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Abstract

In this thesis we study wireless networks modeled by the additive white Gaussian
noise (AWGN) model. The AWGN capacity region of most network topologies
is unknown, which means that the optimal transmission scheme is unknown as
well. This motivates the search for capacity approximations and for approximately
optimal schemes. Deterministic channel models have been proposed as means to
approximate the AWGN model within a constant additive gap. We consider two
particular models, the linear finite-field model (LFFM) and the discrete superposi-
tion model (DSM).

In the first part of the thesis we utilize the LFFM to design transmission schemes
for layered relay networks in the AWGN model. We show that if a transmission
scheme in the LFFM satisfies a certain set of coordination constraints, it can be
translated to the AWGN model. A form of hierarchical modulation is used to build
multiple transmission layers. By analyzing the performance in the AWGN model,
we show that the AWGN rate is at most a constant gap below the LFFM rate.

In the second part, we use the DSM to approximate the capacity and secrecy
capacity of AWGN networks. First, we prove that the DSM capacity of some
topologies is within a constant gap to the corresponding AWGN capacity. The
topologies are given by the partially cognitive interference channel (PCIFC), a
class of multiple-unicast networks, and a class of relay networks with secrecy con-
straints, respectively. Then, we approximate the capacity in the DSM. We bound
the capacity of the point-to-point channel, the capacity regions of the multiple-
access channel and the broadcast channel, as well as the secrecy capacity of parallel
relay networks (PRN) with an orthogonal eavesdropper and conventional relays.
Furthermore, we find inner bounds on the capacity region of the PCIFC. This
approach yields achievable rate regions for the PCIFC in the AWGN model and
the AWGN secrecy capacity of the PRN within a constant gap.
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Chapter 1

Introduction

1.1 Can We Build a Wireless Internet?

The Internet has a tremendous impact on modern society. A vast amount of infor-
mation is made instantly available to everyone who is willing to spend a marginal
fee. Beyond information, the Internet provides entertainment, social contacts, and
it has become a crucial tool for virtually every business interaction. Through cellu-
lar networks, the Internet is available wirelessly on cellphones and portable comput-
ers almost everywhere and at any time. It is this ubiquity that makes the Internet
indispensable to many.

It should be noted, though, that today’s wireless Internet is wireless only to
a small extend. In most cases only the last link to the mobile device is wireless;
the rest of the network consists of wired links between stationary computers. An
interesting questions is, whether it is desirable and possible to build an entirely
wireless Internet.

Such a wireless network would certainly have benefits: It would not rely on
a wired backbone network, which might not exist in undeveloped areas or might
be temporarily unavailable due to failure or overload. A network of self-organizing
wireless nodes could be easily built and maintained only by deploying and replacing
single nodes [ASSC02]. A wireless architecture would likely be most efficient in
situations where most data traffic is local, such as in domestic networks, offices or
classrooms.

The major challenge for a wireless network is interference: A transmission is
received not only by the intended node, but by all nodes within reach, which are
receiving at the same frequency. A simple solution to this problem is to use orthog-
onal channels. The transmissions might be scheduled and executed one-by-one to
create orthogonality in time. They might also use different carrier frequencies or
more sophisticated schemes like code division multiple access (CDMA). The vast
majority of today’s wireless systems use orthogonal transmission, mainly because
it can be implemented with reasonable effort in real-world systems.

1



2 Chapter 1. Introduction

However, by assigning dedicated parts of the channel to each transmission, the
channel is generally underutilized. This is because interference is at the same time
an opportunity. As an example, consider the relay channel (RC), consisting of a
transmitter, a receiver and a relay, which can overhear the transmission and assist
by transmitting its own signal. It is intuitively clear and analytically provable
that the relay can improve the data rate [Kho11]. This is partly because the relay
is altruistic. Though, the same effect can be seen for the interference channel
(IFC), which consists of two competing transmitter-receiver pairs. Although the
transmissions are interfering, the transmission rates can be increased by allowing
the pairs to operate simultaneously [HK81].

Why is this gain of cooperative communication not utilized? There might be
two main reasons: First, concurrent transmission requires a large amount of co-
ordination [SGL06]. The nodes have to exchange information about their channel
conditions and negotiate the transmission scheme. Furthermore, the transmissions
have to be accurately synchronized in time. Second, the benefits from cooperative
communication are mostly unclear. Even the performance of the two small exam-
ples mentioned above is unknown. There is little understanding of the performance
of general network topologies, such as the wireless Internet we envisioned in the
beginning.

In this thesis we will solely discuss the second issue. One might argue that the
first issue is of much higher importance, since all sophisticated transmission schemes
are worthless if they cannot be implemented in practice. However, only fundamen-
tal understanding can assess to what extend and in what situations cooperative
communication is beneficial. Furthermore, the insights gained from studying an
idealized system may help in designing transmission schemes for real-world sys-
tems.

The modest contribution of this thesis cannot answer the question whether
we can build a wireless Internet. A large amount of research in diverse fields is
needed to specify all requirements for such a network; or potentially to explain its
impossibility.

1.2 Deterministic Channel Models

A common model for wireless communication is the additive white Gaussian noise
(AWGN) model. The model assumes that interfering signals are superimposed lin-
early at the receiver. Furthermore, there exists additive white Gaussian noise at the
receivers. We will introduce the model in Section 2.3.1 in more detail. The Gaus-
sian noise models the thermal noise caused by the amplifiers and other components
of the receiver circuitry, but also the influence of interference that is unstructured or
too weak to be decodable. The AWGN model can be theoretically justified by the
central limit theorem [Weia]: The sum of a large number of sufficiently well-behaved
random variables is approximately Gaussian distributed.
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In large parts of this thesis we are interested in the capacity region of a com-
munication network. The capacity region is an information theoretic performance
measure. It describes the maximum transmission rates under certain asymptotic
conditions; details are presented in Section 2.1.4. Unfortunately, it is difficult to
determine the capacity region of AWGN networks. As we discuss in the subsequent
section, the capacity region could only be found for very small networks. Even for
simple examples, such as the RC or the IFC, the capacity (region) is unknown.

A common approach in solving difficult problems is to seek an approximate
solution. Suppose we are interested in the performance at high signal-to-noise
ratio (SNR). In this regime, an approximation within a constant additive gap is of
interest. This is because at high SNR the capacity takes large values, which renders
the constant gap negligible. The approach is closely related to the notion of the
degrees of freedom (DoF). The DoF df of the point-to-point channel is defined as

df = lim
SNR→∞

C(SNR)

log SNR
, (1.1)

that is, the scaling of the capacity C with log SNR. An equivalent expression of
(1.1) would be

C(SNR) = df log SNR+ κ(SNR), (1.2)

where κ(SNR) is a function that scales below log SNR, that is, κ(SNR) = o(log SNR),
using the little-o notation [Weib]. To approximate C(SNR) within a constant gap,
we have to find an expression of the form (1.2), where κ does not depend on the
SNR. Furthermore, we seek to quantify κ in order to assess what values of the SNR
are needed to make the impact of κ vanish.

There exist various methods to find such approximations. We are particularly
interested in an approach that uses a deterministic channel model. Due to the
simplified, deterministic channel interaction, it might be easier to find the capacity
region in the deterministic model. Moreover, if the deterministic model is a good
approximation for the AWGN model, the capacity region in the deterministic model
might be within a constant gap to the AWGN capacity region.

The correspondence is illustrated in Figure 1.1, which is a reproduction of a
slide used by Tse in his plenary talk at the Conference on Information Sciences and
Systems (CISS) 2008 [Tse08]. The sketch assumes that the deterministic model can
be analyzed exactly. The delicate part of the approach is the so-called perturbation
from the deterministic model back to the AWGN model. In the next section we will
discuss what is meant by the perturbation in the two deterministic models under
consideration.

The idea of using deterministic models to approximate the AWGN model is
attributed to Avestimehr, Diggavi and Tse. Their work appeared first in a series
of conference contributions [ADT07a, ADT07b, ADT08], followed by Avestimehr’s
PhD thesis [Ave08] and the journal paper [ADT11]. Deterministic models had
previously been studied in [Are80] and [RK06]. However, those models do not take
interference into account and therefore have limited capabilities in modeling AWGN
networks.
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Deterministic networkGaussian network

Approximate analysis Exact analysis

Deterministic model

Perturbation

AWGN Linear Finite Field

Figure 1.1: Concept of approximating the AWGN capacity by deterministic mod-
eling.

1.3 Previous Work

In this section we survey the work that builds the foundation for the contributions
of the thesis. We will mainly discuss the progress made in deterministic channel
modeling and in finding the AWGN capacity regions of some important topologies.

1.3.1 Deterministic Channel Models

The linear finite-field model (LFFM) was introduced by Avestimehr et al. in the
line of work [ADT07a, ADT07b, ADT08, Ave08, ADT11]. The authors found the
capacity Č of relay networks in the LFFM. The coding scheme in the LFFM
network can be used as a guideline to design coding schemes for the corresponding
network in the AWGN model. It should be noted, though, that no immediate
connection between the capacity region in the LFFM and the capacity region in
the AWGNmodel has been shown. In particular, it is not clear whether the capacity
region in the LFFM can be used to approximate the AWGN capacity region within
a constant gap. For the LFFM, the “perturbation” in Figure 1.1 refers to using
the insights gained from studying the deterministic model to design codes for the
AWGN model. Nevertheless, the LFFM capacity has been studied for networks,
such as concatenated IFCs [MDFT11] and general 2-unicast networks [WKT11a,
WKT11b]. The LFFM has been extended in [NMA12] in order to closely model
signal interactions on the IFC.

The discrete superposition model (DSM) has been introduced by Anand and
Kumar in [AK09]. However, Avestimehr should be partly credited for this second
type of deterministic models as well: The truncated deterministic model (TDM),
which he introduced in his PhD thesis [Ave08], shares some important properties
with the DSM. Also, Avestimehr showed that the capacity of relay networks in
the TDM is within a constant gap to the capacity of the corresponding AWGN
model. The same result has been shown by Anand and Kumar for the DSM by
borrowing important ideas from the former proof. Anand and Kumar extended
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their result to the capacity region of the IFC by showing that the capacity region
of the IFC in the DSM is within a constant gap of the capacity region of the IFC
in the AWGN model [AK11]. For the TDM, one part of the approximation can be
extended to the K ×K ×K network, which is a concatenation of two IFCs: The
TDM capacity region is an outer bound to the AWGN capacity region within a
constant gap. However, it is not clear if it is an inner bound as well. This result
can likely be extended to the DSM. The DSM was used as a tool to analyze networks
with broadcast traffic [KRV12]. Furthermore, a modification of the DSM has been
studied in [AK13], although this modification is a stochastic model. To the best
of the author’s knowledge, the contributions in this thesis are the only attempt to
find the capacity in the DSM in order to approximate the AWGN capacity.

1.3.2 Capacity Regions of AWGN Channels

Before stating the capacity results for multi-user channels, we shall credit the early
contributions that are the foundation of the field of information theory. In [Sha48]
and [Sha49], Shannon introduced the notion of entropy and mutual information∗ in
the form they are used in this thesis, partly building on the previous contributions
by Nyquist [Nyq28] and Hartley [Har28]. Shannon also developed the main ideas
used to prove the channel coding theorem.

Multiple-Access Channel

The multiple-access channel (MAC), defined in Section 2.4.1, consists of a single
receiver and multiple transmitters. It has first been mentioned by Shannon [Sha61].
The capacity region of the discrete memoryless MAC is known. It is commonly
credited to both Ahlswede [Ahl71] and Liao [Lia72]. The capacity region of the
MAC in the AWGN model has first been stated by Wyner [Wyn75].

Broadcast Channel

The broadcast channel (BC) consists of one transmitter, sending different messages
to multiple receivers. The channel has first been studied by Cover [Cov72]. Only the
capacity region of the degraded discrete memoryless BC is known. The achievability
and the converse are due to Bergmans [Ber73] and Gallager [Gal74], respectively.
In fact, the BC in the AWGN model is degraded, which means that its capacity
region is known.

Interference Channel

The IFC with two transmitter-receiver pairs was first studied by Ahlswede [Ahl74].
The exact capacity region of both the discrete memoryless IFC and the IFC in

∗In fact, Shannon used the difference between entropy and conditional entropy. The notion of
mutual information appears to be due to Kolmogorov [Kol56].
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the AWGN model are unknown in general. The largest known inner bound is due
to Han and Kobayashi [HK81]. An important early outer bound was found by
Sato [Sat77]. For the AWGN channel, a tighter outer bound has been found by
Kramer [Kra04] and later improved by Etkin et al. [ETW08]. Etkin at al. showed
that their bound is within a gap of 1 bit to the Han-Kobayashi inner bound, making
this the best-known characterization to date. The exact capacity region is known
only for special cases, such as in the strong interference regime [Sat78, CEG87].

The capacity region of IFCs with more than two transmitter-receiver pairs are
known only for special cases, where some of the interfering links are missing, such
as in [ZY10], or where the channel gains show some symmetry, such as in [SJVJ08].
A line of work initiated by Cadambe and Jafar [CJ08], which has received much at-
tention, assesses the DoF of the IFC by means of an interference alignment scheme.
A detailed summary of results on IFCs with more than two pairs is contained
in [Tun11].

Cognitive Interference Channel

The cognitive interference channel (CIFC), or IFC with a degraded message set, can
be motivated by the cognitive radio paradigm introduced by [MIMJ99]. The idea
of cognitive radio is to utilize communication resources more efficiently by allowing
secondary systems to share the spectrum with the legacy system. The CIFC models
this by assuming that the secondary transmitter knows the message of the legacy
system. The model has been proposed by Devroye et al. [DMT06]. Just as in the
IFC case, the capacity region of the CIFC is in general unknown. Important inner
and outer bounds are due to [RTD11] and [MGKS08], respectively. The capacity
region is known for the special cases of weak interference [WVA07, JV09] and very
strong interference [MYK07]. Furthermore, the capacity region has been charac-
terized within a constant gap [RTD10]. An extensive compilation of results for the
CIFC with two transmitter-receiver pairs is found in [RTD12]. The CIFC can be
extended to multiple transmitter-receiver pairs in several different ways, character-
ized by the different patterns of message knowledge. A symmetric scenario with a
reduced number of interfering links has been considered in [LSW07]. Furthermore,
cognitive networks with multi-antenna nodes have been studied in [ZL08, JM10].

In the partially cognitive interference channel (PCIFC), the secondary trans-
mitter knows only parts of the primary message. The PCIFC is therefore a gener-
alization of the CIFC. The capacity region of the PCIFC with strong interference
has been found in [MYK07]. Bounds on the capacity region for weak interference
have been derived in [CSVH12]. To the best of the author’s knowledge, no results
on the PCIFC with more than two transmitter-receiver pairs have been published.

Relay Networks

A relay network, defined in Section 2.4.4, consist of a single source-destination
pair and an arbitrary number of relays. We mentioned that the capacity of the
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RC, which is a relay network with a single relay, is unknown. Consequently, the
capacity of larger relay networks is unknown as well. A central achievability result
for general relay networks is due to Avestimehr et al. [ADT11]: A coding scheme
for the AWGN model motivated by the LFFM achieves a rate, which is within a
constant additive gap to the cut-set upper bound [EG81]. The gap is a multiple of
the number of nodes in the network.

Of the many possible special constellations, we consider the parallel relay net-
work (PRN) or diamond network, where each relay is connected to the source and to
the destination. This channel was first considered by Schein and Gallager [SG00].
The capacity of a class of symmetric PRNs has been found within additive and
multiplicative gaps, which do not depend on the number of nodes [ND13].

1.3.3 Other References

Transmission Schemes for Relay Networks

In Chapter 3, we use the LFFM to design transmission schemes for relay networks,
which can be used in practical systems. In this work we use hierarchical mod-
ulation [Cov72], and we find an upper bound on the error probability. For the
point-to-point channel, closed-form expressions of the error probability of hierar-
chical modulation have been found in [VA04]. Though, the expressions are not
tractable for studying communication networks.

