complexity of achievable schemes, for example in [11], it is shown that in the K
user symmetric wireless interference network the finite symbol extension, relay aided
interference alignment, can approach the DoF of the channel which is a practical
solution compared to asymptotic approach which needs infinite symbol extension.

One of the challenging problems related to layered interference networks is
K × R × K i.e. K pairs of transmitter and receiver which communicate trough
R distributed relay nodes. It has been shown that for this setting, the condition
of interference free transmission is R ≥ K(K − 1) + 1 [12]. This result proves that
for 2-user network with 3 relay nodes we can have a interference free transmission.
One challenging problem that is caused by this result is the problem of achievable
DoF of 2 × 2 × 2 channel which has the same min-cut outer bound, yet it has one
relay less than guaranteed setting. It has been shown that the outer bound of this
network is achievable using interference alignment to cancel out the interference
at each destination [4]. Since we will investigate the DoF of this network in the
following chapters under different condition, here we will explain the method in [4]
to achieve the upper bound of this network.

Figure 2.4 shows 2× 2× 2 interference channel. The solution for 2 DoF cannot



2.3. 2-USER 2-HOP OR 2× 2× 2 INTERFERENCE CHANNEL 19

Figure 2.5: Aligned interference neutralization for 2× 2× 2 channel, first step Alignment
at relays for M = 2, from [4]

be achieved by treating the network as a concatenation of two wireless X-channels,
because each of them has upper bound less than two. The solution proposed in
[4] is called aligned interference neutralization refers to distributed zero forcing of
interference in multiple relay nodes before reception at destinations. Similar to K-
user interference channel the the solution is asymptotic i.e. the symbol extension
of the channel is needed to approach to infinity so that the upper bound of 2 DoF
would be achieved. It is shown that with M symbol extension of the channel, we
can transmit M coded symbol for user one and M − 1 coded symbol for user two
i.e. DoF of 2M−1

M which means by approaching M to infinity we can reach the
upper bound of two. For introducing the idea, we explain the solution for 2 symbol
extension of the channel which can achieve 3

2 DoF, the method can be expanded to
higher numbers of symbol extension which can be found in [4].

Consider time varying generic channel coefficients i.e. they are derived from
continuous probability distribution function (There is a solution for a general case
when channel coefficients are constant but here we state the solution for time varying
channel in order to explain the method). We assume that Channel State Information
is available globally and immediately in all nodes in the network. Transmission
scheme is performed in two steps, at first step interference alignment is done at
relay nodes by communication over first hop, and then interference neutralization
is achieved at destinations through second hop. Figure 2.5 shows the first step for
M = 2, where source node 1, sends independent messages (coded symbols) x1,1
and x1,2 using beamforming vectors v1,1 and v1,2 respectively, and source node 2,
sends message x2 along v2. Since we have two dimensions at each relay, we can
design beamforming vectors such that at relay node 1, x1,2 and x2 are aligned in
one dimension and, at relay node 2, x1,1 and x1,2 are aligned in one dimension, as
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Figure 2.6: Aligned interference neutralization for 2×2×2 channel, second step interference
neutralization at destinations for M = 2, from [4]

follow

F11v1,2 = F12v2 (2.41)
F21v1,1 = F22v2, (2.42)

where Fji is matrix of coefficients for channel symbol extension at first hop between
relay node j and source node i. The two other messages will be received at linearly
independent dimensions due to the non-degenerating assumption about the channel
coefficients. Since there are two equations and 3 variables, v2 can be chosen arbi-
trarily and v1,1 and v1,2 can be solved according to the equations. After alignment
we can separate x1,1 and x1,2 +x2 at first relay and x1,2 and x1,1 +x2 at the second
relay by simple channel matrix inversion i.e. zero-forcing method. Now, relay 1
sends x1,1 and x1,2 + x2 along beamforming vectors vR1,1 and vR1,2 respectively,
and relay node 2 sends x1,1 + x2 along beamforming vector vR2 through the second
hop. Figure 2.6 shows the interference neutralization at the second hop.

As we can see in the figure the neutralization at destination node 1 cancels out
symbol x2 which is not desired at this node through following relation

G11vR1,2 = −G12vR2 , (2.43)

and at destination node 2 we can cancel out x1,1 through

G21vR1,1 = −G11vR2 , (2.44)

where Gji is matrix of coefficients for channel symbol extension at the second hop
between destination node j and relay node i. Similar to first hop here vR2 can
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be chosen arbitrarily and the two other beamforming vectors can be achieved con-
sequently. After neutralization we will get x1,2 − x1,1 and x1,1 by simple channel
inversion and obtain the symbols consequently. x2 can be obtained free from inter-
ference at destination node 2. Since 3 coded symbols are sent during the two time
slots, this gives us 3

2 degrees of freedom. As we mentioned earlier, by approaching
the channel extension to infinity the upper bound of 2 DoF can be achieved.

As we observed in this chapter, the availability of perfect estimation of the
channel coefficients or channel state informations at all nodes is crucial assumption
for interference alignment schemes. However this is not always the case, CSI usually
is available through estimation of the previous channel state information which is
obtained by feedback from receiver. And it is not always possible at the transmitter
to get relevant information for channel estimation immediately, specially in the
fast fading environment where the coherence time of the channel is very short. In
the following chapters we will go through IA techniques which applicable in the
situations where CSI at transmitter is not available immediately and it is received
with some delay or with some level of estimation error.





Chapter 3

Interference Alignment
Exploiting Delayed CSIT

As we explained in Chapter Two, for the achievable schemes of interference align-
ment in different networks, the availability of global channel state information is
necessary at transmitter specially when there is no knowledge about the channel
correlation properties. This task usually is performed by sending feedback from the
receiver to the transmitter. However CSI is subject to delay and transmitter usually
copes with this problem by using delayed channel information to estimate current
channel information. This estimation will cause failure when coherence time of the
wireless link is short and transmitter cannot track the channel variations. Spe-
cially, in high SNRs when Degrees of Freedom is the matter of importance, the
performance of these schemes are very sensitive to accuracy of CSIT.

