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Abstract

Progressive developments in computing and sensor technologies during the past
decades have enabled the formulation of increasingly advanced problems in sta-
tistical inference and signal processing. The thesis is concerned with statistical
estimation methods, and is divided into three parts with focus on two different
areas: sensor fusion and sparse signal processing.

The first part introduces the well-established Bayesian, Fisherian and least-
squares estimation frameworks, and derives new estimators. Specifically, the
Bayesian framework is applied in two different classes of estimation problems:
scenarios in which (i) the signal covariances themselves are subject to uncertain-
ties, and (ii) distance bounds are used as side information. Applications include
localization, tracking and channel estimation.

The second part is concerned with the extraction of useful information from
multiple sensors by exploiting their joint properties. Two sensor configurations
are considered here: (i) a monocular camera and an inertial measurement unit,
and (ii) an array of passive receivers. New estimators are developed with applica-
tions that include inertial navigation, source localization and multiple waveform
estimation.

The third part is concerned with signals that have sparse representations.
Two problems are considered: (i) spectral estimation of signals with power con-
centrated to a small number of frequencies, and (ii) estimation of sparse signals
that are observed by few samples, including scenarios in which they are linearly
underdetermined. New estimators are developed with applications that include
spectral analysis, magnetic resonance imaging and array processing.
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Chapter 1

Introduction

A central objective of statistical signal processing is the extraction of useful
information from signals. In particular, estimation theory deals with inferring
the values of parameters, which are subject to uncertainties, using observed data.
For an illustration, consider Figure 1.1a which shows the amplitude of a signal
sampled at different time instances. The signal is generated by an unknown
system. Suppose we would like to estimate the missing samples of the signal using
only the observed samples. If we assume that the system can be approximated by
an unknown low-order model, then this seemingly impossible estimation problem
can in fact be solved as exemplified in Figure 1.1b.

Estimation theory relies on exploiting mathematical structure underlying ob-
served data. The fundamental concepts and tools used in estimation theory were
formulated by great minds such as the German mathematician and physicist
C.F. Gauss (1777-1855), and French mathematician and astronomer P.-S. Laplace
(1749-1827); then developed by illustrious scientists such as the English statisti-
cian and geneticist R.A. Fisher (1890-1962), and Soviet mathematician A.N. Kol-
mogorov (1903-1987); and refined by renowned researchers such as the Indian
statistician C.R. Rao (b. 1920), and American physicist E.T. Jaynes (1922-1998).

In this thesis, we begin by introducing well-established methods and tools
used in estimation theory, and then extend them to new models of observations
and scenarios of parameter uncertainties. A range of estimation problems will be
considered. In particular, the thesis will focus on two broad topics in estimation:
sensor fusion and sparse signal processing.

Sensor fusion

The focus of sensor fusion is the extraction of useful information embodied in
signals from multiple sensors. These may be of varying modalities and their
signals can be of different dimensions arriving asynchronously in time. As human
beings we solve such signal processing problems on a daily basis. Consider, for
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Figure 1.1: (a) 30 observed samples of signal from unknown system. (b) 100
unknown true samples and estimated samples exploiting structure of unknown
low-order linear system. The solution will be revealed in later chapters.
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Figure 1.2: Two images (a) and (b) acquired 10 seconds apart. (c) Accelerom-
eter recording acquired between image snapshots.

instance, the photons which excite the photoreceptor cells of the retinas; the
acceleration and angular velocity which set fluids and calcium carbonate crystals
in motion in the vestibular system, located in the inner ear. These signals are
transduced into electrochemical impulses, transmitted to and processed by the
brain based on a body of prior knowledge, enabling us to determine our position,
motion and orientation in a three-dimensional world.

Using digitally acquired sensor data, a similar problem may arise as illustrated
in Figure 1.2 where two images, taken some time apart, have been captured along
with accelerometer data. The problem consists of fusing this data in order to
estimate the trajectory between the two snapshots. We will address two different
sensor fusion problems in this thesis: combining visual and inertial sensors for
calibration and navigation, and combining an array of receivers for estimating
the direction to emitting sources.
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Figure 1.3: (a) Natural image signal represented in spatial domain, 512× 512
pixels. (b) Signal represented in frequency domain, using the discrete cosine
transform. The magnitudes of 512×512 coefficients are displayed, most of which
are zero (white). Low-frequency content appears in the upper-left quadrant

Sparse signal processing

Many acquired signals may at first sight be ‘dense’ or exhibit a lot of variation
across, e.g., time or space. When represented in a different way, however, they
may turn out to be very ‘sparse’. In other words, the signals may exhibit a high
degree of structure in a different domain that enables them to be described by a
small set of parameters. A classical example is a signal that oscillates over many
samples across time, but most of its power is distributed over a small number of
frequencies. The remaining frequencies exhibit no power, resulting in a sparse
frequency representation of the signal.

Many signals that are informative to human beings exhibit similar sparse
structure. Figure 1.3 shows an example of a natural image in the spatial and fre-
quency domain, respectively. Of interest here is to exploit such inherent sparsity
in estimation. We will address two different sparse signal processing problems
in this thesis: the classical line spectrum estimation and estimation of linearly
undersampled sparse signals.

1.1 Outline and contributions

The thesis is divided into three parts. In Part I, we introduce the approaches
and tools used throughout the thesis as well as contributions to address extended
classes of parameter uncertainty and observations. Part II and Part III cover
sensor fusion and sparse signal estimation problems, respectively. It will be
assumed that the reader is familiar with basic linear algebra and probability
theory.



1.1 Outline and contributions 5

Part I

Chapter 2 introduces a few fundamental quantities in statistical estimation theory
and four well-established estimator frameworks. The various approaches are then
applied to the classical linear observation model in Chapter 3, thereby introducing
the standard estimators and tools. The optimal estimators, however, require
specifying statistical parameters, such as covariance matrices, which may not
be accurately known. Such uncertainties lead to performance degradation. We
present a probabilistic treatment of the problem of estimation with uncertain
covariance matrices based on material in:

• D. Zachariah, N. Shariati, M. Bengtsson, M. Jansson and S. Chatterjee.
MAP estimation with uncertain covariance matrices. Submitted to IEEE
Transactions on Signal Processing, 2013.

Chapter 4 begins by briefly considering estimation for the nonlinear observation
model. We go on to identify the reception of time-resolvable signals in a network
of wireless nodes as an instance of this model. An estimator is developed for
localization of asynchronous wireless nodes subject to parameter uncertainties,
including unknown noise variance, drawing upon material in:

• S. Dwivedi, D. Zachariah, A. De Angelis, and P. Händel. Cooperative
decentralized localization using scheduled wireless transmissions. To appear
in IEEE Communications Letters, 2013.

• D. Zachariah, A. De Angelis, S. Dwivedi, and P. Händel. Self-localization
of asynchronous wireless nodes with parameter uncertainties. IEEE Signal
Processing Letters, vol. 20, no. 6, pp. 551-554, June 2013.

Chapter 5 provides a derivation of an optimal estimator with linear structure,
which is a computationally attractive method in many dynamic nonlinear signal
models and employed in several sensor fusion problems in Part II. Chapter 6
makes a contribution to estimation with distance bounds as side information and
is based on material published in:

• D. Zachariah, I. Skog, M. Jansson, and P. Händel. Bayesian estimation
with distance bounds. IEEE Signal Processing Letters, vol. 19, no. 12,
pp. 880-883, December 2012.

Part II

Chapter 7 serves as an introduction to Part II while Chapter 8 considers the
problem of jointly calibrating a camera and inertial measurement unit by fusing
visual and inertial data. The chapter is based on:

• D. Zachariah, and M. Jansson. Joint calibration of an inertial measurement
unit and coordinate transformation parameters using a monocular camera.
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In Proc. Int. Conf. Indoor Positioning and Indoor Navigation (IPIN),
Zurich, September 2010.

Continuing the problem of visual and inertial sensor fusion in Chapter 9, we
develop a method for exploiting relative constraints arising from visual input to
reduce the error growth rate in inertial navigation. The chapter draws upon
material contained in following publications:

• D. Zachariah, and M. Jansson. Camera-aided inertial navigation using
epipolar points. In Proc. IEEE/ION Position Location and Navigation
Symposium (PLANS), pp. 303-309, Palm Springs, May 2010.

• J.-O. Nilsson, D. Zachariah, M. Jansson, and P. Händel. Realtime imple-
mentation of visual-aided inertial navigation using epipolar constraints. In
Proc. IEEE/ION Position Location and Navigation Symposium (PLANS),
pp. 711-718, Myrtle Beach, April 2012.

• D. Zachariah, and M. Jansson. Self-motion and wind velocity estimation
for small-scale UAVs. In Proc. IEEE Int. Conf. Robotics and Automation
(ICRA), pp. 1166-1171, Shanghai, May 2011.

This is developed further in the subsequent chapter where we make use of an
infrastructure of visual tags for indoor navigation. Chapter 10 is based on:

• D. Zachariah, and M. Jansson. Fusing visual tags and inertial information
for indoor navigation. In Proc. IEEE/ION Position Location and Naviga-
tion Symposium (PLANS), pp. 535-540, Myrtle Beach, April 2012.

Chapter 11 deals with fusing information from an array of passive receivers in
order to determine the directions to multiple emitting sources and their transmit-
ted waveforms. A new estimator is developed for scenarios with arbitrary noise
fields by incorporating noise-only samples, and is based on:

• D. Zachariah, M. Jansson and M. Bengtsson. Utilization of noise-only
samples in array processing with prior knowledge. Submitted to IEEE
Signal Processing Letters, 2013.

Part III

Chapter 12 introduces the notion of sparsity in signals using the classical example
of a signal with a sparse frequency spectrum. In Chapter 13 we estimate such a
signal in a consistent probabilistic framework using a parametric model that can
incorporate prior knowledge of the frequencies. The material is based on:

• D. Zachariah, P. Wirfält, M. Jansson and S. Chatterjee. Line spectrum
estimation with probabilistic priors. To appear in EURASIP Signal Pro-
cessing, 2013.
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Chapter 14 deals with estimation of sparse signals that are observed through a
linearly underdetermined measurement process. The contribution in this chapter
is the development of an estimator for signals characterized by varying sparsity
patterns over time or space. It draws upon the following publications:

• D. Zachariah, S. Chatterjee, and M. Jansson. Dynamic iterative pursuit.
IEEE Transactions on Signal Processing, vol. 60, no. 9, pp. 4967-4972,
September 2012.

• D. Zachariah, S. Chatterjee, and M. Jansson. Dynamic subspace pur-
suit. In Proc. IEEE Int. Conf. Acoustics, Speech and Signal Processing
(ICASSP), pp. 3605-3608, Kyoto, March 2012.

In Chapter 15 we consider signals described in the form of matrices that exhibit
sparsity in a different way. A matrix may contain hidden dependencies quantified
by its rank. We develop a method for estimating low-rank matrices from linearly
undersampled measurements. It is also capable of exploiting additional types of
matrix structure. The chapter is based on:

• D. Zachariah, M. Sundin, M. Jansson, and S. Chatterjee. Alternating least-
squares for low-rank matrix reconstruction. IEEE Signal Processing Let-
ters, vol. 19, no. 4, pp. 231-234, April 2012.

The previously described method relies on specifying a rank for the estimated
matrix. By posing the problem differently, rank specification can be replaced by
a rank-penalizing parameter. In Chapter 16 we develop a method for inferring
this parameter from the observations for estimation of linearly structured low-
rank matrices. We demonstrate it by estimating an incomplete data matrix and
a covariance matrix, drawing upon the work in:

• D. Zachariah, S. Chatterjee, and M. Jansson. Iteratively reweighted least
squares for reconstruction of low-rank matrices with linear structure. Ac-
cepted for presentation at IEEE Int. Conf. Acoustics, Speech and Signal
Processing (ICASSP), Vancouver, 2013.

• D. Zachariah, M. Jansson, and S. Chatterjee. Iteratively reweighted covari-
ance matching. Manuscript in preparation.

Other co-authored work

Other co-authored work not included in this thesis, include a book chapter:

• J.-O. Nilsson, D. Zachariah, and I. Skog. Global navigation satellite sys-
tems: an enabler for in-vehicle navigation, Handbook of Intelligent Vehicles
(A. Eskandarian, ed.), pp. 311-342, Springer, 2012.

A submitted journal article:
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• J.T. Fl̊am, D. Zachariah, M. Vehkaperä, and S. Chatterjee. The linear
model under mixed Gaussian inputs: designing the transfer matrix. Sub-
mitted to IEEE Transactions on Signal Processing, 2013.

Conference articles:

• J.T. Fl̊am, M. Vehkaperä, D. Zachariah, and E. Tsakonas. Mean square
error reduction by precoding of mixed Gaussian input. In Proc. Int. Symp.
Information Theory and its Applications (ISITA), pp. 81-85, Honolulu, Oc-
tober 2012.

• G. Panahandeh, D. Zachariah, and M. Jansson. Exploiting ground plane
constraints for visual-inertial navigation. In Proc. IEEE/ION Position
Location and Navigation Symposium (PLANS), pp. 527-534, Myrtle Beach,
April 2012.

• D. Sundman, D. Zachariah, S. Chatterjee, and M. Skoglund. Distributed
predictive subspace pursuit. Accepted for presentation at IEEE Int. Conf.
Acoustics, Speech and Signal Processing (ICASSP), Vancouver, 2013.

• R. Blasco-Serrano, D. Zachariah, D. Sundman, R. Thobaben, and
M. Skoglund. An achievable measurement rate-MSE tradeoff in compres-
sive sensing through partial support recovery. Accepted for presentation
at IEEE Int. Conf. Acoustics, Speech and Signal Processing (ICASSP),
Vancouver, 2013.

1.2 Notation and abbreviations

The notation, abbreviations and probability distributions used throughout the
thesis are listed below.

Mathematical notation

Rn,Cn real and complex-valued vector space of n× 1 arrays
Rn×p,Cn×p real and complex-valued vector space of n× p arrays
ei ith standard basis vector in Rn

x,X column vector and matrix
p(x) probability density function of x
p(x|y) probability density function of x conditioned on y

Ex[g(x)] expectation w.r.t. x;
∫
g(x)p(x)dx

Covx,y(x,y) covariance of x and y; Ex,y[(x− Ex[x])(y − Ey[y])
∗]

∂x first-order differential operator; [∂x1 · · · ∂xn
]⊤

∂2x second-order differential operator
[x]× skew-symmetric matrix representation of cross product;

[x]×y = x× y, where x,y ∈ R3
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‖x‖p ℓp-norm, p ≥ 1; (
∑n

i=1 |xi|p)
1
p

‖x‖W weighted norm
√
x∗Wx, where W ≻ 0

〈x,y〉W weighted inner product y∗Wx, where W ≻ 0

〈x,y〉⋄ extended inner product Ex,y[xy
∗]

X⊤ transpose of X
X∗ Hermitian or conjugate transpose of X
X−1 inverse of X

X1/2 matrix square root of X
X‡ generalized inverse of X; a matrix for which XX‡X = X

X† Moore-Penrose generalized inverse of X
[X]i ith column of X
[X]i,j (i, j)th element of X
|X| determinant of X

‖X‖2 spectral norm of X;
√
λ1(X∗X), where λ1 is the largest

eigenvalue

‖X‖F Frobenius norm of X;
√
tr{X∗X}

‖X‖∗ nuclear norm of X; tr{(X∗X)1/2}
tr{X} trace of X
vec(X) column vectorization of X ∈ Cn×p; vec(X) ∈ Cnp

matn,p(x) matrix representation of x ∈ Cnp; matn,p(vec(X)) =
X ∈ Cn×p

x[I] subvector of x; element indices from the ordered set I
X[I,J] submatrix of X; element row and column indices from

the ordered sets I and J
X∗

[I,J] Hermitian transpose of X[I,J]; (X[I,J])
∗

X ≻ 0 X is positive definite; w∗Xw > 0, ∀w 6= 0

X � 0 X is positive semidefinite; w∗Xw ≥ 0, ∀w
X � Y Löwner order of X and Y; w∗Xw −w∗Yw ≥ 0, ∀w
X⊕Y direct sum of X and Y; block diagonal matrix
X⊗Y Kronecker product of X and Y

〈X,Y〉 inner product; tr{Y∗X}
C (X) column space of X
C (X)⊥ orthogonal complement of C (X) w.r.t. 〈·, ·〉W
N (X) null space of X
ΦX orthogonal projector onto C (X) w.r.t. 〈·, ·〉W
Φ⊥

X orthogonal projector onto C (X)⊥ w.r.t. 〈·, ·〉W

Abbreviations

pdf probability density function
pmf probability mass function
ccdf complementary cumulative distribution function
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p.s.d. positive semidefinite
NSE normalized square error
MSE mean square error
NMSE normalized mean square error
RMSE root mean square error
CRB Cramér-Rao bound
PCRB posterior Cramér-Rao bound
HCRB hybrid Cramér-Rao bound
ACRB approximate hybrid Cramér-Rao bound
MMSE minimum mean square error
MVU minimum variance unbiased
MAP maximum a posteriori
LMMSE linear minimum mean square error
LMVU linear minimum variance unbiased
LS least squares

Probability density functions

• The distribution of x ∈ Rn is called Gaussian N (µ,C) when its pdf is:

p(x) =
1√

(2π)n|C|
e−

1
2 (x−µ)⊤C−1(x−µ) (1.1)

• The distribution of x ∈ Cn is called proper complex Gaussian CN (µ,C)
when its pdf is:

p(x) =
1

πn|C|e
−(x−µ)∗C−1(x−µ) (1.2)

• The distribution of X ≻ 0 ∈ Rn×n is called inverse-Wishart W−1(Σ, ν)
when its pdf is:

p(X) =
|Σ| ν2

2
νn
2 Γp

(
ν
2

) |X|− ν+n+1
2 e−

1
2 tr{ΣX−1}, (1.3)

where Γp(·) is the multivariate gamma function [Pre05].

• The distribution of x ∈ [−π, π) is called von MisesM(µ, κ) when its circular
pdf is:

p(x) =
1

2πI0(κ)
eκ cos(x−µ), (1.4)

where I0(κ) is the modified Bessel function of order 0 [EHP00].
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1.3 Useful mathematical results

For matrices with conformable dimensions, and when the inverses exist,

tr{AB} = tr{BA}
|In +AB| = |Im +BA|
vec(ABC) = (C⊤ ⊗A) vec(B)

(A⊗B)(C⊗D) = (AC⊗BD)

(A+BCD)−1 = A−1 −A−1B
(
C−1 +DA−1B

)−1
DA−1.

A solution to a consistent system AX = B, i.e., where C (B) ⊆ C (A), is

X = A‡B,

since B can be written as a linear combination AZ. Further, if the singular value
decomposition of A is

A = U

[
Dr 0

0 0

]
V∗,

where Dr = diag(σ1, . . . , σr) contains the nonzero singular values, then a gener-
alized inverse can be computed by

A‡ = V

[
D−1
r C1

C2 C3

]
U∗,

where C1, C2, and C3 are arbitrary matrices of appropriate dimensions. When
they are set to zero, A‡ = A† [RR98].

The orthogonal projector onto C (A) with respect to the inner product 〈·, ·〉W,
where W ≻ 0, has the following properties [RM71,RR98]

Φ2
A = ΦA

(WΦA)∗ = WΦA

Φ⊥
A = I−ΦA

ΦA = A(AWA)‡AW.

If A � 0, then it can be factorized into [PS05]

A =

[
A11 A12

A21 A22

]

=

[
I A12A

‡
22

0 I

] [
A11 −A12A

‡
22A21 0

0 A22

] [
I 0

A
‡
22A21 I

]
.

(1.5)





Part I

Elements of estimation

theory





Chapter 2

Introduction to fundamental

quantities

The goal of statistical inference is to draw quantitative conclusions about a pa-
rameter or state X of a system that resides in parameter space SX of possible
values. This is done on the basis of observations or data D that resides in an
observation space SD of possible values obtained from the system. The joint
probability density function (pdf), p(X,D), provides a complete statistical de-
scription of the state of the system and the observations that we obtain from
it.

The key quantity of interest here is the conditional, or posterior, pdf p(X |D)
which describes the probability density of any value of X when given a specific
observation D. The posterior pdf can be obtained by applying Bayes’ rule

p(X |D)︸ ︷︷ ︸
posterior

= α p(D|X)︸ ︷︷ ︸
likelihood

p(X)︸ ︷︷ ︸
prior

, (2.1)

where α is a normalizing constant such that p(X |D) integrates to unity and
we decomposed the joint pdf into p(X,D) = p(X |D)p(D) = p(D|X)p(X) using
the chain rule. From (2.1) we can draw quantitative inferences of X from data
D. The certainty of a value X after observing D, is the certainty of X prior to
observation multiplied by the likelihood that X produced the specific observation
D. Throughout this chapter we will assume that the parameter and observation
spaces are vector spaces SX = Rn and SD = Rm, and write X = x and D = y.

To illustrate the use of Bayes’ rule (2.1), consider the following example.
Suppose we would like to make inferences about the power of a system, denoted x.
We conduct a measurement y, but due to noise and random errors this observation
of x is uncertain. Let’s model this uncertainty by a Gaussian likelihood pdf p(y|x)
with variance σ2

y|x. Suppose the observation was y = 1, then p(y|x), plotted in
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Figure 2.1: Inferring the power x from a measurement y. The likelihood that x
results in an uncertain observation y = 1 is given by p(y|x). The prior knowledge
of x is described by p(x), and transforms into p(x|y) after observing y = 1 using
Bayes’ rule (2.1).

Figure 2.1, describes how likely a system with power x would result in a noisy
observation y = 1. Now we may have some prior knowledge about the power
x, e.g., that it is a positive quantity. Let’s assume that the power is Rayleigh
distributed with a given variance. Figure 2.1 illustrates how the prior knowledge
p(x) is refined into the posterior p(x|y) after observing y.

Further, the state of a system may evolve over time. In discrete-time, we
may denote the state, xk, at sample k, and the corresponding observation, yk.
Then we can apply (2.1) to draw inferences about xk based on all observations
y0:k , {y0, . . . ,yk}. The posterior pdf p(xk|y0:k) can be computed recursively
for each new observation by exploiting a two-step procedure. First, we can write

p(xk|y0:k) = α p(yk|xk,y0:k−1)︸ ︷︷ ︸
likelihood

p(xk|y0:k−1)︸ ︷︷ ︸
prior

,

where α is a normalizing constant. When xk evolves the statistical transition from
one sample to the next is fully described by the transition pdf p(xk+1|xk,y0:k).
Then, the computation of the predictive pdf can be written as

p(xk+1|y0:k) =

∫
p(xk+1|xk,y0:k)︸ ︷︷ ︸

transition

p(xk|y0:k)︸ ︷︷ ︸
posterior

dxk,

which becomes the prior pdf in the next step of computing p(xk+1|y0:k+1) when
a new observation yk+1 is obtained.
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2.1 Measures of information

The preceding argument rested on a highly detailed probabilistic description of
the state of a system and the measurement process. For purposes of inference
we can characterize each such configuration by quantifying the average amount
of information we obtain about x from the measurement process y. It is then
possible to quantitatively compare different measurement scenarios.

We present two different measures of information. The first quantity, which
we designate ‘mutual information’, can be understood as a measure of average
reduction of uncertainty of x after observation y. The second quantity, which we
designate ‘parametric information’, measures the resolvability of x in the joint ob-
servation process y. Both measures are related through the concept of statistical
divergence and satisfy nonnegativity I � 0. When obtaining independent obser-
vations, y0, . . . ,yk, of x, the measures are additive I = I0 + · · ·+ Ik. In the next
section we will see that the amount of information obtained from observations
fundamentally constrains the accuracy of our inferences.

2.1.1 Mutual information

Mutual information is a scalar quantity defined by the expectation

I(x;y) , Ex,y

[
log

(
p(x,y)

p(x)p(y)

)]
∈ R. (2.2)

When the logarithm is chosen as log2 or loge the information is measured in [bits]
or [nats], respectively. The uncertainty of x, before and after observation, can
be quantified by (differential) entropy h(x) , −Ex

[
log
(
p(x)

)]
and conditional

entropy h(x|y) , −Ex,y
[
log
(
p(x|y)

)]
, respectively, provided their integrals exist

[CT06]. Then by

I(x;y) =

∫ ∫
p(x|y)p(y) log

[
p(x|y)p(y)
p(x)p(y)

]
dxdy

= −
∫ ∫

p(x|y)p(y) log (p(x)) dxdy

+

∫ ∫
p(x|y)p(y) log (p(x|y)) dxdy

= h(x)︸︷︷︸
prior uncertainty

− h(x|y)︸ ︷︷ ︸
posterior uncertainty

we see that mutual information measures the reduction of uncertainty of the
state, or equivalently, the bits of information gained about x when observing y.
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2.1.2 Parametric information

Parametric information is a slightly more abstract quantity that measures resolv-
ability of x along each dimension of the state space by the expected second-order
derivative

J , Ex,y
[
−∂2x ln p(x,y)

]
∈ R

n×n,

provided the integral exists. Intuitively, if a small change in x would lead to a
large difference in y, then the observations would be highly informative of the
sought quantity. This ‘information matrix’ is positive semidefinite [VT68] and
using the chain rule we can partition it into

J = Ex,y
[
−∂2x ln p(y|x)

]
+ Ex,y

[
−∂2x ln p(x)

]

= Ex
[
Ey|x

[
−∂2x ln p(y|x)

]]
+ Ex

[
−∂2x ln p(x)

]

= Ex [JD(x)]︸ ︷︷ ︸
data info.

+Ex[JP (x)]︸ ︷︷ ︸
prior info.

,

where we defined JD(x) , Ey|x
[
−∂2x ln p(y|x)

]
and JP (x) , −∂2x ln p(x). Here

JD(x) quantifies the ability to resolve the state in the observations and is known
as the ‘Fisher information matrix’ when x is modeled as a deterministic variable.

2.2 Criteria for point estimation

While the posterior pdf p(x|y) provides a complete probabilistic description for
inference, our interest here is to produce a conclusive estimate of x for a given
observation y. Let the mapping g : SD → SX from the observation space to
parameter space denote an estimator that produces such quantitative conclusions
x̂ = g(y), known as ‘point estimates’. Clearly, we would prefer estimators that
are characterized by statistically small errors x̃ , x − x̂. In particular we will
consider the squared sum of weighted errors

E(x̃) =
∣∣∣∣∣

n∑

i=1

wix̃i

∣∣∣∣∣

2

= |w⊤x̃|2 = w⊤x̃x̃⊤w,

where w = [w1 · · · wn]⊤ contains the weights of any choice. This error metric
provides a tractable criterion for designing and evaluating estimators over the
uncountable set of possible estimator mappings.

2.2.1 Mean square error matrix

For any given x, the expected error equals Ey|x[E(x̃)] = w⊤Px̃|xw, where Px̃|x ,

Ey|x
[
x̃x̃⊤

]
denotes the conditional mean square error (MSE) matrix. If the

matrices for two estimators g′ and g are ordered as P′
x̃|x ≻ Px̃|x, respectively,
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then g is superior to g′ for any choice of errors weightsw. Further, the conditional
MSE matrix can be decomposed into random and systematic errors

Px̃|x = Ey|x
[
(x − x̂)(x− x̂)⊤

]

= Ey|x

[(
x− x̂+ Ey|x[x̂]− Ey|x[x̂]

) (
x− x̂+ Ey|x[x̂]− Ey|x[x̂]

)⊤]

= Ey|x
[
(x̂ − Ey|x[x̂])(x̂− Ey|x[x̂])

⊤
]
+ Ey|x

[
(x− Ey|x[x̂])(x− Ey|x[x̂])

⊤
]

= Cx̂|x︸︷︷︸
cond. covariance

+ b(x)b(x)⊤︸ ︷︷ ︸
cond. squared bias

,

where the estimator covariance and squared bias quantify its precision and accu-
racy, respectively.

The MSE matrix, averaged over all possible x, is

Px̃ , Ex
[
Px̃|x

]

= Cx̂︸︷︷︸
covariance

+ bb⊤
︸︷︷︸

squared bias

(2.3)

and provides a general and tractable evaluation criterion for point estimators.
It describes the magnitude of statistical errors along different dimensions of the
state space Rn. By performing an eigenvalue decomposition Px̃ =

∑n
i=1 λiviv

⊤
i

the error statistics along orthogonal directions in the state space are given by λi
in direction vi ∈ Rn. The sum of these error statistics results in the mean square
error, MSE = Ex,y[‖x − x̂‖22] = tr {Px̃} =

∑n
i=1 λi, and their product results in

the mean square error volume, MSEV = |Px̃| =
∏n
i=1 λi.

2.2.2 Mean square error bounds

The statistical performance of any estimator is fundamentally bounded by the
statistical properties of the state and measurement processes. Such bounds define
benchmark levels beyond which we cannot hope to perform better. Let µx|y ,

Ex|y[x], then the minimum MSE matrix in the Löwner order sense is given by
the posterior covariance matrix, i.e.,

Px̃ = Ex,y[(x− x̂)(x− x̂)⊤]

= Ex,y[(x− µx|y)(x − µx|y)
⊤] + Ex,y

[
(µx|y − x̂)(µx|y − x̂)⊤

]

� Cx|y,

and is attained by setting x̂ = µx|y as shown in Appendix 2.A.
The measures of information introduced in Section 2.1 also provide insights

to statistical performance limits. For mutual information measured in [nats] we
have

|Px̃| ≥ αxe
−2I(x;y), (2.4)
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where αx is a constant. Thus the minimum mean square error volume decreases
at most exponentially with the amount of information obtained from observation.
Using parametric information instead, the entire MSE matrix is constrained by
the posterior Cramér-Rao bound (PCRB)

Px̃ � J−1, (2.5)

where J−1 = (Ex[JD(x)] + Ex[JP (x)])
−1. This is a generalization of the cel-

ebrated Cramér-Rao bound (CRB), Px̃|x � J−1
D (x), which applies when x is

modeled as a deterministic variable and restricting the conditional bias of the
estimator to be zero b(x) = 0 [VT68], cf. Appendix 2.A. Estimators that attain
the bound are termed statistically ‘efficient’.

2.3 Methods of point estimation

We have now provided a few fundamental quantities for point estimation. Whilst
their mathematical descriptions may appear straight-forward, their employment
in practical problems is greatly limited by the ability to model and to compute.
First, the probability density functions involved may not be readily available.
The likelihood function requires an accurate statistical model of the measure-
ment uncertainties while the prior pdf requires a well-motivated description to
capture the variability of the state of a system. Second, even in cases where the
pdfs are well-defined and accurate models, an optimal point estimator maybe
computationally demanding and impractical, or simply intractable.

To address this we present four approaches to point estimation that use dif-
ferent model assumptions:

(i) Likelihood and prior available, i.e., p(y|x) and p(x).
(ii) Likelihood available, i.e., p(y|x).
(iii) First and second-order moments available, i.e., E[x], E[y], Cov(x), Cov(y),

and Cov(x,y).

(iv) Mapping h(x) available, i.e., y = h(x) + w, where w is some unknown
random disturbance.

2.3.1 Bayesian framework

The minimum mean square error (MMSE) estimator is given by solving

x̂mmse = argmin
x̂∈SX

Px̃. (2.6)

As we showed in Section 2.2.2, this estimator is given by the conditional mean

µx|y =

∫
xp(x|y)dx,
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which can be understood as the ‘center of gravity’ of the conditional pdf. As
pointed out above, this may not be a tractable estimator due to high-dimensional
integration. A potentially simpler method would be to search for the global peak
or mode of the conditional pdf. This yields the maximum a posteriori (MAP)
estimator

x̂map = argmax
x∈SX

p(x|y)

= argmax
x∈SX

ln p(y|x) + ln p(x).
(2.7)

In both cases the Bayesian framework requires the complete probabilistic descrip-
tion of x and y.

2.3.2 Fisherian framework

In certain problems we may not have access to a reasonable prior distribution
or we may wish to minimize model assumptions about the state. Instead, x is
treated as a deterministic but unknown quantity and the goal is to minimize the
conditional MSE matrixPx̃|x for all possible values of x. If the resulting estimator
turns out to depend on the unknown x it is unrealizable. By constraining the
estimator to the class of unbiased estimators we may avoid that problem, as the
bias depends explicitly on the unknown x. With this restriction, solving

x̂mvu = argmin
x̂∈SX

Px̃|x

subject to Ey|x [x̂] = x, ∀x ∈ SX
(2.8)

results in the minimum variance unbiased estimator (MVU). This estimator map-
ping may not always exist. A more tractable method is to find the global peak
of the likelihood pdf. This yields the maximum likelihood (ML) estimator

x̂ml = argmax
x∈SX

ln p(y;x), (2.9)

where we have used p(y;x) to emphasize that the variable is deterministic and
distinguish it from MAP. However, in the case that the pdf of x is a noninforma-
tive prior, MAP is practically equivalent to ML. Such pdfs are used to minimize
any prior assumptions in the Bayesian framework.

2.3.3 Linear framework

To simplify things further, we may constrain the estimator to the class of linear
mappings, i.e., estimators that are linear with respect to the observation, x̂ = Ky.
Then the MSE matrix equals Px̃(K) = Ex,y[(x−Ky)(x−Ky)⊤] and the linear
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minimum mean square error (LMMSE) estimator is given by x̂lmmse , K⋆y,
where

K⋆ = argmin
K∈Rn×m

Px̃(K). (2.10)

As will be seen in Chapter 5, this estimator only requires knowledge of the
first and second-order statistical moments of x and y rather than the complete
probability density functions. When the prior statistics of x are unknown we can
further constrain the estimator to the class of conditionally unbiased estimators
and form the linear minimum variance unbiased (LMVU) estimator x̂lmvu , K⋆y,
where

K⋆ = argmin
K∈Rn×m

Px̃|x(K)

subject to Ey|x [Ky] = x, ∀x ∈ SX
(2.11)

and x is a deterministic variable.

2.3.4 Least squares framework

Finally, we may not have access to any statistical descriptions but only a mapping
h(·). Then we can try to find the estimate consistent with the observed data by
minimization of the square of data residual

x̂ls = argmin
x∈SX

(y − h(x))
⊤
W (y − h(x)) , (2.12)

where W ≻ 0 is a weight matrix. While this least-squares (LS) estimator lacks
statistical descriptions as an input it will nevertheless have excellent MSE prop-
erties in many practical problems, as will become clear in coming chapters.

2.4 Summary

In this chapter we introduced the fundamental quantities of statistical inference.
In particular the utility of probability density functions and notions of informa-
tion were central to the problem of point estimation and its performance limits.
We also introduced four estimation frameworks that form the basis for estimators
developed in subsequent chapters.
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Appendix 2.A MSE matrix bounds

Here we derive the bounds related to the MSE matrix in Section 2.2.2.

Conditional covariance matrix bound

We note that for any function g(y) we have Ex,y[xg
⊤(y)] = Ey[Ex|y[xg

⊤(y)]] =

Ey[Ex|y[x]g
⊤(y)] = Ey[µx|yg

⊤(y)], where µx|y = Ex|y[x] for notational sim-
plicity. Suppose g(y) ≡ µx|y − x̂, where x̂ is any estimator of x. Then

Ex,y[(x − µx|y)g
⊤(y)] = Ex,y[xg

⊤(y)] − Ex,y[µx|yg
⊤(y)] = 0. This produces

[KSH00]

Px̃ = Ex,y[(x− x̂)(x − x̂)⊤]

= Ex,y[(x− µx|y + g(y))(x − µx|y + g(y))⊤]

= Ex,y[(x− µx|y)(x− µx|y)
⊤] + Ex,y[g(y)g(y)

⊤ ]

= Ex,y[(x− µx|y)(x− µx|y)
⊤] + Ex,y[(µx|y − x̂)(µx|y − x̂)⊤]

� Ex,y[(x− µx|y)(x− µx|y)
⊤]

= Cx|y,

when x̂ = µx|y.

Next, for any random variable x ∈ Rn with a given conditional covari-
ance matrix Cx|y, the differential entropy is upper bounded by h(x|y) ≤
1
2 ln

(
(2πe)n|Cx|y|

)
, using the natural logarithm [CT06,EGK11]. This produces

|Px̃| ≥ |Cx|y|
≥ (2πe)−ne2h(x|y)

= (2πe)−ne2h(x)e−2I(x;y)

= αxe
−2I(x;y).

Cramér-Rao bounds

The Cramér-Rao bound is derived under the condition that the first and second-
order derivatives of ln p(y|x) and ln p(x,y) exist and are absolutely integrable.
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The following equalities hold: ∂x ln p(x,y) =
1

p(x,y)∂xp(x,y),

∂2x ln p(x,y) = ∂x∂
⊤
x ln p(x,y)

= ∂x

(
1

p(x,y)
∂⊤x p(x,y)

)

=
1

p(x,y)
∂x∂

⊤
x p(x,y) + ∂x

(
1

p(x,y)

)(
p(x,y)∂⊤x ln p(x,y)

)

=
1

p(x,y)
∂2xp(x,y)−

1

p(x,y)
∂xp(x,y)∂

⊤
x ln p(x,y)

=
1

p(x,y)
∂2xp(x,y)− ∂x ln p(x,y)∂

⊤
x ln p(x,y),

and Ex,y[
1

p(x,y)∂
2
xp(x,y)] =

∫
∂2xp(x,y)dxdy = ∂2x(

∫
p(x,y)dxdy) = 0. Combin-

ing them results in a useful alternative form of the information matrix:

J = Ex,y
[
−∂2x ln p(x,y)

]
= Ex,y

[
∂x ln p(x,y)∂

⊤
x ln p(x,y)

]
.

The analogous result holds for the conditional pdf p(y|x) and JD(x).
The CRB and PCRB are derived in [VT68] and [Kay93] using the Cauchy-

Schwartz inequality. Here we follow a more elegant treatment given in [Ber99]
using (1.5). It offers a slight generalization by considering any alternative pa-
rameterization of the state x = g(α), where α ∈ Rr and r ≤ n. Define the
conditional bias of an estimator x̂ as b(α) ,

∫
(x̂(y) − g(α))p(y|α)dy.

The CRB is a bound on estimators with zero bias,

b⊤(α) = 0.

Differentiating this condition yields
∫
∂αp(y|α)(x̂(y) − g(α))⊤dy −

∫
∂αg

⊤(α)p(y|α)dy = 0,

which can be written as
∫
∂α ln p(y|α)x̃⊤p(y|α)dα = ∂αg

⊤(α), where x̃ =
x̂(y)− g(α) is the estimation error. Next, we define the matrix

M = Ey|α

[[
x̃

∂α ln p(y|α)

] [
x̃

∂α ln p(y|α)

]⊤]
=

[
Px̃|x ∂αg(α)

∂αg
⊤(α) JD(α)

]
� 0.

When JD(α) is nonsingular we can block-diagonalize M by an invertible coordi-
nate transformation

T =

[
In −∂αg(α)J−1

D (α)
0 Ir

]

using (1.5), which results in a matrix TMT⊤ with upper-diagonal block Px̃|x −
∂αg(α)J−1

D (α)∂αg
⊤(α) � 0, i.e., the CRB.
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The PCRB is a generalization that assumes only a vanishing bias in the sense
that each bias component j = 1, . . . , n satisfies

lim
αi→±∞

bj(α)p(α) = 0, ∀i.

Computing the derivative of
(
b⊤(α)p(α)

)
yields

∂α
(
b⊤(α)p(α)

)
= ∂α

∫
(x̂(y)− g(α))⊤p(y|α)p(α)dy

= −∂αg⊤(α)p(α) +

∫
∂α(p(α,y))(x̂(y) − g(α))⊤dy.

Integrating this equality,
∫
∂α
(
b⊤(α)p(α)

)
dα = −

∫
∂αg

⊤(α)p(α)dα

+

∫
∂α(p(α,y))(x̂(y) − g(α))⊤dydα,

allows us to exploit the vanishing bias. When integrating the (i, j)th element of
the left-hand side w.r.t. αi, we obtain

∫

αi∈R

∂ (bj(α)p(α))

∂αi
dαi = bj(α)p(α)

∣∣
αj=∞

− bj(α)p(α)
∣∣
αj=−∞

= 0

and can thereby conclude that the entire left-hand side equals 0. Inserting the
result back yields

0 = −
∫
∂αg

⊤(α)p(α)dα+

∫
∂α ln p(α,y)(x̂(y) − g(α))⊤p(α,y)dαdy

which can be written as
∫
∂α ln p(α,y)x̃

⊤p(α,y)dαdy = Eα[∂αg
⊤(α)]. Next,

we define the matrix

Eα,y

[[
x̃

∂α ln p(α,y)

] [
x̃

∂α ln p(α,y)

]⊤]
=

[
Px̃ Eα[∂αg(α)]

Eα[∂αg
⊤(α)] J

]
� 0.

Using (1.5) again to diagonalize the matrix we obtain Px̃ −
Eα[∂αg(α)]J−1 Eα[∂αg

⊤(α)] � 0, which is the PCRB.
In addition, if the parameter vector is partitioned α = [α⊤

1 α⊤
2 ]

⊤ and corre-
spondingly

J =

[
J11 J12

J21 J22

]
,

then the PCRB for a subset of the estimated parameters α2 is Pα̃2 � (J22 −
J21J

−1
11 J12)

−1 using (1.5) to compute J−1.





Chapter 3

Estimation for the linear

observation model

The linear observation model

y = Hx+w ∈ R
m (3.1)

is a setup that arises in many classical estimation problems, ranging from as-
tronomy to econometrics. Here H ∈ Rm×n is known and w is zero-mean random
noise.

The parameters x ∈ Rn appear in the observation space Rm as a linear
combination of the columns inH = [h1 · · · hn]. ThusHx =

∑n
i=1 hixi is confined

to the column space C (H) ⊆ Rm. As we will see, this spatial interpretation can
lead us to employ geometric tools for solving the estimation problem [SD91].
Further, the properties of H determine the region of the parameter space Rn

in which x is ambiguous. This subspace is the null space N (H) ⊆ R
n and by

definition any x ∈ N (H) will result in Hx = 0 the observation space. Thus if
x and x′ both belong to N (H), we will not be able to distinguish the resulting
observations y = y′ = 0+w when x 6= x′.