A different approach of using the LFFM is to interpret the bit-vectors in the
LFFM as binary expansions of AWGN signals [CJS09]. If carry-overs can be
avoided, the LFFM schemes can be directly translated to the AWGN model. The
rate penalty of the scheme is immense, however, this does not manifest in the DoF
expressions.

Secrecy Capacity

Secrecy capacity is an extension of the notion of capacity. In addition to the require-
ment of reliable transmission, the message is to be kept secret from an eavesdropper,
who overhears the transmission. There is an important distinction of information-
theoretic secrecy with respect to transmission schemes using secret keys. The latter
schemes rely on secret keys – information, which is assumed to be unknown by the
eavesdropper. Furthermore, the entropy of the key is much smaller than that of the
message. This is permissible, because calculating a key of even moderate entropy
is conjectured to be computationally too hard to perform in reasonable time. On
the other hand, information-theoretic secrecy does not rely on secret keys and is
robust to an eavesdropper with infinite computational ability. The concept, which
has been invented by Wyner [Wyn75], uses the fact that the physical channel of
the eavesdropper is weaker than the channel of the intended receiver. Therefore,
the concept is sometimes referred to as physical layer security.

The secrecy capacity of relay networks has been studied by Perron et al. [PDT09,
PDT10, Per09], using the LFFM as a guideline to design codes for the AWGN
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model. In [Per09] and [MDPS11] a PRN with secrecy constraints is considered,
where some of the relays act as eavesdroppers. The model is different from the
situation, which we study in Chapter 7. In particular, the eavesdroppers cannot
listen to the transmissions of the relays.

Scaling Laws of Random Networks

A different approach of studying large communication networks was used by Gupta
and Kumar [GK00]. The authors study the scaling of the rates in random networks,
as the number n of nodes increases. The initial result was discouraging, since
the sum-rate was shown to only scale with

√
n, which means that large networks

are not beneficial. Meanwhile, this result has been challenged by a scheme using
cooperative communication [OLT07]. The cooperative scheme allows the sum-rate
to grow with n, supporting the feasibility of large wireless networks. The scaling
law of the secrecy capacity of large random networks has been studied in [KKEG12].

1.4 Outline of the Thesis

This section gives an overview on the contributions contained in the thesis. The
work of each chapter is briefly described and the papers the contribution is based
on are referenced. Note that parts of the thesis are adopted from the corresponding
papers nearly verbatim. Some papers are mentioned multiple times, since their
content is discussed in different chapters.

Chapter 2: Fundamentals

This chapter contains a brief introduction to the basics of information theory,
including the description of communication networks as graphs. We also state
fundamental results, which are used in later parts of the thesis. The chapter is
partly based on the books by Cover and Thomas [CT06] and by El Gamal and
Kim [EGK11].

Chapter 3: Transmission Strategies Derived from the LFFM

In this chapter we outline how the LFFM can be used to design transmission
schemes for layered relay networks in the AWGN model. We show that the trans-
lation of a scheme from the LFFM to the AWGN model is possible, if the scheme
is coordinated. We study two different types of coordination. The transmission
scheme in the AWGN model uses hierarchical modulation to mimic the different
layers of bits in the LFFM. For both types of coordination we quantify the perfor-
mance by finding the gap between the rate achieved by the scheme in the LFFM
and that in the AWGN model. We discuss the dependence of the gap on the net-
work parameters and we compare the performance of the two types of coordination.
The material presented in this chapter is based on the paper
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[SS12c] N. Schrammar and M. Skoglund, “Transmission strategies for wireless
relay networks obtained from linear finite-field deterministic models,”
IEEE Transactions on Communications, vol. 60, no. 8, pp. 2167–2176,
2012.

Earlier versions of this work are contained in the author’s licentiate thesis

[Sch11] N. Schrammar, “On deterministic models for wireless networks,” licen-
tiate thesis, KTH Royal Institute of Technology, 2011.

and in the papers

[SS09] N. Schrammar and M. Skoglund, “Uncoded transmission in wireless
relay networks using deterministic modeling,” in Proc. Asilomar Con-
ference on Signals, Systems & Computers, 2009.

[SS10] N. Schrammar and M. Skoglund, “Transmission strategies for Gaussian
relay networks obtained from deterministic models,” in Proc. IEEE
Global Communications Conference (GLOBECOM), 2010.

Chapter 4: Connections Between DSM and AWGN Model

In this chapter we discuss the correspondence between the DSM and the AWGN
model. In Section 4.2 we state the previously known result that the DSM capacity of
relay networks and the DSM capacity region of the IFC approximates the capacity
(region) of the corresponding AWGN networks. In Theorem 4.3 we extend this
result to the PCIFC. This work is based on

[SS13b] N. Schrammar and M. Skoglund, “New achievable rates for Gaussian
multi-user partially cognitive interference channels using the discrete
superposition model,” to be submitted to IEEE Transactions on Com-
munications, 2013.

Furthermore, in Section 4.3 we show that the AWGN capacity region of a class
of relay networks with multiple-unicast can be approximated by the corresponding
DSM capacity region. Note that this approximation is within a constant additive
gap as well as a constant multiplicative gap. This part is based on

[SS12b] N. Schrammar and M. Skoglund, “Approximating the capacity of wire-
less multiple unicast networks by discrete superposition model,” in
Proc. Asilomar Conference on Signals, Systems & Computers, 2012.

Finally, in Section 4.4 we consider the secrecy capacity of relay networks with
a single, orthogonal eavesdropper. The AWGN secrecy capacity can be bounded
from below and above in terms of the DSM of the corresponding relay network.
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Though, the gap between the bounds is not necessarily a constant. This work is
based on

[SS13a] N. Schrammar and M. Skoglund, “Approximate secrecy capacity of a
class of Gaussian relay networks,” submitted to IEEE Transactions on
Information Theory, 2013.

Chapter 5: Bounds on the DSM Capacity of Basic Channels

In this chapter we consider the capacity (region) of some small topologies in the
DSM. We illustrate the basic approaches of bounding the DSM capacity by dis-
cussing the point-to-point channel. Then we extend those techniques to the MAC
and the BC. The chapter is based on

[SS13a] N. Schrammar and M. Skoglund, “Approximate secrecy capacity of a
class of Gaussian relay networks,” submitted to IEEE Transactions on
Information Theory, 2013.

and on the author’s licentiate thesis

[Sch11] N. Schrammar, “On deterministic models for wireless networks,” licen-
tiate thesis, KTH Royal Institute of Technology, 2011.

Earlier versions of the material are contained in

[SS11] N. Schrammar and M. Skoglund, “Capacity bounds for the discrete
superposition model of the Gaussian multiple-access channel,” in Proc.
IEEE Wireless Communications & Networking Conference (WCNC),
2011.

[SAS11] N. Schrammar, M. Andersson, and M. Skoglund, “Approximate ca-
pacity of the general Gaussian parallel relay network,” in Proc. IEEE
International Symposium on Information Theory (ISIT), 2011.

Chapter 6: Achievable Rate Regions for Interference Channels

This chapter concerns the IFC, the CIFC and the PCIFC in the DSM. We mainly
find achievable rate regions, which are applicable in the weak interference regime,
where the interfering links are weaker than the direct links. This work is based on

[SS13b] N. Schrammar and M. Skoglund, “New achievable rates for Gaussian
multi-user partially cognitive interference channels using the discrete
superposition model,” to be submitted to IEEE Transactions on Com-
munications, 2013.

with earlier versions contained in
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[SWRS12] N. Schrammar, C. Wang, L. K. Rasmussen, and M. Skoglund, “On the
discrete superposition model of partially cognitive interference chan-
nels,” in Proc. Asilomar Conference on Signals, Systems & Computers,
2012.

[SFRS12] N. Schrammar, H. Farhadi, L. K. Rasmussen, and M. Skoglund, “Av-
erage throughput in AWGN cognitive fading interference channel with
multiple secondary pairs,” in Proc. International Conference on Cog-
nitive Radio Oriented Wireless Networks (CROWNCOM), 2012.

The rate region for the strong interference regime has been presented without
proof in

[SS12a] N. Schrammar and M. Skoglund, “Achievable rates for symmetric
Gaussian K-user interference channels with strong interference,” in
Proc. Nordic Workshop on System & Network Optimization for Wire-
less (SNOW), 2012.

Chapter 7: Secrecy Capacity of Parallel Relay Networks

In this chapter we approximate the AWGN secrecy capacity of the PRN with an
orthogonal eavesdropper by analyzing the upper and lower bounds in the DSM.
Although the bounds for general relay networks provided in Section 4.4 are not
within a constant gap, the bounds for the PRN are. The gap is additive and
depends on the number of relays. This contribution is contained in

[SS13a] N. Schrammar and M. Skoglund, “Approximate secrecy capacity of a
class of Gaussian relay networks,” submitted to IEEE Transactions on
Information Theory, 2013.

Chapter 8: Conclusions

The thesis is concluded by summarizing the findings and by discussing their impli-
cations. We also highlight some potential future work in the area of deterministic
models.

1.5 Contributions Beyond the Thesis

The author of this thesis contributed to the following line of work, which stud-
ies achievable rate regions for CIFCs with a secrecy constraint. The work is not
contained in the thesis.

[GLS+12a] F. Gabry, N. Li, N. Schrammar, M. Girnyk, E. Karipidis, R. Thobaben,
L. K. Rasmussen, E. G. Larsson, and M. Skoglund, “Secure broadcast-
ing in cooperative cognitive radio networks,” in Proc. Future Network
& Mobile Summit, 2012
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[GSL+12] F. Gabry, N. Schrammar, M. G. N. Li, R. Thobaben, and L. K. Ras-
mussen, “Cooperation for secure broadcasting in cognitive radio net-
works,” in Proc. IEEE International Conference on Communications
(ICC), 2012

[GLS+12b] F. Gabry, N. Li, N. Schrammar, M. Girnyk, L. K. Rasmussen, and
M. Skoglund, “On the optimization of the secondary transmitter’s
strategy in cognitive radio channels with secrecy,” accepted with minor
revision for publication in IEEE Journal of Selected Areas in Commu-
nications, 2012



Chapter 2

Fundamentals

This chapter contains fundamental definitions and properties, which are needed to
develop the contributions of the thesis. We first introduce some basics of informa-
tion theory, such as the notion of entropy, mutual information and capacity. Then,
we discuss a network model, where information is exchanged over error-free links
with finite capacity. The model is extended to include constraints on the sum-
capacity. After this, we define the three channel models used in this thesis. Finally,
we introduce the most important network topologies along with the definitions of
their capacity regions.

2.1 Information Theory Basics

2.1.1 Notation

Consider a discrete random variable X with sample space X . We will often refer to
X as the alphabet. We denote a realization of X by a lower-case x. The probability
Pr(X = x) = pX(x) of X taking the value x defines the random variable. We refer
to pX as the probability mass function (pmf). The joint pmf of two random variables
X and Y with alphabets X and Y is pXY (x, y) = Pr(X = x, Y = y). Also, the
conditional pmf of X conditioned on Y is pX|Y (x|y) = Pr(X = x|Y = y). The
definitions can be extended to vectors of random variables. We use the notation
XN = (X1, X2, . . . , XN ) for a vector of random variables. For instance, the pmf of
XN is pXN (xN ) = Pr(XN = xN ). We use a different notation for sets: Consider
a set A with corresponding random variables Xi, i ∈ A. The collection of random
variables is denoted as XA = {Xi : i ∈ A}. The corresponding pmf is pXA .

A continuous random variable X is defined by its cumulative distribution func-
tion (cdf) FX(x) = Pr(X ≤ x). The probability density function (pdf) pX(x) is the
derivative of FX(x), if the derivative is defined. We use the same notation for pdf
and pmf, but it will always be clear from the context, whether X is a continuous
or discrete random variable. Similarly, we can define the joint pdf pXY of two
continuous random variables X and Y and the conditional pdf pX|Y of X given Y .

13



14 Chapter 2. Fundamentals

2.1.2 Entropy and Mutual Information

Information theory is centered on the notions of entropy and mutual information,
which are useful descriptions of random variables and the relation between them.

Entropy

The entropy of X is defined as

H(X) = −
∑

x∈X
pX(x) log pX(x)

and can be interpreted as the information content of the random variable X. If
the logarithm is to base 2, then the entropy is measured in bits. In this thesis all
logarithms are to base 2, if no different base is stated. Similarly, we can define the
joint entropy

H(X,Y ) = −
∑

x∈X

∑

y∈Y
pXY (x, y) log pXY (x, y)

and the conditional entropy

H(X|Y ) = −
∑

x∈X

∑

y∈Y
pXY (x, y) log pX|Y (x|y).

Differential Entropy

For continuous random variables we define the differential entropy

h(X) = −
∫

pX(x) log pX(x)dx,

if the integral exists. The integral is over the support of the pdf pX . Similarly,
we can define the joint and conditional differential entropy h(X,Y ) and h(X|Y ),
respectively. As we will see in the next subsection, h(X) can in general not be
interpreted as the information content of X. In particular, h(X) can be negative.

Mutual Information

The mutual information between two discrete random variables is defined as

I(X;Y ) =
∑

x∈X

∑

y∈Y
pXY (x, y) log

pXY (x, y)

pX(x)pY (y)

= H(X)−H(X|Y ). (2.1)

It can be interpreted as the information that Y contains about X and vice versa.
The corresponding definition for continuous random variables is

I(X;Y ) =

∫

pXY (x, y) log
pXY (x, y)

pX(x)pY (y)
dxdy

= h(X)− h(X|Y ),
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where the integral is over the support of pXY . The mutual information between X
and Y conditioned on a third random variable Z is

I(X;Y |Z) = H(X|Z)−H(X|Y,Z).

For continuous random variables we have

I(X;Y |Z) = h(X|Z)− h(X|Y,Z).

2.1.3 Basic Identities and Inequalities

We now state some important properties of entropy and mutual information.

Chain Rules

By using pXY (x, y) = pY (y)pX|Y (x|y), we can show the chain rule of entropy

H(X,Y ) = H(Y ) +H(X|Y ).

It can be generalized as

H(X1, X2, . . . , XN ) =

N∑

i=1

H(Xi|Xi−1, Xi−2, . . . , X1). (2.2)

Similarly, the chain rule of differential entropy is

h(X1, X2, . . . , XN ) =
N∑

i=1

h(Xi|Xi−1, Xi−2, . . . , X1).

The chain rule of mutual information

I(X,Y ;Z) = I(X;Z) + I(Y ;Z|X)

follows from the chain rule of entropy. It holds for both discrete and continuous
random variables. In general,

I(X1, X2, . . . , XN ;Y ) =

N∑

i=1

I(Xi;Y |Xi−1, Xi−2, . . . , X1). (2.3)

Non-Negativity

The mutual information can be shown to be non-negative,

I(X;Y ) ≥ 0,

with equality if and only if X and Y are statistically independent. In conjunction
with (2.1) this yields

H(X) ≥ H(X|Y ), (2.4)
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that is, conditioning does not increase entropy. Similarly, for continuous random
variables

h(X) ≥ h(X|Y ). (2.5)

Also, the entropy H(X) is non-negative. In general, this is not true for the differ-
ential entropy. There exist continuous random variables X, for which h(X) < 0.
In particular, h(X|X) = −∞, which implies I(X;X) = ∞. On the other hand, for
a discrete random variable we have the intuitive property I(X;X) = H(X).

Markov Chain

We now consider an important property of conditionally independent random vari-
ables. Three random variables X, Y and Z form a Markov chain X → Y → Z, if
the joint pmf can be factorized as

pXY Z(x, y, z) = pX(x)pY |X(y|x)pZ|Y (z|y).

