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Abstract
According to classical linearized resistive magnetohydrodynamics theory, pressure-
driven modes are unstable in the reversed-field pinch (RFP) due to unfavorable
magnetic field line curvature. The result is based on the assumption of an adia-
batic energy equation where anisotropic thermal conduction effects are ignored as
compared to convection and compression. In this thesis the effects of heat conduc-
tion in the energy equation have been studied. We have examined these effects on
the linear stability of pressure-driven resistive modes using boundary value theory
(∆′) and a novel initial-value full resistive MHD code employing the Generalized
Weighted Residual Method (GWRM). In the ∆′ method, a shooting technique
is employed by integrating from the resistive layer to boundaries. The GWRM
method, on the other hand, is a time-spectral Galerkin method in which the fully
linearized MHD equations are solved. For detailed computations, efficiency requires
the temporal and spatial domains to be divided into subdomains. For this purpose,
a number of challenging test cases including linearized ideal MHD equations are
treated.

Numerical and analytical investigations of equilibria reveal that thermal con-
duction effects are not stabilizing for reactor relevant values of Lundquist number,
S0, and normalized pressure, βθ, for tearing-stable plasmas. These studies show
that growth rate scales as γ ∼ S

−1/5
0 , which is weaker than for the adiabatic case,

γ ∼ S−1/3
0 .

A numerical study of optimized confinement for an advanced RFP scenario
including ohmic heating and heat conduction, is also part of this thesis. The fully
nonlinear resistive MHD code DEBSP has been employed. We have identified, using
both ∆′ and GWRM methods, that the observed crash of the high confinement is
caused by resistive, pressure-driven modes.

Descriptors
Fusion plasma, thermonuclear, Reversed-field pinch, resistive MHD, resistive g
modes, thermal conduction, The boundary value theory, time spectral.
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Sammanfattning

Den reverserade fält-pinchen (RFP) är ett av de ledande koncepten för
magnetisk innestängning av fusionsplasma. Enligt klassisk, resistiv magneto-
hydrodynamisk teori är emellertid plasmajämvikter i RFP:n linjärt instabila
när hänsyn tas till plasmatrycket. Detta beror på att magnetfältslinjerna har
ofördelaktig krökning, till skillnad mot exempelvis den i tokamakkonfigura-
tionen. Den klassiska analysen är emellertid baserad på en starkt förenklad
modell för energitransporten i plasmat. I detta arbete tas hänsyn till värme-
ledning parallellt med och vinkelrätt mot magnetfältlinjerna. Det visar sig
då att plasmat, för måttliga plasmatryck och temperaturer, förblir stabilt.
Tidigare analys inom området fördjupas här både teoretiskt och numeriskt.
För modellering av de resistiva gränsskikten har en så kallad delta-prim mo-
dell tagits fram, som även gäller för plasmor med höga tryck. En helt ny,
tids-spektral metod (GWRM) används för att lösa motsvarande initialvärdes-
problem för det generaliserade fallet att hela plasmat antas vara resistivt. En
utvidgning av GWRM till att innehålla subdomäner i rummet utgör ämnet
för ett av arbetena. Slutligen används de båda modellerna för att tolka fullt
ickelinjära simuleringar av optimerad inneslutning i RFP:n. Avhandlingens
viktigaste resultat är att även om värmeledningseffekter stabiliserar RFP:n,
är dessa effekter inte tillräckliga vid reaktorrelevanta tryck och temperaturer.
Ytterligare studier, inkluderande exempelvis ändliga larmorradieeffekter, är
nödvändiga för att klargöra huruvida instabiliteterna kan avvärjas.
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Chapter 1

Introduction

1.1 Energy: A necessity

We are living in the most technological advanced times the world has ever wit-
nessed. Progress in different sectors of science and technology has escalated the
population growth, the life expectancy, the economic growth, the transportation
and the communication as shown in the figures 1.1 and 1.2. One major contributor
to this advancement is the production of the electrical energy. In order to pur-
sue towards a global parity of progress, underdeveloped regions of the world need
infrastructure, which in turn ask for the augmentation of the energy production.
We require energy sources which are sustainable, environmental friendly and
cost effective. Due to the uneconomical nature and conversion inefficiency of
renewable resources, we are heavily dependent on the energy extracted from fos-
sil fuels. Besides the emission of greenhouse gases which aggravates the climate
change, peak oil1 raises concerns over the cost effectiveness of fossil fuels in the fu-
ture. Nuclear fission energy, albeit having less carbon emission, is accompanied by
radiation hazards, proliferation and long half-life radioactive waste-disposal issues.
The recent, Fukushima Daiichi nuclear disaster, 2011, has dramatically altered the
public perception about the nuclear energy and has prompted Italy to completely
ban nuclear power followed by Germany’s decision to entirely halt its nuclear re-
actors by 2020. Nuclear fusion, on the other hand, is potentially a competitive
candidate for a safe, economical and efficient source, thanks to almost unlimited
availability of its fuel and short half-life of its radioactive waste. The investment
of fifty years of the research has shown optimistic results towards harnessing the
fusion energy. Nevertheless, a commercial fusion reactor has yet to be conceived.
In the next section, we will describe the prospects of nuclear fusion energy.

1Peak oil is the theory that fossils fuels are limited.

1
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Figure 1.1: Projection of World population. Courtesy of [1]

.

1.2 Thermonuclear fusion

Nuclear fusion is the process in which two light nuclei fuse together to form a heavy
nucleus along with release of a substantial amount of energy. The best candidate for
nuclear fusion reaction is D-T which yields a large amount of energy at a relatively
high cross section. The reactions proceed as follows2:

D + T → 4He+ n+ 17.6MeV. (1.1)

The release of energy is due to the mass difference of reactant nucleons3 compared
to those of the product, according to Einstein’s energy relationship ∆E = ∆mc2

where ∆E is the binding energy in J (joules), ∆m is the mass defect in kg (kilogram)
and c is the speed of light4 respectively. In addition to the higher amount of energy
release per reaction, another factor which makes D-T reaction more promising than

2Here D (deuterium 2H) and T (tritium 3H) are two isotopes of hydrogen.
3sum of neutrons and protons.
4c = 299792458 ms−1 in vacuum.
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Figure 1.2: Life expectancy of world population from 1950-2010. Courtesy of [1]

.

e.g. D-D or D-3He is its larger cross section at lower energies as shown in the figure
1.35. Tritium, however, is not found in nature due to its short half-life (12.3 years),
but can be produced through the following nuclear transmutations:

Li6 + n→ 4He+ T + 4.8MeV, (1.2)
Li7 + n→ 4He+ T + n− 2.5MeV. (1.3)

The abundance of both deuterium and lithium in nature qualifies nuclear fusion
as a sustainable energy resource6. It is important to mention that the breeding
of tritium inside the fusion reactor is possible and for this purpose lithium can be
embedded in the blanket surrounding the walls of the reactor. Neutrons produced
by D-T reactions due to their neutral charge will not be deflected by the magnetic
field and thus will be absorbed in the blanket to produce tritium according to
the equations (1.2) and (1.3). The non-feasibility of nuclear fusion reactions for
heavy nuclei is due to the increasing Coulomb repulsion due to the larger number
of protons [3]. A way to overcome this repulsive Coulomb barrier for deuterium
and tritium nuclei is to substantially heat both the gases. The heating can be
accomplished because the 4He fusion products are confined and transfers energy
to the fuel, thus heating the fuel. At these high energies, 10 − 20 keV , hydrogen

51 barn = 10−28 m2 in the figure 1.3.
6Deuterium is abundant in ocean’s water while lithium can be found in the Earth’s crust and

ocean water.
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Figure 1.3: Cross-section σ at different energies E for different fusion fuels.

atoms are completely ionized into a plasma comprised of electrons and charged
ions. For the nuclear fusion reaction to be self-sustained, the energy provided to
heat the plasma must be greater than the energy lost to the confining vessel. This
is called ignition. The ignited state of the plasma is achieved by confining it for
a certain time, the confinement time, τE . J. D. Lawson’s criterion [4] embodies
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the quantitative necessary condition for the power balance7:

nTτE ≥ 5 · 1021m−3keV s, (1.4)

where n and T denote the number density of particles and the temperature of the
plasma respectively. Keeping the temperature constant, T ∼ 10 − 20 keV , the
variation of the other two parameters leads to two confinement possibilities for
ignition on Earth8, namely,

1. Magnetic confinement fusion (MCF)
In MCF, strong magnetic fields are used to confine a plasma with relatively
low particle density (n ∼ 1020m−3)9 for a long period of time (τE ∼ 2 − 4
seconds). This thesis is focused on this approach of the confinement, which
is described in more detail in coming chapters.

2. Inertial confinement fusion (ICF)
To obtain ignition in this approach, a high density plasma (n ∼ 1031m−3) is
heated for a fraction of time (10−9 second)[5]. This is achieved by imparting
high energy laser beam on a small D-T pellet. This compresses the fuel inside
the pellet increasing its density and imploding the pellet as a result of the
momentum conservation. This scheme is also applied in the H-bomb in which
fission elements surrounding the fuel triggers the nuclear fusion.

1.3 Thesis outline

The thesis is organized in six chapters; an outline of which is as follows:

In Chapter 2, different magnetic configurations based on the MCF principle
are discussed. Here, the focus is on the Reversed-Field Pinch (RFP) configuration.
The cylindrical RFP model is used extensively in this thesis.

We will learn in Chapter 3 that the magnetized plasma10 features high
electrical conductivity and highly anisotropic thermal transport coefficients [6]. It
will be discussed that fusion plasmas can be treated as fluids which permit dynamics
resulting in characteristic plasma eigenmodes. These modes can either oscillate
(stable) or grow (unstable) as described by the linear stability theory. In the same
chapter, we will elaborate that even though the value of resistivity, η, is rather small
in fusion plasma experiments, η ∼ 10−6 − 10−9 Ωm, it can still cause instabilities
[7]. Further it will be pointed out that these resistive instabilities can cause the

7This is called the triple product in the nuclear fusion community
8A third possibility is carried out in stars where confinement is due to the presence of tremen-

dous gravity.
9atmospheric density at standard temperature and pressure is about 1025m−3 [5].

10plasmas confined by magnetic fields.
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magnetic lines of force to reconnect or tear and are thus called tearing modes.
Another type of resistive instability is pressure driven and is known in the literature
as the resistive g-mode [8, 9]. In chapter 3, two different approaches for examining
the linear stability of plasmas, namely the normal mode method and the initial
value method, are also discussed.

Chapter 4 presents a numerical comparative computational analysis of two
different algorithms based on eigenvalue and initial value numerical schemes namely,
DELCO (DeLta prime Code) and GWRM (GeneralizedWeighted Residual Method).
DELCO is based on a boundary value theory where resistivity is considered as con-
tributing only in a small layer, outside of which the plasma conforms to a perfectly
conducting fluid [10, 11, 12]. GWRM, on the other hand, is a new time spectral
method which treats the linear stability problem as an initial value problem [13].

In Chapter 5, we have summarized the linear stability effects on pressure
driven modes in an RFP when the anomaly of cross-field thermal conduction is
taking into account ( Paper I, Paper IV, Paper V). Further improvements of the
computational time and efficiency by the introduction of subdomains of GWRM is
also discussed (Paper II). Moreover, a numerical study of optimized confinement
for an advanced RFP scenario conducted by a fully nonlinear resistive MHD code,
DEBSP, including ohmic heating and heat conduction is also presented in this
chapter (Paper III). We have identified, employing both ∆′ and GWRM methods,
that the sudden crash of high confinement is caused by resistive pressure driven
modes.

Finally, conclusions are described in Chapter 6.



