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Abstract
This thesis concerns modelling of Coulomb collisions in toroidal plasma with Monte Carlo
operators, which is important for many applications such as heating, current drive and
collisional transport in fusion plasmas. Collisions relax the distribution functions towards
local isotropic ones and transfer power to the background species when they are perturbed
e.g. by wave-particle interactions or injected beams. The evolution of the distribution
function in phase space, due to the Coulomb scattering on background ions and electrons
and the interaction with RF waves, can be obtained by solving a Fokker-Planck equation.
The coupling between spatial and velocity coordinates in toroidal plasmas correlates the
spatial diffusion with the pitch angle scattering by Coulomb collisions.

In many applications the diffusion coefficients go to zero at the boundaries or in a
part of the domain, which makes the SDE singular. To solve such SDEs or equivalent
diffusion equations with Monte Carlo methods, we have proposed a new method, the
hybrid method, as well as an adaptive method, which selects locally the faster method
from the drift and diffusion coefficients. The proposed methods significantly reduce the
computational efforts and improves the convergence.

The radial diffusion changes rapidly when crossing the trapped-passing boundary cre-
ating a boundary layer. To solve this problem two methods are proposed. The first one
is to use a non-standard drift term in the Monte Carlo equation. The second is to sym-
metrize the flux across the trapped passing boundary. Because of the coupling between
the spatial and velocity coordinates drift terms associated with radial gradients in density,
temperature and fraction of the trapped particles appear. In addition an extra drift term
has been included to relax the density profile to a prescribed one.

A simplified RF-operator in combination with the collision operator has been used to
study the relaxation of a heated distribution function. Due to RF-heating the density of
thermal ions is reduced by the formation of a high-energy tail in the distribution function.
The Coulomb collisions tries to restore the density profile and thus generates an inward
diffusion of thermal ions that results in a peaking of the total density profile of resonant
ions.

Descriptors
Fusion plasma, thermonuclear fusion, tokamak, Coulomb collisions, stochastic differen-
tial equations with singular diffusion coefficients, Monte Carlo schemes, spatial diffusion,
modelling, Fokker-Planck equation, RF-heating.





Acknowledgement

From the depth of my heart I express my deep sincere gratitude to my Creator for
the Blessings He had bestowed upon me and the strength He has given me to do
this work.

Completing my PhD degree has been the most challenging task during my 27
years of educational life. The support of many people was with me through the
best and worst moments of my doctoral journey. It has been a great privilege to
spend several years in the Department of Fusion Plasma Physics at KTH (Royal
Institute of Technology) Stockholm, and its members will always remain dear to
me.

First and foremost, I want to express my deepest gratitude to my respectable
teacher and supervisor Prof. Dr. Torbjörn Hellsten for his invaluable guidance,
support and constant encouragement. Friendly discussions with him, has stimu-
lated my mind and gave me insight of research. I would also like to thank Thomas
Johnson for helping me in research and development of codes in MatLab. I appreci-
ate him for being always available for discussions. I am also grateful to the Head of
Division of fusion plasma, Per Brunsell for providing all the research facilities. I am
thankful to Ingeborg Mau and Emma Giera for their administrative cooperation
and I am also thankful to Ola Carlström, Håkan Ferm and Stig Rydman for their
technical support.

My heartiest thanks to all members of Fusion Plasma Group at Alfvén Lab.
especially Abdul Hannan, Ahmed Akram Mirza, Waqas Mehmood Khan and other
friends, who helped me one-way or the other. I am thankful to Muhammad Usman
for being a true friend and sharing accommodation in Sweden. I really enjoyed
the delicious meals that you have cooked for me. I thank Mohsin Saleemi for
his valuable time to accompany Euro tour. I am thankful to Qaiser Mehmood
for being a wonderful host during my trips to Linköping and Göteborg. I also
thank Maqsood Khawaja, Chairman Botkyrka Cricket Club, and Yasir Ikram for
giving me the opportunity to play from their Club. I am thankful to Muhammad
Shafiq and family, Tariq Saeed and family for their care, support and hosting many
parities.

Finally, my deepest sense of acknowledgement goes to my loving father and
sweet mother who have always prayed for my success in every aspect of life. My
heartfelt gratitude goes to my lovely Wife for showing me true love and support. I

v



vi

would also like to thanks my brothers Amjad, Mudassar and my sisters who have
always loved, supported and encouraged me. Last but not the least; I would also
like to mention the constant love and support that I received from the people, which
I greatly treasure.



List of Papers

This thesis is based on the work presented in the following papers:

I. "On Solving Singular Diffusion Equations With Monte Carlo Methods" Q.
Mukhtar, T. Hellsten, and T. Johnson, IEEE Transactions on Plasma Science,
(2010), 38 (9), 2185-2189.

II. "On Monte Carlo Operators Describing Coulomb Collisions in Toroidal Plas-
mas" Q. Mukhtar, T. Hellsten and T. Johnson, 38th EPS Conference on Plasma
Physics, 27th June - 1st July (2011), Strasbourg, France.

III. "On modelling Coulomb collisions in toroidal plasmas with orbit averaged
Monte Carlo operators" Q. Mukhtar, T. Hellsten, and T. Johnson, Submitted to
Plasma Physics and Controlled Fusion (2013).

IV. "A model Monte Carlo collision operator for toroidal plasma" Q. Mukhtar,
T. Hellsten, and T. Johnson, Submitted to Plasma Physics and Controlled Fusion
(2013).

(Other contributions)

V. "Monte Carlo Operators for Singular Diffusion Equations" Q. Mukhtar and
T. Hellsten, The Carolus Magnus Summer School on Plasma and Fusion Energy
Physics, 31st August- 11th September (2009), Herbeumont-sur-Semois, Belgium.
(Poster)

VI. "Solving Singular Diffusion Equations with Monte Carlo Method" Q. Mukhtar,
T. Hellsten and T. Johnson, 21st International Conference on Numerical Simula-
tion of Plasmas , Lisbon, Portugal, 6-9 October (2009). (Poster)

VII "On Monte Carlo Operators Describing Coulomb Collisions in Toroidal
Plasmas" Q. Mukhtar, T. Hellsten and T. Johnson, 38th EPS Conference on Plasma
Physics, 27th June - 1st July (2011), Strasbourg, France. (Poster)

vii



List of Figures

1.1 Motion of a positively charged particle in a uniform magnetic field.
(taken from [33]) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2 Schematic illustration of tokamak. (taken from [52]) . . . . . . . . . . . 7
1.3 Nested flux surfaces in an typical JET equilibrium. (taken from [33]) . . 7

2.1 Drift surfaces for the orbit of passing and trapped particles. The major
axis of torus is on left. (taken from [1]) . . . . . . . . . . . . . . . . . . 10

2.2 Regions in the (Λ, P̃φ) invariant space of a 100 keV proton. Dotted lines
indicate where the orbit intersects the wall. P̃φ = Pφ/m. (taken from [59]) 11

2.3 Projections in the poloidal plane of the guiding centre orbits in the
invariant space regions illustrated in figure (2.2). Trapped orbits are
solid, counter-current orbits are dotted and co-current orbits are dashed.
(taken from [59]) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3.1 Steady-state solution of f0 for (a) n = 5, (b) n = 6, (c) n = 7, (d)n = 8. 21
3.2 Illustration of the dependence of F on the non-standard drift term.

The dashed line (−−−) represents the solution when using equation
(3.14), the dashed-dotted line (−·−·) represents solutions obtained with
the drift term given by (3.17), and the lines with markers ?, ∗ and ◦
represents the solution when adding the drift term in equation (3.18)
with amplification factors Am = 3.1, 3.4 and 3.7, respectively. . . . . . . 23

3.3 Outline of the geometry at the trapped-passing boundary. The curve
BE and CF are diffusion characteristic in the passing region, (I). The
curve AB and DC are diffusion characteristic in the trapped region, (II).
α is the angle between the trapped-passing boundary and the curves AB
and DC. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

4.1 Illustration of how the drift orbits are transformed by a set of discrete
collisions. Points with numbers 1-4 denote the position of discrete col-
lisions, and 0 denotes the magnetic axis, trapped orbits (solid line) and
passing (dotted line). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.2 Reflection of the particles at the boundaries, here A0 is the boundary
point. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

viii



List of Figures ix

4.3 Distribution function f in (r, ξ)-space for constant trapped-passing bound-
ary at ξ = ±0.5 indicated by white circles, the amplitude is represented
by colour bar. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

4.4 Asymmetric distribution function f in (r, ξ)-space, the amplitude is rep-
resented by colour bar. The trapped-passing boundary ξ = ±

√
a/R0 is

indicated by white line. . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
4.5 Symmetric distribution function f in (r, ξ)-space, the amplitude is rep-

resented by colour bar. The white line indicates the trapped-passing
boundary ξ = ±

√
a/R0. . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.6 The solution (−·−·, ◦) with extra drift from trapped passing particles
fraction proportional to (h′/h), and (−−−, ?) without it. . . . . . . . . 33

C.1 Flux across the trapped-passing boundary. . . . . . . . . . . . . . . . . . 49



Contents

List of Figures viii

Contents x

1 Introduction 1
1.1 Early fusion research . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Plasma models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2.1 The MHD model . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2.2 The single particle model . . . . . . . . . . . . . . . . . . . . 4
1.2.3 Kinetic theory . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 Tokamaks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Orbits in tokamaks 9
2.1 Drift orbits in tokamaks . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.2 Modifications of drift orbits due to collisions . . . . . . . . . . . . . . 11
2.3 Modifications of drift orbits due to the wave-particle interactions . . 14

3 SDEs and the relation to diffusion processes 17
3.1 Stochastic processes and diffusion . . . . . . . . . . . . . . . . . . . . 17
3.2 Monte Carlo Methods . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.2.1 Time Discretizations . . . . . . . . . . . . . . . . . . . . . . . 20
3.3 Monte Carlo operators for discontinuous diffusion . . . . . . . . . . . 20

3.3.1 Solutions for singular SDEs . . . . . . . . . . . . . . . . . . . 20
3.3.2 Discontinuous diffusion across a layer in 1D . . . . . . . . . . 22
3.3.3 Discontinuous diffusion in 2D . . . . . . . . . . . . . . . . . . 24

4 Monte Carlo simulations of collisions and RF-heating 27
4.1 Model collision operators in toroidal plasma . . . . . . . . . . . . . . 27

4.1.1 2D collision operator . . . . . . . . . . . . . . . . . . . . . . . 29
4.1.2 3D collision operator . . . . . . . . . . . . . . . . . . . . . . . 30

4.2 Problems encountered during simulations of Coulomb collisions . . . 31
4.3 RF operators in toroidal plasmas . . . . . . . . . . . . . . . . . . . . 34

x



Contents xi

5 New Results - Summary of the papers 37
5.1 Numerical solutions of singular SDEs . . . . . . . . . . . . . . . . . . 37
5.2 Monte Carlo operators for Coulomb collisions . . . . . . . . . . . . . 38
5.3 Orbit averaged Coulomb collision operators in toroidal plasmas . . . 38
5.4 3D Monte Carlo operators . . . . . . . . . . . . . . . . . . . . . . . 39
5.5 Contributions from the thesis author . . . . . . . . . . . . . . . . . . 40

6 Conclusions 41

A Monte Carlo operator in Energy 43

B Monte Carlo operator in ξ 47

C Calculation of the flux across trapped-passing boundary 49

D Monte Carlo operator in energy with quasi-linear diffusion 55

Bibliography 59





Chapter 1

Introduction

The relationship between humanity and energy is important, since the energy
has become an integral part of living a standard life. Energy is used in every
aspect of life, such as heating and lighting of homes, in industries, communications
and transportation. Mankind therefore requires sustainable energy at a reasonable
price. Today, however, most of the world is in a difficult energy situation due
to the limited sources and the increase in demand from the developing countries
of the world. The fossil fuels, such as gas, oil and coal, are major part of the
energy production. Part of the energy comes from renewable energy resources
(natural resources) such as hydro, winds, tide waves, solar and geothermal energy.
About 16% of global total energy consumption comes from renewables, with 10%
coming from traditional biomass, which is mainly used for heating, and 3.4% from
hydroelectricity [1]. New types of renewables (small hydro, wind, solar, modern
biomass, geothermal and biofuels) account for another 3% and are growing very
rapidly [2]. Due to increase of energy demands and fossil fuel limitations, the
alternative energy resources become important to keep up the standard of living in
developed countries and to increase it in the developing countries. One potential
resource for energy production is thermonuclear fusion.