Throughout this chapter we will assume that H ∈ Rm×n has full rank, i.e.,
the n ≤ m columns are linearly independent and therefore N (H) = {0} so there
are no ambiguities. In later chapters we will consider n > m, but exploit prior
knowledge about x in the estimation problem. In this chapter, we begin reviewing
the least squares, Fisherian and Bayesian approaches to the estimation problem,
respectively. The least-squares solution contains some fundamental concepts that
will be employed repeatedly throughout the coming chapters. We will then move
on to the problem of estimation with uncertain covariance matrices and derive a
new estimator in the Bayesian framework. We will exemplify its properties in a
channel estimation problem.
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Least squares approach

The weighted least-squares (LS) estimator of x can be obtained as a closed-form
expression by solving the minimization problem

x̂ls = argmin
x∈Rn

(y −Hx)⊤W(y −Hx), (3.2)

where W ≻ 0 is a given weight matrix of choice. By differentiating the quadratic
cost function Vls(x) = (y−Hx)⊤W(y−Hx) and finding the x that is a stationary
point ∂xVls(x) = 2(H⊤Wy −H⊤WHx) = 0, we obtain

x̂ls = (H⊤WH)−1H⊤Wy, (3.3)

which turns out to be a linear function of the observation y [Kay93]. This is
unsurprising if we view the least-squares problem in a different way, by equipping
the observation space Rm with a weighted inner product and norm,

〈y, z〉W , z⊤Wy and ‖y‖W ,
√
y⊤Wy,

thereby turning it into an inner product space with associated geometric no-
tions of angle, distance and length [FIS03, HJ05]. Then problem (3.2) can be
reformulated as

x̂ls = argmin
x∈Rn

‖y−Hx‖2W. (3.4)

In other words, minimizing the distance between ŷ = Hx ∈ C (H) and the
observation y. Let ŷ denote any vector in C (H) and let ŷ⋆ denote the orthogonal
projection of y onto the same subspace. By definition, the residual y − ŷ⋆ is
orthogonal to all vectors in the column space, i.e., y − ŷ⋆ ∈ C (H)⊥. It follows
that ‖y− ŷ‖2W = ‖(y− ŷ⋆)+(ŷ⋆− ŷ)‖2W = ‖y− ŷ⋆‖2W+‖ŷ⋆− ŷ‖2W ≥ ‖y− ŷ⋆‖2W
and ŷ⋆ is the closest approximation of y among all ŷ ∈ C (H). The orthogonal
projection of y onto C (H) is obtained by a linear operation

ŷ⋆ = ΦHy

=
(
H(H⊤WH)−1H⊤W

)
y

= Hx̂.

By inspection we can conclude the x̂ that produces the projection is (3.3) [Rao73,
RR98,KSH00].

Modeling x as a deterministic parameter we see that the least-squares estima-
tor is an unbiased estimator Ey|x[x̂ls] = Ew[(H

⊤WH)−1H⊤W(Hx+w)] = x. If
the covariance matrix of w is denoted R, the conditional MSE matrix becomes
Px̃|x = (H⊤WH)−1H⊤WRWH(H⊤WH)−1 and is independent of x. Clearly
the choice of weight matrix W affects the MSE performance of the LS estimator.
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Fisherian approach

Let us now assume a statistical noise model, such that the noise is Gaussian
w ∼ N (0,R).

While there is no general method to derive the minimum variance unbiased
(MVU) estimator, we will start by analyzing the problem using the Fisher infor-
mation matrix

JD(x) = Ey|x
[
−∂2x ln p(y;x)

]

= Ey|x

[
−∂2x ln

(
(2π)−

m
2 |R|− 1

2 e−
1
2 (y−Hx)⊤R−1(y−Hx)

)]

= Ey|x

[
∂2x

(
1

2
(y −Hx)⊤R−1(y −Hx)

)]

= H⊤R−1H,

which is independent of x. The Cramér-Rao bound (CRB) is J−1
D =

(H⊤R−1H)−1. Comparing the bound with the MSE matrix of the unbiased
LS estimator we see that Px̃|x = J−1

D when we choose the weight matrix as
W ∝ R−1. Then the LS estimator (3.3) coincides with the MVU estimator
x̂ls = x̂mvu.

Next, we proceed to the maximum likelihood (ML) estimator, i.e., the maxi-
mizer of

Jml(x) = ln p(y;x)

= ln
(
(2π)−

m
2 |R|− 1

2 e−
1
2 (y−Hx)⊤R−1(y−Hx)

)

= −1

2
(y −Hx)⊤R−1(y −Hx) +K

= −1

2
‖y−Hx‖2R−1 +K,

whereK is a constant. It is immediately recognized that the maximizer is equiva-
lent to the minimizing argument of (3.2) when W ∝ R−1. Then the LS estimator
coincides with the ML estimator x̂ls = x̂ml.

Note therefore that the MVU and ML estimators do not require knowledge
of the noise covariance R, rather the correlation structure is sufficient. More
specifically, suppose we assign a nominal noise covariance matrix R0 then the
increase in the MSE matrix that we incur is

Px̃|x − J−1
D = BRB⊤,

where B = (H⊤R−1
0 H)−1HR−1

0 − (H⊤R−1H)−1HR−1. Thus as long as the
nominal covariance R0 satisfies (H⊤R−1

0 H)−1HR−1
0 = (H⊤R−1H)−1HR−1

there is no MSE increase. This entails a certain degree of robustness to un-
certainties in the noise covariance matrix.
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Bayesian approach

Let us further assume that we have some prior knowledge about the variability
of the parameters, modeled by a Gaussian pdf, x ∼ N (µx,P). The observation
and parameters are modeled by joint Gaussian pdf, p(x,y).

The minimum mean square error (MMSE) estimator is given by the mean of
the posterior pdf p(x|y) as shown in Section 2.2.2. Using the chain rule and (1.5)
for factorizing the joint covariance matrix results in

p(x|y) = p(x,y)

p(y)

∝ e
− 1

2



x̄

ȳ




⊤

 P Cxy

C⊤
xy Cy




−1

x̄

ȳ





e
1
2 ȳ

⊤C−1
y ȳ

= e
− 1

2
(x̄−CxyC

−1
y ȳ)⊤C−1

x|y
(x̄−CxyC

−1
y ȳ)− 1

2
ȳ⊤C−1

y ȳ
e

1
2 ȳ

⊤C−1
y ȳ

= e−
1
2 (x−µx−CxyC

−1
y (y−µy))

⊤
C

−1
x|y(x−µx−CxyC

−1
y (y−µy)),

where we defined x̄ = x−µx and ȳ = y−µy for notational simplicity. Thus p(x|y)
has the functional form of a Gaussian pdf with mean µx|y = µx+CxyC

−1
y (y−µy)

and covariance matrix Cx|y = P − CxyC
−1
y C⊤

xy. From the linear measurement
model, we have µy = Ex,y[y] = Hµx and the covariances are readily obtained,

Cy = Ex,y[ȳȳ
⊤] = HPH⊤ + R and Cxy = Ex,y[x̄ȳ

⊤] = PH⊤. Since the
conditional mean is the MMSE estimator, we have

x̂mmse = µx +PH⊤(HPH⊤ +R)−1(y −Hµx)

with the minimum MSE matrix Px̃ = P−PH⊤(HPH⊤ +R)−1HP. Note that
this estimator is linear with respect to the observation, and unbiased in the sense
that Ex,y[x̂mmse] = µx.

Alternative expressions of the estimator and the minimum MSE matrix can
also be derived by applying the matrix inversion lemmaC−1

y = (HPH⊤+R)−1 =

R−1 −R−1H(P−1 +H⊤R−1H)−1H⊤R−1. Then

CxyC
−1
y = P

(
In −H⊤R−1H(P−1 +H⊤RH)−1

)
H⊤R−1

= P
[
(P−1 +H⊤RH)−H⊤R−1H

]

× (P−1 +H⊤RH)−1H⊤R−1

= (H⊤R−1H+P−1)−1H⊤R−1,

so that

x̂mmse = µx + (H⊤R−1H+P−1)−1H⊤R−1(y −Hµx)

=
(
H⊤R−1H+P−1

)−1 (
H⊤R−1y +P−1µx

)
.
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Similarly, we obtain an alternative expression of the MSE matrix

Px̃ = P−PH⊤(HPH⊤ +R)−1HP

= (H⊤R−1H+P−1)−1

which is identical to the posterior Cramér-Rao bound (PCRB). The informa-
tion matrix is J = Ex[JD(x)] + Ex[JP (x)], where the information added when
assuming a Gaussian prior is

JP (x) = −∂2x ln p(x)
= −∂2x ln

(
(2π)−

n
2 |P|− 1

2 e−
1
2 (x−µx)

⊤P−1(x−µx)
)

= P−1.

Then PCRB equals J−1 = (H⊤R−1H+P−1)−1.
Next, the maximum a posteriori (MAP) estimator is readily obtained by the

the global peak or mode of p(x|y). Since the posterior pdf is a unimodal Gaussian,
the peak coincides with the mean µx|y and therefore x̂map = x̂mmse. We can
derive the same result in an alternative way which reveals a deeper connection
to the LS estimator. Using Bayes’ rule, the MAP estimator is equivalently given
by the maximizing argument of

Jmap(x) = ln p(y|x) + ln p(x)

= −1

2
‖y −Hx‖2R−1 − 1

2
‖µx − x‖2P−1 +K

= −1

2

∥∥∥∥
[
y

µx

]
−
[
H

In

]
x

∥∥∥∥
2

R−1⊕P−1

+K,

where K is a constant. This problem is of the same form as (3.4), which has the
solution

x̂map =

([
H

In

]⊤
(R−1 ⊕P−1)

[
H

In

])−1 [
H

In

]⊤
(R−1 ⊕P−1)

[
y

µx

]

=
(
H⊤R−1H+P−1

)−1 (
H⊤R−1y +P−1µx

)
.

We note that this is a form of regularization of the LS estimator such that a
solution exists even when H does not have full rank, i.e., N (H) ⊃ {0} and
H⊤R−1H ceases to be invertible.

The MAP estimator balances the likelihood of x given the data y with the
prior mean µx, using covariance matrices R and P, respectively. Comparing the
PCRB with the CRB, (H⊤R−1H+P−1)−1 ≺ (H⊤R−1H)−1, we see that MAP
is superior to MVU in terms of MSE performance. The MVU estimator, however,
enjoys a certain robustness with respect to uncertainties or misspecifications of
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the covariance matricesR andP. This can be of importance in practical problems
where accurate knowledge of second-order statistics may not be readily available.
We will now turn to the problem of estimation with uncertain covariance matrices,
using the MAP approach.

3.1 Uncertain covariance matrices

Statistical properties required for optimal estimators may not be accurately
known which results in a degradation of the estimation performance. The classi-
cal way of guarding against such model uncertainties is the ‘minimax’ approach
which minimizes the worst case of some error statistic over a given uncertainty
class [HR09,VP84]. A survey of robust methods is given in [KP85].

In many applications the minimax mean square error method is overly con-
servative. For this reason a ‘regret’ MSE method was developed in [EM04]
and [EM05], for estimation with linear observation models. In this approach
the goal is to minimize the maximum MSE deviation of a linear estimator from
the optimal estimator under the assumption of perfect model knowledge, varied
over a model uncertainty class. The method was further developed in [Eld06],
which treats uncertainty of the signal and noise covariance matrices jointly. A
more general class of regret functions was treated in [MM10]. In these works the
estimator is restricted to be linear and the model uncertainty is treated deter-
ministically.

By contrast, uncertainties of the noise covariance matrix are treated prob-
abilistically in [TZ64] and [SL05] by assigning various prior probability distri-
butions. In particular the inverse-Wishart distribution is considered, which is a
natural distribution when a non-informative prior has been supplemented with
some empirical data. In [SL05] it is assumed that a small set of noise-only train-
ing samples are available in addition to the observations of the signal of interest
and the covariance matrix is marginalized out. In certain applications, however,
an estimate of the covariance is of interest in addition to the signal estimates,
especially for use in future estimation.

In the following, we treat the model uncertainties of both the signal and
noise covariances in a probabilistic framework, without any explicit training data
set. We then derive a nonlinear, joint signal and covariance maximum a posteriori
estimator denoted CMAP. The solution of the problem reveals certain connections
with standard estimators. Using stochastic channel estimation as an application
example, the error statistics of CMAP are subsequently evaluated numerically
and compared with standard estimators, that do not take the uncertainties into
account, as well as the minimax difference regret estimator [Eld06].
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3.2 Problem formulation

A set of measurements {yt} is obtained according to the linear observation model,

yt = Hxt +wt ∈ R
m, t = 1, . . . , N. (3.5)

It is assumed that the signal and noise follow independent Gaussian distributions
xt|P ∼ N (µx,P) and wt|R ∼ N (0,R). For notational simplicity we write
X , [x1 · · ·xN ] ∈ Rn×N , U , [µx · · ·µx] ∈ Rn×N , andY , [y1 · · ·yN ] ∈ Rm×N .

When the covariance matrices are known, MAP estimator of X is readily
obtained,

X̂map = argmax
X∈Rn×N

p(X|Y)

= (H⊤R−1H+P−1)−1(H⊤R−1Y +P−1U).
(3.6)

As the uncertainty or variance of the prior of xt increases, by setting P = σ2
xIn

and σ2
x → ∞, the estimator coincides with MVU estimator, X̂map → X̂mvu =

(H⊤R−1H)−1H⊤R−1Y.
As pointed out above, in many practical applications the covariance matri-

ces are not known precisely. Instead nominal matrices, P0 and R0, are used.
Following the Bayesian approach, the unknown covariance matrices are modeled
as random and independent quantities around the nominal ones, using tractable
priors. In this case they are modeled as inverse-Wishart distributions [Pre05]:
P ∼ W−1(Σx, νx) and R ∼ W−1(Σw, νw). Assuming that E[P] = P0 and
E[R] = R0, we have Σx = (νx − n − 1)P0 and Σw = (νw − m − 1)R0. The
degrees of freedom, νx > n+ 1 and νw > m+ 1, control the certainties of P and
R.1

A discussion of the use of inverse-Wishart distributions is given in [TZ64]
and [SL05], where it is shown to be a modified version of the noninformative
Jeffreys prior. The inverse-Wishart distribution has also been used in detection
problems where the inaccuracies of the nominal covariance matrices arise due to
environmental heterogeneity [BBT08b, BBT08a,WLH10]. In the scenario con-
sidered here the inaccuracies of P0 and R0 may arise if they are based on prior
knowledge where the statistics are only approximately stationary, and/or prior
estimates subject to errors.

The goal now is to estimate X, P and R from the set of observations Y.

3.3 The CMAP estimator

The joint posterior probability density function (pdf) p(X,P,R|Y) is the basis
for the maximum a posterior estimator with random covariance matrices, hence-

1Extensions to the complex Gaussian and inverse-Wishart distributions [MK00] are straight-
forward.
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forth denoted CMAP,

X̂cmap = argmax
X∈Rn×N

[
max

P,R≻0
p(X,P,R|Y)

]
. (3.7)

By introducing

J(X,P,R) , ln p(Y|X,P,R) + ln p(X,P,R)

= ln p(Y|X,R) + ln (p(X|P)p(P)p(R))

= J1(X,R) + J2(X,P),

where J1(X,R) = [ln p(Y|X,R) + ln p(R)] and J2(X,P) =
[ln p(X|P) + ln p(P)]. Then

X̂cmap = argmax
X∈Rn×N

[
max

P,R≻0
J1(X,R) + J2(X,P)

]
. (3.8)

We begin by finding the maximizing R and P below.

3.3.1 Concentrated cost function

Let ỹt , yt −Hxt, Ỹ = Y −HX and γw , νw +m+ 1 +N , so that

J1(X,R) = ln p(Ỹ|R) + ln p(R)

=

N∑

t=1

−1

2
ln |R| − 1

2
tr
{
R−1ỹtỹ

⊤
t

}

− νw +m+ 1

2
ln |R| − 1

2
tr
{
ΣwR

−1
}
+K

=− γw
2

ln |R| − 1

2
tr
{
(Σw + ỸỸ⊤)R−1

}
+K

=
γw
2

(
− ln |R| − tr{R̃R−1}

)
+K,

(3.9)

where K is a constant and R̃ , 1
γw

(Σw + ỸỸ⊤). Then

J̃1(X,R) = − ln |R| − tr
{
R̃R−1

}

= − ln |R̃R̃−1R| − tr
{
R̃R−1

}

= − ln |R̃(R−1R̃)−1| − tr
{
R̃R−1

}

= − ln |R̃|+ ln |R−1R̃| − tr
{
R−1R̃

}

attains its maximum when R−1R̃ = Im, or R⋆ = 1
γw

(Σw + ỸỸ⊤). Similarly, let

X̃ , X − U and γx , νx + n + 1 + N , then P⋆ = 1
γx
(Σx + X̃X̃⊤). Note that

both P⋆ and R⋆ are functions of X.
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Plugging back the solution, and using the matrix determinant lemma, yields

J1(X,R
⋆) = −γw

2
ln

∣∣∣∣
1

γw
(Σw + ỸỸ⊤)

∣∣∣∣−
γw
2
tr {Im}+K

= −γw
2

ln

(
1

γmw

∣∣∣Σw + ỸỸ⊤
∣∣∣
)
+K ′

= −γw
2

ln
∣∣∣Σw + ỸỸ⊤

∣∣∣+K ′′

= −γw
2

ln
(
|Σw|

∣∣∣IN + Ỹ⊤Σ−1
w Ỹ

∣∣∣
)
+K ′′

= −γw
2

ln
∣∣∣IN + Ỹ⊤Σ−1

w Ỹ

∣∣∣+K ′′′.

Similarly,

J2(X,P
⋆) = −γx

2
ln
∣∣∣IN + X̃⊤Σ−1

x X̃

∣∣∣+K.

In sum, the optimal estimator is given by

X̂cmap = argmin
X∈Rn×N

V (X), (3.10)

where the concentrated cost function equals

V (X) ,
γw
2

ln
∣∣IN + (Y −HX)⊤Σ−1

w (Y −HX)
∣∣

+
γx
2

ln
∣∣IN + (X−U)⊤Σ−1

x (X−U)
∣∣ .

(3.11)

Next, we study the properties of the cost function by writing it as V (X) =
V1(X) + V2(X), where

V1(X) =
γw
2

ln |A(X)|

V2(X) =
γx
2

ln |B(X)|,

and A(X) , IN + (Y − HX)⊤Σ−1
w (Y − HX) ≻ 0 and B(X) , IN + (X −

U)⊤Σ−1
x (X −U) ≻ 0. While the inner matrices are quadratic functions of X,

the log-determinant makes V1(X) and V2(X) nonconvex functions. Their minima,
however, provide the key for finding minima of V (X).

The minimum of V1(X) is X̂mvu and can be verified by computing the gradi-
ent. Using the chain-rule,

∂V1
∂xit

= tr

{
(∂AV1)

⊤ ∂A

∂xit

}
,

where the inner derivative equals

∂A

∂xit
=

∂

∂xit

(
IN + (Y −HX)⊤Σ−1

w (Y −HX)
)

= −E⊤
itH

⊤Σ−1
w (Y −HX)− (Y −HX)⊤Σ−1

w HEit,
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and the outer derivative is ∂AV1 = γw
2 A−1 due to symmetry. Hence

∂V1
∂xit

= −γw
2
tr
{
A−1E⊤

itH
⊤Σ−1

w (Y −HX)
}

− γw
2
tr
{
A−1(Y −HX)⊤Σ−1

w HEit
}

= −γwtr
{
H⊤Σ−1

w (Y −HX)A−1Eti
}

and

∂XV1 = −γwH⊤Σ−1
w (Y −HX)A−1. (3.12)

Setting ∂XV1(X) = 0 and solving for X yields the stationary point X̂mvu since

Σw ∝ R0. Then X̂mvu is the minimizer of V1(X), since ln | · | is a monotonically
increasing function on the set of positive definite matrices and the quadratic
function A(X) � A(X̂mvu).

Similarly, the trivial minimizer of V2(X) is U, and can be verified by

∂XV2 = γxΣ
−1
x (X−U)B−1. (3.13)

When a realization X̂mvu is far apart from U then, in the vicinity of the min-
imizer of V1(X), V2(X) is approximately constant, and vice versa, due to the
compressive property of the logarithm. In the extreme, therefore, V (X) may

have two separated minima, located in the vicinity of X̂mvu and U, respectively,
and the estimator is not amenable to closed-form solution. On the other hand,
when X̂mvu is close to U, a single minimum of V (X) may result. These extreme
scenarios are illustrated in Figure 3.1.

Using X̂mvu and U as starting points, minima of V (X) can be found by

gradient descent X̂ℓ+1 = X̂ℓ − µ∂XV (X̂ℓ), where µ > 0 is the step size and
∂XV = ∂XV1 + ∂XV2 given by (3.12) and (3.13). The partial derivatives can be
written in alternative forms that are computationally advantageous when N > n
and N > m, using the matrix inversion lemma,

∂XV1 = −γwH⊤Σ−1
w Ỹ(IN + Ỹ⊤Σ−1

w Ỹ)−1

= −γwH⊤Σ−1
w

(
IN − ỸỸ⊤(Σw + ỸỸ⊤)−1

)
Ỹ

= −γwH⊤Σ−1
w (IN + ỸỸ⊤Σ−1

w )−1Ỹ

= −γwH⊤(Σw + ỸỸ⊤)−1Ỹ

and similarly

∂XV2 = γxΣ
−1
x X̃(IN + X̃⊤Σ−1

x X̃)−1

= γx(Σx + X̃X̃⊤)−1X̃.
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Figure 3.1: Example of cost function V (X) where n = 1, N = 1 and m = 1 for
sake of illustration. Dotted lines show V1(X) and V2(X). Here Y = HX +W,
where X = 1 and H = 1. Nominal variances P0 = 0.8 and R0 = 1 with minimum
certainties. (a) W = 8 resulting in local minima of V (X). (b) W = 0.8 resulting
in a single minimum of V (X). Note that the minima occur in the vicinity of

X̂mvu and U.

Thus

∂XV = −γwH⊤Σ−1
w (Y −HX)A−1 + γxΣ

−1
x (X−U)B−1

= −H⊤R̂−1(Y −HX) + P̂−1(X−U),

where

P̂(X) =
1

γx

(
Σx + (X−U)(X −U)⊤

)

R̂(X) =
1

γw

(
Σw + (Y −HX)(Y −HX)⊤

) (3.14)

are the covariance matrix estimates. Note that their inverses can be computed
recursively by a series of rank-1 updates, using the Sherman-Morrison formula.
The overall computational efficiency of the gradient decent method is, however,
dependent on the user-defined step size µ. To circumvent this limitation, we
devise an alternative fixed-point iteration method.

3.3.2 Fixed-point iteration

We attempt to find the local minima by iteratively fulfilling the condition for
a stationary point. The solution to ∂XV (X) = 0, when holding the nonlinear
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functions P̂(X) and R̂(X) constant for a given estimate X̂ℓ, equals

X̂ℓ+1 = (H⊤R̂−1
ℓ H+ P̂−1

ℓ )−1(H⊤R̂−1
ℓ Y + P̂−1

ℓ U) (3.15)

and is iterated until convergence. Comparing (3.15) with (3.6) it is immediately
recognized that the fixed-point method is an iterative application of the standard
MAP estimator with covariance matrices P̂(X̂ℓ) and R̂(X̂ℓ). Based on the anal-

ysis of the previous section, we propose using X̂mvu and U as two starting points,
respectively. The resulting minimum with the lowest cost V (X) is then used as
the estimate. When the costs happen to be equal, the estimator is indifferent and
we can choose the solution that is closest to the MAP estimate, which assumes
that the nominal covariances are true. Our numerical experiments show that the
iterative solution is very likely to produce the optimal estimate.

The CMAP estimator is summarized in Algorithm 1. The function iter(·)
iterates (3.15) until ‖X̂ℓ − X̂ℓ−1‖F < ε.

For a derivation of the conditions for convergence of (3.15) it would be
sufficient to prove that the iteration is a contraction mapping [HK03]. De-
riving these conditions is difficult in general. However, it is possible to show
that the iterative solution (3.15) does not diverge. Let Ŷℓ+1 = HX̂ℓ+1 de-

note the predicted observation, and ŷt denote the tth column of Ŷℓ+1. If
‖ŷt‖22 = x̂⊤

t H
⊤Hx̂t is bounded, then ‖x̂t‖22 is bounded since H has full rank

and H⊤H ≻ 0. Hence ‖Ŷℓ+1‖2F <∞ ⇒ ‖X̂ℓ+1‖2F <∞. Next, consider U = 0,2

so that (3.15) can be written as X̂ℓ+1 = P̂ℓH
⊤(R̂ℓ +HP̂ℓH

⊤)−1Y, and define

Γℓ , HP̂ℓH
⊤ ≻ 0 and Φℓ , R̂ℓ + Γℓ ≻ Γℓ. Hence ‖ΓℓΦ−1

ℓ ‖22 < 1 and it follows
that ‖ŷt‖22 = ‖Hx̂t‖22 = ‖ΓℓΦ−1

ℓ yt‖22 ≤ ‖ΓℓΦ−1
ℓ ‖22‖yt‖22 < ‖yt‖22.3 Therefore

‖Ŷℓ+1‖2F is bounded and consequently ‖X̂ℓ+1‖2F is bounded for all ℓ. The itera-
tive solution (3.15) must either converge or produce a bounded orbit. In section
3.4.5 we present an empirical convergence analysis of the fixed-point iteration.

3.3.3 Marginalized MAP

In certain applications the covariance matrices P and R may not be of inter-
est and can be treated as nuisance parameters that are marginalized out from
the prior and likelihood pdfs. Utilizing the conjugacy of the inverse-Wishart

2This is no restriction as it is possible to define an equivalent problem with zero-mean
variables, X̄ = X−U and Ȳ = Y −HU, and then shift the estimate of X̄.

3‖ΓℓΦ
−1
ℓ ‖22 is given by the maximum eigenvalue λ, i.e., Φ−⊤Γ⊤

ℓ ΓℓΦ
−1z = λz. Since

Φ is full rank, we can equivalently write z = Φu. This yields Γ⊤
ℓ Γℓu = λΦ⊤

ℓ Φℓu. Then

u⊤Φ⊤
ℓ Φℓu > u⊤Γ⊤

ℓ Γℓu = λu⊤Φ⊤
ℓ Φℓu ≥ 0 and λ < 1.
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Algorithm 1 CMAP estimator

1: Input: Y,H,Σx,Σw, γx, γw, ε
2: X̂0

1 = X̂mvu and X̂0
2 = U

3: X̂1 = iter(Y, X̂0
1,H,Σx,Σw, γx, γw, ε)

4: X̂2 = iter(Y, X̂0
2,H,Σx,Σw, γx, γw, ε)

5: if V (X̂1) < V (X̂2) then

6: X̂ := X̂1

7: else if V (X̂1) > V (X̂2) then

8: X̂ := X̂2

9: else

10: X̂ := argmin
X∈{X̂1,X̂2}

‖X̂map −X‖F
11: end if

12: P̂ =
(
Σx + (X̂−U)(X̂−U)⊤

)
/γx

13: R̂ =
(
Σw + (Y −HX̂)(Y −HX̂)⊤

)
/γw

14: Output: X̂, P̂ and R̂

distribution to the Gaussian distribution,

p(X) =

∫
p(X|P)p(P)dP

∝
∣∣∣X̃X̃⊤ +Σx

∣∣∣
−(νx+N)/2

and

p(Y|X) =

∫
p(Y|X,R)p(R)dR

∝
∣∣∣ỸỸ⊤ +Σw

∣∣∣
−(νw+N)/2

.

Then taking the negative logarithm of the marginalized pdf, p(X|Y) ∝
p(Y|X)p(X), results in a cost function of the same form as (3.11) and the
marginalized MAP estimator is given by

X̂mmap = argmin
X∈Rn×N

V ′(X) (3.16)

where

V ′(X) ,
γ′w
2

ln
∣∣IN + (Y −HX)⊤Σ−1

w (Y −HX)
∣∣

+
γ′x
2

ln
∣∣IN + (X−U)⊤Σ−1

x (X−U)
∣∣ ,

and the weights are γ′w = νw+N and γ′x = νx+N . Thus we can apply the same
solution methods as used for CMAP but with different weights.
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3.4 Experimental results

In this section we compare the statistical performance of X̂cmap with other

estimators using the distribution of normalized squared errors, NSE , ‖X −
X̂‖2F /E[‖X‖2F ]. The expectation is over all random variables. In particular,
we will use the normalized mean square error NMSE ≡ E [NSE] and the com-
plementary cumulative distribution function (ccdf), Pr{NSE > κ}. The former
measures the average performance of the estimators and the latter quantifies their
robustness to noise and covariance uncertainties.

We also evaluate the NMSE of the covariance matrix estimates P̂ and R̂ in
comparison with the nominal matrices P0 and R0.

3.4.1 Estimators

We compare X̂cmap with X̂map and X̂mvu, that use nominal covariance matrices
P0 and R0. For CMAP we set the tolerance parameter ε = 10−6.

For comparison of robustness properties with respect to both signal and noise
covariance uncertainties, we also apply the state of the art difference regret es-
timator (DRE) given in [Eld06], X̂dre. This estimator assumes that X is zero
mean and is derived on assumption that the spatial correlations of the signal and
noise are structured by the singular vectors of H. Nevertheless, in [Eld06] it is
suggested that the estimator can be implemented whether or not this correlation
structure is satisfied. The covariance uncertainties are treated deterministically
as bounds on the eigenvalues of P0, i.e., l

x
i ≤ λxi ≤ uxi for i = 1, . . . , n, and R0,

i.e., lwj ≤ λwj ≤ uwj for j = 1, . . . ,m.
The estimator has the form

X̂dre = DxH
⊤
(
HDxH

⊤ +Dw

)−1
Y. (3.17)

The input covariance matrices are set as Dx = V∆xV
⊤ and Dw = W∆wW

⊤,
where V and W are eigenvector matrices of P0 and R0, respectively. Further,
∆x = diag(δx1 , . . . , δ

x
n) and ∆w = diag(δw1 , . . . , δ

w
m), where

δxi = αil
x
i + (1− αi)u

x
i , i = 1, . . . , n

δwi = αil
w
i + (1− αi)u

w
i , i = 1, . . . , n

and δwi = λwi for all i = n+ 1, . . . ,m. Here

αi =

√
lwi + uxi σ

2
i√

lwi + uxi σ
2
i +

√
uwi + lxi σ

2
i

, (3.18)

where σi are the singular values of H.
Since the covariance uncertainties are treated probabilistically in this work,

selecting deterministic bounds on the eigenvalues can only be done heuristically.
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Here we have selected, li = (1−ν0/ν)λi and ui = (1+ν0/ν)λi, where ν
0 denotes

the minimum integer value of ν, i.e., ν0x = n + 2 and ν0w = m + 2. Thus with
minimum certainty of the covariances, the lower bound is 0 and upper bound is
2λi. As ν → ∞, the bounds become tight.

3.4.2 Signal setup

For sake of illustration, we consider the problem of estimating a stochastic 2× 2
multiple-input multiple output (MIMO) channel A ∈ R2×2 from observed signals
zk = Ask + nk. As is common in wireless communications, this is achieved by
transmitting a known training sequence S = [s1 · · · sK ] [KS04,BO10]. Collecting
K snapshots and vectorizing, the observation is rewritten as y = Hx+w, where
x = vec(A) and H = (S⊤ ⊗ I2). The vectorized channel coefficients x and
noise w follow independent, zero-mean, conditionally Gaussian distributions. S

is chosen as a deterministic white sequence with constrained power, ‖S‖22 ≡ 10.
We set P0 = 1

nIn, and R0 = σ2
wIm. The covariance matrices are drawn according

to inverse-Wishart distributions. We consider estimating N channel realizations
X ∈ Rn×N from observations Y = HX+W ∈ Rm×N .

The signal to noise ratio,

SNR ,
E
[
‖HX‖2F

]

E [‖W‖2F ]
=

tr{HP0H
⊤}

tr{R0}
,

is varied in the experiments, i.e., setting σ2
w = tr{HH⊤}/(mn × SNR). We

consider K = 8 snapshots so that m = 16 and n = 4. For m > n, the resulting
low-rank signal structure enables CMAP to estimate parts of both covariances.
When m = n, the loss of parameter identifiability makes CMAP rely less on the
prior signal statistics at higher SNR levels, thus performing closer to the MVU
estimator.

Throughout the experiments we ran 105 Monte Carlo simulations for each
signal setup.

3.4.3 Results for single observation

In the following experiments we consider N = 1. First, the average performance
of the estimators are compared. Figure 3.2 shows the NMSE as a function of
SNR when the degrees of freedom for P and R are set to their minimum integer
values, ν0x = n + 2 and ν0w = m + 2, respectively. This yields the minimum
certainties of the random quantities. CMAP is capable of reducing the NMSE
by up to approximately 2 dB compared to the standard MAP. As SNR increases,
MAP converges faster to MVU than does CMAP. The average performance of
DRE is initially similar to MAP but the gap increases with SNR as it injects a
larger bias.
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Figure 3.2: NMSE versus SNR with minimum certainties of P and R. N = 1.

Next, the statistical performance of the estimators is compared using the
ccdf, Pr{NSE > κ}, at SNR=0 dB. The curves in Figure 3.3 illustrate the relative
robustness of the estimators to covariance uncertainties. Estimators that produce
a lower fraction of poor estimates will have lower ccdf:s. Note that NSE > 1 are
estimates that have errors greater than the average NSE of the mean, X̂ = 0.
As expected, MAP and DRE perform similarly at this SNR level, while MVU is
slightly worse but declines at a similar rate. CMAP declines more rapidly, with
a ccdf that is approximately one order of magnitude lower than MVU at κ = 10.

3.4.4 Results for multiple observations

The previous experiments are repeated for N = 4 and with various certainties of
the covariance matrices by setting ν to the extremes, ν0 and ∞. (For ∞, we set
ν numerically to 105.) The relative difference in average performance between
CMAP and MAP is denoted by ∆NMSE, where a negative value means reduction
in NMSE in decibel using CMAP. The results are shown in Figure 3.4.

When (νx, νw) = (∞,∞), CMAP is identical to MAP but for (νx, νw) =
(ν0x,∞) the estimator relies primarily on the noise statistics and CMAP ap-
proaches MVU. As both covariance matrices become less certain (νx, νw) →
(ν0x, ν

0
w), the advantage of CMAP increases, illustrated by the dashed and solid

lines. The improvement for N = 4 snapshots is above 3 dB for low SNR.
Next, the statistical performance is assessed using the ccdf at SNR=0 dB.

Figures 3.5, 3.6 and 3.7 illustrate robustness at various covariance uncertainties.
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Figure 3.3: Ccdf of NSE at SNR=0 dB, with νx = ν0x and νw = ν0w. N = 1.

A comparison between Figure 3.3 and 3.5 shows how the ccdf of CMAP is reduced
when the number of samples increases from N = 1 to 4. When CMAP relies
primarily on the noise statistics, as in Figure 3.6, it tends towards MVU. While
the average NSE of CMAP rises slightly above MAP in this case at low SNR
(Figure 3.4), its ccdf exhibits a sharp decline relative to MAP. When only the
signal statistics are reliable, the differences in decline are more pronounced, see
Figure 3.7. In all three cases the fraction of poor estimates cuts off faster for
CMAP than MAP.

Further, we investigate the estimation errors of the covariance matrix esti-
mates P̂ and R̂. More specifically, we compute the difference NMSE between the
estimates and the priors, which quantifies the information gain, as N increases.
The results are shown in Figure 3.8 for various SNR levels. Note that there is a
measurable gain even at N < n and N < m.

3.4.5 Empirical convergence properties

We now turn to the convergence properties of the iterative solution (3.15)
of CMAP for the same scenario as considered in the previous section, i.e.,
SNR=0 dB, with νx = ν0x, νw = ν0w and N = 4. Figure 3.9 shows a compari-
son of the convergence rate of the fixed-point iteration and the gradient descent
solution, for a typical realization. Both solutions exhibit similar rates once the
estimates are sufficiently close to a minimum as both are based on the gradient.
But the fixed-point iteration reaches this region within a few iterations without
the need for a user-defined step length.
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Figure 3.4: Difference NMSE between X̂cmap and X̂map versus SNR, for differ-
ent certainties of P and R. N = 4.

Next, we study the statistical convergence properties. Let Niter denote the
total number of iterations until (3.15) fulfills ‖X̂ℓ+1 − X̂ℓ‖F < ε. Then we can
estimate the ccdf Pr{Niter > k}, as displayed in Figure 3.10. When ε = 10−6 we
see that the probability of Niter exceeding 300 iterations is less than 10−3, and
the mean of Niter is 24.7. For ε = 10−3, the mean of Niter is reduced by more
than a half, while the NMSE is virtually the same. For ε = 10−1, the entire ccdf
is substantially reduced while incurring an increase in NMSE of only 0.24 dB.

We also estimate the proportion of instances in which the fixed-point iteration
converges to two different minima starting from X̂mvu and U, respectively. We
quantify this as when the convergence points, X̂1 and X̂2, differ substantially
from the numerical tolerance ε, i.e., Pr{‖X̂1 − X̂2‖F > 100ε}. For the given
scenario, the probability was estimated to 0.03. The significance of initializing
the fixed-point iteration with X̂mvu and U can be considered by comparing with
a random initial point X̂0. To investigate this we randomize X̂0 based on the
prior knowledge, by drawing its columns from N (µx,P0). For each observation

Y we then form 10 random initial points X̂0 resulting in 10 search paths. The
convergence point that yields the lowest cost, V (X), is retained as the estimate.
We denote this randomized MAP-based estimator as ‘RMAP’. In Figure 3.11
we see that randomly chosen initial points lead to a significant degradation of
the NSE performance, with an increase of NMSE from −10.08 to −4.55 dB. This
corroborates the choice of starting points for CMAP as described in Section 3.3.1.
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Figure 3.5: Ccdf of NSE at SNR=0 dB, with νx = ν0x and νw = ν0w. N = 4.
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Figure 3.6: Ccdf of NSE at SNR=0 dB, with νx = ν0x and νw = ∞. N = 4.

3.4.6 Comparison with marginalized MAP

Finally, we compare a scenario in which the covariance matrices are not of interest
and can be marginalized out, resulting in the marginalized MAP estimator (3.16)
using the same initial points as CMAP. The difference between the estimators
is marginal in terms of NSE performance (see Figure 3.11) and the NMSE was
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Figure 3.7: Ccdf of NSE at SNR=0 dB, with νx = ∞ and νw = ν0w. N = 4.
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N .

−10.15 and −10.08 dB for MMAP and CMAP, respectively.

3.5 Summary

In this chapter we introduced the linear observation model and the standard es-
timators. We then derived a joint signal and covariance maximum a posteriori
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Figure 3.9: Convergence to minimum Vmin of gradient descent and fixed-point
iteration, starting from X̂mvu. Step sizes µ1, µ2 and µ3 were set to 10−5, 10−4

and 10−3, respectively. For step-size 10−2, the gradient descent became unstable.
Based on a realization of signal setup given in Section 3.4.2 with N = 4.

estimator, where the signal and noise covariance matrices are modeled as ran-
dom quantities. The resulting estimator, CMAP, exhibits robustness properties
relative to the standard MAP and MVU estimators as well as the minimax dif-
ference regret estimator in low-rank signal estimation problems. It requires only
two parameters to quantify the certainty of the nominal signal and noise covari-
ances. As the number of samples increases, the performance gains of CMAP can
be quite substantial.
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Figure 3.10: Ccdf of Niter at SNR=0 dB, with νx = ν0x, νw = ν0w and N = 4.
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Figure 3.11: Ccdf of NSE at SNR=0 dB, with νx = ν0x and νw = ν0w. N = 4.
Comparison with randomized initial point ‘RMAP’ and the marginalized estima-
tor, ‘MMAP’.



Chapter 4

Estimation for the nonlinear

observation model

The nonlinear observation model

y = h(x) +w ∈ R
m (4.1)

is a general setup that covers a very wide range of applications. Here the mapping
h(·) : Rn → Rm is differentiable and known, and w is zero-mean random noise
with a support that equals Rm.

The parameters x ∈ Rn appear in the observation space Rm through h(x),
and is not confined to a linear subspace of Rm as in the linear observation model.
To tackle the estimation problem, therefore, will require more sophisticated tools
than linear transformations. Further, the properties of the information matrix
JD(x) help determine the region of the parameter space Rn in which x is locally
unambiguous. When JD(x) is nonsingular, the parameter value x is locally
distinguishable in the observations, i.e., h(x′) 6= h(x) where x′ 6= x is a point
in the neighborhood of x [Jau07]. In this chapter, we review the least squares,
Fisherian and Bayesian approaches to the estimation problem. The least-squares
solution provides some useful computational tools for more general estimators.
We will then move on to the problem of decentralized localization in networks
of wireless nodes. We show that it can be cast the Bayesian framework with
unknown noise variance, and derive a new estimator to solve the localization
problem.

Least squares approach

For a given W ≻ 0, the weighted LS problem

x̂ls = argmin
x∈Rn

Vls(x), (4.2)
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where Vls(x) = ‖y − h(x)‖2W, can in general not be solved in closed-form. A
direct method is to search over a grid of points in the parameter space, but can
be too time-consuming or simply intractable when n is large. Iterative methods
constitute a practical strategy by which estimates are successively refined until
convergence to some minimum, if at all. In many practical problems therefore,
the least-squares estimator faces issues regarding the initial estimate x̂0 to refine,
user-defined tuning parameters and convergence, depending on which iterative
method is used.