When the coherence time of the channel is short such that there is no correlation
between current channel state information with the past, the important question is
whether the delayed CSIT will be still useful to achieve multiplexing gain compared
to the case where there is no CSIT. In [3] for the first time, authors showed that
by using “completely stale Delayed CSIT” we can actually increase the achievable
degrees of freedom for MIMO Broadcast channel, and later other situations have
been found where Delayed CSIT can achieve multiplexing gain [13] [14].

3.1 Broadcast MIMO channel DoF gain through
exploiting Delay CSIT

Consider a MIMO Broadcast channel with K transmit antennas and K users, each
exploiting single antenna. We assume that all the receivers have immediate perfect
CSI, while transmitter has completely outdated channel information i.e. channel
coefficients are independent for different time indices, and they are available for the
transmitter “one time slot later” [15], which means that at transmission during time
slot n, transmitter has the perfect estimation of the channel coefficients for time
slots n− 1 and before. For this scenario, in [3] Maddah-Ali and Tse proved that at

23
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Figure 3.1: Achievable scheme for MIMO BC transmission with K = 3 user, using Delayed
CSIT, [15]

high SNRs and in the case where channel matrix is full rank; degrees of freedom
equals to

K

1 + 1
2 + . . .+ 1

K

≈ K

lnK . (3.1)

It is also shown that this is actually the achievable upper bound of Degrees of
Freedom as well. For the sake of comparison, we mention that when there is no
CSIT and all channel coefficients are identically distributed, the degrees of freedom
is equal to one (in more general case neither capacity nor DoF is unknown) [15].
We can observe that existence of “completely stale CSIT” can be used to achieve
multiplexing gain by K

lnK which is a linear factor of K i.e. multiplexing gain when
perfect CSI is available at transmitter and all receivers. In the following we explain
the method for K = 2 users.

Figure 3.1 shows the MIMO Broadcast channel with two users and the achievable
Degrees of Freedom scheme which is equal to 4

3 . We call this method in the rest
of this thesis “MAT” method for transmission with delayed CSIT. First we present
the solution from “Side Information” point of view and then we will look at the
interference alignment aspect. As we can see in the figure, like other interference
alignment schemes we should use symbol extension of the channel. At first time
slot, transmitter sends symbols uA and vA indented for the first user, At second
time slot, transmitter sends symbols uB and vB indented for the second user, thus
transmit vectors at first and second time slots are

x[1] =
[
uA
vA

]
x[2] =

[
uB
vB

]
. (3.2)

At first time slot, the received signals at receivers A and B are

yA[1] = h∗A1[1]uA + h∗A2[1]vA + zA[1] (3.3)
yB[1] = h∗B1[1]uA + h∗B2[1]vA + zB[1], (3.4)

and at the second time slot we have

yA[2] = h∗A1[2]uB + h∗A2[2]vB + zA[2] (3.5)
yB[2] = h∗B1[2]uB + h∗B2[2]vB + zB[2]. (3.6)
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where h∗rk[m] is the channel coefficients between transmit antenna k and receiver r
at time slot m and yr[m] is the received signal at user r for time slot m. Similar
to previous schemes for proof of achievable Degrees of Freedom, we evaluate the
system at high SNRs, thus we can ignore additive Gaussian noise i.e zr[m]. Now
we can write each received signals as a system of equations with transmit symbols
as unknown variables i.e.

L1(uA, vA) = h∗A1[1]uA + h∗A2[1]vA (3.7)
L2(uA, vA) = h∗B1[1]uA + h∗B2[1]vA (3.8)
L3(uB, vB) = h∗A1[2]uB + h∗A2[2]vB (3.9)
L4(uB, vB) = h∗B1[2]uB + h∗B2[2]vB, (3.10)

we assumed that the channel coefficients are derived from continuous probability
distribution function; therefore, the equations are linearly independent and if re-
ceiver A in some way can obtain the equation L2 then it has two linearly independent
equations with two unknown variables and receiver A can solve the equations and
detect uA and vA. Similarly if receiver B had equation L3, it would have enough
equations to derive uB and vB. To solve this problem, during the third time slot,
transmitter sends L2(uA, vA) + L3(uB, vB) form one of the transmit antennas and
the other antenna remains silent i.e.

x[3] =
[
L2(uA, vA) + L3(uB, vB)

0

]
, (3.11)

This is based on the fact that transmitter, as we assumed at the beginning, at
time index m = 3 has the channel coefficients of previous time slots i.e. m =
1, 2, and since it has the previously transmitted symbols as well, it can construct
L2(uA, vA) + L3(uB, vB). At receivers we get

yA[3] = h∗A1[3](L2(uA, vA) + L3(uB, vB)) + zA[3] (3.12)
yB[3] = h∗B1[3](L2(uA, vA) + L3(uB, vB)) + zB[3]. (3.13)

Now both receivers can achieve noisy version of L2(uA, vA) + L3(uB, vB). Receiver
A already has equation L3 from transmission at m = 2 and it can subtract L3 from
the received signal at m = 3 and obtain L2 and according to above discussion, it
has proper equations to derive its intended symbols. In the same manner, receiver
B can subtract L2 from L2(uA, vA) + L3(uB, vB), thus it has enough equations to
obtain uB and vB. Since we can transmit 4 independent messages during the 3
symbol extension of the channel, achievable DoF is equal to 4

3 .
Now we take a look at this scheme from interference alignment point of view.