Note that in general we have

pXY Z(x, y, z) = pX(x)pY |X(y|x)pZ|XY (z|x, y),

hence, we have X → Y → Z if pZ|XY (z|x, y) = pZ|Y (z|y). The random variable Z
is said to be independent of X, conditioned on Y . This implies I(X;Z|Y ) = 0,
which yields the data-processing inequality

I(X;Y ) ≥ I(X;Z). (2.6)

Markov chains arise frequently in communication networks. Consider a transmitter
sending a signal X and a receiver receiving a signal Y . If the receiver sends a
signal X1 at its part, this signal will be independent of X conditioned on Y , that
is, X → Y → X1 forms a Markov chain.

Fano’s Inequality

Instead of forwarding the information, the receiver might create an estimate X̂
based on its observation Y . Again, this induces a Markov chain X → Y → X̂. If
we define the probability Pe of creating a wrong estimate as

Pe = Pr(X̂ 6= X),

then by Fano’s inequality [Fan61]

H(X|X̂) ≤ Hb(Pe) + Pe log(|X | − 1),

where
Hb(Pe) = −Pe logPe − (1− Pe) log(1− Pe)

is the binary entropy function.
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We can slightly transform Fano’s inequality by considering a transmission sys-
tem that accepts a message M and encodes it into a block XN of N consecutive
channel inputs. The corresponding block Y N of channel outputs is used to create
the message estimate M̂ . The transmission rate is given by R = log |M|/N . Fano’s
inequality yields

H(M |M̂) ≤ Hb(Pe) + Pe log(|M| − 1) < 1 + PeNR.

Furthermore, we see that

H(M |M̂) ≥ H(M |M̂, Y N ) = H(M |Y N ),

because conditioning reduces entropy, and because of the Markov chainM → Y N →
M̂ . This yields

H(M |Y N ) ≤ 1 + PeNR, (2.7)

which is the form we mostly use in this work.

2.1.4 Capacity and Secrecy Capacity

Next, we define the capacity of a network. For simplicity, we first consider the point-
to-point channel with a single transmitter S and a single receiver D. We construct
a code to transmit information at a rate R with arbitrarily small probability of
error. We then define the capacity as the maximum of those rates.

Point-to-Point Channel

We consider discrete memoryless channels (DMC). The point-to-point DMC has a
channel input X and a channel output Y . It is defined by the alphabets X and Y
and by the conditional distribution pY |X(x|y). The channel is memoryless in the
sense that if we send and receive blocks of channel inputs XN and outputs Y N and
there is no feedback, then the conditional distribution factorizes as

pY N |XN (yN |xN ) =

N∏

i=1

pYi|Xi
(yi|xi).

A (2NR, N) code for the point-to-point channel consists of

• a message set M = {1, 2, . . . , 2NR},
• an encoding function fS : M → XN , and
• a decoding function fD : YN → M.

The encoding function assigns a codeword xN
m of length N to each message m ∈ M.

The receiver receives a block yN of channel outputs. It maps this block to a message
estimate m̂ = fD(yN ). Define the average probability of error as

P (N)
e =

1

|M|
∑

m∈M
Pr(M̂ 6= M |M = m). (2.8)
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We say that a rate R is achievable, if there exists a sequence of codes (2NR, N)
such that

lim
N→∞

P (N)
e = 0. (2.9)

The capacity C is defined as the supremum of achievable rates. The central result
on point-to-point channel is the channel coding theorem due to Shannon [Sha48]:

Theorem 2.1. The capacity C of the DMC point-to-point channel is

C = max
pX

I(X;Y ).

Wire-Tap Channel

Next, we add an eavesdropper to the system, which observes a channel output Z.
The corresponding alphabet is Z, and Z is determined by the conditional distribu-
tion pZ|X(z|x). Our goal is to keep the message M secret from the eavesdropper.
We use a (2NR, N) secrecy code defined similarly as for the point-to-point channel.
The important difference is that the encoder fS is allowed to be stochastic. The
codeword xN is chosen according to a conditional distribution pXN |M (xN |m). In

particular, there can be multiple codewords xN representing the same message m.
Define the leakage rate as

R
(N)
l =

1

N
I(M ;ZN ).

We say that a rate R is achievable in secrecy if there exists a sequence of codes
(2NR, N), such that (2.9) and

lim
N→∞

R
(N)
l = 0 (2.10)

are fulfilled. The secrecy capacity Cs is the supremum of all rate that are achievable
in secrecy.

The constraint (2.10) is referred to as weak secrecy. The reason is that the
total leakage I(M ;ZN ) can be unbounded. This is because I(M ;ZN ) is allowed to
increase with N , though at a rate of order below N , that is, o(N). It is debatable
if this reflects the secrecy requirement of real-world systems. A more restrictive
constraint is

lim
N→∞

I(M ;ZN ) = 0,

referred to as strong secrecy. We can also define the notion of full secrecy, where
I(M ;ZN ) = 0 is fulfilled for a finite N . We will see that full secrecy can in some
cases be achieved in deterministic channel models. However, strong or even full
secrecy is difficult to achieve on stochastic channels [LPS09].

The notion of capacity and secrecy capacity can be extended to communication
networks. We will do this for some important topologies in Section 2.4. Before
that, we will discuss the description of networks as graphs in the next section.



2.2. Graphical Networks 19

2.2 Graphical Networks

In this section we describe our communication network as a graph consisting of
vertices and edges. We then introduce a simple graphical model for information
transmission, where each edge can carry a certain amount of information. This
model can be extended to a certain degree by assuming that the amount of in-
formation transmitted over a set of edges is also bounded, that is, information
transmission on one edge lowers the transmission capability of other edges. In gen-
eral, graphical networks are too simple to model wireless networks. However, they
can be used under certain conditions to derive capacity approximations.

2.2.1 Graph Model

Consider a network consisting of a set V of nodes. We model the nodes as vertices
of a graph, and we use the terms node and vertex interchangeably. Furthermore,
there exists a set E of links (i, j) from node i ∈ V to node j ∈ V. For wire-
line networks, a link is the model for a wired connection between the nodes. For
wireless networks, we introduce a link (i, j) if the transmitted signal of node i has
a significant impact on the received signal at node j, see Section 2.3.1 for details.
The links E are represented by edges in our graph model. We use the terms link and
edge interchangeably. The graph model is defined by the pair (V, E). The graph is
directed, since each link has a direction. Throughout this thesis we assume that the
graph is acyclic, that is, there exists no chain of links (a, b), (b, c), . . . , (y, z), (z, a)
in E , which links a node a ∈ V back to itself.

A communication network consists of at least one source S ∈ V and one desti-
nation D ∈ V. The source generates information, while the destination consumes
information. We refer to the remaining nodes as relays. The simplest scenario
with a single source, a single destination and multiple relays is termed unicast.
In this thesis we consider one particular scenario with multiple sources and desti-
nations, where there exist nSD source-destination pairs (S1, D1), . . . , (SnSD

, DnSD
).

Each destination Ds is only interested in the information sent by its corresponding
source Ss. This scenario is termed multiple-unicast. Note that there exist many
more transmission scenarios, where the destinations are interested in more than one
stream of information, see e.g. [EGK11, Section 15.4].

Layered networks are an important class of unicast networks. The nodes are
divided into disjoint sets L0,L1, . . . ,LH . A node i in layer Ll is only connected to
nodes in layer Ll−1. For notational convenience, we denote this layer as L(i) = Ll−1,
that is, the layer before the node i. As a consequence of the layering, layer L0

consists only of the source S, while layer LH consists only of the destination S.
Furthermore, each path between source and destination has the same length of H
hops. Figure 2.1 depicts an example network consisting of four layers.
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L1 L2L0 LH

Source S

Relay 1

Relay 2

Relay 3

Relay 4

Relay 5

Destination D

Figure 2.1: Layered relay network consisting of four layers.

2.2.2 Flow Networks

The easiest way to model communication is to assign a link capacity cij to each
link (i, j) ∈ E . The link capacity represents the maximum amount of information,
which can be transmitted from node i to node j.

Consider the unicast scenario. An immediate question is how much information
can be transmitted from the source S to the destination D. A transmission scheme
for flow networks is defined by assigning a transmission rate rij ≥ 0 to each link
(i, j) ∈ E . The rates have to fulfill the capacity constraint rij ≤ cij . Furthermore,
we consider transmission schemes with flow conservation

∑

i:(i,j)∈E
rij =

∑

k:(j,k)∈E
rjk (2.11)

at each of the relays j ∈ V. The rate R of the transmission scheme equals the flow
out of the source and the flow into the destination. Hence, the rates also have to
fulfill ∑

j:(S,j)∈E
rSj =

∑

i:(i,D)∈E
riD = R. (2.12)

We define Rach as the maximum achievable rate R, maximized over all flow as-
signments rij that fulfill (2.11) and (2.12). We will sometimes refer to Rach as the
max-flow.

In general, the value of Rach is not easy to determine. We therefore define a
second measure of rate, the min-cut. Consider the set

ΛD = {Ω : S ∈ Ω, D ∈ Ωc}

of cuts Ω, which separate the source from the destination. A cut divides the nodes
in V into the sets Ω ⊆ V and Ωc = V \ Ω. Define

Rcut = min
Ω∈ΛD

∑

(i,j)∈E:i∈Ω,i∈Ωc

cij ,

that is, for each cut Ω we sum the capacities cij of the links (i, j) that connect the
sets Ω and Ωc. We then take the minimum over all cuts that separate source and
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destination. We have the following relation, which is why Rcut is referred to as the
cut-set upper bound:

Theorem 2.2.

Rcut ≥ Rach.

A proof can be found in [EGK11, Section 15.1].
It is not clear whether or not Rcut and Rach coincide. For unicast transmission

on networks with link capacity constraints, we have the famous max-flow min-cut
theorem due to Ford and Fulkerson [FJF56]:

Theorem 2.3.

Rcut = Rach.

Note that Rcut is considerably easier to evaluate than Rach. The results on flow
networks can be extended to scenarios beyond unicast. For instance, for the multi-
cast scenario with one source sending different streams of information to multiple
destinations, we find that the min-cut rate region coincides with the max-flow rate
region. This is the famous network coding theorem [ACLY00].

2.2.3 Networks with Sum-Capacity Constraints

So far, we have considered networks that only have link capacity constraints cij . In
wireless networks, though, a transmission on one link might affect transmissions on
other links due to interference. A crude way of modeling this effect is by introducing
constraints on the sum of information flows in graphical networks.

To formulate our results, we need to define the set of links into and out of a
node j as

δin(j) = {(i, j) ∈ E : i ∈ V}
and

δout(j) = {(j, k) ∈ E : k ∈ V} ,
respectively. We call the number of links into and out of node j the in-degree

degin(j) = |δin(j)|

and the out-degree

degout(j) = |δout(j)|,
respectively. Let us now constrain the rate of information flowing into a node j by
a set function ρinj , which assigns a real value to each subset S ⊆ δin(j) of incoming

links. For each subset S the sum-flow into node j is constrained by ρinj (S), that is,
∑

(i,j)∈S
rij ≤ ρinj (S). (2.13)
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Similarly, we constrain the flows out of node j by a set function ρoutj . For each
subset S ⊆ δout(j) the sum-flow out of node j is constrained as

∑

(j,k)∈S
rjk ≤ ρoutj (S). (2.14)

Just as for the flow network, a transmission scheme is defined by assigning a
rate rij ≥ 0 to each link (i, j) ∈ E . Still, the flow conservation

∑

(i,j)∈δin(j)

rij =
∑

(j,k)∈δout(j)

rjk (2.15)

shall be fulfilled at every relay j ∈ V \ {S,D}. At the source and the destination
we need ∑

(i,D)∈δin(D)

riD =
∑

(S,k)∈δout(S)

rSk = R, (2.16)

where R is the rate of the transmission scheme. The rate assignment rij is feasible
if the constraints (2.13), (2.14), (2.15) and (2.16) are fulfilled for every node j ∈ V.
We define the rate Rach as the maximum rate R of all feasible rate assignments.

Again, we would like to characterize Rach in terms of a min-cut formulation.
Finding the value of a cut is slightly more involved than for flow networks. Consider
a cut Ω ∈ ΛD, and denote the set Econn(Ω) of links (i, j) connecting Ω and Ωc as

Econn(Ω) = {(i, j) ∈ E : i ∈ Ω, j ∈ Ωc} .

We partition Econn(Ω) into two sets P ⊆ Econn(Ω) and Pc = Econn(Ω) \ P. The
value c(Ω,P) of the link-partitioned cut defined by Ω and P is

c(Ω,P) =
∑

i∈Ω

ρouti (δout(i) ∩ P) +
∑

j∈Ωc

ρinj (δin(j) ∩ Pc). (2.17)

The interpretation is that after cutting the network into Ω and Ωc and separating
the links Econn(Ω), each node i ∈ Ω on the source-side of the cut has been assigned
the links δout(i) ∩ P. Hence, the rate that this node can potentially transmit over
the cut is ρouti (δout(i) ∩ P). Similarly, each node i ∈ Ωc can potentially receive a
rate of ρinj (δin(j) ∩ Pc) on the set of links δin(j) ∩ Pc. Note that the rate rij that
can be transmitted over a link (i, j) is constrained by ρoutj at the transmitting node

and by ρini at the receiving node. The link-partitioned cut can be interpreted as
considering only one of the constraints for each link. The information transmitted
over a cut Ω is bounded by

min
P⊆Econn(Ω)

c(Ω,P).

Therefore, the source-destination rate is bounded by another cut-set bound [LM82]:

Theorem 2.4.

Rach ≤ min
Ω∈ΛD

min
P⊆Econn(Ω)

c(Ω,P)
def
= Rcut.
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In general, the cut-set bound Rcut is not achievable on networks with sum-
capacity constraints. However, if the constraints ρouti and ρinj have a certain poly-

matroidal structure, it can be shown that Rach = Rcut can be achieved.
Consider a set N and the corresponding power set 2N . A polymatroidal function

is a set function f : 2N → R, which is

1. submodular

f(A) + f(B) ≥ f(A ∩ B) + f(A ∪ B) for all A,B ⊆ N ,

2. monotone
f(A) ≤ f(B) for all A ⊆ B ⊆ N ,

3. and fulfills f(∅) = 0.

We will sometimes refer to a polymatroidal function as polymatroid.

Example 2.1. Consider a set N , assign a value vj ∈ R
+ to each element j ∈ N

and let c ∈ R
+ be a constant. We show that the function

f(S) = max
j∈S

(vj − c)
+

is a polymatroid. To show submodularity, consider

f(A) + f(B) = max
j∈A

(vj − c)
+
+max

j∈B
(vj − c)

+

= max
j∈A∪B

(vj − c)
+
+max

j∈B
(vj − c)

+
(2.18a)

≥ max
j∈A∪B

(vj − c)
+
+ max

j∈B∩A
(vj − c)

+

= f(A ∪ B) + f(A ∩ B),

where in (2.18a) we have assumed maxj∈A (vj)
+ ≥ maxj∈B (vj)

+
without loss of

generality. Monotonicity follows because A ⊆ B means that the maximum ele-
ment of A cannot be larger than the maximum element of B. By defining that
maxj∈∅ vj = 0, we get f(∅) = 0.

Now, according to [LM82], we have the following max-flow min-cut result:

Theorem 2.5. If the sum-capacity constraints ρouti and ρinj of a unicast network
are polymatroidal functions, then

Rach = Rcut.

As the last result on graphical networks we consider the multiple-unicast sce-
nario in a network with polymatroidal sum-capacity constraints. Recall that there
exist nSD source destination pairs. Each source Ss seeks to send information to
its respective destination Ds at rate Rs. We denote the tuple of rates Rs as
R = (R1, R2, . . . , RnSD

). Ultimately, we are interested in the region R of tuples R.
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An achievable scheme in the multiple-unicast scenario is defined by nSD rate

assignments r
(s)
ij ≥ 0, s = 1, . . . , nSD for each link (i, j). We consider schemes,

where each flow s fulfills the flow conservation constraint

∑

(i,j)∈δin(j)

r
(s)
ij =

∑

(j,k)∈δout(j)

r
(s)
jk (2.19)

at every relay j ∈ V \ {S,D}. At the source Ss and the destination Ds of every
flow s we have

∑

(i,Ds)∈δin(Ds)

r
(s)
iDs

=
∑

(Ss,k)∈δout(Ss)

r
(s)
Ssk

= Rs. (2.20)

The sum-capacity constraints have to be fulfilled by all flows jointly. Define the
total flow as

rij =

nSD∑

s=1

r
(s)
ij ,

then (2.13) and (2.14) have to be fulfilled. We denote the tuple of achievable
rates Rs as Rach and the convex hull† of all achievable rate tuples as Rach.