One classical method for solving nonlinear optimization problems is gradient
descent, already explored in Chapter 3, which refines the estimates in the direc-
tion which reduces the cost function Vls(x) fastest. Given an initial estimate x̂ℓ
and small step-length µℓ > 0, the refinement

x̂ℓ+1 = x̂ℓ − µℓ∂xVls(xℓ), ℓ = 0, 1, 2, . . . ,

converges to a local minimum of Vls(x). The gradient equals ∂xVls(xℓ) =
2Γ⊤(xℓ)W(y − h(xℓ)) where Γ(x) = ∂xh(x) is the Jacobian. Another classical
method for solving the LS problem is Gauss-Newton, which uses the Jacobian
directly but does not require a user-defined step length [Bjö96]. The method is
based on linearizing the observation model around an initial estimate x̂ℓ,

h(x) ≃ h(x̂ℓ) + Γ(x̂ℓ)(x− x̂ℓ).

Defining the increment x̃ , x − x̂ℓ, the cost function can then be approx-
imated around a linearization point of the observation model as Vℓ(x̃) =

‖(y − h(x̂ℓ))− Γ(x̂ℓ)x̃‖2W. The least-squares increment is readily solved, result-
ing in the iteration

x̂ℓ+1 = x̂ℓ +
(
Γ⊤(x̂ℓ)WΓ(x̂ℓ)

)‡
Γ⊤(x̂ℓ)W(y − h(x̂ℓ)), ℓ = 0, 1, 2, . . . .

Fisherian approach

Let us now assume a statistical noise model, such that the noise is Gaussian
w ∼ N (0,R). The Fisher information matrix, computed element-wise, equals

[JD(x)]i,j = Ey|x
[
−∂xi

∂xj
ln p(y;x)

]

= Ey|x

[
−∂xi

∂xj
ln
(
(2π)−

m
2 |R|− 1

2 e−
1
2 (y−h(x))⊤R−1(y−h(x))

)]

= Ey|x

[
∂xi

∂xj

(
1

2
(y − h(x))⊤R−1(y − h(x))

)]

= [∂xi
h(x)]⊤ R−1

[
∂xj

h(x)
]
,

or expressed in terms of the Jacobian, JD(x) = Γ⊤(x)R−1Γ(x). When it is
nonsingular we have the CRB, Px̃|x � J−1

D (x). An unbiased estimator x̂⋆ that
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attains the CRB exists if and only if the following condition is fulfilled JD(x)(x̂⋆−
x) = ∂x ln p(y;x) [Kay93].

While a general derivation of the MVU is not possible the ML estimator is
given by maximizing

Jml(x) = ln p(y;x)

= ln
(
(2π)−

m
2 |R|− 1

2 e−
1
2 (y−h(x))⊤R−1(y−h(x))

)

= −1

2
(y − h(x))

⊤
R−1 (y − h(x)) +K

= −1

2
‖y − h(x)‖2R−1 +K,

where K is a constant. It is immediately recognized that the maximizer is equiv-
alent to the minimizing argument of (4.2) when W ∝ R−1. Then the LS estima-
tor coincides with the ML estimator x̂ls = x̂ml, and will be solved by the same
methods. We note that for ML it is sufficient to specify any nominal covariance
R0 ∝ R. The estimator has some additional features that make it attractive.
First, ML is given at the maximizing argument we have ∂x ln p(y;x) = 0. There-
fore if the unbiased estimator x̂⋆ exists for all x, then JD(x̂ml)(x̂⋆− x̂ml) = 0 and
x̂ml = x̂⋆. Second, even when no such estimator exists, the MSE matrix Px̃|x of

ML will approach J−1
D (x) as the noise vanishes [VT68].

Bayesian approach

Let us further assume that we have some prior knowledge about the variability
of the parameters, modeled by a Gaussian pdf, x ∼ N (µx,P). The observation
and parameters are modeled by joint Gaussian pdf, p(x,y). The information
matrix is J = Ex[JD(x)] + Ex[JP (x)], where we concluded that JP (x) = P−1 in
Chapter 3. The PCRB equals Px̃ � (Ex[JD(x)] +P−1)−1.

While a closed-form expression or practical computation of the MMSE esti-
mator, i.e., the conditional mean µx|y, may not be tractable in general the MAP
estimator is given by maximizing

Jmap(x) = ln p(y|x) + ln p(x)

= −1

2
‖y− h(x)‖2R−1 − 1

2
‖µx − x‖2P−1 +K

= −1

2

∥∥∥∥
[
y

µx

]
−
[
h(x)
x

]∥∥∥∥
2

R−1⊕P−1

+K,

where K is a constant. This is a problem of equivalent form to that of (4.2).
Similar to the linear observation model, MAP estimator balances the likeli-

hood of x given the data y with the prior mean µx, using covariance matrices R
and P, respectively. Unlike ML, however, MAP requires the noise covariance to
be specified with correct magnitude.
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We will now turn to the problem of decentralized localization of asynchronous
wireless nodes, which is subject to system parameter uncertainties. We show that
the observation model can be cast in the form of (4.1) with covariance matrix
R = σ2Q, where σ2 is unknown, and that the localization problem can be solved
using the MAP approach.

4.1 Localization with system parameter uncer-

tainties

The rapid emergence of wireless sensor network (WSN) applications, often requir-
ing accurate knowledge of the node positions, has created remarkable research
interest for the WSN localization field [PAK+05]. In such applications, nodes
need to estimate their own position, i.e., perform self-localization, by processing
noisy range measurements with respect to a set of anchors in a decentralized
fashion.

Typically, the anchor nodes positions are assumed to be known exactly, thus
neglecting a potential source of error in many application scenarios. In the lit-
erature, the problem of sensor network localization in the presence of anchor
position uncertainty has been posed as a maximum likelihood estimation prob-
lem, cf. [LMSC09]. However, due to the highly nonlinear likelihood function, a
closed-form expression of the ML estimator cannot be derived. Therefore the
solution has been approached using semi-definite programming in [LMSC09] and
second-order cone programming in [SSL11]. Further, in [ZW10], the authors
studied the joint network localization and time synchronization problem with
inaccurate anchors, pointing out the strong interdependence between the timing
and positioning aspects. All the above mentioned works assume that the timing
measurement noise variance is known.

In the following, we consider the problem of self-localization in sensor net-
works with uncertainty in anchor position, without assuming knowledge of the
timing noise level. More importantly, we propose a system configuration which
allows for a receiver node to perform self-localization even without time synchro-
nization of the anchor nodes. In such a configuration the transceiving anchor
nodes transmit signals in a predetermined sequence, one after the other, with
a turn-around delay which we assume is not perfectly known at the receiver.
By passively listening to the transmissions and exploiting available prior knowl-
edge, the receiver can localize itself as well as the transceivers that participate in
the sequence. This setup can accommodate the self-localization of an indefinite
number of receiver nodes.

We propose an iterative maximum a posteriori estimator that effectively copes
with uncertainty in the deployment of anchors and with tolerance of the turn-
around delay of the asynchronous transceivers. It also provides delay estimates
which may be useful for hardware calibration. Moreover, we study the funda-
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Figure 4.1: Wireless nodes labeled i,j and N , and their pairwise distances ρi,N ,
ρi,j and ρj,N .

mental performance bounds for the problem considered by deriving the hybrid
Cramér-Rao bound. Finally, we evaluate the performance of the proposed esti-
mator by numerical simulations of an ultra-wideband sensor network setup as an
application example [DADH13].

4.2 Problem formulation

We consider a wireless network of N − 1 transceiving nodes operating asyn-
chronously with local clocks. They transmit signals according to a known se-
quence, denoted T , set across the network [DDAH12]; when the next node in the
sequence receives a signal, it transmits in return after a certain delay. On this
basis, the goal is to achieve self-localization of the Nth node, which is a passive
receiver that knows T .

The signals are assumed to have a resolvable temporal signature that allows
for timing events, e.g., pulses, symbol boundaries, etc. and the propagation
velocity c is known. Let xi ∈ Rd denote the position of node i, where d = 2
or 3, and ρi,j , ‖xi − xj‖2 denote the range between nodes i and j. The
geometric relation to the self-localizing node N is illustrated in Figure 4.1. Then
the observed time interval between a pair of signals received at node N , involving
transceiving nodes i and j, is modeled by

y(i,j) =
1

c
ρi,j + δj +

1

c
ρj,N − 1

c
ρi,N + w(i,j), (4.3)

where δj denotes the turn-around delay at node j, cf. [DDAH12,GGS12]. The
delay δj is generated without any common time reference between the nodes,
and is therefore asynchronous. The noise w(i,j) arises from three uncorrelated
timing measurements, one at node j and two at node N , and is modeled as zero-
mean Gaussian with unknown variance E[(w(i,j))2] = σ2. The next observed
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time interval

y(j,k) =
1

c
ρj,k + δk +

1

c
ρk,N − 1

c
ρj,N + w(j,k), (4.4)

uses one timing measurement from the previous observation. Modeling the timing
noise variance across nodes equally we have the correlation E[w(i,j)w(j,k)] = σ2/3
for all consecutive observations.

Prior knowledge of the positions will be modeled as xi ∼ N (µi,Pi), where
µi and Pi are known, ∀i. Setting P−1

i = 0, leads to a noninformative prior,
p(xi) ∝ 1 [TZ64]. Further, to avoid signal collisions it is necessary that the delays
exceed ρmax/c, where ρmax is the maximum range between any pair of transceivers
and can easily be ensured in any bounded localization scenario. Whilst the delay
in each transceiver node may be set to some nominal value µδ, the actual delay
δj will deviate due to hardware imperfections. We model this as δj ∼ N (µδ, σ

2
δ ),

with a given σ2
δ . For the unknown noise variance, we assume a noninformative

prior p(σ2) ∝ 1/σ2 [TZ64].

For notational simplicity we write θ , [x⊤
1 · · ·x⊤

N ]⊤ ∈ RdN and δ ,

[δ1 · · · δN−1]
⊤ ∈ R

N−1. The goal is to estimate θ, δ and σ2 from a set of M
observations {ym}Mm=1.

4.3 MAP estimator

For a given sequence T , the pair of nodes involved in each observed time interval
{ym}Mm=1 is known. In vector form, the observation model is

y = c−1Hg(ϑ) +w ∈ R
M , (4.5)

where ϑ , [θ⊤ δ⊤]⊤ ∈ R
T , and T = dN + N − 1. The noise follows w ∼

N (0, σ2Q), where [Q]i,i = 1, [Q]i,j =
1
3 , ∀i, j such that |i− j| = 1 and [Q]i,j = 0

otherwise. The nonlinear mapping g(ϑ) = [ρ⊤(θ) δ⊤]⊤ ∈ R
N(N−1)/2+N−1

contains all the pairwise ranges and delays, and H is determined by the trans-
mission sequence T , cf. (4.3). We aim to find the maximum a posteriori (MAP)
estimator, i.e., the maximizer of p(ϑ, σ2|y).

4.3.1 Concentrated cost function

Using Bayes’ rule, the MAP estimate can be computed by maximizing J(ϑ, σ2) =
ln p(y|ϑ, σ2) + ln p(σ2) + ln p(ϑ). Further, define

J1(ϑ, σ
2) , ln p(y|ϑ, σ2) + ln p(σ2)

= −M + 2

2
lnσ2 − 1

2σ2
‖y− c−1Hg(ϑ)‖2Q−1 +K1,

(4.6)



4.3 MAP estimator 55

where K1 is a constant. Similarly,

J2(ϑ) , ln p(ϑ) = −1

2
‖ϑ− µ‖2P−1 +K2, (4.7)

where K2 is a constant. Maximizing (4.6) with respect to σ2 yields the estimate
σ̂2 = ‖y−c−1Hg(ϑ)‖2

Q−1/(M+2). Inserting this back into (4.6), and combining

with (4.7), results in a concentrated cost function. The MAP estimator is then
given by

ϑ̂ = argmin
ϑ∈RT

V (ϑ), (4.8)

where

V (ϑ) ,
1

2
ln ‖y− c−1Hg(ϑ)‖2Q−1 +

β

2
‖µ− ϑ‖2P−1 , (4.9)

β = 1/(M + 2), µ = [µ⊤
1 · · · µ⊤

N µδ1
⊤
N−1]

⊤ and P−1 =

diag(P−1
1 , · · · ,P−1

N , σ−2
δ IN−1).

4.3.2 Iterative solution

The optimization problem (4.8) does not lend itself to a closed-form solution. A
standard method for solving (4.8) is gradient descent. However, its performance is
highly dependent on the user-defined step length. Instead we propose an iterative
solution by first exploiting the linearization around an initial estimate ϑ̂ℓ, i.e.,
g(ϑ) ≃ g(ϑ̂ℓ) + Γ(ϑ̂ℓ)ϑ̃, where ϑ̃ , ϑ − ϑ̂ℓ is the iteration increment and Γ(ϑ)
is the Jacobian of g(ϑ). Then we may write a cost function which approximates
(4.9) as

Vℓ(ϑ̃) ,
1

2
ln ‖ỹℓ −Gℓϑ̃‖2Q−1 +

β

2
‖µ̃ℓ − ϑ̃‖2P−1 , (4.10)

where we introduce gℓ = g(ϑ̂ℓ), Γℓ = Γ(ϑ̂ℓ), ỹℓ = y − c−1Hgℓ, Gℓ = c−1HΓℓ

and µ̃ℓ = µ− ϑ̂ℓ. We aim at iteratively updating the estimate ϑ̂ℓ by finding the
optimal increment ϑ̃.

To this end, we use a fixed-point iteration. First, we note that the gradient
of Vℓ(ϑ̃) equals

∂ϑVℓ = α(ϑ̃)G⊤
ℓ Q

−1(Gℓϑ̃− ỹℓ) + βP−1(ϑ̃ − µ̃ℓ),

where α(ϑ̃) , 1/‖ỹℓ −Gℓϑ̃‖2Q−1 . Then, we hold α(ϑ̃) fixed and solve ∂ϑVℓ = 0,
thus obtaining the following fixed-point iteration

ϑ̃ :=
(
α(ϑ̃)G⊤

ℓ Q
−1Gℓ + βP−1

)−1

× (α(ϑ̃)G⊤
ℓ Q

−1ỹℓ + βP−1µ̃ℓ).
(4.11)
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By iteratively applying (4.11), starting with the zero increment ϑ̃ = 0, we con-
verge to a stationary point. The analytical convergence properties are difficult to
derive. However, in Section 4.5, we show the convergence properties by numer-
ical evaluation in a practical scenario. Further, we provide a practical method
for obtaining an initial estimate ϑ̂0. The iterative estimator is summarized in
Algorithm 8, where ε is the convergence threshold.

Algorithm 2 Iterative MAP estimator

1: Input: y, µ, P, c and ϑ̂0

2: Set ℓ := 0 and β = 1/(M + 2)
3: repeat

4: ỹℓ = y − c−1Hg(ϑ̂ℓ)

5: Gℓ = c−1HΓ(ϑ̂ℓ)

6: µ̃ℓ = µ− ϑ̂ℓ
7: ϑ̃ := 0

8: Repeat (4.11) until convergence

9: ϑ̂ℓ+1 = ϑ̃+ ϑ̂ℓ, ℓ := ℓ+ 1
10: until ‖ϑ̂ℓ − ϑ̂ℓ−1‖2 < ε

11: Output: ϑ̂ℓ

4.4 Cramér-Rao bound

Let η , [θ⊤ δ⊤ σ2]⊤ ∈ RT+1 and η̂ be any estimator that is conditionally
unbiased with respect to the deterministic parameters. Then its mean square
error (MSE) matrix is constrained by the hybrid Cramér-Rao bound (HCRB)
[VT02], Cη̃ � J−1, where J = Eη̄[JD(η)] + Eη̄[JP (η)] ∈ R(T+1)×(T+1) and η̄

denotes the subset of parameters that are modeled as random quantities. The
Fisher information matrix equals

[JD(η)]i,j =
c−2

σ2

∂g⊤

∂ηi
H⊤Q−1H

∂g

∂ηj
+

M

2σ4

∂σ2

∂ηi

∂σ2

∂ηj
,

as given by the Gaussian likelihood pdf [Kay93]. As the expectation does not
have a closed form solution, we evaluate it by Monte Carlo simulation. If a subset
of node positions, θu, and the noise level, σ2, are treated as deterministic and
unknown parameters, while the remaining parameters, θa and δ, are random
Gaussian then the prior information matrix is given by

JP =




P−1
θa

0 0 0

0 0 0 0

0 0 σ−2
δ IN−1 0

0 0 0 0


 ∈ R

(T+1)×(T+1) ,
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where Pθa is the covariance matrix of θa. This division between deterministic
and random parameters may be useful to study practical configurations where
we lack prior knowledge on the position of a subset of nodes.

4.5 Numerical results

To evaluate the performance of the MAP estimator proposed in Section 4.3 we
provide numerical simulation results in an ultra wideband wireless sensor network
scenario [DADH13]. In particular, we compare the HCRB derived in Section 4.4
with the root mean square error (RMSE) of the MAP estimates.

4.5.1 Setup

We consider a network of N = 6 nodes consisting of one self-localizing pas-
sive receiver, without prior knowledge of its position, and Na = 4 anchors with
Pθa = σ2

aI2Na
. In addition, we consider one auxiliary node, which is a transceiver

participating in the sequence with a noninformative position prior. Therefore,
the number of unknown-position nodes is Nu = 2. The simulation has been
performed using the topology shown in Figure 4.2 and setting µδ = 10−6 s. In
each realization, the positions of the anchors and the delays have been randomly
generated according to their prior distributions. Furthermore, we construct the
sequence T to ensure that all pairwise combinations appear at least once. E.g.,
T = {1, 2, 1, 3, 1, 4, 1, 5, 2, 3 . . .}.

The average RMSE of the position and delay estimates are given by

RMSEξ ,
1

Nξ

√
tr
{
Cξ̃

}
,

where ξ can be either θu, in which case Nξ = Nu, or δ, and Nξ = N − 1. Here
Cξ̃ is the MSE matrix of ξ. We estimated the RMSE from 103 Monte Carlo
iterations.

We initialize the MAP estimator of Algorithm 8 with ϑ̂0 = µ =
[µ⊤

1 · · · µ⊤
Na

u⊤ µ̄⊤ µδ1
⊤
N−1]

⊤ , where u is an arbitrary position initialization
of the auxiliary node, with u 6= µi. The self-localizing node’s initial position

estimate µ̄ is the centroid of the anchor positions, i.e., µ̄ = 1
Na

∑Na

i=1 µi. Further,

we set ε = 10−4. The same tolerance is used for Step 8 in Algorithm 8.

4.5.2 Results

Figure 4.2 shows the topology of the network, together with the error ellipses
produced by the MAP estimator and given by the HCRB. It can be seen that
the proposed estimator attains the bound. Next, we provide an evaluation of
the position estimates as a function of timing noise level σ. In Figure 4.3, we
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Figure 4.2: Statistics of the true node positions and error ellipses for all nodes
estimated at the self-localizing node indicated by (∗). The anchors are denoted
by (×), the auxiliary node by (△) and the anchors centroid by (�). The solid
black ellipses indicate the HCRB and the dashed red ellipses indicate the MSE
performance of the MAP estimator. For visual clarity the sizes have been scaled
to correspond to 99% confidence ellipses of a zero-mean Gaussian distribution.
Here σ = 2 ns, σa = 0.2 m and σδ = 10 ns.

vary the uncertainty of the anchor positions which is parameterized by σa. In
a low noise scenario, we achieve an accuracy of the same order of magnitude as
the anchor position prior. In Figure 4.4, we vary the uncertainty of the delays
set by σδ. The results show that the proposed position-estimation method is
robust with respect to deviations from the nominal delay. Similarly, Figure 4.5
shows the robustness of the delay estimator. We tested a range of deviations that
spans two orders of magnitude. Furthermore, the extended simulation setup in
Figure 4.6 shows that the proposed method can localize 10 auxiliary nodes which
participate in the transmission sequence and are not collocated. However, the
MAP does not attain the HCRB in all scenarios, in particular when nodes are
close to anchors as can be seen in Figure 4.6. Moreover, Figure 4.7 shows the
convergence behavior of the estimator, the average is 5.12 iterations.

Finally, we repeated the simulations in the scenario in Figure 4.2, assigning
a more conservative prior with respect to the actual variability of the anchor
positions. In particular, we defined σ′

a = 10σa, where σ
′
a is used by Algorithm 8

and σa = 0.2 m is used to generate the random anchor positions. We obtained
RMSEθu = 0.37 m and HCRBθu = 0.26 m, indicating inherent robustness to
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Figure 4.3: Average RMSE of the position estimates of all unknown-position
nodes at the self-localizing node as a function of the standard deviation of the
measurement noise σ. Two values of the prior on the anchors positions are shown.
Here, σδ = 10 ns.
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Figure 4.4: Average RMSE of the position estimates of all unknown-position
nodes at the self-localizing node as a function of the standard deviation of the
measurement noise σ. Two values of the prior of the delay are shown. Here,
σa = 3 cm.
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Figure 4.5: Average RMSE of the delay as a function of the standard deviation
of the measurement noise σ. Two values of the prior of the delay are shown.
Here, σa = 3 cm.
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Figure 4.6: Statistics of the true node positions and error ellipses for a uniform
random placement of 10 auxiliary nodes denoted by (△). Here σ = 2 ns, σa = 0.2
m and σδ = 10 ns.
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Figure 4.7: Histogram of the number of iterations of the MAP estimator in the
scenario in Figure 4.2 for 103 realizations.

such model mismatches.

4.6 Summary

In this chapter, we introduced estimation approaches for the nonlinear observa-
tion model. We then showed that this model can be applied to a wireless network
localization scenario with asynchronous nodes where the entire network topology
can be estimated by a self-localizing receiver node. We proposed a MAP esti-
mator and compared its performance with the HCRB that was derived for the
problem. The simulation results show that the estimator attains the bound and
is robust with respect to uncertainty of the anchor positions, delays and noise
level. In addition to the anchor nodes, we found that the setup allows for the
localization of auxiliary nodes participating in the transmission sequence.





Chapter 5

Estimators with linear

structure

We begin this chapter by considering a model in which we only know the means
and joint covariances of the state x ∈ Cn and observation y ∈ Cm,

µx ∈ C
n, µy ∈ C

m and

[
Cx Cxy

Cyx Cy

]
∈ C

(n+m)×(n+m).

For notational simplicity we will assume that the variables are zero-mean. This
is imposes no restriction as we can define an equivalent problem using x̄ = x−µx
and ȳ = y − µy and simply translate the resulting estimates. The covariance
matrices determine the subspaces of Cn and Cm in which the state x and ob-
servation y reside. For a random variable u with covariance matrix Cu we have
Eu[Φ

⊥
Cu

u] = Φ⊥
Cu

0 = 0 and Cov(Φ⊥
Cu

u) = Φ⊥
Cu

CuΦ
⊥
Cu

= 0, therefore we can
conclude that x ∈ C (Cx) and y ∈ C (Cy) with probability 1. In this chapter,
we review the class of linearly structured estimators and show some conceptual
connections with the least-squares estimator described in Chapter 3. While re-
stricting the form of the estimator often results in suboptimal mean square error
(MSE) performance, we can rely on fewer model assumptions and hopefully pro-
duce a more computationally attractive solution. This is especially relevant in
scenarios where the observations arrive as a sequential process.

Since we lack a complete probabilistic description p(x,y) or mapping h(x), we
impose some restrictions to render the search for an MSE minimizing estimator
of x feasible. Specifically, we constrain the estimator to be linear with respect to
the observations, x̂ = Ky. Then we attempt to solve

K⋆ = argmin
K∈Cn×m

Cx̃(K). (5.1)
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Making use of (1.5)

Cx̃(K) = Ex,y[(x−Ky)(x −Ky)∗]

= Cx −KCyx −CxyK
∗ +KCyK

∗

=
[
In −K

] [Cx Cxy

Cyx Cy

] [
In

−K∗

]

=
[
In −K

] [In CxyC
‡
y

0 Im

] [
Cx −CxyC

‡
yCyx 0

0 Cy

]

×
[

Im 0

C‡
yCyx In

] [
In

−K∗

]

= Cx −CxyC
‡
yCyx + (CxyC

‡
y −K)Cy(CxyC

‡
y −K)∗

� Cx −CxyC
‡
yCyx,

where the minimizer is K = CxyC
‡
y using any generalized inverse of Cy. The

linear mean square error (LMMSE) estimator is thus

x̂lmmse = CxyC
‡
yy, (5.2)

for which a generalization to the case of nonzero means is trivial. In other words,
the MSE optimal linear estimator relies only on first and second-order moments
but therefore also disregards any multimodalities or asymmetries of the joint pdf.
Recall from Chapter 3 that when Cy ≻ 0 and p(x,y) is Gaussian, the conditional
mean µx|y is linear with respect to y. Therefore the LMMSE will coincide with
the MMSE estimator when the observation and state are jointly Gaussian.

5.1 Geometric tools

We can also approach problem (5.1) using geometric tools analogous to those
employed in deriving the LS estimator (3.4). This will enable a parsimonious
expression of the LMMSE when measurements are obtained as a sequential pro-
cess.

Let L denote the space spanned by linear combinations of y. Then the linear
space L includes all linear estimator mappings x̂ = Ky. We define an extended
inner product and norm [KSH00]

〈x,y〉⋄ , Ex,y[xy
∗] and ‖x‖⋄ , Ex[xx

∗]1/2,

which enables us to reformulate the linear minimum mean square error estimator
as

x̂lmmse = argmin
x̂∈L

‖x− x̂‖2⋄,

i.e., minimizing the distance between the estimate x̂ = Ky ∈ L and the random
state x. Suppose x̂⋆ is the orthogonal projection of x onto L . By definition, the
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error x− x̂⋆ is orthogonal to all vectors in L , i.e., x− x̂⋆ ∈ L ⊥. Then it follows
that ‖x−x̂‖2⋄ = ‖(x−x̂⋆)+(x̂⋆−x̂)‖2⋄ = ‖x−x̂⋆‖2⋄+‖x̂⋆−x̂‖2⋄ � ‖x−x̂⋆‖2⋄ and x̂⋆
is the closest approximation of x among all x̂ ∈ L . Its errors are orthogonal to
vectors in L , thus 〈x−Ky,y〉⋄ = 0, or equivalently K must satisfy K〈y,y〉⋄ =

〈x,y〉⋄ for optimality. This is fulfilled by a solution K = 〈x,y〉⋄〈y,y〉‡⋄ = CxyC
‡
y,

which follows from the fact that the joint covariance can be factorized as Cx,y =
L∗L ∈ C(n+m)×(n+m), where L = [Lx Ly]. Therefore C (C∗

xy) = C (L∗
yLx) ⊆

C (L∗
y) = C (L∗

yLy) = C (Cy), which yields the solution. Henceforth we shall
assume that Cy is nonsingular, so that the orthogonal projection of x onto L

can be written as ΦL {x} = 〈x,y〉⋄〈y,y〉−1
⋄ y = CxyC

−1
y y.

As noted above, when x and y are jointly Gaussian, then ΦL {x} equals
the conditional mean Ex|y[x]. The latter is in fact the general orthogonal
projector ΦF{x} of x onto a space F generated by all measurable func-
tions of the observation f(y), i.e., x − ΦF{x} ∈ F⊥. This follows from
〈x, f(y)〉⋄ = Ey

[
Ex|y[xf

∗(y)]
]
= Ey

[
Ex|y[x]f

∗(y)
]
= 〈Ex|y[x], f(y)〉⋄ and so

〈x − Ex|y[x], f(y)〉⋄ = 0. Note that F includes linear functions Ky and there-
fore L ⊂ F . In other words, ΦL {x} can be viewed as a linear approximation
of ΦF{x} which coincide when the variables are jointly Gaussian.

Let us now assume that the observations are obtained sequentially as a ran-
dom process, {y0, . . . ,yj}. Let xk denote the state at sample k, ȳj denote
the vector of stacked observations and Lj be space spanned by linear combina-
tions of the observations. Then the LMMSE estimator is x̂k|j = ΦLj

{xk} =
〈x, ȳj〉⋄〈ȳj , ȳj〉−1

⋄ ȳj . To simplify this computation, consider a basis of orthogo-
nal vectors {e0, . . . , ej} to Lj [KSH00]. By exploiting the structure of projection
onto an orthogonal basis, we see that it can be computed recursively by

x̂k|j = ΦLj
{xk}

=

j∑

i=0

〈xk, ei〉⋄〈ei, ei〉−1
⋄ ej

= x̂k|j−1 + 〈xk, ej〉⋄〈ej , ej〉−1
⋄ ej .

(5.3)

The jth basis vector, or ‘innovation’, can also be obtained recursively as ej = yj−
ŷ−
j where ŷ−

j = ΦLj−1{yj}. This follows as 〈ej , eℓ〉⋄ = 〈yj −ΦLj−1{yj}, eℓ〉⋄ =
〈yj , eℓ〉⋄ − 〈yj , eℓ〉⋄ = 0, ∀ℓ < j, cf. the Gram-Schmidt procedure [FIS03].

5.2 Linear state-space model

The recursive LMMSE estimator enables a tractable solution when the state can
be modeled by

xk+1 = Fkxk +Gkwk

yk = Hkxk + nk,
(5.4)
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where the state process matrices Fk ∈ Cn×n and Gk ∈ Cn×w are known and the
observation matrix Hk ∈ Cm×n need not have full rank nor n ≤ m. What is
assumed here is that the zero-mean process noise wk and measurement noise nk
are temporally and mutually uncorrelated, with known covariance matrices Qk

and Ck, respectively. They are also assumed to be uncorrelated with the initial
state x0, that has covariance matrix P−

0 .
Then by defining Cxe,k , 〈xk, ek〉⋄ and Ce,k , 〈ek, ek〉⋄, the recursive

LMMSE estimator (5.3) can be written as

x̂k = x̂−
k +Kkek, (5.5)

where Kk , Cxe,kC
−1
e,k. The error covariance matrices of x̂−

k and x̂k are denoted

P−
k = 〈x̃−

k , x̃
−
k 〉⋄ and Pk = 〈x̃k, x̃k〉⋄, respectively. The relation between the

matrices is

Pk = 〈x̃k, x̃k〉⋄
= 〈x̃−

k , x̃
−
k 〉⋄ − 〈xk, ek〉⋄〈ek, ek〉−1

⋄ 〈xk, ek〉∗⋄
= P−

k −KkCe,kK
∗
k

(5.6)

using 〈x̃−
k , ek〉⋄ = 〈xk− x̂−

k , ek〉⋄ = 〈xk, ek〉⋄−0. The moments can be computed
by first noting that ŷ−

k = ΦLk−1
{Hkxk + nk} = HkΦLk−1

{xk} = Hkx̂
−
k , so

that ek = yk − ŷ−
k = Hx̃−

k + nk. As a result Cxe,k = P−
kH

∗
k and Ce,k =

H∗
kP

−
kH

∗
k +Ck. Similarly, the predicted state is x̂−

k+1 = ΦLk
{Fkxk +Gkwk} =

FkΦLk
{xk} = Fkx̂k. Then x̃−

k+1 = x̂k+1 − x̂−
k+1 = Fkx̃k +Gkwk. As a result

P−
k+1 = HkPkH

∗
k +GkQkG

∗
k.

Given an initial estimate x̂−
0 with covariance P−

0 , the estimator (5.5) can be
implemented as a two-step recursion: (i) measurement update x̂k and Pk, using
yk, followed by (ii) prediction update x̂−

k+1 and P−
k+1. This is a modified form

of the celebrated Kalman filter [KSH00]. If x̂−
0 , wk and nk are jointly Gaussian,

the entire linear process (5.4) becomes Gaussian and MMSE coincides with the
LMMSE estimator. The matrix Pk will then coincide with the posterior Cramér-
Rao bound (PCRB) J−1

k for xk.

5.3 Nonlinear state-space model

Finally, let us consider a real-valued nonlinear state-space model that will appear
in later chapters,

xk+1 = fk(xk,wk)

yk = hk(xk) + nk,

where fk(·) and hk(·) are known. While a general solution of the estima-
tion problem is intractable, the structure of the LMMSE (5.5) can be re-
tained by approximating the statistical moments. Suppose we can approximate
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ŷ−
k = ΦFk−1

{hk(xk) + nk}. Then if ek = yk − ŷ−
k is a tractable expression it

may be possible to approximate Cxe,k and Ce,k. A similar argument applies for
x̂−
k+1 = ΦFk

{fk(xk,wk)} and P−
k+1. This can be achieved by means of Taylor

series expansions of fk(·) and hk(·) around a current estimate.

Consider a nonlinear function zk = g(xk). Suppose the mean and covariance
of xk are x̂−

k and P−
k , respectively. The first-order Taylor expansion around x̂−

k ,

zk = g(xk) ≃ g(x̂−
k ) + ∂xg(x̂

−
k )(x− x̂−

k ),

enables the approximation of the mean ẑ−k = g(x̂−
k ) and covariance Σ̂

−

k =
∂xg(x̂

−
k )P

−
k ∂xg(x̂

−
k )

⊤. Using this we have the following approximations ŷ−
k =

hk(x̂
−
k ), so that ek = (hk(xk)− hk(x̂

−
k )) + nk and

Ce,k = ∂xhk(x̂
−
k )P

−
k ∂xhk(x̂

−
k )

⊤ +Ck

Cxe,k = P−
k ∂xhk(x̂

−
k )

⊤.
(5.7)

The predicted state x̂−
k+1 and P−

k+1 are approximated in a similar fashion. The
resulting recursion is the so-called Extended Kalman filter [KSH00,Gus10].

A different numerical approximation is given by the sigma-point method
[JUDW95, JU04], which does not require evaluating the analytical expressions
of the Jacobians ∂xhk(·) and ∂xfk(·). In this method, the mean x̂−

k and covari-
ance P−

k are represented by a set of 2n+ 1 ‘sigma points’

x̌
(ℓ)
k ,





x̂−
k , ℓ = 0,

x̂−
k − η[(P−

k )
1/2]ℓ, ℓ = 1, . . . , n

x̂−
k + η[(P−

k )
1/2]ℓ−n, ℓ = n+ 1, . . . , 2n,

(5.8)

capturing the location and dispersion of xk, where η > 0. By propagating the

sigma points through a nonlinear function results in the set ž
(ℓ)
k = g(x̌

(ℓ)
k ), ℓ =

0, . . . , 2n, the mean and covariance of the nonlinear function are approximated

by ẑ−k =
∑2n

ℓ=0 wℓž
(ℓ)
k and Σ−

k =
∑2n

ℓ=0wℓ(ž
(ℓ)
k − ẑ−k )(ž

(ℓ)
k − ẑ−k )

⊤. Setting wℓ =
1/(2η2) for ℓ > 0 and w0 = 1 − n/η2 reproduces the mean and covariance of
the first-order expansion zk ≃ g(x̂−

k ) + ∂xg(x̂
−
k )(x − x̂−

k ). If we consider the
second-order Taylor expansion around x̂−

k ,

zk = g(xk) ≃ g(x̂−
k ) + ∂xg(x̂

−
k )(x − x̂−

k ) +
1

2
q(xk, x̂k),

where qi(xk, x̂k) = tr{(x − x̂−
k )

⊤∂2xgi(x̂
−
k )(x − x̂−

k )}. Then the approximation
ẑ−k can be made arbitrarily close to the mean of the second-order expansion.
Further, when xk is Gaussian, Σ−

k approximates also the covariance matrix of the
second-order expansion [GH12]. Using this we have the following approximations
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ŷ−
k =

∑2n
ℓ=0 wℓy̌

(ℓ)
k , where y̌

(ℓ)
k = hk(x̌

(ℓ)
k ), so that ek = (hk(xk)− ŷ−

k ) + nk and

Ce,k =

2n∑

ℓ=0

wℓ(y̌
(ℓ)
k − ŷ−

k )(y̌
(ℓ)
k − ŷ−

k )
∗ +Ck

Cxe,k =

2n∑

ℓ=0

wℓ(x̌
(ℓ)
k − x̂−

k )(y̌
(ℓ)
k − ŷ−

k )
∗.

(5.9)

The predicted state x̂−
k+1 and P−

k+1 are approximated in a similar fashion. The
resulting recursion is the so-called Sigma-Point Kalman filter [Can09,Gus10].

5.4 Summary

In this chapter we considered linear estimator mappings. The MSE-optimal es-
timator in this restricted class will not coincide with the MMSE estimator in
general. But the linear recursive form, and dependence on first and second-order
statistics rather than the entire pdf, renders the LMMSE estimator a tractable
alternative to many other approaches. This is particularly attractive when mea-
surements are obtained sequentially and in scenarios when the state evolves. We
also showed two methods for approximating the LMMSE when the state-space
model is nonlinear.



Chapter 6

Estimation using distance

bounds

Consider the problem of estimating a vector x ∈ Rd with a known prior distri-
bution. In the standard Bayesian setup one tries to estimate x from a correlated
observation y. In this chapter we deviate from the standard problem and instead
seek the estimate of x relying on the side information ‖xi − xj‖ ≤ γ, where xi
and xj are subvectors of x, and γ is given.

This setup has a range of applications in positioning and localization in Eu-
clidean space. As an example, consider the problem of estimating jointly the
positions p1 ∈ R3 and p2 ∈ R3 and the velocities v1 ∈ R3 and v2 ∈ R3 of two
points on a human body. In that case, the state is x = [p⊤

1 p⊤
2 v⊤

1 v⊤
2 ]

⊤, and
since there is an upper limit γ on how far apart body parts can be, we have the
side information that ‖p1 −p2‖ ≤ γ. Similarly, consider the problem of estimat-
ing the positions of N nodes, x = [x⊤

1 · · ·x⊤
N ]⊤, when bounds, ‖xi−xj‖ ≤ γij , on

the distance between pairs of nodes are given. Further applications are possible
for sensor fusion of systems subject to non-rigid constraints.

In the literature, there are two main approaches to tackle the problem of es-
timation with nonlinear inequality constraints [Sim10]. The first approach uses
the side information by passing x through a nonlinear function, such that the
output always fulfills the constraint [JL07, LL11]. The second approach treats
the problem probabilistically, and the side information is used to form a condi-
tional probability density function of x by truncating and renormalizing the prior
pdf; the support of the conditional pdf is a region where the constraint is inac-
tive [SS10, SDS12]. However, when using distance bounds as side information,
the support of the conditional pdf is infinite. In scenarios where the dispersion of
the pdf increases without bound, this may lead to numerical problems when com-
puting the moments of the pdf using, e.g., the Monte Carlo methods suggested
in [SDS12].
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In this chapter, we circumvent the problems associated with the infinite sup-
port pdf, by reformulating the problem via a linear transformation. This also
reduces the dimensionality of the original problem by a factor two. Based on the
new problem formulation an efficient method for computing an approximate min-
imum mean square error (MMSE) estimator of x given bounds on the distances
between its subvectors is presented. The method is validated using simulations.

6.1 Problem formulation

Let the state be defined as x , [x⊤
1 x⊤

2 x⊤
a ]

⊤ ∈ Rd, where x1,x2 ∈ Rn are the
two subvectors related to the side information, xa ∈ Rm is a subvector holding
the auxiliary states, and the state dimension d = 2n+m. Further, we assume that
the prior pdf p(x) of the state is Gaussian with known mean µx and covariance
Cx, i.e., x ∼ N (µx,Cx).

Now, if we in addition to µx and Cx are provided with the side information
c that tells us about the maximum distance between the two subvectors, i.e., we
have the constraint that ‖Lx‖ ≤ γ, where L ,

[
In −In 0n×m

]
. Then, we

would like to compute the MMSE estimate of x given c. The estimator and its
error covariance matrix are given by the mean µx|c and covariance matrix Cx|c

of the conditional pdf p(x|c) [Kay93]. Since the computation of these moments
requires multidimensional numerical integration, our aim is to find a computa-
tionally efficient way to calculate µx|c and Cx|c approximately. The resulting
approximations will be denoted as x̂|c and Cx̂.

6.2 Proposed solution

The proposed method to calculate µx|c and Cx|c consists two steps. In the
first step, a state transformation is performed, that maps the infinite integration
area into a finite area and reduces the dimension of the integrals. Thus the
transformation simplifies the calculation of the conditional mean and covariance.
In the second step, the integrals are approximated using a deterministic sampling
approach.

6.2.1 Variable transformation

Define a new state vector, given by the invertible linear transformation z ,

Tx ∈ Rd, such that it can be divided into the subvectors z1 = x1 − x2 ∈ Rn and
z2 = [(x1 + x2)

⊤ x⊤
a ]

⊤ ∈ Rn+m. Hence, it can be verified that

T ,

[
In −In
In In

]
⊕ Im, T−1 =

1

2

([
In In
−In In

]
⊕ 2Im

)
,
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and z ∼ N (µz ,Cz). Here µz = Tµx and Cz = TCxT
⊤. In terms of the new

state vector, the constraint c can be expressed as ‖LT−1z‖ = ‖z1‖ ≤ γ, and the
constraint thus operates only on the subvector z1. As will been shown next, this
important property simplifies the calculations of µx|c and Cx|c. Since the means

and covariances of the new and original state are related via µx = T−1µz and
Cx = T−1CzT

−⊤, we can recast the original problem of calculating µx|c and
Cx|c, into computing µz|c and Cz|c.

To compute the moments, note that p(z2|z1) is Gaussian with mean µz2|z1
and covariance Cz2|z1 given by the affine mapping

µz2|z1 = uz2 +Az1

Cz2|z1 = Cz2 −AC⊤
z2z1 ,

(6.1)

where A , Cz2z1C
−1
z1 and uz2 , µz2 −Aµz1 .

Next, since z1 is given the norm ‖z1‖ provides no additional information and
p(z2|z1, ‖z1‖) is identical to p(z2|z1). Similarly, given z1 a bound on the norm
‖z1‖ ≤ γ yields no additional information. Hence p(z2|z1, c) = p(z2|z1) for all
valid z1, i.e., ∀z1 ∈ {z1 ∈ Rn : ‖z1‖ ≤ γ}. The conditional mean µz|c and
covariance Cz|c can thus be calculated as follows.