Thermonuclear fusion is the process that powers the stars, including our sun.
Large amounts of energy is released during the process in which lighter nuclei fuse
to form heavier nuclei. If realized on Earth, thermonuclear fusion would be capable
of providing humanity with a large amount of clean and safe energy [3]. The most
prospective reaction is fusion of deuterium and tritium (D − T ), which produces
helium and neutrons [4]:

D + T → He+ n. (1.1)

In addition, 18 MeV energy is released in the process. The helium atom carries
4 MeV of kinetic energy, which can directly heat the plasma, while the neutrons
carries 14 MeV, which can be used for electricity and tritium production. Deuterium
is a stable isotope and is present in ordinary sea water. The ratio of deuterium to
hydrogen in sea water is n

D
/n

H
≈ 1.5 × 10−4 [5]. On the other hand tritium is a
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2 Chapter 1. Introduction

radioactive isotope, which decays with β radiation, having a half-life of 12.3 years
and is not abundant in nature. Tritium can be produced in the reactor by breading
it in a lithium blanket surrounding the plasma.

In order to fuse the nuclei of deuterium and tritium, it is necessary to over-
come the mutual repulsion due to their positive charges, which results in a small
cross-section of fusion at low energies. However, the cross-section increases with
energy such that an appropriate temperature for the reactor is 10− 40 keV. These
temperatures should be maintained by heating the fuel with α particles. In or-
der to achieve this the energy confinement time should be sufficiently long and
the densities of the reacting particles must be sufficiently large (Lawson criterion,
nτ

E
≥ 1.5× 1020m−3s) [6]. Another measure of the performance is the triple prod-

uct nTτ
E
. For deuterium-tritium fusion the requirement for ignition is that the

triple product should satisfy

nTτ
E
≥ 3× 1021 keV.s

m3 , (1.2)

where n is the plasma density, τ
E
the energy confinement time and T is ion tem-

perature.
One of the main challenges in fusion research is confinement of the plasma. In

the stars the gravitational force provides the confinement, which cannot be applied
on Earth. Two schemes have been proposed to confine the thermonuclear plasma,
the inertial and the magnetic confinement schemes. In inertial confinement a very
dense and hot plasma is produced within a very short time, to burn up sufficient
amount of fuel before it blows apart. In laboratory experiments, high-power laser
beams or particle beams are focused on a small pellet of solid deuterium and tritium
to produce a very dense and hot plasma within a short time [7]. The basis for
magnetic confinement is that charged particles spiral around the magnetic field
lines. Closed magnetic bottles can be obtained with a combination of a toroidal
field Bφ and a poloidal field Bθ, which gives rise to helical magnetic field lines
confined in a torus [1]. The most promising scheme is the tokamak, in which the
poloidal field is produced by a toroidal plasma current. The poloidal current can
also be produced by external coils. However, this can only be satisfied in a non-
trivial 3D geometry like the stellarator [8].

1.1 Early fusion research

The goal of the fusion research is to produce energy, on earth, by processes similar to
those heating the sun. Basic research into controlled thermonuclear fusion began
right after World War II [9]. In 1947 serious efforts to achieve controlled fusion
began in the UK. The fusion programmes in the USA and Russia were launched in
1951. A large number of devices were built in 50s and 60s to study confinement of
plasma.

In late 50s a device called Zeta, which was a so called Z-pinch bent in torus,
became operational in the UK. Stable discharges were found in Zeta [10], but it was
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unable to produce the expected results. One of the important results from Zeta
was that the toroidal magnetic field reverses its direction at the plasma edge. This
configuration is therefore called the reverse field pinch (RFP) [11,12].

In 1951 Spitzer conceived the idea of the stellarator. The main characteristic
of the stellarator is that the toroidal and poloidal magnetic field is created by
the external coils. The main advantage of the stellarator is that it allows steady
state operation and no toroidal plasma current is needed. The largest operational
stellarator device, LHD, is in Japan. A new large stellarator device, Wendelstein
7-X, is under construction in Germany [13,14].

The breakthrough in confinement and temperature came with the construction
of the tokamak in late 60s [15, 16]. Since then the international magnetic confine-
ment fusion programme has been focused on the tokamak, with the stellarator and
the RFP as feasible alternatives. At present many tokamak experiments like, TEX-
TOR [17], JET [18], DIII-D [19], EAST [20], ASDEX-Upgrade [21], JT-60U [22]
NSTX [23] are operational. Fusion research today is conducted through interna-
tional collaboration. ITER, which is under construction in France (Cadarache),
is funded by seven member countries: the European Union (EU), India, Japan,
China, Russia, South Korea and the United States [24]. ITER will provide the
knowledge necessary for the design of the next-step device, DEMO, a demonstra-
tion fusion power plant reactor. ITER is expected to be the first fusion experiment
to demonstrate a positive energy output [25].

1.2 Plasma models

Fusion plasmas are very complicated system, in which 1022 ions and electrons are
simultaneously interacting with each other. To model all these individual particles
is not feasible. Instead various models of the plasma are used. The two most simple
models of a plasma are: the single particle model and the MHD model, from which
a good basic understanding of plasma can be achieved.

1.2.1 The MHD model
In magnetohydrodynamics (MHD) [26–31] the plasma is described as a perfectly
conducting fluid by the following equations:

∂ρ

∂t
+∇ · (ρv) = 0, (1.3)

∂

∂t

(
p

ργ

)
= 0, (1.4)

ρ
∂v
∂t

= J×B−∇p, (1.5)

E + v×B = 0. (1.6)
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Here t is the time, ρ is the mass density, p is the pressure, γ1 is the ratio of
specific heats, v is the velocity of the particles, J is the charge density, E is the
electric and B the magnetic fields, respectively. Equations (1.3–1.6) describe mass
conservation, the adiabatic equation of state, momentum conservation and Ohm’s
law, respectively. The system is closed by adding Maxwell’s equations. The MHD
equations often give a good description of plasma equilibria and global low frequency
modes. The force balance equation (1.5) tells us that in equilibrium the magnetic
field lines are lying on surfaces, called flux surfaces, on which the kinetic pressure
is constant.

1.2.2 The single particle model

In the single particle model the plasma is described by discrete ions and electrons
moving in imposed electric and magnetic fields. The motions of charged particles
are influenced by the electromagnetic forces, i.e., by the Coulomb and Lorentz
forces:

m
dv
dt

= Ze(E + v×B), (1.7)

where m is the mass and Ze is the charge of the particles. In a homogeneous
magnetic field the charged particles gyrate around the magnetic field lines [32], see
figure (1.1), with a radius rL = mv⊥/|Ze|B, called the Larmor radius or gyro radius,
and frequency ωc = ZeB/m, known as the cyclotron frequency. In the absence of an
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Figure 1.1: Motion of a positively charged particle in a uniform magnetic field.
(taken from [33])

1γ = Cp/Cv , where Cp is the heat capacity at constant pressure and Cv is the heat capacity
at constant volume
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electric field the gyro centre, or guiding centre, moves along the magnetic field lines.
Whenever there is a force parallel to the magnetic field, the guiding centre will be
accelerated along the magnetic field lines, while when the force, F , is perpendicular
to the the magnetic field the gyro centre will drift perpendicular to the magnetic
field [34]. The motion of the guiding centre is given by

vg = v‖
B
|B|

+ F×B
|Ze|B2 , (1.8)

where v‖ is the parallel component of velocity with respect to the magnetic field.
The curvature, gradients of the magnetic field and the electric field exert forces
on the charged particles, which results in a drift of the guiding centre across the
magnetic field. A field line curved with a radius of curvature, Rc, or a gradient
in the magnetic field strength B introduces the respective drift velocities vc and
v∇B [35]:

vc =
mv2
‖

|Ze|B2
Rc ×B
R2
c

, (1.9)

v∇B = ±1
2v⊥rL

B×∇B
B2 . (1.10)

1.2.3 Kinetic theory
For a system with a large number of particles it is not possible to determine the
motion of every single particle. In order to describe the properties of plasma, one
defines a distribution function, f(x,v, t), that indicates the particle number density
in the phase space, (x,v), whose ordinates are the particle positions and velocities.
The velocity distribution of each particle is often assumed to be Maxwellian and
can be uniquely specified by the temperature, T , and a density, n. A statistical
approach can be used to model plasmas where the particles of species i have a
probability density distribution function fi(x,v, t), following a continuity equation
in (x,v)

∂fi
∂t

+ v∂fi
∂x + v̇∂fi

∂v = 0, (1.11)

where v̇ = (Ze/m)(E+v×B). Equation (1.11) is known as the Vlasov equation [35].
The Fokker-Planck equation [36–44] describes the evolution of the distribution

function in the presence of collisions dominated by small angle scatterings

∂f
i

∂t
+ v∂fi

∂x + v̇∂fi
∂v =

N∑
j

C
ij

(f
i
, f

j
), (1.12)

where Cij is the Coulomb collision operator describing the collisions between parti-
cles of species i and j, and N is the number of particle species. The Fokker-Planck
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equation provides an explicit form of the collisional operator, and hence can be
used to derive characteristic time scales, such as the slowing down time and the
thermalization time.

Coulomb collisions have been thoroughly investigated by Chandrasekhar [45,46]
and Spitzer [47]. For test particles colliding against a homogenous background
Maxwellian the collisions are described by

Cij =
(
∂f

i

∂t

)
Coulomb

= − 1
v2

∂

∂v

(
αv2f

i

)
+ 1

2v2
∂2

∂v2

(
βv2f

i

)
+ 1

4v2
∂

∂ξ

(
1− ξ2) ∂

∂ξ
(γf

i
) , (1.13)

where v is the velocity and ξ = v‖/v is the cosine of the pitch angle. α, β and γ
are Spitzer’s Coulomb diffusion coefficients, which describe the drift and diffusion
in the velocity space of a particle impinging on a Maxwellian background [47].

Numerical methods are often required to solve the kinetic equation for inho-
mogeneous plasmas. Finite element [48] and finite difference methods [49] are the
conventional methods used to solve the problem, but due to the high dimensionality
of equation (1.12) and complicated internal boundaries, such as the trapped-passing
boundary that appear in the toroidal geometry, the Monte Carlo method becomes
an alternative. The Monte Carlo method is discussed in chapter 3.

1.3 Tokamaks

The tokamak was conceived by two Russian physicists, Igor Tamm and Andrei
Sakharov, inspired by an original idea of Oleg Lavrentyev [50]. The word tokamak
itself is derived from the Russian word for a toroidal chamber with magnetic field.
The concept of tokamak is outlined in figure (1.2).

Poloidal and toroidal magnetic fields are used for confining the plasma inside a
toroidal chamber. The toroidal field is generated by currents flowing through the
external magnetic coils, whereas the poloidal field is produced by plasma currents.
The magnetic field provides the radial force balance. However, the toroidicity causes
the inhomogeneity in the magnetic field, which leads to a vertical drifts, curvature
and ∇B, of electrons and ions [51]. The drift of the ions and electrons are in
opposite direction, but the drifts in the lower and upper half of the torus compensate
each other. Thus the gyro centres of the particles follow close to the field lines as
the field lines spirals around the magnetic axis. A magnetic configuration should
fulfil the conditions for equilibrium and stability, but should also confine the high-
energy particles. The tokamak equilibrium is characterized by a strong toroidal
field and an induced current. There is also a perpendicular current providing force
balance through the J×B force. Shaping of the cross-section, which can improve
confinement, can be achieved by an external vertical magnetic field, see figure (1.3).