Chapter 2

Magnetic confinement Fusion
(MCF)

As stated in the previous chapter, plasmas of high temperature and density
can be confined by magnetic fields to have sufficient nuclear reactions adequate
to generate the required net energy gain. There are several types of magnetic
configurations for confinement. One method to describe the configurations refers
to whether it is open (linear) or closed (toroidal). In an open-ended magnetic
linear configuration, the end losses tend to be large and thus the plasma is poorly
confined [14]. In order to greatly improve the confinement time and approach the
confinement required by Lawson’s criteria (see equation (1.4)), the plasma can be
confined in a torus, a ring-shaped configuration, as show in the figure 2.1. We
will discuss this magnetic configuration in detail in the coming sections. However,
there are additional constraints on the toroidal configuration. A simple toroidal
configuration with only a toroidal magnetic field leads to the transport loss of
charged particles1 due to vertical drifts. In order to understand the basic physics
of confinement, first we will look into the motion of a single charge particle under
the influence of a magnetic field.

2.1 Particle drifts

A moving charged particle in a uniform magnetic field experiences a Lorentz force
due to which the particle gyrates around the magnetic field line. The direction and
the radius of gyration, known as Larmor radius, ρL = mv⊥/qB, is dependent
on charge q and mass m of the particle, where v⊥ is the velocity perpendicular to
the magnetic field B. The angular frequency of gyration is called gyro frequency,
ω = qB/m, while the instantaneous center of this gyration is known as the guiding
center. If the charged particle has both parallel and perpendicular components of

1electrons and ions in this case.

7



8 CHAPTER 2. MAGNETIC CONFINEMENT FUSION (MCF)

the velocity with respect to B, helical motion of the charged particle results along
the magnetic field line. Next we will discuss how the charged particle motion is
modified in the presence of a non-uniform magnetic field or with the application
of an electric field. This description is often referred to as the guiding center
theory.

If there is a transverse gradient in the magnetic field, then the particle will
perform a cross-field translatory motion of the guiding center of the particle, called
drift, which is normal to both B and ∇⊥B. In the case when the magnetic field is
curved, another drift is emerged that is perpendicular to both B and the radius
of curvature Rc. These two drifts can be combined and written as

vd =
v2
‖ + 1

2v
2
⊥

ωcj

B×∇B
B2 . (2.1)

Here the index j represents either electrons or ions. There is an underlying as-
sumption when deriving the guiding center theory that magnetic fields vary slowly
in space and time as compared to the Larmor radius and the gyro-frequency [6].
These drifts are charge dependent and therefore are different for electrons and ions.
On the other hand, if a static electric field is applied perpendicular to the magnetic
field, the particle undergoes a drift normal to both E and B. Mathematically, this
can be written as

vE = E×B
B2 . (2.2)

The whole plasma is subjected to this drift as it is independent of mass, electric
charge and energy of the particle. Hence, electrons and ions in the plasma move in
the same direction.

However, if this electric field is varying in time (time-dependent), it gives rise
to a polarization current proportional to dE/dt. It is represented mathematically
as

vpd = − 1
ωcjB

dE
dt
. (2.3)

This drift is in the same direction as dE/dt for electrons, while in the case of ions,
it is in the opposite direction.

2.2 Toroidal configuration

In toroidal configurations, the plasma is confined in a toroidal vacuum vessel. A
toroidal magnetic field, Bφ, may be generated with the help of a set of external coils
as shown in the figure 2.1. As discussed earlier, the charged particles are moving
in a helical trajectory along the toroidal magnetic field. However, a problem with
this type of geometry is that the magnetic field curvature and gradients give rise
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to vertical drifts which are in opposite direction for electrons and ions. These
vertical drifts result in a polarization due to the charge separation that in turn
induces a vertical electric field. This polarization brings about an E × B drift
which causes the undesired transverse (to the magnetic field) motion of all charged
particles towards the wall of the vessel. One way to avoid this electric polarization
and hence this transverse motion is by twisting2 the magnetic field lines through
introduction of an additional poloidal magnetic field, Bθ. Since the plasma is a
conductor3, a toroidal (axial) current can be induced in the plasma through the
transformer action. This plasma current produces a poloidal magnetic field, which,
when combined with the toroidal magnetic field, gives rise to helical field lines.
Since the polarization charges can move along these helically twisted magnetic
field lines from the bottom to the top of the torus, the twisted magnetic field
geometry inhibits the development of a polarized electric field resulting in improved
confinement [16]. An important measure of the helical field lines is the safety factor
defined as q = rBφ/RBθ, where r and R are the minor and major radii of the
helical field lines respectively.

Figure 2.1: Schematic diagram of Toroidal configuration.

2.2.1 Reversed-Field Pinch (RFP)

The current thesis is based on the study of the RFP. This type of axisymmetric4

magnetic configuration exhibits many attractive features. For example, the toroidal

2This is known as the pitch of the magnetic field lines.
3The resistivity of the plasma at thermonuclear temperatures 10 − 15 keV is of the order of

10−8 Ωm, which is an order of magnitude less than that of copper [15].
4Symmetry is around the axial direction as can be seen in figure 2.1
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and poloidal magnetic fields are comparable. This results in a potentially compact
size and high plasma pressure for a given magnetic field strength. Typical RFP
Bφ and Bθ profiles are shown in the diagram 2.2. It can be seen from the figure
that Bφ reverses its direction at the edge. Three characteristic features of the RFP

Bϕ 

Bθ 

B
-f

ie
ld

 

r 

Figure 2.2: Typical magnetic equilibrium profiles of an RFP. Here zero shows the
reference line, while Bθ and Bφ are the poloidal and toroidal magnetic fields re-
spectively.

are:

1) simple geometric configuration;

2) monotonically decreasing q profile, which changes sign at a reversal as Bφ
changes sign. In the RFP q is less than unity, while in the tokamak (discussed
in subsection 2.2.2) q must be greater than unity;

3) 1-D cylindrical simplification to MHD stability analysis can often be made
contrary to tokamaks, in which toroidal effects are crucial to be taken into
account.

Since the plasma is not an ideal conductor (see section 2.2), the resistivity plays a
very significant role in the overall performance of the RFP. As a result instabilities
develop in which the magnetic lines of force tear and reconnect [7]. The driving force
for these instabilities can be current and pressure gradients. As a consequence of
these instabilities, the plasma relaxes towards a minimum energy state. [17, 7]. This



2.2. TOROIDAL CONFIGURATION 11

process, called self-organization, is fundamental for the RFP. The preservation of
the field reversal at the edge (and hence that of q) comes at the expense of magnetic
reconnection and results in degraded confinement. This thesis is aimed at the
investigation of one such instability taking into account the anisotropic thermal
conduction effects. A motivation for the work is that traditionally in stability
analysis, these effects are ignored.

2.2.2 Tokamak
The name Tokamak is derived from the Russian word "Toroidal chamber with an

axial magnetic field" [18]. A detailed schematic diagram of a typical tokamak can
be seen in the figure 2.3. The main feature of the tokamak is its large externally

Figure 2.3: A schematic illustration of tokamak magnetic configuration. Courtesy
of www.EFDA.org

applied toroidal magnetic field, Bφ, in combination with a poloidal magnetic field,
Bθ, produced by a toroidal plasma current. This leads to a magnetic configuration
having a safety factor, q, that is near unity at the magnetic axis and increases
towards the plasma edge. In other words, the magnetic field completes at least one
toroidal turn in one poloidal revolution. Here, the strong magnetic fields mitigate
the perpendicular plasma particle transport. One additional advantage to the toka-
mak is the avoidance of pressure driven resistive interchange modes (see section
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3.2.1). However, these meritorious features do not come up without a cost. A figure
of merit for confinement is the ratio of the plasma pressure to the magnetic field
pressure, the so-called β value. High β values are desired in a nuclear fusion reactor.
In the tokamak β values is constrained; in addition to design complexities, plasma
current disruptions and a requirement of auxiliary heating for steady-state plasma
ignition5. Despite these shortcomings, tokamaks results are encouraging in the
pursuit of a commercial nuclear fusion reactor and thus, the tokamak is today’s the
most widely implemented fusion laboratory scheme [19]. 6

ITER

ITER is the name of a large experimental tokamak reactor under construction in
France, which is designed to produce 500MW fusion power with a power amplifi-
cation of at least Q = 107. ITER is a Latin word meaning journey or way and the
experiment is considered among the fusion community as a landmark project for
the scientific feasibility of the nuclear fusion. This ambitious project is a collabora-
tion of seven member states; China, European Union, India, Japan, Russia, South
Korea and United states. ITER is planned to produce its first plasma in 2020 [20]8.

Demonstration of Power Plant (DEMO)

While ITER will demonstrate the scientific feasibility of the nuclear fusion,
DEMO will confirm the technological and the commercial viability of fusion power
as a nuclear reactor [20]. It is suggested that DEMO should be larger than ITER
by 15% in linear dimensions and 30% of its plasma density9. ITER is expected
to produce 500MW (megawatts) of fusion power for at least 500 seconds after
2020, while DEMO is envisaged to produce at least 2GW (gigawatts) on a con-
tinuous basis [21]. At present, DEMO is in a conceptual design phase, which is
expected to be completed in the next four years. The ITER organization has
planned of first fusion power to be on a commercial grid as early as the year 2040
http://www.iter.org/proj/iterandbeyond.

5Ohmic heating may be sufficient to initially heat the plasma in the initial ramp-up stage.
6December 2012.
7The power amplification is the ratio of the fusion power to the auxiliary heating power.
8the operation time frame of ITER is 20 years.
9http://ec.europa.eu/research/energy/euratom/fusion/iter/future/index_en.html.

http://www.iter.org/proj/iterandbeyond
http://ec.europa.eu/research/energy/euratom/fusion/iter/future/index_en.html.
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Figure 2.4: Schematic diagram of ITER along with contribution from different
member states. Courtesy of [2]





Chapter 3

Equilibrium and Stability of the
RFP

In the previous chapter, we have observed that charged particle guiding center
theory gives insight in the behavior of plasmas in a magnetic field and helps to de-
termine the adequate geometries for fusion applications. However, this microscopic
description ignores collective plasma dynamics, which gives rise to the self-generated
magnetic and electric field by the plasma. One approach to overcome this problem
is to follow the trajectories of all individual particles. This approach is, however,
quite demanding and is out of the scope for the current thesis. With the proper set
of assumptions, it is common in the field of plasma physics to describe the plasma
dynamics with the help of a self consistent fluid model, known as Magnetohydro-
dynamics (abbreviated as MHD), because of its wide range of applicability. This
model is derived by combining the low-frequency Maxwell’s equations of electro-
magnetism with the Fokker-Planck equation of kinetic theory of gases, which is
described in coming sections. Since the goal of fusion plasma physics is to attain
steady-state operation of magnetized fusion plasma, the MHD model will help us to
determine the equilibrium magnetic profiles and enables us to study their stability.
In this chapter, we will present briefly a derivation of the MHD model from kinetic
theory. The MHD model is an approximate model based on high collisionality of
charged particles, but proves to be quite successful and consistent in describing the
macroscopic properties of the plasma.

3.1 Magnetohydrodynamics model

In this section, we will describe in some detail the derivations that will lead us from
a microscopic single particle picture to a macroscopic fluid description of plasmas.
This background material is included because the original work in the thesis is
based on solutions to the fluid model equations. It is therefore important to have a
discussion of the assumptions in various forms of the fluid model. These concepts

15
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are only described for the readers who are somewhat unfamiliar with the field of
plasma physics. Expert researchers can jump directly to the subsection 3.1.1.
Maxwell’s equations of electromagnetism are

∇×E = −∂B
∂t
,

∇ ·B = 0,

∇×B = µ0J + 1
c2
∂E
∂t
, (3.1)

∇ ·E = σ

ε0
.

Here, E, B, J and σ are the electric filed, the magnetic field, the current density
and the charge density respectively. ε0 = 8.85× 10−12 s4A2

/m3kg is the permitivity
of vacuum.