The received signals from three time slots for transmitter A can be written in matrix
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form as follow yA[1]
yA[2]
yA[3]

 =

 h∗A1[1] h∗A2[1]
0 0

h∗A1[3]h∗B1[1] h∗A1[3]h∗B2[1]


︸ ︷︷ ︸

rank=2

[
uA
vA

]
+

 0 0
h∗A1[2] h∗A2[2]

h∗A1[3]h∗A1[2] h∗A1[3]h∗A2[2]


︸ ︷︷ ︸

rank=1

[
uB
vB

]
+

ZA[1]
ZA[2]
ZA[3]

 . (3.14)

We can easily show that first row and third row of channel matrix corresponding to
receiver A are linearly independent and since all entities of the second row are zero,
rank of the matrix is two. On the other hand the third row of of channel matrix
corresponding to receiver B is scalar multiplication of the second row, thus this
matrix is of rank one, and symbols uB and vB are aligned at the same direction.
We can observe here that this transmission scheme actually aligns interference from
third and second time slots in one dimension which makes the other two dimensions
free to convey desired signals. By proper modification and ignoring the second row,
we can write the equation (3.14) as follow[

yA[1]
yA[3]− h∗A1[3]yA[2]

]
=
[

h∗A1[1] h∗A2[1]
h∗A1[3]h∗B1[1] h∗A1[3]h∗B2[1]

] [
uA
vA

]
+

[
ZA[1]

ZA[3]− h∗A1[3]ZA[2]

]
, (3.15)

based on this, the two signals can be achieved interference free at receiver A. The
same process can be applied to signals at receiver B. In [15] authors also proved
that this is the upper bound of Broadcast MISO channel under this delayed CSIT
assumption.

In the rest of this chapter, based on the review of the channel models and the
solutions of achievable DoFs which have been explained so far, We will formulate
the problem that we tried to solve as the part of the thesis and we present the
solution as well.

3.2 Degrees of Freedom of 2× 2× 2 Network with
delayed CSIT

In this section, we present the main problem which is investigated in this thesis
work. As we mentioned earlier Degrees of Freedoms of layered multi hop networks
especially communication through relay nodes have been the center of research
recently. Among them 2 × 2 × 2 or 2-hop, 2-user interference channel has been of
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particular interest because it seems to be the fundamental network of this category
and it is playing a key role for further researches in this area. As we saw in section
2.4, achievable schemes for Degrees of Freedom of this network is known in the case
that perfect channel knowledge information is available at all nodes. However as
we mentioned before, it is usually difficult to provide perfect CSI specially at the
transmitter immediately for current transmission.

Here we are trying to determine upper bound and achievable DoF scheme for
the Degrees of Freedom of 2×2×2 interference channel when CSIT is not available
at transmitter immediately. Here, similar to the Maddah-Ali an Tse [3] scheme for
broadcast channel, we assume that CSIT is available with one time slot delay and
channels are independent from one time slot to another. The problem and solution
will be presented as follow.

Channel Model and problem formulation

As we showed already in section 2.4 figure 2.4, The 2× 2× 2 interference network
refers to a setting where two source nodes transmit independent messages aimed
at corresponding destination nodes via two relay nodes which received the trans-
mitted messages sent by the source nodes before deliver them to destination nodes.
Messages cannot be received at destination directly, and two destination nodes will
receive the messages from the relay nodes. Furthermore we assume that relays act
in the full-duplex mode i.e. at each time slot each relay can receive and transmit
at the same time. We can write the relation between input and output of the first
hop as follow

yR1 [n] = F11[n]x1[n] + F12[n]x2[n] + z1[n] (3.16)
yR2 [n] = F21[n]x1[n] + F22[n]x2[n] + z2[n], (3.17)

where yRk [n] is received signal at relay k = 1, 2, xi[n] is the transmit signal from
source i = 1, 2, Fki is the complex channel coefficient from source i to relay k
and zk[n] is the independent identically distributed (i.i.d.) zero mean unit variance
circularly symmetric complex Gaussian noise i.e zk[n] ∼ CN (0, 1). At the second
hop we can write

y1[n] = G11[n]xR1 [n] +G12[n]xR2 [n] + n1[n] (3.18)
y2[n] = G21[n]xR1 [n] +G22[n]xR2 [n] + n2[n], (3.19)

where Gki is the complex channel coefficient from relay Ri to destination k, xRi is
the transmit signal from relay i and yk[n] is the received signal at destination k and
nk[n] is the Gaussian noise at destinations. We assume that channel coefficients
Fki and Gki are time varying i.e. they are derived from continuous probability
distribution function for every channel realization.

We also assume that every node has average power constraint P i.e. E[x∗[n]x[n]] ≤
P ; and ith source sends message Mi to ith destination and we denote the size of
message Mi by |Mi|. For the coding scheme that uses n channel realization, we say
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that the rate Ri = log(|Wi|)
n is achievable if the error probability of two messages

can be made arbitrarily small by assigning values to n large enough. Furthermore,
we define the sum capacity Csum(P ) as maximum sum rate for power constraint P ;
consequently, the DoF of the 2 user 2 hop interference channel is defined as

d = lim
P→∞

Csum(P )
log2(P ) . (3.20)

For delayed CSIT setting, we assume that the source nodes know channel co-
efficients with one time slot delay i.e. each source knows the channel coefficients
corresponding to time index n, Fki[n], Gki[n], at time n+ 1. Destination nodes has
the global CSI instantaneously, but relays does not have any information about the
channel.

Upper-bound on Degrees of Freedom of 2× 2× 2 Channel with
delayed CSIT

In this section we explain the proof of the following theorem.

Theorem. For the 2×2×2 Network with delay CSIT the degrees of freedom upper
bounded by 4

3 i.e.
dDelyed−CSIT ≤ 4

3 . (3.21)

Proof. To find the upper-bound we make some extra assumptions which do not
affect the upper bound of the channel. First, we assume that both relays know the
channel coefficients of the second hop, i.e. Gki[n], with one time delay at n+ 1, and
the channel coefficients of the first hop instantaneously. We also assume that relay
i knows Yi[n] at time index n + 1. We also assume that two relays can cooperate
with each other. We call this setting improved version of the channel. Using these
assumptions, relay nodes are prepared with side information compared to delayed
CSIT setting, and since extra information cannot deteriorate the performance of
the coding scheme that can achieve the capacity, upper-bound in this situation is
equal or larger than the upper-bound for the delay CSIT setting.