Assuming that the device is axisymmetric (∂/∂φ = 0) and the magnetic field
consists of nested surfaces, the equation of magneto-static equilibrium can be writ-
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Figure 1.2: Schematic illustration of tokamak. (taken from
[52])
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Figure 1.3: Nested
flux surfaces in an
typical JET equilib-
rium. (taken from
[33])

ten as
∂2Ψ
∂R2 −

1
R

∂Ψ
∂R

+ ∂2Ψ
∂Z2 = −µR2 dp

dΨ −RBφ
d(RBφ)
dΨ , (1.14)

where Ψ(R,Z) is the magnetic flux function, such that the poloidal field Bp =
∇φ+∇Ψ. The equation (1.14) is called Grad-Shafranov equation [53]. The centre
of the nested surface is called the magnetic axis, where the poloidal field is zero and
the plasma pressure has a maximum. In addition, the current density usually has
maximum at the magnetic axis. The edge of plasma is defined either by a material
surface, a limiter, or by a magnetic separatrix, created by external divertor coils [54].
Analytic solutions exist for special cases, such as one found by L. S. Solovev [55].
The flux surfaces, i.e. the contours of Ψ(R,Z), for a typical JET2 equilibrium is
shown in figure (1.3).
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Chapter 2

Orbits in tokamaks

In a tokamak the plasma is confined by the magnetic field lines, which are twisted
around the magnetic axis, as described in section 1. The confinement can be under-
stood better by studying the orbits of individual particles, the topology of the orbit
and the collisional transition between different types of orbits [56, 57]. In a mag-
netically confined fusion plasmas the characteristic time scales, for changes in ion
energy or pitch angle by wave-particle interactions and collisions, are often much
longer than the characteristic orbit times. This allows the distribution functions to
be expressed in terms of invariants of motion of unperturbed drift orbits.

2.1 Drift orbits in tokamaks

A convenient way to describe the motion of particle in an axisymmetric toroidal
plasma is by three invariants of motion [58]:

E = mv2

2 , (2.1a)

Λ = B0v
2
⊥

Bv2 , (2.1b)

Pφ = mRvφ + Zeψ, (2.1c)

where 2πψ is the poloidal magnetic flux [59]. The invariant E is the kinetic en-
ergy (the potential energy is neglected), Λ is an adiabatic invariant defined by
the magnetic moment multiplied with the on-axis magnetic field and divided with
kinetic energy and Pφ is the canonical toroidal angular momentum, which is an
exact invariant in axisymmetric plasma. In the invariant space, (E,Λ, Pφ), there
are some regions with more than one drift orbit [56], so in order to separate them
an additional label σ is introduced.

Due to the toroidicity, the magnetic field strength depends on the major radius,
B ≈ B0R0/R. As the ions spirals along a field line towards smaller R, they will

9
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Figure 2.1: Drift surfaces for the orbit of passing and trapped particles. The major
axis of torus is on left. (taken from [1])

increase v⊥ to keep the magnetic moment constant. Since E = m(v2
⊥+v2

‖)/2 is also
an invariant, |v‖| decreases. Ions with small Λ will only make small variations in
v‖ along the drift orbits. Depending on whether v‖ is parallel to B or anti-parallel
we call these orbits co-passing and counter-passing, respectively. Ions with large Λ
can reach a minimum R = R0Λ, the turning point, where v‖ will become zero and
change sign, taking the ion back towards a weaker magnetic field. These orbits are
called trapped orbits. The poloidal cross-sections of such drift surfaces are shown in
figure (2.1). At the turning point one has Pφ = Zeψ(r). Thus for trapped particles
Pφ describes the radial location of the turning points [60].

The invariant space, (E,Λ, Pφ), can be divided into nine regions, as outlined in
figure (2.2), characterised by the topology of the drift orbits [61–63], outlined in
figure (2.3), with a total of six types of orbits described in Table (2.1), taken from
the ref. [59]. C1 is the boundary for toroidally trapped orbits, whereas C2 and C3
are the boundaries for orbits passing through the magnetic axis. C4 is the boundary
for toroidally counter-passing ions defined by the limiting orbits of type v, i.e. the
limiting orbits of counter-passing guiding centres for which the poloidal component
of the drift is cancelled by the poloidal component of the parallel velocity. These
limiting orbits are counter-passing stagnation points. C5 is the boundary of poloidal
co-passing orbits defined by the limiting orbits of type iv, i.e. the limiting orbits of
co-passing guiding centres for which the poloidal component of the drift is cancelled
by the poloidal component of the parallel velocity. The limiting orbits are co-passing
stagnation points. The separatrix C6 is defined by poloidal turning points meet in
the equilateral plane [52].
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Figure 2.2: Regions in the (Λ, P̃φ) invariant space of a 100 keV proton. Dotted
lines indicate where the orbit intersects the wall. P̃φ = Pφ/m. (taken from [59])

2.2 Modifications of drift orbits due to collisions

In a tokamak with poloidaly closed drift orbits the Coulomb collisions displace the
guiding centre from one orbit to another, which result in a particle and energy
transport across the magnetic field. The random walk approach gives us a simple
way to estimate the diffusion coefficients. Here, we assume that after a time step
∆t a particle makes a step ∆x, which is perpendicular to the magnetic field and is
caused by the collisions with the other particles. For a purely diffusive process the
diffusion coefficient is given by

D ≈ (∆x)2

2∆t . (2.2)
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Figure 2.3: Projections in the poloidal plane of the guiding centre orbits in the
invariant space regions illustrated in figure (2.2). Trapped orbits are solid, counter-
current orbits are dotted and co-current orbits are dashed. (taken from [59])

In a straight circular plasma column this collision driven transport is called clas-
sical transport. The classical diffusion is caused by the Coulomb collision between
ions and electrons which are gyrating in the magnetic field. The characteristic time
scale for collisions is the ion-electron collision time, τie, and the characteristic dis-
placement is of the order of magnitude of the ion Larmor radius r

Li
. The classical

particle diffusion becomes Dclassical ≈ r
2
Li
/2τie [64]. The classical diffusion is weak

for high energy particles and is ambipolar (it conserve charge neutrality).
In toroidal plasma there exist another transport driven by the Coulomb col-

lisions between the charged particles, the so called neo-classical transport. The
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Table 2.1: Description of the orbits in regions I-IX.

Region Label Description of the orbit

I i Co-passing orbits encircling the magnetic
axis.

ii Counter-passing orbits encircling the
magnetic axis.

II ii Counter-passing orbits encircling the
magnetic axis

iv Co-passing orbits confined to the high
field side of the magnetic axis not encir-
cling the magnetic axis

III vi Trapped orbits encircling the magnetic
axis, so-called potato orbits

i Co-passing orbits encircling the magnetic
axis

IV vi Trapped orbits encircling magnetic axis,
so-called potato orbits

iv Co-passing orbits confined to the high
field side of the magnetic axis not encir-
cling the magnetic axis

V vi Trapped orbits encircling the magnetic
axis, so-called potato orbits

VI ii Counter-passing orbits encircling the
magnetic axis

VII iii Trapped orbits not encircling magnetic
axis

VIII v Counter-passing orbits not encircling the
magnetic axis

IX No orbits.

neo-classical transport is characterised by three regimes depending on the collision
frequency: the banana regime for collision frequencies much less than the bounce
frequency, the high collisionality regime for collision frequencies much larger than
the bouncy frequency and in the intermediate range by the plateau regime. The
neo-classical transport in the banana regime is caused by changes in the parallel
velocity in the presence of two different classes of drift orbits: trapped and passing.

In the low-collisional regime, where the collision time scale is longer than the
orbit period, the transitions leads to a radial displacement of the drift orbit. The
combination of longer length scale and shorter collision times (compared to classical
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transport) leads to a larger neoclassical transport. The diffusion coefficient for such
transport can be written as Dneo ≈ (rB/R0Bθ)2r2

Li
/2τei [64].

In the presence of weak diffusion the change of the invariants during one orbit
period is small and the kinetic equation can be orbit averaged. By orbit averaging
the periodic motion is removed and the remaining motion, the diffusion of the
particles takes place in the 3D invariant space, (E,Λ, Pφ), shown in figure (2.2) [60].

2.3 Modifications of drift orbits due to the wave-particle
interactions

Wave-particle interactions are important in plasma heating using radio waves at
ion and electron cyclotron frequencies. The momentum and energy of the charged
particles change due to the interaction with the wave fields. The plasma waves in
magnetized collisionless plasmas are damped due to resonant wave-particle inter-
actions, Landau damping and cyclotron damping [65–67]. The latter takes place
when charged particles interact with electromagnetic fields with a frequency match-
ing the cyclotron frequency. Such interactions can transfer energy from the wave
to the particles, thus damping the wave [67].

The changes of the invariants due to wave-particle interactions can be calculated
by integrating the equation of motion along unperturbed orbits. The change in
energy over the time to traverse an orbit is given by

∆E = eZ

∫ τb

0
v · E exp(−iϑ) dt, (2.3)

where ϑ =
∫ t

0 (ω−nωc−k · v)dτ is the phase difference between the gyro phase and
the wave phase [59]. Changes ∆E in energy from the wave-particle interactions are
accompanied by changes in the invariants Λ and Pφ according to [68]:

∆Λ =
(
n
ωc0
ω
− Λ

) ∆E
E

, (2.4)

∆Pφ = nφ
ω

∆E, (2.5)

where ωc0 is the cyclotron frequency at the magnetic axis. Although the dominant
effect of cyclotron interactions is the change in perpendicular velocity of the reso-
nant particles, there also exists a finite change in the parallel velocity due to the
absorption of parallel wave momentum via the Lorentz force from the perpendicu-
lar magnetic wave field component [59, 68–71]. The wave-particle interactions are
localized at the point where the resonance condition ω ≈ nωc + k‖v‖ is satisfied for
ion cyclotron heating.

If the wave-particle interactions are decorrelated then the interactions with a
single wave mode give rise to one-dimensional diffusion in phase space along charac-
teristics described by equations (2.4,2.5). When following the characteristics with
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increasing ion energies, then Λ → Λres = nωc0/ω, while Pφ is continuously in-
creasing or decreasing depending on the sign of nφ. For a spectrum of toroidal
mode numbers the diffusion becomes two-dimensional, since the change in Pφ is
proportional to nφ.

While pitch-angle scattering tends to restore isotropic distribution functions at
low energies, the exchange of toroidal momentum with the wave has important
consequences for the properties of the high-energy ion population. For trapped
orbits the drift in Λ has the physical effect of driving the turning points towards
the unshifted cyclotron resonance. Also, since the flux surface of the turning points
(where vφ ≈ 0) is given by ψ = −Pφ/Ze, the Pφ drift will cause the turning
points to drift inwards or outwards depending on the relative directions of the
wave propagation and the plasma current [72]. This RF-induced spatial transport
affects the radial fast ion density and thereby the pressure and bulk plasma heating
profiles. If the Pφ drift from interactions with co-current propagating waves (Ip >
0 and nφ > 0 or Ip < 0 and nφ < 0) is sufficiently strong, the turning points of a
trapped orbit will meet in the plasma mid-plane and the orbit will de-trap into a
passing orbit [59]. In Paper IV we have neglected the radial transport induced by
RF heating. However, a treatment of the RF induced radial transport would be an
interesting extension of this work.





Chapter 3

SDEs and the relation to diffusion
processes

Diffusive processes can be modelled by diffusion equations or stochastic differential
equations (SDEs). The relationship between the solution of a diffusion equation
and SDE is described in section 3.1. The Monte Carlo method is an important
tool for solving SDEs, and thus to simulate the diffusive behaviour of a system,
e.g. the evolution of the distribution function. The Euler scheme is an example of
time discretized SDE. However, the convergence of discretization is slow, and more
advance schemes are often useful (see section 3.2.1). In section 3.3 the problems
and solutions of the diffusion across different boundaries are discussed.

3.1 Stochastic processes and diffusion

A stochastic process represent the evolution of a random variables over time. A
stochastic process may evolve in many directions: even if the initial conditions are
known. In many practicle applications a stochastic process can be treated as a
discrete time process, i.e. as a sequence of random variables also known as a time
series. Random field is another basic type of stochastic process whose arguments
are drawn from a range of continuously changing values [73]. In the present work
we only deal with the stochastic processes evolving over time.

The collision of pollen grains with water molecules describe a Brownian mo-
tion, named after Robert Brown [74]. The Brownian motion is an example of a
stochastic process that evolve over time, and gives the mathematical model for the
random movement of particles suspended in a fluid. The processes was described
mathematically by Norbert Wiener, thus also called the Wiener Processes [75]. The
standard Wiener processes {W = Wt, t ≥ 0}, is a stochastic processes for which

W0 = 0 w.p.11, E[Wt] = 0, (3.1)

17
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V [Wt −Ws] = t− s, (3.2)

for all 0 ≤ s ≤ t [75]. Here E denotes expectation value and V is the variance.
Thus a Wiener processes is a normally distributed process written as Wt ∈ N(0,t)
with zero mean and variance t.