The min-cut region of multiple-unicast can be formulated similar to the unicast
case. Recall the definition of the link-partitioned cut c(Ω,P) in (2.17). The min-cut
region R

cut is the convex hull of rate tuples Rcut = (R1, . . . , RnSD
) that satisfy

∑

s:Ss∈Ω,Ds∈Ωc

Rs ≤ min
P⊆Econn(Ω)

c(Ω,P)

for all cuts Ω ∈ ΛD. In words, the sum-rate of the source-destination pairs that
are separated by the cut Ω has to be smaller than the value of the cut. The cut-set
bound Theorem 2.2 extended to multiple-unicast yields

R
ach ⊆ R

cut. (2.21)

An achievability result can be conveniently expressed for bidirected graphs. A
bidirected graph (V, Ebidi) can be constructed from a directed graph (V, Edir) by
assigning a reverse edge (j, i) for each edge (i, j) ∈ Edir:

Ebidi =
{
(i, j), (j, i) : (i, j) ∈ Edir

}
.

Furthermore, we require that the sum-capacity constraints for links into and out
of each node j are the same, that is, ρinj = ρoutj . The following result is due
to [KRV11, KV11], which is based on [CKRV11, Theorem 2].

†The convex hull is achievable, because if two rate tuples Rach

1
and Rach

2
are achievable, we

can achieve all rate tuples on the line between Rach

1
and Rach

2
by alternating between the two

transmission strategies in a time-sharing fashion.
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Theorem 2.6. For multiple-unicast on a bidirected network with polymatroidal
sum-capacity constraints ρinj = ρoutj , the max-flow region R

ach is inner bounded as

R
ach ⊇ R

cut

µMU
,

where µMU = O(log nSD), and
R

cut

µMU
denotes a region, where each rate tuple in R

cut

is component-wise divided by µMU.

This is a weaker max-flow min-cut result, in the sense that the region R
ach of

achievable rates tuples does not coincide with the min-cut region R
cut.

2.3 Channel Models

In Section 2.1.4 we have characterized the point-to-point DMC in terms of a condi-
tional distribution pY |X(y|x). In this section we will consider more specific models
for the signal interaction of the channel. We consider three channel models, the ad-
ditive white Gaussian noise (AWGN) model, the linear finite-field model (LFFM)
and the discrete superposition model (DSM). We will define the models for a general
network described by a graph (V, E).

Throughout this thesis we will mark variables in the AWGN model, the LFFM
and the DSM with a tilde, X̃, a wedge, X̌, and a bar, X̄, respectively. We extend
this convention to the symbols for rates, capacities and other properties of the
models.

2.3.1 AWGN Model

In the AWGN model, the received signal

Ỹj =
∑

i:(i,j)∈E
hijX̃i + Ñj (2.22)

at a node j is a linear combination of the signals X̃i transmitted at the nodes i,
which are connected to j. The weights of the summation hij are referred to as chan-

nel gains. The noise Ñj ∼ CN (0, 1) is zero-mean, circularly-symmetric, complex-

Gaussian with variance E|Ñj |2 = 1. It is uncorrelated in time and the noise terms
at different nodes are statistically independent. Furthermore, the transmitted sig-
nal X̃i at each node i ∈ V has a unit power constraint E|X̃i|2 ≤ 1. This means that
all information about the noise variances and the transmit powers is concentrated
in the set of channel gains hij . Note that all variables in the AWGN model are
complex-valued.

We shall mention that this is a suitable baseband model for modulated trans-
missions at higher carrier frequencies. Furthermore, continuous-time systems can
be described by the discrete-time model above by considering optimal receive filters
and sampling. Details about this can be found in [TV05].
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Modeling a wireless network as a graph requires us to define the meaning of a
link between the nodes. In principle, the transmitted signal at a node will have
an impact on the received signal of any other node in the network, although, the
impact might be very small. We will introduce a link (i, j) between node i and
node j, if X̃i is received at node j at a power above the power of the ambient noise.
In other words, for all channel gains it holds that |hij | ≥ 1.

Throughout this work, we will assume that every node knows the whole set of
channel gains hij in the network. The assumption of channel state information
(CSI) is justified if the channels are varying sufficiently slowly, such that the re-
ceivers can estimate the channel gains by using pilot signals. The CSI is then shared
among the nodes. We assume that this initial setup time is negligible compared to
the subsequent phase of information transmission. Note that in many situations a
node needs to know only the gains of the adjacent channels to perform the decoding
and encoding operations. We will discuss the CSI requirement in more detail in
Section 3.2.3.

Furthermore, note that the DMC model discussed in Section 2.1.4 does not cover
the AWGN model, because the AWGN model is continuous-valued. However, some
of the outer bounds for the DMC, such as the cut-set bound Theorem 2.8 discussed
below, continue to hold for the AWGN model. Also, the achievability proofs for the
DMC can be applied using a discretization argument, see [EGK11, Remark 3.8].

The following is a frequently applied result on AWGN channels [Sha48]:

Theorem 2.7. The capacity C of the AWGN point-to-point channel with channel
gain h is

C = log(1 + |h|2).

2.3.2 Linear Finite-Field Model

The LFFM due to [ADT11] is designed as an approximation to the AWGN model.
The two models are linked via the set of channel gains hij , which define both the
LFFM and the AWGN model. As suggested by its name, the LFFM uses signals in
a finite field. Specifically, we consider the model in the field F2. Transmitted and
received signals can be expressed as bit-vectors of length ňmx. The length of the
vectors is determined by the largest channel gain as

ňmx = max
(i,j)∈E

⌈

log |hij |2
⌉

.

We denote the bit-vector transmitted by node i as X̌i ∈ F
ňmx
2 , and we use the

notation X̌i = (X̌i[1], X̌i[2], . . . , X̌i[ňmx])
T for its components.

The influence of the channel is to erase some of the bits: The channel from
node i to node j can support

ňij =
⌈

log |hij |2
⌉

(2.23)
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X̌2[4]

X̌2[3]

X̌2[2]

X̌2[1]

X̌2

X̌1[4]

X̌1[3]

X̌1[2]
X̌1

X̌1[1]

Y̌3[1] = X̌1[1]⊕ X̌2[3]

Y̌3[2] = X̌1[2]⊕ X̌2[4]

Y̌3[3] = X̌1[3]
3 Y̌3

1

2

Y̌3[4] = X̌1[4]

Figure 2.2: Example network in the LFFM with ň1,3 = 4, ň2,3 = 2 and ňmx = 4.

bits depending on the channel gain hij . The remaining ňmx−ňij bits are considered
lost. Looking first at the point-to-point channel with channel gain h1,2, we can
express the vector of received bits as

Y̌2 = S
ňmx−ň1,2X̌1,

where

S =










0 0 0 · · · 0
1 0 0 · · · 0
0 1 0 · · · 0
...

. . .
. . .

. . .
...

0 · · · 0 1 0










∈ F
ňmx
2 × F

ňmx
2

is a shift matrix. Note that the matrix Sňmx−ň1,2 has zero entries everywhere,
except for one diagonal of ones located ňmx − ň1,2 steps below the main diagonal.
Hence, the multiplication by Sňmx−ň1,2 within the finite field shifts the entries of
X̌1 down by ňmx − ň1,2 positions and fills zeros at the top of the vector.

Consider Figure 2.2 for a pictorial representation. Transmitters and receivers
have ňmx = 4 output bits or input bits, respectively. The inputs and outputs are
depicted as circles, and we refer to them as bit-levels. The number ňij of bits that
can be transmitted from node i to node j is depicted by ňij arrows connecting the
output bit-levels to the input bit-levels. The transmission from node 2 to node 3
consists of ň2,3 = 2 bits. Note that the two most significant bits are received on
the two least significant bit-levels due to the multiplication by S2.

Figure 2.2 also depicts how the interference of two received bits is modeled. The
incoming bits are added within the finite field, that is, modulo-2. In other words,
the receiver only has access to the XOR-sum of the interfering bits. This loss of
information in the LFFM is essentially the replacement for the influence of noise
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and interference in the AWGN model. The received signal at a node j in a general
topology is

Y̌j =
∑

i:(i,j)∈E
S

ňmx−ňijX̌i, (2.24)

where the sum is taken in the finite field F
ňmx
2 .

2.3.3 Discrete Superposition Model

The DSM defined below has been introduced by Anand and Kumar in [AK09].
However, the model has some similarity to a model introduced by Avestimehr in
his PhD thesis [Ave08]. The latter model is referred to as the truncated determin-
istic model (TDM). Using the TDM, Avestimehr made the connection between the
deterministic model and the AWGN model by proving that for some networks the
capacities in the two models are within a constant gap [Ave08].

Anand and Kumar modified the TDM in order to facilitate the calculation of the
capacity in the DSM, and they extended the results by connecting the capacities
of the DSM and the AWGN model for more general networks [AK11]. Those mod-
ifications are the key requirement for the work presented in Chapter 5, Chapter 6
and Chapter 7 of this thesis.

The DSM uses complex-valued signals in C. Due to a specific rounding opera-
tion, the received signals are complex integers. The rounding is defined as

[a] = sgn(Re(a))⌊|Re(a)|⌋+ j sgn(Im(a))⌊|Im(a)|⌋, (2.25)

where Re(a) and Im(a) are the real and the imaginary part of the complex number a,
respectively. The operation rounds both parts towards the next integer, which is
closer to zero. With this operation we can model the channel as

Ȳj =
∑

i:(i,j)∈E

[
[hij ]X̄i

]
.

Note that the outer rounding operation constrains the received signal to the set of
complex integers Ȳj ∈ Z+ jZ. The quantization noise introduced by the rounding
is essentially the replacement for the noise in the DSM.

Additionally, the input signals X̄i are constrained to take values from a discrete
set, hence the name of the model. We define the integer

n = max
(i,j)∈E

⌊
logmax

(
|Re(hij)|, |Im(hij)|

)⌋
, (2.26)

depending on the channel gains, and accordingly

D =

{

0,
2−n

√
2
,
2× 2−n

√
2

,
3× 2−n

√
2

, . . . ,
1− 2−n

√
2

}

, (2.27)
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a set of 2n equidistantly spaced real values. The transmitted signal X̄i at each
transmitter i can only take one of the 22n complex values

X̄i ∈ D + jD. (2.28)

Since in the DSM both transmitted and received signals have discrete values,
the following definition is useful.

Definition 2.1. Given two discrete random variablesX1 andX2 with alphabets X1

and X2, consider a third random variable Y = f(X1, X2), which is a deterministic
function of X1 and X2. Define the cardinality of Y as

card(Y) =
∣
∣{f(x1, x2) : x1 ∈ X1, x2 ∈ X2}

∣
∣,

that is, the number of possible values of Y .

Similarly, define the conditional cardinality of Y conditioned on X1 = x1 as

card(Y|X1 = x1) =
∣
∣{f(x1, x2) : x2 ∈ X2}

∣
∣.

For completeness, we give the definition of the TDM [ADT11]. The received
signal is

Yj =





∑

i:(i,j)∈E
hijXi







, (2.29)

where

⌊a⌉ = round(Re(a)) + j round(Im(a)), (2.30)

and round(·) denotes the common rounding to the closest integer. The transmitted
signals Xi are constrained in power E(|Xi|2) = 1 just as in the AWGN model, and
they are continuous-valued.

In view of the analysis of the capacity in the deterministic model, the TDM has
two drawbacks. First, the rounding operation is performed after the summation
of the received signals hijXi, whereas in the DSM the summation is over rounded
signals [[hij ]X̄i]. Second, the transmitted signals are only constrained in average
power. The constraint on the peak power in the DSM greatly simplifies the analysis
of the DSM capacity.

2.4 Topologies

In this section we discuss some important topologies that appear in this work.
Those are the multiple-access channel (MAC), the broadcast channel (BC) and the
interference channel (IFC). We will also consider the relay network with unicast
transmission and a special relay network, the parallel relay network (PRN).
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2.4.1 Multiple-Access Channel

The MAC consists of a single receiver D and K transmitters Sk, k = 1, 2, . . . ,K.
The transmitters seek to send independent messages to the receiver. The transmis-
sions interfere with each other, which demands precautions both at the transmitters
and at the receiver in order to enable the receiver to decode the messages of the
transmitters. One example for a MAC is the uplink phase of a cellular network,
where multiple cell phones transmit data to the base station.

The DMC MAC is defined by a set of channel inputs Xk, k = 1, 2, . . . ,K
with corresponding alphabets Xk, a channel output Y with alphabet Y and the
conditional pmf pY |X1X2···XK

(y|x1, x2, . . . , xK).

A (2NR1 , 2NR2 , . . . , 2NRK , N) code for the DMC MAC consists of

• K message sets Mk = {1, 2, . . . , 2NRk},
• K encoders fS,k : Mk → XN

k , and
• a decoder fD : YN → M1 ×M2 × · · · ×MK .

The decoder calculates the K message estimates m̂k from its channel output yN .
For convenience, we define the tuple M of messages as

M = (M1,M2, . . . ,MK) ∈ M1 ×M2 × · · · ×MK = M,

and similarly the tuple of estimates M̂ . The average probability of error is denoted
as

P (N)
e =

1

|M|
∑

m∈M

Pr(M̂ 6= M |M = m). (2.31)

A rate tuple R = (R1, R2, . . . , RK) is achievable, if there exists a sequence of

(2NR1 , 2NR2 , . . . , 2NRK , N) codes, such that limN→∞ P
(N)
e = 0. The capacity re-

gion is defined as the closure of the set of achievable rate tuples.

2.4.2 Broadcast Channel

The BC consists of a single transmitter S and K receivers Dk, k = 1, 2, . . . ,K.
The transmitter seeks to transmit independent messages to each of the receivers.
This corresponds to the downlink phase of a cellular network. The challenge is
to superimpose the different messages in a way that each receiver can decode its
intended message.

A DMC BC consists of a channel input X with alphabet X , a set of channel
outputs Yk, k = 1, 2, . . . ,K with corresponding alphabets Yk and the conditional
pmf pY1Y2···YK |X(y1, y2, . . . , yK |x).

A (2NR1 , 2NR2 , . . . , 2NRK , N) code for the DMC BC consists of

• K message sets Mk = {1, 2, . . . , 2NRk},
• an encoder fS : M1 ×M2 × · · · ×MK → XN , and
• K decoders fD,k : YN

k → Mk.
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Define the error probability P
(N)
e as in (2.31). A rate tuple R = (R1, R2, . . . , RK)

is achievable, if there exists a sequence of (2NR1 , 2NR2 , . . . , 2NRK , N) codes, such

that limN→∞ P
(N)
e = 0. The capacity region is defined as the closure of the set of

achievable rate tuples.

2.4.3 Interference Channel and Variants

The K-user interference channel (K-IFC) consists of K transmitter-receiver pairs
(Sk, Dk), k = 1, 2, . . . ,K. Each transmitter Sk wants to send a message to its
intended receiver Dk, but not to any other receiver. The K-IFC is a model for
concurrent point-to-point transmissions that interfere with each other. There is
no cooperation among the transmitters and no cooperation among the receivers,
however, we assume that the code for the whole channel is designed jointly.

Interference Chanel

A DMC IFC consists of a set of channel inputsXk, k = 1, 2, . . . ,K with correspond-
ing alphabets Xk, a set of channel outputs Yk, k = 1, 2, . . . ,K with corresponding
alphabets Yk and the conditional pmf

pY1Y2···YK |X1X2···XK
(y1, y2, . . . , yK |x1, x2, . . . , xK).