For improved channel, we can easily observed that all information that is avail-
able by the source nodes, immediately can be known by the relay nodes too; thus,
the relay nodes know the transmit signal at source nodes instantaneously. Since the
messages at source node are immediately available at relays and two relay can fully
cooperate, the network is transformed into MIMO broadcast with delayed CSIT
scheme, where two relay antennas act as transmitter antennas and to destination
nodes act as the receivers and according to above assumptions CSI is available for
the relays with one time index delay.

Hence, any rate that is achievable by 2 × 2 × 2 Network is also achievable by
improved channel, and consequently by MIMO broadcast. Moreover, we know that
the upper bound on Degrees of Freedom for MIMO broadcast with two transmit an-
tennas and two single antenna receivers is 4

3 [15], therefor we come to the conclusion
that the Degrees of Freedom for 2× 2× 2 channel is at most 4

3 .
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Achievable scheme for degrees of freedom of 2× 2× 2 Channel with
delayed CSIT

In this section we present the proof of the following theorem on the achievable
scheme for 2× 2× 2 channel

Theorem. For the 2× 2× 2 channel with delay CSIT 4
3 DoF is achievable i.e.,

dDelayed−CSIT = 4
3 . (3.22)

Proof. We are expecting from the structure of the problem that the solution can
be achieved by using interference alignment. Since the problem is similar to MIMO
broadcast channel with delayed CSIT, the first guess is that the solution would
be similar as well, and it would need transmission in difference phases by symbol
extension of the channel. The idea is to prepare the destination nodes with the suffi-
cient number of linearly independent equations of desired messages as the unknown
variables, so that each destination node can obtain its own intended messages.

Our goal is to send two independent symbols from each source node, i.e. four
symbols overall, aimed at corresponding destination node, during 3 symbol channel
extension of each hop which give us DoF of order 4

3 . The transmission scheme is
divided into 2 phases for each hop. At the first hop, phase 1 consists of two time
slots and phase 2 consists of one time slot, while at the second hop phase 1 consists
of one time slot and phase 2 consists of two time slots. The occurrence order of
phases is as follow

I. Phase one of hop 1 at n=1,2

II. Phase one of hop 2 at n=1

III. Phase two of hop 1 at n=3

IV. Phase two of hop2 at n=2,3

This order of sending messages will cause delay in the act of full-duplex relying
which reduce the actual DoF of the system, however in next session we will offer a
solution to solve this problem.

Phase one of hop one: This phase consists of 2 time slots and each source node
sends two symbols to corresponding destination node. Let us define ui, i = 1, 2 and
vi, i = 1, 2 as the independently encoded Gaussian codewords with average power
P , which will be sent by source nodes S1 and S2 to destination nodes D1 and D2
respectively. According to Equations (3.16) and (3.17), we can write the received
signals at first relay as[

yR1 [1]
yR1 [2]

]
=
[
F11[1] 0

0 F11[2]

] [
u1
u2

]
+
[
F12[1] 0

0 F12[2]

] [
v1
v2

]
+
[
zR1 [1]
zR1 [2]

]

= F11u + F12v + zR1 , (3.23)
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and at the second relay we have[
yR2 [1]
yR2 [2]

]
=
[
F21[1] 0

0 F21[2]

] [
u1
u2

]
+
[
F22[1] 0

0 F22[2]

] [
v1
v2

]
+
[
zR1 [1]
zR1 [2]

]

= F21u + F22v + zR2 , (3.24)

as before we can ignore the additive noise because DoF is measured when transmis-
sion power approaches to infinity.

Phase one of hop two: In this phase, during one time slot, each relay transmits
sum of the signals which it has received over two time slots of phase one at hop one.
We can write the output signals at each relay as follow

xR1 [1] = yR1 [1] + yR1 [2] (3.25)
xR2 [1] = yR2 [1] + yR2 [2]. (3.26)

Using the equations 3.18 and 3.19, the received signals at destination nodes can be
written as

y1[1] = G11[1]
(
yR1 [1] + yR1 [2]

)
+G12[1]

(
yR2 [1] + yR2 [2]

)
= G11[1]

( [
1 1

]
F11u +

[
1 1

]
F12v

)
+ G12[1]

( [
1 1

]
F21u +

[
1 1

]
F22v

)
(3.27)

=
(
G11[1]

[
1 1

]
F11 +G12[1]

[
1 1

]
F12

)
u

+
(
G11[1]

[
1 1

]
F21 +G12[1]

[
1 1

]
F22

)
v (3.28)

= A11u + A12v,

where

A11 = G11[1]
[
1 1

]
F11 +G12[1]

[
1 1

]
F12

A12 = G11[1]
[
1 1

]
F21 +G12[1]

[
1 1

]
F22,

with the same approach for the second destination we can write

y2[1] =
(
G21[1]

[
1 1

]
F11 +G22[1]

[
1 1

]
F12

)
u

+
(
G21[1]

[
1 1

]
F21 +G22[1]

[
1 1

]
F22

)
v (3.29)

= A21u + A22v, (3.30)

where

A21 = G21[1]
[
1 1

]
F11 +G22[1]

[
1 1

]
F12

A12 = G21[1]
[
1 1

]
F21 +G22[1]

[
1 1

]
F22.
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Now we can see that if the destination 1 somehow finds the values of interference
at both destinations i.e. A12v and A21u, then the first destination can achieve
A11u by computing y1[1]−A12v. Since it also knows the value of A21u, It has two
equations of its two desired unknown symbols, thus there is enough information to
encode its desired symbols given that two equations are linearly independent i.e.
matrix

[
A11 A21

]T
is full rank almost surely. In the following we prove this as a

proposition

Proposition. The columns of the square matrix[
A11 A21

]T
, (3.31)

are linearly independent almost surely

Proof. We have two show that the following matrix is full rank with probability one

[
A11 A21

]T
=

G11[1]
[
1 1

]
F11 +G12[1]

[
1 1

]
F12

G21[1]
[
1 1

]
F11 +G22[1]

[
1 1

]
F12

 (3.32)

=

G11[1]
[
F11[1] F11[2]

]
+G12[1]

[
F12[1] F12[2]

]
G21[1]

[
F11[1] F11[2]

]
+G22[1]

[
F12[1] F12[2]

]
 . (3.33)

We can simplify the matrix as followG11[1]F11[1] +G12[1]F21[1] G11[1]F11[2] +G12[1]F21[2]

G21[1]F11[1] +G22[1]F21[1] G21[1]F11[2] +G22[1]F21[2]

 (3.34)

=
[
G11[1] G12[1]
G21[1] G22[1]

] [
F11[1] F11[2]
F21[1] F21[2]

]
. (3.35)

If both of these two matrices are full rank then their multiplication is full rank
as well, and we have the proof. But we know that all the channel coefficients are
derived from continuous probability distribution function, therefore the matrix that
is construct by them has linearly independent columns.