The dynamics of Brownian motion in terms of a stochastic differential equation
of Itô type has the form

dXt = a(Xt)dt+ b(Xt)dWt, (3.3)

where a(Xt) and b(Xt) describe the deterministic and stochastic motion, respec-
tively [75]. Wt is a vector of uncorrelated Wiener processes, i.e. the differentials
dWt ≡Wt+dt−Wt are independent Gaussian random variables with zero mean and
variance dt [76]. Note that since b(Xt) is uncorrelated with dWt, equation (3.3) is
a Markov process [77].

Itô’s approach [75] is useful for finding the differential of a time-dependent
function of a stochastic process. In this approach the conditions for local properties
such as the drift and the diffusion coefficient of a diffusion process can be used to
characterize the Markov processes. It also gives us a mathematical formulation of
stochastic differential equation. In integral form equation (3.3) can be written as

Xt = X0 +
∫ t

0
a(Xs)ds+

∫ t

0
b(Xs)dWs, (3.4)

where the initial value, X0 = x0, may be a random variable. The first integral in
(3.4) is a normal Riemann integral [75] and the second integral is an Itô stochastic
integral with respect to the Wiener processes.

The diffusion of ink in a jar of water, or pollen grains in water, can be considered
as a simple diffusion problem. We can make statistics of the change in the location
of the particles by observing them for some time. The ink acts as a fluid with
density f(x, t). From the equation of continuity we have

∂f

∂t
+ ∂u

∂x
= 0. (3.5)

The flux u(x, t) is given by Fick’s law as

u = −D(x)∂f
∂x
, (3.6)

where D(x) is the diffusion coefficient. By substituting (3.6) into (3.5) we get the
diffusion equation

∂f

∂t
= ∂

∂x
D
∂f

∂x
. (3.7)

1w.p.= with probability
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The general form of the convective-diffusion equation without source and sink terms
can be written as

∂f

∂t
= − ∂

∂x
(af) + ∂2

∂x2 (Df). (3.8)

The diffusion process given by equation (3.8) with a drift a and diffusion coefficient
D corresponds to the stochastic differential equation, given by equation (3.3 or 3.4),
when b2 = 2D.

3.2 Monte Carlo Methods

The Monte Carlo method is a statistical method, which can be used to evaluate
multi-dimensional integrals of well-behaved functions, it can also be used to simulate
the diffusive behaviour of a physical system, e.g. the evolution of the distribution
function in the presence of stochastic interactions. The Monte Carlo methods used
in this work are applicable to diffusion problems such as Coulomb collisions and
quasi-linear wave-particle interactions.

For a constant diffusion coefficient and in the absence of a drift term, the solu-
tions of equation (3.7), can be obtained by making a convolution with the appro-
priate Green function with the initial conditions (distribution function at the initial
time) [78]. The procedure is analogous with displacing an assembly of test particles
using Gaussian random numbers with variance 2D∆t. In case the variance does not
depend on the spatial coordinates, one can obtain a correct solution for arbitrary
long time steps. When the coefficients are not constant, the time steps are limited
due to the derivatives of the diffusion coefficient. However, the diffusion coefficients
approaching zero also cause problems, which can severely restrict the time steps.

While solving the stochastic equations with Monte Carlo methods two types of
errors appear; time discretization and the statistical errors. The time discretization
error comes from the numerical method used for time-integrations, while the latter
comes from the finite number of test particles [79]. The main drawbacks of the
Monte Carlo method are the slow scaling of statistical errors caused by fluctuations
proportional to 1/

√
N , where N is the number of particles, and the short time steps

required to obtain converged results. The latter is related to the inhomogeneity of
the diffusion and the drift coefficients, and cause systematic errors.

For discretization of a stochastic differential equation there are two common
ways to measure the convergence: weak and strong convergence. If the sample
path of the approximate solution X̃ converges to the sample path of the exact
solution for each particle then X̃ has a strong convergence, while if the density
distribution function f̃ of X̃ converges to a distribution function of f of X, then X̃
has a weak convergence. The order of strong convergence, γ, and weak convergence,
β, can be defined as

E(|X̃(t, s)−X(t, s)|) ≤ C1∆tγ , (3.9)
|E(g(X̃(t, s)))− E(g(X(t, s)))| ≤ C2∆tβ , (3.10)
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for some constants C1, C2 and any smooth function g [75, 76].

3.2.1 Time Discretizations
Different discretization schemes for the SDE (3.3) have been developed in the lit-
erature, having different convergence properties. The Monte Carlo operator cor-
responding to the Itô stochastic differential equation for the Euler scheme [75] is
given by

Xn+1 = Xn + a∆t+ ζb
√

∆t, (3.11)
where Xn denotes the random variables corresponding to the x coordinate, b =√

2D, ∆t is the time step and ζ denotes a normal distributed random number with
zero expectation value and unit variance. An alternative time discretization scheme
is the Milstein scheme [80] given by

Xn+1 = Xn + a∆t+ ζb
√

∆t+ 2bb′(ζ2 − 1)∆t. (3.12)
The last term on the right-hand side of (3.12) is similar to a drift term. This
term reduces and enhances the flux towards the regions with lower values of b for
particles with large and small random number, ζ, respectively.

Under certain constraints on a and b the Euler scheme has a strong convergence
rate γ = 1/2 and weak convergence β = 1, see theorem 10.2.2 and 14.1.5 in reference
[75], while the Milstein scheme [75], which has convergence with strong order γ = 1.
In paper I the properties of both the Euler and Milstein schemes are discussed.

3.3 Monte Carlo operators for discontinuous diffusion

A common problem when solving diffusion equation appear when the diffusion
coefficient varies rapidly across a narrow layer or vanishes at the boundaries of
a region. Such cases require short time steps to get converged results. When
the diffusion coefficient approaches zero, it may give rise to singular steady state
solutions. In the limit of an infinitesimal boundary layer the diffusion coefficient
may change discontinuously across the layer, which requires a special treatment
in order to obtain the desired form of the solution. In tokamak plasmas such
boundary layers appear for Coulomb collision at the trapped-passing boundary and
at the tangential resonances for wave-particle interactions described by quasi-linear
diffusion [81]. To study diffusion at a boundary layer, we will here consider a 1D
diffusion process with a discontinuous diffusion coefficient and a 2D diffusion process
for which the diffusion changes direction abruptly at a trapped-passing boundary
curve, as discussed in paper III. The later being applicable to neo-classical diffusion
for collisions near the trapped-passing boundary.

3.3.1 Solutions for singular SDEs
Diffusion equations with a vanishing diffusion coefficient is common for diffusive
processes in a bounded domain. The convergence of Monte Carlo methods for
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diffusion process with singular SDEs were studied in paper I, using the convective-
diffusion equation (3.8) on the interval 0 ≤ x ≤ A0 with a diffusion coefficient
D = x(A0 − x) that vanishes at x = 0 and at x = A0. Equation (3.8) is of interest
for calculating the anisotropy of the distribution function of ions in magnetized
plasmas relaxed by Coulomb collisions [82]. The type of the singularity depends on
the coordinate system and can therefore be changed by choosing other variables. To
study the convergence of different Monte Carlo schemes near a singular boundary
we chose the drift coefficient a = A0 − (n/2 − 1)x, which allows us to change the
behaviour of the solution at the boundary x = A0 through n without changing the
behaviour at x = 0.

The steady state solution, i.e. ∂f0/∂t = 0, can be solved analytically and takes
the form

f0 = (A0 − x)−(3−n/2)
. (3.13)

For different values of n the steady-state solution is shown in figure (3.1). Depend-
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Figure 3.1: Steady-state solution of f0 for (a) n = 5, (b) n = 6, (c) n = 7, (d)n = 8.
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ing on the type of singularities the different time discretizations converge differently,
as discussed in Paper I.

3.3.2 Discontinuous diffusion across a layer in 1D
In order to deal with the problem of diffusion across a boundary layer in 1D, we
consider a diffusion coefficient that is discontinuous across r = r0. As a first test
case we assume that the Monte Carlo equation for ∆r(ζ) has the form

∆r =
(
ar −

∂Dr

∂r

)
∆t+ ζ

√
2Dr∆t, (3.14)

where ar and Dr are the radial drift and diffusion coefficients, respectively. Dr is a
well defined continuous differentiable function of r except at the r = r0 boundary.
Near r = r0 we take a limit r → r0 on left and right side of the boundary.

The flux of particles crossing r = r0 at a time step ∆t is

∆tΓ =
∞∫
−∞

dr

r0∫
−∞

dζF (r)H (r + ∆r − r0)P (ζ)

−
∞∫
−∞

dr

∞∫
r0

dζF (r)H (r0 − r −∆r)P (ζ), (3.15)

where F (r) = n(r)J(r), n(r) is the density and J(r) the Jacobian, P (ζ) = e−(ζ2/2)/
√

2π
is the probability density of ζ and H the step function, i.e. H(x) = 1 for x ≥ 0 and
H(x) = 0 for x < 0. Evaluating the flux given by equation (3.15) we obtain

Γ = mF −DrF
′, (3.16)

where m = ar − d(Dr)/dr. If m = 0, the steady state solution F with Γ = 0
becomes constant, independent of how Dr varies.

If we assume that Dr changes continuously from Dr+ to Dr− across a layer
around r = r0, then as the layer becomes thinner, both ar and the derivative of Dr

increases in magnitude. In order to get well converged results of the corresponding
Monte Carlo equations shorter time steps will be required (several time steps have
to be taken in the layer). In the limit when the continuous change from Dr− to Dr+
is turned into a discontinuity, the drift becomes infinite and the standard numerical
solutions are no longer tractable.

In order to find a solution for which F is constant across the layer the drift term
has to depend on ∆t, since the flux from the diffusion coefficients is proportional to
∆t−1/2. Considering F to be constant across the layer we have assumed the drift
term to have the form

ar =
√
Dr+ −

√
Dr−

2
√
π∆t

. (3.17)
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In the limit of a discontinuous step it is not trivial how to define the drift term. We
propose that this drift term, equation (3.17), can be applied if the particle crosses
r = r0 layer, where Dr is discontinuous. The drift term will then reduce the flux
when going from large Dr+ to small Dr− and vice verse. However, if F varies
significantly in the layer, equation (3.17) may not hold. Figure (3.2) illustrates how
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Figure 3.2: Illustration of the dependence of F on the non-standard drift term.
The dashed line (−−−) represents the solution when using equation (3.14), the
dashed-dotted line (−·−·) represents solutions obtained with the drift term given
by (3.17), and the lines with markers ?, ∗ and ◦ represents the solution when adding
the drift term in equation (3.18) with amplification factors Am = 3.1, 3.4 and 3.7,
respectively.

F varies across the layer with and without such a drift term, for
√
Dr+ = 1 and√

Dr− = 0.5. Here the drift term is applied when the particles cross the boundary
layer at r = 0.5. The effect of the drift term given by the equation (3.17) on the
solution F was found to be too small. However, multiplying the drift term by a
factor, Am, a solution having the same values on both sides of the singular layer
can be found, but inside the layer there is a strongly varying solution as can be seen
in figure (3.2). When varying the time step it was found that the multiplication
factor is independent of ∆t, but depends on (

√
Dr+ −

√
Dr−)/(

√
Dr+ +

√
Dr−)

suggesting a form

ãr = Am

2
√
π∆t

√
2(
√
Dr+ −

√
Dr−)

(
√
Dr+ +

√
Dr−)

. (3.18)

The amplification factor Am was determined empirically from the equation (3.18),
which gives good agreement for Am = 3.4. Thus the discontinuity can be handled
by applying the drift in equation (3.18), which produce a boundary layer with the
thickness proportional to

√
∆t.
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3.3.3 Discontinuous diffusion in 2D
A second type of discontinuous diffusion process appears if the direction of diffusion
process in (r, ξ)-space changes abruptly. Here the discontinuity is at passing the
curve ξ = h

b
(r). Consider the diffusion process described by

∆ξ = aξ∆t+ ζ
√

2Dξ∆t, (3.19)

∆r = C(r, ξ)
(
aξ∆t+ ζ

√
2Dξ∆t

)
+ a∗r∆t, (3.20)

where aξ and Dξ are the drift and diffusion coefficients in pitch angle, respectively,
and a∗r = ar − C(r, ξ)aξ. The drift term a∗r and the coefficient C(r, ξ) vanishes
when |ξ| > hb(r). The form of equation (3.19) is chosen such that it represents
pitch angle scattering by Coulomb collisions and the curve ξ = hb(r) represents the
trapped-passing boundary.

rΔ

1αξΔ

1α

α

2α
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F
1α

ξΔ
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II

Figure 3.3: Outline of the geometry at the trapped-passing boundary. The curve
BE and CF are diffusion characteristic in the passing region, (I). The curve AB and
DC are diffusion characteristic in the trapped region, (II). α is the angle between
the trapped-passing boundary and the curves AB and DC.