In the kinetic theory of plasmas, the Fokker-Planck equation is a differen-
tial equation that governs the time evolution of the velocity distribution function
fα(u, r, t) of interacting particles in phase space, where α represents the particle
species (the electrons or the ions),

dfα
dt

= C(fα). (3.2)

The above equation (3.2) can be written as

∂fα
∂t

+ u · ∂fα
∂x + qα

mα
(E + u×B) · ∂fα

∂u = C(fα), (3.3)

where C(fα) is the operator that describes the collisions of charged particles. We
will see in the coming sections that collisions between charged particles give rise
to plasma diffusion, electrical resistivity and other transport processes such as
heat conduction. In case of fully ionized plasma, the collisionality is the cumula-
tive effect of many small Coulomb collisions. This is different from a neutral gas in
which large deflections due to collisions are dominating. In the plasma case, the col-
lisional term can be represented by the Fokker-Planck equation [22]1. The velocity
distribution function describes the plasma in terms of seven variables, fα(u, r, t).
A simplified representation of the plasma can be expressed in terms of the macro-
scopic observable quantities density nα, fluid velocity vα and pressure Pα. The
evolution of these variables can be obtained by taking the zero, first and second
order velocity moments of the Fokker-Planck equation respectively.2 The zero order
moment gives us conservation of mass, the first order moment provides the momen-
tum equation describing the force balance equation and the second order moment
yields an equation describing conservation of energy. The number of independent

1In absence of collisional term, the equation (3.3) is called the Vlasov equation.
2The multiplication of distribution function fα(r,u, t) by different powers of u and then inte-

grating over velocity space is called moments of velocity distribution function.
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variables in the resulting fluid equations reduce to four variables.
Defining number density nα, fluid velocity vα and pressure Pα as

nα(r, t) =
∫
fαd

3u, (3.4)

vα(r, t) = 1
nα

∫
ufαd3u ≡ 〈u〉α, (3.5)

Pα = nαmα〈(u− vα)2〉α. (3.6)

As described above, taking the first and second velocity moments, we obtain the
equation of continuity and equation of motion for the two-fluid model,

∂nα
∂t

+∇ · (nαvα) = 0, (3.7)

nαmα
dvα
dt

= nαqα(E + vα ×B)−∇ · Pα −Rα. (3.8)

Here Rα =
∫
mαwαC(fα)d3u is the mean momentum transfer between unlike

particles due to collisions [23] and Pα = nαmα〈wαwα〉α is the total pressure tensor
while wα = u − vα is introduced in order to separate the mean fluid velocity vα
from background random thermal motion such that < wα >α= 0 [24]. Moreover,
d/dt = ∂/∂t+ vα · ∇ is the convective derivative.

Similarly, the conservation of energy can be obtained by the taking the third
moment (mαu

2/2)

3
2(dpα

dt
) + Pα : ∇ · vα = −∇ · qα +Qα, (3.9)

where qα = (1/3)nαmα < w2
αwα > represents the heat flux. Each time we take

a moment of the Fokker-Planck equation, we end up with a higher order moment
term due to u ·∇fα. Thus in order to close the system we need additional equations
for the higher order moments. The equation (3.9) can be written for each species,
α, as

3
2nα(dTα

dt
) + pα∇ · vα = −∇ · qα −

∑
ij

Πij
α

∂viα
∂xj

+Qα. (3.10)

Here Tα = pα/nα and the pressure tensor Pα has now been split into its isotropic
scalar pressure pα = (1/3)nαmα < w2

α > and anisotropic pressure Πij
α ; where i, j

are tensor indices. The latter term Πij
α can be ignored if the collision-dominated

assumption is satisfied [25].
The major contribution to the heat flux qα is the thermal conduction (χα ·

∇pα), where χα is the thermal conductivity. For Qα the dominant term is the
ohmic heating ηj2. A more detailed discussion about the resistivity η and the heat
conductivity χα is given in subsections 3.1.1 and 3.1.2 respectively.



18 CHAPTER 3. EQUILIBRIUM AND STABILITY OF THE RFP

Now if, for instance, in the equation (3.10), Lch and τch represent the charac-
teristic length and time scales of the phenomenon of interest respectively, then
it is shown in [24] that the thermal conduction dominates if vTα � Vch ∼ Lch/τch.
On the other hand, if vTα � Vch ∼ Lch/τch, then the left hand side, which is
comprised of convection and compression, dominates. The latter implies that no
heat enters or leaves the system. This approximation is called the adiabatic limit
and the corresponding equation is called the adiabatic equation which can be
written as 3.

d

dt
( pα
nα3/2 ) = 0. (3.11)

Equations (3.7)-(3.10) along with (3.1) constitute the two-fluid model in which there
are eleven unknowns. In the discussion below, first we will go through very briefly
the transition from a two-fluid model to a single fluid model. Furthermore, we
will describe the derivation of the Magnetohydrodynamics model in some detail.

The Magnetohydrodynamic model (MHD) has been proved to success-
fully describe the effect of magnetic geometry on macroscopic equilibrium and sta-
bility of fusion plasmas [26]. This model is, however, primarily concerned with the
low-frequency and long wavelength macroscopic behavior of the plasma. In
figure 3.1, a simplified schematic description of the derivation of the MHD model
from the Fokker-Planck equation is given.

It is well established that the plasma is quasi-neutral over length scales much
larger than the Debye length λD and time scales much longer than the inverse of
plasma frequency. From Gauss’ law this implies ε0∇ · E → 0, which also suggests
that the displacement current in the Ampere’s law can be ignored.

As a second approximation electron inertia is neglected me → 0 in the electron
momentum equation and thus the momentum of the single fluid is essentially carried
by the ions. This assumption also suggests that the characteristic time scale is much
longer than the electron cyclotron frequency ωce = eB/me. By virtue of the above
discussion, one can describe the governing time scale and length scale for single
fluid4 as

τSF >> ω−1
pe , ω

−1
ce ,

LSF >> λD, rLe.

Here ωpe = (ne2/meε0)1/2, λD = VT e/ωpe and rLe = VT e/ωce.

Considering the above scaling, one can derive a set of single fluid variables:
the mass density, ρ = min, the fluid velocity, vi = v, the current density,
J = en(vi − ve) and the total pressure, p = pe + pi. Multiplying (3.7) by ion

3The application of adiabatic equation is based on geometry and statistical mechanics rather
than on thermodynamics.

4SF stands for single fluid.
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Fokker Plank equation
+ Maxwell’s equation

Asymptotic assumption
ε0∇ · E → 0,me → 0

Two-Fluid model, ρ = min,
vi = v, J = en(vi − ve),
p = pi + pe, T = Te + Ti

Collision-dominated:
VTiτi
a
∼ VTeτe

a
� 1,

rLi

a
� 1, τiωci � 1

MHD

η → 0
Ideal MHD

η 6= 0
Resistive
MHD

Figure 3.1: Flow chart of reduction from kinetic theory to MHD.
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mass mi we get the equation for the conservation of mass

∂ρ

∂t
+∇ · (ρv) = 0. (3.12)

From equation (3.8), we can derive the momentum equation by adding the electron
and ion equations

ρ
dv
dt
− J×B +∇p = −∇ · (Πe + Πi). (3.13)

Note that Ri = −Re due to conservation of momentum. This equation (3.13)
reveals that the Lorentz force J ×B may balance the pressure gradient force ∇p,
thus providing confinement. This is one of the basic equations used to study the
macroscopic equilibrium properties for a particular magnetic configuration and is
further discussed in the next section 3.2.

Here, we will invoke the last, but very crucial assumption of the MHD model,
which is that electron and ion distribution functions are locally Maxwellian. This
may be achieved when the collision frequency is high. On the basis of this assump-
tion we can neglect the anisotropic part from the pressure tensor which now reduces
to a scalar pressure. In [24], it is demonstrated that, for a Maxwellian with density
nα and temperature Tα, the isotropic pressure has the following simple relation.

pα = nαTα. (3.14)

The above equation (3.14) shows that the pressure for electrons and ions of the
quasi-neutral plasma can be identical if the temperature for both the species is
equal i.e. Ti = Te.

For laboratory plasmas, the typical characteristic length scale is the plasma
torus minor radius, a, i.e. L ∼ a and the time scale is the ion transit time
across the plasma, i.e. τ ∼ a/VTi , with VTi

2 = 2Ti/mi
5. Similarly, the character-

istic frequency is ω ∼ VTi/a and the characteristic wave vector is k ∼ a−1 so that
ω/k ∼ VTi [25].

The frequent collisions of each species imply that the characteristic MHD length
scale is large compared to the ion mean free path, λi, i.e. L � λi = VTiτ and
characteristic MHD time scale is greater than collision time of electron and ions,
i.e. τ � τα. Here τα represents the characteristic collisional time for electrons and
ions. Generally, this collisional time is proportional to τα ∼ (ε02m

1/2
α T

3/2
α )/(ne4lnΛ)

[15]. Hence at an equal temperature for electrons and ions, the condition of the
collision dominated plasma can be written as

ωτi ∼
VTiτi
a
∼
VTe

me

mi

1/2τe
mi

me

1/2

a
∼ VTeτe

a
� 1. (3.15)

5We will see in the next section that there exist certain MHD time scales which are faster or
slower than τ .
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Now, we are in position to rewrite the MHD momentum equation (3.13), which
becomes

ρ
dv
dt
− J×B +∇p = 0. (3.16)

Furthermore, (3.8) for only electrons can be written as

en[E + (v− J/en)×B] = Re −∇pe,

or

E + v×B = 1
en

[J×B + Re −∇pe], (3.17)

where the Hall term J×B and the electron diamagnetic term ∇pe can be neglected
[25, 6, 24] since:

|J×B|/en
|v×B| ∼

rLi
a
� 1,

|∇pe/en|
|v×B| ∼

meV
2
Te/a

VTieB
∼ rLi

a
� 1.

While comparing the terms ∇pe and v×B, it is considered that the characteristic
frequency is much slower than the ion gyro frequency i.e. ω/ωci is less than unity.
The term Re/en is an important dissipative term (due to electron collision with
ions) whose main contribution comes from the term called the "electrical resistivity"
which we describe in the following subsection 3.1.1 [23]. Thus the equation (3.17)
becomes

E + v×B = ηJ. (3.18)

3.1.1 Plasma resistivity
In the previous section, we have seen that the exchange of momentum takes place
between electrons and ions through collisions only. However, the ion motion is
slightly affected due to collisions with electrons because of the disparity in their
mass. If an electric field is applied to this plasma, then the resistivity can be
calculated approximately as

η = mνe
ne2 L11 = 5.2× 10−5Z ln Λ

T
3
2

(Ωm), (3.19)

where L11 = 1/1.96, ln Λ is the Coulomb logarithm, Z is the ion charge number
and T is the temperature in eV [27]. The equation (3.19) is obtained by assuming
that the electric force on the electrons is balanced by collisions with the ions. In the



22 CHAPTER 3. EQUILIBRIUM AND STABILITY OF THE RFP

equation (3.19), νe represents the collision frequency between electrons and ions,
which can be approximated as [15].