Let the conditional mean be partitioned as µz|c = [µ⊤
z1|c

µ⊤
z2|c

]⊤. The con-
ditional mean of z1 is given by

µz1|c =

∫

z1

∫

z2

z1p(z2|z1, c)p(z1|c)dz1dz2

=

∫

z1

z1p(z1|c)
[∫

z2

p(z2|z1, c)dz2
]
dz1

=

∫

z1

z1p(z1|c)dz1,

(6.2)

and the conditional mean of z2 by

µz2|c =

∫

z1

∫

z2

z2p(z2|z1, c)p(z1|c)dz1dz2

=

∫

z1

[∫

z2

z2p(z2|z1)dz2
]
p(z1|c)dz1

=

∫

z1

(uz2 +Az1) p(z1|c)dz1

= uz2 +Aµz1|c.

(6.3)

The conditional covariance matrix can be written as

Cz|c = Pz|c − µz|cµ
⊤
z|c

=

[
Pz1|c Pz1z2|c
P⊤
z1z2|c

Pz2|c

]
− µz|cµ

⊤
z|c,

(6.4)



72 6 Estimation using distance bounds

where

Pz1|c =

∫

z1

∫

z2

z1z
⊤
1 p(z2|z1, c)p(z1|c)dz1dz2

=

∫

z1

z1z
⊤
1 p(z1|c)

[∫

z2

p(z2|z1, c)dz2
]
dz1

=

∫

z1

z1z
⊤
1 p(z1|c)dz1,

(6.5)

Pz1z2|c =

∫

z1

∫

z2

z1z
⊤
2 p(z2|z1, c)p(z1|c)dz1dz2

=

∫

z1

z1

[∫

z2

z⊤2 p(z2|z1)dz2
]
p(z1|c)dz1

= µz1|cu
⊤
z2 +Pz1|cA

⊤,

(6.6)

and

Pz2|c =

∫

z1

[∫

z2

z2z
⊤
2 p(z2|z1)dz2

]
p(z1|c)dz1

=

∫

z1

(
Cz2|z1 + µz2|z1µ

⊤
z2|z1

)
p(z1|c)dz1

= Cz2 −AC⊤
z2z1 + uz2u

⊤
z2

+

∫

z1

(
uz2z

⊤
1 A

⊤ +Az1u
⊤
z2 +Az1z

⊤
1 A

⊤
)
p(z1|c)dz1

= Cz2 −AC⊤
z2z1 + uz2u

⊤
z2

+ uz2µ
⊤
z1|c

A⊤ +Aµz1|cu
⊤
z2 +APz1|cA

⊤.

(6.7)

Hence, we need only solve the integrals (6.2) and (6.5) for the first and second
order moments of p(z1|c). The remaining parts of µz|c and Cz|c can be found
by a series of affine transformations. An important computational advantage of
the reparameterization, z = Tx, is that the support of p(z1|c) is finite unlike
the support of p(x|c). Further, a reduction of the dimensionality by a factor
two compared to the original problem is achieved. When n = 1, the integrals
(6.2) and (6.5) are given by the mean and variance of a truncated Gaussian
distribution, which both have closed-form expressions [JKB94].

6.2.2 Approximating the conditional mean and covariance

When n > 1, no apparent closed-form expressions of integrals (6.2) and (6.5)
exist. To avoid solving the integrals through computationally complex numerical
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integrations, we will approximate them by the convex combinations

µz1|c ≃
2n∑

i=0

wiž
(i)
1 and Pz1|c ≃

2n∑

i=0

wiž
(i)
1 (ž

(i)
1 )⊤, (6.8)

where the ith sample point ž
(i)
1 and weight wi, described next, are chosen so that

the following properties hold true. When a fraction α of the probability mass
of p(z1) is within the boundary of the constraint, the approximated moments
are unchanged. Otherwise, the sample points adapt to the constraint, which
ensures that the approximated mean falls within its convex boundary and that
the dispersion is reduced accordingly. Thus, the design parameter α affects when
the side information becomes effective.

The proposed deterministic sampling technique is as follows. First, as in
the sigma-point method, cf. Section 5.3, 2n + 1 sample points from p(z1) are
generated deterministically by

s(i) =





µz1 i = 0

µz1 + η
1/2
α [C

1/2
z1 ]i i = 1, . . . , n

µz1 − η
1/2
α [C

1/2
z1 ]i−n i = n+ 1, . . . , 2n.

(6.9)

Here ηα is the value that fulfills Pr{η ≤ ηα} = α, where η = (z1−µz1)
⊤C−1

z1 (z1−
µz1). That is, ηα is set by the confidence ellipse at level α and can be calculated
from the inverse of the cumulative distribution function (cdf) of η ∼ χ2

n.

Then, a new set of sample points {ž(i)1 }2ni=0 are generated by orthogonally
projecting the sample points s(i) that violate the constraint c onto its spherical
boundary. That is

ž
(i)
1 =

{
s(i) if ‖s(i)‖ ≤ γ
γ

‖si‖s
(i) otherwise

, i = 0, . . . , 2n. (6.10)

The constraint-violating points are, in a fashion similar to that in [LL11], there-
fore resampled at the boundary. The weights in (6.8) are set as

wi =

{
1− n

ηα
i = 0

1
2ηα

i = 1, . . . , 2n.
(6.11)

This choice yields the properties for (6.8) described earlier.1 Once the moments
are computed, µx|c = T−1µz|c and Cx|c = T−1Cz|cT

−⊤ are obtained using the
affine transformations (6.3), (6.6), and (6.7) along with (6.4). This provides the
estimator x̂|c and approximated error covariance matrix Cx̂.

1An α close to one yields a confidence ellipse that captures a larger probability mass and
thus adapts smoother to the constraint. However, setting α too large results in sample points
with too low weights to approximate the truncated pdf.
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Figure 6.1: Illustration of how the side information affects the mean positions.
Shown are the means and approximated conditional means, together with the loci
corresponding to the 95% confidence ellipses of Gaussian pdfs with covariance
matrices Cx1 , Cx2 , Cx1|c, and Cx2|c, respectively.

6.2.3 Illustration of how the estimator works

We illustrate the sigma-point approximation and the resulting estimator using
the following example. Two objects, with a joint spatial Gaussian distribution,
are located in R

2. The expected positions of the objects are µx1
= 02 and

µx2
= 0.8 · 12 m, and the joint state covariance matrix Cx = Cx1 ⊕Cx2 , where

Cx1 =

[
0.1 0.05
0.05 0.1

]
and Cx2 =

[
0.2 0
0 0.2

]
.

We then provide the side information c with γ = 1 m. Setting α = 0.95, the ap-
proximated conditional means µx1|c and µx2|c, along with confidence ellipses, are
shown in Figure 6.1. Figure 6.2 illustrates the deterministic sampling procedure
in subsystem z1. The sample points are generated according to the confidence
ellipse and projected orthogonally when the constraint is violated. Observe that
the ellipses shrink when the side information c becomes available.
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Figure 6.2: Illustration of the sampling technique used to approximateµz1|c and

Cz1|c. Sample points before s(i) (circles) and after ž
(i)
1 (asterisk) the projection,

the boundary of the constraint c with γ = 1 (dashed circle), and the confidence
ellipses of Cz1 (dash-dotted) and Cz1|c (solid) are also shown.

6.3 Experimental results

Using Monte Carlo simulations, the estimator x̂|c is evaluated numerically in a
positioning and a tracking scenario in R2. Throughout the experiments, the side
information c is given by γ = 1 m and the estimator design parameter α = 0.95.
As a performance measure, the root mean square error (RMSE) of the state
estimates is used.

6.3.1 Positioning scenario

In this scenario, the positioning of the two systems x1 and x2, is considered. In
the Monte Carlo simulation, the positions of the two systems were generated by
drawing two candidate positions from two independent Gaussian distributions,
and then retaining a realization that fulfilled the constraint with γ. The param-
eters of the pdf were µx1

= β12, Cx1 = σ2
1I2, and µx2

= 02 and Cx2 = I2. The
empirical RMSE of the estimator x̂|c was calculated using Monte Carlo simula-
tions with 104 runs. Figures 6.3 and 6.4 show the RMSE of the estimator for
different values of σ1 and β, respectively. As expected, the accuracy improve-
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Figure 6.3: Positioning scenario. RMSE versus σ1 for β = 1 and side informa-
tion c with γ = 1.
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Figure 6.4: Positioning scenario. RMSE versus β for σ1 = 1 and side informa-
tion c with γ = 1.

ment of x̂|c over the prior mean µx increases as the certainty of the position of
one object grows, or when its prior mean is placed further away. In these cases c
provides more information. The figures also show

√
tr{Cx̂}, which indicate that

the second-order statistics are slightly underestimated.
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6.3.2 Tracking scenario

Let us now consider the scenario where we want to fuse the position information
from two dead-reckoning systems mounted on a non-rigid body, but where the
body has a known finite length. This could, for example, be two foot-mounted
inertial navigation systems (one system on each foot) used to track the posi-
tion of a person while walking inside a building [BP03]. The joint position state
x(k) = [(x1(k))

⊤ (x2(k))
⊤]⊤ ∈ R4 of the two dead-reckoning systems is up-

dated every second via the recursion x(k) = x(k− 1)+ u(k). The displacements
u(k) are measured in noise, ũ(k) ∼ N (u(k),Q), where Q denotes the error co-
variance of the measured displacements. Due to the integrative nature of the
dead-reckoning recursion, the uncertainty of the state x(k) will grow without
bound; the covariance of the state uncertainty, P(k), is given by the recursion
P(k) = P(k − 1) +Q, starting from the covariance P(0) of the initial position
state.

To reduce the rate at which the position uncertainties grow, we can use the
side information that the two systems are mounted on a non-rigid body of known
finite length, i.e., we have the side information that ‖x1(k) − x2(k)‖ ≤ γ, ∀k.
Given the sequence u(k) = {ũ(i)}ki=0 of measured position changes and the
general side information I, the conditional pdf p(x(k)|u(k), I) can be calculated
recursively as

p(x(k)|u(k), I) =
∫
p (x(k)|x(k − 1), ũ(k))

× p (x(k − 1)|u(k − 1), I) dx(k − 1),

starting from the pdf p(x0|I) of the initial position state. The transition pdf
p(x(k)|x(k − 1), ũ(k)) equals N (x(k − 1) + ũ(k),Q). The MMSE estimate of
x(k) is given by the mean of p(x(k)|u(k), I), which is intractable in general.

When I = c, we use the conditional moments at each time instant k and
approximate p(x(k)|u(k), c) by a Gaussian pdf, N (µx|c(k),Cx|c(k)). Then the
recursion results in Gaussians with computable means that form point estimates
x̂|c(k). We compare this to the case when the side information is the actual

distances, I = {y(i)}ki=0, where y(k) = ‖x1(k)− x2(k)‖.
The posterior Cramér-Rao bound (PCRB) on the RMSE for I = ∅ is√
tr{P(k)} and for I = {y(i)}ki=0, it is

√
tr{J−1(k)}, where J(k) is the Fisher

information matrix of the state, cf. [TMN98] for details. The performance of the
estimator is compared with the PCRBs in Figure 6.5, where Q = 10−4 · I4 [m2].
Initially, the RMSE follows the upper PCRB, but as the errors of the dead-
reckoning systems accumulate, the distance bound becomes more informative
and the estimator approaches the lower PCRB, which has a lower growth rate
than the upper PCRB.



78 6 Estimation using distance bounds

0 500 1000 1500 2000 2500
0

0.2

0.4

0.6

0.8

1

 

 

√
tr{P(k)}√
tr{J−1(k)}
x̂|c(k)

Time k [s]

R
M
S
E

[m
]

Figure 6.5: Tracking scenario. RMSE over time for two dead-reckoning systems
when the side information c is used. The PCRBs for the case with no side
information and the case with perfect distance information are also shown.

Relative convergence of estimator

In the tracking scenario, the mean square error of the constraint-based esti-
mator, denoted MSEc(k) = tr{Px|c(k)}, can be shown to approach the lower

posterior Cramér-Rao bound, MSEb(k) = tr{J−1(k)}, in the following way.
We first establish an upper bound, MSEu(k) ≥ MSEc(k), and a lower bound,
MSEb(k) ≥ MSEl(k), and then go on to show that they converge asymptotically
in the sense of

lim
k→∞

MSEu(k)−MSEl(k)

MSEl(k)
= 0.

In general, mean square error is given by

MSE = tr{Px}
= tr{Px1}+ tr{Px2}
= tr{T−1PzT

−⊤}

=
1

2
tr{Pz1}+

1

2
tr{Pz2},

(6.12)

where the last equality follows from

Px1 =
1

4

(
Pz1 +P⊤

z1z2 +Pz1z2 +Pz2
)

Px2 =
1

4

(
Pz1 −P⊤

z1z2 −Pz1z2 +Pz2
)
.
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Further we have the identity

Pz = TPxT
⊤

=

[
Px1 +Px2 −P⊤

x1x2
−Px1x2 Px1 −Px2 −P⊤

x1x2
+Px1x2

Px1 −Px2 +P⊤
x1x2

−Px1x2 Px1 +Px2 +P⊤
x1x2

+Px1x2

]
.

(6.13)

Note that in the considered tracking scenario Px(0) = Px1(0) ⊕ Px2(0), with
equal uncertainties Px1(0) = Px2(0) = Π0/2. Then it follows that Pz(0) =
Π0 ⊕ Π0. Similarly, the process noise covariances are equal Qx1 = Qx1 ⊕Qx2

with Qx1 = Qx2 = Q0/2, and it follows that Qz = TQxT
⊤ = Q0 ⊕Q0.

First, an upper bound MSEu(k) is given by a system with maximum un-
certainty over the given finite support region ‖Lx(k)‖ = ‖z1(k)‖ ≤ γ. The
covariance of z1, and hence its MSE matrix, is therefore bounded by a matrix
Γ. Then the MSE-matrix of the upper bound system is constant for z1, i.e.,
Pz1|u(k) ≡ Γ. Further, no additional information about z2 is given, neither by
measurements nor correlations. Then the MSE-matrix of the upper bound sys-
tem propagates according to Pz2|u(k + 1) = Pz2|u(k) +Q0, starting with Pz(0)
and using Qz. In other words, Pz1|u(k) � Pz1|c(k) and Pz2|u(k) � Pz2|c(k) so
that MSEu(k) ≥ MSEc(k) using (6.12).

Next, a lower bound MSEl(k) is given by a system which measures the actual
position differences, ỹ(k) = Lx(k) = Hz(k), where H = [In 0]. Thus its mean
square error matrix Px|l(k) is a lower bound to the PCRB which is derived for
system with perfect range measurements ‖Lx(k)‖. In other words, J−1(k) �
Px|l(k) so that MSEb(k) ≥ MSEl(k). Further, in the transformed state-space
the MSE-matrix of the lower bound system follows the Riccati equation

Pz|l(k + 1) = Pz|l(k)−Pz|l(k)H
⊤
(
HPz|l(k)H

⊤
)−1

HPz|l(k) +Qz

=

[
Pz1|l(k) Pz12|l(k)
P⊤
z12|l

(k) Pz2|l(k)

]

−
[
Pz1|l(k)
P⊤
z12|l

(k)

]
P−1
z1|l

(k)
[
Pz1|l(k) Pz12|l(k)

]
+Qz

=

[
Pz1|l(k) Pz12|l(k)
P⊤
z12|l

(k) Pz2|l(k)

]

−
[
Pz1|l(k) Pz12|l(k)
P⊤
z12|l

(k) P⊤
z12|l

(k)P−1
z1|l

(k)Pz12|l(k)

]
+Qz

=

[
Qz1 Qz1z2

Q⊤
z1z2 Pz2|l(k)−P⊤

z12|l
(k)P−1

z1|l
(k)Pz12|l(k) +Qz2

]

=

[
Q0 0

0 Pz2|l(k) +Q0

]
,

where the last equality follows from the recursion starting with Pz(0) and using
Qz. Thus Pz1|l(k) ≡ Q0 and Pz2|l(k + 1) = Pz2|l(k) +Q0 = Pz2|u(k + 1).
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From the analysis above it is clear that the absolute MSE difference be-
tween the upper and lower bound systems is constant, MSEu(k) − MSEl(k) =
tr{Pz1|u(k)}− tr{Pz1|l(k)}+ tr{Pz2|u(k)}− tr{Pz2|l(k)} = tr{Γ}− tr{Q0}, and
the relative gap

MSEu(k)−MSEl(k)

MSEl(k)
=

tr{Γ} − tr{Q0}
tr{Q0}+ tr{Pz2|l(k)}

=
K

K ′ + tr{Pz2|l(k)}

vanishes asymptotically as tr{Pz2|l(k)} → ∞ when k → ∞.

6.4 Summary

We presented an approximate MMSE estimator that uses a given maximum dis-
tance between subvectors as side information. By reducing the dimensionality of
the problem, a computationally efficient formulation was given. The estimator
has a range of potential applications in positioning and localization. Further
work includes extending the framework to larger systems with several distance
bounds, and applying it to a multi-user indoor navigation system.



Part II

Sensor fusion





Chapter 7

Introduction to sensor

fusion

This chapter introduces the sensor configurations considered in Part II.

Inertial and visual sensors

A complete inertial measurement unit consists of three orthogonal accelerometers
and three orthogonal gyroscopes that measure the forces acting on the unit. The
output of these sensing elements can be fused to estimate the three-dimensional
acceleration and angular velocity of a system, and therefore also its relative po-
sition, velocity and orientation.

A very different set of spatially arranged sensing elements can be found in a
digital camera. It consists of a grid of M ×N photosensors that receive photons
and output a voltage. Sensor fusion is motivated by the possibility of combing
the output of multiple sensors to achieve a more refined information extraction
[Gus10]. We will consider a scenario in which an inertial measurement unit and
a monochrome camera are rigidly mounted as in Figure 7.1. To render the fusion
tractable, the two-dimensional image signal obtained at each snapshot is reduced
to a set of distinct feature points such as corners and other localizable points.
This sensor setup will be considered in Chapters 8, 9 and 10.

Receiver array

In Chapter 11 we will also model another array of passive sensors, either acoustic
or electromagnetic, that measure the combined received waveforms radiating from
a set of sources [VT02]. If the power of the signal from a source is concentrated
to a narrow frequency band, then the signal can be geometrically depicted as
in Figure 7.2. Using this model we aim to extract information about multiple
sources of interest emitting in some arbitrary noise field.



Figure 7.1: An Avt Guppy monochrome camera with resolution 752 × 480
rigidly mounted on top of a MicroStrain 3DM-GX2 inertial measurement unit.

θ

Figure 7.2: A planar wave impinging on an array of passive receivers. When an
emitting source is located sufficiently far away from the receiver, the impinging
wave is approximately planar. The relative direction to the source is θ.



Chapter 8

Joint calibration of IMU

and camera

Progressive developments in micro-electro-mechanical system (MEMS) technol-
ogy have lowered the cost of accelerometers and gyroscopes and enabled the use
of inertial information in various applications, from navigation to augmented re-
ality. The performance of such systems are dependent on the accuracy of the
calibration of the accelerometers and gyroscopes in the inertial measurement
units (IMU). For low-cost applications, it is of interest to find simple, repeat-
able calibration procedures that do not require precisely controlled mechanical
platforms that excite the IMU outputs.

In [SH06], a triad of accelerometers is calibrated by observing the magnitude
of the output in static positions and then numerically solving a nonlinear least-
squares problem. The gyroscope calibration parameters, however, are not ob-
servable. A different approach is presented in [KG04] based on optically tracking
light-emitting diodes attached to the IMU and allows for estimating its position
and orientation. The parameters are solved using a Gauss-Newton search.

IMUs are used in conjunction with cameras in vision-aided inertial naviga-
tion, robotics and augmented reality, cf. [EV07,GS07,PLST07,HSGS06]. In this
context it is also important to estimate the coordinate transformation parameters
between the inertial and camera frames. A procedure using turntables was given
in [LD07] but [HSG08,MR08] use a considerably simpler setup with a monocular
camera, which is an inexpensive and passive sensor, along with a visual pattern
typically used to calibrate the internal camera parameters in many computer
vision applications [Bou08]. An example is shown in Figure 8.1.

Here we use this information for calibrating the IMU itself, along with the
IMU-to-camera coordinate transformation parameters. This is achieved by ex-
ploiting the fact that the orientation of the planar calibration pattern relative to
the gravitational field is known to a high degree of accuracy, e.g., by placing it
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Figure 8.1: Calibration pattern, 28× 28 cm.

on a horizontal plane perpendicular to the gravity vector, using a digital spirit
level. Based on the sigma-point method described in Chapter 5, we develop a
sequential linear filter that jointly estimates the IMU sensor model parameters
and refines initial estimates of the coordinate transformation parameters between
the inertial and camera frames.

8.1 Inertial navigation system equations

An inertial measurement unit consists of a cluster of sensors; a three-axis ac-
celerometer and a three-axis gyroscope, that ideally span the three-dimensional
coordinate frame of the IMU, denoted {b}. The sensors measure the specific
force, f b ∈ R3, and angular velocity, ωb ∈ R3, respectively, by transducing the
displacement of proof masses caused by external forces. When measuring on
Earth these include the effects of its gravitational field and rotation.

When applying the laws of classical mechanics, f b and ωb provide information
to resolve the position, velocity and attitude of the IMU with respect to a lo-
cal navigation coordinate frame, tangential to Earth, denoted {n}. Collectively
they constitute navigation states of the moving system of interest. Denoting
position and velocity as vectors pn,vn ∈ R3 and attitude as an array θ ∈ Θ3,
parameterized in Euler angles. Alternatively, attitude can be parameterized as a
direction-cosine matrix Rn

b (θ) ∈ SO(3), rotating frame {b} to {n}.1 Given ideal
specific force f b and angular velocity ωb, and a set of boundary conditions, the
states evolve according to the inertial navigation system (INS) mechanization

1SO(n) = {Q ∈ Rn×n : Q⊤Q = In,det(Q) = +1} is the set of special orthogonal matrices.
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Figure 8.2: Model of sensor measuring physical quantity u in inertial frame
{b}.

equations:

ṗn = vn

v̇n = Rn
b f
b + gn − 2[ωnie]×v

n

Ṙn
b = Rn

b [ω
b]× −Rn

b [R
b
nω

n
ie]×

(8.1)

where gn and ωnie are the position-dependent gravitational acceleration and an-
gular velocity of Earth, respectively. [·]× : R3 → R3×3 is the skew-symmetric
matrix representation of the vector cross-product. A derivation of the system of
differential equations is given in Appendix 8.A.

8.2 Sensor model

Sensors that measure inertial information contain errors arising from nonlin-
earities, such as saturation, manufacturing imperfections, and other unmodeled
random noise. Figure 8.2 illustrates a model of a sensor that measures the sought
physical quantity ub, such as specific force f b ∈ R3 or angular velocity ωb ∈ R3, in
an ideal inertial frame {b}. For navigation in three-dimensional Euclidean space
using Newtonian mechanics, the sensitivity axes of the sensors should ideally
be orthogonal and with equally scaled outputs but manufacturing imperfections
cause them to be non-orthogonal with scale errors, modeled by the square matri-
ces T and K, respectively. Offset error or bias δub is modeled as a slow-varying
term and remaining errors, such as quantization noise, as an additive random
white noise process n with mutually uncorrelated components.

Using the sensor model described above, the accelerometer output is written
as

f̃ b = Af b + δf b + nf , (8.2)

where A , Ka

(
Tb
a

)−1 ∈ R3×3. By defining the ideal inertial coordinate frame
{b} to be aligned to the sensor’s x-axis and the plane spanned by the xy-axes,
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using a small angle assumption of the misalignment, we can write

A−1 = Tb
aK

−1
a

=



1 −αyz αzy
0 1 −αzx
0 0 1


diag

(
1

kax
,
1

kay
,
1

kaz

)

= facc(α,k
a).

The gyroscope output is modeled in a similar fashion

ω̃b = Gωb + δωb + nω, (8.3)

where G , Kg

(
Tb
g

)−1 ∈ R3×3. Its three sensitivity axes are related by six
small angle rotations to the ideal inertial frame {b}, which is determined by the
accelerometer cluster’s xy-axes as described above, and allows us to write

G−1 = Tb
gK

−1
g

=




1 −γyz γzy
γxz 1 −γzx
−γxy γyx 1


 diag

(
1

kgφ
,
1

kgθ
,
1

kgψ

)

= fgyro(γ,k
g).

Ideally, all scale factors in (ka,kg) equal 1 and misalignments in (α,γ) equal 0.

8.3 Process model

The unknown sensor parameters cause the position, velocity and attitude com-
puted using the inertial navigation system (INS) equations to deviate from their
ideal values. The deviations are therefore correlated with the IMU sensor param-
eters. The framework used here is based on a feedback approach that increases
the tractability of the estimation problem by simplifying the process model.

8.3.1 INS deviation states

The INS equations provide estimates in a navigation frame {n}, centered on the
calibration pattern. The deviations caused by the deterministic and stochastic
sensor errors in f̃ b and ω̃b are defined as states δpn , p̂n−pn, δvn , v̂n−vn and
R(δθ) , R̂n

b (R
n
b )

⊤. Using (8.1), (8.2) and (8.3), the dynamics of the deviation
states can be approximated by

δṗn = δvn

δv̇n = R̂n
b (I3 −A−1)f̃ b + [R̂n

bA
−1 f̃ b]×δθ + R̂n

bA
−1(δf b + nf )

δθ̇ = R̂n
b (G

−1 − I3)ω̃
b − R̂n

bG
−1(δωb + nω),

(8.4)

provided the deviations are sufficiently small. For a derivation, see Appendix 8.B.
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8.3.2 IMU-to-camera transformation parameters

The affine transformation between IMU and camera coordinate frames, denoted
{b} and {c}, is parameterized by an offset vector pbc ∈ R3 and rotation ma-
trix Rc

b ∈ R3×3. These are however taken as estimates since the attachment of
the camera to the IMU may not occur under precisely controlled circumstances.
Moreover, in certain scenarios the camera will be removed after calibration of the
IMU and hence the method must be repeatable without having to assume highly
accurate estimates.

While an initial offset estimate p̂bc can be given relatively easily using rudi-

mentary measurement equipment, providing an initial rotation estimate R̂c
b can

be somewhat harder. However, one can exploit static measurements of the gravi-
tational field which is known in {n}. The images of the planar calibration pattern
provide estimates of Rc

n [Bou08] which gives an estimate of the gravity vector

in {c}, ĝc = R̂c
ng

n. Since static accelerometers measure gb, we have ĝc ≈ Rc
bĝ
b

which lends the estimation of Rc
b to a least-squares problem using M different

poses, by minimizing

V (R) ,
M∑

i=1

||ĝci −Rĝbi ||22 ∈ R+,

subject to R⊤R = I3. The solution to problems on that form was given in
[AHB87]. Let

H ,

M∑

i=1

ĝbi (ĝ
c
i )

⊤ ∈ R
3×3,

compute the singular value decomposition, H = UΛV⊤, and form X = VU⊤.
If det(X) = +1 then R̂c

b = X is the solution to the least-squares problem.

The initial estimates of the transformation parameters are subsequently re-
fined by estimating the offset deviations δpbc ∈ R3 and orientation deviations
δϕ ∈ R3.

8.3.3 IMU calibration parameters

In accordance with the sensor model in (8.2), the misalignments and scale factors
of the accelerometers are denoted as α = [αyz, αzy, αzx]

⊤ and ka = [kax, k
a
y , k

a
z ]

⊤,

respectively. Similarly for the gyroscopes (8.3), γ = [γyz, γzy, γxz, γzx, γxy, γyx]
⊤

denotes misalignments and kg = [kgφ, k
g
θ , k

g
ψ]

⊤ scale factors. The parameters are
assumed to be constant during the calibration procedure.
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8.3.4 Discrete-time process model

We write the INS deviation state model (8.4) as a first-order discrete-time model

δpnk+1 = δpnk + dtδvnk

δvnk+1 = δvnk + dtR̂n
b,k(I3 −A−1

k )f̃ bk

+ dt[R̂n
b,kA

−1
k f̃ bk]×δθk + dtR̂n

b,kA
−1
k (δf bk + nf ,k)

δθk+1 = δθk + dtR̂n
b,k(G

−1
k − I3)ω̃

b
k

− dtR̂n
b,kG

−1
k

(
δωbk + nω,k

)
.

(8.5)

The slow-varying biases are modeled as Brownian motion,

δf bk+1 = δf bk + dtwδf ,k

δωbk+1 = δωbk + dtwδω,k.
(8.6)

Let the total state vector be denoted

x = [(δxins)⊤ (δxcam)⊤ (ximu)⊤]⊤ ∈ R
36

where

δxins , [(δpn)⊤ (δvn)⊤ (δθ)⊤ (δf b)⊤ (δωb)⊤]⊤

δxcam , [(δpbc)
⊤ (δϕ)⊤]⊤

ximu , [α⊤ (ka)⊤ γ⊤ (kg)⊤]⊤.

Then the discrete-time process can be written as

δxins
k+1 = φk(δx

ins
k ,ximu

k ,wk)

δxcam
k+1 = δxcam

k

ximu
k+1 = ximu

k ,

(8.7)

where φk(·) is the nonlinear function that describes the evolution of INS devi-
ations (8.5) and (8.6). The covariance matrix of the augmented process noise
vector wk , [n⊤

f ,k n⊤
ω,k w⊤

δf ,k w⊤
δω,k]

⊤, denoted Q ∈ R12×12, is assumed to be
time-invariant and given by the sensor noise characteristics.

8.4 Visual observation model

Using the pinhole camera model, a point i in line of sight of the camera, param-
eterized as pci in {c}, is projected on the image plane by

P(pci ) = Kc(e
⊤
z p

c
i )

−1pci ∈ R
2, (8.8)
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Figure 8.3: Projection of point onto the image plane.

where e⊤z = [0 0 1] and Kc ∈ R2×3 is a truncated camera matrix containing its
intrinsic parameters.2 The projective mapping is illustrated in Figure 8.3. Note
that any information about the distance to a point is lost in the projection since
P(σpci ) = P(pci ), ∀σ 6= 0. By modeling random sensor noise that arises from
the image caption process as an additive term, we can write an observed feature
point on the image plane as

zi = P(dci ) + ηi ∈ R
2, (8.9)

where feature point coordinate in {c},

dci = Rc
b

(
Rb
n(d

n
i − pn)− pbc

)

= R(δϕ)⊤R̂c
b

(
R̂b
nR(δθ)(dni − p̂n + δpn)− p̂bc + δpbc

)
,

(8.10)

is a nonlinear function of states δxins and δxcam.

Let Z denote the set of observed feature points on the visual calibration
pattern. Concatenating |Z| = M observed feature points into one vector y =
vec([z1 · · · zM ]) yields the measurement function at sample k:

yk = hk(δx
ins
k , δxcam

k ) + nk ∈ R
2M , (8.11)

using (8.9) and (8.10). The concatenated measurement noise n = vec([η1 · · ·ηM ])
is assumed to be zero-mean and mutually uncorrelated, with the covariance ma-
trix C = σ2

ηI2M .

2These parameters can be estimated from a set of images of the same calibration pattern.
This is also relevant for calibration of nonlinear lens distortions [Bou08]. If we normalize the
observed feature points using the parameters, then Kc = [I2 0]. and the observations will be
on the normalized image plane.
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Figure 8.4: Feedback formulation of estimation problem.

8.5 Estimation framework

The process model (8.7) and measurement model (8.11) form a state-space system

xk+1 = φtot
k (xk,wk)

yk = hk(xk) + nk,
(8.12)

that is used in an estimation approach shown in Figure 8.4. The high-rate IMU
propagates the INS state estimates that deviate from their ideal trajectories
when the system is in motion. These deviations δxins, caused in part by the un-
known sensor model parameters ximu, are periodically estimated and corrected
by exploiting the observed visual calibration pattern y. In other words, the dis-
crepancies between the actual observations and those predicted from the INS
provide information about δxins and ximu. In addition, the errors of the coordi-
nate transformation parameters δxcam are estimated and used for correction. A
recursive Sigma-Point Kalman filter is used to solve the joint estimation problem.
Since the process noise w is not additive, one needs to augment the sigma-point
state vector with noise states as described in Algorithm 3. The algorithm is
implemented in square-root form for numerical stability [KSH00,VdMW01].

8.6 Simulation results

For validation purposes the proposed Sigma-Point Kalman filter is tested with
ground truth by means of simulations. The movement of the IMU is generated
as a user-defined trajectory {pnk}Tk=0 using cubic splines to ensure continuous
acceleration. The attitude and hence the angular rate is determined by directing
the camera towards the calibration pattern. The outputs are ideal accelerometer
and gyroscope signals {f bk,ωbk}Tk=0 sampled at 100 Hz.

8.6.1 Sensor signals and parameters

Misalignments (α,γ) and scale factors (ka,kg) are added according to the sensor
model, with values set in Table 8.1. The biases (δf b, δωb) are set as constants
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Algorithm 3 Estimation using Sigma-Point Kalman Filter, with weights {wcℓ},
{wmℓ } and η. Augmented sigma points ˇ̄x(ℓ) = [(x̌(ℓ))⊤ (w̌(ℓ))⊤]⊤ withN = 36+12
states.

1: Initialize x̂−
0 , P

−
0

2: for k = 0, . . . do

3: Update INS estimates, p̂n
k , v̂

n
k , R̂

n
b,k

4: if Z 6= ∅ then

5: Form yk and Ck

6: Generate sigma points {x̌
(ℓ)
k }2Nℓ=0

7: %Measurement update:

8: y̌
(ℓ)
k = hk(x̌

(ℓ))

9: ŷ−
k =

∑2N
ℓ=0 w

m
ℓ y̌

(ℓ)
k

10: Ce,k =
∑2N

ℓ=0 w
c
ℓ

(
y̌
(ℓ)
k − ŷ−

k

)(
y̌
(ℓ)
k − ŷ−

k

)⊤
+Ck

11: Cxe,k =
∑2N

ℓ=0 w
c
ℓ

(
x̌
(ℓ)
k − x̂−

k

)(
y̌
(ℓ)
k − ŷ−

k

)⊤

12: ek = yk − ŷ−
k

13: Kk = Cxe,kC
−1
e,k

14: x̂k = x̂−
k +Kkek

15: Pk = P−
k −KkCe,kK

⊤
k

16: Use δx̂ins
k and δx̂cam

k to correct state estimates
17: x := x̂k

18: P := Pk

19: else

20: x := x̂−
k

21: P := P−
k

22: end if

23: Form x̄k = [x⊤ 0⊤
1×12]

⊤ and augmented matrix P̄ = P⊕Q

24: Generate augmented sigma points {ˇ̄x
(ℓ)
k }2Nℓ=0 using x̄ and P̄

25: x̌
(ℓ)
k+1 = φtot

k (x̌
(ℓ)
k , w̌

(ℓ)
k )

26: %Time update:

27: x̂−
k+1 =

∑2N
ℓ=0 w

m
ℓ x̌

(ℓ)
k+1

28: P−
k+1 =

∑2N
ℓ=0 w

c
ℓ

(
x̌
(ℓ)
k+1 − x̂−

k+1

)(
x̌
(ℓ)
k+1 − x̂−

k+1

)⊤

29: end for

and the additive white noise terms {nf ,k,nω,k}Tk=0 are generated by Gaussian
distributions with standard deviations (σf , σω). The magnitudes, applied here
equally to each axis, were set using data from a static low-cost IMU and given
in Table 8.2.

The planar visual calibration pattern consists of a grid of 5× 5 feature points
{dni }25i=1 spaced 7 × 10−2 m apart and placed perpendicular to the gravitation
field. The camera has a focal length f = 5 × 10−3 m, pixel width ∆x = ∆y =
6 × 10−6 m and a sample rate of 10 Hz. Whilst feature point detectors are
capable of interpolating image coordinates to subpixel level we set the pixel noise
standard deviation ση to a conservative value of 2 pixels that takes into account
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Table 8.1: IMU sensor model parameters.

Misalignment [◦]
α 1 −1 1 − − −
γ −1 1 0 1 1 −1

Scale factor [-]
ka 1.01 0.95 1.04
kg 1.02 0.97 0.98

Table 8.2: IMU sensor noise parameters.

Bias Std.

Acc. [m/s
2
] 2× 10−2 6× 10−3

Gyro. [rad./s] 5× 10−3 3× 10−3

possible motion blur. The camera offset is pbc = [1,−5, 10]⊤ ·10−2 m and rotation
parameterized in Euler angles, ϕ = [−90◦, 0◦,−90◦]⊤.

Figure 8.5 illustrates the motion of the system during two minutes. The cam-
era is directed down towards the pattern during the entire calibration procedure.

8.6.2 Estimation setup

The weights in the Sigma-Point Kalman filter are set as wcℓ = wmℓ = 1
2(N+λ) for

ℓ = 1, . . . , 2N . For ℓ = 0, wc0 = λ
N+λ + (1 − α2 + β) and wm0 = λ

N+λ . Here

λ = α2(N + κ) − N , with parameters α = 0.1, β = 2 and κ = 0 that also
determine the spread of the sigma points through the weight η =

√
N + λ.

The initial deviations state estimates δx̂ins,−
0 are zero, with standard devia-

tions of initial error of position, 2 · 10−2 m, velocity, 1 · 10−3 m/s, and attitude
errors, 2◦, respectively. The standard deviations for the bias error estimates were
set to 2 ·10−2 m/s2 and 4 ·10−3 rad./s, respectively. The actual initial deviations
(δpn0 , δv

n
0 , δθ0) were generated by a zero-mean Gaussian distribution with cor-

responding covariance matrix. The initial coordinate transformation deviation
estimates δx̂cam,−

0 were zero, with standard deviations 1 · 10−2 m and 2◦. Simi-
larly, the actual deviations were generated by a Gaussian distribution. Finally,
the initial misalignment estimates are all zero and scale factor estimates set to
one, with standard deviations of 1◦ and 1 · 10−2, respectively, and form x̂

imu,−
0 .

The standard deviations form together a diagonal error covariance matrix
P−

0 .
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Figure 8.5: Trajectory spanning 120 seconds over a 28× 28 [cm] grid of feature
points.

8.6.3 Results

The performance of the estimator is dependent on the dynamics of the system,
i.e., on the sensor signals that are excited. The example trajectory used here is
shown in Figure 8.5. It exhibits roll φ ∈ [−90◦, 90◦] with a period of 8 seconds
and has a peak speed of about 0.40 m/s and angular rate of 2.9 rad./s.

The time-varying estimation error statistics during the initial 40 seconds are
shown in Figures 8.6 to 8.9, using 100 Monte Carlo simulations. The estimated
mean errors and root mean square error (RMSE) bounds are plotted in colored
lines and dashed black lines respectively. The figures also show the 3σ-bounds in
dotted lines, obtained from the diagonal elements of the filter’s error covariance
matrix, which provide a representation of its uncertainty of the estimates. We
see that while the approximation of the sigma-point method cannot fully capture
the statistics of the highly nonlinear system, the signal processor is capable of
providing estimates that quickly reach subcentimeter and subdegree accuracy, as
well as scale factor deviations by less that 1 percentage point.

Results for the entire 120 second trajectory from 100 Monte Carlo simulations
are shown in Table 8.3. These include the final RMSE of the estimates as well as
the means and standard deviations of the errors for the coordinate transformation
parameters, sensor biases, misalignments and scale factors, respectively. As can
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⊤.

be seen the estimate biases tend to be of the same order of magnitude as the
standard deviation of errors.

8.7 Summary

In this chapter we developed a simple and repeatable calibration procedure for
low-cost inertial measurement units, using a monocular camera with a visual
calibration pattern. The sensor models capture misalignments, scale and offset
errors as well as IMU-camera orientation and offset errors which are estimated
by a recursive Sigma-Point Kalman filter. A simulation study indicates that
it is capable of reaching subcentimeter and subdegree accuracy and scale factor
deviations below 0.1 percentage points. Future work for validation would have use
real inertial and visual sensor data, implement feature point extraction, construct
tests for whiteness of the innovations and use detailed information about the
sensor properties from an IMU manufacturer.



0 5 10 15 20 25 30 35 40
−1

−0.5

0

0.5

1

φ 
[° ]

Camera orientation estimation error

0 5 10 15 20 25 30 35 40
−1

−0.5

0

0.5

1

θ 
[° ]

0 5 10 15 20 25 30 35 40
−1

−0.5

0

0.5

1

ψ
 [° ]

t [s]

Figure 8.7: Estimation errors of ϕ = [φ, θ, ψ]⊤.



0 5 10 15 20 25 30 35 40
−1

−0.5

0

0.5

1

α yz
 [° ]

Accelerometer misalignment estimation error

0 5 10 15 20 25 30 35 40
−1

−0.5

0

0.5

1

α zy
 [° ]

0 5 10 15 20 25 30 35 40
−1

−0.5

0

0.5

1

α zx
 [° ]

t [s]

Figure 8.8: Estimation errors of α = [αyz, αzy, αzx]
⊤.



0 5 10 15 20 25 30 35 40
−0.01

−0.005

0

0.005

0.01

ka x [−
]

Accelerometer scale factor estimation error

0 5 10 15 20 25 30 35 40
−0.01

−0.005

0

0.005

0.01

ka y [−
]

0 5 10 15 20 25 30 35 40
−0.01

−0.005

0

0.005

0.01

ka z [−
]

t [s]

Figure 8.9: Estimation errors of ka = [kax, k
a
y , k

a
z ]

⊤.



Table 8.3: Error statistics, 100 Monte Carlo simulations.

