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Abstract

The optimization of new generation of the wind farms is dependent on
our understanding of wind turbine wake development, wake dynamics and the
interaction of the wakes. The overall goal of the optimization is decreasing
the fatigue loading and increasing the power production of the wind farms.
To this end, numerical simulations of the wake of wind turbine are performed
by means of applying fourth order finite volume code, EllipSys3D along with
the actuator line method. The basic idea behind such actuator line method
is representing the blades by employing the body forces in the Navier–Stokes
equations. The forces are then determined through a combination of Blade
Element Momentum (BEM) method and tabulated airfoil data.

In the first part of thesis, the dynamics of the tip vortices behind a single
wind turbine is investigated. The generated wind turbine wake is perturbed
using small amplitude disturbances. The amplification of the wave along the
spiral triggers some modes leading to wake instability. The perturbed wake is
then analyzed using modal decomposition in which the dominant modes lead-
ing to the onset of instability can be identified. Two different cases are studied;
symmetric configuration, in that the wake is excited by identical perturbation
near each blade tip; and non-symmetric configuration, in which general pertur-
bations are used. The corresponding result confirms that the instability is dis-
persive and the growth occurs only for specific frequencies in symmetric case.
However in general non-symmetric case, all the modes have positive spatial
growth rate. This can be explained through the fact that breaking the sym-
metry results in superposition of the unstable modes related to three-bladed,
two-bladed and one-blade wind turbine wake.

A rotor experiment has been recently carried out at NTNU wind tunnel
using horizontal axis model scale rotors, for detailed investigation of the wake
development. A single rotor configuration was first tested and then a setup of
two rotors inline was investigated. Previous numerical investigation of single
wind turbine wake using actuator line method shows that the quality of the
result depend on the input tabulated airfoil data. Due to absence of the re-
liable data, a series of experiments using 2-D airfoil were carried out at DTU
wind tunnel to obtain the tabulated airfoil data for the Reynolds number cor-
responding to NTNU rotor operating conditions. The numerical simulations
using actuator line method together with the new experimental airfoil data were
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then carried out for studying the phenomenon of wake interaction between the
two wind turbines.

Different cases are simulated with various tip speed ratio of the downstream
turbine specifically adjusted to match the NTNU experiments. The character-
istics of the interacting wakes were extracted including the rotor performance
and the averaged velocity and turbulence fields as well as the development of
wake generated vortex structures. The obtained results were in agreement of
NTNU experimental data showing that numerical computations are reliable
tools for prediction of wind turbine aerodynamics.

The third aim of the project is to perform a comparison between an ana-
lytical vortex model and the actuator line of an isolated horizontal axis wind
turbine (simulated with the ACL approach) to assess whether the predictions
by the vortex model can substitute more expensive CFD approaches. The
model is based on the constant circulation along three blade (Joukowsky rotor)
and it is able to determine the geometry of the tip vortex filament in the rotor
wake, allowing the free wake expansion and changing the local tip-vortex pitch.
Two different wind turbines have been simulated: one with constant circulation
along the blade, to replicate the vortex method approximations, and the other
with a realistic circulation distribution, to compare the outcomes of the vortex
model with real operative wind turbine conditions (Tjæreborg wind turbine).
The vortex model matched the numerical simulation of the turbine with con-
stant blade circulation in terms of the near wake structure and the local forces
along the blade. The simple vortex code is therefore able to provide an estima-
tion of the flow around the wind turbine similar to the actuator line code but
with a negligible computational effort. The results from the Tjæreborg turbine
case showed some discrepancies between the two approaches although the over-
all agreement is qualitatively good. This could be considered as a validation
for the analytical method for more general conditions.

Descriptors: Wind turbines, CFD, EllipSys3D, Actuator line, Stability, In-
teraction, Wake, Vortex model
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Preface

In the present thesis the main mechanisms behind instability of the tip vortices
of wind turbine wakes are investigated. The phenomenon of wake interaction
between two wind turbines is analyzed using the actuator line technique and
full unsteady Navier–Stokes computations. The results are then compared
with the experimental data. A brief introduction on the basic concepts, modal
decompositions and numerical methods are presented in the first part. The
second part contains five articles. The papers are adjusted to comply with the
present thesis format for consistency, but their contents have not been altered
as compared with their original counterparts.

March 2013, Stockholm

Sasan Sarmast
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”There is no dark side in the moon, really. As a matter of
fact, it’s all dark... and the thing that makes it look alight
is the sun.”

Above & Beyond Essential mix 2004
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Part I

Overview and summary





CHAPTER 1

Introduction

The current concerns about climate change relate strongly to the past techno-
logical developments, such as combustion of the fossil fuels. This dependency
has given rise to a significant increase in the emissions of greenhouse gases out
of which carbon dioxide is the most important. There is still a hope that the
future green technological developments will solve the problems. Figure 1.1
shows that the effect of new decisions in which the electricity production from
fuel oil, coal and nuclear is reducing and this lack of energy is substituted by
the gas, wind and solar PV resources. Focusing on wind turbine technology,
it shows that the annual wind power installations have increased steadily over
the past 17 years from 814 GW in 1996 to 9,616 GW in 2011, with an average
annual growth rate of 15.6 %. The present and estimated future electricity
productions from the wind resources are presented in figure 1.2. The future
development of wind energy requires larger and lighter wind turbines in order
to optimise and increase the energy production. A special attention is also paid
towards placing the wind turbines in larger wind farms, taking offshore wind
farms to deeper waters and reallocating the wind turbines into more complex
terrains.

Figure 1.1. Net electricity generating installations in EU
2000-2011 in GW, taken from EWEA (2011).
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Figure 1.2. Wind turbine statistics and future targets, taken
from European Wind Energy Association (EWEA) factsheets
2011.

Modern wind turbines are often clustered in wind farms in order to over-
come with the overall installation and maintenance costs. An unwanted but
inevitable effect, however, is that the efficiency of the interior turbines de-
creases due to velocity deficit (5% to more than 15% depending on the wind
farm layout Smith et al. (1995)) and the turbulence intensity increases due
to the interaction from the wakes of surrounding wind turbines. As a conse-
quence, dynamic loadings are increased that may excite the structural parts
of the individual wind turbines, and increase fatigue loadings and noise. The
turbulence created from the wind turbine wakes is mainly due to the presence
of the tip/root vortices shed from the rotor blades. In most situations, the
tip/root vortex system is unstable and due to various instability mechanisms it
eventually breaks down and forms small scale turbulent structures. It is impor-
tant to note that if a wind turbine is located in a wake consisting of stable tip
and root vortices the fatigue loading is more severe than in the case where the
tip vortices have already broken down by instabilities see Sørensen (2011). It
can be concluded that understanding of the factors like the physical nature of
the vortices and their dynamics in the wake is thus important for the optimal
design of a wind farm.



CHAPTER 2

Background

2.1. The aim of projects

This thesis project aims at understanding instability of the tip vortices and the
wake interaction of two inline wind turbines.

The instability study focuses on the mechanism of tip vortex instability that
leads to breakdown to turbulence. This part of the project is a continuation of
the research conducted by Ivanell et al. (2010).