νe = ne4 ln Λ
ε20m

2
eVTe

3 . (3.20)

From the above expression, it is clear that the collision frequency varies with V −3
Te ,

which implies that plasma with higher electron temperature suffer fewer collisions.
In the presence of the magnetic field, the dominating parallel motion of electron

and the Larmor radius acceleration of ions give rise to anisotropic behavior of the
resistivity. These two components of the resistivity η‖ and η⊥ do not have the
same value due to the tail formation of the electron non-Maxwellian distribution
function. Spitzer taking into account electron-electron collisions found a relation
for the η‖ for a fully ionized plasma as [15]

η‖ = η, (3.21)

which is the same as (3.19). The perpendicular component of the resistivity η⊥,
on the other hand, is unaffected because of the nearly unchanged ion Larmor radii.
The relation which exists between these two components of resistivity is:

η⊥ = 1
L11

η‖ = mνe
ne2 . (3.22)

In this thesis, we sometimes use the simplification η ≈ η⊥ ≈ η‖ owing to their
small difference in value. Now, from equation (3.17), terms η J and v ×B can be
compared for the perpendicular motion of the charged particle (i.e. v⊥B) as

|ηJ|
|v×B| ∼

me

ne2τe
· p
aB

vTiB
∼ (me

eB
)vTi
aτe
∼ ( ω

ωce
)( 1
ωceτe

)� 1. (3.23)

Here we have considered νe = 1/τe and ωceτe � 1 while J ∼ p/aB from the
momentum equation J×B = ∇p. Taking into account this scaling, Ohm’s law can
be written as

E + v×B = 0. (3.24)
As already stated, the scaling, as mentioned in (3.23) is only justified for the per-
pendicular motion of the charged particle. For the parallel component of Ohm’s law
we sometimes have to retain the resistivity in Ohm’s law. We will see in the com-
ing section that, although, the value of the resistivity is very small for the plasma,
nevertheless, it alters the analysis significantly by relaxing the constraints on the
plasma imposed by the perfect conductivity.

E + v×B = ηJ. (3.25)

Even though the plasma resistivity is very small, it plays a crucial role in the MHD
stability analysis. We will discuss this effect of the resistivity shortly.
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3.1.2 Thermal conductivity
We are left with the energy equation for the MHD model. First, we will discuss
the heat flux term, ∇ · qα, on the right hand side of equation (3.10). As stated
before on page 17 the major contribution to this heat flux term is due to the heat
conduction χα, qα = −χα∇Tα. In the presence of the magnetic field, the thermal
conductivity is anisotropic and its coefficients along and across the magnetic field
can be represented by χ‖ and χ⊥. In the presence of the magnetic field, the heat
flux, qα, is

q = −χ‖∇‖T + χ⊥∇⊥T. (3.26)

Here the parallel thermal conductivity χ‖ has the following scaling (according to
random walk model) [15]

χ‖ ∼
nλ2

τ
∼ nv2

T τ
2

τ
∼ nTτ

m
. (3.27)

Similarly, for the thermal conductivity perpendicular to the magnetic field χ⊥,

χ⊥ ∼
nr2
L

τ
∼ nTτ

mω2
cτ

2 . (3.28)

Thus, the ratio between these two components of the thermal conductivity is
χ‖/χ⊥ ∼ ω2

cτ
2. From the Braginskii results [28], the relations for electron and

ion heat fluxes can be written as

qe = Teτe
me

(
1︷ ︸︸ ︷

−3.16∇‖pe−
4.66
ω2
ceτ

2
e

∇⊥pe︸ ︷︷ ︸
2

), (3.29)

qi = Teτi
mi

(
3︷ ︸︸ ︷

−3.9∇‖pi−
2

ω2
ciτ

2
i

∇⊥pi︸ ︷︷ ︸
4

). (3.30)

Here pα = nTα, as already mentioned on page 20, and ∇‖, ∇⊥ represent gradients
parallel and perpendicular to B. It can be seen from equations (3.29) and (3.30) that
term (1) � term(3) since τe/me = ωceτe/eB � ωciτi/eB since ωceτe � ωciτi.
Similarly, term (4) � term (2) in the same equations.

Hence, the single fluid heat conduction is given by

χ‖ = 3.16neTτe
me

, (3.31)

χ⊥ = 2 neT

miω2
ciτi

. (3.32)
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The numerical values of these components of the thermal conductivity for a plasma
with n = 3.0 × 1019m−3, T = 200 eV , B = 5.0T , a = 0.5m, ln Λ = 20 are
χ‖ = 0.8× 108m2s−1 and χ⊥ = 0.086m2s−1.

The main contribution to the heat sourceQ is the ohmic heating due to collisions
of electrons with ions, which can be represented as follows:

Q = Qi +Qe = η‖j
2
‖ + η⊥j

2
⊥ ≈ ηj2. (3.33)

MHD system of equations

The full energy equation, capturing the above discussion about the thermal con-
duction and the Joule heating, reads:

3
2
dp

dt
+ 5

2p∇ · v = ηj2 +∇ · n[χ‖∇‖T + χ⊥∇⊥T ]. (3.34)

In conventional studies of MHD, the ohmic heating (source) and the heat trans-
port (sink) are considered negligible as compared to the convection and the com-
pression ([8, 9, 10]). Nevertheless, we will retain the full form of the energy equa-
tion while computing MHD linear stability analysis. The details of this analysis
can be found in the Chapter 4.
Repeating the same argument as mentioned earlier on page 18, we can write

d

dt
( p

ρ5/3 ) = 0. (3.35)

This completes the Magnetohydrodynamics model which describes the plasma
as comprising of identical fluid elements ([23]). In Summary,

∂ρ

∂t
+∇ · (ρv) = 0,

ρ
dv
dt

+∇p = J×B,

E + v×B = ηJ, (Resistive Ohm’s law)
or

E + v×B = 0, (Ideal Ohm’s law) (3.36)

∇×E = −∂B
∂t
,

∇×B = µ0J,
∇ ·B = 0,

∂p

∂t
+ v · ∇p+ Γp∇ · v = η‖j

2
‖ + η⊥j

2
⊥ +∇ · (χ‖∇‖p+ χ⊥∇⊥p).

In the above set of equations, the MHD model is named either ideal or resistive
depending upon which form of Ohm’s law is used in the model.
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The induction law in MHD

Combining Faraday’s induction law, Ampere’s law and the resistive Ohm’s law, we
obtain the so called hydromagnetic equation

∂B
∂t

=
I︷ ︸︸ ︷

∇× (v×B)− η

µ0
∇2B︸ ︷︷ ︸
II

, (3.37)

where the identity ∇×∇×B = ∇(∇·B)−∇2B is used. On the right hand side of
(3.37), the first term (I) is called the convection term while the second term (II),
which involves the Laplacian, is the diffusion term. The competition for dominance
between these two terms can be described by a non dimensional parameter, known
as the magnetic Reynolds number, Rm = µ0va/η. Now, if Rm � 1 e.g. for a
perfectly conductive plasma (η → 0), (3.37) can be written as

∂B
∂t

= ∇× (v×B). (3.38)

This equation (3.38) can also be obtained by combining Faraday’s law and the ideal
Ohm’s law. From this equation it can be shown that the magnetic flux linking the
moving fluid element remains invariant. This is known in the literature as the
"frozen-field" condition [16]. This frozen linkage of the flux to the fluid element
can be thought of as forming a magnetic flux tube. A very strict constraint on the
magnetic topology and motion of the plasma fluid elements results as a consequence
of the frozen field condition [29]. Hence, under the convection of a flow, magnetic
flux tubes preserve their identity irrespective of the degree of deformation (e.g
twist or tangle) and thus no breaking or intersection of these flux tubes can occur.
This gives rise to the important concept of the magnetic shear, first pointed out by
Hannes Alfvén, which we will be described shortly. Here, it is important to mention
that it is a known fact that any deformation in the magnetic field topology increases
its magnetic strength [30]. The time scale pertaining to the equation (3.38) can
be estimated as τA = vA/a. This is called Alfvén time, while the corresponding
speed is the Alfvén velocity, vA = B/

√
µ0ρ. The Alvén time is the fastest time

scale in the theory of MHD waves.

Now, let us consider the other case, when Rm � 1,

∂B
∂t

= − η

µ0
∇2B. (3.39)

An important implication from (3.39) is that the resistivity, regardless of how small
it is, results in the diffusion of the magnetic field. This is a consequence of E‖ =
η‖J 6= 0 and as a result of the ideal constraint on topology of the magnetic field is
relaxed. The introduction of the resistivity thus allows the breaking and tearing of
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field lines (as each field line represent a flux tube in the limiting case). As stated
earlier, any deformation in the magnetic field topology increases its strength, thus
tearing allows this stored magnetic energy to be released. This free energy, which
is now available to the plasma, can lead to a wider class of instabilities that evolve
on a much slower growth rate than that of their ideal MHD counterparts. This
resistive diffusion time scale τR can be estimated as τR = η/µ0a

2.

3.2 MHD equilibrium and stability

The main purpose of deriving the MHD model is to investigate the macroscopic
equilibrium and stability of toroidal plasmas. By equilibrium, we mean that the
plasma is in a steady-state ∂/∂t = 0. By further assuming a static equilibrium,
v = 0, we obtain

J×B = ∇p. (3.40)

The equation (3.40) describes the balance between the inward directed magnetic
force with outward directed isotropic pressure gradient force. Ampere’s law relates
magnetic field B with current density J through

∇×B = µ0J. (3.41)

Using (3.40) and (3.41) along with the constraint ∇ ·B = 0 and a set of boundary
conditions, one can calculate the MHD equilibrium. The combined form of these
two equations, (3.40) and (3.41), can also be written as

∇(p2 + B2

µ0
) = 1

µ0
(B · ∇) B. (3.42)

The efficiency of plasma confinement of the isotropic pressure by magnetic field can
be measured by a parameter β, which is defined as the ratio of average plasma pres-
sure to magnetic energy density β = 2µ0<p>/B

2. Note that β measures the ratio of
the first two terms on the left hand side of (3.42)), where <p> = (1/V )

∫ V
0 p(v)dv6.

It may be noted that the MHD model for equilibrium, either ideal or resistive, is
characterized by the same set of equations.

Some salient features of MHD equilibrium are

1. The plasma is confined in a set of closed nested toroidal magnetic surfaces of
constant pressure, so called flux surfaces7.

2. B · ∇p = 0 and J · ∇p = 0 8 implies that magnetic field and current lines lie
on these flux surfaces of constant pressure with arbitrary angle.

6V is the total plasma volume.
7The center of poloidal cross section of these surfaces is called magnetic axis.
8Dot product of B and J (3.40).
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3. The gradients in the parallel component of current density J‖ and pressure
can drive instabilities namely, the resistive kink instability and the interchange
instability, which we will describe in the next section 3.2.1.

When tracing magnetic field lines on different flux surfaces one finds that some
field lines close on themselves, while others don’t. The former are called rational
surfaces, while the latter are usually named as irrational surfaces or sometimes
called ergodic surfaces. It is well known in fusion research of toroidal devices, that
the presence of rational surfaces affects the global stability of magnetized plasma.
If the field lines closes on themselves after m turns in the poloidal direction and n
turns in the toroidal direction, then the safety factor given by q is equal to m/n.
Thus rational surfaces have rational values of q.

The reversed-field pinch

As it can be seen from (3.40), there exits two classes of equilibrium, namely
force-free (∇p = 0) and force-balance in which the Lorentz force does not van-
ish (∇p 6= 0). We will discuss Taylor’s theory of relaxation [17], which explains the
spontaneous generation of the reversed-field pinch configuration after relaxation,
subjected to constancy of magnetic helicity, to a minimum energy state [16]. In
this minimization, pressure gradients are neglected (β = 0). Thus we can think the
RFP plasmas as a force-free configurations (also called the Taylor relaxed states).
It is important to mention that an axisymmetric toroidal RFP plasma can be ap-
proximated as a cylinder with axial periodicity, due to a large aspect ratio, ε = a/R,
and a relatively weak axial magnetic field (q � 1). In the subsection 3.2.2, we will
show that the cylindrical RFP equilibrium magnetic field can be described using
Bessel functions of order 0 and 1. This is called the Bessel function model (BFM).
In reality, however, pressure gradients are not ignorable (detail in 3.2.2) and so all
RFP equilibrium profiles are best described by a force-balance model. The RFP
force-balance equilibrium in a circular cylinder can be written as (normalized)

dp

dr
+Bφ

dBφ
dr

+ Bθ
r

d

dr
(rBθ) = 0, (3.43)

where Bθ, Bφ are the azimuthal and axial magnetic fields respectively, while the
radial magnetic field Br = 0. Further details can be found in the end of subsection
3.2.2.