With the same approach we can show that when destination 2 also has the
interference values, i.e. A12v and A21u, then it can calculate A22v = y2[1]−A21u;
and the same as before it has enough information to decode its desired symbols as
long as the matrix

[
A12 A22

]T
is full rank, which can be proved with the same

approach as proposition 1.
Now it is only sufficient to prepare the destinations with the interference sig-

nals i.e. A12v and A21u during the remaining channel realizations which can be
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obtained as follow:

Phase two of hop one This phase contains one time slot transmission on first
hop in which source nodes will send interference signals at destinations in previous
time slots i.e. x1[3] = A21u and x2[3] = A12v. For source nodes it is possible to
construct these signals because they have the channel coefficient from previous time
slots according to our assumption of delay CSIT. The received signals at relays are

yR1 [3] = F11[3]A21u + F12[3]A12v (3.36)
yR2 [3] = F21[3]A21u + F22[3]A12v, (3.37)

we know that at destinations, the channel coefficients will be available instanta-
neously, therefore if they can receive y1[3] and y2[3] without interference then with
simple channel inversion they can obtain A21u and A12v. The last phase at hop
two can provide this information for destinations.

Phase two of hop two This phase occurs in two time slots at the second hop.
At first time slot i.e n = 2 relay 1 transmits yR1 [3] form the last phase and the
second relay will remain silent, thus this signal will be achieved at both transmitters
without any interference. At the second time slot i.e. n = 3 relay 2 transmits yR2 [3]
which is received in last phase too, and the first relay will remain silent, and as the
same as last time slot the signal will be received at both destinations without any
interference. As we explained before with this informations both transmissions can
do a simple channel inversion or zero forcing and obtain A21u and A12v which are
sufficient information to decode their desired symbols, and this will complete the
achievable part of the solution.

Transmission method over the channel regarding the full-duplex
nature of relays

As we mentioned in the proof of achievablity of the DoF, the relays are full-duplex
and if we transmit symbols based on the order which were used in the solution then
the sources must be silent before the second phase until they obtain the channel
information from the phase one of hop two. This delay results in losing resources,
and the degree of freedom would be actually less than what we expected to be. In
this section we are trying to devise a method to solve this problem.

In order to prevent the relays to stay silent, by constructing a super symbol
structure for transmission, we postpone the decoding until all the necessary infor-
mation have been received at destinations, meanwhile this will help the resources
to stay active and we do not lose any time slot for transmission. The scheme that
we suggest is shown in 3.2. In the figure L1(i) is equal to x1[3] = A12u correspond-
ing to previously transmitted symbols u1(i); and u2(i). In the same way L2(i)
is equal to x1[3] = A12u corresponding to u1(i) and u2(i). Furthermore, K1(i)
equals to y1[3] for the previously transmitted symbols u(i) = [u1(i), u2(i)]T and
v(i) = [v1(i), v2(i)]T
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Figure 3.2: Signaling scheme over the channel in order to overcome the delay in transmis-
sion for achievable scheme

As we can see in the figure 3.2, instead of transmitting only two symbols from
each source at each hop, and then waiting for CSI from destinations; Sources will
continue to transmit two extra pairs of information symbols i.e u(i) = [u1(i), u2(i)]T , i =
2, 3 at the first source and v(i) = [v1(i), v2(i)]T , i = 2, 3 at the second source. Re-
lays will be waiting until all the information symbols is received. By that time, the
channel information have been received at the source nodes and they can transmit
the interference equations from the previous phases. Now, relays are sending their
information which takes three time slots for all 6 pairs of coded symbols from phase
one of hop one; at the same time source nodes are transmitting the overhead inter-
ference L1(i) and L2(i) during three time slots. At this time, the transmission phase
of hop 1 has been finished, and the relays start to transmit the overhead interference
received from first hop to destinations i.e. K1(i) and K2(i) during six time slots.
At the same time source nodes will be transmitting new 6 pairs of coded symbols
to relays and the whole process will be proceeding subsequently and without any
interruption in communication.

Using this method, as we saw, makes it possible to remove any silent time slot
caused by delay in receiving information at source nodes. However the price for this
is the 4 time slots delay at the beginning of transmission. This is inevitable price
that we must pay for keeping the DoF at its upper bound during the transmission.

Here we would like to mention that at the end of this thesis work we found
out that the solution of this problem had been published at that time in [16], and
we adopted some part of the solution from that work specially the ordering of the
transmission in different phases.





Chapter 4

Increasing DoF using Mixed
CSIT

In previous chapter we saw that using the completely outdated CSIT improves
the Degrees of Freedom, which can be used in the situations where the channel
coherence time is small and we have no information about the current state of
channel whatsoever. However, this is not always the case and usually there exists
some information about the current state of the channel through channel estimation,
although it may suffer from channel error. In this chapter we review the new method
which uses this fact to improve the degrees of freedom.