The second aim of the project is to study the wake interaction between
two inline modeled wind turbines. A rotor experiment have recently been
carried out at NTNU wind tunnel using horizontal axis wind turbine for detailed
investigation of the rotor performance and wake development see Krogstad
& Eriksen (2013); Krogstad & Lund (2011). There is an extension of the
experiment with two inline wind turbines where the interaction of the wake were
studied in detail. This part of the research focuses on the NTNU experiments
and the main goal of the project is an evaluation of the numerical prediction of
the wind turbine performance and its wake development through comparison
with experiments.

The third objective of the project is a comparison between an analytical
vortex model and actuator line simulations of the wind turbine’s near wake.
This task focuses on comparison of analytical vortex model with the numerical
simulation of an isolated horizontal axis wind turbine (simulated with the ACL
approach) to assess whether the predictions by the vortex model can be a
substitute of more expensive CFD approaches.

2.2. Previous efforts on the stability of helical vortex fields

The early studies of Widnall (1972) and Gupta & Loewy (1974) provided an
analytical framework for the inviscid linear stability of helical vortex filaments.
Their study was based on the analytical methods to obtain the helical filaments
where the adjacent filaments could interact according to the Biot–Savart law.
The filaments were then subjected to small sinusoidal displacements leading to
an unstable system. Widnall was the first to prove the existence of at least
three different instability modes. Using single twisted helices, she found that
the vortices are unstable to long- and short-wave length instabilities as well as
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to a mutual inductance. These unstable modes were determined to be depen-
dent on filament (e.g. pitch and core size) and perturbation (e.g. wavenumber)
parameters and independent of the perturbation source. The short-wave in-
stability arises when the wavenumber is high and it most likely affects all the
curved filaments. When the perturbation wave number is less than unity, a
long-wave instability may arise. The latter instability occurs when the pitch
of the helix decreases and the neighboring filament starts to interact strongly.
The further reduction in pitch results in the mutual instability modes to merge
and the filament is nearly unstable for all wave numbers. Decreasing the core
size of the helical vortices leads to a reduction of the amplification rate. Figure
2.1 shows the stability maps (pitch vs. perturbation wave-number) of the single
helical filaments in which the stable and unstable setups are identified.

Figure 2.1. Stability boundaries for helical vortex filaments
in an inviscid flow is obtained by Widnall (1972). The x- and
y-axis are the non-dimensional pitch τ−1 and wavenumber γ

k′
,

respectively. γ denotes the wavenumber and k′ is defined as:
k′ = τ/R(1 + τ2) where R is the blade length. The values
of the ratio to core of the cylinder are shown on each curve.
Above the boundary, the helical filament of that core size is
unstable. Points 2-4 are corresponding to the configurations
where the spiral is subjected to a long-wave, mutual-induction
and short-wave instability, respectively. The perturbed spiral
in point 5 results in stable configuration. Figure is taken from
Walther et al. (2007).



The stability of multiple helical vortices was investigated by Gupta &
Loewy (1974), Bhagwat & Leishman (2001) and Leishman et al. (2004). They
observed that for a specific unstable configuration, the divergence (instability)
rate has a characteristic sinusoidal type of variation when increasing the wave
number, see figure 2.2. The maximum divergence rate for multiple helicals oc-
curs at wave numbers equal to half integer multiple of the number of blades.
On the other hand, a minimum divergence rate occurs at integer multiple of
the the number of blades. The average of the divergence rate increases with the
number of filaments in which a single filament has the smallest divergence rate
for all wave numbers. Gupta & Loewy (1974) commented that increasing the
number of helices and/or increasing the perturbation wave number and/or re-
duction of the helix pitch results in the helical system to become more unstable.
In all the investigations the helical vortex system is found to be unstable. This
is however in contradiction to the visualization of the rotor/propeller wakes
where stable configurations were also observed. Okulov & Sørensen (2007)
suggested that it is necessary to consider tip vortices embedded in the wake
to include all the possible configurations. They also proved that the far wake
model of Joukowski (1912) is unconditionally unstable.

Figure 2.2. Maximum non-dimensional divergence rate as a
function of wave number ω for infinite helical vortex filaments
with non-dimensional pitch 0.1. Figure is taken from Leishman
et al. (2004).

All the previous stability studies using analytical methods were inviscid in
nature, therefore the effect of viscosity was neglected in the previous works.
Walther et al. (2007) performed a series of direct numerical simulations (DNS)



of helical vortices using the particle vortex methods. They simulated five config-
urations from Widnall’s stability map as shown in figure 2.1 and their analysis
confirmed the existence of Widnall’s unstable modes in presence of the viscos-
ity. In addition, they observed that an elliptical instability forms in the helical
filaments when the radius of the curvature increases beyond a certain limit.
They also found that the instability has a linear phase during which the small
perturbations are amplified, and a non-linear phase in which the vortex core
is subjected to an elliptical deformation gives rise to local or global elliptical
instability features. Later on, the stability of the tip vortices of a wind turbine
has been investigated numerically by Ivanell et al. (2010) using the actuator
line (ACL) method. In this method, the presence of the blades is introduced as
body forces and the flow field around the blade was determined by solving the
three-dimensional Navier–Stokes equations using large-eddy simulations (LES).
The generated wake was then perturbed by imposing harmonic disturbances
near the blade tip. Analyzing the flow field showed that the instability is dis-
persive and the spatial growth arises for specific frequencies and modes with
wave-numbers equal to half-integer multiples of the number of blades which is
in agreement with previous inviscid analysis. Ivanell et al. (2010) also found
that the largest spatial growth occurs where the oscillation of neighboring vor-
tex spirals are out of phase and the mutual inductance instability is associated
with vortex pairing. Felli et al. (2011) made extensive experiments on propellers
wake and they detected traces of all the three instability mechanisms in their
experiments. They found that instability transition point moved downstream
by increasing the helical pitch. Based on this observation they indicated that
the mutual inductance instability mode is the primary cause of wake destabi-
lization.

2.3. Previous efforts on the interaction of wind turbine wakes

The optimization of the new generation of wind farms is dependent on our
understanding of the flow field characteristics within wind farms. Researchers
put enormous efforts to overcome the limitations in engineering modeling of the
wake interaction. Modeling of wake interaction between turbines have been ap-
proached by various means; analytical model, CFD models and experimental
techniques. A number of analytical studies and models have been developed,
dealing with the superposition of wakes stemming from a finite number of
wind turbines and even considering the limit of infinite wind farm; see Lis-
saman (1979), Frandsen (1992), Frandsen et al. (2006) and Ott et al. (2011).
Full CFD approaches namely modeling the entire flow field between turbines,
has been pursued by various groups, among those: Mikkelsen et al. (2007),
Troldborg et al. (2011), Ivanell et al. (2008), Ivanell et al. (2009), Calaf et al.
(2010), Fletcher & Brown (2010) and Porté-Agel et al. (2011). They revealed
that CFD techniques may capture the unsteady behavior of interacting wakes.
Several researchers used wind tunnel experiments to study wake interaction in



wind farms composed of small model wind turbines or actuators, among those:
Alfredsson & Dahlberg (1981) and Bartl et al. (2012). Even though such studies
can provide useful information about some main features of the wake structure,
they often carry a disadvantage due to the low Reynolds numbers and other
scale effects.