RMSE Mean Std.

pbc,x 0.747 0.466 0.585
pbc,y ×10−3[m] 1.737 -1.727 0.189
pbc,z 1.430 1.415 0.206

ϕφ 6.756 6.628 1.308
ϕθ ×10−2[◦] 1.960 -1.752 0.880
ϕψ 1.727 0.999 1.410
δfx 6.447 5.994 2.374
δfy ×10−3[m/s2] 1.064 -0.801 0.700
δfz 5.436 -5.257 1.384
δωφ 0.104 -0.100 0.028
δωθ ×10−3[rad./s] 0.846 0.846 0.033
δωψ 0.157 -0.154 0.033
αyz 0.528 0.057 0.524
αzy ×10−2[◦] 5.754 5.662 1.029
αzx 0.574 0.023 0.574
γyz 2.975 -2.720 1.205
γzy 9.020 8.865 1.666
γxz ×10−2[◦] 2.133 2.050 0.587
γzx 11.837 -11.758 1.371
γxy 6.030 5.959 0.920
γyx 3.192 -3.028 1.010
kax 5.801 5.236 2.497
kay ×10−4[-] 1.018 -0.352 0.955
kaz 8.372 8.268 1.318
kgφ 0.469 0.256 0.393

kgθ ×10−4[-] 9.765 9.536 2.103
kgψ 3.848 -2.753 2.688



8.A INS mechanization equations 101

Appendix 8.A INS mechanization equations

Prior to deriving the INS mechanization equations we establish some useful re-
sults for rotation matrices. First, the skew-symmetric matrix representation of
the cross product is given by

[a]× ,




0 −a3 a2
a3 0 −a1
−a2 a1 0


 .

Cross products are rotationally invariant, i.e., R(a× b) = (Ra)× (Rb), so that
R[a]×R

⊤c = R(a×R⊤c) = (Ra)× (RR⊤c) = (Ra)× c = [Ra]×c for all c.
Thus R[a]×R

⊤ = [Ra]×.
Second, let the rotation in R3 be parameterized by three Euler angles, θ =

[φ, θ, ψ]⊤, roll, pitch and yaw respectively. Defining the rotation in the sequence
of yaw, pitch and roll, the transformation can be put in matrix form as the
‘direction-cosine matrix’ R(θ). For brevity we write c(x) = cos(x) and s(x) =
sin(x). For small angles x we have the first-order approximations c(x) ≃ 1 and
s(x) ≃ x, and so we can write the following useful small-angle approximation

R(θ) =




c(ψ)c(θ) s(ψ)c(θ) −s(θ)
−s(ψ)c(φ) + c(ψ)s(θ)s(φ) c(ψ)c(φ) + s(ψ)s(θ)s(φ) c(θ)s(φ)
s(ψ)s(φ) + c(ψ)s(θ)c(φ) −c(ψ)s(φ) + s(ψ)s(θ)c(φ) c(θ)c(φ)




≈




1 ψ −θ
−ψ + θφ 1 + ψθφ φ
ψφ+ θ −φ+ ψθ 1




=



1 0 0
0 1 0
0 0 1


+




0 ψ −θ
−ψ 0 φ
θ −φ 0


+




0 0 0
θφ ψθφ 0
ψφ ψθ 0




= I3 + [−θ]× +M

≈ I3 − [θ]×.

Third, define the time-derivative of the direction-cosine matrix as

Ṙb
a(t) , lim

δt→0

Rb
a(t+ δt)−Rb

a(t)

δt

Suppose frame {a} is rotating relative frame b with the angular velocity ωa. Let
{a′} and {a′′} denote the frame orientation at time t and t + δt, respectively.
The change in relative orientation is ωaδt. Using the small-angle approximation
we have Rb

a(t+ δt) = Rb
a′′ = Rb

a′R
a′

a′′ = Rb
a(t)(R

a′′

a′ )
⊤ ≃ Rb

a(t)(I3 − [ωaδt]×)
⊤ =

Rb
a(t)(I+ [ωa]×δt). Substitution into the definition of the time-derivative yields

Ṙb
a(t) = Rb

a(t)[ω
a]×.
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Inertial frames are frames in uniform rectilinear motion for which Newtonian
laws apply. Let {i} denote an (approximate) inertial frame with origin at the
center of the Earth. Let {e} denote the rotating Earth-centered Earth-fixed
coordinate frame, whose origin coincides with {i} so that vector from the center
to a point can be transformed by pi = Ri

ep
e [FB99]. Then the rotating coordinate

frame yields

ṗi = Ṙi
ep

e +Ri
eṗ

e

= Ri
e[ω

e
ie]×p

e +Ri
eṗ

e

= Ri
e ([ω

e
ie]×p

e + ṗe) ,

and

p̈i = Ṙi
e

(
[ωeie]×p

e + ṗe
)
+Ri

e

(
[ω̇eie]×p

e + [ωeie]×ṗ
e + p̈e

)

= Ri
e[ω

e
ie]×

(
[ωeie]×p

e + ṗe
)
+Ri

e

(
[ω̇eie]×p

e + [ωeie]×ṗ
e + p̈e

)

= Ri
e

(
[ωeie]

2
×p

e + 2[ωeie]×ṗ
e + [ω̇eie]×p

e + p̈e
)

= Ri
e

(
p̈e + 2[ωeie]×ṗ

e

︸ ︷︷ ︸
Coriolis

+ [ωeie]
2
×p

e

︸ ︷︷ ︸
centrifugal

+ [ω̇eie]×p
e

︸ ︷︷ ︸
Euler

)
,

with the Coriolis, centrifugal, and Euler accelerations as a result. Expressed in
{e},

p̈e = Re
i p̈

i − 2[ωeie]×ṗ
e − [ωeie]

2
×p

e − [ω̇eie]×p
e.

Next, the local tangential navigation frame {n} is set on the Earth’s surface and
hence rotates with respect to the inertial frame. The Earth-referenced velocity
vector, coordinatized parallel to {n} is vn , Rn

e ṗ
e so that

v̇n = Rn
e [ω

e
ne]×ṗ

e +Rn
e p̈

e

= Rn
e [ω

e
ne]×R

e
nv

n +Rn
e p̈

e

= [ωnne]×v
n +Rn

e

(
Re
i p̈

i − 2[ωeie]×ṗ
e − [ωeie]

2
×p

e − [ω̇eie]×p
e
)

= Rn
i p̈

i − [ωnen]×v
n − 2Rn

e [ω
e
ie]×R

e
nv

n −Rn
e

(
[ωeie]

2
× + [ω̇eie]×

)
pe

= Rn
i p̈

i − [ωnne + 2ωnie]×v
n −Rn

e

(
[ωeie]

2
× + [ω̇eie]×

)
pe

= Rn
b f
b + gn − [ωnne + 2ωnie]×v

n −Rn
e

(
[ωeie]

2
× + [ω̇eie]×

)
pe

= ⌈when ωnne = 0⌉
= Rn

b f
b + gn − 2[ωnie]×v

n −Rn
e

(
[ωeie]

2
× + [ω̇eie]×

)
pe,

(8.13)

using p̈i = f i + gi and f b = Rb
i f
i.

For the attitude we first make use ofωbnb = ωbne+ωbei+ωbib = 0+Rb
nω

n
ei+ωbib =

−Rb
nω

n
ie + ωbib. For notational simplicity let ωb , ωbib. Then

Ṙn
b = Rn

b [ω
b
nb]×

= Rn
b [ω

b]× −Rn
b [R

b
nω

n
ie]×.

(8.14)
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Equations (8.13) and (8.14) lead to the INS mechanization equations (8.1).

Appendix 8.B INS deviation model

We now derive the INS deviation states by substituting

f b = A−1 f̃ b −A−1(δf b + nf ) = A−1f̃ b −A−1f̌ b

ωb = G−1ω̃b −G−1(δωb + nω) = G−1ω̃b −G−1ω̌b
(8.15)

back into the velocity state equation (8.13),

v̇n = Rn
bA

−1f̃ b −Rn
bA

−1 f̌ b + gn − 2[ωnie]×v
n

−Rn
e

(
[ωeie]

2
× + [ω̇eie]×

)
pn,

(8.16)

and attitude state equation (8.14),

Ṙn
b = Rn

b [G
−1ω̃b]× −Rn

b [G
−1ω̌b]× −Rn

b [R
b
nω

n
ie]×. (8.17)

Then δṗn = δvn and

δv̇n = ˙̂vn − v̇n

=
(
R̂n
b f̃
b −Rn

bA
−1f̃ b

)
+Rn

bA
−1 f̌ b

+
(
ĝn − gn

)
+
(
−2[ω̂nie]×v̂

n + 2[ωnie]×v
n
)

+
(
−R̂n

e [ω̂
e
ie]

2
×p̂

n +Rn
e [ω

e
ie]

2
×p

n
)

+
(
−R̂n

e [
˙̂ωeie]×p̂

n +Rn
e [ω̇

e
ie]×p

n
)
.

For simplicity, assume that the Coriolis, centrifugal and Euler acceleration arising
from the Earth’s rotation and the error of the estimated gravitational accelera-
tion vector are all negligible in the presence of the sensor bias and noise terms.
Note that the estimator does not have access to the true attitude Rn

b but rather

the estimate R̂n
b , which are related by Rn

b = R⊤(δθ)R̂n
b ≈ (I3 + [δθ]×)R̂

n
b using

a linear approximation of cosine and sine for small angles. Substitution results
in

δv̇n = R̂n
b (I3 −A−1)f̃ b − [δθ]×R̂

n
bA

−1f̃ b + (I3 + [δθ]×)R̂
n
bA

−1 f̌ b

= R̂n
b (I3 −A−1)f̃ b + [R̂n

bA
−1f̃ b]×δθ + R̂n

bA
−1 f̌ b + [δθ]×R̂

n
bA

−1f̌ b,

using the fact that a× b = −b× a so that −[δθ]×R̂
n
bA

−1 f̃ b = [R̂n
bA

−1f̃ b]×δθ.
Discarding higher-order terms yields

δv̇n ≃ R̂n
b (I3 −A−1)f̃ b + [R̂n

bA
−1f̃ b]×δθ + R̂n

bA
−1(δf b + R̂n

bnf ). (8.18)
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Finally, we derive the evolution of the attitude error state δθ by considering
the perturbed attitude,

˙̂
R
n

b = R̂n
b [ω̃

b]× − R̂n
b [R̂

b
nω̂

n
ie]×. (8.19)

Expanding the LHS,

˙̂
R
n

b =
d

dt

(
(I3 − [δθ]×)R

n
b

)

= −[δθ̇]×R
n
b + (I3 − [δθ]×)Ṙ

n
b

= −[δθ̇]×R
n
b + (I3 − [δθ]×)R

n
b [G

−1ω̃b −G−1ω̌b −Rb
nω

n
ie]×

= −[δθ̇]×R
n
b + R̂n

b [G
−1ω̃b −G−1ω̌b −Rb

nω
n
ie]×,

and inserting this back into (8.19) results in

−[δθ̇]×R
n
b = R̂n

b [(I3 −G−1)ω̃b +G−1ω̌b]×

+ R̂n
b [R

b
nω

n
ie − R̂b

nω̂
n
ie]×,

which can be re-written as

[δθ̇]× = −R̂n
b [(I3 −G−1)ω̃b +G−1ω̌b]×(R̂

n
b )

⊤(I3 − [δθ]×)

− R̂n
b [R

b
nω

n
ie − R̂b

nω̂
n
ie]×(R̂

n
b )

⊤(I3 − [δθ]×)

= −[R̂n
b (I3 −G−1)ω̃b]× + [R̂n

b (I3 −G−1)ω̃b]×[δθ]×

− [R̂n
bG

−1ω̌b]× − [R̂n
bG

−1ω̌b]×[δθ]×

− [R̂n
bR

b
nω

n
ie − ω̂nie]×(I3 − [δθ]×),

using the property that R[x]×R
⊤ = [Rx]×. Again, if the effects of Earth’s ro-

tation rate are small in the presence of the sensor bias and noise we will take
the last term to be negligible. Note the second-order term loses its cross product
operation property. If the errors are small enough the higher-order terms are
dropped, resulting in the approximation

δθ̇ ≃ R̂n
b (G

−1 − I3)ω̃
b − R̂n

bG
−1(δωb + nω), (8.20)

which concludes the derivation of the INS deviation process model.



Chapter 9

Inertial navigation with

epipolar constraints

Inertial navigation using a low-cost inertial measurement unit (IMU) is subject
to rapid error growth that renders the navigation solution useless within a very
short period of time, often within a matter of seconds. A significant underlying
factor is the error in the gyroscope which causes a misalignment in the estimated
attitude. Then the gravitational acceleration contained in the observations from
the accelerometers cannot be correctly compensated for in the inertial navigation
system (INS) equations. Hence the need to aid the inertial navigation with
complementary sensors that constrain the error or rate of error growth.

In this chapter we consider a monocular camera, which is an inexpensive and
passive sensor that provides a signal with a large information content. However,
while humans use a vast amount of prior knowledge to extract the information
for navigation, machine-based systems have often to rely on low-level feature
extraction algorithms for tractability.

In [GS07], visual information of static feature points in the scene is fused with
an inertial system to aid it in outdoor scenarios with limited or unreliable access
to external localization information. Similarly, [EV07] used stereo cameras to aid
a system in an indoor scenario, where external localization hardware is difficult to
deploy and where global satellite signals are not easily obtained. Within robotics,
a similar scenario is dealt with in the simultaneous localization and mapping
(SLAM) problem. Over the past decade successful methods for SLAM using only
a monocular camera have been proposed and demonstrated, cf. [Dav03,MCD06,
MG07, DRMS07, HKM08]. The converse approach of aiding the monoSLAM
algorithm with inertial information was used in [PLST07] in order to improve
scale consistency and hence loop closing.

For navigation purposes considered here, however, mapping is of secondary
importance. Building a consistent map of feature points increases the computa-
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c0

c

p0

p

(a) (b)

Figure 9.1: (a) Translation from camera center c0 to c. Epipole, shown by
a circle in current frame, is the vanishing point of the direction of translation.
(b) Under pure translational movement, the image planes are parallel and points
move along lines radiating from the epipole.

tional complexity of the estimation problem significantly. Indeed, recent efforts
have been made to sparsify maps, e.g. [PT08]. But common to the methods
above is that they estimate static feature points in the scene, under various pa-
rameterizations, which are ‘nuisance parameters’ in the navigation problem. The
approach in [MR07] avoids this by storing a number of past views that act as
multiple constraints. However in the measurement function each feature point
is reconstructed solving a nonlinear least-squares problem. Similarly, [KA08]
presents a view-based SLAM approach.

In this chapter, we use the ideas in [BM08] where the relative pose between
two views are recovered using vanishing points. But whereas that work relies on
an outlier rejection algorithm for classifying points on the image plane, we make
use of the inertial information provided by the gyroscopes. We present results
that indicate the capacity of the proposed estimation algorithm to constrain the
rate of error growth in an inertial navigation system.

9.1 Epipoles and rotation unwrapping

As illustrated in Figure 9.1, when image planes are parallel the epipolar point
contains information about the translational movement of the origin of the camera
frame, which is of interest to our estimation problem. Under pure translation,
static points in the navigation frame {n} move along lines in the image plane.
Ideally all lines intersect at the epipole [FLP01]. Therefore it is possible to
estimate the epipole by tracking feature points on the image plane, by computing
their lines of movement and intersection.

The ‘essential matrix’ E ∈ R3×3 is the algebraic representation of epipolar
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z

u

Figure 9.2: Image points z represented as unit vectors u.

geometry and is of rank 2 [HZ03]. Let ∆p be the translation vector and Rci
cj

the rotation matrix between two camera views. Then the essential matrix equals
up to scale, E ≃ [∆p]×R

ci
cj . Let z̄e denote the epipole on the normalized image

plane in projective coordinates.1 It lies in the null space of E, i.e., Ez̄e = 0.
Under pure translation this yields ∆p × z̄e = 0 or equivalently, the translation
vector ∆p and the vector of the epipole z̄e are parallel. Hence measuring z̄e will
give information about ∆p. The epipolar point is observable when the camera
motion is not constrained along the image plane.

However, in general the camera does not move under pure translation. Then
the movement of a feature point on the image plane contains both a translational
and a rotational component, and the computation of the epipole using the method
above is not valid. One way to circumvent this problem is to use the gyroscopes
that provide information about the orientation in order to effectively preserve
parallel image planes. To illustrate this idea, consider the image plane and the
sphere in Figure 9.2

There is a one-to-one mapping, τ : R2 → R3, from plane and the half-sphere
facing it. An image point z ∈ R2 can then be represented as a unit vector u ∈ R3.
Suppose an image point z0 from a past view {c0} has been detected. Then it can
be transformed to a point z′0 on a plane parallel to that in current view {c} by
z′0 = τ−1(u′

0) where u
′
0 = Rc

c0u0 and u0 = τ(z0), thereby ‘unwrapping’ the effect
of rotation. Using the projective coordinate representation z̄0, we can compute
the unwrapped point in a single operation

z′0 = [I2 0]
Rc
c0 z̄0

e⊤z R
c
c0 z̄0

.

In practice the gyroscopes contain noise that will lead to an accumulated error
of the relative orientation encoded in Rc

c0 . It will be assumed, however, that

1In practical terms, we write a normalized image point z = [x y]⊤ in projective coordinates
as z̄ = [x y 1]⊤.



108 9 Inertial navigation with epipolar constraints

IMU
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h(·)INS Σ
−

Epipole

Figure 9.3: Feedback approach. Filter estimates the INS deviations and corrects
the navigation solution.

the order of error growth is moderate so that the error of the computed epipole
between the current and past view is small.

9.2 Process model

The navigation states of interest are position pn, velocity vn and orientation
Rn
b . The time-evolution of the states is given by the inertial navigation sys-

tem equations and driven by the external signals from the IMU as described in
Section 8.1.

9.2.1 INS deviation states

In order to fuse the sensor information in a tractable way, we pose the estimation
problem in a feedback formulation. Figure 9.3 gives a conceptual outline. Instead
of estimating the navigation states, the deviations (δpn, δvn, δθ) are estimated
and fed back to correct the solution of the inertial navigation system equations.
Assuming a calibrated IMU, advantage of this approach is that the evolution of
the errors can be approximated by a linear process model, provided the velocity
and attitude errors are not too large. We will assume the sensor scale factors,
(ka,kg), are close to 1 and the misalignments, (α,γ), approximately 0. Then
(8.5) and (8.6) simplify into

δpnk+1 = δpnk + dtδvnk

δvnk+1 = δvnk + dt[R̂n
b,k f̃

b
k ]×δθk + dtR̂n

b,kδf
b
k + dtR̂n

b,knf ,k

δθk+1 = δθk − dtR̂n
b,kδω

b
k − dtR̂n

b,knω,k

δf bk+1 = δf bk + dtwδf ,k

δωbk+1 = δωbk + dtwδω,k.

(9.1)

The INS deviation states and process noise can be compactly written as

δxins
k+1 = Fins

k δxins
k +Gins

k wk ∈ R
15, (9.2)



9.2 Process model 109

where we used Rn
b ≃ (I3 + [δθ]×)R̂

n
b ,

Fins
k =




I3 dtI3 0 0 0

0 I3 dt[R̂n
b,k f̃

b
k]× dtR̂n

b,k 0

0 0 I3 0 −dtR̂n
b,k

0 0 0 dtI3 0

0 0 0 0 dtI3



∈ R

15×15

and

Gins
k =




0 0 0 0

dtR̂n
b,k 0 0 0

0 −dtR̂n
b,k 0 0

0 0 dtI3 0

0 0 0 dtI3



∈ R

15×12.

The process noise has a known covariance matrix Q ∈ R12×12.

9.2.2 Camera position deviation states

Let pbc denote the offset between inertial frame and camera frame. Then the
current camera position is ρn = pn+Rn

bp
b
c ∈ R3 and the deviation from the po-

sition estimate is δρn , ρ̂n−ρn. The deviation can be approximately expressed
as a linear transformation of the INS deviations

δρn = δpn + [R̂n
bp

b
c]×δθ

= Tδxins,
(9.3)

where

T ,

[
I3 0 [R̂n

bp
b
c]× 0 0

]
∈ R

3×15. (9.4)

We store P previously captured images and their position estimates in Φ =
[ρ̂n(1) · · · ρ̂n(P )]. A recorded camera pose has no dynamics, therefore the deviation
process model for position i is simply

δρn(i),k+1 = δρn(i),k. (9.5)

The more images and positions stored, the more epipolar constraints we could
potentially impose with respect to the current image. Since computational re-
sources are finite, the maximum size of the memory is set to Pmax. New camera
positions will be added and old ones removed. Hence the process is a sliding
window of views.
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9.3 Measurement model

We now describe the process of observing epipoles and relating these measure-
ments to the navigation states. When a new image is obtained, its feature points
are extracted and compared with the feature points in view i, producing a set of
matched pairs {(zj , zj|i)}j. Then Rbi

b , obtained from the gyroscopes, is used to

compute the rotation matrix Rc
ci = (Rc

bR
bi
b R

b
c)

⊤ and unwrap the rotation of the
jth matched point

z′j|i = [I2 0]
Rc
ci z̄j|i

e⊤z R
c
ci z̄j|i

.

This produces a set of matched feature points on parallel image planes
{(zj , z′j|i)}j .

Each pair generates a line and ideally all of them intersect at the epipole.
However, there are a host of error sources that arise from the inertial and visual
sensors, as well as from image processing, that lead to noise on the measured
epipole, which is modeled as an zero-mean term. For robustness, the intersection
cℓ|i is computed for the ℓth pair of lines. L valid lines would result in L(L −
1)/2 intersections. The epipole is then computed as a weighted average of all
intersections

z(i) =
∑

ℓ

wℓcℓ|i ∈ R
2. (9.6)

In addition, the dispersion of intersections cℓ|i yields a measure of the uncer-
tainty of the measured epipole. The measurement noise covariance matrix can
be approximated as

C(i) =
∑

ℓ

wℓ(cℓ|i − z(i))(cℓ|i − z(i))
⊤ ∈ R

2×2. (9.7)

The weights wℓ, which sum to unity, are set according to some measure of the
reliability of the intersection cℓ|i, e.g., as a function of the distance between the
points that generate the lines ||zj − z′j|i||2. A smaller distance results in a line

that is more sensitive to noise. The further away the feature point is in {n},
the smaller the displacement on the image plane. In the limit, such points are
invariant on the image plane to translational movement. Since image processing
is prone to outliers, the above procedure for computing the epipole requires some
method of outlier rejection to suppress extreme intersections cℓ|i, e.g., arising
from near parallel lines.

As explained in Section 9.1, under pure translational movement the epipole
coincides with the vanishing point of the direction of the translation vector,
which is related to the navigation states. Let ∆pc(i) denote the translation vector

between view i and the current view, expressed in {c}. Then

z(i) = P(∆pc(i)) + η(i), (9.8)
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where the projective mapping was given in (8.8) and

∆pc(i) = Rc
bR

b
n

(
ρn(i) − (pn +Rn

bp
b
c)
)

= Rc
bR̂

b
nR(δθ)

(
ρ̂n(i) − δρn(i) − (p̂n − δpn + R̂b

nR(δθ)pbc)
)
,

(9.9)

The noise η(i) is assumed to be zero-mean with an error covariance matrix ap-
proximated using the dispersion of intersections, C(i). To ensure that the axes of
the uncertainty ellipse on the image plane do not collapse, an eigendecomposition
is performed, C(i) = VΛV∗; if any eigenvalue falls below λmin it is truncated to
this minimum.

Let Ze denote the set of observed epipoles. We stack |Ze| = P observed
epipoles into one vector y = vec([z(1) · · · z(P )]) which yields the measurement
function at sample k:

yk = hk(δxk) + nk ∈ R
2P , (9.10)

where the covariance matrix of n = vec([η(1) · · · η(P )]) is the direct sum C =
C(1) ⊕ · · · ⊕C(P ).

9.4 Estimation framework

By augmenting all the deviation states into

δx = [(δxins)⊤ (δρn(1))
⊤ · · · (δρn(P ))

⊤]⊤ ∈ R
15+3P (9.11)

and defining Fk = Fins
k ⊕ I3P and Gk = [(Gins)⊤ 0] ∈ R(15+3P )×12, we can

combine (9.2) and (9.5) into a joint deviation process model

δxk+1 = Fkδxk +Gkwk ∈ R
15+3P (9.12)

with a measurement model (9.10). We apply the Sigma-Point Kalman filter to
estimate δx from the epipolar observations y and correct the INS states. As
the process model is linear, the filter can be implemented with a linear and
efficient time update. Also, after correction the predicted deviations, δx̂−

k ≡ 0

and therefore it is only necessary to propagate the prediction error covariance
matrix, P−

k , during IMU samples for which for no observations are available.
Since the view positions have no dynamics the system matrices Fk and Gk have
a sparse structure that can be exploited in the propagation. Further, since the
computation of epipoles can be performed independently for each view i the
parallel structure can be exploited for fast implementations.

The estimation procedure is summarized in Algorithm 4. Next, we describe
how the orientations, stored in Θ, and error covariance matrix P are updated.
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Algorithm 4 Estimation using Sigma-Point Kalman filter, with weights {wcℓ},
{wmℓ } and η. Number of deviations states N = 15 + 3P .

1: Initialize x̂−
0|−1

, P−
0 and δx̂−

0 = 015×1

2: for k = 0, . . . do

3: Update INS estimates p̂n
k , v̂

n
k , R̂

n
b,k and Θk

4: if new image available then

5: Extract feature points and compute Ze

6: end if

7: if Ze 6= ∅ then

8: Form yk and Ck

9: Generate sigma-points {δx̌
(ℓ)
k }

10: %Measurement update:

11: y̌
(ℓ)
k = hk(δx̌

(ℓ)
k )

12: ŷ−
k =

∑2N
ℓ=0 w

m
ℓ y̌

(ℓ)
k

13: Ce,k =
∑2N

ℓ=0 w
c
ℓ

(
y̌
(ℓ)
k − ŷ−

k

)(
y̌
(ℓ)
k − ŷ−

k

)⊤
+Ck

14: Cxe,k =
∑2N

ℓ=0 w
c
ℓδx̌

(ℓ)
k

(
y̌
(ℓ)
k − ŷ−

k

)⊤

15: ek = yk − ŷ−
k

16: Kk = Cxe,kC
−1
e,k

17: δx̂k = Kkek

18: Pk = P−
k −KkCe,kK

⊤
k

19: Use δx̂k to correct state estimates
20: P := Pk

21: else

22: P := P−
k

23: end if

24: if new image available then

25: Store new view in buffer
26: Decimate old view from buffer
27: Update P correspondingly
28: end if

29: %Time update:

30: P−
k+1 = FkPF⊤

k +GkQkG
⊤
k

31: end for

Relative orientation updates

The relative orientation between the current view and a past view i must be
updated in order to rotation unwrap the feature points and compute the corre-
sponding epipole z(i). This can be done efficiently using quaternions by storing
the relative orientation in the inertial frames {b}, that can be transformed into
{c} when needed.

Let qbib denote the quaternion that expresses the rotation from the current
inertial frame {b} to the past frame {bi}. Each time a view is recorded a new

vector q
bj
b = [0 0 0 1]⊤ is augmented to the matrix Θ = [qb1b · · ·qbPb ]. All
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orientations are updated in one operation, Θk = Ω(ω̃k)Θk−1, where ω̃k is the
sampled angular velocity andΩ(·) is the quaternion update matrix [FB99]. Hence
the update can be done for each IMU sample simultaneously with the attitude
update in the INS equations.

Covariance updates in square-root form

For numerical stability, the filter is implemented in ‘array’ or square-root form
[KSH00, VdMW01]. The error covariance matrices are propagated as lower-
triangular matrix square-roots P1/2 which ensures positive definiteness. This
has the additional advantage for the Sigma-Point Kalman filter that there is no
need to factorize the error covariance matrix by Cholesky decomposition since it
is already in the desired form.

The time update of P1/2 is done by means of a QR-factorization2 and the
measurement update by rank-1 Cholesky downdates.3 Augmenting a new view
deviation state δρn, or decimating an old one when the number of recorded
views reaches Pmax, modifies P correspondingly. In square-root form, however,
this update P1/2 → P̄1/2, where P̄1/2 is the modified matrix, has to be specified
more clearly.

When augmenting a state the modified matrix can be expressed as

P̄1/2 =

[
P1/2 0

T′P1/2 0

]
(9.13)

where T′ , [T 03×3P ]. When decimating the oldest view error state, consider
the matrix

P1/2 =



X 0 0

Y U 0

Z V W


 (9.14)

where X, U and W are lower-triangular matrices and P1/2 has been decomposed
so that Y ∈ R3×15 and U ∈ R3×3 contain the correlations of the old state. Then
the decimated matrix becomes

P̄1/2 =

[
A 0

B C

]
(9.15)

where A = X, B = Z and C is the solution of CC∗ = VV∗ +WW∗, obtained
by a lower-triangular Cholesky decomposition.

2It is obtained from factorization of A∗ = U

[

P
∗/2
k+1|k

0

]

where A , [FkP
1/2
k|k

GkQ
1/2
k ].

3P
∗/2
k|k

= cholupdate{P
1/2
k|k−1

,U,−1}, where U = KkR
1/2
e,k .
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Adaptive visual memory

The view buffer management can be made more intelligent than simply discarding
the oldest view and adding the newest one. On the one hand, the oldest image
will potentially have the largest time baseline and as such the greatest geometric
value. On the other hand, the oldest view is also the one that is the most likely
to have no perspective overlap with the current and future views, in which case
it is of no value. Consequently, a utility measure of each stored view i is needed.

The utility of a view can be quantified by its statistical coupling to the current
and future navigation deviation states δxins. The coupling in terms of second-
order statistics will be determined by the covariance of the epipole measurements,
the geometry between views, and the covariance of the deviation states. For each
new view, the coupling to the current deviation state can be defined by the
corresponding Kalman gain submatrix in

δx̂ins
k =

P∑

i=1

K(i),ke(i),k,

where e(i),k is the innovation of the visual constraint of the ith view. Then
g(i),k = ‖K(i),k‖F provides a measure of the instantaneous coupling of view i

with the current states δxins
k , since ‖δx̂ins

k ‖2 ≤
∑P

i=1 g(i),k‖e(i),k‖2.4
The further into the future, the less information the current coupling factor

g(i),k carries about future coupling, due to the risk of non-overlapping scenes of
the views. Consequently, to determine the utility of a view, we need to balance
instantaneous coupling factors of the current and past views. For this reason,
we define a view utility µ(i),k for each camera sample k based on a history of
instantaneous coupling factors, computed as µ(i),k = λµ(i),k−1 + g(i),k where
0 ≤ λ < 1. The view with the smallest utility is removed from the buffer and
the current view is inserted in its place. A nonzero initial frame utility µ0 can
be used to favor new images.

9.5 Evaluation of INS error growth

In this section we present results indicating the ability of the Sigma-Point Kalman
filter to significantly reduce the error growth rate of the inertial navigation sys-
tem.

9.5.1 Numerical simulation

The filter is first evaluated numerically using a simulated trajectory with multiple
noise realizations. A user-defined trajectory is generated using cubic splines to
ensure continuous acceleration.

4Here we used the triangle inequality and ‖Az‖22 ≤ ‖A‖2F ‖z‖22.
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Table 9.1: IMU sensor noise parameters.

Bias Std.

Acc. [m/s
2
] 2× 10−2 1× 10−2

Gyro. [rad./s] 2× 10−3 5× 10−3

Setup

The outputs are ideal IMU signals sampled at 100 Hz. Biases and stochastic noise
are added as constants and additive white Gaussian noise processes, respectively.
Their parameters are given in Table 9.1, with the standard deviation specified
on a per sample basis. The gyroscope bias alone contributes to a error drift of
each attitude state by approximately 0.1◦/s.

The camera is simulated using the pinhole camera model. The visible feature
points in {n} are projected on the image plane at a rate of 10 Hz and rounded to
integers as coordinates on a grid of 752× 480 pixels. The origins of the camera
and inertial frames were offset by 5 × 10−2 m. The camera calibration matrix
containing the intrinsic camera parameters with focal length f = 5×10−3 m and
pixel width ∆x = ∆y = 6× 10−6 m.

Next, the estimation filter parameters are specified: The maximum length of
the view buffer was set to Pmax = 10 frames, corresponding to a visual memory
of 1 second. No adaptive memory was used here. The weights in the Sigma-Point
filter are set as in Section 8.6.2.

The weights {wℓ} used for computing the epipole in (9.6) and (9.7) are set
according to a measure of the reliability of the pair of lines used for each inter-
section cℓ|i. Here we use the minimum distance between the points that generate
the pair of lines is used and the angle between pairs of lines as a binary threshold
to determine which weights wℓ are zero and thereby rejected as outliers.

Results

The simulated trajectory is shown in Figure 9.4. It consists of 3 laps with crossing
paths, spanning 239 seconds in total. 200 feature points are sprinkled along the
trajectory at varying heights. The system does not exhibit roll but the motion
in the plane contains both left and right turns which excites changes in heading.
In order to excite more angular motion the system changes elevation during the
first 100 seconds, inducing changes in the pitch.

The filter is initialized with the correct position, velocity and attitude. Note
that since navigation is conducted in a relative reference frame, initial position
and heading are correct by definition. The initial error covariance matrix P−

0 =
diag(6.25×10−2 · I3, 0.1 · I3, 2.5×10−4 · I3, 2.25×10−4 · I3, 6.25×10−7 · I3), which
corresponds to a standard deviation of the initial attitude estimate to about 1◦.
The filter was initialized without any zero-velocity updates in a stationary mode
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Figure 9.4: Simulated trajectory with 200 feature points.

and bias estimates were set to zero.

The result of a realization of the trajectory is shown in Figure 9.5. Whereas
inertial navigation alone would quickly result in a position error of several hun-
dred meters, the camera-aided filter is capable of keeping the estimate on track on
the order of minutes. Since the system navigates in a horizontal plane perpendic-
ular to the gravitation field, the deviation of the heading angle ψ is unobservable
and hence subject to slow drift due to integration of gyroscope errors.

For evaluation of the filter, 10 realizations of the same trajectory were gen-
erated. The navigation state errors are plotted in Figure 9.6, 9.7, and 9.8, along
with the ±3σ-levels, where σ is obtained from the diagonal elements of the filter’s
error covariance matrices and hence represents its uncertainty of the estimate.
The results are indicative of the error tracking capacity of the filter to constrain
the rate of error growth. To overcome the heading drift would require an absolute
reference provided by a magnetometer.

9.5.2 Real data example

The system was also implemented in real-time using a MicroStrain IMU (GX2)
and AVT Guppy WVGA F-036B monocular camera with 8-bit grayscale images
and 752 × 460 pixels resolution, cf. [NZJH12]. We used Speeded Up Robust
Features (SURF) [BETVG08] as the feature point detector. The view buffer was
adaptive with maximum length set to Pmax = 10.

An experiment was conducted by we walking across an office floor. The system
was held in the hand, facing forward in the walking direction. The trajectory first
formed a figure-eight path across the office space followed by three laps around
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Figure 9.7: Velocity errors, 10 realizations.

a block, spanning approximately 200 m. The estimated trajectory is shown in
Figure 9.9. As expected the heading estimate drifts over time time but since the
trajectory is closed-loop, many of the induced errors cancel out and the estimate
of the end position estimate is only about 2 m off from the starting position.
This corroborates the findings from the numerical study.

9.6 Wind estimation

In this section we extend the estimation framework to include sensors that mea-
sure air flow for applications involving unmanned aerial vehicles (UAV).

The control system of a small-scale UAV requires information of its own mo-
tion as well as of the changing external conditions. When operating in GPS-
denied or impaired environments, such as indoor or urban canyons, the UAV
has to rely on dead-reckoning systems and/or natural landmarks. Furthermore,
changing external conditions may include wind disturbances which affect the
performance of autonomous flight control and efficiency of path planning and
following [KMIN05,RF05].

Biological autonomous control systems, in e.g. flying insects, are capable of
navigating without absolute position estimates in a fixed Euclidean space nor



9.6 Wind estimation 119

0 50 100 150 200 250
−1

−0.5

0

0.5

1

φ 
[d

eg
.]

Attitude error

0 50 100 150 200 250
−2

−1

0

1

2

θ 
[d

eg
.]

0 50 100 150 200 250
−10

−5

0

5

10

ψ
 [d

eg
.]

t [s]

Figure 9.8: Attitude errors, 10 realizations.

−10 −5 0 5 10 15 20 25 30

−10

−5

0

5

x [m]

y 
[m

]

Figure 9.9: Example of estimated trajectory. The green and red circles indicate
the starting point and final position estimate, respectively.



120 9 Inertial navigation with epipolar constraints

relying on preinstalled infrastructure but on visual, inertial and other sensors
that provide information about their own motion. In addition, they are capable
of finding sources that emit chemical plumes through the air, using the direction
of the wind [Wil08]. Such control strategies for small-scale UAVs, cf. [ERQW05,
RWQ06,RQW07], may find useful applications for tracking chemical leaks, fires
and other detectable sources.

From a control point of view it is of interest to estimate both the velocity
of the UAV and the direction and speed of the wind. A set of three orthogonal
anemometers measure the speed of the air that flows past them in the sensor
coordinate frame {a}, which is the difference va−ma ∈ R3 between the velocity
of the UAV and the wind. The estimation problem consists of separating these
two signals and resolving them in some common navigation frame, e.g., {n},
by fusing information from other sensors. The design considerations for placing
anemometers on different UAV:s are not dealt with here.

An inertial measurement unit provides estimates of vn which rapidly de-
teriorate through double integration of sensor noise and thus is insufficient.
In [RQW06], a system using a downward-directed monocular camera is pro-
posed and tested in simulations. The images are assumed to be processed by
an optical flow algorithm proposed by [Sri94,NS96], which extracts an estimated
direction vector. The sensor fusion is formulated in a deterministic signal model
and solved by a least-squares polynomial approximation. The method, however,
assumes that the UAV operates parallel over a level ground or a ground mod-
eled by tessellated planes with smoothly varying height. Its robustness and drift
properties remain to be explored.

Using the framework developed in this chapter, assumptions of the geometric
structure of the scene can be relaxed, exploiting only natural, static points that
are detectable using common feature point extraction algorithms [HS88,Low99,
BETVG08]. While the heading angle deviation is essentially unobservable, and
hence subject to slow drift due to integration of gyroscope errors, the system is
still capable of separating the UAV velocity and wind velocity from the airspeed
data as is indicated in a simulation study below.

9.6.1 Wind process model

For simplicity we assume the inertial frame {b} to be aligned with {a}.
Rather than taking the perilous path of constructing a local model of the

wind field, which is notoriously hard to track [AMP06], a nonstationary random
walk model is adopted,

mn
k+1 = mn

k + ξk ∈ R
3, (9.16)

with a process noise covariance matrix Qwind
k that is updated adaptively, as will

be described below.
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Figure 9.10: Estimation framework.

9.6.2 Anemometer model

The three-axis wind speed sensors measure the velocity relative to the surround-
ing air, which can be written in terms of the INS deviations and wind states,

yanem = hanem(δxins,mn) + ν ∈ R
3

= Ra
b R̂

b
nR(δθ)

(
v̂n − δvn −mn

)
+ ν,

(9.17)

where ν is the quantization noise with a covariance matrix Canem =
∆2

quant

12 × I3.

9.6.3 State estimation

The overall estimation framework fuses the information of the sensors as il-
lustrated in Figure 9.10. Combining all states into a single vector x̄ ,

[(mn)⊤ (δxins)⊤ (δρ(1))
⊤ · · · (δρ(P ))

⊤]⊤, the joint process model can be written
as,

x̄k+1 = Fkx̄k +Gkw̄k ∈ R
18+3P , (9.18)

where Fk = I3 ⊕ Fins
k ⊕ I3P , Gk = [(I3 ⊕ Gins

k )⊤ 0⊤]⊤ ∈ R(18+3P )×15 and

w̄k = [ξ⊤k w⊤
k ]

⊤ ∈ R15 is the joint process noise vector with covariance matrix
Q̄k , Qwind

k ⊕Q using (9.16) and (9.12). This sparse structure can be exploited
in fast implementations of the Sigma-Point Kalman filter.

The combined measurement equation is

ȳk = h̄k(xk) + n̄k. (9.19)

Depending on what sensor data is available at IMU sample k, h̄k(·) is the con-
catenation of the measurement functions in (9.17) and (9.10). Similarly, the noise
n̄ concatenates ν and vec([η(1) · · · η(P )]), and its covariance matrix C̄ is formed
by Canem and C.

Together (9.18) and (9.19) form a state space model with a linear and sparse
process model and a nonlinear measurement model. Thus we can apply the same
framework and algorithm as in Section 9.4.
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The covariance matrix of the wind process noise is adaptively updated using
a sliding window of estimated innovations, Qwind

l = 1
W (m̃lm̃

⊤
l − m̃l−W m̃⊤

l−W +

Qwind
l−1 ), where m̃l = m̂n

l − m̂
n,−
l is the difference between filtered and predicted

wind estimates. Hence if predictions deteriorate over time, the wind state uncer-
tainty increases as modeled by Qwind

l .

9.6.4 Simulations

The estimator is tested using simulations, which facilitate comparisons with gen-
erated reference wind signals.

Setup

The wind was generated according to the vector-AR(L) process,

mn
k+1 =

L−1∑

l=0

As
lm

n
k−l + ξk,

with process noise covariance matrix Ξs, where the model parameters(
{As

l }L−1
l=0 ,Ξ

s
)

∈ A are chosen randomly at every time instant k according
to a Markov-chain with states s ∈ {1, . . . , |A|} and transition probabilities
pi|j ≡ λp, i 6= j. This allows for a non-stationary signal with erratic changes
in its characteristics, e.g. gusts.

Here the number of states were set to |A| = 4 and the maximum lag L = 3.
The parameters for the x and y-dimensions were set by fitting their values to
different, short segments of wind data recorded with a two-axis anemometer at
60 Hz, using the covariance method [Hay96].5 On the basis of the fact that at low
altitudes wind flows in the z-dimension are small, the parameters were set to small
randomized values. The state transition probability was set to λp = 6× 10−4 for
a wind process sampled at 50 Hz. An example is given in Figure 9.11.