Recently, it has been shown that using combination of outdated CSIT and the
estimation of current CSIT can improve the Degrees of Freedom even more com-
pared to the case where only Delayed CSIT is available. Yang et. al. in [17] and
[18] showed that Degrees of Freedom of correlated MISO broadcast channel can be
increased when we exploit the perfect delayed CSI and the imperfect estimation of
current CSI together at the same time, which is called Mixed CSIT, compared to
the case where only one of them are available. The key idea in [17] is to quantize
the interference side information which is sent from transmitter to the receiver and
altering the MAT method such that the overhead interference will be multi-casted
to receivers instead of being broad-casted. At the same time, Gou et. al. based on
the previous work, presented the optimal Degrees of Freedom for the Mixed CSIT
case in broadcast channel without correlation assumption of the channel in [19] and
by sending extra information during transmission compared to [17] scheme. Here,
we will describe the method in [19], since it has less assumption on the channel
compared to [17] and achieves optimal DoF.

4.1 Optimal use of current and outdated CSIT

Here, The system setup is the same as Delayed CSIT on Broadcast channel i.e.
we have two receivers each equipped with one antenna and a transmitter with two
antennas. We assume that the transmitter has perfect delayed CSIT in the same

35
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way which was presented in the last chapter, and imperfect current CSIT which will
be described as follow. The system model is

y1(t) = hH(t)x(t) + z1(t) (4.1)
y2(t) = gH(t)x(t) + z2(t), (4.2)

where yi(t) is the received signal at destination i, x = [x1(t) x2(t)]T is the input
signal with power constraint E[‖X(t)‖2] ≤ P , zi(t) ∼ CN (0, 1) is the circularly
symmetric complex additive white Gaussian noise. Based on the estimation of
channel, we write the channel vectors as follow

h = ĥ(t) + h̃(t) (4.3)
g = ĝ(t) + g̃(t), (4.4)

where ĥ(t) and ĝ(t) are the estimated channel values while h̃(t) and g̃(t) are the
estimation errors. All these parameters are derived from continuous probability dis-
tribution function, independent from each other and behaving i.i.d. corresponding
to time index. The channel estimations are assumed to be zero mean with covari-
ance matrices (1−σ2)I and channel estimation errors are zero mean processes with
covariance matrices σ2I where σ2 ≤ 1. Based on our setup each transmitter at time
t knows perfectly h(1), . . . ,h(t − 1) and g(1), . . . ,g(t − 1) as well as estimation of
current channel values i.e. ĥ(t) and ĝ(t). The parameter α′ is defined to measure
the quality of the current channel estimation as follow

α′ = − log σ2

logP . (4.5)

Transmitter sends two independent messages, Wi, i = 1, 2, one for each receiver.
If we denote the size of each message by |Wi|, then for codewords with length equals
to n channel uses, the rates Ri = log (|Wi|)/n are achievable if the probability of
error can be made as small as possible by making n large enough. we can define
the Degrees of Freedom as

d = lim
P→∞

CΣ(P )
logP , (4.6)

where CΣ is the maximum achievable sum rate. With some simplifications we can
present the channel equations as follow [19]

y1(t) =
√
Px1(t) +

√
Pαh(t)x2(t) + z1(t) (4.7)

y2(t) =
√
Px1(t) +

√
Pαg(t)x2(t) + z2(t), (4.8)

Gou et al. in [19], showed that the degrees of freedom upper bound for this network
is d = 2− 2

3α for 0 ≤ α ≤ 1 and this upper bound is achievable. Here we go through
the solution of achievable scheme. The solution of the upper bound can be found
in [19].
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The first idea that makes it possible to improve DoF in this work, is to use
different variant of MAT for transmission over Broadcast channel with Delayed
CSIT. To explain the achievable scheme, first we explain a different variant of MAT
in which, unlike the original scheme, first the private signals are being broad-casted
and then the overhead interference is being multi-casted to both receivers. Based
on the Broadcast channel model we can write the signaling as follow

x1 = a + b x2 = [hH1 b 0]T x3 = [gH1 a 0]T

y1 = hH1 (a + b) y2 = h21hH1 b y3 = h31gH1 a
w1 = gH1 (a + b) w2 = g21hH1 b w3 = g31gH1 a,

(4.9)

where a and b are the coded information symbols intended to first and second
receiver respectively. If we write the three signals at first receiver we will gety1

y2
y3

 =

 hH1
0

h31gH1


︸ ︷︷ ︸

rank=2

a +

 hH1
h21hH1

0


︸ ︷︷ ︸

rank=1

b. (4.10)

As we can see in the equations the rank of the vector channel corresponding
to b is one, since the second row is a linear multiplication of the first row, thus
the interferences aligned at the receiver and we can get two independent symbols
without interference. We can achieve the same result at the second user, thus overall
Degrees of Freedom is 4

3 similar to original scheme.
Based on the above MAT we can write the achievable scheme as follow in three

phase:

Phase 1 : This phase occurs at time slot one and the transmitter signal is

x(1) = v1a1 + v2a2 + u1b1 + u2b2, (4.11)

where ai is intended for user 1 and bi is intended for user 2, and independent
Gaussian codebooks are used for [a1 a2] and [b1 b2] to transmit over the
channel. Power level (P −P (1−α′−ε))/2 is allocated to a1 and b1 and P (1−α′−ε)/2 is
allocated to a2 and b2 such that E[||x||2] ≤ P . In order to take advantage of the
channel estimation with error, v1 and u1 are designed such that

ĝH(1)v1 = 0 (4.12)
ĥH(1)u1 = 0, (4.13)

by this act the interference signal will be eliminate partially at the receivers based
on the quality of channel estimation; the more estimation of the channel is accurate,
the more interference would be reduced. u2 and v2 are selected randomly such that
they are linearly independent to u1 and v1. The received signal in receiver 1 at
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time slot 1 is

y1(1) = hH(1)x(1) + z1(1) (4.14)
= hH(1)v1a1 + hH(1)v2a2 + (h̃H(1)u1b1 + h̃H(1)u2b2)︸ ︷︷ ︸

η1

+z1(1), (4.15)

with the same approach, at receiver 2 we can write

y2(1) = gH(1)u1b1 + gH(1)u2b2 + (g̃H(1)v1a1 + g̃H(1)v2a2)︸ ︷︷ ︸
η2

+z1(1), (4.16)

as we demonstrated in the above equations the interference signals will be defined
as η1 at first receiver and η2 at the second receiver. Due to the partial zero-forcing
b1 will be received at power level P (1−α′) as well as a2 and b2 while a1 is received
at the power level P. This actually helps to increase the DoF of the system because
in this situation the imperfect estimation of the current channel is available, and
transmitter can perform beamforming and power allocation on the signals such that
the power of the interference at the receiver is reduced, while at the same time the
power of the desired signals is not reduced considerably. Consequently we can save
the time resource for multi-casting which gives us more Degrees of Freedom.