Although, the interaction of the turbine is a subject of many investiga-
tions, the overall behavior of interacting wind turbine wakes is far from being
understood.



CHAPTER 3

Numerical modeling

This chapter presents the numerical modeling of the wind turbine wakes to-
gether with a description of the simulated wind turbines.

3.1. Actuator line methodology and flow solver (EllipSys3D)

The actuator line (ACL) method introduced by Sørensen & Shen (2002), is
a fully three-dimensional and unsteady aerodynamic model for simulating the
wind turbine wakes. The flow field around the wind turbine is governed by
the three-dimensional incompressible Navier–Stokes equations while the influ-
ence of the rotating blades on the flow field is computed through body forces.
The local forces on the blades are determined using the blade element method
(BEM) combined with tabulated airfoil data. Body forces are distributed radi-
ally along lines representing the blades of the wind turbine. The forces are then
smeared among neighboring node points in a three-dimensional Gaussian like
profile in order to avoid numerical singularity and mimicking the chord-wise
pressure distribution. This is done by taking the convolution of the computed
load f and the regularization kernel ηǫ,

fǫ = f ⊗ η , ηǫ(d) = ǫ−3π−3/2 exp

[
−
(
d

ǫ

)2 ]
, (3.1)

where d is the distance between cell centered grid points and points of the
actuator line. Here, ǫ is the smearing parameter that serves to adjust the con-
centration of the regularized load. The actuator line technique is an appropriate
method to obtain the fully resolved wake compared to full CFD simulation as
there is no need for simulating the actual geometry of the blades. However, the
accuracy of the numerical computations depends on the quality of the tabulated
airfoil data.

The ACL method is implemented into the EllipSys3D code developed by
Michelsen (1992) and Sørensen (1995). This code is based on a finite volume
discretization of the incompressible Navier–Stokes equations in general curvi-
linear coordinates and it is parallelized using a message passing interface (MPI).
Using the coordinate directions (x1, x2, x3), the governing equations are then
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formulated as:

∂ui

∂t
+

∂uiuj

∂xj
= −1

ρ

∂p

∂xi
+ fext,i +

∂

∂xj

[
(ν + νt)

(
∂ui

∂xj
+

∂uj

∂xi

)]
,

∂ui

∂xi
= 0,

(3.2)

where ui is the velocity vector, p is the pressure, ρ is the density of air, fext is
the body forces, ν is the kinematic viscosity and νt is the eddy viscosity. We
employ large eddy simulation (LES) in which the large scales are resolved and
the small scales are modeled by an eddy viscosity based sub-grid scale model
developed by Ta Phuoc (1994). The body forces can be combination of the
actuator line forces at the rotor plane, synthetic turbulence using the method
of Mann (1998) at the upstream of the wind turbine (if necessary) and the
additional Coriolis forces, if rotating frame of reference is used.

The numerical method uses a blend of third order QUICK (10%) and fourth
order CDS (90%) difference scheme for the convective terms and second order
central difference scheme for the remaining terms. The usage of the blend is
a compromise between avoiding non-physical numerical wiggles and limiting
numerical diffusion. The pressure correction equation is based on SIMPLE
algorithm.

3.2. Computational domain and boundary conditions

The computations have been conducted in Cartesian and polar computational
domains and here some of their features are presented.

Depending on the studied problems, a specific computational domain and
boundary conditions is used i.e. for studying the instability of the tip spiral,
the polar format with rotating frame of reference is employed. The interaction
of two in-line wind turbines is carried out by using Cartesian domain. The
instability analysis is employed on the polar domain and rotating frame of
reference due to the fact that the rotation of the actuator lines in a Cartesian
domain introduces a truncation error which is unfavorable for studying the
onset of instability. On the other hand, the interaction of the wind turbine
wakes using the synthetic turbulence is not feasible in polar configuration with
rotating frame of reference where the truncation errors plays less important role
in the computations. The overall layout of the two configurations with their
corresponding dimensions are shown in the figures 3.1 and 3.2. In the vicinity
of the actuator lines, referred to as the near domain, a high concentration of
the grids are distributed in order to capture gradients and to resolve the near
wake. In the computations, the near domain resolution is 97 and 43 grid points
per rotor radius for the polar and Cartesian configurations, subsequently. Both
cases share the same block size with 323 grid points, see appendix II. For the
polar configuration, the following boundary conditions are applied:



r1 r2 s1
s2

s3r

θ

z

(a) (b)
parameter length (in R)

r1
∗ 1.7

r2 13.3

s1 18.4

s2
∗ 8

s3 17.6

* Near domain

Figure 3.1. (a) Multi-block polar grid topology. The grid
contains 2592 blocks and only one third of the domain is shown.
The flow direction corresponds to the z-axis and the rotor is
positioned inside near domain at z=19. The outer cylindrical
walls are chosen far from the rotor to assure very low blockage
effect (b) Parameters of the computational grid characteristic.

Ly

Lx

Lz

yz

x

(a) (b)

parameter length (in R)

Lx 3.81

Ly 5.72

Lz 23.6

Figure 3.2. (a) Multi-block Cartesian grid topology. The
grid contains 750 blocks. The flow direction corresponds to the
z-axis and the rotors are positioned at z=3.031 and z=9.47.
(b) Parameters of the computational grid characteristic.

• At the inlet boundary the uniform velocity in the z-direction is assumed
to be equal to the free stream i.e. uz = V0. The azimuthal velocity
component, ut, is set to Lrω where Lr is defined as the local radius and
ω is the rotational velocity. The radial velocity component is set to zero.

• At the outlet boundary the convective outflow in stream-wise direction
together with uθ = Lrω is imposed.

• At lateral cylindrical wall radial and stream-wise velocity components
are set to zero while the tangential velocity is uθ = Lrω.

For the computation of wind turbine using the Cartesian grid and rotating
actuator lines, another type of boundary conditions are imposed:



• At the inlet boundary the uniform velocity equal to the experimental
free-stream is used in the positive z-direction, and the two other velocity
components are set to zero.

• At the outlet boundary the convective outflow in stream-wise direction
is imposed and the other velocity components are set to zero.

• At the lateral walls slip boundary condition in the stream-wise are used
where the two other velocity components are zero.

3.3. Wind turbines

The computations presented in the thesis were conducted using Tjæreborg
wind turbine with NACA44xx profile along the blade and the modeled wind
turbine experiment with NREL S826 profile. The good quality of the airfoil
data assures the accuracy of result using the actuator line method.

The 2 MW Tjæreborg wind turbine, see Øye (1992), was an operational
three-bladed horizontal axis rotor where blade profiles consisted of NACA44xx
airfoil sections. The instability study uses the rotor computations performing
at the wind turbine optimum power condition (Cp = 0.49) with a wind speed
of 10 m/s at the design tip speed ratio of 7.07. The Tjæreborg wind turbine is
chosen to study the instability mechanism of the helical tip vortices due to its
blade abrupt ending that results in a strong distinct tip vortices. The general
picture of the single wind turbine wake operating at different tip speed ratios
is also presented.