To find how the densities varies across the trapped-passing boundary in a
toroidal plasma, we proceed as follows: for steady state the number of particles
that cross from the region I to region II, figure (3.3), has to be the same as those
crossing from region II to region I. The volume element associated with the diffu-
sion in region II is limited by two curves defined by the equation (3.20), one passing
through points A and B and the other passing through the points D and C.

The particles in the volume defined by ABCD that are displaced by ∆ξ will
pass the boundary ξ = h

b
(r) and be located in the area defined by BEFC. Vice

versa the particles in the area defined by BEFC, that are displaced by −∆ξ will
be displaced to the region defined by ABCD. If the areas of the two regions differ
then a displacement across the boundary layer leads to an increase or a decrease in
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density. If the probability for a particle in region ABCD to be displaced to BEFC
should be the same as from BEFC to ABCD, then the number of particles have
to be the same in the two areas. The difference in the areas will determine the
difference in the densities [83]. The area of the element ABCD is given by

A(ABCD) = ∆r∆ξsinα
sinα1cosα2

, (3.21a)

where α = α1 − α2, tanα2 =
√

2Dξ and tanα1 = [C(r, ξ)(∂h
b
/∂r)]−1. Equation

(3.21a) can be written in the form

A(ABCD) = (1− C̃)∆r∆ξ, (3.21b)

where C̃ = C(r, ξ)
√

2Dξ(∂hb/∂r). The area of the region defined by BEFC is given
by

A(BEFC) = ∆r∆ξ. (3.22)

Note that ξ is dimensionless, but here we are treating ∆ξ as a length as shown in
figure (3.3).

When C̃ 6= 0, the Monte Carlo equations (3.19) and (3.20) gives a discontinuity
in the density at the boundary because of the change in the direction of diffusion,
which can be seen by calculating the flux across the boundary ξ = h

b
(r). The flux

of particles that passes from the region I into II and vice versa is given by

ΓI ∝ FI∆r∆ξ, (3.23)

ΓII ∝ FII∆r∆ξ(1− C̃). (3.24)

For a steady state i.e. when the fluxes are equal

FI
FII

= (1− C̃). (3.25)

Thus F becomes discontinuous when ∂h
b
/∂r < ∞ or C(r) 6= 0 even though Dξ is

continuous. To have a solution with a constant density across the boundary layer a
drift term similar to that described in section 3.3.2 and defined by equation (3.18)
is required. An alternative method to treat the discontinuity is proposed in paper
II, applicable to the banana regime.





Chapter 4

Monte Carlo simulations of
collisions and RF-heating

A general formulation of the Monte Carlo operator describing Coulomb collisions
and quasi-linear wave-particle interactions in toroidal plasmas was developed by
Eriksson and Helander [68]. However, the effect of geometry and spatial variation
of the diffusion coefficients were not discussed explicitly. Neither was the difficulties
in treating the spatial diffusion due to ion-ion collisions discussed. In this work the
effect of geometry and the avoidance of the spatial diffusion due to ion-ion collisions
are discussed and simplified model operators in pitch angle and radius solving
these issues are presented. In addition model operators relaxing the distribution
function towards one with a prescribed density profile are developed in order to
simulate Coulomb collision relaxation of plasmas with a density profile given either
by experimental data or simulated with a transport code.

4.1 Model collision operators in toroidal plasma

Modelling of the evolution of distribution functions in toroidal plasmas can be done
with Monte Carlo codes by calculating the evolution of true drift orbits. When the
collision time and the characteristic time, i.e. time to change the orbit by wave-
particle interactions, are much longer than the orbit time then the orbit averaged
Monte Carlo operators can be used to speed up the calculations.

Due to collisions the changes in perpendicular velocity, v⊥, along the gyro or-
bits leads to classical transport. Similarly, collisions changing the parallel velocity,
v‖, of the gyro orbits give rise to neo-classical transport. The effect of the neo-
classical transport can be visualised by considering an axisymmetric plasma where
the canonical angular momentum, Pφ = mRvφ + Zeψ, is conserved in the absence
of collisions and wave-particle interactions. The change in the flux surface of the
turning points of a trapped orbit, due to collisions, can be obtained from the change

27
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in Pφ, given by

∆ψ
T

= −mRx
Ze

∆vφ ≈ −
mR0

Ze
∆v‖, (4.1)

where Rx is the major radius at which the collisions take place and 2πψ
T
denotes

the poloidal flux at the turning point. The radial position of the turning point
represents approximately the averaged radial position of the trapped particles, and
has been used in this work to determine the averaged radial position of the trapped
particles.

1

3

2

4

0

R

Figure 4.1: Illustration of how the
drift orbits are transformed by a set of
discrete collisions. Points with num-
bers 1-4 denote the position of discrete
collisions, and 0 denotes the magnetic
axis, trapped orbits (solid line) and
passing (dotted line).

How discrete collisions can change the drift orbits through pitch angle scattering
is illustrated in figure (4.1). Starting from the innermost orbit, which is a high-
energy non-standard drift orbit located on the low field side, often called potato
orbit. A discrete collision at point 1 results in a transition from the potato orbit
to a deeply trapped orbit. After a collision at point 2 it takes the orbit into a
nearly marginal trapped orbit. A collision at point 3 would take the orbit into a
counter-passing, while a collision at point 4 would take it into a co-passing orbit.

Both passing and trapped orbits give rise to particle transport across the mag-
netic flux surfaces. The trapped particles have much larger transport than the
passing ones, thus the latter will be neglected throughout this thesis. The differ-
ence in transport between the two different classes of orbits creates a boundary
layer in the phase space, where the direction of the diffusion changes abruptly.

Often the neoclassical particle transport across the magnetic surfaces is small
and is dominated by turbulent transport. Thus for a model that does not include
the turbulent processes it is relevant to develop collision operators that relax the
distribution function to prescribed density profiles. It is then important to anni-
hilate the intrinsic collisional transport, or increase it to be consistent with the
turbulent transport.

In order to simplify the problem, while keeping the relevant physics, we make
the following model for the orbits in the tokamak and how they are affected by
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collisions. We assume that the orbits are thin, so they can be described by the
three invariants of the form (E, r, ξ), where E is the energy, r is the minor radius
and ξ the pitch angle at the outer mid-plane. In the limit of thin orbits there
should be, in principle, no radial transport. To include the radial transport, we
assumed that the trapped particles are displaced according to equation (4.1), and
the radial transport of the passing particles is neglected. For both trapped and
passing particles we have assumed that the scattering take place in the regions
where the orbits intersect the mid-plane on the low field side. For trapped particles
scattering can either take place at the inner or the outer leg with equal probability.

The radial positions of the turning points determine the averaged radial position
of the trapped particles with respect to the minor radius. Rewriting equation (4.1)
in terms of the minor radius, r, gives:

∆r = −C (r) [v∆ξ + ξ∆v] . (4.2)

Alternatively expressing the change in radius with respect to energy one obtains

∆r = −C(r)v
[
∆ξ + ξ

∆E
2E

]
. (4.3)

4.1.1 2D collision operator
While studying the radial transport we have considered the energy E as a constant.
Our problem then becomes two dimensional, i.e. we have to deal with the changes in
pitch angle and minor radius only, thus our simplified model equation (4.3) becomes

∆r = −C(r)∆ξ. (4.4)

In a homogeneous plasma, the change in pitch angle by Coulomb collision is
given by

∂f

∂t
= ∂

∂ξ

[(
1− ξ2) 1

2
∂f

∂ξ

]
, (4.5)

where t is the time normalized to the collision frequency γ/v2. The steady state
solution of equation (4.5) is a uniform distribution function. The corresponding
Euler Monte Carlo scheme [75] is given by

ξn+1 = ξn + aξ∆t+ ζ̄
√

(1− ξ2
n)∆t. (4.6)

Taking into account that the collisions take place randomly at the co- and counter-
leg of trapped orbits, the pitch angle scattering is described by the following equa-
tion

ξn+1 = ξn + aξ∆t+ ζ̄
√

(1− ξ2
n)∆t− 2ζ̃ξnH(h

b
(r)− |ξn|), (4.7)

where the boundaries between trapped and passing orbits are given by |ξ| = h
b
(r),

such that H(h
b
(r)−|ξ|) = 1 for the trapped particles and H(h

b
(r)−|ξ|) = 0 for the
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passing particles. Furthermore, ζ̄ is a random number with unit variance and zero
mean, and ζ̃ is a random number taking the values {0, 1} with equal probability.
The radial transport, which is associated with the pitch angle scattering of trapped
particles, was modelled with a Monte Carlo operator of the form

rn+1 = rn + C(rn, ξn)
(
aξ∆t+ ζ̄

√
(1− ξ2

n)∆t
)

+ a∗r∆t, (4.8)

where the drift term a∗r and the coefficient C(r, ξ) = C(r)H(h
b
(r) − |ξ|) vanishes

for passing particles. For trapped particles C(r) is proportional to the poloidal
Larmor radius. The problem here is to determine a∗r , so that the distribution
function relaxes towards a physical solution.

4.1.2 3D collision operator
The 2D Monte Carlo operators in the (r, ξ)-space were studied, in Paper II and III,
in order to sort out issues associated with coupling of the velocity and space coor-
dinates in a toroidal plasma. In order to extend the 2D model operator, discussed
in the previous section, we included the effects of energy scattering.

Consider the Coulomb collisions in a homogeneous plasma described by the
general non-relativistic Fokker-Plank equation [67,84–86] of the form

∂f

∂t
= C(f), (4.9)

where

C(f) = −∇v.(〈∆v〉f) + 1
2∇v. [∇v.〈∆v∆v〉f ] . (4.10)

The first term of the collision operator represents drag and the second term rep-
resents diffusion. The Coulomb collision operator for collision with a Maxwellian
background, as developed by Chandrasekhar [46, 85], can be written as, see e.g.
ref. [82],

C(f) = − 1
v2

∂

∂v
(v2αf) + 1

2v2
∂2

∂v2 (v2βf) + 1
4v2

∂

∂ξ
(1− ξ2) ∂

∂ξ
(γf), (4.11)

where v is the velocity, α, β and γ are Spitzer’s Coulomb collision coefficients [67,87].
The Monte Carlo operator in energy corresponding to equation (4.9) becomes

En+1 = En −
(√

2mE α+ mβ

2

)
∆t + ζ̄

√
2mEβ∆t. (4.12)

The derivation of this Monte Carlo operator in energy is described in Appendix A.
The Monte Carlo operator corresponding to the change in pitch angle by Coulomb

collision is given by

ξn+1 = ξn − gξn∆t± ζ̄
√
g(1− ξ2

n)∆t, (4.13)
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where g = γ/2v2. The detailed derivation of the operator due to changes in pitch
angle is given in Appendix B.

The radial diffusion caused by the changes in energy is negligible. Thus, our
simplified model equation (4.3) is approximated by

∆r ≈ −C(r, ξ)v∆ξ. (4.14)

The radial transport due to the displacement of the trapped particles, as described
in paper IV, becomes

rn+1 = rn + C(r, ξ)v
(
ζ2
√
g(1− ξ2

n)∆t
)

+ dr∆t. (4.15)

where dr = d∗r − gξ is the drift term. The drift term and C(r, ξ) vanishes for the
passing orbits.