Next, we investigate the stability of these equilibria, with the purpose of deter-
mining the maximum achievable β. Despite its simplicity, MHD stability analysis
adequately describes the strongest instabilities in RFP devices.

The idea of MHD stability stems from fact that an equilibrium when perturbed
either returns to its initial state or the perturbation grows. Two types of MHD
instabilities are the ideal and the resistive ones and can be derived from ideal and
resistive Ohm’s law respectively. Ideal unstable modes grow fast and may lead to
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a loss plasma confinement or to a disruption of the plasma discharge. Resistive
MHD instability, on the other hand, leads mainly to enhanced transport but not
to catastrophic loss. There is a consensus among the fusion community that an
equilibrium should be ideal MHD stable.

In resistive MHD instabilities, the free energy associated with the gradients in
parallel current and pressure are the main driving sources for destabilizing modes.
Here the current-driven modes are called tearing modes. On the other hand,
pressure-driven modes are driven by the pressure gradient in addition to magnetic
curvature and can enhance transport across the magnetic field lines. These are
also called resistive g-modes. Here ’g’ stands for gravity since the curvature of the
magnetic fusion device mimics that of gravity. In this thesis, we have studied the
linear stabilization of resistive g-modes. First, we will discuss linear stability in the
subsection below.

3.2.1 MHD stability analysis
Linear stability analysis (LSA) is a mathematical procedure that enormously
simplifies the examination of the MHD stability problem. The end result is a
set of homogeneous, linear partial differential equations that take the form of an
eigenvalue problem, with the eigenvalue being the growth rate of the perturbation
[6]. First of all, to carry out the linearization of the governing equations, the
perturbation is assumed to be infinitesimal. This assumption gives the opportunity
to write the variables of the governing equations as a sum of stationary (equilibrium)
and time-dependent (perturbed) parts.

Q(r, t) = Q0(r) +Q1(r, t), (3.44)

where subscripts ’0’ and ’1’ are used to distinguish between equilibrium and per-
turbation terms respectively. The infinitesimal perturbation assumption also leads
us to cancel out equilibrium and non-linear terms from the analysis, leaving only
linear terms (hence the name ’linearization’). Further simplification can be carried
out through introduction of axisymmetry of toroidal devices (Tokamaks and RFP).

Using above described linearization technique in addition to some algebraic cal-
culations, one can write (3.36) as follows:

ρ
∂2ξ

∂t2
= J0 ×B1 + J1 ×B0 −∇p1, (3.45)

J1 = 1
µ0
∇×B1, (3.46)

B1 = ∇× (ξ ×B0), (3.47)
p1 = −γ∗p0∇ · ξ − ξ · ∇p0. (3.48)

Here γ∗ is the ratio of specific heats. Moreover, we have used v1 = ∂ξ/∂t and ξ is
the displacement vector while v0 = 0 and ρ = constant. In the RFP, the constant
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plasma density and the zero equilibrium velocity is in agreement with experimental
observation. Inserting equations (3.46), (3.47) and (3.48) in the linearized momen-
tum equation (3.45), we get

ρ
∂2ξ

∂t2
= ∇(γ∗p0∇ · ξ + ξ · ∇p0) + 1

µ0
(∇×B1)×B0 + 1

µ0
(∇×B0)×B1,

(3.49)

where the right hand side in the literature is referred as the linear force operator
F(ξ) [25]. It is important to mention that the resistive effects are not taken into ac-
count in deriving the equation (3.47) and the linearized momentum equation (3.45).
The methods, which are used to analyze the linear stability of certain MHD equi-
librium configurations, are (i) The energy principle (ii) Normal mode method and
(iii) initial value problem. We will briefly describe these methods below.

The energy principle
The energy principle is based on the conjecture, analogous to a mechanical system,
that if the potential energy of a static MHD system is decreased with respect to
some equilibrium value, it may destabilize the system (the plasma). The energy
principle calculates the work done in moving the plasma through a displacement ξ
with respect to some equilibrium state, which may be stored as potential energy in
the system.

δW = −1
2

∫
ξ · F(ξ)dτ, (3.50)

where the factor 1/2 is multiplied since the force operator is self-adjoint and the
integration is taken over the entire plasma volume [30]. If, in the equation (3.50),
the integral δW ≥ 0 i.e. non-negative, this implies stability of the equilibrium
since the total energy of the plasma is increased or remains unchanged due to the
perturbation. Otherwise, it implies instability.

The potential energy can be written as

δW = 1
2

∫ 
(I)︷ ︸︸ ︷

γp0(∇ · ξ)2 + (ξ · ∇p0)∇ · ξ︸ ︷︷ ︸
(II)

+

(III)︷︸︸︷
B2

1
µ0
− 1
µ0
∇×B0 · (B1 × ξ)︸ ︷︷ ︸

(IV )

 dτ.

(3.51)

Here, a perfectly conducting wall is assumed surrounding the plasma, owing to
which the normal displacement vanishes, i.e. n · ξ = 0. Examination of equation
(3.51) yields that terms (I) and (III), which are the energies require to compress
and bend magnetic field lines, are always stabilizing [30]. In the case of an in-
compressible plasma ∇ · ξ → 0 and thus the stabilizing contribution due to the
compressibility vanishes.
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Term (II) in (3.51) can be stabilizing or destabilizing depending on the sign of
the equilibrium pressure gradient. In the case of negative pressure gradient (which
is the realistic picture in an RFP), the interchange instability is triggered inside
the core of the plasma. As we have mentioned earlier in subsection 3.2, unstable
modes driven by the pressure gradient can be stabilized by curvature effects. In the
case of the large aspect ratio RFP, however, the curvature is such that it is always
destabilizing to this instability.
Term (IV) in (3.51) affects the stability which depends explicitly on the equilibrium
current density. This tearing or resistive ’kink’ instability is already mentioned in
the subsection 3.2

The Normal mode method
In the normal mode method, the time dependent perturbation part of (3.44) of the
displacement can be represented by an exponential function

ξ(r, t) = ξ(r) exp[−i(ωt)]. (3.52)

With the normal mode method, not only can we calculate the growth rate of the
perturbation for a specific equilibrium but, in addition, it also provides the eigen-
mode structure. Using (3.52), we can write (3.44) as

− ρω2ξ(r) = F(ξ(r)). (3.53)

This is an eigenvalue problem with eigenfunction ξ(r) and eigenvalue ω2. As stated
earlier the linear force operator is self adjoint, which means that eigenvalues of equa-
tion (3.53) are real. Thus, in the equation (3.53), ω can either be real or imaginary,
corresponding to the perturbation being oscillating or unstable, respectively.

The Initial value method
In comparison to normal mode method, the initial value formulation treats stability
problem of (3.44) with appropriate initial and boundary conditions. This captures
in more detail information about the time evolution of perturbation but is difficult
to handle numerically as compared to the normal mode method. This thesis is
based on comparisons of numerical computational codes using the eigenvalue and
the initial value formulations. Appropriate generic initial conditions for the initial
stability problem can be

ξ(r,0) = B1(r,0) = ρ1(r,0) = p1(r,0) = 0,
∂ξ(r,0)

∂t
6= 0.

In the section 4.3, we will provide a more complete description based on initial
value formulation and the computational code namely, GWRM.



3.2. MHD EQUILIBRIUM AND STABILITY 31

Waves in homogeneous plasmas

Let us now discuss the characteristic modes found in ideal MHD for an infinite
homogeneous plasma in a uniform magnetic field. As mentioned earlier, the linear
MHD stability analysis permits the propagation of stable modes. The corresponding
equilibrium can be represented as

ρ = ρ0, p = p0, B = B0ez, v = v0 = 0.

After some straightforward algebra and using v1 = ∂ξ

∂t
= −iωξ, for ξ = ξ0 exp(i(k ·

r− ωt)), the linearized momentum equation can be written as

ρ0ω
2v1 =

I︷ ︸︸ ︷
Γp0kk · v1 + [(k× v1)(k ·B0)− (k×B0)(k · v1)]×B0︸ ︷︷ ︸

II

. (3.54)

Equation (3.54) implies that three different situations may occur depending on the
mutual orientation of B0, k and v1. Compressional waves are obtained if three
vectors are parallel, in which case the direction of waves is along the magnetic
field B0. These waves are unaffected by the presence of the magnetic field. If,
instead, v1 is perpendicular to both, B0 and k, then waves are called shear Alfvén
waves. These waves propagate with Alfvén speed

√
B2

0/µ0ρ0, and are unaffected
by plasma pressure. This wave is the characteristics wave of ideal MHD and its
characteristic time τA is the shortest time scale of MHD dynamics. When k and
v are parallel, but perpendicular to B0, the third wave is obtained which is called
fast magnetosonic wave.

3.2.2 Resistive MHD modes
The ratio of the resistive diffusion time scale, τR, to that of the Alfvén, τA, is called
the Lundquist number, usually symbolized by S, where S = τR/τA. This dimen-
sionless variable is a measure of the separation of dynamical (ideal) and dissipative
(resistive) time scales and its value for hot plasmas is 106-109 [31]. We will also see
that larger S makes initial value analysis of (3.36) stiff in spatial scales [32] (paper
I).

Next we will provide a very brief account of the earlier work that has been carried
out to analyze resistive g-modes. Furth [8] has shown that in an incompressible
plasma in a plane slab model with curvature simulated by gravity, there exist three
different resistive MHD modes, namely tearing, rippling and resistive interchange or
g modes. We will describe these modes in a moment. Coppi [9] has further extended
this resistive stability analysis from a slab to a low-pressure straight circular cylinder
and pointed out a localized interchange instability which is driven by a negative
gradient in equilibrium pressure. In these work, the plasma resistivity is considered
contributing only in a thin region. This thin layer is called resistive or resonant
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layer. Outside of this thin layer, the plasma conforms to ideal MHD i.e. η → 0.
The jump discontinuity at the two interface of the resistive layer is measured by
a parameter known as ∆′ . To determine the growth rate, a dispersion relation is
also calculated by using an ordering of terms inside the resistive layer, which is
called in the literature as “tearing mode ordering” [8]. This ordering assumes small
resistivity and beta of the plasma. These modes developed on a much slower rate
compared to the Alfvén time. The following characteristics associated with these
resistive modes are found:

1. The growth rate of tearing mode and rippling mode is of the order of γ ∝
S−3/5, where the growth rate is normalized to the Alfvén time τA for a resistive
plasma stable to ideal MHDmodes. The current driven resistive tearing modes
have already been described in subsection 3.2. These modes are present in
the plasma even when β = 0. Rippling modes originate because of a gradient
in plasma resistivity. Since we are considering throughout this thesis constant
plasma resistivity, we have not taken into account this instability. At higher
values of β, the growth rate of tearing modes rise and the scaling for these
growth rates is transformed to that of resistive interchange modes described
below.

2. The growth rate of the resistive interchange instability, also known as resistive
g modes, is γ ∝ S−1/3. These pressure-driven resistive modes are localized
around the resistive layer. At even higher values of β, ideal interchange modes
may be excited.