A rotor experiment has recently been carried out at NTNU using horizontal
axis model scale (D=90cm) rotors, for detailed investigation of the interaction
of the wake. The modeled wind turbine is equipped with the 14% NREL S826.
The family of the S826 airfoils has been designed specially for the horizontal-
axis wind turbines with the primary objectives of high maximum lift (maximum
lift of at least 1.4), insensitivity to roughness, and low profile drag. In addition
the airfoils should exhibit docile stalls. More information about the process of
blade design and the performance of the airfoils at high Reynolds numbers can
be obtained from Somers (2005).



CHAPTER 4

Numerical sensitivity

The two main parameters governing the numerical accuracy of the actuator
line method are the smearing parameter, ǫ, and the grid resolution. A series
of computation have been conducted to evaluate the effect of these parameters
on the near wake flow field. This study considers Tjæreborg wind turbine
operating at its optimum power output with the uniform inlet velocity of 10m/s
and the design tip speed ratio of 7.07. The polar grid with rotating frame of
reference is used and the computational grid dimensions are presented in figure
3.1(a). Reynolds number is also set to 50000. The previous investigation
by Sørensen & Shen (2002) confirmed that applied diffusion represented by
Reynolds number has a minor influence on the solution if Reynolds number
is moderately large. This section can be seen as a complementary sensitivity
analysis conducted previously by Sørensen & Shen (2002), Mikkelsen (2003),
Troldborg (2008) and Ivanell et al. (2008).

4.1. Smearing parameter

The smearing parameter, ǫ, serves as a parameter that ideally should represent
the chord wise pressure distribution of the blade. The previous study shows
the effect of this parameter in the solutions as there is a significant numerical
oscillations along the actuator line in the case of ǫ ≤ 1.5∆r where ∆r is the
local grid size. On the other hand, ǫ ≥ 3∆r enlarges the size of the vortex core
sizes convected downstream of the rotor. Figure 4.1 compares the distribution
of the axial induction factor, a, along the actuator line and at 80% radius
for different smearing values. The induction factor along the blade deviates
significantly for ǫ = 1∆r as compared to higher ǫ values. Here, the numerical
oscillations is not part of the solutions which can be related to the previous
low resolution computations. It is also clear that the induction factor near the
tip has strong dependency on the choice of the smearing parameter. Figure 4.2
shows the convected tip and root vortices in the near wake region where the tip
spiral computed using ǫ = 1.5∆r has less expansion rate and their convection
velocity is higher compared to the higher smearing parameters. Based on these
observation, the ǫ = 2.5∆r is offering a good compromise between the above
mentioned concerns.
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Figure 4.1. Radial distribution of the axial induction factor
along the actuator line (a) and at 80% radius (b) for different
smearing values with ǫ∗ = ǫ/∆r.
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Figure 4.2. Contours of vorticity magnitude in a r/z-plane
cut show the development of tip spiral for different ǫ values
with ǫ∗ = ǫ/∆r.

4.2. Grid resolution

In order to quantify the influence of the employed grid, the grid dependency is
investigated using ǫ = 2.5∆r. Figure 4.3 shows the axial induction factor along
the actuator line for various grid resolutions (96-42, 128-65, 160-81, 192-97,
224-109 and 240-136 points in total (domain radius) and resolving the rotor,
jrot) where the grid has the same resolution in radial, axial and azimuthal di-
rections. The peak in the solution near the tip will keep on increasing with grid
refinement which makes it difficult to interpret whether the grid independency
is obtained or not. The behavior at the tip is critical to study the tip correc-
tions since it usually affects the shape of the loading. Figure 4.4 shows the tip
spiral development using different resolutions where the solutions shows the
merging of the vortices due to the low resolution effects. As obvious from the



figures, 192-97 grid resolution is an appropriate option to analyze the stability
of the wake spiral where the merging of the vortices is delayed.
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Figure 4.3. Radial distribution of the axial induction factor
along the actuator line for different grid resolutions.
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Figure 4.4. Contours of vorticity magnitude in a r/z-plane
cut show the development of tip spiral for different grid reso-
lutions.

4.3. Summary

The numerical sensitivity analysis shows that the solutions always exhibit a
dependency on grid resolution and smearing parameters but their effects in the
near wake structure is neligible.



CHAPTER 5

Flow analysis using modal decompositions

When observing a complex flow, one is faced with an immense amount of
information in space and time. To be able to analyze this information and
understand fundamental dynamics, some kind of data reduction procedure is
needed. In this chapter the concept of modal decomposition is introduced.
In particular, the proper orthogonal decomposition (POD) and the dynamic
modal decomposition (DMD) are considered.

5.1. Modal decomposition

To extract coherent motion from a given dataset, we consider a flow with
equidistantly sampled (with spacing ∆t) velocity fields; the sequence of m
descritized flow fields uj = u(xi, tj) ∈ R

n, tj = j∆t, j = 0, 1, · · · ,m − 1 are
assembled columnwise as

Um = [u0,u1, . . . ,um−1] ∈ R
n×m, (5.1)

where n is the total number of degree of freedom and is equivalent to the number
of grid points multiplied by the number of velocity components. This number is
usually large compared to the number of snapshots in the flow problem n ≫ m.
In the modal decomposition, we attempt to split the flow dynamics into space
and time dependent parts; this is achieved by expanding the velocity field into
spatial basis functions (the modes) φk = φk(xi), k = 0, · · · ,m − 1 and the
corresponding temporal coefficients (amplitudes) ak = ak(tj), as:

u(xi, tj) =

m−1∑

k=0

φk(xi)ak(tj) ∀j or Um = XA, (5.2)

where the matrix A contains the temporal coefficients ak and X is the collec-
tion of the spatial basis φk. Since only modes describing the coherent motions
are significant, we can usually reconstruct the flow with a good accuracy using
a fewer number of modes. Mathematically, a variety of modal decompositions
were derived; two of which are investigated in this paper, namely, Proper Or-
thogonal Decomposition (POD) and Dynamic Mode Decomposition (DMD).
POD can be considered as a purely statistical method where the modes are ob-
tained from minimization of the residual energy between the snapshots and its
reduced linear representation; the spatial modes are constructed to be mutually
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orthogonal and the temporal coefficients are uncorrelated Sirovich (1987). In
DMD, on the other hand, it is assumed that the snapshots are generated by a
linear dynamical system; the extracted modes are characterized by a specific
frequency and growth rate. In fact, in POD, the modes are related to the
eigenfunctions of the two-point spatial correlation matrix, whereas in DMD,
the dynamic modes are computed from the eigenfunctions of the approximated
linear operator.