When the collisions take place randomly at the co- and counter-leg of the
trapped orbits, the pitch angle scattering can then be described by the following
stochastic differential equation

∆ξ = −gξn∆t+ ζ̄
√
g(1− ξ2

n)∆t− 2ζ̃ξnH(h
b
(r)− |ξn|). (4.16)

4.2 Problems encountered during simulations of Coulomb
collisions

A number of problems have been encountered while simulating Coulomb collisions.
In order to cope with the problem of particles stepping outside the domain, we use
reflections, i.e. the particles which cross the ξ = ±1 boundaries are reflected back.
The same procedure is used for the boundaries at r = 1 and r = 0. The processes
of reflection is illustrated in figure (4.2). In order to get steady state solution and
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Figure 4.2: Reflection of the parti-
cles at the boundaries, here A0 is
the boundary point.

avoid accumulation of particles at the boundaries we have developed Monte Carlo
methods, discussed in Paper I.

Another problem is encountered at the trapped-passing boundary where the
diffusion rapidly changes direction. This is illustrated here for collisions in 2D, i.e.
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radius r and pitch angle ξ. Considering first a trapped-passing boundary that is
independent of minor radius, |ξ| = hb =

√
a/R0. Monte Carlo simulations in this

geometry gives a distribution function that is symmetric in ξ, as shown in figure
(4.3); using the operator defined in equation (4.4). The difference in the probability
of de-trapping particles into co- and counter-passing orbits, as discussed in section
4.1, produces the asymmetry in the distribution function. When we simulate the
distribution function with the 2D model of the collision operator with a trapped
passing boundary that depends on r, i.e. h2

b = 2r/R0, an asymmetric distribution
function is obtained, as shown in figure (4.4).

To amend the error appearing at the boundary layer a non-standard drift term
was developed, which depends on the length of the time step, as discussed in sec-
tion 3.3 and in Paper III. The non-standard drift term produces a rapidly varying
function in the boundary layer, but with the same values across the layer. The
width of the boundary layer decreases with

√
∆t. The type of drift, which is de-

scribed in equation (3.18) was found to depend only on the relative discontinuity
of the diffusion process. However, the form of the drift term developed in section
3.3.2, (also discussed in Paper III), cannot be straightforwardly applied to model
the diffusion in the banana regime. Also the variation in the boundary layer would
result in an asymmetric layer in the passing region, which makes it unsuitable for
current drive calculations.

The problem of calculating the transport across the boundary layer can also
be solved by using short time scales and accurate calculation with a continuous
drift term. The process of calculating the drift term is discussed in Paper III, and
detailed calculation is given in Appendix C.

Another way to resolve the problem of discontinuity in the diffusion coefficient is
symmetrization of the transport across the trapped-passing boundary, as discussed
in paper III. This can be done by using a random number to decide whether the
particle goes from a trapped orbit to co- or counter-passing orbit, and another ran-
dom number to select if a passing orbit goes into a co- or counter-side of the trapped
orbit region (Model C, Paper III). The symmetrization results in a symmetric dis-
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Figure 4.3: Distribution function f
in (r, ξ)-space for constant trapped-
passing boundary at ξ = ±0.5 indi-
cated by white circles, the amplitude
is represented by colour bar.
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tribution function as can be seen in figure (4.5). Along with the symmetrization of
the trapping and de-trapping an appropriate drift term proportional to h′/h has to
be added. This drift appear since there are more trapped particles at larger minor
radius, which result in a higher averaged radial diffusion. Figure (4.6) shows the
solution with and without the extra drift term.

In order to produce density profiles consistent with a given one we have include
different drift terms. In the region where the diffusion is continuous such as in the
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Figure 4.6: The solution (−·−·, ◦)
with extra drift from trapped pass-
ing particles fraction proportional to
(h′/h), and (−−−, ?) without it.
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trapped region the drift terms become

a∗r = − ((1− ξ2)Cr)2

2

[
2C ′r
Cr

+ γ′

γ
+ J

′

r

Jr
+ n

′(r)
n(r) +

h
′

b
(r)

h
b
(r)

]
(4.17)

where ′ denotes the differentiation with respect to r. The 1st term on RHS of
equation (4.17) is due to the radial dependence on C, the 2nd term is due to the
radial dependence of the collision frequency γ, which depends on the temperature
and the density profiles of the background species, the 3rd term is due to Jacobian,
which determines the shape of plasma cross-section, the 4th term is due to the pre
defined density profile and the 5th term is due to the variation in the averaging of
the radial diffusion coefficient due to the variation of the trapped-passing boundary.
The calculation of these drift terms is comprehensively discussed in paper III.

In addition to the trapped-passing boundary, the region near the magnetic axis
is particularly difficult to simulate because of the variation of the trapped-passing
boundary and the wide banana orbits. Small errors can easily cause accumulation
or depletion of particles near the magnetic axis. A way to avoid the accumulation
of the particles near the magnetic axis is by letting the radial diffusion coefficient
go to zero.

4.3 RF operators in toroidal plasmas

The changes in the distribution function in the presence of decorrelated wave-
particle interactions can be described by a quasi-linear operator [81]. In the ion
cyclotron range of frequencies (ICRF) [88–90], the dominating effect of ion cyclotron
interactions is the change in the perpendicular velocity of the resonant ions. Also
there is a small change in the parallel velocity, which is important for the evolution
of the drift orbits.

As an application of the developed Coulomb collision operator ion cyclotron
heating in a toroidal plasma was studied by adding a simplified quasi-linear RF-
operator. For this simplified operator it is assumed that the particles receive a
change in energy when they cross the resonance layer. Furthermore, it was as-
sumed that the change in the angular momentum ∆Pφ to vanish, this corresponds
to interactions with waves having nφ = 0. Thus the wave-particle interactions
described by the quasi-linear operator will not produce any pinch effect [91–93].

Since the effect of a finite toroidal mode number when simulating radial diffusion
in the quasi-linear RF-operator has been neglected, the diffusion will only change
E and ξ. In our model the distribution function is expressed in ξ at the outer mid
plane, whereas the wave particle interactions take place at the cyclotron resonance.
To calculate the change in ξ in the outer mid-plane it is convenient to first express
the change in the orbit invariant Λ ≡ µB0/E. Λ is related to ξ by Λ = R(1−ξ2)/R0,
where R and ξ are values at an arbitrary point along the orbit. The change in Λ is
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independent of the position along the orbit, and is given by [68]

∆Λ
RF

=
(nωc0

ω
− Λ

) ∆E
RF

E
, (4.18)

where ωc0 is the ion cyclotron resonance frequency at the magnetic axis.
In this model the particles stay in resonance after the wave-particle interaction, i.e.
∆Λ + Λ < Λres, where Λres = nωc0/ω.

In more realistic models of the quasi-linear operators, the averaged change in
energy should be proportional to the time spent at the resonance. This leads to a
stronger concentration of high-energy ions to orbits for which the turning points are
located near the cyclotron resonance and give more characteristic rabbit ear [94,95]
shaped distribution functions than the present model provides, as discussed in paper
IV.

During RF heating the collisions transfer the energy of the heated ions to the
bulk plasma. Since Coulomb interactions are strongest between particles with
similar velocities, the ion-ion collision frequency decreases as the fast ion energy
increases. Thus, at high-energies the ions transfer the power preferably to the
electrons, which slow down the fast ions. The resulting distribution function of a
resonant ion species during ICRF consists of a thermal isotropic part and a strongly
anisotropic high-energy tail.





Chapter 5

New Results - Summary of the
papers

5.1 Numerical solutions of singular SDEs

In Paper I, we have investigated various Monte Carlo methods to solve the singular
stochastic differential equations. In many applications, the diffusion coefficient goes
to zero at the boundaries. In this thesis we refer to such regions as singularities
w.r.t the corresponding SDE. The slow convergence at such singularities is often
the dominating source of time discretization error. The behaviour of the solution
depends on the variation of the drift and diffusion coefficients. For singular SDEs
the Monte Carlo schemes have, in general, difficulty to converge to the correct solu-
tion. In this report we have studied the convergence of three Monte Carlo schemes
for advective-diffusion equations for which the diffusion coefficient vanishes at the
boundary points. We have restricted our study to a 1-D case, where direct com-
parisons with analytical solutions can be made, with the aim of finding a suitable
method to be used for higher dimensional problems.

The schemes studied in this paper are: the Euler, the Milstein and a new scheme,
called the hybrid scheme. For all schemes we have used constant time steps and
applied reflection when the test particles are displaced outside the boundaries. The
Euler scheme produces solutions with too low values near the boundaries, while the
Milstein scheme gives rise to solutions, which are too peaked at the boundaries.
The hybrid scheme, which uses half of the correction term in the Milstein scheme,
has been shown to have the best convergence. Like the Milstein scheme, the hybrid
scheme overestimates the solution at the boundary.

We have identified a condition that can be used to select between the Milstein
and the hybrid schemes and devised an adaptive scheme to optimize the conver-
gence. The proposed schemes give a significant reduction of the computational
effort. Since the largest error appears near the end points, where the diffusion co-
efficient goes to zero requiring short time steps, the most effective scheme would be
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one combining the adaptive scheme with one using adaptive time steps.

5.2 Monte Carlo operators for Coulomb collisions

In Paper II, we have studied a model collision operator applicable to the banana
regime in toroidal plasmas. In the model we have assumed thin orbits described
by (r, ξ), where r is the minor radius of the magnetic flux surface and ξ is the
pitch angle at the outboard equatorial plane, keeping the energy constant. Only
the radial transport of trapped particles due to pitch angle scattering was taken
into account. It was shown that the coupling between the velocity and spatial
coordinates requires the spatial gradient of the Jacobian to be included in the drift
term.

The SDE corresponding to the Fokker-Planck equation becomes singular for
pitch angle scattering at ξ = ±1, for radial diffusion at ψ = 0 and at the trapped-
passing boundaries. This makes the Monte Carlo modelling difficult. The singular
behaviour near ψ = 0 causes accumulation of counter-passing orbits and a depletion
of the co-passing orbits, as described in section 3.3.3.

5.3 Orbit averaged Coulomb collision operators in toroidal
plasmas

In Paper III, we have studied simplified 2D Monte Carlo operators in radius and
pitch angle to assess the numerical difficulties when simulating pitch angle scattering
by collisions in toroidal plasmas. Using 2D models these difficulties were visualised
and the solutions were tested against the analytical ones.

In toroidal plasmas the velocity and spatial coordinates are coupled through
canonical angular momentum, Pφ = mRvφ + Zeψ. Because of this coupling the
pitch angle scattering by Coulomb collisions results in spatial diffusion. Therefore,
it is necessary to include the spatial derivatives of the Jacobian, determining the
plasma shape, in order to relax the density profile towards the prescribed one. When
the radial transport is not consistent with relaxation of the density profile towards
a given one, e.g. from an experiment or a transport code, then it is important
to annihilate the radial diffusion of the ions arising from pitch angle scattering in
the model operator and introduce an ad hoc transport in the model relaxing the
density towards the prescribed profile.

Another problem appearing in the modelling is caused by the differences in
the probability of de-trapping into co- and counter-passing orbits due to the sharp
variation of the diffusion coefficient at the trapped-passing boundary, which resulted
in a boundary layer. To resolve the transport across the boundary layer small time
steps are requires. However, if the layer is discontinuous then we need extra drift
term to impose reciprocity.

In order to test our collision operator we have studied three models. In the
first model, model A, we have assumed that the flux vanishes locally for a given
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profile. The result is that, depending on the direction of transport, a flux across the
trapped-passing boundary is compressed or decompressed as discussed in chapter
3 (section 3.3.3).

A new type of drift term that depends on the length of the time steps was
developed in order amend the errors due to the discontinuity. Such drift terms
may be of general interest when modelling situations with discontinuous diffusion
coefficients. The non-standard drift term produces a rapidly varying function in
the boundary layer, but with the same values across the layer. The applied drift
term was found to depend only on the relative discontinuity of the diffusion process.
However, this drift term, described in equation (3.18), cannot be straightforwardly
applied to model diffusion in the banana regime, (Model B). A correction factor has
to be calculated at each point on the boundary, which made it difficult to empirically
develop a non-standard drift term for the two boundary layers. Furthermore, even
with the correction factor the variation of the solution at the boundary layer would
result in an asymmetric layer in the passing region making it unsuitable for current
drive calculations.