A (2NR1 , 2NR2 , . . . , 2NRK , N) code for the DMC IFC consists of

• K message sets Mk = {1, 2, . . . , 2NRk},
• K encoders fS,k : Mk → XN

k , and
• K decoders fD,k : YN

k → Mk.

Define the probability of error P
(N)
e as in (2.31). A rate tupleR = (R1, R2, . . . , RK)

is achievable, if there exists a sequence of (2NR1 , 2NR2 , . . . , 2NRK , N) codes, such

that limN→∞ P
(N)
e = 0. The capacity region is defined as the closure of the set of

achievable rate tuples.

Cognitive Interference Channel

In this work we also consider the cognitive interference channel (CIFC) and the
partially cognitive interference channel (PCIFC). In both channels there exists a
primary transmitter-receiver pair (S1, D1). This pair models the legacy system,
which owns the right to use the channel. The remaining transmitter-receiver pairs
are referred to as secondary pairs. They model a number of cognitive systems, which
can use the channel if it is under-utilized by the legacy system. The coexistence
of the systems is facilitated if the cognitive systems have some information about
the legacy system. In the information theory community, the preferred way to
model this situation is to assume that the secondary systems know the primary
message M1. The resulting model is termed the CIFC. The message knowledge
could be provided through a wired connection between the primary transmitter
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and the secondary transmitters. This model can be generalized by assuming that
the secondary transmitters have only partial knowledge of M1. We refer to this
situation as the PCIFC

The DMCmodel of the CIFC and the PCIFC are the same as the DMCmodel for
the IFC. The difference lies in the definition of the code. In the code for the CIFC,
the encoders fS,k : M1×Mk → XN

k , k = 2, 3, . . . ,K at the secondary transmitters
encode both messages m1 and mk into the block xN

k of transmitted signals. The
definition of the decoders remains the same. In particular, the secondary receivers
do not need to decode m1. The definitions of the achievable rate tuples and the
capacity region are similar to the IFC situation.

Partially Cognitive Interference Channel

To describe the code for the PCIFC, we split the primary messageM1 into two parts
M1c and M1p. The secondary transmitters know the part M1c perfectly, but they
do not have any information about M1p. We assume that there exists a wired link
from the primary transmitter to the secondary transmitters. The link is error-free
and has a capacity of Cc. Hence, the rate of the cognitive message is constrained
as

Rc = log |M1c| ≤ Cc.

A (2NR1 , 2NR2 , . . . , 2NRK , N) code for the PCIFC consists of

• K+1 message sets M1c = {1, 2, . . . , 2NRc}, M1p = {1, 2, . . . , 2N(R1−Rc)} and
Mk = {1, 2, . . . , 2NRk}, k = 2, 3, . . . ,K,

• an encoder fS,1 : M1c×M1p → XN
1 at the primary transmitter and K−1 en-

coders fS,k : M1c×Mk → XN
k , k = 2, 3, . . . ,K at the secondary transmitters

and
• a decoder fD,1 : YN

1 → M1c × M1p at the primary receiver and K − 1
decoders fD,k : YN

k → Mk, k = 2, 3, . . . ,K at the secondary receivers.

By defining M1 = (M1c,M1p), the probability of error can be expressed as in the
IFC case. The definitions of an achievable rate tuple and the capacity region are
the same.

2.4.4 Relay Networks

Consider a relay network consisting of a source S, a destination D and a set R
of relays. For simplicity, we just assign a number to each of the relays, that is,
R = {1, 2, . . . , |R|}. The discrete memoryless model of this network consists of
channel inputs XS and Xr, r ∈ R at the source and the relays with alphabets XS

and Xr, respectively, channel outputs YD and Yr, r ∈ R at the destination and the
relays with alphabets YD and Yr, respectively, and a conditional pmf

pYDY1···Y|R||XSX1···X|R|(yD, y1, . . . , y|R||xS , x1, . . . , x|R|).

A (2NR, N) code for this network consists of
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• a message set M = {1, 2, . . . , 2NR},
• an encoder fS : M → XN

S at the source,
• |R| time-dependent transcoders fr,i : Yi−1

r → Xr for i = 1, 2, . . . , N at the
relays, and

• a decoder fD : YN
D → M at the destination.

At each time i, the transcoders map their received signals yi−1
r from the past into

their transmitted signal xr,i = fr,i(y
i−1
r ). The destination calculates a message esti-

mate m̂ = fD(yND ) based on the whole block yND of received signals. The probability
of error can be defined as in (2.8) for the point-to-point channel. The definition of
an achievable rate and the capacity are the same.

The following cut-set bound is an important upper bound on the capacity C of
relay networks [EG81]:

Theorem 2.8.

C ≤ max
pXSX1···X|R|

min
Ω∈ΛD

I(XΩ;YΩc |XΩc),

where ΛD is the set of all partitions of the nodes into two sets Ω ⊆ R∪{S,D} and
Ωc = R∪ {S,D} \ Ω, such that S ∈ Ω and D ∈ Ωc.

Relay Networks With an Orthogonal Eavesdropper

We now add a secrecy constraint to our relay network. Consider a single eavesdrop-
per E, who wants to intercept the message M . The eavesdropper can listen to a set
L ⊆ R ∪ {S} of transmitters on orthogonal channels. We say that the channels of
the eavesdropper are orthogonal, if the eavesdropper’s observation Zj , j ∈ L about
the transmitted signal Xj is part of a Markov chain Xi → Xj → Zj for every i 6= j.
In words, the observation Zj depends on the other transmitted signals Xi only
through the signal Xj . The eavesdropper’s channels are defined by the conditional
pmf’s pZj |Xj

(zj |xj). Possible motivations for studying networks with an orthogonal
eavesdropper are discussed in Section 4.4. Figure 2.3 depicts a relay network with
three relays. The eavesdropper listens to the set L = {S, 1, 2} consisting of the
source and two of the relays.

A (2NR, N) secrecy code is defined in the same way as the code for the relay net-
work, except that the encoder fS and the transcoders fr,i are in general stochastic
functions. We consider a special type of relay networks where the transcoders are
deterministic. We refer to such a network as a network with conventional relays.
Note that the encoder fS at the source is stochastic in both cases.

If we define the leakage rate as

R
(N)
l =

1

N
I(M ;ZN

L ), (2.32)

then the weak secrecy constraint is (2.10), similar as in the wire-tap channel. A
rate R is achievable in secrecy if there exists a sequence of secrecy codes (2NR, N),
such that both the secrecy constraint (2.10) and the reliability constraint (2.9) are
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Figure 2.3: Relay network V = {S, 1, 2, 3, D} (lightly shaded) with three relays,
connected by the edges E = {(S, 1), (S, 3), (1, 2), (2, D), (3, 2), (3, D)}. The eaves-
dropper E listens to the set L = {S, 1, 2} (darkly shaded).

fulfilled. The secrecy capacity Cs is the supremum of all rates that are achievable
in secrecy.

Parallel Relay Network

The PRN is a relay network, where each relay is connected to the source S and
the destination D. There exist no additional connections between the relays and
no connection between the source and the destination. Hence, the relays form a
parallel layer. Consider Figure 7.2 on page 137 for a sketch of a PRN with an
orthogonal eavesdropper.



Chapter 3

Transmission Strategies Derived

from the LFFM

In this chapter we discuss how the linear finite-field model (LFFM) due to [ADT07a,
ADT11] can be utilized to design transmission strategies for the additive white
Gaussian noise (AWGN) channel model. The key challenge is the two different
ways in which interference is handled in those two models. In the LFFM there
is a simple way of interference cancellation. Since the addition in (2.24) is in the
finite field F

ňmx
2 , we can cancel a transmission by a second transmission of the same

bit. Figure 3.1 shows an example of this interference cancellation. Node S seeks to
transmit two bits to node D, but node I interferes with the transmission. Node S
can cancel the interference by adding the interfering signal X̌I modulo 2 to its
signal X̌S . The signal X̌I cancels at node D, hence, the signal X̌S is received free
of interference.

It is tempting to assume that this kind of interference cancellation is possible in
the AWGN model as well. The two transmissions could just have opposite phase
and hence cancel. However, this kind of cancellation depends on the phase of the
signal. Hence, interference that cancels at one receiver might not cancel at another
receiver. In the LFFM, though, interference cancellation is independent of the
phase. It is sufficient for two signals to be received at the same bit level in order

S

I

Y̌D[1] = X̌S[1]

Y̌D[2] = X̌S[2]

X̌S[1]⊕ X̌I [1]

X̌S[2]⊕ X̌I [2]

X̌I [1]

D

X̌I [2]

Figure 3.1: Example of interference cancellation in the LFFM.
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to cancel.
We conclude that due to the different ways of interference modeling in the LFFM

and in the AWGN model, a transmission strategy that works for one model might
not work for the other. Hence, if we aim at using the LFFM to design transmission
strategies for the AWGN model, we have to constrain the strategies in the LFFM to
make the translation into the AWGN model possible. We refer to those constrained
strategies as coordinated strategies.

In this work we consider a layered relay network. We analyze two different
types of coordination, namely full coordination and partial coordination defined in
Section 3.2.1. We analyze the coordination types in Section 3.3.1 and Section 3.3.2,
respectively. In both cases we show that the rate in the AWGN model equals the
rate in the LFFM minus a constant gap G. We find an upper bound on the gap
and show that it is independent of the channel gains in the network.

3.1 Generalized Linear Finite-Field Model

Before we begin our analysis, we introduce a generalization of the original LFFM as
it was defined by Avestimehr and introduced in Section 2.3.2. Define the number ňij

of bit transmissions from transmitter i to receiver j as

ňij = ⌈logϑ |hij |⌉ , (3.1)

and define
ňmx = max

i,j
ňij

in the usual way. The difference with respect to (2.23) lies in taking the logarithm
to a general base ϑ ≥

√
2. Our generalization includes the original definition of

Section 2.3.2, where ϑ =
√
2. However, the general definition allows us to explore

a larger range of models.
Note that the number of bits ňij captures only some part of the channel gain hij .

In order to express hij as a function of ňij , we have to introduce a residual channel
gain ǧij as follows

hij = ϑňij ǧij . (3.2)

We need |ǧij | ∈ (ϑ−1, 1] to compensate for the rounding and arg(ǧij) ∈ [0, 2π) to
compensate for the absolute value operation. The residual channel gain ǧij captures
the inaccuracy of the LFFM. We have to account for this inaccuracy if we translate
transmission strategies from the LFFM to the AWGN model.

3.2 Transmission Schemes

In this section we define the terms fully coordinated and partially coordinated
transmission. Furthermore, we present the transmission strategy for the AWGN
model based on hierarchical modulation, and we discuss the amount of channel
state information (CSI) and coordination required to operate the transmission.
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3.2.1 Coordination

Coordination is the key to the translation of a transmission scheme from the LFFM
to the AWGN model. The more restrictive the coordination is in terms of inter-
ference in the LFFM, the easier it is to translate it to the AWGN model. The
gap G between the rate in the LFFM and the rate in the AWGN model will be
small. On the other hand, coordination decreases the rate in the LFFM, because a
restrictive interference policy limits the possibility of finding a transmission scheme
that yields a high rate. Which amount of coordination maximizes the rate in the
AWGN model, depends on the specific topology and on the channel gains hij . We
explore this trade-off by considering two types of coordination: full coordination
and partial coordination.

Another trade-off is introduced by the parameter q ∈ N. While performing
coordination we translate blocks of q adjacent bits in the LFFM into a quadrature
phase-shift keying (QPSK) symbol in the AWGN model. In this generalized inter-
pretation of the LFFM each bit in the LFFM corresponds to q/2 bits of information
in the AWGN model. Translating a scheme from the LFFM to the AWGN model
is easier for larger q, which reduces the gap G.

Definition 3.1. A transmission scheme in the LFFM is fully coordinated if it fulfills
the following two constraints.

1. Bit-transmissions are received interference free, that is, each receiver receives
at most one bit on each bit-level.

2. Transmissions consist of q adjacent bit-transmissions. We refer to the blocks
of bits as q-blocks.

c ©
I
E
E
E

2
0
0
9

Figure 3.2: Example of the LFFM with ňmx = 6 signal levels (circles) and ňij

bit-transmissions (arrows). Solid arrows form a fully coordinated transmission for
q = 2.
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Figure 3.2 gives an example of a fully coordinated transmission with q = 2.
The network consists of a source S, a destination D and four relays. The bit-
transmissions are depicted as arrows and the number of arrows connecting two
nodes is given by ňij . The solid arrows represent a fully coordinated transmission:
By not using the dashed arrows, we avoid interference at all nodes, which fulfills
the first item of Definition 3.1. Note that the solid arrows form pairs to fulfill
the second item for q = 2. A larger value of q would result in a more restrictive
coordination, which can reduce the rate in the LFFM.

Definition 3.2. A transmission scheme in the LFFM is partially coordinated if it
fulfills the following constraints.

1. Transmissions consist of blocks of q adjacent bit-transmissions. We refer to
those blocks as q-blocks.

2. A receiver may receive interfering bits on the q(G+I) lowest bit-levels, where
I is a design parameter and G is the performance gap determined later. On
the bit-levels above, only the reception of single bits is allowed.

3. A receiving node j resolves a number of ρj q-blocks Q̌1, Q̌2, . . . , Q̌ρj
in a

successive manner. The q-blocks have to fulfill the condition (3.3) below.
Define the highest occurrence Q̌k,high of the q-block Q̌k as the occurrence of
the q-block Q̌k at the upper-most position in the received signal Y̌j . We say
that a q-block Q̌l is affecting Q̌k, if any of the bits of Q̌l are received on the
same or on a higher bit-level than the lowest bit of Q̌k,high. Define the set

Ak =
{
Q̌l : Q̌l is affecting Q̌k

}

of q-blocks affecting Q̌k. A partially coordinated transmission scheme fulfills
the set of conditions

A1 = ∅,
A2 ⊆ {Q̌1},
A3 ⊆ {Q̌1, Q̌2},
Ak ⊆ {Q̌1, . . . , Q̌k−1}.

(3.3)

4. Acting as a transmitter, a node i may transmit the ρi resolved q-blocks
at any position in the transmitted signal X̌i. The q-blocks that were not
resolved can be transmitted as an entity. This means they have to remain in
the same order and at the same distance to each other, but the entity may
be shifted up or down.

Figure 3.3 shows an example of a partially coordinated transmission for a single
node. Transmissions of q-blocks approach from above, and each q-block consists of
q = 3 bits. For this example we choose G = I = 2, hence, reception of interfering
bits is allowed on the lowest q(G+ I) = 12 bit-levels on the left side of the dashed
line. Superpositions of multiple q-blocks are depicted by thick arrows, while single
q-blocks are depicted by thin arrows.
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Q̌2

ňmx5q4q3q2q2 q1

Q̌5,highQ̌6,high

+Q̌7,high +Q̌1 Q̌4,high Q̌1

Q̌3,high

+Q̌2 Q̌2,high Q̌1,high

Q̌6 + Q̌7 Q̌5 c ©
I
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E
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0

Figure 3.3: Example of a partially coordinated reception and transmission with
q = 3 and G = I = 2 in the LFFM. q-blocks and superpositions of q-blocks are
depicted as thin and thick arrows, respectively.

We find that A1 = ∅, because Q̌1,high is not affected by any other q-block.
However, Q̌1 affects Q̌2,high, and therefore A2 = {Q̌1}. The third q-block Q̌3,high is
affected by Q̌1 and Q̌2, both because Q̌3,high is received in the superposition Q̌3,high

+ Q̌2, and because Q̌3,high is interfered by higher occurrences of Q̌1 and Q̌2. This
yields A3 = {Q̌1, Q̌2}. In the same way, we find the sets A4 = {Q̌1, Q̌2, Q̌3} and
A5 = {Q̌1, Q̌2, Q̌3, Q̌4}. Note that Q̌6,high and Q̌7,high affect each other, therefore
A6 6⊂ A7 and A7 6⊂ A6. Thus, in this example the node can resolve ρ = 5 q-blocks.