A user-defined trajectory is set in frame {n}, as illustrated in Figure 9.12 with
an average speed of 1 m/s, i.e. of the same order as the wind. Trajectories were
chosen to include turns; if the camera moves head along a linear path the epipolar
measurements provide no information about the velocity along this dimension,
which becomes unobservable and its estimate diverges. The attitude, and hence
angular rate, of the UAV is determined by a simple model which aligns it to the
velocity vector. Continuous acceleration is ensured using cubic spline interpola-
tion to yield ideal IMU signals sampled at 100 Hz. Biases and stochastic noise are
added as constants and additive white Gaussian noise processes for each sample,
with parameters given in Table 9.2. To illustrate, with these settings the error
of the INS velocity estimates after 33 seconds, half-way of the given trajectory,

5We thank Dr. Adam Rutkowski at the U.S. Air Force Research Laboratory for providing
recorded wind data.
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Figure 9.11: A realization of wind process mn and hidden state s.
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Figure 9.12: 66 second trajectory and 200 feature points.
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Table 9.2: IMU sensor noise parameters.

Bias Std.

Acc. [m/s
2
] 2× 10−2 6× 10−3

Gyro. [rad./s] 2× 10−3 3× 10−3

is about [6, 5 · 10−2, 6 · 10−1]⊤ m/s for [v̂nx , v̂
n
y , v̂

n
z ]. The camera parameters are

set as in Section 9.5.1.
The output from the air speed sensors were computed according to the model,

with quantization step size ∆quant = 0.1 m/s. The window size used for Qwind
k

was W = 30. The weights in the Sigma-Point filter are set as in Section 8.6.2.

Results

The estimation errors are evaluated in 100 Monte Carlo simulations, each gener-
ating a realization of the IMU sensor noise processes, for the 66 second trajectory
and wind process. The results are shown in Figures 9.13 and 9.14, where the av-
erage values are given in colored lines and estimated root mean square error
(RMSE) levels in dashed lines. Figure 9.15 shows the same statistics overlaid
but using an alternative parametrization of the vectors mn and vn in terms of
magnitude, and pitch and heading angles. The 3σ-levels, extracted from the
filter’s error covariance matrix, in dotted blue lines can be understood as a rep-
resentation of the uncertainty of the filter.

The oscillating velocity errors along the x- and y-dimensions during the tra-
jectory are a consequence of the unobservability of heading errors in inertial
dead-reckoning in the horizontal plane perpendicular to the gravitation field.
The effect is visible in Figure 9.15, where the vector norms and pitch angles are
consistently tracked during the time period but the heading angles are equally
biased for both estimates. This is further illustrated in Figure 9.16, where ψ
drifts and the sigma-point approximation used by the signal processor is able to
capture the second-order error statistics of roll and pitch but not heading. In
other words, the estimates of the velocity of the UAV and the wind are subject
to the same slow-drifting heading error, but the filter is capable of separating
them equally in the airspeed data.

For comparison with the 8 second trajectory simulated in [RQW06], Table 9.3
is included which shows the estimated RMSE over the entire trajectory and the
results are of the same order of magnitude.

9.7 Summary

In this chapter we presented a camera-aided inertial navigation system, which
exploits a short-term visual memory to impose multiple constraints using epipo-
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Figure 9.13: Error statistics for m̂n.

Table 9.3: Error statistics for 100 Monte Carlo simulations.

RMSE Mean Std.
δmn

x 3.251 -2.395 2.198
δmn

y ×10−2[m/s] 3.954 -3.475 1.888
δmn

z 0.901 -0.858 0.275
δvnx 1.704 0.355 1.666
δvny ×10−2[m/s] 1.540 -0.653 1.395
δvnz 0.526 -0.467 0.243

lar points between the current and past views. The estimation algorithm is a
recursive Sigma-Point Kalman filter in square-root form with a linear and effi-
cient time-update. The results are indicative of the filter’s capacity to constrain
the rate of error growth and keep the navigation state estimates on track during
a time period in which the estimates of an unaided low-cost inertial naviga-
tion system would be rendered useless. The system can be extended to fuse
more sensors, such as radio-frequency based positioning, and may find useful
applications in different navigation scenarios. Further, we considered a scenario
involving small-scale UAVs, which fuses visual and inertial information with air-
speed information. While the system is subject to the inherent limitations of
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Figure 9.14: Error statistics for v̂n.

inertial dead-reckoning, which causes the heading to drift, it is capable of sep-
arating the estimates equally in the airspeed data. In further work alternative
parametrizations of the problem could be investigated. If absolute heading is
crucial, a magnetometer can be integrated. The system may find applications
in various control strategies operating in scenarios with wind disturbances, for
tracking chemical plumes, and areas where global satellite navigation systems
cannot be used.
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Chapter 10

Visual tag-aided inertial

navigation

Visual markers or tags offer an inexpensive solution for six degrees of freedom
(6 DoF) localization and navigation applications. They require only a monocu-
lar camera and a relatively simple infrastructure of printed markers. Placed at
known locations they are visual beacons, or landmarks, that enable absolute po-
sitioning and attitude determination, commonly termed ‘pose estimation’. With
improved camera resolution and processing power, the visual tags can be made
fairly small and may find applications in indoor personal navigation as well as
in autonomous vehicle and robot navigation. They can be deployed in scenarios
where external positioning systems are either unavailable or inaccurate. In recent
years several techniques have been developed to detect and uniquely identify vi-
sual tags, typically in planar shapes [WS07,Fia05,Fia10,Ols11]. The use of tags
for pose estimation was surveyed in [MA12], which further addresses the problem
of partial tag occlusions. The use of visual markers is also considered for control-
ling small-scaled unmanned aerial vehicles (UAV) autonomously. UAVs are often
equipped with an inertial measurement unit (IMU) and can carry light-weight
cameras. IMUs provide a high-rate navigation solution that can complement and
improve the accuracy of the marker-based navigation.

In [RWD10] and [LTFP11] homography-based pose estimates from planar vi-
sual tags were successfully fused with inertial information for the purpose of con-
trolling a micro-scale UAV. Both use tags developed by [WS07] that are detected
using morphological operations on binary thresholded images. In [LTFP11] the
inertial data and pose estimates were loosely integrated by a Kalman filter,
while [RWD10] integrated the information in a feedback approach to the in-
ertial navigation system (INS). Using homography-based position and attitude
estimation is however sensitive to measurement noise, and the resulting errors
are difficult to characterize, cf. [RWD10].
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In practice, the visual tags cannot be placed to be in field of view over the
entire navigation area, such as an office building, therefore additional information
is required in between tag observations. Using a low-cost IMU alone, however, the
estimates from an inertial navigation system rapidly diverge due to accumulated
sensor noise, rendering them useless for indoor applications within a matter of
seconds.

In this chapter, we consider 6DoF navigation in an environment with visual
tags deployed at known locations but they are not necessarily visible over the
entire area. In this scenario further visual constraints must be imposed in order
to constrain the error growth rate until a tag is detected. We design a system
that fuses the visual and inertial information by direct measurement of the tags
on the image plane. In contrast to homography-based estimation, this enables
a simpler measurement noise model. Further, by maintaining a buffer of recent
images and camera positions, pair-wise comparisons with the current image are
used to form epipolar constraints that can be used when no tags are detected,
as developed in Chapter 9. The sensor fusion is performed by a Sigma-Point
Kalman filter. In order to control the properties of the visual markers, we design
the tags and the detector.

We begin the chapter by outlining the system and the tag detector. Then we
link the accumulated INS deviations to the visual observations through a mea-
surement model explained in the subsequent section. Finally, the filter algorithm
is outlined and some experimental results are presented.

10.1 System overview

An overview of the system is illustrated in Figure 10.1. The system is initialized
by homography-based position and heading estimation using one or more ob-
served tags. Subsequent observations are fed to a filter to correct the trajectory
of the system, estimated by the mechanization equations of the inertial naviga-
tion system (INS). Given noisy inputs from accelerometers f̃ b and gyroscopes
ω̃b, these equations describe the evolution of the position, velocity and attitude,
represented by pn, vn ∈ R3 and Rn

b ∈ SO(3), respectively [FB99]. Due to the
noisy IMU signals, the INS deviates from the true trajectory. These deviations
are estimated and corrected by the complementary filter subject to constraints
from the visual input; either as detected tag corners, or epipolar points when the
former are not visible.

10.1.1 Initial position estimate

Let {dnj|t}Nj=1 denote a set of visible points located on tag t in {n}, and let

{zj|t}Nj=1 denote the corresponding observed points on the normalized image
plane. Then the homography transformation between both planar structures,
represented by matrix H ∈ R3×3, can be reconstructed provided N ≥ 4, using,
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Figure 10.1: System overview. Observed tags or epipolar points are periodically
fed to the filter that corrects the INS deviations.

e.g., the Direct Linear Transformation (DLT) algorithm [HZ03,ZDZ08]. As the
spatial coordinates of the tags are known a priori, the scale ambiguity can be
resolved and an estimate of translation and rotation between the two planes can
be recovered from the columns of H. The camera position estimated from tag t
is denoted ĉnt ∈ R3.

Homography-based estimation is sensitive to pixel noise. The resulting errors
grow with distance [RWD10], and are difficult to characterize. For simplicity,
we model the uncertainty of ĉnt by an error covariance matrix, scaled by the
estimated distance to a point dn1|t on the tag,

Ct = γ||dn1|t − ĉnt ||22 × I3. (10.1)

where γ > 0. More generally, when multiple visual tags are visible we propose
estimating the camera position as the weighted average of position estimates from
each tag,

ρ̂
n
,

(
∑

t

C−1
t

)−1∑

t

C−1
t ĉnt =

∑

t

wtĉ
n
t . (10.2)

This follows the functional form of the linear minimum variance unbiased
(LMVU) estimator [Kay93] when the estimation errors are zero-mean and uncor-
related between tags.

10.1.2 Vision-aided INS

The INS maintains the estimates p̂n, v̂n and R̂n
b . The navigation states are

related to visual constraints that arise through observations on the normalized
image plane. In this work we will use the four corners of the tags as visual input,
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Figure 10.2: Extracted quadrilaterals in top and bottom right corners. De-
tected tag at the bottom (in green).

denoted by Zc , {zj|t}4j=1. Further, by extracting feature points in the images,
relative constraints between the current view and past view i give rise to an
observable epipolar point on the image plane (see Chapter 9). Let Ze , {z(i)}Pi=1

denote the set of epipolar points that form pairwise constraints with P past views,
to be used when no tags are visible.

Observations Zc and Ze impose absolute and relative position constraints,
respectively, and the mapping h(·) relates them to the navigation states, see
Figure 10.1. The deviations of the navigation states, δpn, δvn and δθ, are
periodically estimated by a Sigma-Point Kalman filter and the INS estimates are
subsequently corrected. Thus, sensor fusion of visual and inertial information is
performed in an indirect, complementary form.

10.2 Visual tags

The planar tags used in this work are square-shaped with high-contrast borders
containing a q × q grid, as shown in Figure 10.2. Let the matrix M ∈ FM×N ,
where F = {0, . . . , 28 − 1}, denote the image obtained from a monochrome cam-
era. Detecting the presence of visual tag t in this signal is subject to trade-offs
between complexity, false alarm and detection rates. Here, we take a channel-
coding approach, assigning a binary codeword mt to each tag index t. The
proposed detector was inspired by [Fia05,Fia10] and is outlined in Algorithm 5
as a sequence of operations σi(·).

The hysteresis threshold produces a binary image Mb ∈ {0, 1}M×N by pre-
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Algorithm 5 Visual tag detector for image M

1: Compute edge response magnitude, |∇M|
2: Hysteresis threshold, Mb = σ0 (|∇M|)
3: Form line segments, L = σ1

(
Mb
)

4: Form quadrilaterals, Q = σ2 (L)
5: Extract bit matrices, B = σ3 (Q)
6: Decode set of messages, M = σ4 (B)

serving all pixels with values above γ1 and their 8-connected neighbors above
γ2 ≤ γ1. Here γi are set relative to the maximum coefficient of |∇M|. The
points are subsequently linked into line segments and filtered into quadrilaterals.

A grid for reading the pixel values off the image in each quadrilateral is
transformed by a computed homography. A bit matrix Bi ∈ {0, 1}q×q is formed
by thresholding the pixels in the grid relative to its maximum value in order
to adapt to varying light conditions. The detector can be improved by e.g.
exploiting a priori information of recently decoded tags. Then one could predict
the region of M that is likely to contain a projected tag.

The quadrilateral feature extraction may produce several hypotheses, and it is
the task of the tag decoder to make a ‘hard’ decision about which tags, if any, are
present. The tag indices are encoded with a binary primitive BCH code, which
is a linear error-correcting channel code [SC04]. Each Bi can be read along four
possible orientations, forming four different bit streams {bj|i}4j=1 of length q2.
Only specific combinations of (n, k)-BCH codes are feasible; for q = 6, we chose
(n, k) = (31, 11) capable of detecting and correcting 10 and 5 errors, respectively.
The remaining q2 − n = 5 bits in the tag are left reserved in the corners. For
the 2k-size codebook, codewords mj with rotated ‘siblings’ ml = R(mj) along
the four orientations, corresponding to other tags, have to be removed to avoid
inter-tag confusion. This can be extended to removing rotated codewords that
have been corrected for error patterns.

When a tag t is detected by successfully decoding its index, its four corners
on the image plane Zc are extracted from the corresponding quadrilateral. In
each image, multiple tags can be present.

10.3 Sensor fusion

Using the INS and camera deviation state model in (9.12), the process model is

δxk+1 = Fkδxk +Gkwk ∈ R
15+3P , (10.3)

where δx = [(δxins)⊤ (δρn(1))
⊤ · · · (δρn(P ))

⊤]⊤ denotes the augmented deviation
and is predicted to be 0 at each sample k by the linear model. The prediction
error covariance matrix is updated recursively, P−

k+1 = FkP
−
k F

⊤
k +GkQG⊤

k .
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The visual observation, modeled by

yk = hk(δxk) + nk, (10.4)

consists of observed tag corners when Zc 6= ∅, otherwise observed epipoles when
Ze 6= ∅, as described in the next section.

10.3.1 Measurement model

For a detected visual tag t, its observed corners Zc are modeled by

zj|t = P(dcj|t) + ηj|t, (10.5)

where

dcj|t = Rc
bR

b
n

(
dnj|t − (pn +Rn

bp
b
c)
)

= Rc
bR̂

b
nR(δθ)

(
dnj|t − (p̂n − δpn + R̂n

bR(δθ)pbc)
) (10.6)

and the tag corners dnj|t are known, j = 1, . . . , 4. The projective mapping P(·) is
given in (8.9). All visual measurements on the image plane are normalized using
the intrinsic camera parameters. The measurement noise ηj|t is assumed to be

zero-mean with covariance matrix Cj|t ≡ σ2
img× I2. If |Zc| = T tags are detected

in the current image, the observed tag corners can be stacked into a single vector
ytag = vec([z1|1 · · · z4|1 · · · z1|T · · · z4|T ]) with observation model

ytag = htag(δx) + ntag ∈ R
8T , (10.7)

where the covariance matrix of ntag is Ctag = σ2
img × I8T .

Following Section 9.3, the observed epipole arising from the current view and
view i is modeled as

z(i) = P(∆pc(i)) + η(i), (10.8)

where

∆pc(i) = Rc
bR

b
n

(
ρn(i) − (pn +Rn

bp
b
c)
)

= Rc
bR̂

b
nR(δθ)

(
ρ̂n(i) − δρn(i) − (p̂n − δpn + R̂b

nR(δθ)pbc)
)
,

(10.9)

and the covariance matrix of η(i) is modeled as C(i). If |Ze| = P epipolar points

are observed, they can be stacked into a single vector ytag = vec([z(1) · · · z(P )])
with observation model

yepi = hepi(δx) + nepi ∈ R
2P , (10.10)

where the covariance matrix of nepi is the direct sum Cepi = C(1) ⊕ · · · ⊕C(P ).
When visual observations are available, the deviations are estimated by δx̂k =

Kkek, where ek = yk − ŷ−
k involves predicting the location of detected tag

corners {dcj|t}4j=1 through (10.6). We exploit this inherent feature to improve the
robustness of the system in the next section.
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10.3.2 Position reset and algorithm

There are two cases in which the discrepancy between observed and predicted
tag corners become too large to be fed back as corrections:

• Due to infrequent tag updates the accumulated INS deviations have grown
beyond the short-term model in (10.3), hence the position must be reini-
tialized.

• Due to the non-zero detection error probability of the tag decoder, a tag
has been falsely detected.

In order to determine inconsistency between the deviation model and the ob-
served tags, we define a ‘volume of visibility’,

V , {pc : 0 < e⊤z p
c < dmax, ||P(pc)||2 < rmin}, (10.11)

parameterized by dmax and rmin and illustrated in Figure 10.3. When a tag t is
detected, its corners {dcj|t}4j=1 are first predicted using (10.6). If the predictions

fall within this volume, d̂cj|t ∈ V , ∀j, they are deemed consistent with the obser-
vations and the estimation process continues as outlined above. On the other
hand, if none of the predictions fall within V , homography-based position esti-
mation is used instead to translate the estimates p̂n and Φ = [ρ̂n(1) · · · ρ̂n(P )] and
thereby reinitializing the INS position estimate. This is performed using (10.2).
The current position uncertainty can also be taken into account by including the
camera position estimate ρ̂

n
0 and its error covariance matrix C0 = TP−T⊤ in

(10.2), where T = [I3 0 [R̂n
bp

b
c]× 0], cf. Section 9.2.2.

The resulting complementary filter that performs the sensor fusion is illus-
trated in Figure 10.1 and is outlined in Algorithm 6. The weights of the Sigma-
Point Kalman filter are set as in Section 8.6.2.

10.4 Experiments

Experiments were performed in an office building, using an internally calibrated
AVT Guppy monocular camera with resolution 752 × 480 sampled at 10 Hz. It
was rigidly mounted to a 100 Hz MicroStrain 3DM-GX2 IMU.

10.4.1 Setup

Sequential data processing was performed offline, with the Sigma-Point Kalman
filter implemented in square-root form. Feature extraction was performed using
SURF [BETVG08] on each image. Feature matching, epipole computation and
tag detection can be performed in real-time by a standard laptop, but was not
considered in this work. The system parameters were set as follows: visual
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Figure 10.3: Predicted tag corners {d̂cj|t}4j=1 within volume V .

Algorithm 6 Complementary filter

1: for k = 0, . . . do
2: Update INS state estimates, p̂nk , v̂

n
k , R̂

n
b,k

3: if new image available then

4: Extract Zc or compute Ze
5: end if

6: if Zc 6= ∅ or Ze 6= ∅ then

7: Generate sigma points {δx̌(ℓ)
k }2Nℓ=0

8: Predict measurement for tags or epipoles, ŷ−
k

9: Check tag predictions in V
10: Form ek, Ce,k and Kk

11: Compute δx̂− = Kkek
12: Correct state estimates and camera positions
13: Set P := P−

k −KkCe,kK
⊤
k

14: else

15: Set P := P−
k

16: end if

17: if new image available then

18: Store new view in buffer
19: Decimate old view from buffer
20: Update P correspondingly
21: end if

22: Form system matrices Fk and Gk

23: Update P−
k+1 = FkPF⊤

k +GkQG⊤
k

24: end for
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memory Pmax = 10, covariance scale factor γ = 1.2 and volume of visibility
(dmax, rmin) = (15, 0.6). This corresponds to 15 m distance and the tag falling
within the observable region of image plane. Epipoles that were estimated outside
the region were discarded.

8 planar visual tags of size 16 × 16 cm were printed and distributed on the
walls of the office floor as illustrated by red crosses in Figure 10.4.

10.4.2 Results

The initial pose was obtained by facing a tag and computing the homography.
The experiments started by a 10-20 second initialization phase by moving the
camera in front of the tag until the heading error variance of the filter converged.
Lacking a high-resolution reference system, the estimated trajectories were visu-
ally compared to a map of the office floor. When tags are detectable, the system
provides high-rate estimates of its absolute position and attitude. When they
are not in the field of view the deviations grow but the observed epipolar points
constrain the growth rate and thereby extend the time until next tag is detected.

An example trajectory is shown in Figure 10.4, starting at the circle in ma-
genta, proceeding along the lower-left part of the map and then in an eight-shape
until ending at the cross in magenta. The camera and IMU were held in the hand
during a walk spanning a total of 105 s and approximately 80 m during which
1053 images were collected.1

In this run, the amount of time with tags in the field of view was deliberately
kept low to test the system’s ability to maintain the position estimate within error
bounds with the epipolar constraints and recover when a tag reappears: Tags
were detected in 125 images (11.9%). Minimum and maximum time between two
detected tags were 4 and 18 seconds, respectively. The maximum distance for
a detection to occur was approximately 5 m. At no point of the walk did the
camera stop to detect a tag.

The estimated position deviations, using the tags, exceeded 1 m only in the
beginning of the walk. The epipolar measurements are effective when camera
motion is excited, both angular motions and translational motion. When the
epipolar constraints were removed from this trajectory the position errors grew
rapidly, rendering the estimate useless within about 15 seconds into the walk.

The results indicate that when tags are not visible the position errors can be
restrained to an order suitable for indoor navigation applications during shorter
periods. When tags are detectable the system quickly recovers the absolute
position and attitude, providing a high-rate, 6 DoF navigation solution.

1A video is available at youtube.com/watch?v=MnIbzHe1AmA.
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Figure 10.4: Example of estimated trajectory spanning approximately 105 s.
Red crosses indicate visual tags. Circle and cross in magenta indicate estimated
start and stop position. Door radii appear as semi- or quarter circles.

10.5 Summary

In this chapter we developed a low-cost navigation system that fuses observations
of visual tags on the image plane with inertial measurements. A visual tag
was designed along with a channel-code based detector. The sensor fusion is
performed using a Sigma-Point Kalman filter. During periods in which tags are
not visible, epipolar constraints are exploited to significantly reduce the position
error growth rate. Experimental results are indicative of accuracies useful for
indoor applications.

Further work will have to evaluate the system over longer trajectories. The
accuracy of the filter-based approach with direct measurements on the image
plane should be compared with the homography-based pose estimation approach.
The detector can also be improved by exploiting a priori information, predicting
the location of tags in space and the image plane.



Chapter 11

Array processing utilizing

noise-only samples

Array signal processing has a wide range of applications, including radar, commu-
nications, sonar, localization and medical diagnosis [VT02]. A central problem is
that of direction of arrival (DOA) estimation. Several standard DOA estimators
model the noise field as spatially white. When this assumption is violated by
some arbitrary noise field, the performance can be severely degraded [Vib93].
An option is to first use noise-only samples to estimate the noise statistics, then
pre-whiten the subsequent data. This approach was, however, shown to be subop-
timal [WJ06a]. Instead, [WJ07] developed an approximate maximum likelihood
(AML) estimator that uses the noise-only samples more efficiently.

In certain scenarios, the DOA of the signals of interest are subject to varying
degrees of prior knowledge. State of the art methods that incorporate such
knowledge assume, however, that the noise field is spatially white, cf. [LDD+95,
SdLH11,BSB09,WJ12].

In this chapter we develop an estimator that is capable of utilizing the noise-
only samples more efficiently than the AML while also able to incorporate prior
knowledge of the DOAs of varying degrees of certainty. The estimator is based
on the maximum a posteriori (MAP) framework and compared numerically with
two state of the art estimators and the Cramér-Rao bounds.

11.1 Problem formulation

The output from an m-dimensional array is modeled by,

y(t) =

{
n(t), t = −M + 1, . . . , 0

A(θ)s(t) + n(t), t = 1, . . . , N,
(11.1)
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where the noise plus interference is identically and independently complex Gaus-
sian distributed, n(t) ∼ CN (0,Q). It is assumed that the number of noise-only
samples M ≥ m. During N samples a d-dimensional signal s(t) ∈ Cd is received,
residing in a subspace parameterized by A(θ) = [a(θ1) · · ·a(θd)] ∈ Cm×d. This
models a set of d narrowband signals impinging on the array with directions of
arrival (DOA) θ = [θ1 · · · θd]⊤. The array is assumed to be unambiguous such
that θi 6= θj is equivalent to a(θi) and a(θj) being linearly independent.

Let Ȳ , [y(−M + 1) · · ·y(0)] and Y , [y(1) · · ·y(N)] denote the set of
samples. The goal is to estimate θ, Q and s(t) from Ȳ and Y.

The parameters are treated probabilistically. No prior knowledge is assumed
about the signal s(t) and covariance matrix Q, which are modeled by noninfor-
mative priors, p(Q) ∝ |Q|−(m+1) and p(S) ∝ 1 [TZ64], where S = [s(1) · · · s(N)].
Prior knowledge of θ is modeled by independent von Mises distributions, θi ∼
M(µi, κi), which can be thought of as the circular analogue of the Gaussian dis-
tribution, where µi is the expected value and κi is a concentration parameter.
When κi → ∞ it converges to a Gaussian distribution with variance 1/κi; when
κi = 0 it corresponds to a noninformative prior [EHP00]. For an example of the
von Mises pdf and its use for angles of arrival, cf. [ABK02].

11.2 MAP estimator

The MAP estimates of θ, Q and s(t) are given by solving

max
θ∈Θ,Q≻0, S∈Cd×N

p(θ,Q,S|Ȳ,Y). (11.2)

Using Bayes’ rule we can decompose the density function and the estimator is
equivalently given by the maximization of J(θ,Q,S) = J1(θ,Q,S)+J2(θ), where
J1(θ,Q,S) = ln p(Ȳ,Y|θ,Q,S) + ln p(Q) + ln p(S) and J2(θ) = ln p(θ).

11.2.1 Concentrated cost function

First, we can simplify J1 by noting the conditional independence
p(Ȳ,Y|θ,Q,S) = p(Ȳ|Q)p(Y|θ,Q,S). For notational simplicity, let Q0 ,

ȲȲ∗/M and R0 , YY∗/N denote the sample covariance matrices. Define

Ỹ , Y −AS, and γ , (M +N +m+ 1), so that

J1 = −M ln |Q| − tr{ȲȲ∗Q−1}
−N ln |Q| − tr{ỸỸ∗Q−1} − (m+ 1) ln |Q|+K1

= −γ ln |Q| − tr{(MQ0 + ỸỸ∗)Q−1}+K1,
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where K1 is a constant. The maximizing covariance matrix of J1(θ,Q,S) equals

Q̂ = 1
γ (MQ0 + ỸỸ∗) [SN95]. Then the concentrated cost function equals

J1 = −γ ln |MQ0 + (Y −AS)(Y −AS)∗|+K ′
1

= −γ ln |Im +M−1Q−1
0 (Y −AS)(Y −AS)∗|+K ′′

1

= −γ ln |IN +M−1(Y −AS)∗Q−1
0 (Y −AS)|+K ′′

1 ,

where we used Sylvester’s determinant theorem and Q0 is invertible w.p.1. Thus
the inner argument of J1(θ, Q̂,S) is quadratic with respect to S. Since − ln | · | is
a monotonically decreasing function on the set of positive definite matrices, the
stationary point is given at Ŝ = (A∗Q−1

0 A)−1A∗Q−1
0 Y.

Define ΦA , A(A∗Q−1
0 A)−1A∗Q−1

0 . This matrix is the orthogonal projector
onto C (A) with respect to the inner product 〈x,y〉Q−1

0
. Hence Φ2

A = ΦA,

Q−1
0 ΦA is Hermitian andΦ⊥

A = Im−ΦA is the orthogonal projector onto C (A)⊥

[RR98]. Inserting the maximizer Ŝ yields

J1 = −γ ln |IN +M−1Y∗(Φ⊥
A)∗Q−1

0 Φ⊥
AY|+K ′′

1

= −γ ln |IN +M−1Y∗Q−1
0 Φ⊥

AΦ⊥
AY|+K ′′

1

= −γ ln |Im + αQ−1
0 Φ⊥

AR0|+K ′′
1 ,

(11.3)

where α , N/M . Next, the von Mises distribution yields [EHP00]

J2 = ln p(θ) =

d∑

i=1

κi cos(θi − µi) +K2. (11.4)

Finally, by combining (13.6) and (11.4) the maximization problem (11.2) can be
recast as the minimization problem,

θ̂ = argmin
θ∈Θ

ln
∣∣∣Im + αQ−1

0 Φ⊥
A(θ)R0

∣∣∣+ ϕ(θ), (11.5)

where ϕ(θ) = −∑d
i=1 κi cos(θi − µi)/γ. This problem is nonconvex and a nu-

merical search may render it intractable when d is large.

11.2.2 Iterative solution

To make the problem tractable we exploit the decomposition property of orthog-
onal projection matrices. For notational simplicity, let the ith column of A be
denoted as ai ∈ Cm×1 and the remaining columns Ai ∈ Cm×(d−1). The pro-
jection operator can be decomposed as ΦA = ΦAi

+ Φãi
, where ãi = Φ⊥

Ai
ai.
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Further, the projector in (11.5) can be written as Φ⊥
A = Φ⊥

Ai
−Φãi

, where

Φãi
= ãi(ã

∗
iQ

−1
0 ãi)

−1ã∗iQ
−1
0

= Φ⊥
Ai

ai

(
a∗iQ

−1
0 Φ⊥

Ai
Φ⊥

Ai
ai

)−1

a∗iQ
−1
0 Φ⊥

Ai

=
Φ⊥

Ai
aia

∗
iGi

a∗iGiai
.

(11.6)

and we defined Gi , Q−1
0 Φ⊥

Ai
for notational simplicity. Then by defining Ψi ,

GiR0(Im + αGiR0)
−1Gi and using (11.6), the determinant in (11.5) can be

expressed as
∣∣∣Im + αQ−1

0 Φ⊥
AR0

∣∣∣ =
∣∣Im + αGiR0 − αQ−1

0 Φãi
R0

∣∣

= |Im + αGiR0|
(
1− α

a∗iΨiai

a∗iGiai

)
,

using the determinant theorem.
Following the alternating projections method in [ZW88], we can then relax

(11.5) by iteratively optimizing over angle θi while keeping the remaining angle es-
timates fixed in the vector θ′

i. This entails performing a series of one-dimensional
grid searches

θ̂i = argmin
θ∈Θi

V (θ; θ′
i), (11.7)

where

V (θ; θ′
i) , ln

(
1− α

a∗(θ)Ψia(θ)

a∗(θ)Gia(θ)

)
+ ϕi(θ), (11.8)

and ϕi(θ) = −κi cos(θ− µi)/γ for i = 1, . . . , d. The sequential search over a grid

Θi of g points is repeated until the difference between iterates, |∆θ̂i|, is less than
some tolerance.

For initialization we follow [ZW88], starting with θ̂ = ∅ and the angles i =
1, . . . , d sorted with respect to κi in descending order. This reduces the initial
error in the search that arises when holding θ′

i constant. Initially, Θi is [−90◦, 90◦]
but the interval is subsequently refined in L steps. The estimator is summarized
in Algorithm 8. In the following, Θi is refined by reducing the interval by a half
at each step and εℓ is set to be equivalent of 2 grid points.

11.3 Cramér-Rao bounds

If the signals of interest are independent and identically distributed zero-mean
Gaussian, i.e., s(t) ∼ CN (0,P), a Cramér-Rao bound (CRB) for conditionally
unbiased DOA estimators is given in [WJ06a]. The posterior CRB for random
θi does not exist due to the circular von Mises distribution [RT12], but following
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Algorithm 7 Alternating projections-based MAP estimator

1: Input: Ȳ,Y, {µi, κi}di=1 and L

2: Form Q0, R0, Θ
1
i and initialize θ̂ = ∅

3: for ℓ = 1, . . . , L do

4: repeat

5: For i = 1, . . . , d
6: Form Gi and Ψi

7: θ̂i = argminθ∈Θℓ
i
V (θ; θ′

i) using (11.8)

8: until |∆θ̂i| < εℓ
9: Refine Θℓ+1

i , ∀i
10: end for

11: Ŝ =
(
A∗(θ̂)Q−1

0 A(θ̂)
)−1

A∗(θ̂)Q−1
0 Y

12: Q̂ =
(
MQ0 + (Y −A(θ̂)Ŝ)(Y −A(θ̂)Ŝ)

)∗
/γ

13: Output: θ̂, Ŝ and Q̂

[WOV91] we can formulate an approximate hybrid Cramér-Rao bound (ACRB)
[RS87] when the variance of random θi is small, using the result of [WJ06a]. The
bound is given by

Cθ̃ =
(
2NRe

{
D∗(Γ⊤ ⊗ ZΠ⊥

ZAZ)D
}
+Λθ

)−1

, (11.9)

where Z is the Hermitian square-root ZZ = Q−1, D = [vec(∂θ1A) · · · vec(∂θdA)],
Π⊥

ZA is the orthogonal projector onto C (ZA)⊥ and Γ = PA∗Z∗Es(Λs +
αId)

−1E∗
sZAP. Here Es and Λs are given by the eigendecomposition of ZRZ.

See [WJ06a] for details. The matrices dependent on θi are evaluated at the ex-
pected values µi. Finally, Λθ = diag(λ1, . . . , λd) embodies the prior information.
The diagonal elements λi equal κi or 0 depending on whether θi is treated as a
random or deterministic quantity, respectively.

11.4 Experimental results

We consider a uniform linear array (ULA) with half-wavelength separation. For
comparison, we also consider two state of the art estimators: The optimally
weighted MODE estimator, denoted W-MODE [WJ06a], and the approximate
maximum likelihood estimator, denoted C-MODE [WJ07]. Both are asymptot-
ically efficient. We evaluate the estimators using the root mean square error

RMSE(θ̂i) ,
√
E[θ̃2i ], where θ̃i is the estimation error. The RMSE is evaluated

numerically using 5 · 103 Monte Carlo runs.
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11.4.1 Setup

We consider d = 3 correlated signals of interest with covariance matrix P =
Id+ρT+ρ∗T∗, where 0 ≤ |ρ| < 1 and T is a strictly lower-triangular matrix with
nonzero elements equal to 1. The first angle, θ1, is considered with an expected
value µ1 and certainty given by κ1 = 105, corresponding to a standard deviation
of about 0.18◦, while the prior knowledge of the remaining angles, θ2 and θ3,
is noninformative, i.e., κ2 = κ3 = 0. Then the first DOA, θ1, is randomized
according to M(µ1, κ1) with µ1 = −35◦ [Ber09], while the remaining DOAs are
fixed as θ2 = 15◦ and θ3 = 20◦.

The unknown noise field is modeled as spatially correlated noise plus d̃ = 3
interferers with DOAs θ̃ = [−40◦, −10◦, 40◦]⊤. The noise covariance matrix is

Q = Q′ + A(θ̃)P̃A∗(θ̃). Here {Q′}ij = σ2a|i−j|, where a ∈ [0, 1) controls the

spatial correlation, and P̃ = σ̃2Id̃.

We consider an array of m = 10 elements, with sample ratio α = 1 and
spatial signal and noise correlations ρ = 0.9 and a = 0.5, respectively. Three
parameters are varied: (a) the number of samples M , (b) signal to noise ratio

SNR , tr{P}/tr{Q′} and (c) interference to noise ratio INR , tr{P̃}/tr{Q′}.
For MAP, Θi is a grid of g = 500 points and the grid refinement is repeated

L = 10 times, yielding a resolution limit of 180/(2L−1g) ≈ 7× 10−4 degrees. For
C-MODE and W-MODE, we use 3 iterations as in [WJ07].

11.4.2 Results

For the current implementations of the estimators, the execution time for a typical
realization is 2, 61 and 550 milliseconds for W-MODE, C-MODE and MAP,
respectively. Figure 13.2 illustrates the convergence behavior of MAP for a typical
realization. Note that θ̂1 starts with a lower error due to prior knowledge.

Figures 11.2 and 11.3 show the RMSE performance with increasing sample
size M , for θ1 and θ3, respectively. The first angle, θ1, with an informative
prior is surrounded by interferers at −40◦ and −10◦. In this case the ACRB is
visibly below CRB for low M . We see that MAP is able to improve on the prior
knowledge of θ1. The DOAs with noninformative prior knowledge, θ2 and θ3,
are closely spaced and surrounded by interferers at −10◦ and 40◦. In this case
CRB and ACRB are virtually identical. For both DOAs, MAP approaches the
ACRB at low M while the alternative estimators require more than an order of
magnitude more samples to close the gap.

The RMSE performance for θ2 is shown in Figure 11.4 as a function of SNR.
While the other estimators approach the CRB when the signal to noise ratio
reaches 20 dB, i.e., substantially above INR=5 dB, MAP matches the average
performance at lower SNR. The key explanation for the advantage of MAP over
C-MODE and W-MODE is its resilience to interfering sources as illustrated in
Figure 11.5. Unlike the other estimators, MAP forms an optimal estimate of
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Figure 11.1: Convergence of the MAP estimates. Absolute error |θ̃i| versus
iteration for a typical realization with M = 100, SNR = 5 dB and INR = 5 dB.
Each iteration corresponds to d grid searches (11.7). The algorithm converged
at the 12th iteration.
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Figure 11.2: RMSE(θ̂1) versus sample size M at SNR=5 dB and INR=5 dB.
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Figure 11.3: RMSE(θ̂3) versus sample size M at SNR=5 dB and INR=5 dB.

the noise covariance matrix without approximations. This allows it to reject the
noise even when INR is substantially greater than SNR.

11.5 Summary

We developed a DOA and signal of interest estimator using the MAP framework,
that utilizes noise only-samples and is capable of incorporating prior knowledge
of the DOAs. By forming an optimal estimate of the noise covariance matrix,
the DOA estimates are especially resilient to strong interferers. An alternating
projections-based method was used to solve the resulting optimization problem.
Finally, the resulting estimator was compared with the state of the art C-MODE
and W-MODE as well as the Cramér-Rao bounds, exhibiting significantly im-
proved average performance at smaller sample sets and deteriorating signal con-
ditions.
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Figure 11.4: RMSE(θ̂2) versus SNR at M = 100 and INR=5 dB.
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Part III

Sparse signals





Chapter 12

Introduction to sparse

signals

In this chapter we introduce the notion of sparsity considered in Part III and
show how sparse signals are represented using linear combinations.

Spectral lines

A classical signal processing problem is to estimate the spectral content of the
process z(t), from a finite record of observed samples

y(t) = z(t) + w(t), t = 1, . . . ,M,

where w(t) is some arbitrary noise [SM05]. The power spectrum Pz(ω) =∑∞
k=−∞ E[z(t)z∗(t − k)]e−jωk represents the power of z(t) as distributed over

different frequencies ω ∈ [−π, π) and may contain valuable information about
hidden periodicities in the signal. In certain scenarios, most of the power will
be concentrated at a very small set of frequencies, cf. Figure 12.1. Then the
inherent sparsity can be exploited for estimating Pz(ω) from y(t) by modeling
z(t) as a linear combination of sinusoidal signals, e.g.,

z(t) = α1 sin(ω1t+ ϕ1) + α2 sin(ω2t+ ϕ2)

=

2∑

i=1

sie
jωit +

2∑

i=1

s∗i e
−jωit.

The problem can be recast into estimating the locations of the spectral lines, ±ω1

and ±ω2, and their corresponding complex-valued amplitudes, s1 and s2. This
signal model will be considered in Chapter 13.
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Figure 12.1: (a) Observed signal y(t) and signal of interest z(t). (b) Power
spectrum Pz(ω) describes the spectral content of z(t). Signal power concentrated
at a small set of frequencies, resulting in sparse spectral lines.

Linearly undersampled signals

Suppose ω1 and ω2 belong to a uniform grid Ω of N frequencies in [−π, π).
Then the vector of M samples z = [z(1) · · · z(M)]⊤ can be represented as a
linear combination of columns in the dictionary H = [h1 h2 · · · hN ], where
hi = [1 ejωi · · · ejωi(M−1)]⊤ ∈ CM and ωi ∈ Ω. Hence z =

∑n
i=1 hisi, where si is

the complex-valued amplitude corresponding to ωi in the frequency grid Ω and
the vector of M observed samples can be written as

y = Hs+w ∈ C
M .

When M < N the process is ‘undersampled’; as N (H) ⊃ {0} it is not possible
to unambiguously estimate the N -resolution grid of amplitudes unless we exploit
that only K ≪ M < N of the elements in s ∈ CN are nonzero. In that case
we can exploit that s resides in some K-dimensional subspace of the observation
space. Thus z has a ‘K-sparse’ representation s, given the dictionary H [Ela10].
This signal model will be considered in Chapter 14.
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We can also represent z(t) as the impulse response of a linear system1, i.e.,

z(t) = c∗At−1b, t = 1, . . . ,M,

where b = [e−jω2 , e−jω1 , ejω1 , ejω2 ]⊤, c∗ = [s∗2 s∗1 s1 s2] and A =
diag(e−jω2 , e−jω1 , ejω1 , ejω2) is the r×r dimensional system matrix [Kai80]. Then
the M samples can be arranged in an N × P Hankel matrix

Z =




z(1) z(2) z(3) · · · z(P )

z(2) z(3) . .
.

. .
. ...

z(3) . .
.

. .
. ...

... . .
.

. .
. ...

z(N) · · · · · · z(M)




=




c∗

c∗A

c∗A2

...
c∗AN−1




[
b Ab A2b · · · AP−1b

]

with rank r. This means the data matrix has a unique r-sparse representation us-
ing the singular value decomposition, Z =

∑r
i=1 σiuivi. The low-rank structure

can be exploited in estimatingM samples z(t) observed by a linear measurement
process

y = A(Z) +w ∈ C
T ,

where A(·) is a linear operator and T is possibly less than M . This signal model
will be considered in Chapters 15 and 16.

1A system z(t) = c∗θ(t), where θ(t + 1) = Aθ(t) + bδ(t) and θ(0) = 0.