Another way to resolve the problem with the discontinuity in the diffusion co-
efficient is Model C. For which the transport across the trapped-passing boundary
is symmetrized. This is achieved by selecting a random number to decide whether
the particle goes from a trapped to co- or counter-passing. Similarly, when a pass-
ing orbit becomes trapped a random number is selected to place it on the co- or
counter-side of the trapped orbit region. This model requires a different drift term
that is proportional to the radial derivative of the size of the trapped-passing re-
gion. Furthermore, due to the variation of the trapped-passing boundary and the
variation of the large banana orbits, the region near the magnetic axis was partic-
ularly difficult to simulate. Small errors caused accumulation and in some cases
depletion of particles near the magnetic axis. The accumulation of the particles
near the magnetic axis can be avoided by letting the radial diffusion coefficient go
to zero.

5.4 3D Monte Carlo operators

In Paper IV, we have developed and tested a collision operator that relax the
distribution function towards a predefined local isotropic Maxwellian in toroidal
plasmas relevant to the banana regime. The developed collision operator can be
regarded as a simplified version of a 3D orbit averaged collision operator, in radius,
pitch angle and energy. The collisions were assumed to take place at the outer
mid plane of the orbit to avoid the integration of the collision operator along the
orbit. To ensure an isotropic distribution function the trapped region of (r, ξ)-
space symmetrization, as discussed is Paper III (model C), was used. The coupling
between the spatial and the velocity coordinates in a toroidal plasma results in drift
terms associated with radial gradients in the density, temperature and Jacobian,
which have to be included in the Monte Carlo operator to model the diffusion



40 Chapter 5. New Results - Summary of the papers

correctly.
A simplified RF-operator in combination with the collision operator has been

used to study the relaxation of a heated distribution function. During RF-heating
we have observed the formation of a high-energy tail on the distribution function,
which leads to reduction in the central thermal ions density and as the tails build
up a hollow density profiles were produced. However, the transport tries to restore
the thermal density, which results in a higher total density.

The increased density of resonant ions in the regions with strong heating can
have consequences on the wave polarisation at the resonance. The increase in the
total density causes the electric field component rotating with the ions, E+, to
decrease resulting in weaker damping of the wave. This effect can be important
for self-consistent modelling of the wave field and distribution function during RF-
heating.

5.5 Contributions from the thesis author

• Paper I: The thesis author has written the paper, performed the simulations,
developed the models in collaboration with the co-authors and analysed the
convergence of the old and newly developed schemes along with the other
results.

• Paper II: The thesis author has written the paper and analysed the results
of the model developed in collaboration with the co-authors.

• Paper III: The thesis author has written the paper, performed the simula-
tions, analysed the results and calculated the drift terms and fluxes across
the trapped passing boundary. The Monte Carlo operators were developed in
collaboration with the co-authors. The author is thankful to Dr. T. Johnson
and Prof. T. Hellsten for fruitful and healthy discussion on devising different
drift term and issues related to trapped-passing boundary.

• Paper IV: The thesis author has written the paper, performed the sim-
ulations, analysed the results. The development of the code was done in
collaboration with the co-authors.



Chapter 6

Conclusions

Operators describing Coulomb collisions are useful for heating, current drive and
collisional transport in plasma. Collisions transfer the power to the background
species and relax the distribution function towards a local isotropic one. To solve
the problems arising from the modelling of relaxation of the distribution function by
Coulomb collisions in toroidal plasma, special methods and algorithms have been
developed and tested.

Diffusion equations with inhomogeneous diffusion coefficients can be solved by
solving the corresponding stochastic differential equations with Monte Carlo meth-
ods. The slow scaling of the statistical errors∝ 1/

√
N , and short time steps required

to obtain converged results are the main drawbacks of Monte Carlo methods. For
diffusion problems limited to a finite region, the diffusion coefficient often vanish at
the boundaries producing singular diffusion equations. To solve such equations with
Monte Carlo methods, we have proposed and tested a new method called hybrid
method and devised an adaptive method, that significantly reduce the computa-
tional efforts. Larger time steps can be used for the adaptive method, which gives
better convergence.

Another problem appears when there are rapid variations of the diffusion co-
efficient, which results in a boundary layer. To solve such problems Monte Carlo
methods using a non-standard drift term have been proposed. One such problem is
encountered when crossing the trapped-passing boundary. Here the rapid change of
the radial diffusion may also be solved by symmetrising the flux across the trapped-
passing boundary. The symmetrisation process also requires an extra drift term to
be added in the operator in order to relax the distribution function.

In toroidal geometry the coupling between the spatial and velocity coordinates
requires that the drift terms associated with radial gradients in the density, temper-
ature, Jacobian and fraction of trapped particles are included in the orbit averaged
Monte Carlo operator in order to relax the density profile to a prescribed one.

The relaxation of the collision operator for a heated distribution function was
studied using a simplified RF-operator. Here the RF-heating accelerates ions to
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form a high-energy tail, which reduces the density of thermal ions and thus produces
hollow profiles. The Coulomb collisions acting to restore the density profile of the
thermal ions responds by an inward diffusion of thermal ions that results in a
peaking of the total density profile of resonant ions.



Appendix A

Monte Carlo operator in Energy

The Spitzer Coulomb operator, representing binary long range collisions is given by

C(f) = 1
v2

∂

∂v

[
−(v2αf) + 1

2
∂

∂v
(v2βf)

]
+ 1

4v2
∂

∂ξ
(1− ξ2) ∂

∂ξ
(γf). (A.1)

We can write the Fokker-Planck equations as

∂f

∂t
= Cf. (A.2)

A single test particle with velocity v0 is described by the distribution function

δtp = δ(v − v0)δ(ξ − ξ0)
2πv0

, (A.3)

which yields
∞∫

0

δtpdv =
∫
f(v)d3v = 1. (A.4)

Square of the standard deviation of f in energy is

σ2 = 〈E2〉 − 〈E〉2, (A.5)

dσ2

dt
= d

dt

[
〈E2〉 − 〈E〉2

]
, (A.6)

dσ2

dt
= d

dt
〈E2〉 − 2〈E〉 d

dt
〈E〉. (A.7)
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To derive a simple Monte Carlo operator we let

〈E〉 =
1∫
−1

v∫
0

mv2

2 fd3vdξ,

d

dt
〈E〉 = m

2

1∫
−1

v∫
0

v2 df

dt
2πv2dvdξ. (A.8)

Using (A.2) in (A.8) we get

d

dt
〈E〉 = m

2

1∫
−1

v∫
0

v2
(

1
v2

∂

∂v

[
−(v2αf) + 1

2
∂

∂v
(v2βf)

])
2πv2dvdξ

+m

2

1∫
−1

v∫
0

v2
(

1
4v2

∂

∂ξ
(1− ξ2) ∂

∂ξ
(γδtp)

)
2πv2dvdξ, (A.9)

Integrating by parts and simplifying equation (A.9) we get

d

dt
〈E〉 = m(vα+ β

2 ). (A.10)

Now we calculate 〈E2〉

〈E2〉 =
1∫
−1

v∫
0

(
mv2

2

)2

fd3vdξ,

d

dt
〈E2〉 = m2

4

1∫
−1

v∫
0

v4 df

dt
2πv2dvdξ. (A.11)

Using (A.2) in (A.11) we get

d

dt
〈E2〉 = m2

4

1∫
−1

v∫
0

v4
(

1
v2

∂

∂v

[
−(v2αf) + 1

2
∂

∂v
(v2βf)

])
2πv2dvdξ

+m2

4

1∫
−1

v∫
0

v4
(

1
4v2

∂

∂ξ
(1− ξ2) ∂

∂ξ
(γδtp)

)
2πv2dvdξ, (A.12)

Integrating by parts and simplifying equation (A.12) we get

d

dt
〈E2〉 = m2v2(vα+ 3

2β). (A.13)



45

Using (A.10) and (A.13) in (A.7) we get

dσ2

dt
= m2v2(vα+ 3

2β)− 2(mv
2

2 )m(vα+ β

2 ), (A.14)

After simplification we get

σ2 = m2v2βdt,

σ =
(
m2v2βdt

)1/2
. (A.15)

since 2E = mv2 and v =
√

2E/m so σ = (2mEβdt)1/2
. The corresponding Monte

Carlo operator in energy is given by

En+1 = En −m(
√

2E/mα+ β

2 )∆t± ζ
√

2mEβ∆t, (A.16)

where α and β are the Coulomb diffusion coefficients and ζ is the normal distributed
random number.





Appendix B

Monte Carlo operator in ξ

The Spitzer Coulomb operator, representing binary long range collisions is given by

C(f) = − 1
v2

∂

∂v
(v2αf) + 1

2v2
∂2

∂v2 (v2βf) + 1
4v2

∂

∂ξ
(1− ξ2) ∂

∂ξ
(γf).

(B.1)
We can write the Fokker-Planck equations as

∂f

∂t
= Cf. (B.2)

Square of the standard deviation of f in pitch space is
σ2 = 〈ξ2〉 − 〈ξ〉2, (B.3)

dσ2

dt
= d

dt
〈ξ2〉 − 〈ξ, 〉2 (B.4)

dσ2

dt
= d

dt
〈ξ2〉 − 2〈ξ〉d〈ξ〉

dt
. (B.5)

To derive a simpler Monte Carlo operator we let

〈ξ〉 =
1∫
−1

∞∫
0

ξf2πv2dvdξ,

d

dt
〈ξ〉 =

1∫
−1

∞∫
0

ξ
df

dt
2πv2dvdξ. (B.6)

Using (B.2) in (B.6) we get

d

dt
〈ξ〉 =

1∫
−1

∞∫
0

ξ

(
− 1
v2

∂

∂v
(v2αf) + 1

2v2
∂2

∂v2 (v2βf) + 1
4v2

∂

∂ξ
(1− ξ2) ∂

∂ξ
(γf)

)
×

2πv2dvdξ. (B.7)
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Integrating by parts and simplifying equation (B.7) we get

d

dt
〈ξ〉 = − γ

2v2 ξ. (B.8)

Now we calculate 〈ξ2〉

〈ξ2〉 =
1∫
−1

∞∫
0

ξ2f2πv2dvdξ,

d

dt
〈ξ2〉 =

1∫
−1

∞∫
0

ξ2 df

dt
2πv2dvdξ. (B.9)

Using (B.2) in (B.9) we get

d

dt
〈ξ2〉 =

1∫
−1

∞∫
0

ξ2
(
− 1
v2

∂

∂v
(v2αf) + 1

2v2
∂2

∂v2 (v2βf) + 1
4v2

∂

∂ξ
(1− ξ2) ∂

∂ξ
(γf)

)
×

2πv2dvdξ. (B.10)

Integrating by parts and simplifying equation (B.10) we get

d

dt
〈ξ2〉 = γ

2v2 (1− 3ξ2). (B.11)

Using (B.8) and (B.11) in (B.5) we get

dσ2

dt
= γ

2v2 (1− 3ξ2)− 2ξ(− γ

2v2 ξ). (B.12)

After simplification we get

σ2 = γ

2v2 (1− ξ2)dt,

σ =
( γ

2v2 (1− ξ2)dt
)1/2

. (B.13)

The corresponding Monte Carlo operator in pitch space is given by

ξn+1 = ξn − gξn∆t± ζ
√
g(1− ξ2

n)∆t, (B.14)

where g = γ
2v2 and ζ is the normal distributed random number.