The node may forward the resolved q-blocks on any position in its transmitted
signal depicted in the lower part of Figure 3.3. In this example, it forwards the
q-blocks Q̌2 and Q̌5. The q-blocks Q̌6 and Q̌7 could not be resolved, thus, if the
node chooses to forward them, it can only shift them to a different position.

3.2.2 Hierarchical Modulation

The definitions of coordination might appear arbitrary. In fact they are only
meaningful in combination with the following definition of hierarchical modula-
tion. Hierarchical modulation allows for the transmission of information on differ-
ent amplitude layers. In particular, we consider the transmission of QPSK symbols
Q̃ ∈ {1+j, 1−j,−1+j,−1−j}. If the QPSK symbols are received with sufficiently
different amplitude and at sufficiently large SNR, they can all be resolved, much
like the q-blocks in the LFFM. Recall that full coordination does not allow any
interference of bits in the LFFM. In the corresponding AWGN model this means
that the QPSK symbols have sufficiently different amplitude to be resolvable.

On the other hand, partial coordination permits interference of bits to a certain
extend. Again, q-blocks in the LFFM are represented by QPSK symbols in the
AWGN model. The third item of Definition 3.2 guarantees that the QPSK symbols
can be resolved. The condition (3.3) reflects the successive resolution: A q-block
Q̌k may only be affected by q-blocks Q̌1, . . . , Q̌k−1, which have been resolved pre-
viously. Recall that a q-block Q̌l is affecting Q̌k, if it interferes with the highest
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occurrence of Q̌k. This highest occurrence corresponds to the QPSK symbol with
highest amplitude, which we want to resolve in the AWGN model. Hence, the
condition (3.3) guarantees that all ρj QPSK symbols can be resolved with high
probability.

Finally, hierarchical modulation incorporates a super symbol. This super symbol
contains all unresolved QPSK symbols. The receiver may forward those symbols
in an amplify-and-forward fashion. Consequently, the amplitude of the individual
unresolved QPSK symbols cannot be alternated. This motivates the fourth item of
Definition 3.2.

Definition 3.3. A transmitter in layer Lh, which is h hops away from the source S
and is using hierarchical modulation transmits a signal

X̃
(h)
i = a

ti−1∑

k=0

ϑ−bikQ̃ik + aϑ−biti Q̃
(h)
i , (3.4)

consisting of ti QPSK symbols Q̃ik ∈ {1 + j, 1 − j,−1 + j,−1 − j} at different

amplitudes ϑ−bik as well as a single super symbol Q̃
(h)
i at amplitude ϑ−biti . The

exponents bik have a spacing of |bik − bil| ≥ q for k 6= l, and bik ≥ 0.

Hierarchical modulation can be used to translate both fully coordinated and
partially coordinated schemes. The main difference of partial coordination with
respect to full coordination is the possibility to forward unresolved q-blocks. Those

q-blocks are translated into the super symbol Q̃
(h)
i . For full coordination we do not

need a super symbol, that is, Q̃
(h)
i = 0.

3.2.3 Channel State Information and Information Exchange

The schemes described in this section require CSI for two purposes: for finding the
optimum coordination, which maximizes the end-to-end rate and for estimating the
QPSK symbols Q̃ik at the destination and possibly at relay nodes.

We propose two possible solutions to this problem. First, under the assumption
of perfect global CSI, each node can find the optimum coordination locally and
estimate the QPSK symbols. Second, we might assume only local CSI to estimate
the QPSK symbols. Only the respective receivers require CSI, which can be ob-
tained by using training sequences. The optimum coordination needs to be found
by a governing entity, which might be the source, the destination or another node.
Since coordination is performed in the LFFM, the governing entity only needs CSI
in the form of the number of bits ňij due to (3.1). The governing entity finds
the optimum coordination and tells each relay which q-blocks to forward on which
position. Hence, the governing entity receives and transmits discrete information,
which limits the required overhead. Note that all communication networks require
a way of organizing transmission and cooperation. The exchange of CSI generates
a large overhead. Performing coordination in the LFFM based on limited CSI is a
promising way of reducing it.
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3.3 Performance Analysis

In this section we analyze the symbol error probability of the hierarchical modula-
tion scheme. This yields an expression for the gap G between the transmission rate
in the LFFM and in the AWGN model. We find upper bounds on G for full coor-
dination and partial coordination, and we show that G is a constant independent
of the channel gains hij .

The general approach is to quantify the signal part, the interference part and the
noise part for the resolution of a given QPSK symbol. The signal part is simply the
QPSK symbol, which should be resolved. We find a lower bound on the amplitude
of the symbol. The interference part consists of all QPSK symbols that have not
been resolved before. By virtue of coordination, all interfering QPSK symbols have
lower amplitude than the QPSK symbol we want to resolve. We find an upper
bound on the amplitude of the sum of interfering QPSK symbols. The noise part
consists of the thermal noise at the receiver and of the QPSK symbols that are
received below noise level. In the case of partial coordination, additional noise
results from forwarding of unresolved QPSK symbols. We find an upper bound
on the variance of the aggregated noise. The bounds on the three parts – signal,
interference and noise – yield an upper bound on the error of the wrong resolution
of the QPSK symbol. By introducing a target error rate, we find an expression
for the gap G. The gap corresponds to the number of QPSK-symbols that are not
resolved by the receiver. Hence, it is the performance difference between the LFFM
and the AWGN model.

3.3.1 Full Coordination

First, we consider full coordination in the LFFM. In this case we use hierarchical
modulation without a super symbol in the AWGN model. The received signal Ỹj

at a node j is

Ỹj =
∑

i∈L(j)

hijX̃i + Ñj

=
∑

i∈L(j)

ϑňij ǧijX̃i + Ñj (3.5a)

= a
∑

i∈L(j)

ti−1∑

k=0

ϑňij−bik ǧijQ̃ik + Ñj (3.5b)

= a
∑

t:et≥1

ϑet ǧtQ̃t

︸ ︷︷ ︸

S̃j

+ a
∑

t:et≤0

ϑet ǧtQ̃t

︸ ︷︷ ︸

B̃j

+Ñj , (3.5c)

where we used (3.2) in (3.5a) and (3.4) in (3.5b). Also in (3.5c) we changed the in-
dex of the summation. We assign an index t to each pair (i, k). The corresponding
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residual channel gain ǧij and QPSK symbol Q̃ik are denoted as ǧt and Q̃t, respec-
tively. The exponent ňij − bik is denoted as et. We realize that the received signal

has a layered structure just as the transmitted signals X̃i. We denote the signal
above noise level and the remainder below noise level as S̃j and B̃j , respectively.
In order to simplify the analysis we make the following assumption.

Assumption 3.1. We assume that the sum B̃j of the QPSK symbols that are
received on noise level or below is additive white Gaussian noise with variance

E(|B̃j |2).
The assumption is justified by the central limit theorem [Weia] and the fact that

there is a potentially large number of interfering QPSK symbols with index et ≤ 0
below noise level.

The variance of the remainder B̃j is

E(|B̃j |2) = a2
∑

t:et≤0

ϑ2et |ǧt|2E(|Q̃t|2) (3.6a)

= a2
∑

i∈L(j)

ti−1∑

k=0

ϑ2(ňij−bik)|ǧik|2E(|Q̃ik|2) (3.6b)

≤ a2
∑

i∈L(j)

∞∑

l=0

ϑ−2ql|ǧik|2E(|Q̃ik|2) (3.6c)

≤ a2(|V| − 1)

∞∑

l=0

ϑ−2ql · 2 (3.6d)

=
2a2(|V| − 1)

1− ϑ−2q
,

where (3.6a) is due to the statistical independence of the QPSK symbols Q̃t; (3.6b)
breaks the sum into the contributions of the transmitters i; (3.6c) is due to the worst
case, where each transmitter i uses QPSK symbols with exponents at minimum
distance |bik − bil| = q; and (3.6d) uses |ǧik| ≤ 1, |Q̃ik| =

√
2 and the fact that the

layer L(j) can contain at most |V| − 1 nodes.
We need to adjust the scaling factor a in order to meet the power constraint

E(|X̃i|2) ≤ 1. We find

E(|X̃i|2) = a2
ti−1∑

k=0

ϑ−2bikE
(

|Q̃ik|2
)

≤ 2a2
ti−1∑

k=0

ϑ−2qk

≤ 2a2

1− ϑ−2q
,
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where the first two steps follow from similar arguments as in (3.6). We conclude
that the choice

a =

√

1− ϑ−2q

2
(3.7)

fulfills the power constraint. Hence, the variance of B̃j is E(|B̃j |2) ≤ |V| − 1. The

variance of the total noise ζ̃j = B̃j + Ñj is therefore

E(|ζ̃j |2) ≤ |V|. (3.8)

This noise disturbs the detection of the QPSK symbols. The receiver resolves
the symbols successively, beginning with Q̃res having the largest exponent, that is
res = argmaxt et. The contribution

S̃res = aϑeresQ̃res

is subtracted from the received signal Ỹj , before the next largest QPSK symbol is
resolved. All QPSK symbols with lower exponents et < eres act as interference to
the decision, because they have not been resolved, yet. We denote the interference
as

S̃int = a
∑

t:et<eres

ϑet ǧtQ̃t

= a
∑

t:1≤et≤eres−q

ϑet ǧtQ̃t, (3.9)

where (3.9) holds because q-blocks may not interfere due to Definition 3.1.

The decision about a particular QPSK symbol Q̃res is depicted in Figure 3.4,
where S̃res is marked by the cross. The interference S̃int, depicted by the arrow,
shifts the signal in any direction. We see that the worst case distance d to the
decision boundaries, depicted by dashed lines, is

d ≥ |S̃res|√
2

− |S̃int|. (3.10)

Since |ǧres| > ϑ−1, we find

|S̃res| > aϑeres
√
2/ϑ.
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d

S̃res

S̃int

S̃

Figure 3.4: Illustration of the decision about the signal S̃res (marked by the cross).
Decision boundaries are depicted by dashed lines. The interference S̃int and sum
signal S̃ correspond to the arrow and the circle, respectively.

The amplitude of the interfering signal S̃int can be upper bounded as

|S̃int| =

∣
∣
∣
∣
∣
∣

a
∑

t:1≤et≤eres−q

ϑet ǧtQ̃t

∣
∣
∣
∣
∣
∣

≤ a
∑

t:1≤et≤eres−q

ϑet |ǧt||Q̃t| (3.11a)

≤ a
∑

t:1≤et≤eres−q

ϑet
√
2

≤
√
2aϑeres

∞∑

k=1

ϑ−qk (3.11b)

=
√
2aϑeres

ϑ−q

1− ϑ−q
,

where (3.11a) is due to the triangle inequality. In (3.11b) we maximized the in-
terference by assuming that the exponents et of the QPSK symbols attain their
smallest distance of q.

We continue the successive resolution of QPSK symbols for all symbols Q̃t with
et ≥ q(G+ 1), and we refrain from resolving QPSK symbols at lower signal levels.
Hence, with eres ≥ q(G+ 1) we can upper bound the minimum distance as

d ≥ aϑq(G+1)

(

1

ϑ
−

√
2ϑ−q

1− ϑ−q

)

. (3.12)

The probability Pe of wrong decision is upper bounded by the probability that
the absolute value |ζ̃j | of the noise is larger than dmin. Since |ζ̃j | is Rayleigh dis-
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tributed, we find

Pe ≤
∫ ∞

r=dmin

2r

E|ζ̃j |2
exp

(

− r2

E|ζ̃j |2

)

dr

= exp

(

− d2min

E|ζ̃j |2

)

≤ exp

(

−d2min

|V|

)

, (3.13)

where we have used (3.8) in (3.13). Pe is the probability that one or more QPSK
symbols are resolved wrongly at a given node. Hence, it is the probability of
experiencing at least one bit error. Now we can formulate our first result.

Theorem 3.1. By translating a fully coordinated transmission from the LFFM to
a transmission in the AWGN model using hierarchical modulation we can resolve all
but G QPSK symbols at a target error probability of Pe, where G is upper bounded
as

G ≤
⌈
1

2q
logϑ

( |V| ln(P−1
e )

c(ϑ, q)

)⌉

def.
= Gupper, (3.14)

with

c(ϑ, q) =
ϑ2q − 1

2

(

1

ϑ
−

√
2

ϑq − 1

)2

.

Proof. The result follows from combining the expressions (3.7), (3.12), (3.13) and
solving for the gap G.

3.3.2 Partial Coordination

Next, we find the gap G for partial coordination by following similar arguments.

The main difference of the analysis is introduced by the super symbol Q̃
(h)
i as part

of the hierarchical modulation. The super symbol carries QPSK symbols that have
not been resolved by the receiver, which can lead to aggregation of both interference
and noise. We shall analyze the communication layer by layer starting at the first
layer, which is closest to the source.

The signal received in this layer is similar to (3.5), that is,

Ỹ
(1)
j = a

∑

t:et≥1

ϑet ǧtQ̃t + ζ̃
(1)
j ,

with E(|ζ̃(1)j |2) ≤ |V| due to (3.8). The receiver j resolves a number of ρj QPSK
symbols, corresponding to the ρj q-blocks in the coordinated LFFM transmission.
The remaining signal is scaled by a−1ϑ−er , where er is the exponent of the highest
remaining QPSK symbol. This reduces the amplitude of the highest remaining
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QPSK symbol to the amplitude of a normal QPSK symbol. The scaled remainder
forms the super symbol

Q̃
(1)
j =

∑

t:1−er≤et≤0

ϑet ǧtQ̃t

︸ ︷︷ ︸

Q̃
(1)
j,signal

+
ζ̃(1)

aϑer
︸ ︷︷ ︸

Q̃
(1)
j,noise

(3.15)

sent by node j. We denote the signal and the noise part of the super symbol as

Q̃
(1)
j,signal and Q̃

(1)
j,noise, respectively.

Before we turn to the second layer, we upper bound the absolute value and the

variance of the super symbol’s signal part Q̃
(1)
j,signal as follows.

|Q̃(1)
j,signal| ≤

∑

t:1−er≤et≤0

ϑet |ǧt||Q̃t|

≤
∑

t:1−er≤et≤0

ϑet
√
2

≤
√
2

∞∑

e=0

ϑ−qe (3.16a)

≤
√
2

1− ϑ−q
,

where (3.16a) holds because the exponents et have a distance of at least q. Similarly,

E(|Q̃(1)
j,signal|2) =

∑

t:1−er≤et≤0

ϑ2et |ǧt|2E(|Q̃t|2)

=

∞∑

e=0

ϑ−2qe2

≤ 2

1− ϑ−2q
, (3.17)

The signal received at a node in the second layer is

Ỹ
(2)
j =

∑

i∈L(j)

hijX̃
(1)
i + Ñj

=
∑

i∈L(j)

ϑňij ǧij

(

a

ti−1∑

k=0

ϑ−bikQ̃ik + aϑ−biti Q̃
(1)
i

)

+ Ñj (3.18a)

= a
∑

i∈L(j)

(
ti−1∑

k=0

ϑňij−bik ǧijQ̃ik + ϑňij−biti ǧijQ̃
(1)
i

)

+ Ñj
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= a
∑

t

ϑet ǧtQ̃t + a
∑

t:et≤q(G+I)

ϑet ǧtQ̃
(1)
t + Ñj (3.18b)

= a
∑

t:et>q(G+I)

ϑet ǧtQ̃t + a
∑

t:et≤q(G+I)

ϑet ǧtQ̃
(1)
t + Ñj (3.18c)

= a
∑

t:et>q(G+I)

ϑet ǧtQ̃t + a
∑

t:1≤et≤q(G+I)

ϑet ǧtQ̃
(1)
t,signal

︸ ︷︷ ︸

S̃
(2)
j

+ a
∑

t:1≤et≤q(G+I)

ϑet ǧtQ̃
(1)
t,noise + a

∑

t:et≤0

ϑet ǧtQ̃
(1)
t + Ñj

︸ ︷︷ ︸

ζ̃
(2)
j

,
(3.18d)

where (3.18a) is due to (3.2) and (3.4). In (3.18b) we relabeled the summation
with respect to the index t similar as in (3.5c). The second sum, which contains
the super symbols, incorporates only exponents et ≤ q(G + I). This is because
of the second item in Definition 3.2: Interfering bits may only be received at the
q(G+ I) lowest bit-levels. The step (3.18c) follows from the worst-case assumption
that all QPSK symbols at the q(G+ I) lowest bit-levels are in fact super symbols.
Finally, in (3.18d) we split the super symbols in their respective signal and noise
parts. Furthermore, we gathered the super symbols with small exponents et ≤ 0 in
a separate sum.