However, in the scheme that we explained above, since the transmit power and
the source power are not matched perfectly the analog transmission is not the
best choice.Here another important key point idea of the solution can improve the
performance which is to quantize the interference before sending it over the channel,
and assign the number of bits for multicasting based on the interference power so
that it would be efficient in the DoF point of view [19].

We quantize the interference signals and we show the quantization values by η̂1
and η̂2 such that

ηk = η̂k + ∆k, (4.17)

where ∆k is the quantization noise with variance (or distortion) E(|∆k|2) = Dk. If
the upper range of the quantization level is η̂max = P

1+ζ
2 σ for some ζ > 0. The

quantization value will be sent on the channel with rate Rηk bits, where

Rηk = 2 log(2dη̂maxe) ≈ 2 + (1 + ζ − α′) logP bits, (4.18)

now we encode η̂k using Gaussian codebook based on the rate distortion theorem
[20], let us call coded symbol ck and it contains Rηk bits which will be transmitted
over the channel to achieve the desired data rate.

Phase 2 : In this phase the common message i.e quantized interference c1 and two
extra private message, one for each receiver named a3 and b3 which is encoded by
independent Gaussian codebooks, are being sent over the channel. The transmitted
signal is

x = wc1 + v3a3 + u3b3, (4.19)
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where w, v3, and u3 are beamforming vectors, and v3, and u3 are selected such
that they are orthogonal to ĝ and ĥ respectively. The allocated power of a3, b3 and
c1 are Pα′/2, Pα′/2 and P − Pα′ respectively, with power constraint E[||x||2] ≤ P .
At receiver 1 we have

y1 = hHx + z1 (4.20)
= hHwc1 + hHv3a3 + h̃Hu3b3 + z1, (4.21)

we used the fact that ĥHu3 = 0. The power level of E(|hHwc1|
2) is of order P and

E(|hHv3a3|
2) is of the order Pα′ while

E(|h̃Hu3b3|
2) = E{(h̃Hu3b3)H(h̃Hu3b3)}

= E{b3Hu3
H h̃h̃Hu3b3}

= b3
Hu3

HE{h̃h̃H}u3b3

= b3
Hu3

H(σ2I)u3b3

= σ2E{b3Hb3} = P−α
′ Pα

′

2 = 1
2 , (4.22)

is of order O(1) which means that the signal is at the noise level. Similarly at
receiver 2 we have

y2 = gHx + z2 (4.23)
= gHwc1 + gHu3b3 + g̃Hv3a3 + z2, (4.24)

In the same way c1 and b3 will be received at power level P and P−α and a3 at
noise level in receiver 2. At receivers first c1 is decoded by treating other signals as
noise; thus the achievable rate is

Rc1 = min{I(c1; y1,h,g), I(c1; y2,h,g)}, (4.25)

where I(·) is the mutual information function between random variables. The first
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term in the minimum is calculated as follow considering that channel is Gaussian

I(c1; y1,h,g) = h(y1,h,g)− h(y1,h,g|c1) (4.26)

= Eh,g{h(y1)− h(y1|c1)} (4.27)

= Eh,g
{1

2 log 2πe(E
[∣∣y1

∣∣2])− 1
2 log 2πe(E

[∣∣y1 | c1
∣∣2])} (4.28)

= Eh,g
{1

2 log 2πe
(
E
[∣∣hHwc1 + hHv3a3 + h̃Hu3b3 + z1

∣∣2])
−1

2 log 2πe
(
E
[∣∣hHv3a3 + h̃Hu3b3 + z1

∣∣2])}

= Eh,g

{
log

(E
[∣∣hHwc1 + hHv3a3 + h̃Hu3b3 + z1

∣∣2]
E
[∣∣hHv3a3 + h̃Hu3b3 + z1

∣∣2]
)}

= Eh,g

{
log

(
|hHw|2E[c1

2] + |hHv3|
2E[a3

2] + |h̃Hu3|
2E[b32] + E[z1

2]
|hHv3|2E[a32] + |h̃Hu3|

2E[b32] + E[z12]

)}

= Eh,g

{
log

(
1 + |hHw|2E[c1

2]
|hHv3|2E[a32] + |h̃Hu3|

2E[b32] + E[z12]

)}

= Eh,g

{
log

(
1 + |hHw|2(P − Pα′)

1 + |hHv3|2 P
α′

2 + |h̃Hu3|
2 Pα′

2

)}
(4.29)

= Eh,g

{
log

(
1 + |hHw|2(P − Pα′)

1 + |hHv3|2 P
α′

2 + |P−α
′

2 ȟHu3|
2
Pα′

2

)}
(4.30)

= Eh,g

{
log

(
1 + |hHw|2(P − Pα′)

1 + |hHv3|2 P
α′

2 + |ȟHu3|
2

)}

= Eh,g

{
log

(
1 + |hHw|2(P 1−α′ − 1)

P−α′ + |hHv3|2 1
2 + |ȟHu3|

2
P−α′

)}
(4.31)

= (1− α′) logP + o(logP ). (4.32)

where h(·) is the differential entropy function. 4.26 is the definition of mutual
information. 4.27 is obtained from the fact that channel coefficients are time varying
random variables and the mutual information should be calculate based on the
expectation over random coefficients. 4.28 is based on the value of differential
entropy of Gaussian random variable. 4.29 is achieved by replacing variance value
of symbols which equals to the allocated power for them. In 4.30 ȟH has covariance
matrix I. 4.31 is achieved by dividing numerator and denominator by P , and finally
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4.32 is achieved because all the values in the logarithm except P (1−α′) are in the
order of O(P ).