Chapter 13

Probabilistic line spectrum

estimation

Line spectrum estimation is a classical problem in signal processing with many
applications, including communications, radar, sonar and seismology [SM05].
In such applications, the observed signal contains frequencies that may be
known to varying degrees of certainty. Examples include diagnosis applica-
tions where the power line frequency may appear [WBJS11]; communications
systems with known carrier frequencies; characterization of circuits, e.g., ana-
logue to digital converters, power amplifiers, etc., using sinusoidal test signals
which further give rise to known harmonics. Assuming a subspace approach,
the problem is similar to direction of arrival estimation with uniform linear
arrays, for which methods that incorporate prior knowledge have been devel-
oped [LDD+95,BSB09,SdLH11]. In [WBJS11], the approach of [BSB09] was de-
veloped for frequency estimation. This method, however, assumes perfect, deter-
ministic knowledge of a subset of frequencies while assuming no prior knowledge
about the remaining ones. Alternative methods for incorporating prior knowl-
edge in line spectrum estimation have been developed by imposing sparsifying
penalties on spectral amplitudes over a grid of frequencies, cf. [BCI07].

In this chapter, we approach the problem in a probabilistic manner, in which
the prior certainty of each frequency can vary. For discrete-time signals, any
inferred value of the dimensionless frequency ω is equivalent to that of ω′ =
ω + 2πk, where k is an integer. Thus for consistent probabilistic inference, the
prior and posterior probability density functions (pdf) need to be periodic or
circular. Probabilistic treatment of the frequencies is uncommon in the literature.
A rare example is [Bre88] but it assumes noninformative priors; in that case,
for well-separated frequencies, the resulting maximum a posteriori probability
(MAP) estimator is the periodogram. See also [DH95].

We derive the MAP line spectrum estimator that exploits prior knowledge
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of the frequencies. This information may be given from past experience or in
the process of detecting the number of cisoids. The information is then par-
ticularly useful when few samples are available and/or when the signal-to-noise
ratio is low, i.e., in conditions where standard line spectrum estimators may
fail. A computationally efficient alternating projections method is used to solve
the resulting optimization problem. The performance of the MAP estimator is
evaluated numerically and compared with two other estimators, the Cramér-Rao
bound (CRB) and the hybrid CRB.

13.1 Problem formulation

A set of m samples of a sum of d cisoids is observed

y(t) =

d∑

i=1

sie
jωit + n(t) ∈ C, t = 0, . . . ,m− 1, (13.1)

where si ∈ C parameterizes the amplitude and phase of the ith cisoid, and ωi
is its frequency. The zero-mean noise n(t) is assumed to be independent and
identically distributed (i.i.d.) complex Gaussian with variance σ2. In vector
form, (13.1) can be written as

y = A(ω)s + n ∈ C
m (13.2)

where n = [n(0) · · · n(m − 1)]⊤ ∈ Cm and s = [s1 · · · sd]⊤ ∈ Cd. No prior
knowledge of s or σ2 is assumed. We model this using noninformative priors
p(s) ∝ 1 and p(σ2) ∝ 1/σ2 [TZ64], which enable a consistent Bayesian treatment
of the estimation problem. The Vandermonde matrix

A(ω) =




1 · · · 1
ejω1 . . . ejωd

...
. . .

...

ej(m−1)ω1 · · · ej(m−1)ωd


 ∈ C

m×d

is parameterized by ω = [ω1 · · ·ωd]⊤. The goal is to estimate ω, s and σ2 from
y.

The frequencies {ωi} are modeled as independent random variables, with
circular pdfs, such that p(ωi) = p(ωi + 2πk) for any integer k. A tractable prior
distribution with this property is the von Mises distribution, ωi ∼ M(µi, κi),
which can be thought of as a circular analogue of the Gaussian distribution on
the line [Lee10]. Its pdf is

p(ωi;µi, κi) =
1

2πI0(κi)
eκi cos(ωi−µi), (13.3)
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Figure 13.1: Illustration of three different prior pdfs over frequencies ω ∈
[−π, π). The circular means are µ1 = 0.45π, µ2 = 0.60π and µ3 = −0.95π. The
dispersion is parameterized by κi and here set to κ1 = 500, κ2 = 50 and κ3 = 5.
For further illustrations of the von Mises pdf, see [ABK02].

with Iℓ(κi) being the modified Bessel function of order ℓ. The circular mean
and circular variance of ωi are E[ωi] = µi and Var[ωi] = 1 − I1(κi)/I0(κi),
respectively.1 As the concentration parameter is varied to its extremes, κi → 0
and κi → ∞, the pdf of ωi ∈ [−π, π) approaches a uniform and a Gaussian pdf
with variance 1/κi, respectively [EHP00]. Thus, κi enables parametrization of
the prior certainty of frequency ωi, from complete ignorance to virtual certainty.
An illustration of the von Mises pdf is given in Fig. 13.1. For relatively small
variances, the approximate properties of the pdf provide a practical way to select
κi using the confidence level of a Gaussian with variance 1/κi.

13.2 MAP estimator

The joint maximum a posteriori estimator of ω, s and σ2 is given by maximization
of p(ω, s, σ2|y), or equivalently the cost function J(ω, s, σ2) = J1(ω, s, σ

2) +
J2(ω), where

J1(ω, s, σ
2) = ln p(y|ω, s, σ2) + ln p(s) + ln p(σ2) (13.4)

and J2(ω) = ln p(ω). Using the noninformative priors of s and σ2, one obtains

J1(ω, s, σ
2) = −m lnσ2 − 1

σ2
‖y−A(ω)s‖22 − lnσ2 +K1, (13.5)

1For circular distributions the nth trigonometric moment is defined by ςn = Eθ[e
jnθ]. In

polar coordinates, ς1 = ρejµ, where µ and 1 − ρ define the circular mean and variance of
θ [Lee10].
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where K1 is a constant and the maximizers are given by ŝ = A†(ω)y and σ̂2 =
y∗Π⊥

A(ω)y/(m+ 1). Then

J1(ω, ŝ, σ̂
2) = −(m+ 1) ln

(
y∗Π⊥

A(ω)y
)
+K ′

1, (13.6)

where K ′
1 = K1− (m+1) and Π⊥

A denotes the orthogonal projector onto C (A)⊥

w.r.t. the standard inner product. Further, as the frequencies are independently
distributed, J2(ω) can be written compactly in terms of A(ω),

J2(ω) =

d∑

i=1

ln p(ωi)

=
∑

i

κi cos(ωi − µi) +K2

=
∑

i

κi
2
ej(ωi−µi) +

κi
2
e−j(ωi−µi) +K2

= Re{e∗2A(ω)π}+K2,

(13.7)

where π = [π1 · · ·πd]⊤ with πi = κie
−jµi parameterizing the prior knowledge,

and K2 is a constant.

13.2.1 Concentrated cost function

Combining (13.6) and (13.7), the MAP estimator is given by

ω̂map = argmin
ω∈Ω

Vmap(ω), (13.8)

where

Vmap(ω) ,
(
y∗Π⊥

A(ω)y
)
eφ(ω),

φ(ω) = Re{e∗2A(ω)β} and β , − 1
m+1 [κ1e

−jµ1 · · ·κde−jµd ]⊤. The cost function
is highly nonlinear and multimodal, but given a good initial guess the optimiza-
tion problem can be solved by a grid or Newton-based search method [SM05]. The
computational complexity of such a d-dimensional optimization problem may,
however, be prohibitive. For this reason we formulate an alternating projection
method based on [ZW88], which reduces the problem to a series of 1-dimensional
optimization problems and results in a computationally tractable estimator.

13.2.2 Alternating projection solution

Let the ith column of A be denoted as ai ∈ Cm×1, corresponding to ωi, and
the remaining columns Ai, corresponding the remaining frequencies denoted ω̌i.
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Then the projection operator can be decomposed as ΠAi:ai
= ΠAi

+Πãi
, where

ãi = Π⊥
Ai

ai, so that Πãi
= ãiã

∗
i /‖ãi‖2.

The cost function Vmap(ω) is minimized for each frequency ωi, holding ω̌i
constant. Hence the d-dimensional optimization problem (13.8) is relaxed into
an iteration of 1-dimensional grid searches:

ω̂i = argmin
ωi∈Ωi

V (ωi; ω̌i), (13.9)

where

V (ωi; ω̌i) ,

(
y∗Π⊥

Ai
y − |y∗Π⊥

Ai
a(ωi)|2

‖Π⊥
Ai

a(ωi)‖2

)
eφi(ωi), (13.10)

a(ω) =
[
1 ejω · · · ej(m−1)ω

]⊤
and φi(ω) = Re{βiejω}. This follows

from the decomposition of ΠA(ω) and Re{e∗2A(ω)β} = Re{e∗2βiai(ωi)} +
Re{e∗2

∑
ℓ 6=i βℓaℓ(ωℓ)} in (13.8). Note that, as ω̌i is held constant, the latter

term is removed from the cost function.
The search (13.9) is performed sequentially for all i = 1, . . . , d over a grid

of g points, denoted Ωi. The grid searches are repeated until the difference
between iterates, |∆ω̂i|, is less than some ε. A key element in the algorithm is
the initialization, and we follow the procedure of [ZW88]. To reduce the initial
error in the search incurred when holding ω̌i constant, the algorithm is initialized
by setting ω̂ = ∅ and with frequencies i = 1, . . . , d sorted in descending order
with respect to their prior certainty, as quantified by the magnitude of βi. Then
the estimates are initialized sequentially i = 1, . . . , d,

ω̂i = argmin
ωi∈Ωi

V (ωi; ω̂), followed by ω̂ := ω̂ ∪ ω̂i.

The grids Ωi are initially in the interval [−π, π) and can subsequently be refined
by narrowing the intervals centered around the previous estimates, ω̂i. The re-
finement is repeated L times. The alternating projections-based MAP estimator
is summarized in Algorithm 8.

13.3 Experimental results

The estimator is evaluated by means of simulation with respect to the root mean
square error, RMSE(ω̂i) ,

√
E[ω̃2

i ], where ω̃i is the estimation error (modulo-2π)
for a given realization of n, s and ω. The RMSE is estimated using 104 Monte
Carlo runs.

The Cramér-Rao bound (CRB) for deterministic ω and s is given byC(ω, s) =(
2
σ2Re

{
S∗D∗Π⊥

ADS
})−1

, where S = diag(s) and D = [∂ω1a(ω1) · · · ∂ωd
a(ωd)]

[SN89]. In the simulations, C(ω, s) is averaged over all realizations of ω and
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Algorithm 8 MAP line spectrum estimator

1: Input: y, {µi, κi}di=1 and L
2: Initialize ω̂ = ∅ and form β and Ω1

i

3: for ℓ = 1, . . . , L do

4: repeat

5: For i = 1, . . . , d
6: Form Π⊥

Ai
(ω̌i)

7: ω̂i = argminωi∈Ωℓ
i
V (ωi; ω̌i) using (13.10)

8: until |∆ω̂i| < εℓ
9: Refine Ωℓ+1

i , ∀i
10: end for

11: ŝ = A†(ω̂)y
12: σ̂2 = y∗Π⊥

A(ω̂)y/(m+ 1)
13: Output: ω̂, ŝ and σ̂2

s. For conditionally unbiased estimators, the diagonal elements set the limit
RMSE(ω̂i) ≥

√
cii. The posterior Cramér-Rao bound does not exist for stochastic

frequencies since regularity conditions do not hold for the von Mises pdf [VT68,
RT12]. When κi are large, however, the variances of the frequencies are small
and further p(ωi) can be approximated locally by a Gaussian with variance 1/κi.
Then, following [WOV91], we can formulate an approximate hybrid Cramér-

Rao bound (ACRB) [RS87], C(s) ≃
(

2
σ2Re

{
S∗D̄∗Π̄⊥

AD̄S
}
+Λω

)−1
, where D̄

and Π̄⊥
A are evaluated at the mean frequencies and Λω = diag{λω,1, . . . , λω,d}

in which λω,i equals κi or 0 depending on whether the frequency ωi is treated
stochastically or deterministically, respectively.

For further comparison we also consider the Esprit estimator, using the
forward-backward covariance estimate [RPK86,SM05], which does not take prior
knowledge into account, and the Markov-based Pledge estimator, which is state
of the art for deterministic prior knowledge [ESS94,WBJS11].

13.3.1 Setup

We consider d = 3 cisoids with varying prior knowledge of the frequencies. The
prior certainties of ω1, ω2 and ω3 are parameterized by concentration parameters
κ1 = 2 · 103, κ2 = 2 · 102 and κ3 = 0; corresponding to standard deviations
of approximately 7 · 10−3π and 2 · 10−2π radians, and complete ignorance, re-
spectively. Frequencies ω1 and ω2 are randomly generated with circular means
µ1 = 0.45π and µ2 = 0.60π [Ber09], while ω3 is set deterministically to 0.75π
(as the estimator is ignorant, κ3 = 0, it can set µ3 arbitrarily, e.g., µ3 = 0.).
This choice prevents realizations of randomly generated frequency separations
well below the resolution limit of the periodogram resulting in near-degeneracy
of the estimation problem.
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Figure 13.2: The convergence of the MAP estimates. Absolute error |ω̃i| versus
iteration for a typical realization with m = 32 and SNR = 10 dB. The algorithm
terminated at the 12th iteration.

The cisoid amplitude and phase were set as si = αie
jϕi , where αi ≡ 1 and ϕi

is drawn uniformly over [0, 2π) for each realization. Two signal parameters are
varied: (i) the signal-to-noise ratio, SNRi , E[|si|2]/E[|n(t)|2] = σ−2 and (ii)
the number of samples, m.

For the MAP estimator, a grid of g = 500 points was used. The algorithm was
set to terminate after L = 10 refinement levels. The refinement level is performed
by reducing the search segment by half, resulting in a resolution limit of about
π/(2L−1g) ≈ 4 · 10−6π radians. In our experience, a convergence tolerance ε of
2 grid points prevents occasional cycling of the minimum point of (13.10). For
Pledge we set µ1 as the prior of ω1. For Esprit and Pledge, the window
length was fixed at m/2.

13.3.2 Results

An illustration of the convergence of the MAP estimator is given in Figure 13.2.
Under the same setting, m = 32 samples are processed in approximately 4, 200
and 740 milliseconds using the current implementations of Esprit, Pledge and
MAP, respectively.

The results from the Monte Carlo runs are given below. First, Figures 13.3,
13.4, and 13.5 show the RMSE of the frequency for each cisoid when fixingm = 32
and varying SNR. Recall that the prior certainty of the frequencies is in decreas-
ing order. The MAP estimator incorporates the information optimally and is
therefore capable of producing estimates of ω1 that converge to the CRB from
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Figure 13.3: RMSE(ω̂1) vs SNR for m = 32.

below as SNR increases in Figure 13.3. The intermediate case, ω2, is illustrated
in Figure 13.4. For the frequency with minimum certainty, ω3, MAP closes the
gap to the bound faster than Esprit.

In this scenario the random frequency separation is on average wide so that
the average performance improvements of Pledge over Esprit are marginal at
low SNR, cf. deterministic scenario in [WBJS11]. For the first cisoid, Pledge
cannot improve on the prior of ω1, which it takes to be perfect deterministic
knowledge. Hence the actual deviations of ω1 from µ1 impedes the estimates of
ω2 and ω3 at high SNR.

Next, the number of samples is varied so that m ∈ {8, 16, 32, 64, 128} while
fixing SNR=0 dB. The results are displayed in Figures 13.6, 13.7 and 13.8. Again,
for ω1 and ω2 MAP is able to improve on the prior knowledge; it converges to the
CRB from below and follows the ACRB closely. The convergence is also faster
for ω3. The differences between Esprit and Pledge are more visible. The latter
exhibits a smaller gain for ω2 at low m, but is significantly impaired at high m
due to the deterministic modeling of prior knowledge ω1 = µ1.

13.4 Summary

In this chapter we derived the MAP line spectrum estimator in which frequencies
are modeled probabilistically. Using the circular von Mises distribution allows for
appropriately parameterizing the entire range of uncertainty of the prior knowl-
edge, from complete ignorance to virtual certainty of each frequency. An efficient
alternating projections-based solution of the resulting optimization problem was
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Figure 13.4: RMSE(ω̂2) vs SNR for m = 32.
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Figure 13.5: RMSE(ω̂3) vs SNR for m = 32.

used. The average performance of the MAP-based estimator was then com-
pared to the Esprit and Markov-based Pledge estimators and the Cramér-Rao
bound, where its ability to improve on the prior knowledge was demonstrated.
MAP would be particularly useful in scenarios with low SNR and/or when few
samples are available.



10
1

10
2

10
−3

10
−2

10
−1

10
0

m

R
M

S
E

 [r
ad

.]

 

 
MAP
PLEDGE
ESPRIT
CRB
ACRB

Figure 13.6: RMSE(ω̂1) vs m for SNR = 0 dB.
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Figure 13.7: RMSE(ω̂2) vs m for SNR = 0 dB.
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Figure 13.8: RMSE(ω̂3) vs m for SNR = 0 dB.





Chapter 14

Tracking dynamic sparse

signals

In this chapter we return to the linear observation model

y = Hx+ n ∈ C
M , (14.1)

where H ∈ CM×N is known and n is zero-mean random noise. Unlike in Chap-
ter 3, however, we consider N > M columns such that N (H) ⊃ {0}. Hence
it is not possible to unambiguously estimate the parameter x ∈ CN in gen-
eral. This underdetermined scenario arises in compressed sensing (CS) prob-
lems [CW08], where the signal is modeled as sparse. Suppose that K < M < N
elements of x are known to be nonzero or ‘active’, and indexed by the sup-
port set Ix = {i : xi 6= 0}. Then Hx =

∑N
i=1 hixi is confined to a subspace

C (H[·,Ix]) ⊂ CM and we can apply the standard estimation approaches when Ix
is known.

If, however, only the number of active coefficients is known, i.e., |Ix| = K,
there are

(
N
K

)
possible support sets I ∈ I . The Bayesian approach provides a

principled way of dealing with this problem. Using the law of total probability,
the conditional pdf can be decomposed into

p(x|y) =
∑

I∈I

p(x|I,y)P (I|y), (14.2)

where P (I|y) is the conditional probability mass function (pmf) of support set
I. Given that the prior uncertainty of each I ∈ I is equal, i.e., P (I) is constant,
we have P (I|y) = p(y|I)P (I)/p(y) ∝ p(y|I). The MMSE estimator becomes the
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weighted sum of conditional MMSE estimators x̂(I) for each possible support set

x̂mmse =

∫
xp(x|y)dy

=
∑

I∈I

P (I|y)
∫

xp(x|I,y)dx

=
1

η

∑

I∈I

p(y|I)x̂(I),

(14.3)

where η =
∑

I′∈I
p(y|I ′). If x and y are jointly Gaussian when conditioned on

I, both p(y|I) and x̂(I) can be computed efficiently.1 However, the number of
terms in the sum grows exponentially with N , which rapidly makes the MMSE
estimator intractable without further approximations [LS07,Ela10]. In addition,
while the estimator is optimal in the average sense, it may never produce a K-
sparse estimate.

The estimation approaches for compressed sensing can be separated into three
broad classes: convex relaxation, Bayesian inference, and iterative pursuit (IP).
For large-dimensional CS signal-reconstruction, IP algorithms offer computation-
ally efficient solutions. Examples of such IP algorithms are orthogonal matching
pursuit (OMP) [TG07], subspace pursuit (SP) [DM09] and several variants of
them [DTDS06] [NT09] [NV09] [CSS11a]. The methodology of such IP algo-
rithms is to detect and reconstruct the nonzero, or ‘active’, signal coefficients in
a least-squares framework. These algorithms may use some prior information,
such as the maximum allowable cardinality of the support set I. In general, the
IP algorithms work with a single snapshot of the measurements. In this chapter,
we are interested in generalizing the iterative pursuit approach so as to use more
prior information. Such prior information may for instance be available in dynam-
ically evolving sparse processes with temporal/spectral/spatial correlations, as in
the sparse signal scenarios of magnetic resonance imaging (MRI) [LDP07,Vas10],
spectrum sensing [SCS10] and direction of arrival estimation [MCW05].

Incorporation of prior information is a recent trend in CS. In [Vas08], the
overall methodology is sequential and can be seen as a two-step approach: (1)
support-set detection of the sparse signal, and (2) reduced-order recovery us-
ing prior information on the detected support set. For a reasonable detection
of support set, [Vas08] uses convex relaxation algorithms. Then, a standard
Kalman filter (KF) is employed to use prior information for sequential signal
recovery. Without explicit support set detection, [CGK10] uses KF to estimate
the entire signal and enforces sparsity by imposing an approximate norm con-
straint. However, the work of [CGK10] validates their algorithm for a signal
with a static sparsity pattern (i.e., an unknown pattern that does not evolve
over time). Similarly, [ZR10] considers scenarios with static sparsity patterns

1When conditioned on I, we can write x = T(I)x[I], where T(I) ∈ {0, 1}N×K interleaves
zeros and x[I] ∼ N (µ[I],P[I,I]).
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and solves the reconstruction of a temporally evolving sparse signal with multi-
ple measurement vectors in a batch Bayesian learning framework with unknown
model parameters. Iterative pursuit algorithms that can use prior information to
recover dynamic sparse signals are, however, largely unexplored. One exception
is [DSM11] which uses a maximum a posteriori criterion to modify SP for Gaus-
sian processes. Their signal model, however, does not allow explicit modeling of
the temporal correlation of the sparsity pattern.

In this chapter, we consider a signal model with dynamically evolving sparsity
pattern. In other words, we consider that the signal sparsity pattern varies over
time/space at any rate (i.e., from a slowly varying case to a rapidly varying
case). We then develop a predictive orthogonal matching pursuit algorithm that
can incorporate prior information in a stochastic framework, using the signal
to prediction error ratio as a statistic. Thereby recovery performance can be
improved while maintaining the complexity advantage of IP algorithms. This
generalizes the linear minimum mean square error (LMMSE) approach taken in
Gaussian-based matching pursuit [CSS11b].

We also develop a robust detection strategy for finding the support set el-
ements of a dynamic sparse signal. Compared to standard correlation-based
successive detection in existing iterative pursuit algorithms, such as OMP, this
detection strategy is found to be more robust to erratic changes in the sparsity
pattern.

Finally, the algorithm is integrated into a recursive Kalman-filter framework
in which the sparse process is predicted as a superposition of state transitions.
The new IP algorithm using sequential predictions is referred to as dynamic it-
erative pursuit (DIP). Through experimental simulations we show that the new
algorithm provides a graceful degradation at higher measurement noise levels
and/or lower measurement signal dimensions, while capable of yielding substan-
tial gains at more favorable signal conditions.

14.1 Signal model

We consider a standard CS measurement setup,

yt = Hxt + nt ∈ C
M , (14.4)

where xt ∈ C
N is the sparse state vector to be estimated and the nt is zero-

mean Gaussian, E[ntn
∗
t−l] = Rtδ(l). The sensing matrix H = [h1 · · · hN ] ∈

CM×N , where M < N . Both H and Rt are given. Without loss of generality, we
assume ‖hi‖2 = 1.

14.1.1 Process model

Let the support set Ix,t ⊂ {1, . . . , N} represent the sparsity pattern of xt ∈ CN .
It will be assumed that |Ix,t| ≤ Kmax, where Kmax < M . Let λji denote the
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state transition probability j → i of the ‘active’ signal coordinate j. Then the
probabilities determine the transition Ix,t → Ix,t+1, as will be illustrated below.

The transition of an active signal coordinate j → i is modeled as an autore-
gressive (AR) process

xi,t+1 = αijxj,t + wi,t, (14.5)

where xj,t denotes the jth component of xt, wi,t is the associated innovation and
the AR coefficient |αij | < 1. This model extends the scenario considered in [ZR10]
where the transition probabilities are degenerate λji = δ(i − j), resulting in a
static sparsity pattern Ix,t ≡ Ix, ∀t.

The sparse-signal process can be written compactly as a linear state-space
model with random transition matrices At and Bt,

xt+1 = Atxt +Btwt, (14.6)

where wt is zero-mean Gaussian, E[wtw
∗
t−l] = Qδ(l) ∈ CN×N and Q =

diag(σ2
1 , . . . , σ

2
N ). The non-zero elements of At ∈ CN×N are aij,t = αij for

all j ∈ Ix,t and i ∈ Ix,t+1. Similarly, the non-zero elements of the diagonal ma-
trix Bt ∈ CN×N are bii,t = 1 for all i ∈ Ix,t+1. The model parameters αij , λji
and Q are assumed to be known.

14.1.2 Examples

Use of the transition probabilities λji along with signal model (14.5) enables com-
pact modeling of dynamically evolving sparsity patterns. The potential applica-
tions include MRI, spectrum sensing, direction of arrival estimation, frequency
tracking etc.

As an initial example, consider a slowly varying sparsity pattern Ix,t over T
snapshots, following2

λji =





0.90 i = j

0.05 i = j ± 1, if j 6∈ {1, N}
0.10 i = j + 1, if j = 1

0.10 i = j − 1, if j = N

0 |i− j| > 1

. (14.7)

A realization of this process is illustrated in Figure 14.1. This choice is intended
to model the strong temporal correlation of sparse signals exhibited in, e.g., MRI.

Next, consider a simpler parametrization,

λji =

{
1− N−1

N ν i = j
1
N ν i 6= j

, (14.8)

2The two cases j = 1 or j = N are necessary for the edge states.
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Figure 14.1: Example of evolving sparsity pattern with (N,K, T ) =
(200, 10, 200) and transition probabilities (14.7).

where ν ∈ [0, 1] is a mixture factor. This is intended to model more erratically
evolving patterns in, e.g., frequency-hopping radio frequency (RF) signals. Ex-
amples of resulting sparsity patterns are shown in Figure 14.2, where we consider
ν = 0.01 and 0.5. It can be seen that the evolution of the sparsity pattern be-
comes more erratic as ν increases. In the above examples we have ensured that
the sparsity level is constant, K = 10.

14.2 Dynamic iterative pursuit

We approach the dynamic estimation problem by first developing an iterative pur-
suit algorithm that can incorporate prior information in the form of a prediction
of xt. A support set detection strategy is proposed using the signal to prediction
error ratio. Next we develop a recursive algorithm based on the Kalman-filter
framework. We propose predicting the sparse process as the superposition of all
state transitions of the signal coefficients.

14.2.1 Incorporation of prior information

Given the constraint on the support set, |Ix| ≤ Kmax, the brute force least-squares
solution would be to enumerate all combinations of possible support sets. For
each set, I ⊂ {1, . . . , N}, the signal coefficients are reconstructed by a least-
squares criterion and a measurement residual is computed, r = y − H[·,I]x̂[I].
The reconstruction with minimum residual norm is then chosen as the solution.
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Figure 14.2: Examples of evolving sparsity patterns with (N,K, T ) =
(200, 10, 100) and transition probabilities (14.8) with (a) ν = 0.01 and (b) ν = 0.5.

However, with at least one active coefficient there are
∑Kmax

K=1

(
N
K

)
possible support

sets I to enumerate, rendering the method computationally prohibitive as the
MMSE estimator (14.3). Several iterative pursuit algorithms solve the estimation
problem instead by a sequential detection of the support set and reconstruction of
the corresponding signal coefficients. We will use OMP to illustrate the essential
components of this sequential strategy.

OMP takes a support set I as its starting point. Reconstructed signal co-
efficients, x̂j , j ∈ I, are cancelled from the observation y to form the residual
r = y −H[·,I]x̂[I]. Initially I = ∅. Under the hypothesis of a remaining active
coefficient xi, i 6∈ I, the residual signal model is

r = hixi +
∑

j∈I

hjξj + n, (14.9)

where ξj = xj − x̂j are estimation errors. OMP detects the active coefficient by
using a matched filter. The matched filter employs the strategy of estimating xi
using a least-squares criterion, x̌i = h

†
ir = h∗

i r. The index i 6∈ I corresponding
to maximum energy |x̌i|2 is added to I. Finally the coefficients corresponding to
I are estimated jointly based on a least-squares criterion, solving

x̂[I] = argmin
x[I]∈C|I|

∥∥y −H[·,I]x[I]

∥∥2
2
= H

†
[·,I]y.

The residual r is updated and the process is repeated until the residual norm no
longer decreases or when |I| reaches the limit Kmax. For sake of clarity OMP is
summarized in Algorithm 9 where k denotes the iteration index.
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Algorithm 9 : Orthogonal Matching Pursuit (OMP)

1: Given: y and H

2: Set k = 0, r0 = y and I = ∅

3: repeat

4: k := k + 1
5: ik = argmaxi∈Ic |h∗

i rk−1|
6: I := I ∪ ik
7: x̂[I] = H

†
[·,I]y; x̂[Ic] = 0

8: rk = y −H[·,I]x̂[I]

9: until (‖rk‖2 ≥ ‖rk−1‖2) or (k > Kmax)
10: Output: x̂ and I

Using a stochastic framework, we now extend the estimation strategy to a
scenario in which a prediction x̂− = x + e is given, where e ∼ N (0,P−) and
error covariance matrix P− is known. Then the signal to prediction error ratio

ρi ,
E[|xi|2]
E[|ei|2]

∈ [0,∞) (14.10)

quantifies the certainty that i belongs to the support set. We propose to use ρi
for selecting indices to be added to I. The ratio ρi is successively updated by
conditioning the expectations on the residual, under the hypothesis with signal
model (14.9). Then E[|xi|2] = |µi|r|2 + σ2

i|r where the conditional mean µi|r is

given by the MMSE-estimator and σ2
i|r by its error variance. The prior of xi is

the prediction x̂−i .
For tractability the estimation errors ξj are assumed to be Gaussian and their

correlations negligible so that the MMSE-estimator gives

µi|r ≃ x̂−i + g∗
i

(
r− hix̂

−
i

)

σ2
i|r ≃ (1− g∗

ihi) p
−
i ,

(14.11)

where p−i is the ith diagonal element of P− [KSH00]. The gain (row) vector g∗
i

and covariance matrix D are

g∗
i =

(
1

p−i
+ h∗

iD
−1hi

)−1

h∗
iD

−1,

D =
∑

j∈I

σ2
jhjh

∗
j +R,

(14.12)

where σ2
j is the variance of ξj and R is the covariance matrix of n. As the

support set I successively grows, the inverse D−1 can be updated efficiently
using the Sherman-Morrison formula, as shown below.
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To sum up, the signal to prediction error ratio is given by

ρi =
|µi|r |2 + σ2

i|r

p−i
(14.13)

and approximated using (14.11). For the maximum ρi, i 6∈ I is added to I. Fi-
nally, signal coefficients are jointly re-estimated, solving a weighted least-squares
problem

x̂[I] = argmin
x[I]∈C|I|

∥∥∥∥
[
y

x̂−
[I]

]
−
[
H[·,I]

I|I|

]
x[I]

∥∥∥∥
2

R−1⊕S−1

, (14.14)

where S = P−
[I,I]. This is the linear MMSE estimator provided I is the correct

support set. The residual r is updated and the process is repeated as above. The
resulting algorithm is referred to as ‘Predictive OMP’ (PrOMP) and is summa-
rized in Algorithm 10.

Algorithm 10 : Predictive Orthogonal Matching Pursuit (PrOMP)

1: Given: y,H,R−1, x̂− and P−

2: Set k = 0, r0 = y, I = ∅ and D−1 = R−1

3: repeat

4: k := k + 1
5: Compute ρi using (14.13) and (14.11)
6: ik = argmaxi∈Ic ρi
7: I := I ∪ ik
8: x̂[I] =mmse-rec(y,H,R−1, x̂−,P−, I); x̂[Ic] = 0

9: rk = y −H[·,I]x̂[I]

10: D−1 =update-cov(D−1,H,R−1,P−, I, ik)
11: until (‖rk‖2 ≥ ‖rk−1‖2) or (k > Kmax)
12: Output: x̂ and I

The function mmse-rec solves (14.14) and can be computed by a measurement
update of form:

x̂[I] = x̂−
[I] +K

(
y −H[·,I]x̂

−
[I]

)
,

where K = (S−1 + H∗
[·,I]R

−1H[·,I])
−1H∗

[·,I]R
−1. The function update-cov up-

dates the inverse covariance matrix for the added reconstructed coefficient x̂i,

D−1 := D−1

(
IM − hih

∗
iD

−1

σ−2
i + h∗

iD
−1hi

)
,

where σ2
i is the corresponding diagonal element of the posterior error covariance

matrix (S−1 +H∗
[·,I]R

−1H[·,I])
−1 [KSH00].
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14.2.2 Robust support-set based strategy

The strategy described above performs a successive cancellation of reconstructed
signal coefficients. The performance is therefore crucially dependent on detecting
an active coefficient individually at each stage, which is a ‘hard’ decision. But
the hypothesis of one remaining active coefficient at each stage induces a risk
of irreversible detection errors. This increases with more erratically evolving
sparsity patterns, since the process is harder to predict.

The signal to prediction error ratio ρi, however, provides a statistic that can
be viewed as ‘soft information’. In order to increase robustness to detection errors
we propose to use ρi for selecting the ℓ most likely remaining coefficients. Let us
denote the set of ℓ most likely indices by L. It is joined with the existing set I to
form a hypothesized support set Ĩ = I ∪ L. This set is used to reconstruct x̌[Ĩ]

and the coefficient x̌i, i ∈ L with maximum magnitude is added to the support
set I at each stage. Here ℓ = max(0,Kmax − |I|), which prevents overfitting
beyond the prior knowledge of the sparsity level.

Algorithm 11 describes this alternative detection strategy, based on a hy-
pothesized support set. The concerned scheme is called ‘robust predictive OMP’
(rPrOMP).

Algorithm 11 : Robust predictive OMP (rPrOMP)

1: Given: y,H,R−1, x̂− and P−

2: Set k = 0, r0 = yt, I = ∅ and D−1 = R−1

3: repeat

4: k := k + 1
5: Compute ρi using (14.13) and (14.11)
6: ℓ = max(0,Kmax − |I|)
7: L = {indices of ℓ largest ρi ∈ Ic}
8: Ĩ = I ∪ L
9: x̌[Ĩ] =mmse-rec(y,H,R−1, x̂−,P−, Ĩ)

10: ik = argmaxi∈L |x̌i|
11: I := I ∪ ik
12: x̂[I] =mmse-rec(y,H,R−1, x̂−,P−, I); x̂[Ic] = 0

13: rk = y −H[·,I]x̂[I]

14: D−1 =update-cov(D−1,H,R−1,P−, I, ik)
15: until (‖rk‖2 ≥ ‖rk−1‖2) or (k > Kmax)
16: Output: x̂ and I

14.2.3 Prediction of dynamic sparse signals

Suppose a snapshot yt has been observed and a prediction x̂−
t is given along

with P−
t . Let x̂t denote the estimated sparse state vector after the appli-
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cation of a predictive greedy pursuit algorithm (either PrOMP or rPrOMP),
and I its support set. Then the updated error covariance matrix Pt is com-
puted block-wise corresponding to the set I and its complement Ic. First,
P[I,I],t = (S−1

t + H∗
[·,I]R

−1
t H[·,I])

−1 is the posterior error covariance, where

St = P−
[I,I],t [KSH00]. Second, the uncertainty of the inactive coefficients is pre-

served by P[Ic,Ic],t = P−
[Ic,Ic],t. Finally, in line with the MMSE reconstruction

(14.14), the cross-correlations are set as P[I,Ic],t = 0 and P[Ic,I],t = 0.
We propose predicting xt+1 from x̂t as a superposition of all possible transi-

tions

x̂−i,t+1 =

N∑

j=1

λjiαij x̂j,t, (14.15)

or written compactly, x̂−
t+1 = Fx̂t, where fij = λjiαij . The prediction error

covariance matrix is then approximated by the equation, P−
t+1 = FPtF

∗ +Q.
Putting these blocks together we develop a Kalman-filter based algorithm for

recovery of sparse processes in Algorithm 12, which we call dynamic iterative
pursuit (DIP). In DIP we use predictive OMP (PrOMP). If robust predictive
OMP (rPrOMP) is used instead, the algorithm can be referred to as ‘rDIP’.

Algorithm 12 : Dynamic Iterative Pursuit (DIP)

1: Initialization x̂−
0 and P−

0

2: for t = 0, . . . do
3: %Measurement update
4: [xt, I] =PrOMP(yt,H,R

−1
t , x̂−

t ,P
−
t )

5: St = P−
[I,I],t

6: P[I,I],t =
(
S−1
t +H∗

[·,I]R
−1
t H[·,I]

)−1

7: P[Ic,Ic],t = P−
[Ic,Ic],t; P[I,Ic],t = 0; P[Ic,I],t = 0

8: %Prediction
9: x̂−

t+1 = Fx̂t

10: P−
t+1 = FPtF

∗ +Q

11: end for

14.3 Experiments and results

In this section we evaluate DIP with respect to static OMP, SP and convex
relaxation based basis pursuit denoising (BPDN) [CW08] algorithms. We also
show the performance of an oracle Kalman filter (KF) which provides a bound for
MMSE-based reconstruction of linear processes. The oracle estimator is given the
sparsity pattern a priori, but does not know the active signal coefficients. Finally,
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the robustness properties of rDIP are compared with DIP for erratically evolving
sparsity patterns.

14.3.1 Signal generation and performance measure

Using a typical setup we consider a sparse process with the parameters N = 200,
K = 10 and number of snapshots T = 100, with oscillating coefficients according
to an AR-model as in (14.5) with αij = α ≡ −0.8, and Q = σ2

wIN . The sparsity
pattern transitions, Ix,t → Ix,t+1, are determined by transition probabilities λji
which are set in the experiments.

The transition of each active state j ∈ Ix,t is generated by a first-order Markov
chain with λji. If two states in Ix,t happen to transition into one, a new state is
randomly assigned to Ix,t+1, to ensure that the sparsity level is constant in the
experiment.

The entries of the sensing matrix H are set by random drawing from a Gaus-
sian distribution N (0, 1) followed by unit-norm column scaling. The measure-
ment noise covariance matrix has form Rt = σ2

nIM . Process and measurement
noise are generated as wt ∼ N (0,Q) and nt ∼ N (0,Rt), respectively.

In the experiments, two signal parameters are varied; (a) the signal-to-
measurement noise ratio,

SMNR ,
E
[∑

t ‖xt‖22
]

E [
∑
t ‖nt‖22]

, (14.16)

while fixing E[‖xt‖22] ≡ 1 so that σ2
n = 1

M×SMNR , and (b) the fraction of mea-

surements κ ,M/N .
For a performance measure we use the signal-to-reconstruction error ratio,

defined as

SRER ,
E
[∑

t ‖xt‖22
]

E [
∑

t ‖xt − x̂t‖22]
, (14.17)

which is the inverse of the normalized MSE. Note that SRER = 0 dB, i.e., no
reconstruction gain, is equivalent to using x̂t = 0. The performance is evaluated
using Monte Carlo simulations, averaged over 100 runs.

14.3.2 Algorithm initialization

For the predictive algorithms—DIP, rDIP and oracle KF—we use the mean and
variance of an autoregressive process as initial values, x̂−

0 = 0 and P−
0 = σ2

xIN

where σ2
x =

σ2
w

1−α2 . In these algorithms we set Kmax = K for consistent compar-
isons, although strict equality is not a requirement.

Here we mention that BPDN [CW08] solves

x̂t = argmin
xt∈RN

‖xt‖1 subject to ‖yt −Hxt‖2 ≤ ε,
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Figure 14.3: Comparison of different methods where we show SRER versus
SMNR at κ = 0.25 and set transition probabilities according to (14.7).

where the slack parameter ε is determined by the measurement noise power, as

ε =

√
σ2
n(M + (2

√
2M)),

following [CRT06, CSS11b]. Note that BPDN does not provide a K-element
solution. It is also unable to use prediction. The code for BPDN is taken from
the l1-magic toolbox.

14.3.3 Results

For all experiments we ran 100 Monte Carlo simulations, where a new realization
of {xt,yt}Tt=1 and H was generated in each run.

In the first experiment we consider a slowly varying sparsity pattern Ix,t
following the transition probabilities λji in (14.7). Figure 14.3 shows how the
algorithms perform with varying measurement noise power at a fixed fraction
of measurements κ = 0.25. DIP overtakes static BPDN at lower SMNR levels,
while exhibiting a similar graceful degradation. The static OMP and SP do not
take into account the measurement noise and hence continue to degrade. For
instance, DIP reaches the cut-off point of 0 dB reconstruction gain at an SMNR
level that is approximately 5 dB lower than the static OMP. Figure 14.4 shows
how the improvements persist for varying κ at a fixed SMNR = 10 dB. In this
scenario rDIP exhibits similar performance as DIP. Taking static OMP as the
baseline algorithm, the improvement of predictive iterative pursuit is illustrated
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Figure 14.4: SRER versus κ =M/N at SMNR = 10 dB. Transition probabili-
ties according to (14.7).

in Figure 14.5. The minimum SRER advantage is about 2 dB, and increases
substantially with rising SMNR.

Next, we consider an unknown but static sparsity pattern Ix,t ≡ Ix, generated
by degenerate transition probabilities λji = δ(i − j), and compare DIP with an
oracle KF. The latter filters the coefficients of a known support set Ix,t, and
therefore provides an upper bound on the performance of sequential estimation.
The bound is not necessarily tight since only |Ix,t| ≤ K is given in the problem.
As SMNR increases, DIP rapidly approaches the bound while OMP saturates for
κ = 0.25, illustrated in Figure 14.6. At SMNR = 20 dB, OMP and DIP are about
10 and 2 dB from the upper limit, respectively. Again, rDIP performs similarly
to DIP.