Appendix C

Calculation of the flux across
trapped-passing boundary

The change in the radial diffusion across the trapped-passing boundary produces a
discontinuity in the distribution function. To deal with this problem we calculate
the flux of the particles the cross the trapped passing boundary. We consider the

3rδ

2rδ

ξ0r r= line

0ξ

0ξ δξ+ bξ1

2
3

( )bh rξ =

4

Figure C.1: Flux across the trapped-passing boundary.

particles near the trapped-passing boundary, ξ = hb(r), see figure (C.1), and start
by calculating the flux Γ of those particles that cross the line r = r0. In our
calculations we have considered a simplest case where we have chosen aξ = 0 and
σξξ = 1, so the change in pitch angle is given by ∆ξ = ζ

√
∆t. The change in radial

position is given by ∆r = C∆ξ+m∆t for ξ < |ξb|, i.e., the particles are in trapped
region, and the change in radial position when the particle goes from passing to
trapped region is given by ∆r = {(C∆ξ +m∆t)(ξ + ∆ξ − ξb)/∆ξ} (H(ξb−ξ−∆ξ)),
i.e. for ξ > |ξb| and |ξ + ∆ξ| > |ξb|. The probability of finding the particle that
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goes from region 4 to 1, which are the same as from region 3 to 1 is given by

Pi→1 =
∞∫
−∞

P (ζ)dζFi(ξ, r)H(r0 −∆r − r) (C.1)

where Fi are the particles density in regions i and Γ4→1δξ will be the flux passing
across the interval (ξ0, ξ0 + δξ). If the drift term m∆t << ζC

√
∆t, then all the

particles crossing through the interval (ξ0, ξ0 + δξ) lie on or near the line r − r0 =
C(ξ − ξ0). The flux from region 4 to 1 is

Γ4→1∆tδξ = δr2

∞∫
ξb

dξP4→1, (C.2)

and the flux from region 3 to 1 is

Γ3→1∆tδξ = δr3

∞∫
ξb

dξP3→1. (C.3)

where δr2/δξ = C and δr3/δξ = C/(1− Ch′). So the total flux across the interval
(ξ0, ξ0 + δξ) from the region 2 and 3 will be

Γ∆tδξ = δr2

∞∫
ξ0

dξP2→1 − δr2

∞∫
ξb

dξP4→1 + δr3

∞∫
ξb

dξP3→1. (C.4)

In the passing region, the drift and the gradient of F are negligible, thus the prob-
ability function will be

∞∫
ξb

dξP3→1 =
∞∫
ξb

dξP4→1 = F3(r0)
F4(r0)

∞∫
ξb

dξ

∞∫
−∞

P (ζ)dζH(r0 −∆r − r), (C.5)

Γ = δr2

∆tδξ

∞∫
ξ0

dξP2→1 + δr2

∆tδξ

(
F3(r0)
F4(r0)

δr3

δr2
− 1
) ∞∫
ξb

dξ

∞∫
−∞

P (ζ)dζH(r0 −∆r − r).

(C.6)
The first term on RHS of the above equation refers to the core flux, independent
of the trapped-passing boundary, and can be written as

Γcore = δr2

∆tδξ

∞∫
ξ0

dξP2→1, (C.7)
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and the 2nd term refers to the boundary flux and can be written as

Γbound = δr2

∆tδξ

(
F3(r0)
F4(r0)

δr3

δr2
− 1
) ∞∫
ξb

dξ

∞∫
−∞

P (ζ)dζH(r0 −∆r − r). (C.8)

To calculate the total flux we have to sum up the flux over all ξ0,including both
the boundaries ξ = +hb(r) and ξ = −hb(r). In steady state the total flux from
equation (C.6) is

h∫
−h

Γtotdξ0 =
h∫
−h

dξ0 (Γcore + 2Γbound) = 0 (C.9)

First we calculate the core term, i.e. equation (C.7). Replacing the value of P2→1
we get

Γcore = δr2

∆tδξ

∞∫
ξ0

dξ

∞∫
−∞

P (ζ)dζF2(ξ, r)H(r0 −∆r − r), (C.10)

so when r0 −∆r − r > 0, we can solve for ζ, by replacing the value of ∆r, as

ζ < −r − r0 +m∆t
C
√

∆t
(C.11)

We can calculate the net flux across the surface r = r0 by calculating the flux due
to drift and diffusion separately, i.e.,

Γcore = δr2

∆tδξ

∞∫
ξ0

dξ

∞∫
−∞

P (ζ)dζF2(ξ, r)H(r0 −∆r − r) = ΓD + Γd (C.12)

where ΓD and Γd is the flux due to diffusion and drift. The flux due to diffusion
can be written as

ΓD = δr2

∆tδξ

∞∫
ξ0

dξ

− r−r0
C
√

∆t∫
−∞

P (ζ)dζF2(ξ, r) (C.13)

Expanding F in a Taylor series the above equation is modified as

ΓD = δr2

∆tδξ

∞∫
ξ0

dξ

− r−r0
C
√

∆t∫
−∞

P (ζ)dζ(F 0
2 + F 0′

2 (r − r0)) (C.14)
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For multiple integration of the probability function, we note that it is related to the
error function and compliment of the error function. The error function is defined
by [96,97]

erf x = 2√
π

x∫
0

e−ζ
2
dζ, (C.15a)

and its repeated integrals by

inerfc x = 2√
π

∞∫
x

in−1erfcζ dζ, (C.15b)

where erfcx ≡ 1 − erfx and i0erfcx = erfcx. The error function is related to the
probability by ∫ x

0
P (ζ)dζ ≈ 1

2erfc
(
ζ√
2

)
. (C.15c)

Using the error function,(C.15), equation (C.14) will be

ΓD = δr2

∆tδξ

 ∞∫
ξ0

dξF 0
2 erfc

(
r − r0

C
√

∆t

)
+
∞∫
ξ0

dξ erfc

(
r − r0

C
√

∆t

)
F 0′

2 (r − r0)


(C.16)

Let s = r−r0
C
√

∆t
= ξ−ξ0√

∆t
, so dξ =

√
∆ts. When ξ = ξ0 then s = 0, also s = ∞ for

ξ =∞, so equation (C.16) will be

ΓD = δr2

∆tδξ

√∆tF 0
2

∞∫
0

erfc(s)ds+ ∆tF 0′
2

∞∫
0

s erfc(s)ds

 (C.17)

After some integration and simplifications we get

ΓD = δr2

∆tδξ

(√
∆tF 0

2√
π

+ ∆tF 0′
2

2

)
(C.18)

The flux due to the drift term can be written as

Γd = δr2

∆tδξ

−m∆t∫
0

P (ζ)dζ(F 0
2 + F 0′

2 (r − r0)) (C.19)

After some integration we have

Γd = δr2

∆tδξ

(
−m∆tF 0

2 + 1
2(m∆t)2F 0′

2

)
(C.20)



53

Replacing the values of Γd and ΓD equation (C.12) will be

Γcore = δr2

∆tδξ

(
−m∆tF 0

2 + 1
2(m∆t)2F 0′

2 +
√

∆tF 0
2√

π
+ ∆tF 0′

2
2

)
(C.21)

Now we calculate the flux from the boundary term using equation (C.8), so when
r0 −∆r − r > 0, we can solve for ζ, by replacing the value of ∆r, as

ζ < −r − r0 +m∆t
C
√

∆t
(C.22)

in the passing region there is no radial drift so m = 0 also F ′ = 0 so ζ will be

ζ < − r − r0

C
√

∆t
(C.23)

so equation (C.8) will be

Γbound = δr2

∆tδξ

(
F 0

3
F 0

4

δr3

δr2
− 1
) ∞∫
ξb

dξ

− r−r0
C
√

∆t∫
−∞

P (ζ)dζ. (C.24)

using error function the above equation will be

Γbound = δr2

∆tδξ

(
F 0

3
F 0

4

δr3

δr2
− 1
) ∞∫
ξb

dξ erfc

(
r − r0

C
√

∆t

)
. (C.25)

Let s = r−r0
C
√

∆t
= ξ−ξ0√

∆t
, so dξ =

√
∆ts. When ξ = ξb then s = ξb−ξ0√

∆t
, also s =∞ for

ξ =∞, so equation (C.25) will be

Γbound = δr2

∆tδξ

(
F 0

3
F 0

4

δr3

δr2
− 1
)√

∆t
∞∫

ξb−ξ0√
∆t

ds erfc(s). (C.26)

using equation (C.21) and (C.26), the total flux will be

h∫
−h

dξ0

(
−m∆tF 0

2 + 1
2(m∆t)2F 0′

2 +
√

∆tF 0
2√

π
+ ∆tF 0′

2
2

)
+

h∫
−h

dξ0

2
(
F 0

3
F 0

4

δr3

δr2
− 1
)√

∆t
∞∫

ξb−ξ0√
∆t

ds erfc(s)

 = 0 (C.27)
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after some simplifications we have

2h
(
−m∆tF 0

2 + 1
2(m∆t)2F 0′

2 +
√

∆tF 0
2√

π
+ ∆tF 0′

2
2

)
+

2
(

Ch′

1− Ch′

)√
∆t

h∫
−h

dξ0

∞∫
ξb−ξ0√

∆t

ds erfc(s) = 0 (C.28)

Let y = (ξb − ξ0)/(
√

∆t) at the boundary ξb = (h − ξ0Ch
′)/(1 − Ch′) so y =

(1/
√

∆t) ((h− ξ0)/(1− Ch′)) and dξ0 = −(1−Ch′)
√

∆tdy. After neglecting higher
terms in ∆t, using error function and the value of m the above equation can be
simplified as

a∗r = 1
4hF0

∂

∂r
(C2hF0). (C.29)



Appendix D

Monte Carlo operator in energy
with quasi-linear diffusion

The total Fokker-Plank equation for a homogeneous quasi-static plasma is

∂f

∂t
= C(f) +Q(f), (D.1)

here C(f) refer to collisions and Q(f) to quasilinear diffusion. The collision term
can be written as

C(f) = 1
v2

∂

∂v

[
−(v2αf) + 1

2
∂

∂v
(v2βf)

]
+ 1

4v2
∂

∂ξ
(1− ξ2) ∂

∂ξ
(γf), (D.2)

The contribution of quasilinear diffusion to the Fokker-Plank equation, applica-
ble to cyclotron and cyclotron-harmonic heating, is

Q(f) = 1
v2

∂

∂v

[
1
2H01v

2 ∂f

∂v

]
. (D.3)

Using (D.2) and (D.3) the total Fokker-Planck equation can be written as

∂f

∂t
= 1

v2
∂

∂v

[
−(v2αf) + 1

2
∂

∂v
(v2βf) + 1

2H01v
2 ∂f

∂v

]
+ 1

4v2
∂

∂ξ
(1− ξ2) ∂

∂ξ
(γf), (D.4)

A single test particle with velocity v0 is described by the distribution function

δtp = δ(v − v0)δ(ξ − ξ0)
2πv2

0
, (D.5)
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which yields
∞∫

0

δtpdv =
∫
f(v)d3v = 1. (D.6)

Square of the standard deviation of f in energy is

σ2 = 〈E2〉 − 〈E〉2, (D.7)

dσ2

dt
= d

dt
〈E2〉 − 〈E〉2, (D.8)

dσ2

dt
= d

dt
〈E2〉 − 2〈E〉d〈E〉

dt
. (D.9)

To derive a simpler Monte Carlo operator we let

〈E〉 =
1∫
−1

v∫
0

mv2

2 fd3vdξ,

d

dt
〈E〉 = m

2

1∫
−1

v∫
0

v2 df

dt
2πv2dvdξ. (D.10)

Using (D.4) in (D.10) we get

d

dt
〈E〉 = m

2

1∫
−1

v∫
0

v2
(

1
v2

∂

∂v

[
−(v2αδtp) + 1

2
∂

∂v
(v2βδtp) + 1

2H01v
2 ∂δtp
∂v

])
×

2πv2dvdξ. (D.11)

Integrating by parts and simplifying equation (D.11) we get

d

dt
〈E〉 = m(vα+ β

2 + 3
2H01). (D.12)

Now we calculate 〈E2〉

〈E2〉 =
1∫
−1

v∫
0

(
mv2

2

)2

fd3vdξ,

d

dt
〈E2〉 = m2

4

1∫
−1

v∫
0

v4 df

dt
2πv2dvdξ. (D.13)
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Using (D.4) in (D.13) we get

d

dt
〈E2〉 = m2

4

1∫
−1

v∫
0

v4
(

1
v2

∂

∂v

[
−(v2αδtp) + 1

2
∂

∂v
(v2βδtp) + 1

2H01v
2 ∂δtp
∂v

])
×

2πv2dvdξ. (D.14)

Integrating by parts and simplifying equation (D.14) we get

d

dt
〈E2〉 = m2v2(vα+ 3

2β + 5
2H01). (D.15)

Using (D.12) and (D.15) in (D.9) we get

dσ2

dt
= m2v2(vα+ 3

2β + 5
2H01)− 2(mv

2

2 )m(vα+ β

2 + 3
2H01), (D.16)

After simplification we get

σ2 = m2v2(β +H01)dt,

σ =
(
m2v2(β +H01)dt

)1/2
. (D.17)

Since 2E = mv2 and v =
√

2E/m so σ = (2mEβdt)1/2
. The corresponding Monte

Carlo operator in energy with RF-heating is given by

En+1 = En −m(
√

2E/mα+ β

2 + 3
2H01)∆t± ζ

√
2mE(β +H01)∆t, (D.18)

where α and β are the Coulomb diffusion coefficients and ζ is the normal distributed
random number.
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