Now, define the signal part S̃
(2)
j and the noise part ζ̃

(2)
j of Ỹ

(2)
j as shown in

(3.18d) by the large braces. The signal part consists of QPSK symbols and the

signal parts Q̃
(1)
t,signal of super symbols. The noise part consists of the respective

noise parts Q̃
(1)
t,noise of the super symbols, thermal noise Ñj as well as the super

symbols that are received below noise level, that is et ≤ 0. Extending our previous
Assumption 3.1, we treat those symbols as noise.

Assumption 3.2. Assume that the sum

B̃
(h)
j = a

∑

t:et≤0

ϑet ǧtQ̃
(h−1)
t

of the super symbols Q̃
(h−1)
t that are received on noise level or below is additive

white Gaussian noise with variance

E(|B̃(h)
j |2).

Again the receivers resolve the QPSK symbols successively, starting with the
strongest. Consider the resolution of a particular QPSK symbol Q̃res. We denote

the signal component that contains Q̃res as S̃
(2)
res , and we find a lower bound on

its absolute value. As before, all other symbols act as interference. We denote the
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interference as S̃
(2)
int , and we find an upper bound on its absolute value. Furthermore,

we upper bound the variance of the noise ζ̃
(2)
j .

The QPSK symbol Q̃res might originate from the source node S, hence it might
have been forwarded by a node i in the first layer as part of its super symbol. In

this case S̃
(2)
res = aϑeres ǧSiǧijQ̃res and, thus,

|S̃(2)
res | ≥

√
2aϑeres

ϑ2
.

The absolute value of the interfering signal part S̃
(2)
int can be upper bounded as

|S̃(2)
int | ≤ a

∑

t:1≤et≤eres−q

ϑet |ǧt||Q̃(1)
t,signal| (3.19a)

≤ aϑeres
∑

i∈L(j)

∞∑

e=1

ϑ−qe|Q̃(1)
ie,signal| (3.19b)

≤ aϑeres(|V| − 1)

∞∑

e=1

ϑ−qe

√
2

1− ϑ−q
(3.19c)

≤
√
2a(|V| − 1)ϑeres−q

(1− ϑ−q)2
.

Note that the sum in (3.19a) contains only exponents et ≤ eres − q. Partial coordi-
nation guarantees that resolved QPSK symbol Q̃res is not interfered by any QPSK
symbols or super symbols with exponents et > eres − q. This follows because the
corresponding q-block Q̌res in the LFFM is not affected by any other q-block due to
the third item of Definition 3.2. In (3.19b) we break the sum into the contributions
of the nodes i ∈ L(j) in the layer L(j). We used the fact that the QPSK symbols
and super symbols sent by the nodes i have exponents bik, which differ by at least
q (see Definition 3.3). In (3.19c) we used the upper bound (3.16) and the fact that
each layer contains at most |V| − 1 nodes.

We upper bound the noise variance as

E(|ζ̃(2)j |2) ≤ a2
∑

t:et≤q(G+I)

ϑ2etE(|Q̃(1)
t,noise|2) + a2

∑

t:et≤0

ϑ2etE(|Q̃(1)
t,signal|2) + 1

(3.20a)

≤ a2
∑

i∈L(j)

G+I∑

e=−∞
ϑ2qe

E(|ζ̃(1)i,e |2)
a2ϑ2qG

+ a2
∑

i∈L(j)

0∑

e=−∞
ϑ2qeE(|Q̃(1)

e,signal|2) + 1

(3.20b)

≤ a2(|V| − 1)
ϑ2q(G+I)

1− ϑ−2q

|V|
a2ϑ2qG

+ a2(|V| − 1)
1

1− ϑ−2q

2

1− ϑ−2q
+ 1

(3.20c)
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=
|V|2ϑ2qI

1− ϑ−2q
− |V|ϑ2qI

1− ϑ−2q
+

2a2(|V| − 1)

(1− ϑ−2q)2
+ 1

≤ |V|2ϑ2qI

1− ϑ−2q
− |V|ϑ2qI

1− ϑ−2q
+

|V|
(1− ϑ−2q)2

(3.20d)

≤ |V|2ϑ2qI

1− ϑ−2q
.

In (3.20a) we have used |ǧt|2 ≤ 1 and the fact that the noise terms contained in ζ̃
(2)
j

are statistically independent. In (3.20b) we used the fact that each transmitter i
sends super symbols with exponents having a difference of at least q. Furthermore,

we used Q̃
(1)
t,noise = ζ̃(1)/(aϑer ) due to (3.15) and er ≥ qG, because only symbols

with exponent e ≥ qG are resolved. The step (3.20c) follows because layer L(j)
contains at most |V| − 1 nodes. Furthermore, we used the bound on E(|Q̃(1)

e,signal|2)
due to (3.17). In (3.20d) we used 2a2 ≤ 1. This is justified because it holds for a as
it was defined in (3.7) for hierarchical modulation without a super symbol. Here,
we additionally send a super symbol. Hence, a has to be even smaller. We shall
shortly find the expression (3.25) for a.

Finally, we construct the super symbol, which a receiver j in the second layer L2

forwards. Similarly as before, the receiver resolves the QPSK symbols in a succes-
sive fashion starting at the symbol with highest exponent et. Assume that after
resolving the last QPSK symbol, the remaining symbols have an exponent of at
most et ≤ er. The remainder is normalized by a−1ϑ−er , thus, the super symbol is

Q̃
(2)
j = ϑ−er

∑

t:1≤et≤er

ϑet ǧtQ̃
(1)
t,signal +

ζ̃(2)

aϑer

=
∑

t:1−er≤et≤0

ϑet ǧtQ̃
(1)
t,signal

︸ ︷︷ ︸

Q̃
(2)
j,signal

+
ζ̃(2)

aϑer
︸ ︷︷ ︸

Q̃
(2)
j,noise

.

We need to upper bound the absolute value |Q̃(2)
j,signal| and the variance E(|Q̃(2)

j,signal|2)
of the super symbol. This is analogous to (3.16) and (3.17), respectively. The
difference is that a node in the second layer L2 receives interference from all nodes
of the first layer L1. We find the bound

|Q̃(2)
i,signal| =

∑

t:1−er≤et≤0

ϑet |ǧt||Q̃(1)
t,signal|

≤
∑

i∈L(j)

0∑

e=−∞
ϑqe

√
2

1− ϑ−q
(3.21)

=

√
2(|V| − 1)

(1− ϑ−q)2
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by using the bound on |Q̃(1)
t,signal| due to (3.16) in (3.21). By following the steps of

(3.17) and using the corresponding bound on E(|Q̃(1)
e,signal|2) we find

E(|Q̃(2)
i,signal|2) ≤

∑

i∈L(j)

0∑

e=−∞
ϑ2qeE(|Q̃(1)

e,signal|2)

=
2(|V| − 1)

(1− ϑ−2q)2
.

Obviously, we can analyze the third layer L3 and all subsequent layers by con-
tinuing the above procedure. We defer the formal induction to Appendix 3.A. For
a receiver in layer Lh we find the following expressions: The absolute value of the

signal part S̃
(h)
res that should be resolved can be lower bounded as

|S̃(h)
res | ≥

√
2aϑeres

ϑh
. (3.22)

The amplitude of the corresponding interference S̃
(h)
int can be upper bounded as

|S̃(h)
int | ≤

√
2a(|V| − 1)h−1ϑeres−q

(1− ϑ−q)h
. (3.23)

The combined noise ζ̃
(h)
j at a receiver j in layer Lh has variance

E(|ζ̃(h)j |2) ≤ |V|hϑ2qI(h−1)

(1− ϑ−2q)h−1
. (3.24)

In Appendix 3.A we also find the normalization constant

a =

√

(1− ϑ−2q)H

4|V|H−1
, (3.25)

which fulfills the power constraint E(|xi|2) ≤ 1 at all transmitters i. We now
gathered all ingredients for our second theorem.

Theorem 3.2. For

q > H logϑ

(
ϑ(|V| − 1)

1− ϑ−q

)

+ logϑ

( √
2

|V| − 1

)

, (3.26)

the number G of QPSK symbols that each of the receivers does not resolve is upper
bounded as

G ≤
⌈

1

2q
logϑ

(

4 ln(P−1
e )|V|2H−1ϑ2qI(H−1)

(1− ϑ−2q)
2H−1

c2

)⌉

def.
= Gupper, (3.27)

where

c =
1

ϑH
−

√
2(|V| − 2)H−1ϑ−q

(1− ϑ−q)H
.
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Proof. With the results in (3.22), (3.23) and (3.10) we find the lower bound on the
distance

dmin ≥ |S̃res|√
2

− |S̃int|

≥ aϑeres

(

1

ϑh
−

√
2(|V| − 1)h−1ϑ−q

(1− ϑ−q)h

)

≥ aϑq(G+1)

(

1

ϑH
−

√
2(|V| − 1)H−1ϑ−q

(1− ϑ−q)H

)

.

Together with the upper bound on the noise variance due to (3.24) and with a
according to (3.25) we find a lower bound on the fraction

d2min

E(|ζ̃(H)
j |2)

≥ (1− ϑ−2q)2H−1

4|V|2H−1
ϑ2q(G+1−I(H−1))

×
(

1

ϑh
−

√
2(|V| − 1)h−1ϑ−q

(1− ϑ−q)h

)2

.

(3.28)

For the probability Pe of error we follow the same arguments as in (3.13) to find
the bound

Pe ≤ exp

(

− d2min

E(|ζ̃(H)
j |2)

)

.

Combining this with (3.28) yields

ϑ2q(G+1) ≤ ln(P−1
e )4|V|2H−1ϑ2qI(H−1)

(1− ϑ−2q)
2H−1

(
1

ϑH −
√
2(|V|−2)H−1ϑ−q

(1−ϑ−q)H

)2 . (3.29)

Next, we check the validity of the assumption (3.40) that we made in Ap-
pendix 3.A. We assumed

ϑ2q(I(H−1)−G) ≤ 2a2 = 2
(1− ϑ−2q)H

4|V|H−1
,

which yields

ϑ2qG ≥ ϑ2qI(H−1)2|V|H−1

(1− ϑ−2q)H
. (3.30)

We can relax (3.29) by replacing the left-hand side by ϑ2qG:

ϑ2qG ≤ ln(P−1
e )4|V|2H−1ϑ2qI(H−1)

(1− ϑ−2q)
2H−1

(
1

ϑH −
√
2(|V|−2)H−1ϑ−q

(1−ϑ−q)H

)2 . (3.31)
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The expression yields an upper bound on the gap G, which is required to resolve all
QPSK symbols. In particular, all symbols can be resolved if (3.31) holds with equal-
ity. For this choice of G, the assumption (3.30) is fulfilled, because the right-hand
side of (3.30) is smaller than the right-hand side of (3.31). Taking the logarithm in
(3.31) yields the result (3.27). The ceiling operation is due to the fact that G is an
integer.

A second requirement is that the distance dmin needs to be positive. This is
guaranteed if

1

ϑH
−

√
2(|V| − 1)H−1ϑ−q

(1− ϑ−q)H
> 0.

In other words, q needs to be of the order of H,

q > H logϑ

(
ϑ(|V| − 1)

1− ϑ−q

)

+ logϑ

( √
2

|V| − 1

)

.

3.4 Numerical Evaluation

In this section we evaluate and interpret the expressions of Theorem 3.1 and The-
orem 3.2 numerically. We analyze the dependency of the gap Gupper on the target
error rate Pe, the number |V| of nodes and the number H of hops. The trade-off
introduced by the parameters ϑ, q and I of the coordination is analyzed for a spe-
cific example network. Finally, we compare the performance of full coordination
and partial coordination.

3.4.1 Upper Bound on the Gap G

The expression (3.14) for Gupper in the case of full coordination can be written as

Gupper =







1

2q



 logϑ |V|+ logϑ(ln(P
−1
e ))− logϑ

ϑ2q − 1

2

− 2 logϑ

(

1

ϑ
−

√
2

ϑq − 1

) 









.

(3.32)

We see that Pe and |V| contribute to Gupper as constants. The dependency on ϑ
and q is more complicated, and we shall analyze it numerically.

Figure 3.5 shows how the upper bound Gupper depends on ϑ for some values
of q. The bound Gupper is depicted by the angled lines without markers. For
illustrational purpose we also show the expression in (3.32) without the ceiling
operation as lines with markers. A large value of ϑ results in a low value for Gupper.
This is reasonable, since a large ϑ increases the separation between QPSK symbols.
The gap increases steeply when ϑ approaches a minimum value. This minimum
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Figure 3.5: Upper bound Gupper as a function of ϑ for different q, |V| = 10 and
Pe = 10−3. Lines with and without markers depict the gap before and after the
rounding operation, respectively.

value depends on the parameter q. The increase is caused by the difference in the
last term of (3.32) approaching zero.

The expression of Gupper for partial coordination is more difficult to analyze.
Expanding the logarithm in (3.27) yields

Gupper =







1

2q



logϑ(4 ln(P
−1
e )) + (2H − 1) logϑ |V|

+ 2qI(H − 1)− (2H − 1) logϑ
(
1− ϑ−2q

)

− 2 logϑ

(

1

ϑH
−

√
2(|V| − 2)H−1ϑ−q

(1− ϑ−q)H

)









.

(3.33)

As before, the probability of error Pe results only in an additive constant. Also
the influence of the size of the super symbol margin I is apparent. Due to the last
term, which contains a difference, the influence of the number |V| of nodes, the
number H of hops, the size q of a q-block and the scaling factor ϑ is more difficult
to analyze. Governed by the requirement (3.26), the value of q is determined by ϑ,
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Figure 3.6: Upper bound Gupper as a function of ϑ for Pe = 10−3, I = 5, |V| = 10
and variable H; q is chosen according to (3.34).

|V| and H. In order to facilitate our analysis, we set

q = ⌈H logϑ(ϑ(|V| − 1))⌉+ 1, (3.34)

which leaves ϑ, |V| and H as parameters.

Figure 3.6 shows how the upper bound Gupper depends on the parameter ϑ and
the number H of hops for |V| = 10 nodes, Pe = 10−3, I = 5 and q chosen according
to (3.34). The gap Gupper decreases with increasing ϑ, which is reasonable since the
separation of the QPSK symbols increases with ϑ. The number H of hops has a
great influence on the gap Gupper. This is due to the fact that both the interference
and the variance of the noise increase with H through repeated forwarding of super
symbols. Furthermore, the influence on ϑ increases with increasing number of hops.

Figure 3.7 shows the result for a constant number H of hops and a variable
number |V| of nodes. We find that the gap Gupper is almost independent of |V|.
This is reasonable considering the difference in the last summand in (3.33). We
require q to be large enough so that the difference is positive. However, the value
of the difference and, hence, the value of the last summand is mainly determined
by the minuend ϑ−H . Since the only other influence of |V| on Gupper is logarithmic
through the second summand, the minor influence of |V| is explainable.
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Figure 3.7: Upper bound Gupper as a function of ϑ for Pe = 10−3, I = 5, H = 3
and variable |V|; q is chosen according to (3.34).