In the same way we can get

I(c1; y2,h,g) = (1− α′) logP + o(logP ). (4.33)

Thus we have Rc1 = (1 − α′) logP + o(logP ). As we showed before c1 conveys
2 + (1 + ζ − α′) logP bits. Therefore the number of time slots which are needed to
sent these bits is equal to

t = 2 + (1 + ζ − α′) logP
(1− α′) logP + o(logP ) = 2

(1− α′) logP + o(logP )+ (4.34)

(1 + ζ − α′)
1− α′ + o(logP )

logP
,

as P → ∞ then t → 1 sinceζ can be made as small as it is needed , thus at high
SNRs this phase spans one time slot. Since c1 is already decoded and receiver have
the channel information, c1 can be subtracted from the received signal. Then we can
decode a3 and the achievable rate is (calculation follow the steps that we already
used for I(c1; y1,h,g))

Ra3 = I(a3; y2,h,g|c1) (4.35)

= E
{

log
(

1 +
|hHv1|

2 Pα′
2

1 + |g̃Hv1|2 P
α′

2

)}

= α′ logP + o(logP ),

In the same way we can get

Rb3 = I(b3; y2,h,g|c1) = α′ logP + o(logP ). (4.36)

Phase 3 : This phase is similar to phase 2 except that the common coded symbol
regarding to second overhead interference c2 will be broad-casted to two receivers
and the private massages which are called a4 and b4 will be sent to receiver 1 and
2 respectively. With the same exact as phase two we can show that both a4 and
b4 achieve α′ Degrees of Freedom and c2 will be delivered using t → 1 time slot as
phase 2.

After these three phases both receivers can derive η̂1 and η̂2 using c1 and c2.
Now at receiver 1, by using this information, we can write the equivalent MIMO
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channel as follow[
y1[1]− η̂1

η̂2

]
=
[
hH [1]v1a1 + hH [1]v2a2 + η1 + z1[1]− η1 + ∆1

gH [1]v1a1 + gH [1]v2a2 + ∆2

]
(4.37)

=
[
hH [1]
gH [1]

] [
v1 v2

] [a1
a2

]
+
[
z1[1] + ∆1
−∆2

]
.

In the same way we can achieve the equivalent MIMO channel as follow[
y2[1]− η̂2

η̂1

]
=
[

gH [1]
hH [1]

] [
u1 u2

] [b1
b2

]
+
[
z2[1] + +∆2
−∆1

]
. (4.38)

It is shown in [17] all the symbols a1, a2, b1 and b2 can be decoded with proba-
bility of error approaching zero when power approaches infinity.

When power is approaching to infinity the phases 2 and 3 spans 1 time slot,
and phase 1 occurs in one time slot as well. Thus we have overall 3 time slots
for transmission. If we sum up the DoF that was achieved in different phases and
divided by 3 we get

d = 2(2− α′ + α′ + α′)
3 = 2(2 + α′)

3 . (4.39)

We can see that by using the erroneous estimation of the channel, DoF can be
increased by the factor of 2

3α
′ compared to the case where we only used Delayed

CSIT. If estimation is perfect α′ −→ 1 and upper bound of 2 DoF is obtained and if
we have no estimation of the channel α′ −→ 0, scheme transformed to MAT method
and 4

3 is obtained. This shows that availability of estimation of the channel beside
the delayed CSIT can bring extra multiplexing gain.



Chapter 5

Conclusion

In this work we have reviewed the concept of Interference Alignment and its ap-
plications regarding the Degrees of Freedom (DoF) of the fundamental problems
in network information theory, especially K-user Interference Channel, MIMO X-
Network and 2 × 2 × 2 interference channel when the Channel State Information
(CSI) is available globally and perfectly at all nodes. We observed that for these
channels, interference alignment can achieve the upper bounds on the Degrees of
Freedom. We also considered “Completely outdated delayed CSI at Transmitter”
for MISO Broadcast channel in which channel information is available after some
delay and this information is completely independent from the current state of the
channel. In this case, we observed that even when this information does not have
any correlation with the current CSI, it can improve the DoF of the channel.

Furthermore, in the main contribution of this work, we investigated the upper
bound and the achievable Degrees of Freedom of 2×2×2 interference channel in the
case where the Channel State Information at Transmitter (CSIT) is available with
delay and this information is independent from one channel realization to another.

We have shown that the upper bound of DoF of 2× 2× 2 interference channel
equals to 4

3 by proving that this channel is a degraded version of MISO Broadcast
channel which has the same DoF. We also shown that this upper bound is achievable
by exploiting symbol extension of the channel and interference alignment method
at destination nodes. This proves that using the relay nodes can increase the DoF
compared to the 2-User Interference Channel where the upper bound is 1, when all
the nodes does not have global and perfect channel information.

Finally we investigated the situation where both Delayed CSIT and imperfect
estimation of current CSI are available at the transmitter, in the MISO Broadcast
channel. We observed that by having estimation of the channel beside the Delay
CSIT, the DoF can be improved by broadcasting the symbols and multicasting the
interference along with quantizing the overhead interference.
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Chapter 6

Future Work

The Interference alignment method has been presented a few years ago and it has
been proved that it can give closer rates to the capacity of communication networks
through obtaining the upper bound of DoF of wireless networks. There are still
some important practical issues regarding the implementation of this method, for
example: assumption of high SNR transmission, access to perfect global Channel In-
formation at all nodes in the networks, asymptotic approach in achieving the upper
bound of DoF in different schemes etc. which are not valid for real life applica-
tions. A great deal of researches in the future should be focused on practical issues
regarding interference alignment, and investigate these problems for implementing
interference alignment methods in future.

In main part of our work, we were considering the lack of current CSIT at
the transmitter in the 2 × 2 × 2 interference relay aided network. This work can
be extended to other networks schemes especially networks with higher number of
users and relays, and the DoF of system under these assumptions in those networks
can be investigated. Also we considered the problem under high SNR and ignoring
the additive noise,while for practical applications the system can be analyzed for
real SNR regimes.
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