Robinson [33] devised a shooting method to calculate ∆′ in the pressure-less case,
where boundary conditions were considered perfectly conducting. The shooting
was carried out from the boundary into the resistive layer and was implemented
for the RFP. Glasser [10, 11] demonstrated the effects of toroidicity and flat par-
allel current profile on stability of these modes. It was implied from these studies
that the RFP will always be prone to the resistive g-modes, even when the tearing
modes are eliminated. In these classical studies of resistive MHD stability, the adi-
abatic equation was used and thermal conduction effects were ignored. Recently,
in a study carried out by Bruno [34], it is argued that thermal conduction effects in
the energy equation for an RFP "flatten the pressure perturbation" at the resonant
surface and thus provides a stabilizing effect to these resistive g-modes. The study
builds on the earlier results of Lütjen [35]. Furthermore, Bishop [36] have shown
the stabilizing effect on these modes by artificial local flattening of the equilibrium
pressure profile around the singular surface in toroidal geometry without any at-
tribution to a physical quantity. Lütjens [35], on the other hand, pointed out the
importance of heat conduction effects in the energy equation for stabilization of
tearing modes in tokamaks, thus providing a physical cause for pressure flattening.
In the next chapter, we will describe the ∆′ analysis along with the initial-value
code GWRM.
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Taylor’s theory of relaxation

Taylor’s theory of relaxation [17, 37] describes the spontaneous generation of the
reversed field in the RFP in which the system evolves towards a relaxed state. This
system is said to self-organize and relax to a state independent of initial conditions.
These states can be completely characterized by a few boundary conditions and
global parameters (e.g flux, current or voltage). The states are reached on a time
scale, τ , and are reproducible, which means that if they are perturbed again, these
give rise to a number of instabilities. These instabilities act to restore the state
to return to the relaxed position in the same time scale τ . The process of self-
organization in this case is known as plasma relaxation. In the force free minimum
energy state we have

∇×B = µ(r)B, (3.55)

where µ(r) is given by the initial conditions. It can easily be seen that µ(r) is
constant along the field lines since B · ∇µ = 0. The value of µ can be obtained
from the initial values. From 3.55, it can be seen that the Lorentz force J×B = 0,
hence µ(r) = J ·B/B2. Taylor envisioned the relaxation process to be carried out
by small scale turbulence. The solution to Equation (3.55) depends on the radius r

Br = 0,
Bθ = B0J1(µr), (3.56)
Bz = B0J0(µr),

where J0 and J1 are the Bessel functions and B0 is a constant. This magnetic field
system is called the Bessel function model (BFM). Taylor’s theory despite stating
fully relaxed plasma states with no energy to drive any instability, also provides the
limiting safety factor value on the magnetic axis. This helps in describing the mean
magnetic profiles under the constraints and the limiting safety factor. However, in
an experimental RFP, the µ profile is non uniform and decreases from the magnetic
axis to the plasma edge, while β is also finite (∇p 6= 0). In general, the magnetic
field profiles for the equilibrium state can be obtained as:

∇p0 = j0 ×B0, (3.57)

or in the component form

B
′

0θ = µB0z −
B0θ

B2
0
p

′

0 −
B0θ

r
, (3.58)

B
′

0z = −µB0θ −
B0z

B2
0
p

′

0. (3.59)

Here, the subscript ’0’ shows the equilibrium quantities. In paper I, we have
studied the effects of pressure-driven modes. For this purpose, it is necessary to
isolate the effect of pressure on the unstable modes. Thus, we have use the following
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parametrization for µ and p [31]:

µ(r) = µ(0){1− rα + αµ2(r − r2)3}, (3.60)
p0(r) = pa(1− pbrαp1)αp2. (3.61)

Here, the parameters α and αµ2 measure the broadness and hollowness of the µ
profile, while αp1 and αp2 controls the broadness of the pressure profile and how
smooth and fast the pressure profile goes to zero at the boundary respectively. It
has been observed [31] that slightly hollow µ-profiles with α = 4.1 and µ(0) = 3
along with broader pressure profile provide tearing stability. Thus, we have selected
a tearing stable equilibrium with parameters µ(0) = 3, α = 4.1, αµ2 = 1.7, αp1 = 2
while the values of αp2 , pa and pb are chosen in such a way to scan different values
of βθ. In the next chapter, we will analyze the RFP stability by solving the resistive
MHD equation as an eigenvalue problem, which demonstrates radial dependence
of the perturbation and the growth rate. This analysis is called the ∆′ method in
the literature. For tearing modes, instability is implied if ∆′

> 0 where ∆′ is the
discontinuity in the logarithmic derivative of the perturbed radial magnetic field at
the resonant surface. The value of ∆′ is determined for a given mode m = 1 and
k = −2 subject to boundary condition of perfectly conducting wall.

Suydam’s stability criterion
Suydam’s criterion is a necessary condition of ideal MHD that describes the stability
of ideal interchange modes, which are highly localized around the resonant layer
where F = k · B = 0. Near this layer, since k‖ ≈ 0, the line bending stabilizing
effect of the magnetic field is minimized. This may results in a pressure driven
instability, since p′

< 0.

The mathematical formulation of Suydam’s criterion is given by [38]

rB2
z

µ0

(
q

′

q

)2

+ 8p
′
> 0. (3.62)

The violation of Suydam’s criterion in our work is prevented by implementing the
criterion on the magnetic axis and near r = rs. This is achieved by adjusting the
equilibrium pressure profile.



Chapter 4

Computational methods for studies
of resistive plasma instability

In this chapter, we will study the computational aspects of linear stability analysis of
the RFP. For this purpose, a boundary value analysis known in the literature as the
∆′ method and a time-spectral Galerkin initial value code, (Generalized Weighted
Residual Method) GWRM are presented. It is worth noting here that both the
forms of the energy equations, the traditionally used adiabatic equation and the
energy equation, including the effects of thermal conduction are incorporated in
the computation of the ∆′ method and GWRM. This discussion will pave the
way for describing the results of papers in chapter 5 as follows. First, we will
discuss the dimensional analysis of resistive MHD equations, which is used in all
papers including this thesis. Then the ∆′ method and its computation procedure is
described, which is followed by the traditional and the recently studied dispersion
relations (Paper I) [10, 11, 12, 35, 34]. The GWRM is then described with a
subdomain approach, which further improves both its computational efficiency and
time (Paper II). Finally, a linear stability analysis of a pressure-driven crash that
is preceded by a high confinement period is calculated. This enhanced confinement
is found from computations with the full nonlinear resistive code, DEBSP (Paper
III).

4.1 Dimensional Analysis of Resistive MHD

In this section, the normalization of the resistive MHD model (3.36), which is used
in this thesis, is explained. The time is normalized to the Alfvén time τA and
the length is normalized to the plasma radius a in these equations. The author
has used the bar notation ‘ ¯ ’ to denote physical normalization variables. The
normalization of pressure and temperature are correlated through p = nT where
p̄ = B̄2/µ0 = 2n̄eT̄ . For convenience, the normalized plasma number density n is
considered to be uniform i.e. n = 1. The on-axis Lundquist number is obtained

35
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through the following calculation:

S0 = τR0

τA0
= µ0a

2

τA0η̄‖
,

since resistivity η̄ = 5.4× 10−5Zeff ln Λ
¯T 3/2

,

thus, S0 = 5.09× 1014 aB̄ ¯T 1.5

(µ0.5n̄0.5Zeff ln Λ) , (4.1)

where τA0 and τR0 represents the Alfvén and the resistive time scales on-axis.
Also, µ represents the ion to proton mass ratio, which in this case is taken to be
unity. Thus, the normalized parallel resistivity profile can be written as

η‖ = T̃−1.5, (4.2)

where T̃ = T (r)/T (0). As discussed earlier in the section 3.1.1, the anisotropy of
the resistivity is given by η⊥ = 1.96η‖. Throughout these studies, we have ignored
this anisotropy owing to its smallness, i.e. we assume η⊥ ≈ η‖ ≈ η. Here, it is
pertinent to mention that SI units are used throughout except for T̄ , which is in
eV.

Furthermore, normalizing heat conductivities with χ̄ = a2/τR and defining β̄ =
4µ0n̄eT̄ /B̄

2, the following Braginskii expressions are obtained for the normalized
perpendicular and parallel heat conductivities [39]:

χ⊥ = 15
√
µβ̄

Zeff

n

B2T̃ 0.5
, (4.3)

χ‖ = 1.0× 1016µZeff β̄

a2n̄
T̃ 2.5S2

0 . (4.4)

It is important to mention here that the experimentally measured χ⊥ is at least
one order of magnitude larger than the classical value [40, 15]. In our studies, we
have instead used the value of χ⊥ which we have calculated on the assumption that
at equilibrium, heat losses are balanced by the ohmic heating 3.34. In the case of
the cylindrical RFP, we can write this relation as:

1
r

(rχ⊥p
′

0)
′

= η‖j
2
‖0 + η⊥j

2
⊥0.

It can rewritten as

χ⊥ = 1
rp

′
0

∫ r

0
η‖(1.96j2

⊥0 + j2
‖0)rdr, (4.5)

where j2 = j2
‖ + j2

⊥ while the other quantities, χ‖ and η‖ ≈ η, are given by the
classical values (4.4) and (3.21) respectively [28]. Hence, through introduction of
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these normalization, the resistive MHD model becomes

ρ
dv
dt

= (∇×B)×B−∇p, (4.6)

∂B
∂t

= ∇× (v×B)− 1
S0
∇× (η∇×B), (4.7)

∂p

∂t
+ v · ∇p+ Γp∇ · v = Γ− 1

S0
[η(j2

‖ + j2
⊥) +∇ · (χ‖∇‖p+ χ⊥∇⊥p)].

(4.8)

4.2 Linear stability analysis of resistive MHD

The results from resistive MHD linear stability calculations have been used to
configure a number of cylindrical and toroidal magnetic fusion geometries [41, 42].
In the section 3.2.1, we have described the method for solving the linearized resistive
MHD equations. Now, we will implement it here on the normalized resistive MHD
model. The two techniques used here for linear stability analysis of resistive MHD
equations are the ∆′ method and GWRM.

4.2.1 The ∆′ method
As mention earlier in the section 3.2.2, this method involves solving two set of
equations, one for the outer ideal MHD region over most of the plasma and the other
for the thin resistive layer. These regions are shown in the figure 4.1. The complete
eigenfunction is thus obtained by matching of these two resulting solutions. Next,
we will describe the procedure for calculating the ∆′ :

In the limit η → 0, the linearization of the full set of equations (4.6)-(4.8) can
be written as a second order differential equation for a normalized radial perturbed
magnetic field. The details of these calculations described below can be found in
[43, 34].

Ψ
′′

+ Ψ
r2 [−2k2r3µ0p

′

0
F 2 + 2k2r2

F

mB0θ + krB0z

Ds
− F

′′

F
r2 + F

′

F
r
m2 − k2r2

Ds
+ 1−Ds+

m4 − 3k4r4 + 10m2k2r2

4D2
s

] = 0,

(4.9)

where prime (′) is used to represent the derivative with respect to the radial coor-
dinate. m, k represents the poloidal (θ) mode number and axial (z) wave number
and the perturbation is considered of the form ∝ exp(i[mθ−kz]−γt), with γ as the

growth rate. Moreover, Ψ ≡ B1r
r3/2√
(Ds)

, F ≡ mB0θ + krB0z and Ds ≡ m2 + k2r2.
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Figure 4.1: The radial magnetic flux function Ψ showing two solutions, the inner,
Ψ1, and the outer, Ψ2. Here x = r − rs.

Once the equilibrium profiles are given, the solution of equation (4.9) can
be calculated for the entire plasma region with appropriate boundary conditions.
However, it is clear from the equation (4.9) that it contains a singularity where
F = k · B = mB0θ + krB0z = 0. At this point r = rs (the resonance point), the
safety factor q = rB0z/RB0θ is a rational number and equal to m/n. It is around
this point where the equation (4.9) is singular. In order to remove the singularity
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in the proximity of rs, full set of equations (4.6)-(4.8) including resistivity need
to be solved. Thus, we require two solutions, one for the exterior region and the
other for inner resistive layer.

In the ∆′ method, the equation (4.9) is expanded asymptotically around the
rational surface (where r = rs) and the equation is solved for two regions r < rs
and r > rs named inner and outer solutions respectively. The matching of inner
and outer solutions across r = rs is carried out by taking the difference of the ratio
(Ψ′

/Ψ) for the two solutions. The quantity which determines this discontinuity
across the resonant surface is known as the ∆′ and is defined as [15]:

∆
′

= Ψ′
/Ψ|r>rs

−Ψ′
/Ψ|r<rs

Ψr=rs

(4.10)

By asymptotic expansion, the solution of equation (4.9) can be found as men-
tioned in the next section.