5.2. Proper Orthogonal Decomposition

Proper orthogonal decomposition (POD) is a well-known method to capture
the coherent structure of the flow. This method extracts an orthogonal basis
for the decomposition of a given collection of snapshots. POD has its own
roots in statistical analysis and has appeared with various names, including:
empirical eigenfunctions, Karhunen-Loève decomposition or empirical orthog-
onal functions. POD was first introduced in turbulence by Lumley (2007) and
the method has been described in detail in many publications Aubry (1991);
Manhart & Wengle (1993). The benefit of using POD is the property of its
fast convergence to get accurate reconstruction with a low number of modes
as opposed to, for example, Fourier decomposition Frederich & Luchtenburg
(2011). On the other hand, since POD extracts an orthogonal basis ranked by
their energy content, it is not always straightforward to interpret the physical
meaning of the spatial modes and their temporal counterparts. In particular, in
complex flows, different spatial structures and temporal scales are often present
in one mode. Thus, POD does not prevent frequency and scale mixing.

The derivation of POD begins with collecting a set of m snapshots uj , j =
0, · · · ,m−1 that lie in a vector space uj ∈ U ⊂ R

n with a corresponding inner
product defined as

〈ui,uj〉M = uT
i Muj ∀ui,uj ∈ U, and ‖ uj ‖2M= 〈uj ,uj〉M , (5.3)

where the symbol T represents the transpose and M ∈ R
n×n represents the

diagonal spatial weight matrix in which the entries (weights) are for instance
given by the local cell volumes corresponding to each grid point. The aim
of POD is to find a set of deterministic, orthogonal basis functions, X =
[φ0,φ1, · · · ,φk, · · · ,φm−1], through solving the minimization problem

minimize
φk

m−1∑

j=0

‖ u(xi, tj)−
p−1∑

k=0

φk(xi)ak(tj) ‖2M ,

subject to 〈φl,φk〉M = δlk ∀l, k = 0, · · · , p− 1.

(5.4)

where ak(tj) = 〈uk,φk〉M and the minimization is valid for any number of
POD modes p ≤ m. The solution to this problem is equivalent to the solution
of the following eigenvalue problem Sirovich (1987),

R̂X̂ = X̂Λ̂, (5.5)



where R̂ = M
1

2UmUT
mM

1

2 is the (weighted) spatial correlation matrix; more-

over Λ̂ and X̂ are the eigenvalue and eigenvector matrices respectively. If we

assume m linearly independent snapshot sequence, the rank of the matrix R̂ is
equal to m. Hence, The eigenvalues and eigenvector matrices are given as

Λ̂ =




λ̂0 0 · · · 0

0 λ̂1 · · · 0
...

...
. . .

...

0 0 · · · λ̂m−1




and X̂ = [x̂0, x̂1, · · · , x̂m−1]. (5.6)

Since R̂ is symmetric and positive definite, all the eigenvalues λ̂j , j = 0 · · · ,m−
1 are real and non-zero, and all the eigenvectors x̂j are mutually orthogonal.
Note that the eigenvalues are sorted according to their magnitude and turn out
to be equal to the energy of the corresponding mode. Finally, the POD modes
can be computed as

X = M−
1

2 X̂, (5.7)

where the additional normalization step is to ensure the orthonormality of the
POD modes with respect to the weighted inner product, i.e. XTMX = I.
Furthermore, the corresponding temporal coefficients of the POD modes can
be computed as

A = XTMUm. (5.8)

The aforementioned procedure is usually numerically intractable for high spa-
tial resolution problems. An alternative approach is to use the singular value
decomposition (SVD) of the weighted snapshot sequence,

M
1

2Um = X̂ΣWT , (5.9)

where the columns of X̂ and W are the left and right singular vectors respec-
tively. The diagonal entries of Σ, also known as the singular values, are equal

to the square root of the eigenvalues of the spatial correlation matrix, Σ = Λ̂
1

2 .
The POD modes can be computed using the left singular vectors as in equation
9, and the temporal coefficients read

A = ΣWT . (5.10)

For extremely high spatial resolution problem, however, an alternative pro-
cedure is presented by Sirovich (1987) through solving a smaller eigenvalue

problem of the temporal two-point correlation matrix Ĉ = Um
TMUm such

that

ĈW = Λ̂W. (5.11)

Again, Ĉ is symmetric and positive definite, leading to real and non-zero eigen-
values and orthogonal eigenvectors. The temporal coefficients of the POD can
be expressed as

A = Λ̂
1

2W. (5.12)



Subsequently, the POD modes are computed by

X = UmA−1 = UmWT Λ̂−
1

2 . (5.13)

5.3. Dynamic Modal Decomposition

From a mathematical point of view, dynamic modal decomposition (DMD) is
an Arnoldi-like method, based on the Koopman operator to analyze data and
compute eigenvalues and eigenvectors of an approximate linear model. Without
explicit knowledge of the dynamical operator, it extracts frequencies, growth
rates, and their related spatial structures (modes). DMD splits the flow into dif-
ferent modes that independently oscillate at a certain frequency. Rowley et al.
(2009) presented the theoretical basis of the dynamic mode decomposition to
compute the Koopman expansion from a finite sequence of flow fields (snap-
shots); Schmid (2010) among other considerations, provided an improvement
towards a more stable implementation of the DMD algorithm. To compute
DMD, we consider a sufficiently long, but finite time series of snapshots (see
equation 3). We assume a linear mapping that associate the flow field uj to
the subsequent flow field uj+1 such that

u(xi, tj+1) = uj+1 = eÃ∆tuj = Auj . (5.14)

Hence, it is possible to write

u(xi, tj) =

m−1∑

k=0

φk(xi)ak(tj) =

m−1∑

k=0

φk(xi)e
ωkj∆t =

m−1∑

k=0

φk(xi)λ
j
k, (5.15)

where ωk and λk are the eigenvalues of the matrices Ã and A, respectively, and
φk are the corresponding eigenvectors. We also have the relation

λk = eωk∆t. (5.16)

It is further possible to write φk = vkdk where ‖ vk ‖M= 1. We define dk
as the amplitude and d2k as the energy of the dynamic mode φk; the λk are
associated to the time development of the spatial expansion modes vk. Such an
expansion can be interpreted as a finite sum version of the Koopman expansion
where the Koopman eigenvalues, λk, dictate the growth rate and frequency of
each mode Rowley et al. (2009). Without pursuing further, it is sufficient to
state that the Koopman expansion puts the dynamic mode decomposition on
a firm theoretical foundation.

Equation 17 can be rewritten in a matrix form as

Um = X̃DS = X̄S. (5.17)

where S is a so-called Vandermonde matrix and dictates the time evolution
of the dynamic modes. Note that for simplicity, we already incorporated the
amplitudes matrix D into X̄.