Finally, we consider an erratically evolving sparsity pattern Ix,t, with transi-
tion probabilities λji set according to (14.8), in order to compare the robustness
of rDIP with DIP. Figure 14.7 shows how performance is affected as the mix-
ture factor ν increases. DIP converges to OMP from above; rDIP provides near
equivalent performance to DIP at first but shows a more graceful degradation. At
the extreme, when all transitions are equiprobable, rDIP is still capable of yield-
ing above +2.5 dB gain over OMP. This validates the robustness considerations
behind its design.
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Figure 14.5: SRER improvement over OMP versus SMNR at κ = 0.25. Tran-
sition probabilities according to (14.7).
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ities (fixed sparsity pattern).
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Figure 14.7: SRER versus mixture factor ν at SMNR = 20 dB and κ = 0.25.
Transition probabilities according to (14.8).

14.4 Summary

In this chapter we developed a new iterative pursuit algorithm that uses sequen-
tial predictions for dynamic compressed sensing, which we call dynamic iterative
pursuit. It incorporates prior statistical information using linear MMSE recon-
struction and the signal to prediction error ratio as a statistic. The algorithm was
experimentally tested on a sparse signal with oscillating coefficients and evolving
sparsity pattern. The results show that the algorithms exhibit graceful degra-
dation at low SMNR regions while capable of yielding substantial performance
gains as the SMNR level increases.





Chapter 15

Structured low-rank matrix

estimation

Low-rank matrices appear in various areas of signal processing and system iden-
tification [WJ06b]. In recent times the problem of estimating such matrices from
a vector of linear measurements embedded in noise has attracted a lot of atten-
tion [CP10]. In this scenario the dimension of the measurement vector is lower
than the number of matrix elements, and hence the problem consists of an under-
determined set of linear equations. This problem has a myriad of applications,
for example, magnetic resonance and spectral imaging [SVdPDMS11], wireless
sensor networks [CJM+10], video error concealment [DNCT10].

In the gamut of designing low-rank matrix estimation algorithms, most of the
existing research work deals with a specific setup known as ‘matrix completion’
where the measurement vector consists of a subset of elements of the underlying
matrix. The algorithms can be separated into three broad categories: Convex-
relaxation based [CCS08,TS10], minimization on Grassmannian manifold of sub-
spaces [BNR10,DMK11], least-squares matrix fitting [WYZ10,TN11]. While we
note that a substantial effort is paid to the matrix completion problem, far less
effort is devoted to a general setup consisting of an underdetermined system of
linear equations. There are few attempts, such as [TS10, LB10,RFP10,GM11]
and [FRW11].

For the general underdetermined setup, we first consider the aspect of design-
ing an algorithm that can deal with any low-rank matrix. In addition, we con-
sider the aspect of exploiting a-priori knowledge of underlying matrix structure
for further performance improvement. The motivation for using structured low-
rank matrices is due to their frequent occurrence in various signal processing and
system identification problems. In this chapter, we develop a new algorithm that
addresses both aspects. Extending the approach of [TN11], the new algorithm is
developed in an iterative framework based on least-squares (LS) estimation. For
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investigating matrix structure, we consider linearly structured matrices, such as
Hankel and Toeplitz, as well as positive semidefinite matrices. The performance
of the algorithm is evaluated by simulations and then compared to the Cramér-
Rao bounds (CRBs). The CRBs are presented for measurements in Gaussian
noise. Specifically we derive the CRBs for Hankel and positive semidefinite ma-
trices.

15.1 System model

We introduce some classes of matrices considered in the following. Xr , {X ∈
Cn×p : rank(X) = r} and X+ , {X ∈ Cn×n : X � 0} denote the sets of rank r
matrices and positive semidefinite (p.s.d.) matrices, respectively. Similarly, XS ,

{X ∈ Cn×p : vec(X) = Sθ, θ ∈ Cq} denotes a subspace of linearly structured
matrices specified by S ∈ Cnp×q, which includes Hankel and Toeplitz matrices.

15.1.1 General underdetermined setup

We consider a matrix X ∈ Xr, where r ≪ min(n, p) is assumed to be known. It
is observed by an undersampled linear measurement process,

y = A(X) + n ∈ C
m×1, (15.1)

where m < np and the linear sensing operator A : Cn×p → Cm×1 can be written
equivalently in forms

A(X) =



〈X,A1〉

...
〈X,Am〉


 = Avec(X). (15.2)

The matrixA is assumed to be known and the measurement noise n is assumed to
be zero-mean, with E[nn∗] = C ∈ Cm×m given. Note that in matrix completion,
{Ak} is nothing but the set of element-selecting operators.

15.1.2 Applications in signal processing and system iden-

tification

Applications of the general underdetermined setup are illustrated in the following
examples:

1. Recovery of data matrices X ∈ Xr, compressed by some randomly chosen
linear operation A into y.

2. Estimation of covariance matrices Cov(z) = R ∈ Xr ∩ X+ from a subset
of second-order moments rij = E[ziz

∗
j ], estimated with zero-mean error
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εij , (i, j) ∈ Ω. Then (15.1) can be applied, y = A(R) + ε. In certain
applications R ∈ Xr ∩ X+ ∩ XS , e.g. Toeplitz or Persymmetric structure.

3. Recovery of distance matrices D ∈ Xr, where dji = dij = ‖xi − xj‖2W and
W ≻ 0. A subset of distance measurements are observed in noise.

4. Identification of a system matrix D ∈ Xr. The system zt = Dut ∈ Cn×1 is
sampled by a varying linear operator yt = Atzt +nt, where At ∈ Cs×p. A
special case is At = e⊤ℓ(t), where the index ℓ(t) varies the sampling of zt at

each t. Given a set of input and output data, {yt,ut}Tt=1, where sT < np,
the observations can be stacked by vectorization,

y =



u⊤
1 ⊗A1

...
u⊤
T ⊗AT


 vec(D) + n.

In certain scenarios D may also have linear structure.

15.2 Alternating least-squares estimator

We begin by considering the case of estimating X ∈ Xr, then we extend the
resulting estimator to structured low-rank matrices.

15.2.1 General low-rank matrix estimation

Using a weighted least-squares criterion, the least-squares estimator is

X̂ = argmin
X∈Xr

‖y −A(X)‖2C−1 . (15.3)

When the measurement noise n is Gaussian, this estimator coincides with the
maximum likelihood estimator. For brevity we assume spatially uncorrelated
noise, C = σ2Im, without loss of generality. Then minimizing the ℓ2-norm is
equivalent to (15.3). For general C the observation model is pre-whitened by
forming ȳ = C−1/2y and Ā = C−1/2A.

Since X ∈ Xr, we express X = LR where L ∈ C
n×r and R ∈ C

r×p. Then
the square of the measurement residual can be written as

V (L,R) , ‖y −A(LR)‖22
= ‖y −A(Ip ⊗ L)vec(R)‖22
= ‖y −A(R⊤ ⊗ In)vec(L)‖22.

(15.4)

The cost V (L,R) is minimized in an alternating fashion by the following steps:

• minimizing R with a fixed L,
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• minimizing L with a fixed R.

In the resulting algorithm, the alternating minimization is performed iter-
atively. Starting with an initial L, the iterations continue as long as the de-
creasing trend of J(L,R) is observed. Given L, the minimizer of R is computed

by vec(R̂) = [A(Ip ⊗ L)]†y and similarly, given R, the minimizer of L is com-

puted by vec(L̂) = [A(R⊤ ⊗ In)]
†y. Since the Kronecker products are sparse,

A(Ip ⊗ L) ∈ Cm×rp and A(R⊤ ⊗ In) ∈ Cm×nr can be computed efficiently.
Henceforth, we refer to the algorithm as alternating least-squares (ALS).

15.2.2 Structured low-rank matrix estimation

Next, we consider a structured low-rank matrix X ∈ Xr, and develop an ALS for
a known matrix structure in Algorithm 13. In the algorithm, for each iteration,
we approach the least-squares problem by first relaxing the structural constraint,
and compute R with a fixed L. Then, to impose the structural constraint on R,
the low-rank matrix estimate is projected onto the set of structured matrices by
X̄ , P(LR), similar to ‘lift and project’ [CFP03]. R is subsequently modified
as the least-squares solution of X̄,

min
R

‖LR− X̄‖2F .

L is updated in the same fashion. Here we mention that the algorithm is ini-
tialized by L := U0Σ0 where [U0,Σ0,V0] = svdtrunc(matn,p(A

∗y), r) and
svdtrunc(Z, r) denotes the singular value decomposition of Z ∈ Cn×p truncated
to the rth singular value.

Algorithm 13 : ALS with known matrix structure

1: Input: y, A and r
2: [U0,Σ0,V0] = svdtrunc(matn,p(A

∗y), r)
3: L := U0Σ0

4: while V (L,R) decreases do
5: R := matr,p

(
[A(Ip ⊗ L)]†y

)

6: X̄ := P(LR)
7: R := L†X̄

8: L := matn,r
(
[A(R⊤ ⊗ In)]

†y
)

9: X̄ := P(LR)
10: L := X̄R†

11: end while

12: Output: X̂ = LR

For linearly structured matrices the projection, X̄ = PXS
(LR), is computed

by obtaining θ̄ = S†vec(LR) and setting X̄ = matn,p(Sθ̄). For p.s.d. matrices,
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X̄ = PX+(LR) is computed by first performing an eigenvalue decomposition
of a symmetrized matrix, which projects the matrix onto the set of Hermitian
matrices, 1

2 (LR+ (LR)∗) = VΛV∗. The decomposition is performed to the rth

largest eigenvalue, then setting X̄ = VrΛ̃rV
∗
r , where positive eigenvalues have

been retained, projects the matrix onto X+.

15.3 Cramér-Rao bounds

To benchmark the performance of ALS we describe the CRB expressions in the
following sections.

15.3.1 Unstructured matrix

For real-valued X and Gaussian measurement noise n, y is distributed as
N (Avec(X),C). The Cramér-Rao bound for the mean square error of unbi-
ased low-rank matrix estimators without structure was derived in [TN11] (see

also [WJ06b]): Ey|X [‖X− X̂(y)‖2F ] ≥ CRB(X), where

CRB(X) = tr
(
(P⊤A⊤C−1AP)−1

)
. (15.5)

The CRB holds when rank(AP) = r(n + p) − r2 where P ,[
V1 ⊗U0 U0 ⊗V0 V0 ⊗U1

]
. The submatrices are obtained from the left-

singular vectors, U0 = [u1 · · · ur] and U1 = [ur+1 · · · un], and right-singular
vectors, V0 = [v1 · · · vr] and V1 = [vr+1 · · · vn], of X ∈ Xr.

15.3.2 Structured matrices

Hankel and Toeplitz matrices

For certain linearly structured matrices, such as Hankel or Toeplitz, low-rank
parametrizations Sθ = Sg(α) exist that enable the derivation of CRBs. E.g.,
when XS is Hankel, X can be parameterized in the canonical controllable form
[Kai80] as [X]ij = c⊤Φi+j−2e1, where c ∈ Rr,

Φ =




−a1 −a2 . . . −ar−1 −ar
1 0 . . . 0 0
0 1 . . . 0 0
...

. . .
...

0 0 . . . 1 0



∈ R

r×r,

and e1 is the first standard basis vector in Rr. Here the parameters are α =[
c⊤ a⊤

]⊤
, where a = [a1 · · · ar]⊤. A similar parametrization can be found for

Toeplitz matrices.
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The Cramér-Rao bound for the MSE is then given by

CRBS(X) = tr
(
∆⊤

αJ
−1
D (α)∆α

)
(15.6)

where ∆α = ∂αg(α)⊤S⊤ and the Fisher information matrix of α is

JD(α) = ∆αA
⊤C−1A∆⊤

α.

Positive semidefinite matrix

Positive semidefinite matrices can be parameterized as X = MM⊤, where M ∈
Rn×r. Let α = vec(M), so that vec(X) = g(α) then J(α) has the same form
as above, with ∆α = ∂αg(α)⊤. The Jacobian can be written compactly as
∂αg(α) = [(In ⊗M)T+ (M⊗ In)] where M = matn,r(α) and T is the matrix
form of the transpose operator, Tvec(M) = vec(M⊤). Note that parametrization
by M is unique only up to an orthonormal transformation, hence JD(α) is not
invertible in general. The Cramér-Rao bound for the MSE is then given by

CRB+(X) = tr
(
∆⊤

αJ
†
D(α)∆α

)
(15.7)

provided that
∆⊤

α = ∆⊤
αJD(α)J†

D(α)

holds, or equivalently that P⊥
J∆α = 0, where P⊥

J is the orthogonal projection
onto the nullspace of JD(α) [WJ06b].

The derivations of the Fisher information matrices are given in Ap-
pendix 15.A.

15.4 Experiments and results

In this section we evaluate the algorithm for known and unknown matrix struc-
tures. In case of known structure, we consider Hankel and positive semidefinite
matrices. The performances are compared with the respective the Cramér-Rao
bounds (CRB).

15.4.1 Experiment setup and performance measure

In the following we consider real-valued matrices of dimension n = p ≡ 100, with
Hankel and p.s.d. structure respectively. For Hankel structure we generate X

randomly by first creating a matrix with elements from an i.i.d. N (0, 1) and
fitting α using Prony’s method [Hay96]. Then set X = matn,p(Sg(α)). For
p.s.d. structure, X is generated by X = MM⊤, where the elements of M are
generated by i.i.d. N (0, 1). We let parameter λ , r/min(n, p) ∈ (0, 1] determine
the rank, which controls the degrees of freedom.
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The linear sensing operator, modeled by A in (15.2), is selected randomly by
aij ∼ N (0, 1

m ) [RFP10]. The measurement noise is generated as n ∼ N (0, σ2Im).
In the experiments, two signal parameters are varied:

1. Signal to measurement noise ratio,

SMNR ,
E
[
‖X‖2F

]

E [‖n‖2F ]
. (15.8)

2. Measurement fraction, ρ ∈ (0, 1], so that m ≡ ⌈ρnp⌉.

The signal-to-reconstruction error ratio, or inverse of the normalized mean
square error (NMSE),

SRER ,
E
[
‖X‖2F

]

E
[
‖X− X̂‖2F

] =
1

NMSE
, (15.9)

is used as the performance measure as it increases with SMNR. For an unbiased
estimator, SRER ≤ E[‖X‖2F ]/E[CRB(X)]. When SRER = 0 dB there is no

reconstruction gain over the zero solution X̂ = 0.

15.4.2 Results

The experiments were repeated for 500 Monte Carlo simulations. For each run
a new realization of X, y and A was generated and the Cramér-Rao bounds
were computed correspondingly. The algorithm was set to terminate when the
measurement residual V (L,R) stops decreasing.

Figure 15.1 shows the performance of ALS when varying SMNR for Hankel
and p.s.d. matrices, respectively. The measurement fraction was fixed to ρ = 0.3
and the relative rank was λ = 0.03. The algorithm is tested both with and
without prior knowledge of matrix structure. Without such information it quickly
approaches the bound for unstructured matrices (15.5). The reconstruction gain
is significantly raised when exploiting the matrix structure. ALS remains at a
SRER gap from the bounds (15.6) and (15.7) because it relaxes the problem by
alternating projections. The gaps are 2.75 and 0.77 dB for Hankel and p.s.d.,
respectively, at SMNR = 10 dB. The estimator inserts a proportionally larger
bias into the MSE compared to the estimator without prior information.

In Figure 15.2 the experiment is repeated for varying ρ, while λ = 0.03 and
SMNR is fixed to 10 dB. As the measurement fraction increases the SRER of the
algorithm without prior matrix structure approaches the corresponding CRB.
At very low ρ, below 0.1, the bound (15.5) tends to break down as the rank
constraint is violated. Given prior structural information the algorithm performs
similar to the SMNR case.
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Figure 15.1: SMNR versus SRER for n = p = 100, λ = 0.03 and ρ = 0.3. (a)
Hankel structure, (b) Positive semidefinite structure.
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Figure 15.2: ρ versus SRER for n = p = 100, λ = 0.03 and SMNR = 10 dB.
(a) Hankel structure, (b) Positive semidefinite structure.

15.5 Summary

In this chapter we developed an algorithm based on the least-squares framework
for estimating low-rank matrices in a general underdetermined setup. Further-
more it is capable of exploiting structures, in particular linearly structured matri-
ces and positive semidefinite matrices, leading to better performance. Through
simulations, we found that the algorithm provides good performance compared
to the Cramér-Rao bound.
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Appendix 15.A Fisher information matrices for

Hankel and p.s.d. structure

Here we derive the Fisher information matrix for the Hankel and positive semidef-
inite matrix structures.

15.A.1 Hankel matrix

An Hankel matrix X ∈ Rn×p of rank r can be parameterized in a ‘controllable
canonical form’ [Kai80], [X]ij = c⊤Φi+j−2b, where

c = [c1, c2, . . . , cr]
⊤ ∈ R

r

b = [1, 0, 0, . . . , 0]⊤ = e1 ∈ R
r

Φ =




−a1 −a2 . . . −ar−1 −ar
1 0 . . . 0 0
0 1 . . . 0 0
...

. . .
...

0 0 . . . 1 0



∈ R

r×r.

Due to the linear structure we have vec(X) = Sg(α), where S ∈ Rnp×(n+p−1),
α = [c1, c2, . . . , cr, a1, a2, . . . , ar]

⊤ and

g(α) =
[
c⊤b, c⊤Φb, c⊤Φ2b, . . . , c⊤Φn+p−2b

]⊤
.

For the linear observation model y = A vec(X) + n = ASg(α) + n, where
n ∼ N (0,C), the log-likelihood equals

ln p(y;α) = −1

2
(y −ASg(α))

⊤
C−1 (y −ASg(α)) +K,

where K is a constant. Then ∂α ln p(y;α) = ∂αg
⊤(α)S⊤A⊤C−1(y −ASg(α))

and the Fisher information matrix is readily obtained

JD(α) = Ey|α
[
−∂2α ln p(y;α)

]

= Ey|α
[
(∂α ln p(y;α))(∂α ln p(y;α))⊤

]

= ∂αg
⊤(α)S⊤A⊤C−1AS∂αg(α).
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The derivatives can be evaluated using [SZJC11]

∂

∂ci

(
c⊤Φkb

)
= e⊤i Φ

ke1

∂

∂ai

(
c⊤Φkb

)
= c⊤



k−1∑

j=0

Φj ∂Φ

∂ai
Φk−1−j


 e1

= −
k−1∑

j=0

(c⊤Φje1)(e
⊤
i Φ

k−j−1e1).

15.A.2 Positive semidefinite matrix

A p.s.d. matrix X ∈ R
n×p of rank r can be parameterized by X = MM⊤ where

M ∈ Rn×r. Alternatively, vec(X) = g(α) where α = vec(M) and

g(α) = vec(MM⊤) = (In ⊗M) vec(M⊤) = (M⊗ In)α.

For the linear observation model y = A vec(X) + n = Ag(α) + n, where
n ∼ N (0,C), the log-likelihood equals

ln p(y;α) = −1

2
(y −Ag(α))

⊤
C−1 (y −Ag(α)) +K.

Then ∂α ln p(y;α) = ∂αg
⊤(α)A⊤C−1(y − Ag(α)) and the Fisher information

matrix is readily obtained

JD(α) = Ey|α
[
−∂2α ln p(y;α)

]

= Ey|α
[
(∂α ln p(y;α))(∂α ln p(y;α))⊤

]

= ∂αg
⊤(α)A⊤C−1A∂αg(α).

The derivatives can be evaluated using [SZJC11]

∂αg(α) = vec
(
(∂αM)M⊤

)
+ vec

(
M(∂αM

⊤)
)

= (M⊗ In) vec(∂αM) + (In ⊗M)T vec(∂αM)

= (M⊗ In) + (In ⊗M)T,

where T is the transformation matrix producing T vec(M) = vec(M⊤).



Chapter 16

Estimation of linearly

structured low-rank

matrices

In this chapter we return to the estimation of low-rank matrices with linear
structure. Such matrices arise through, e.g., data from low-order linear systems,
pairwise distance measurements, autocorrelation sequences of periodic signals,
etc. The alternating least-squares estimator developed in Chapter 15 has two
weaknesses in the structured case. First, it alternatingly relaxes the linear and
low-rank structures, respectively. This leads to suboptimal performance. Second,
it assumes that the solution can be assigned a predefined rank. The appropriate
rank may not be known in many practical scenarios.

An alternative approach when the rank is unknown is to formulate a con-
vex relaxation of a rank minimizing problem using the nuclear norm [FHB01].
Computationally efficient methods for approximating nuclear norm minimiza-
tion were developed with performance guarantees in [MF10, FRW11] for the
noiseless scenario, based on the iteratively reweighted least-squares approach
(IRLS) [Bjö96,DDFG10]. In this chapter we formulate an IRLS method for low-
rank matrices with linear structure and unknown rank. This enables estimation
in highly underdetermined scenarios since the effective number of parameters is
reduced by structure. Further, we employ the cross-validation approach for in-
ferring an appropriate regularization parameter value from the observations. For
illustration purposes the IRLS method for linearly structured matrices (IRLS-L)
is applied to two estimation problems involving small numbers of samples.
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16.1 Problem formulation

A matrix X ∈ Cn×p is observed through a linear mapping A : Cn×p → Cm×1 in
zero-mean noise

y = A(X) + n ∈ C
m×1, (16.1)

where the mapping can be written equivalently as A(X) = Avec(X). The matrix
A is assumed to be known and the measurement noise n is assumed to be zero-
mean, E[nn∗] = σ2Im and σ2 is unknown.

We consider matrices subject to linear constraints on the elements, X =∑d
i=1 Siθi, or equivalently, X ∈ XS where XS , {X ∈ Cn×p : vec(X) = Sθ, θ ∈

Cd} is a d-dimensional linear subspace parameterized by S ∈ Cnp×d. This in-
cludes Hankel, Toeplitz, symmetric, triangular and diagonal matrices [Mag83].
Of interest here is the set of rank r matrices, Xr , {X ∈ Cn×p : rank(X) = r},
where r ≪ min(n, p).

The goal is to estimate X ∈ XS ∩ Xr from y when the rank r is unknown.
Note that m < d leads to undersampling of the effective parameters.

16.2 Iteratively reweighted least squares

One approach to estimate X with unknown r is to find a matrix X̂ with min-
imum rank, subject to some constraint on the residual ‖y − A(X̂)‖22. As rank
minimization is intractable in general, methods have been developed that are
based on the convex relaxation of the problem using the nuclear norm [FHB01].
In adopting this approach, estimation of X can be formulated as a regularized
least-squares problem

X̂ = argmin
X∈XS

‖y−Avec(X)‖22 + λ‖X‖∗, (16.2)

where λ is a regularization parameter which controls the cost of the nuclear norm
‖X‖∗ [TN11].

Suppose that X has full row rank such that XX∗ is invertible. Let
X = UΣV∗ be the singular value decomposition. Then tr{(XX∗)1/2} =
tr{(XX∗)−1/2XX∗} = tr{X∗WX} defining W , (XX∗)−1/2 = UΣ−1U∗

[FRW11], so that

‖X‖∗ = tr
{
(XX∗)1/2

}

= tr
{
X∗W∗/2W1/2X

}

= ‖W1/2X‖2F .
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Further, exploiting X ∈ XS yields

‖W1/2X‖2F = ‖vec(W1/2X)‖22
= ‖(Ip ⊗W1/2)vec(X)‖22
= ‖(Ip ⊗W1/2)Sθ‖22
= ‖Gθ‖22,

where G(W) = (Ip ⊗ W1/2)S. Thus the least-squares problem (16.2) can be
recast as

θ̂ = argmin
θ∈Cd

V (θ), (16.3)

where

V (θ) = ‖y −Hθ‖22 + λ‖Gθ‖22
and H , AS. When holding W fixed, the solution to (16.3) equals

θ̂ = (H∗H+ λS∗(Ip ⊗W)S)
−1

H∗y,

where we used the fact that

G∗G = S∗(Ip ⊗W1/2)∗(Ip ⊗W1/2)S

= S∗(Ip ⊗W)S.

Thus starting from an initial weight matrix W, (16.2) is amenable to an itera-

tively reweighted least-squares formulation, updating θ̂ and W in an alternating
fashion. By exploiting the linear structure, IRLS needs only to estimate d rather
than np parameters which can be a considerable reduction.

Note, however, that W is predicated on X(θ)X(θ)∗ being invertible, but as
the goal is low rank the computation of W = UΣ−1U∗ becomes ill-conditioned.
Following [FRW11], stability can be ensured by truncating the smallest singular
values to some ε. The weight matrix is then defined as W = UΣ−1

ε U∗, where
Σε = diag(σ1, . . . , σr−1, σ̄r, . . . , σ̄K) and K = min(n, p). For all k ≥ r, the
singular values are truncated σ̄k ≡ ε, where r = ⌈K/κ⌉ and κ is user-defined.
The threshold value is adaptively lowered by ε := min(ε, σr/(κr)). For large
matrices, the weight matrix can alternatively be computed using r-truncated
singular value decompositions [MF10,FRW11].

The resulting iteratively reweighted least-squares estimator (IRLS-L) is given
in Algorithm 14, starting with some initial weight matrix W0 and threshold ε0.
It is set to terminate when the difference between iterates is smaller than some
threshold, ‖θ̂ℓ − θ̂ℓ−1‖22 ≤ ǫθ.

Note that when XS is the subspace of diagonal matrices, IRLS-L includes
recovery of sparse vectors as a special case.
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Algorithm 14 IRLS-L

1: Input: y, A, S, W0, ε0, κ and λ
2: Set H = AS and r = ⌈min(n, p)/κ⌉
3: W := W0 and ε := ε0
4: repeat

5: θ̂ := (H∗H+ λS∗(Ip ⊗W)S)−1
H∗y

6: [U,Σ] = svd

(
matn,p(Sθ̂)

)

7: Set ε := min{ε, σr/(κr)} and form Σε

8: W := UΣ−1
ε U∗

9: until convergence
10: Output: X̂ = matn,p(Sθ̂)

16.3 Selecting regularization parameter

Lacking any prior knowledge, an appropriate value of the regularization pa-
rameter λ must be inferred from the data y alone. A cross-validation method
aims to predict the ith component yi using the remaining observations, denoted
y(i) ∈ Cm−1, and opts for the λ that minimizes the resulting prediction er-

rors [All74]. Let θ̂
(i)
(λ) denote the estimate of θ using y(i) for a fixed λ and h∗

i

be the ith row of H, then the weighted sum of squared prediction errors is

C(λ) =
1

m

m∑

i=1

gi(λ)
∣∣∣yi − h∗

i θ̂
(i)
(λ)
∣∣∣
2

. (16.4)

For notational convenience, let θ̂(λ) = B−1(λ)H∗y denote the full IRLS-L esti-
mate, where B(λ) = (H∗H+ λS∗(Ip ⊗Wλ)S) and Wλ is the converged weight

matrix. Then the Hermitian matrix Γ(λ) , Im − HB−1(λ)H∗ produces the

residuals e = y − Hθ̂ = Γ(λ)y. Selecting the weights as gi(λ) ∝ [Γ(λ)]2ii ≥ 0
emphasizes the components yi with large residual variances and leads to the
generalized cross-validation method [GHW79].

The computation of the cost function C(λ) can further be simplified. For a
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fixed W,

θ̂
(i)

= (H∗
iHi + λS∗(Ip ⊗W)S)

−1
H∗
iy

(i)

= (B− hih
∗
i )

−1 (H∗y − hiyi)

= B−1 (H∗y − hiyi) +
B−1hih

∗
iB

−1 (H∗y − hiyi)

1− h∗
iB

−1hi

= θ̂ − B−1hiyi(1− h∗
iB

−1hi)−B−1hih
∗
iB

−1 (H∗y − hiyi)

1− h∗
iB

−1hi

= θ̂ − B−1hiyi −B−1hih
∗
i θ̂

1− h∗
iB

−1hi

= θ̂ − B−1hi

1− h∗
iB

−1hi
(yi − h∗

i θ̂),

where Hi ∈ C(m−1)×d is the observation matrix H after removing the ith row.
Then

yi − h∗
i θ̂

(i)
= yi − h∗

i θ̂ +
h∗
iB

−1hi

1− h∗
iB

−1hi
(yi − h∗

i θ̂)

=
1

1− h∗
iB

−1hi
(yi − h∗

i θ̂)

=
1

[Γ(λ)]ii
(yi − h∗

i θ̂).

When the weights are normalized as gi = [Γ(λ)]2ii/(
1
m tr{Γ(λ)})2 [GHW79], (16.4)

can be written as

C(λ) =
‖Γ(λ)y‖2
η(λ)

, (16.5)

where η = tr{Γ(λ)}2/m. The regularization parameter λ is chosen to minimize
C(λ).

16.4 Application: missing samples

For illustration we apply IRLS-L to a missing data recovery problem, where
d≪ np. Consider a set of d samples from a sum of K sinusoids

θ(t) =
K∑

i=1

αi sin(ωit+ φi), t = 0, . . . , d− 1,

where the model structure is unknown. The only assumption is that θ(t) can
be modeled as the output of a low-order linear system. A subset of samples is
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observed in noise

y(t) = θ(t) + n(t), t ∈ T ⊂ {0, . . . , d− 1}, (16.6)

where |T | = m and n(t) ∼ N (0, σ2). The goal is to estimate all samples θ =
[θ(0) · · · θ(d − 1)]⊤ ∈ Rd from the noisy subset y ∈ Rm. By arranging θ in a
Hankel matrix X(θ) ∈ XS , with unknown rank r = 2K [Kai80], we can write
(16.6) as y = Avec(X(θ)) + n, where, and A is a sampling matrix selecting the
observed elements. Thus (16.6) equivalent to the linear observation model (16.1)
and the estimation problem can be posed as (16.2).

The performance of IRLS-L is evaluated with respect to the normalized mean
square error, NMSE , E[‖θ − θ̂‖22]/E[‖θ‖22]. When the model order r is known,
a low-rank parameterization α ∈ R2r exists such that θ = g(α), cf. Chapter 15.
The Cramér-Rao bound (CRB) on the mean square error of unbiased estimators

θ̂(y, r) is given by
Cθ = ∆⊤

αJ
−1(α)∆,

where ∆α = ∂αg(α)⊤ and J(α) is the Fisher information matrix. As r is un-
known, CRB is an oracle bound in this problem.

Further, we compare with the state of the art iterative adaptive approach for
missing temporal data recovery (MIAA-T) [SLL09]. In this approach the data

is modeled as θ(t) =
∑Kg

k=1 α(ωk)e
jωkt over a grid of Kg frequencies {ωk}Kg

k=1.
First, the complex amplitudes α(ωk) and covariance matrix R of the observed
data are estimated in an alternating manner based on the model. This results in
the estimates {α̂iaa(ωk)} and R̂iaa. Then, the MIAA-T estimator of the d −m
missing samples is

θ̂0 =

Kg∑

k=1

|α̂iaa(ωk)|2a0(ωk)a∗1(ωk)R̂−1
iaay ∈ C

d−m,

where a0(ωk) and a1(ωk) denote Fourier vectors corresponding to the missing
and observed samples, respectively [SLL09]. For the remaining samples, we use

the MSE optimal unbiased estimate, θ̂1 = y ∈ Cm.

Setup

We consider K = 3 sinusoids with d = 100 samples. The samples are nominally
arranged in a 50 × 51 Hankel matrix X. The amplitudes are equal αi ≡ α = 1
and the phases are drawn independently as φi ∼ U(0, 2π). The frequencies are
ω1 = 0.80π, ω2 = 0.10π and ω3 = 0.06π. Two ratios are varied: sampling factor
ρ ∈ (0, 1], such that m = ⌈ρd⌉, and the signal to noise ratio SNR , α2/σ2.

We set κ = 5, which effectively assumes an upper bound on the rank to
r = 50/5 = 10. The regularization parameter λ is set to minimize C(λ) in (16.5).
Fig. 16.1 shows a typical realization of C(λ) when sweeping over λ ∈ [10−16, 100]
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Figure 16.1: Realization of weighted sum of prediction errors C(λ) for SNR =
25 dB and ρ = 0.30.

in steps of decades. Over a large span of ρ and SNR-levels, it is found that C(λ)
reaches its minimum and is virtually constant for λ in the interval [10−14, 10−3].
As higher parameter value penalizes rank, we opt for a value that promotes
the ‘sparsest’ solution, i.e., λ = 10−3. The termination criterion was set to
ǫθ = 5 × 10−4. We initialize the algorithm by setting the missing samples to 0

and the remaining samples to y. This defines W0 and we select ε0 as the largest
singular value.

For MIAA-T, we follow [SLL09] and set Kg = 103 over a uniform grid and
terminate after 15 iterations.

Results

Fig. 16.2 shows a realization of θ(t) and an estimate from a given realization
y, when SNR=25 dB and 70% of the samples are randomly discarded. As can
be seen IRLS-L is capable of recovering the missing samples assuming only that
they can be modeled as the output from an unknown low-order linear system.

When computing the NMSE we perform 103 Monte Carlo runs. Fig. 16.3
shows the NMSE versus the sampling factor ρ at SNR=25 dB. The estimation
errors of MIAA-T and IRLS-L rapidly decline as ρ rises to about 0.5. Initially,
MIAA-T declines faster but saturates around ρ = 0.3 and is unable to improve
the estimate as more samples are observed. This is consistent with the results
presented in [SLL09]. By contrast, IRLS-L keeps reducing the NMSE when more
than half of the samples are observed by exploiting the underlying low-rank
structure but remains at a certain gap from the oracle CRB. In this scenario, the
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Figure 16.2: Example of realization of θ(t) and observation y(t) for ρ = 0.30
and SNR = 25 dB.
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Figure 16.3: NMSE versus sampling factor ρ for SNR = 25 dB.

gain of the low-rank method over MIAA-T approaches 4 dB as ρ rises. Fig. 16.4
shows that an advantage remains as the signal to noise ratio is varied over a wide
range of values. When the algorithms perform approximately equal, at ρ = 0.5,
the average computation times for the current implementations of IRLS-L and
MIAA-T are 0.893 and 4.053 seconds, respectively. The complexity of MIAA-T
increases with ρ.
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Figure 16.4: NMSE versus SNR for ρ = 0.7.

16.5 Application: covariance matching

We now consider the problem of estimating the covariance matrix R ∈ CN×N of
a stationary process

z(t) =

r∑

k=1

a(νk)sk(t) + n(t),

where the model order r ≪ N and parameters {νk}rk=1 are unknown. The
parametric structure is given by

a(ν) = [1 e−jν · · · e−j(N−1)ν ]⊤,

which frequently appears in spectral analysis and array processing applications.
Here n(t) is zero-mean with E[n(t)n∗(t − ℓ)] = σ2INδ(ℓ) and it is assumed that
sk(t) are zero-mean and mutually uncorrelated. Then

R = X+ σ2IN ∈ C
N×N , (16.7)

is Hermitian Toeplitz where X = APA∗ � 0 has unknown rank r. Here [P]i,j =

E[|si(t)|2]δ(i − j) and A , [a(ν1) · · · a(νK)] ∈ CN×K . The goal is to estimate
R, or equivalently its first column denoted r, using T snapshots {z(t)}Tt=1.

Let C = 1
T

∑T
t=1 z(t)z

∗(t) denote the sample covariance matrix, then the
estimation problem can be posed in a regularized covariance matching framework

min
X∈XS, σ2

‖C−R(X, σ2)‖2F + λ‖X‖∗, (16.8)
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where XS is the set of Hermitian Toeplitz matrices, i.e.,

X =




ρ0 ρ1 · · · ρN−1

ρ∗1
. . .

. . .
...

...
. . .

. . . ρ1
ρ∗N−1 · · · ρ∗1 ρ0



. (16.9)

This structure is linear as vec(X) = Sθ, where θ ,

[ρ0 Re(ρ1) Im(ρ1) · · ·Re(ρN−1) Im(ρN−1)]
⊤ ∈ Rn, and n = 2N − 1. The

structure matrix equals S , ΣΩ ∈ CN
2×n, where Σ ∈ RN

2×n and Ω ∈ Cn×n

are given in Appendix 16.A.

To derive the IRLS-L estimator for this problem we first define η , [θ⊤ σ2]⊤ ∈
Rn+1, and re-write

vec(R) = vec(X+ σ2IN )

=
[
S vec(IN )

] [ θ
σ2

]

= Hη,

where H ,
[
S vec(IN )

]
. Further,

‖X‖∗ = ‖W1/2X‖2F
= ‖(IN ⊗W1/2)vec(X)‖22

=

∥∥∥∥(IN ⊗W1/2)
[
S 0N2

] [ θ
σ2

]∥∥∥∥
2

2

= ‖Gη‖22,

where G , (IN ⊗ W1/2)S̃, and S̃ ,
[
S 0N2

]
. Thus we can recast problem

(16.8) as,

η̂ = argmin
η∈Rn+1

V (η), (16.10)

where

V (η) = ‖c−Hη‖22 + λ‖Gη‖22
and c = vec(C). This problem is on equivalent form as (16.3) and when holding
W fixed, the solution equals

η̂ = (H∗H+ λS̃∗(IN ⊗W)S̃)−1H∗c. (16.11)

Then the IRLS-L covariance estimate is given by R̂(η̂) = X(θ̂) + σ̂2IN .
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Figure 16.5: NMSE versus T for SNR = 0 dB.

Setup and results

The covariance estimator is applied to an array processing problem. We consider
an N = 50 element uniform linear array with half-wavelength spacing, and r = 4
sources impinging on the array from directions 0◦, 10◦, 20◦ and 30◦. The signal to
noise ratio is defined as SNR , tr{P}/tr{σ2IN}. Here we consider equal source
powers P = Ir and SNR=0 dB. The performance is evaluated with respect to
NMSE = E[‖r − r̂‖22]/E[‖r‖22], where the first column r fully parameterizes the
Hermitian Toeplitz covariance matrix. We compare the IRLS-L covariance esti-
mator with asymptotic maximum likelihood covariance estimator [LSL99] which
does not take the low-rank structure into account. For IRLS-L we set λ = 10−2

using the cross-validation function C(λ) and r̄ = 7. Figure 16.5 illustrates the
advantage of exploiting the low-rank structure.

16.6 Summary

This chapter addressed the problem of reconstructing low-rank matrices with lin-
ear structure from undersampled measurements in noise. The proposed method
draws upon the nuclear norm relaxation framework. Unlike the alternating least-
squares estimator, it does not assume a predetermined rank nor does it relax the
linear structure. The method, denoted IRLS-L, extends the iterative reweighted
least-squares methods developed in [MF10, FRW11] to exploit the linear struc-
ture, which can potentially reduce the parameter space significantly. This en-
ables estimation in highly underdetermined scenarios. It further enables the
formulation of a computationally efficient cross-validation function for inferring
an appropriate value of the regularization parameter from the data alone.
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Appendix 16.A Hermitian Toeplitz structure

matrix

Recall that a Hermitian Toeplitz matrix X ∈ XS can be written as (16.9) or

equivalently X = ρ0S0 +
∑N−1

k=1 (ρkSk + ρ∗kS
⊤
k ), where [LSL99]

Sk =

[
0N−k,k IN−k

0k,N−k 0k,k

]
, k = 0, 1, . . . , N − 1.

Then vectorizing X, we obtain vec(X) = Σρ, where

Σ , [vec(S0) vec(S1) vec(S
⊤
1 ) · · · vec(SN−1) vec(S

⊤
N−1)]

and ρ = [ρ0 ρ1 ρ
∗
1 · · · ρN−1 ρ

∗
N−1]

⊤. The linear constraints on the parameters
are imposed by writing ρ = Ωθ, where

Ω ,




1
1 j
1 −j

. . .

1 j
1 −j




is a block-diagonal matrix. This results in the structure matrix S , ΣΩ.



Chapter 17

Conclusions

Summary

The topic of this thesis was the development of statistical estimation methods
with focus on applications in sensor fusion and sparse signal processing.

The first part of the thesis introduced a few fundamental quantities for sta-
tistical inference along with the Bayesian, Fisherian and least-squares estimation
frameworks. The Bayesian framework was applied to a class of estimation prob-
lems in which the signal covariance properties are subject to uncertainties. Both
the linear and nonlinear observation models were considered and estimators de-
rived using the maximum a posteriori approach, exemplified in channel estimation
and wireless node localization. The Bayesian framework was also applied to a
class of problems in which distance bounds are used as side information. An
estimator was derived based on the minimum mean square error approach and
exemplified in positioning and tracking problems.

The second part of the thesis was concerned with the fusion of multiple sensors
by exploiting their joint properties. The first sensor configuration dealt with
a monocular camera and an inertial measurement unit. The linear minimum
mean square error approach was used to formulate estimators for calibration
and navigation problems. The second sensor configuration dealt with an array
of passive receivers. The maximum a posteriori approach was used for joint
directions of arrival and multiple waveform estimation.

The third part of the thesis was concerned with signals that have sparse rep-
resentations in some domain. A full probabilistic treatment of the classical line
spectrum estimation problem was given where the prior knowledge of frequen-
cies was modeled using circular distributions. A maximum a posteriori based
estimator was developed with potential applications in various spectral analysis
problems. The next problem was estimation of sparse signals that are observed by
few samples, including scenarios in which they are linearly underdetermined. An
estimator based on the linear minimum mean square error approach was devel-
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oped for tracking dynamic sparse signals that appear in, e.g., magnetic resonance
imaging. Using the least-squares framework we also developed methods for es-
timating structured low-rank matrices that appear in, e.g., system identification
and array processing.

Future research

The development of new estimators in this thesis has led to new avenues for
future research. In particular, we highlight three directions to be investigated
further:

• Estimation with uncertain covariance matrices. The Bayesian framework
can be applied to new measurement models that are subject to uncertain
noise properties, e.g., nonstationary noise in radio-frequency based local-
ization.

• Sensor fusion with nonrigid constraints. The Bayesian approach to infer-
ence with nonrigid constraints can be applied to more sensor fusions prob-
lems, e.g., tracking agents carrying two foot-mounted inertial navigation
systems and an inter-agent range sensor.

• Sparse parameter estimation in low-rank signal models. The least-squares
framework can be applied to semiparametric estimation problems where
the model order of a structured low-rank matrix is not known, e.g., the
spatial pseudospectrum for direction of arrival estimation.
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