Figure 4.2: Typical F reversal profile, the intersection gives the resonant point

4.2.2 Computation of ∆′

As mentioned earlier, one of the principal techniques used for the linear stability
analysis of resistive MHD modes is an asymptotic matching technique [8, 9, 44].
The intention here is to describe the ∆′ code which efficiently encompasses the
exterior ideal solutions in the case of both zero beta and finite pressure resistive
modes. For this purpose, a computation algorithm based on shooting method,
namelyDELCO (DELta prime COde), has been developed. Since there is a slight
difference in computing the solution of (4.9) for pressure-less and finite pressure,
we describe them one by one.
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The asymptotic expansion for Ψ around the resonant layer in the limit of zero
beta βθ = 0 is [45]

Ψ̂(x)exp = 1− a2x ln|x| −
[

3
4a

2
2 + a3|x=0

2

]
x2 + a2

2
2 x

2 ln|x|+A1,2|x|
[
1− a2

x

]
,

(4.11)

where the constants A1 and A2 are to be determined. Here ̂ (hat) is used above Ψ
in the equation (4.11) in order to distinguish it from the equation (4.13) (mentioned
later). We have assumed a perfectly conductive wall surrounding the plasma, which
means the boundary conditions are Ψ(r = 0) = 0 for the magnetic axis and Ψ(r =
a) = 0 at the edge1 [43, 34]. For the inner solution, the integration of (4.9) is
carried out from the resistive layer with conditions Ψ(x = −s) = Ψexp(x = −s)
and Ψ′(x = −s) = Ψ′

exp(x = −s) where the value of A1 is adjusted numerically
unless the boundary condition is satisfied at the magnetic axis Ψ(0) = 0. It is worth
noting that if the pressure p0 = 0 is zero, then the term F−2 in equation (4.9) will
vanish.

In DELCO, the value A1 is randomly guessed and then is iterated with the help
of secant method. The same procedure is repeated for the outer solution to calculate
the value of A2, however, with the different conditions Ψ(x = s) = Ψexp(x = s)
and Ψ′(x = s) = Ψ′

exp(x = s) and the boundary condition at the edge (Ψ(1) = 0).
The ∆′ is then calculated by the following formula:

∆
′

=
Ψ′

x>0 −Ψ′

x<0
Ψx=0

(4.12)

It is worth noting that singular derivatives in equation (4.11) cancel out and Ψx=0 =
1.

Introduction of finite beta increases the complexity since the singularity is of
the order of x−2 at the rational surface compare to the singularity x−1 of parallel
current gradient driven modes.

The asymptotic expansion for finite pressure case at the resonant layer is

Ψ(x)exp = |x|νL

[
1− a2x

2νL
+ x2 a

2
2 − 2νLa3|x=0

4νL(1 + 2νL)

]
+ |x|νR

[
1− a2x

2νR

](
A1,2 + a2x

2νR|x|

)
.

(4.13)

Here x = r − rs, νL = 0.5(1 − 1
√

(1− 4D)) and νR = 0.5(1 + 1
√

(1− 4D)) and
D = −2p′

0(q/q′)2/(rB2
0z) is the Suydam’s normalized pressure gradient with p0 as

equilibrium pressure.
The procedure to calculate the numerical values of constants A1,2 is the same

as explained earlier for pressure-less limit. The figures 4.3a and 4.3b show the
1a is normalized to unity here.
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radial magnetic field eigenfunctions for βθ = 0 and finite pressure βθ = 5% cases.
We have used the same equilibrium as mentioned in equations (3.60) and (3.61).
One can observe the preciseness of the asymptotic functions Ψexp (4.11) and (4.13)
(shown as dashed curves in the figure 4.3) close to the resonant surface. We also

Ψ 

r 

(a)
r 

Ψ  

(b)

Figure 4.3: (a) The eigenfunction for pressure-less case (b) the eigenfunction with
pressure βθ = 5%. The solid line shows solution of the equation (4.9), where as
the dashed line shows the solutions of equations (4.11) and (4.13) in (a) and (b)
respectively.

observe that the ∆′ numerical calculations for finite pressure is very sensitive to the
pressure gradient at the r = rs given by D. The reason is that when the value of
D in νL and νR exceeds 0.25, the solution becomes complex. Thus ∆′ results holds
only for small values of βθ. However, an advantage of DELCO is the ability to scan
a wide range of Lundquist number S0 in comparison to initial-value codes. It is
important to mention that linear stability of the equilibrium against ideal MHD
modes at resonance point rs is guaranteed through Suydam’s criteria given in the
section 3.2.2.

The obtained value of ∆′ can be used to calculate the growth rates of these
linear resistive modes using a dispersion relation. These dispersion relations are
discussed later in the subsections 4.2.3 and 4.2.4.

The DELCO code has been successfully benchmarked against βθ = 0 results
from [46] and Wesson [15]. For finite pressure cases, the author is not aware of any
precedence for these results available in the RFP literature. However, it has been
verified that the numerical solution with pressure converges to the pressure-less case
when βθ → 0. Some values from the benchmarking are shown in the table 4.1 with
Wesson [15], where we have used the same parabolic toroidal current density profile
with conducting wall. The DELCO can easily be run on a personal computer which
qualifies the system requirements of Maple.
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m rs∆
′ (DELCO) rs∆

′ (Wesson)

2 11.01 11.22

3 2.32 2.46

4 −2 −2.01

Table 4.1: Benchmarking of ∆′ Values versus Wesson [15, p 326]

4.2.3 The classical dispersion relation
We have explained earlier that the equation (4.9) is singular when F = k ·B = 0,
which occurs at radius rs, where F (rs) = 0. Figure 4.2 shows a typical profile of F
that reverses at the resonant point, rs, which can be identified at the intersection
with the horizontal line. At this point, the role of resistivity η becomes vital and
thus cannot be neglected. The finite conductivity of the plasma tends to reduce
the shear stabilization which occurs at the magnetic surface where q = m/n is
rational (rational surface). Thus, the full set of linearized resistive MHD equations
have to be solved in the resistive layer. However, solving the full set of linearized
equations is quite cumbersome and thus low plasma resistivity and β ordering of
the terms can be carried out [8, 9]. As given in paper I, the dispersion relation
[8, 9, 10, 11, 12] for a cylindrical RFP (large aspect ratio), when assuming an
adiabatic energy equation, reads

Lr∆′ = KQ5/4(1− πD

4Q3/2 ). (4.14)

Here K=2πΓ( 3
4 )/Γ( 1

4 ) and Lr= S
−1/3
0 (q/(kB0zq

′))1/3 is the resistive scale length.
Also q = rB0z/B0θ is the cylindrical safety factor, Γ = 5/3 is the ratio of specific
heats, k is the wave number and B0z, B0θ are toroidal and poloidal equilibrium
magnetic fields respectively. Normalized growth rates, γ, are obtained from the
quantity Q = γS

1/3
0 (q/(kB0zq

′))2/3. In these classical studies, thermal conduction
effects in the energy equation inside the resistive layer is ignored, while the effects
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of the compressibility and the convection are retained. The stability criterion for
these modes is:

∆′ < 0 for D ≤ 0. (4.15)

Since the pressure gradient is negative for a confined plasma, it can be deduced
from (4.15) that no RFP configuration stable to resistive pressure driven modes
exists in a classical analysis. In the zero pressure limit, equation (4.14) predicts a
tearing mode scaling S−3/5

0 for the growth rate of unstable modes, while for higher
βθ, the pressure terms of the energy equation feature a growth rate scaling S−1/3

0 ,
being characteristic for the resistive g-mode limit.

4.2.4 The dispersion relation including heat conduction
In a recent analysis, Lütjens et al and Bruno et al [35, 34] proposed that the heat
conduction effects in the resistive layer dynamics cannot be neglected. On con-
trary, these effect should be dominating in the linearized energy equation inside the
resonant layer as compared to the compression and the convection. The linearized
energy equation, including ohmic heating and the heat conduction effects to first
order can be written as

∂p1

∂t
+ v1rp

′

0 + Γp0(∇ · v1) = Γ− 1
S0
{2(η⊥j⊥0j⊥1 + η‖j‖0j‖1)

+
χ‖0

B2
0

[−(m
r
B0θ + kB0z)2p1 + i(m

r
B0θ + kB0z)p

′

0B1r]

+χ⊥0

B2
0

[(m
r
B0θ + kB0z)2p1 − i(

m

r
B0θ + kB0z)p

′

0B1r]

+χ⊥0[p
′′

1 + p
′

1
r
− (m

2

r2 + k2)p1] + χ⊥1(p
′′

0 + p
′

0
r

) + χ
′

⊥0p
′

1 + χ
′

⊥1p
′

0}. (4.16)

The analytical detail for calculating the above equation (4.16) is described in paper
I. It is further shown in paper I, with the help of suitable assumptions, that the
heat conduction dominates over the other terms in the energy equation (4.16), as
proposed by Lütjens and Bruno [34, 35].

0 =
χ‖

B2
0

[
− (m

r
B0θ + kB0z)2p1 + i(m

r
B0θ + kB0z)p

′

0B1r
]

+ χ⊥p
′′

1 . (4.17)

Here, it is important to mention that the ordering in the equation (4.17) depends
on classical χ‖ value from Braginskii [28] and anomalous χ⊥ from the formula (4.5).
This anomalous value of χ⊥ is at least an order of magnitude greater than that of
Braginskii [15, 34]. By solving the equation (4.17) for p1 and inserting the result in
the remaining linearized resistive MHD equations, Bruno [34] obtain the following
dispersion relation

rs∆′ = KQ
5/4
B − π3/2

2
rsD

δx
. (4.18)
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In this relation, δx is the resonant layer scale length

δx ≡
[χ⊥
χ‖

B2
0

m2B2
0θ

(rq
q′

)2
r=rs

]1/4
. (4.19)

and
QB = γS

3/5
0 [( r

4

B2
0z

)( q

kq′
)2]1/5 (4.20)

is the normalized growth rate. The anomalous cross-field heat conduction flattens
the perturbed pressure profile thus stabilizing the resistive MHD modes at low
plasma beta βθ. It can be seen from the equation that the destabilizing term
D/Q5/4 no longer exists in the dispersion relation. The stability, reminiscent to
(4.15), is found to be

∆
′

eff < 0, (4.21)

where
∆

′

eff = ∆′ + π3/2

2
D

δx
.

4.3 Generalized weighted residual method (GWRM)

Linearized growth rates of resistive g-modes can be obtained by solving the initial-
value resistive MHD equations (24)-(30) described in paper I. Here the ohmic heat-
ing and the thermal conduction are included. A fully spectral method, GWRM, is
used for this purpose. Spectral methods are a class of spatial discretization for dif-
ferential equations using trial functions (approximating functions) and test function
(weight functions) [47]. The trial functions are used to construct an approximation
of the solution in the form of linear combination of the trial functions. The weight
functions, on the other hand, ensure that the difference between the given differen-
tial equation with respect to truncated series expansion is minimized. In GWRM,
we have employed a Galerkin residual method, in which Chebyshev polynomials
are used as trial basis and weight functions.