To compute the DMD modes X̄, we proceed as follows. As the number of
snapshots increases, it is reasonable to assume that beyond a certain limit, the
snapshot matrix becomes linearly dependent. In other words, adding additional
flowfield uj to the data set will not improve the rank of snapshot matrix Um.
Hence, one can obtain the flow field sequence Um+1 = [u1, · · · ,um] by a linear
combination of the previous snapshot sequence Um. This step is expressed as

Um+1 = UmC+ ǫeT, (5.18)

where e = [0, . . . , 0, 1]T and ǫ contains the residual. This procedure will result
in the low-dimensional system matrix C which is of companion-matrix type
and can be computed using a least square technique Rowley et al. (2009). The
matrix C can be diagonalized as,

C = S−1ΛS = TΛT−1, Λ = diag(λ1, · · · , λm), (5.19)

where S is the Vandermonde matrix and T is the eigenvector matrix using
proper scaling so that

T = S−1D−1. (5.20)

The (diagonal) amplitude matrix D will be derived later. The eigenvalues of
C, collected in Λ, are also referred to as the Ritz values and approximate some
of the eigenvalues of the full nonlinear system. The dynamic modes, X̄, are
given by

X̄ = UmS−1 = UmTD = X̃D. (5.21)

where X̃ = UmT contain the modal structures. This method is mathematically
correct but practical implementation might yield a numerically ill-conditioned
algorithm Schmid (2010). This is especially the case when the data set are
rather large and noise contaminated. An improvement to this algorithm was
proposed by Schmid (2010), where a self-similar transformation of the compan-

ion matrix C̃ is obtained as a result of the projection of the velocity fields on
the subspace spanned by the corresponding POD modes. The preliminary step
of the algorithm is to perform the singular value decomposition of the velocity
field sequence. The combination of equations 9 and 11 yields

Um = XΣWT . (5.22)

Using this singular value decomposition the self similar transformation of the
companion matrix C̃ is defined as

C̃ = ΣWTCWΣ−1. (5.23)

The transformed companion matrix C̃, related to C via this transformation, is
a full matrix which improves the conditioning of eigenvalue problem. By com-
puting an optimal companion matrix using equations 20 and 24 and rearranging
equation 25, we obtain

C̃ = XTMUm+1WΣ−1 = YΛY−1. (5.24)



where Y = (y1, · · · ,ym) is the eigenvector matrix with yT
k yk = 1 ∀k =

0, · · · ,m−1. Moreover, the eigenvalues of C̃ are the same as for C, while their
eigenvectors are related by

T = WΣ−1Y. (5.25)

The modal structures X̃ are extracted from the transformed companion matrix
C̃ in the following way,

X̃ = UmT = UmWΣ−1Y = XΣWTWΣ−1Y = XY. (5.26)

It is important to note that the norm ‖ . ‖M of the columns of X̃ is unity.
To obtain the amplitudes of the DMD modes without inverting the Vandern-
mode matrix S, we benefit from the fact that D is a diagonal complex matrix.
Combining equations 23, 24 and 28, we obtain

X̄ = UmS−1 = XΣWTS−1 = X̃D = XYD ⇒ D−1 = SWΣ−1Y. (5.27)

D can now be computed by inverting the diagonal entries of matrix D−1. Note
that equation 27 gives a correct scaling for the matrix T, thereby combining
equations 27 and 29, one can confirm that the original definition for matrix T,
equation 22, is satisfied.



CHAPTER 6

Summary of papers

The following chapter summarizes the main contributions and conclusions from
the papers constituting Part II of the thesis.

• Instability of the tip vortices behind a wind turbine

To investigate the dynamics of the tip spiral vortices, a numer-
ical study on the stability of the tip vortices behind the Tjæreborg
wind turbine has been conducted. The numerical model is based on
large-eddy simulations of the Navier–Stokes equations using the actu-
ator line method to generate the wind turbine wake. The flow is then
perturbed by imposing instability excitations downstream of the blade
tips. The amplification of waves traveling along the helix triggers some
modes, leading to instability growth. Consequently the wake breaks
down and more turbulent flow is observed further downstream. De-
pending on the grid configuration and the excitation type, symmetry
and non-symmetric conditions are enforced. Dynamic mode decomposi-
tion (DMD) and Proper Orthogonal Decomposition (POD) are utilized
for analysis of the onset of instability for these different configuarations.

By analyzing the flow fields using modal decomposition, we found
that the amplification of specific waves (traveling structures) along the
spiral is responsible for triggering the instability leading to wake break-
down. These dominant structures can be categorized by their modal
shape and frequency contents. Two groups of modes are identified for
the symmetric configurations and four groups of modes in addition to
the symmetric modes are obtained for the non-symmetry condition. The
extra modes in the non-symmetric case can be explained through the su-
perposition of the unstable modes of single bladed rotor and two bladed
rotor (within 120 240 degrees angle between the blades). By exam-
inig the velocity components of the dominant modes, it is clarified that
the main disturbance velocities are the radial and axial components and
there is a phase shift of 180◦ between these two components. This out of
phase phenomenon is disappeared in the downstream of the wake where
the vortex pairing phenomenon is observed. Another observation can be
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obtained by calculating the spatial growth rate of the modes. The sym-
metric case shows a clustering of the growth rate within a sinusoidal
type of variation, where the most energetic DMD modes are also the
most unstable spatial modes. While the growth rates of non-symmetric
modes are more scattered due to the fact that both symmetric and non-
symmetric instability modes are triggered at the same time.

The modal decomposition analysis proves that a one third domain
with periodic boundary condition does not limit any instability mecha-
nism in comparison with full domain if identical perturbations are im-
posed. However for the full geometry, if disturbed truely randomly, does
not necessarily produce symmetric modes. These new modes, which can
only be seen if the full domain non-symmetric case is considered, are in-
volved in the process of tip vortex instability.

• Wake interaction of wind turbine wakes

In this work, the performance of a single wind turbine and the wake
interaction phenomenon between two modeled wind turbines are inves-
tigated numerically. The performance of a single rotor is analyzed using
the blade element momentum (BEM) method and CFD approach (actu-
ator line technique and full unsteady Navier–Stokes). The second part of
study focuses on the wake interaction between two inline wind turbines
using actuator line method. To this end, the performance and wake
structure of the down stream turbine is investigated with the upstream
turbine operating at its design tip speed ratio.

The result shows that the power losses for a turbine operating in
the full wake of another turbine are significant. Comparing with the
upstream turbine, the power and thrust coefficients of the downstream
turbines are lower. This is a direct result of velocity deficit that the
downstream turbine is exposed. Analyzing the wake after the second
turbine shows that close to the rotor, the wake is dominated by the
induction of distinct root and tip vortices. Further downstream, the
flow transforms into small-scale turbulence structures.

There is a general agreement between the prediction methods and
the experiments implying that the correct blade data is essential for
reliable results of the computations.

• Near wake comparison of simplified vortex method and actuator line
simulations

In this work, a simple vortex model is compared with the numer-
ical simulation of an isolated horizontal axis wind turbine (simulated
with the actuator line approach) to assess whether the predictions of
the vortex model, that depends only on four parameters (the number



of blades, the tip-speed ratio, the average circulation along the blade
and the vortex core size) can be a substitute of more expensive CFD
approaches. The model assumes constant circulation along the blade
(therefore approximating the optimal turbine in terms of power produc-
tion) and it is able to determine the geometry of the tip vortex filament
in the rotor wake, allowing a free wake expansion and the movement of
the tip-vortices.