Here follows a general description of GWRM for an initial-value systems of
partial differential equations:

∂u
∂t

= Du, (4.22)

or an integral form

u(t,x,p) = u(t0,x; p) +
∫ t

t0

Du(t
′
,x; p)dt′, (4.23)

where u(t,x,p) is the solution vector and D is a linear or nonlinear matrix op-
erator. The first right-hand term is the initial condition. The novelty of gener-
alized weighted residual method (GWRM) is that multivariate Chebyshev series
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are used to represent all temporal, spatial and physical parameter domains. The
approximate, global solutions obtained are thus analytical, finite order multivari-
ate polynomials of form (in the case of a single spatial varaible and one physical
variable)

u(t, r; η) =
K∑
k=0

′
L∑
l=0

′
M∑
m=0

′aklmTk(τ)Tl(ξ)Tm(P ), (4.24)

with τ , ξ and P being variables related to time, the spatial coordinate and resistivity
respectively. Prime renders the multiplication of 1/2 for zero coefficient here. The
expansion (4.24) is inserted into equation (4.23) in a weighted residual approach
to result in an algebraic equation for the coefficients aklm. All relevant boundary
conditions are imposed on the higher order coefficients. Accuracy is controlled by
choosing the number of spectral modes K, L andM along with the use of temporal
and spatial subdomains. The method avoids time step limitations.

To determine the spectral coefficients, the system of algebraic equations is solved
iteratively. A semi-implicit root solver SIR, with excellent global convergence prop-
erties, has recently been developed [48] and is used for this purpose. An advanta-
geous feature of the GWRM is that the linearized MHD equations can be solved
as they stand, without any analytical simplifications. Any addition of a term in
the equations (24)-(30) is thus easily carried out in the code. The MHD problem
posed here, however, amounts to the demanding task of simultaneously solving 14
coupled partial differential equations (7 complex scalar equations) in time, space
and resistivity. Furthermore, the system represents a sixth order differential equa-
tion in the space coordinate and leads to rapidly (exponential) growing solutions in
time, where the driving mechanism is narrowly localized in space (singular layer).
For these reasons, the code is presently employed in the range 103 ≤ S0 ≤ 104.

We have compared the results obtained by the ∆′ method for dispersion rela-
tions (4.14) and (4.18) with those from GWRM. The details about the equilibrium
parameters and results are given in paper I. A brief description of the results can
also be found in the next chapter.

4.4 RFP confinement by static current profile control

We have learned in the chapter 3, that the plasma configuration diffuses away from
the minimum energy state due to resistivity. This results in a steep parallel current
profile in the plasma core, which in turn drives the tearing instability. The instabil-
ity enhances the transport of energy and particles, which relaxes the plasma back
to its minimum energy state. During this nonlinear process the poloidal magnetic
field, induced by the external circuit, is redistributed into toroidal magnetic field
[49]. This is called the "dynamo" process. On one hand, the tearing instabilities are
responsible for sustaining the reversed toroidal configuration, which is necessary
for the ideal stability. However, the dynamo process is detrimental to the energy
confinement due to the enhanced transport. In paper III, the gradients in the
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parallel current profile in the core of the plasma is decreased by applying a suitable
external static electric field, which is shown to improve the energy confinement [50].
The simulations are performed using a fully nonlinear resistive MHD code, DEBSP
by evolving the three dimensional resistive MHD equation in time (for details, see
paper III). A near three fold increase in the energy confinement is found and the
plasma beta, βθ, also increases 30%. The high confinement phase is, however, in-
terrupted by a crash (an instability) characterized by a rapid decrease in the energy
confinement. The thesis author has studied this instability by the ∆′ method using
the adiabatic energy equation and thermal conduction dominated energy equation.
The instability is found to be driven by resistive g-mode. The detailed results can
be found in paper III.



Chapter 5

Summary of publications

In this chapter, we will present the summary of the papers. But first main outcomes
of this thesis work are summarized as follows:

1. Inclusion of the heat conduction effects in the analysis of the ∆′ theory (in
which case it is taken into account in the resistive layer) and initial-value
formulation demonstrates that, for lower values of βθ and Lundquist number
S0, these effects provide the linear stability to resistive g-modes.

2. The computational efficiency of the initial-value code, GWRM, is shown to
be improved by spatial and temporal subdomain techniques.

3. The high confinement region is found to be interrupted by a crash phase when
nonlinear resistive MHD simulations are performed for confinement improve-
ment in the RFP. The examination of this instability with the help of linear
resistive MHD stability analysis characterizes it as pressure-driven, resistive g
-mode. The heat conduction effects, when taken into account in the analysis,
are not found to be sufficient to remove this instability.
Now we will describe the summary of papers one by one.

Paper I, IV and V

Classical linearized MHD theory shows the presence of pressure-driven modes in the
RFP even at low plasma beta values. This theory demonstrates that these unstable
modes are triggered due to the pressure gradient and the RFP’s unfavorable cur-
vature. The classical theory predicts that it is not possible to find any equilibirum
profile that can provide marginal stability to these resistive pressure driven-modes,
resistive g-modes. There is, however, a weakness in the analysis pertaining to the
usage of the adiabatic energy equation, as pointed out in a recent study by Lütjen
et al and Bruno et al. In this study, it is claimed that these resistive g-modes may
be stabilized by taking the full effect of the linearized energy equation, in which
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heat conduction effects are included. It is maintained that the ratio of anomalous
perpendicular to the classical parallel heat conduction introduces a new resistive
layer width greater than that given by classical theory, due to which perturbed
pressure profile is flattened inside the resistive layer for sufficiently negative ∆′ .
This removes the normalized growth rate dependence on the pressure gradient in
the classical dispersion relation, thus allows us to find marginal stable equilibrium
profile at low βθ. We have studied both the analyses, with and without heat con-
duction, using traditional asymptotic, appropriate boundary layer theory ∆′ and
a full initial-value code, GWRM, including all linearized terms. Here the ∆′ code,
DELCO is benchmarked for both zero and finite pressure cases. We conclude from
this comparative analytical and numerical study that heat conduction terms have
an important effect on resistive g-modes in RFP plasmas but only for small values
of βθS1/2

0 . For reactor relevant plasma that are tearing stable, the growth rate
scaling γ ∼ S−1/5

0 is weaker than that for the adiabatic case γ ∼ S−1/3
0 . Moreover,

for such high values of βθS1/2
0 , the dispersion relation and eigen mode structure of

these modes are completely independent of ∆′ .

Paper II

In this paper, the computational cost and memory storage of the initial-value code,
GWRM is improved by introducing a subdomain technique. GWRM is a general-
ization of spectral residual weighted methods to the time and parameter domains.
Similar to residual methods, a semi-analytical ansatz in the form of a polynomial
function is employed after which the sole task is to determine the coefficients of the
polynomial. In GWRM, Chebyshev polynomials are used as the trial basis func-
tions in all three domains, namely space, time and parameter. This scheme has
shown some promising results in problems where one has to resolve several time
scales, in particular, in the case of linearized resistive MHD problems [13]. We
have found that further reduction in the number of operations related to the inver-
sion of coefficient matrix for the determination of the unknowns, can be achieved
by dividing these three domains into subdomains respectively. The separation of
temporal subdomains is easier to implement, where one boundary is completely
determined, than that of spatial subdomains. In case of the latter, three different
methods are tested, where information has to be passed on between each subdo-
main. We have demonstrated that the first method involves simultaneous solution
of all global Chebyshev coefficients, while the other two have the potential of being
computationally less demanding because the corresponding Chebyshev coefficient
matrix equations are iterated separately at each iteration.

Paper III

The confinement of an advanced reversed-field pinch is shown to be improved in
a fully nonlinear resistive MHD numerical study. The simulations are performed
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using a fully nonlinear resistive MHD code, DEBSP, which includes the ohmic
heating as well as the parallel and perpendicular thermal conduction effects along
the stochastic field lines. The plasma dynamo fluctuations are mitigated with help
of a static current profile control, where an auxiliary electrical field is applied and
optimized for this purpose. A near three-fold increase in the energy confinement
is found and poloidal plasma beta increases by 30% from 0.20 to 0.27. The edge
heat flux is reduced to a third of that of the conventional RFP. However, this high
confinement phase is interrupted by a crash after which lower values of poloidal
beta are obtained. We have carried out a detailed study to characterize this crash
by DELCO and identified this crash casued by an instability driven by the pressure
gradient. The pressure-driven mode is a resistive g-mode and is found to have
mode numbers (m, k) = (1,−8) which is resonating near the reversal layer. We
have further analyzed the resistive g-mode with the help of DELCO and GWRM
and studied the effects of heat conduction on the linear stability of this mode. The
results show that, at high Lundquist number and poloidal beta, heat conductivity
causes linear growth rate to be only weakly dependent on the Lundquist number.
This is consistent with our earlier results on the effects of thermal conduction on
the linear stability of pressure-driven modes in paper I.

Author’s contribution

Paper I

The author has done most of the work, including writing and running the two ∆′

codes, writing out the linearized and normalized resistive MHD equations including
heat conductivity, major parts of the analytical derivations and productions of the
figures. The author was also responsible for writing the paper, including formulating
the conclusions, and for handling the submission process.

Paper II

The thesis author took a decisive part in selecting the three numerical methods
employed in this paper, carried out the numerical computations and analyzed the
outcome of these. The author also produced the tables and wrote corresponding
parts of the paper.

Paper III

The author analyzed the equilibrium data that was earlier produced in nonlinear
numerical computations, determined analytical functions that approximated the
data and applied the codes and methodology produced by him for analyzing the
resistive stability of these equilibrium. The author also wrote the major part of the
theoretical analysis and result section.
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Paper IV

The author wrote the 4- page paper and did the calculations.

Paper V

The author contributed with details to the 4-page paper, which was written by J.
Scheffel.



Chapter 6

Conclusions

In this thesis, we have studied the effects of heat conduction on the linear stability
of pressure-driven modes in the reversed-field pinch (RFP). For this purpose, the ∆′

code DELCO, based on the asymptotic matching technique, and an initial-value
code GWRM have been developed. In DELCO, the contribution of resistivity is
included in only a thin layer while GWRM treats all the linearized MHD terms
including ohmic heating and heat conduction. One of the novelties in the analysis
is the inclusion of finite pressure effects in DELCO and benchmarking it with the
GWRM results.

GWRM is a generalization of the spectral residual method to the time and
parameter domains. Chebyshev polynomials have been employed as trial basis
functions in all spatial, temporal and parameter domains. In this thesis, we have
demonstrated the increase in computational efficiency of GWRM by the introduc-
tion of subdomains in space and time. We have presented three different subdomain
methods, and have tested them on different problems including linearized MHD.

In another study, both these codes have been employed to carry out a com-
parative analytical and numerical investigation of heat conduction effects on the
linearized resistive g-mode in RFP plasmas. In a recent ∆′ analysis carried out
by Lütjens et al and Bruno et al, it was demonstrated that the heat conduction
effects cannot be ignored inside the resistive layer due to the anomalous radial heat
conductivity. In the classical delta prime analysis, the RFP, due to its bad mag-
netic field line curvature, is always destabilized due to these modes. We have found
that for tearing stable plasmas and for small values of βθS1/2

0 , heat conductivity
may stabilize the resistive g-modes. However, for larger values relevant for an RFP
reactor, heat conductivity alters the scaling of the growth rate to be only weakly
dependent on the Lundquist number i.e. γ ∼ S−1/5

0 .

This thesis also includes numerical analysis of confinement improvements for
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an optimized RFP scenario using a static current profile control. The simula-
tions are run with the help of the fully-nonlinear resistive MHD code, DEBSP.
In these studies, a three-fold increase in energy confinement, a 30 % increase
in poloidal beta and reduced edge heat fluxes have been found in comparison
to a conventional RFP. However, the high confinement period is interrupted by
a sudden crash, which results in lower normalized pressure values undermining
the confinement time. We have studied the pressure profile before and after the
crash using the linear stability analysis by DELCO and GWRM. The primary
driving agent for this crash is recognized to be a pressure-resistive mode, which
is resonant near the reversal layer. In other words, the heat conduction effects
on the linear stability of this mode, in the case of a Lundquist number relevant
for the advanced RFP, remain insufficient to stabilize the pressure-driven mode.
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