The comparison has been done in two steps. Initially the actuator
line code simulated a turbine with constant circulation along the blade
to replicate the vortex model conditions. Despite some differences in the
velocity distributions, which can be explained by the numerical imple-
mentation of the actuator line method, the comparison was very good
in terms of the velocity field, local forces along the blade and phase
speed of the tip-vortices, validating therefore the vortex method as an
approach able to determine the same flow field of a more computation-
ally demanding numerical simulations. A second test has been done
with the Tjæreborg wind turbine. The turbine that has been exten-
sively used in numerical simulation validations, with a nearly uniform
circulation distribution for its design condition. As expected, this case
gave some discrepancies between the two approaches, although the vor-
tex method was able to qualitatively describe the flow field and the
observed differences have been attributed to the different intensities of
the tip-vortices. This suggests for a possible improvement of the model
through accounting of the circulation variation along the blade.



CHAPTER 7

Papers and authors’ contributions

The thesis is based on the following five papers.

Paper 1

Stability of the helical tip vortices behind a wind turbine
S. Sarmast (SS), P. Schaltter (PS), S. Ivanell (SI), R.F. Mikkelsen (RM) & D.S.
Henningson (DH).

This work consists of large eddy simulations of the Tjæreborg wake subjected
to the low amplitude white noise perturbations. The amplification of the per-
turbation is then analyzed using the dynamic modal decomposition method.
The simulation were performed by SS under supervision from RM. The result
is then analyzed by PS and SS. The manuscript was written by SS with in-
puts from RM, PS, SI and DH. The work was presented by DH at Euromech
colloquium 528.

Paper 2

Instability of the tip vortices behind a wind turbine
S. Sarmast (SS), R. Dadfar (RD), R.F. Mikkelsen (RM), P. Schaltter (PS), S.
Ivanell (SI) & D.S. Henningson (DH).

This work consists of large eddy simulations of the Tjæreborg wake subjected
to low amplitude harmonic perturbations. Two different cases are studied,
symmetric case where identical perturbations are applied near the tip of the
vortices and non-symmetric case where different type of perturbations is used.
The amplification of the perturbations are then analyzed using two modal de-
composition techniques, the proper decomposition (POD) and the dynamic
modal decomposition (DMD) methods. The simulations were performed by SS
under the supervision of RM. The result is then analyzed by PS, RD and SS.
The manuscript was written by SS and RD with input from PS, RM, SI and
DH.

Paper 3

The experimental results of the NREL S826 airfoil at low Reynolds numbers
S. Sarmast (SS) & R.F. Mikkelsen (RM).
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This work presents the performance characteristics of the NREL S826 airfoil
for Reynolds number in a range of 40,000 to 120,000. The 2D airfoil design and
the manufacturing is done at DTU by RM. The experiments were performed
by SS under the supervision of RM. The manuscript was written by SS with
the inputs from RM.

Paper 4

Numerical simulations of wake interaction between two inline wind turbines
S. Sarmast (SS), R.F. Mikkelsen (RM), J.N. Sørensen (JS) & D.S. Henningson
(DH).

This work focuses on comparison between the numerical simulations and the
experimental data of single wind turbine as well as the interaction of two inline
wind turbines in terms of the performance of the rotors and their wake devel-
opments. The simulations were carried out by SS under supervision of RM.
The manuscript was written by SS with the comments from JS, RM and DH.

Paper 5

A comparison between a simplified vortex model and actuator line simulations
of a horizontal axis wind turbine
S. Sarmast (SS), A. Segalini (AS), R.F. Mikkelsen (RM) & S. Ivanell (SI).

This work compares the near wake structures of CFD computations with the
analytical vortex method in terms of the near wake development and prediction
of the performance. The CFD computations was performed by SS and the
vortex method result was obtained by AS. The result were analyzed by SS and
AS. The manuscript was written by SS and AS by input from SI and RM.



CHAPTER 8

Appendix I

8.1. Basic rotor aerodynamics

This chapter presents a basic description of the rotor aerodynamics through
explaining one-dimensional momentum and classic blade element momentum
theories. The starting point is introducing the basic definitions used in connec-
tion with the wind turbine aerodynamics. The main content of this chapter is
taken from Hansen (2012).

8.1.1. Basic definition

Reynolds number

The Reynolds number (Re) is a dimensionless number that gives a measure
of the ratio of inertial forces to viscous forces. Its value shows the relative
importance of these forces for a given flow condition.

Re =
V0D

µ
, (8.1)

where V0 is the free stream velocity, D is the length scale and ν is the kinematic
viscosity. Similarly, the chord Reynolds number is defined as

Rec =
Vrelc

µ
, (8.2)

where Vrel and c are the relative velocity and chord length at a specific radius,
r, along the blade correspondingly.

Strouhal number

The Strouhal number is a dimensionless number describing oscillating flow
mechanisms,

St =
fD

V0
, (8.3)

where f is frequency of a periodic phenomenon, D is the length scale (e.g. rotor
radius, R).

Tip speed Ratio
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The tip speed ratio is the ratio between the rotational velocity at the rotor tip
and the free stream velocity V0,

λ =
Rω

V0
, (8.4)

where ω is the angular velocity.

Induction factors

The axial induction factor, a, is the fractional decrease in wind velocity between
the free stream and the rotor plane and the induced tangential velocity in the
rotor wake is specified through the tangential induction factor,

a = 1− vz
V0

, a′ =
vθ
2rω

, (8.5)

where vz and vθ are the axial and tangential velocity components in the wake.

Lift and drag coefficients

The airfoil lift and drag coefficients are the ratio between the lift and drag
forces per unit length acting on the blade and the dynamic pressure per unit
length

CL =
L

1
2ρcV

2
rel

, CD =
D

1
2ρcV

2
rel

, (8.6)

where ρ is the air density, c is the chord length and L is the lift force and D
represents the drag force.

Thrust and power coefficients

The rotor thrust coefficient is the ratio between the thrust force and the dy-
namic pressure in the wind,

CT =
T

1
2ρAV

2
0

, (8.7)

where T represents the thrust force and A is the rotor area. The power coef-
ficient is the ratio between the mechanical power of the rotor and the kinetic
energy in the wind.

CP =
P

1
2ρAV

3
0

, (8.8)

Turbine solidity

Turbine solidity is defined as ratio between the blade area and the disc area.
The solidity is then defined as

σ(r) =
Bc(r)

2πr
, (8.9)

where B is the number of blades.



8.1.2. One-dimensional momentum theory

The application of a wind turbine is to extract mechanical energy from the
kinetic energy of the incoming flow (wind) resulting in reduction of the velocity
behind the rotor. Inevitably, a thrust in the direction of the incoming flow is
produced and its magnitude is directly related to the change in the kinetic
energy. With the rotational movement and the frictional drag of the blades,
the flow field is furthermore imparted by a torque which contributes to the
change in kinetic energy. The flow field and the forces related to operating
wind turbine rotors are governed by the balance between the thrust and torque
on the rotor and the kinetic energy of the incoming flow. The behavior of the
flow around the idealized rotor can be generally presented in one-dimensional
momentum theory (see Hansen (2012)) which uses the mass conservation law
and the balance of momentum. The one dimensional momentum theory is
based on the following assumptions:

• The rotor is a permeable disc.
• The disc is frictionless
• The flow is non-rotational and only in the axial direction.
• The stream tube is the boundary between the flow passing through the
disc and the free-stream.

• The static pressure in the upstream and downstream of the rotor is
assumed to be equal.

• The flow is considered to be homogenous, incompressible and steady.

Theoretically, the rotor is replaced with a permeable disc where the forces
from the blade are distributed uniformly on the disc surface. These forces
alter the local velocity throughout the disc and generally the whole flow-field
around the rotor. Figure 8.1 shows the cross section of the circular control
volume where the the streamlines are expanded due to presence of rotor and the
reaction from the thrust force. Considering the balance of the axial-momentum
upstream and downstream of the rotor, the thrust T and the kinetic power Pkin

in terms of free-stream V0 and far wake velocity u1 reduces to

T = ṁ(V0 − u1) and Pkin =
1

2
ṁ(V 2

0 − u2
1), (8.10)

where ṁ = ρu1A1 is the mass-flow through the disc. In that, A1 is the area
behind the rotor limited by the streamline through the edge of disc and ρ is
the density. Using the mass conservation through the disc, uA = u1A1 and
combining the above relations results in

Pkin =
1

2
(V0 + u1)T = uT and u =

1

2
(V0 + u1) (8.11)

showing that the velocity at the rotor disc, u, is the mean of the free stream and
the downstream velocities. By introducing the non-dimensional axial induction
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Figure 8.1. Cross-section of the control volume around the
wind turbine.

factors, a = 1 − u/V0 and rearranging equation 8.11, the power and thrust
coefficients are established as

CT =
ρuA(V0 − u1)

1
2ρV

2
0 A

= 4a(1− a), (8.12)

CP =
ρuA(V 2

0 − u2
1)

1
2ρV

3
0 A

= 4a(1− a)2, (8.13)

where u1 = V0(1−2a). The optimal possible conversion energy is then obtained
for a = 1/3 that yields a thrust coefficient of CT = 8/9 and the maximum
kinematic power coefficient of the 16/27 or 59.3% known as the Betz limit.

8.1.3. The blade element momentum theory

The real rotor is, however, never uniformly loaded as assumed by the one-
dimensional momentum theory. Glauert (1935) proposed the blade element
momentum theory where the flow field is divided into N radially independent
annular stream tubes that accounts for the radial load distribution. Here two
assumptions are made for the annular elements

• There is no radial dependency, implying that each element can be treated
separately from the others.

• The force from the blades on the flow is constant in each element, which
corresponds to rotor with infinite number of blades.

Figure 8.2 displays an annular stream tube control volume that pass through
the rotor disc. Assuming equation 8.11 is valid for each individual stream
tubes, the torque from the disc on this control volume can be found from the
integral axial momentum equation,

dT = (V0 − u1)dṁ = 2πrρu(V0 − u1)dr. (8.14)



Figure 8.2. Stream tube through a three bladed rotor.

The power on the annular element is found using the integral moment of the
momentum equation and setting the rotational velocity upstream of the rotor
to zero and to Cθ in the wake,

dM = rCθdṁ = 2πr2ρuCθdr. (8.15)

The power is derived through Euler’s turbine equation

dP = ωdM, (8.16)

By introduction of the induction factors and the axial wake velocity, u1 =
V0(1−2a), into equations 8.14–8.16, the torque and power can be computed as

dT = 4πrρV 2
0 a(1− a)Fdr and dP = 4πr3ρV0ω

2(1− a)a′Fdr, (8.17)

where F is the Prandtl factor to account the assumption of the infinite number
of the blades. F is computed as

F =
2

π
cos−1(e−f ), where f =

B

2

R− r

r sin(φ)
, (8.18)

and φ is the incoming flow angle. The derived torque and power in equations
8.17 are functions of the axial and tangential induction factors and they can be
found from the local velocity field. Figure 8.3 shows the local velocity triangle
where the relative velocity is the combination of the axial velocity V0(1 − a)
and tangential velocity (1 + a′)ωr at the rotor plane. The flow angle φ, a
combination of the local pitch θ and angle of attacks α, is given by

tan(φ) =
(1− a)V0

(1 + a′)ωr
. (8.19)

The aerodynamic forces acting on the airfoil are governed by the local velocities
and determined by the use of tabulated 2D airfoil data. Depending on the local



Figure 8.3. Velocity and force components acting on the
blade elements.

angle of attack, the lift and drag forces per span wise length are found from
the tabulated airfoil data as

(L,D) =
1

2
ρVrel

2cB(CLeL, CDeD). (8.20)

where CL(α,Re) and CD(α,Re) are the lift and drag coefficients respectively.
The directions of lift and drag forces are identified by the unit vectors eL and
eD. The total force per span can be written in the vector form as F = L+D
where the axial and tangential force components are given by

PN = L cosφ+D sinφ, PT = L sinφ−D cosφ (8.21)

Using the normal and tangential forces, the torque and power coefficients are
rewritten as

dT = BPNdr, dM = rBPT dr, (8.22)

and by comparing with equations 8.14 and 8.16 relations for the “standard”
BEM method are established from which the induced velocities and blade forces
maybe found using an iterative solution procedure explained in Hansen (2012).

The BEM method relies on inherent assumptions which include axial sym-
metry, inviscid flow, annular division into radially independent stream tubes,
the influence of the pressure forces on expanding stream tubes is negligible, the
induced velocity on the disc equals one half the induced velocity in the far wake
and conservation of circulation can be ignored. Some of these assumptions are
taken care of with more advanced methods like generalized actuator line and
actuator disc methods.



CHAPTER 9

appendix II

9.1. Scaling of the numerical code EllipSys3D

This section provides some information about the efficiency and scaling prop-
erties of the finite-volume code EllipSys3D. The specific hardware utilized for
the computations was the Cray XE6 at PDC center (Stockholm). The Cray
XE6 computer has dual 12-core machine nodes connected by a 3D-torus Gemini
network. The actual CPUs are 2.1 GHz AMD Opteron 6100 series. Theoretical
peak performance (TPP) on the maximum number of cores (32 768) used is
275.2 TFlop/s and the total number of memory is 42.6 Tbyte.

The computational grid of EllipSys3D code is multi-block structures where
each block can run on only one core. The total computational time is divided
into communication time between the processors and and a single block com-
putation time, There is a tradeoff between these two parameters as in a case
of large number of processors and small block size, the main part of the total
computation time is spent on communication via the processors and vice-versa.
Therefore, the block size (nb) and the number of processors (np) should be op-
timized in order to assure the efficiency of code. The goal is to find a ”sweet
spot” that allows the computation of a single block in a reasonable time with-
out wasting the time on the communication. Figure 9.1 shows strong scaling
on the Cray machine involving approximately 85 million grid points where af-
ter approximately 800 processors the curves departed its linear trend and the
speed-up of 62% is measured for 2592 processors. Figure 9.2 shows the time
consumed for one time step where the number of processors, in this case 2592,
are kept constant and the block sizes are increased. It is clear that the compu-
tational time of a single processor after block size nb= 32 is increasing steadily
which results in very time consuming computations. Based on the analysis of
data, 2592 processors together with the block size 32 provides a reasonable and
fast computations however we lose the efficiency in trade for the fast computa-
tions. The other efficient low resolution option is using 768 processors together
with block size 32.
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