3.4.2 AWGN Rate

We saw that the gap Gupper decreases with increasing ϑ and q. For partial co-
ordination, Gupper also decreases with decreasing I. A decreasing gap yields an
increasing rate in the AWGN model. However, each of the three parameters also
has a counteracting influence on the rate: The rate decreases with increasing ϑ due
to decreasing ňij in (3.1); it decreases with increasing q, because larger q-blocks
result in less QPSK symbols; and it increases with increasing I due to higher flexi-
bility in coordination. This yields a trade-off in each of the parameters ϑ, q, I.

The optimal set of parameters depends highly on the topology and the channel
gains of the network under consideration. As an example, we consider the topology
depicted in Figure 3.2 on page 37, consisting of a source, a destination and four
relays. We simplify and generalize the channel gains as follows. Assume that the
gains hS1, hS2, h3D and h4D, connecting source and destination, are as high as
desired. This means that they can support any number of bits in the LFFM and
the source-destination rate is independent of those gains. Furthermore, assume
h13 = h24 = h and h14 = h23 =

√
h for some variable h. This means that the

second hop forms a symmetric interference channel with strong direct links and
weak cross links. In the corresponding LFFM we have ň13 = ň24 = ⌈logϑ h⌉ and
ň14 = ň23 = ⌈ 1

2 logϑ h⌉.
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Figure 3.8: AWGN rate of the example network with full coordination as a function
of ϑ for different values of q, Pe = 10−3 and h2 = 50 dB. Lines without markers
have been shifted slightly to increase readability.

For full coordination, we have to avoid interference at the ň23 lowest bit-levels at
each of the nodes 3 and 4. This can be achieved by using only the ň13− ň23 highest
bit-transmissions at nodes 1 and 2. It is easy to see that this kind of coordination
is sum-rate optimal, because using an additional bit-transmission at node 1 reduces
the possible bit-transmissions of node 2 by one, and vice versa. Furthermore, the
number of usable bits is limited by the gap G. In fact, we can use ň13−max(ň23, qG)
bits. In the corresponding AWGN model this results in a source-destination rate of

Rfull = 4

⌊
ň13 −max(ň23, qG)

q

⌋

, (3.35)

since n bits correspond to ⌊n/q⌋ q-blocks. The q-blocks are translated into QPSK
symbols conveying 2 bits each. Furthermore, there are two paths in the network.

Figure 3.8 depicts the rate Rfull as a function of ϑ. The rate corresponds to the
angled lines without markers. For illustrational purpose we also show the rate that
results from neglecting all rounding operations in (3.1), (3.14) and (3.35) as lines
with markers. We observe that Rfull has a maximum in ϑ. The maximizing value
of ϑ depends on q.

In partial coordination, we can tolerate interference on the q(G+ I) lowest bit-
levels, hence, we can use qI additional bit-levels for transmission. The nodes 3
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Figure 3.9: AWGN rate of example network with partial coordination as a function
of ϑ for different q, I = 0 Pe = 10−3 and h2 = 70 dB. Lines without markers have
been shifted slightly to increase readability.

and 4 do not resolve the superimposed bits and forward them to the destination D.
Since node 3 and 4 can send an unbounded number of bits to the destination, they
can shift the bits appropriately, so that the destination can resolve all bits. The
resulting rate in the AWGN model is

Rpartial = 4

⌊
ň13 −max(ň23 − qI, qG)

q

⌋

.

Figure 3.9 and Figure 3.10 show how the rate Rpartial depends on ϑ, q and I.
Again, the rate has a maximum in ϑ. Figure 3.9 shows that an increasing q increases
the maximum rate, while decreasing the maximizing value of ϑ. In our example, I
has a small influence on the rate: Figure 3.10 shows the result for I = 0 and I = 1.
For larger I, the rate is virtually the same as for I = 1.

Finally, we compare the performance of full and partial coordination for our
example network. Figure 3.11 shows Rfull and Rpartial as a function of h. For
each value of h, all parameters ϑ, q, and I are optimized to find the maximum
rate. The figure shows that full coordination is superior for low h. However, as h
increases, partial coordination can compensate the larger gap G and intercept the
performance of full coordination. For large h, partial coordination is superior.
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Figure 3.10: AWGN rate of the example network with partial coordination as a
function of ϑ for different values of I, q = 7 Pe = 10−3 and h2 = 70 dB. Lines
without markers have been shifted slightly to increase readability.

Note that this result applies only for the example network under consideration.
Both the trade-off in the parameters ϑ, q, and I, as well as the comparison between
full and partial coordination depend on the scenario under consideration.
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Figure 3.11: Comparison of AWGN rate with full and partial coordination for
Pe = 10−3. All parameters ϑ, q, I are optimized.
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3.A Induction for Partial Coordination

We prove the following results by induction.

|Ỹ (h)
res | ≥ aϑeres

√
2

ϑh
,

|Ỹ (h)
int | ≤

√
2a(|V| − 1)h−1ϑeres−q

(1− ϑ−q)h
,

E(|ζ̃(h)j |2) ≤ |V|hϑ2qI(h−1)

(1− ϑ−2q)h−1
, (3.36)

|Q̃(h)
i,signal| ≤

√
2(|V| − 1)h−1

(1− ϑ−q)h
,

E(|Q̃(h)
i,signal|2) ≤

2(|V| − 1)h−1

(1− ϑ−2q)h
. (3.37)

The base case h = 2 has already been shown in Section 3.3.2. We induce the
results for h + 1 from the above relations. The induction follows essentially the
same arguments that we used for the base case. The received signal in layer Lh+1

is

Ỹ
(h+1)
j =

∑

i∈L(j)

hijx
(h)
i + zj

= a
∑

i∈L(j)

(
ti−1∑

k=0

ϑnij−bik ǧijQ̃ik + ϑnij−biti ǧijQ̃
(h)
i

)

+ zj

= a
∑

t:et>q(G+I)

ϑet ǧtQ̃t + a
∑

t:1≤et≤q(G+I)

ϑet ǧtQ̃
(h)
t,signal

︸ ︷︷ ︸

S̃
(h+1)
j

+ a
∑

t:1≤et≤q(G+I)

ϑet ǧtQ̃
(h)
t,noise + a

∑

t:et≤0

ϑet ǧtQ̃
(h)
t + zj

︸ ︷︷ ︸

ζ̃
(h+1)
j

.
(3.38)

The part S̃res that should be resolved has an absolute value of

|S̃(h+1)
res | ≥ aϑeres

(
h+1∏

h′=1

|ǧres,h′ |
)

|Q̃res|

≥ aϑeres

√
2

ϑh+1
,
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because the QPSK symbol Q̃res traveled up to h+ 1 hops from the source S. The
absolute value of the interference can be upper bounded as

|S̃(h+1)
int | ≤ a

∑

i∈L(j)

∞∑

e=1

ϑeres−qe|Q̃(h)
ie,signal|

≤ a(|V| − 1)ϑeres
ϑ−q

1− ϑ−q

√
2(|V| − 1)h−1

(1− ϑ−q)h

=

√
2a(|V| − 1)hϑeres−q

(1− ϑ−q)h+1
.

Next, we analyze the variance of the noise ζ̃
(h+1)
j defined in (3.38)

E(|ζ̃(h+1)
j |2) ≤ a2

∑

i∈L(j)

G+I∑

e=−∞
ϑ2qe

E(|ζ̃(h)i,e |2)
a2ϑ2qG

+ a2
∑

i∈L(j)

0∑

e=−∞
ϑ2qeE(|Q̃(h)

e,signal|2) + 1

≤ a2(|V| − 1)
ϑ2q(G+I)

1− ϑ−2q

1

a2ϑ2qG

|V|hϑ2qI(h−1)

(1− ϑ−2q)h−1

+ a2(|V| − 1)
1

1− ϑ−2q

2(|V| − 1)h−1

(1− ϑ−2q)h
+ 1

=
|V|h+1ϑ2qIh

(1− ϑ−2q)h
− |V|hϑ2qIh

(1− ϑ−2q)h
+

2a2(|V| − 1)h

(1− ϑ−2q)h+1
+ 1

≤ |V|h+1ϑ2qIh

(1− ϑ−2q)h
− |V|hϑ2qIh

(1− ϑ−2q)h
+

|V|h
(1− ϑ−2q)h+1

≤ |V|h+1ϑ2qIh

(1− ϑ−2q)h
.

The super symbol that is forwarded by node j is

Q̃
(h+1)
j = ϑ−er

∑

t:1≤et≤er

ϑet ǧtQ̃
(h)
t,signal +

ζ̃(h+1)

aϑer

=
∑

t:1−er≤et≤0

ϑet ǧtQ̃
(h)
t,signal

︸ ︷︷ ︸

Q̃
(h+1)
j,signal

+
ζ̃(h+1)

aϑer
︸ ︷︷ ︸

Q̃
(h+1)
j,signal

.
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Its signal part Q̃
(h+1)
j,signal has absolute value

|Q̃(h+1)
j,signal| =

∣
∣
∣
∣
∣
∣

∑

t:1−er≤et≤0

ϑet ǧtQ̃
(h)
t,signal

∣
∣
∣
∣
∣
∣

≤
∑

i∈L(j)

0∑

e=−∞
ϑqe|Q̃(h)

e,signal|

≤ (|V| − 1)
1

(1− ϑ−q)

√
2(|V| − 1)h−1

(1− ϑ−q)h

=

√
2(|V| − 1)h

(1− ϑ−q)h+1
,

and variance

E(|Q̃(h+1)
j |2) ≤

∑

i∈L(j)

0∑

e=−∞
ϑ2qeE(|Q̃(h)

e,signal|2)

≤ (|V| − 1)
1

1− ϑ−2q

2(|V| − 1)h−1

(1− ϑ−2q)h

=
2(|V| − 1)h

(1− ϑ−2q)h+1
.

We can now find a value for the normalization constant a, which fulfills the
power constraint E(|xi|2) ≤ 1 for all transmitters. We find

E(|x(h)
i |2) = a2

ti−1∑

k=0

ϑ−2bikE(|Q̃ik|2) + a2ϑ−2bitiE(|Q̃(h)
i |2)

≤ a2
ti−1∑

k=0

ϑ−2bikE(|Q̃(h)
ik |2) (3.39a)

≤
∞∑

e=0

ϑ−2qe

(
2a2(|V| − 1)h−1

(1− ϑ−2q)h
+

1

ϑ2er

|V|hϑ2qI(h−1)

(1− ϑ−2q)h−1

)

(3.39b)

≤ 1

1− ϑ−2q

(
2a2|V|h

(1− ϑ−2q)h
+

1

ϑ2qG

|V|hϑ2qI(h−1)

(1− ϑ−2q)h

)

=
|V|h

(1− ϑ−2q)h+1

(

2a2 + ϑ2q(I(h−1)−G)
)

≤ 4a2|V|h
(1− ϑ−2q)h+1

.

In (3.39a) we assumed that all QPSK symbols sent by transmitter i are super
symbols. This can only increase the transmitted power. In (3.39b) we plugged in
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the bounds due to (3.36) and (3.37). The last step is due to the assumption

ϑ2q(I(h−1)−G) ≤ 2a2, (3.40)

which essentially means that the power of the forwarded noise should not exceed
the power of the transmitted QPSK symbols. We will later check if this assumption
is fulfilled by our choice of |V|, H, I, q and G. The resulting value that fulfills the
power constraint is

a ≤
√

(1− ϑ−2q)h+1

4|V|h .

The value is decreasing in h. Since all nodes in the network need to use the same
normalization, we consider the layer, which is furthest away from the source. Note
that the destination in the last layer LH does not send any signal. Hence, to fulfill
the power constraint for h ≤ H − 1 we choose

a =

√

(1− ϑ−2q)H

4|V|H−1
.





Chapter 4

Connections Between DSM and

AWGN Model

We now turn to the second deterministic model, the discrete superposition model
(DSM) introduced by Anand and Kumar in [AK11]. In this chapter we discuss the
connection between the DSM and the AWGN model. Anand and Kumar showed
that the AWGN capacity of a relay network can be approximated by the corre-
sponding DSM capacity. The two capacities are within a constant gap. Similarly,
the AWGN capacity region of the K-user interference channel (K-IFC) can be
approximated by the corresponding DSM capacity region. We extend those results
in three different directions:

1. We show that the AWGN capacity region of the K-user partially cognitive
interference channel (K-PCIFC) can be approximated by the DSM capacity
region within a constant gap. This is a rather immediate extension of the
result on the K-IFC.

2. For a special kind of multiple-unicast networks, we show that the AWGN
capacity region and the DSM capacity region are within a constant additive
gap and a constant multiplicative gap. The networks, which we consider,
consist of broadcast channel (BC) and multiple-access channel (MAC) com-
ponents.

3. We show that the AWGN secrecy capacity of a relay network with an or-
thogonal eavesdropper and conventional relays can be bounded from below
and above in terms of the DSM. An orthogonal eavesdropper receives the
signals of all transmitters on orthogonal channels and is therefore immune
to jamming. A conventional relay uses a deterministic function to form its
transmitted signal from the received signal, just as in conventional relay
networks without secrecy constraints.

The results are the foundation for the subsequent Chapter 5, Chapter 6 and Chap-
ter 7, where we study the DSM capacity regions of the point-to-point channel, the
MAC, the BC, the K-PCIFC, and the secrecy capacity of relay networks.

65
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4.1 Capacity of Relay Networks

Consider a unicast relay network with |V| nodes, defined in Section 2.2.1. The
following theorem was provided by [AK11, Theorem 3.2].

Theorem 4.1. The capacity C̃ of a relay network in the AWGN model and the
capacity C̄ of the corresponding relay network in the DSM are within a constant
gap,

|C̃ − C̄| ≤ κRN.

The gap κRN = O(|V| log |V|) is independent of the channel gains.

It should be noted that the proof of the theorem is partly based on the proof
of [ADT11, Theorem 7.1], which is the corresponding result for the truncated de-
terministic model (TDM).

4.2 Capacity Region of Interference Channels

The second result of [AK11, Theorem 4.2] concerns the K-IFC defined in Sec-
tion 2.4.3.

Theorem 4.2. The capacity regions of the K-IFC in the AWGN model and the
DSM are within a constant gap. That is, if R̄ = (R̄1, . . . , R̄K) is a rate tuple in the
capacity region of the DSM K-IFC, then there exists a rate tuple R̃ = (R̃1, . . . , R̃K)
in the corresponding AWGN K-IFC with

R̃i ≥ R̄i − κIFC,1, i = 1, . . . ,K.

Conversely, if R̃ is a rate tuple in the capacity region of the AWGN K-IFC, then
there exists a rate tuple R̄ in the capacity region of the corresponding DSM K-IFC
with

R̄i ≥ R̃i − κIFC,2, i = 1, . . . ,K.

The constants κIFC,1 = O(logK) and κIFC,2 = O(K) are independent of the channel
gains.

The result can be extended to the K-PCIFC defined in Section 2.4.3, where all
K− 1 secondary transmitters know a part of the primary message. We provide the
following theorem:

Theorem 4.3. The capacity regions of the K-PCIFC in the AWGN model and
the DSM are within a constant gap. That is, if R̄ = (R̄1, . . . , R̄K) is a rate tuple
in the capacity region of the DSM K-PCIFC, then there exists a rate tuple R̃ =
(R̃1, . . . , R̃K) in the corresponding AWGN K-PCIFC with

R̃i ≥ R̄i − κPCIFC,1, i = 1, . . . ,K.
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Conversely, if R̃ is a rate tuple in the capacity region of the AWGN K-PCIFC,
then there exists a rate tuple R̄ in the capacity region of the corresponding DSM
K-PCIFC with

R̄i ≥ R̃i − κPCIFC,2, i = 1, . . . ,K.

The constants are κPCIFC,1 = log(6K−1)+10 and κPCIFC,2 = 6K+log(144K+1).

The proof is based on expressing the capacity region in terms of multi-letter
mutual information [EGK11, Section 4.3]. In general, multi-letter expressions are
of little interest, because it is not clear how to compute their values. However,
for the K-IFC the authors of [AK11] showed that the gap between the multi-letter
expressions in the AWGN model and the DSM is bounded. We can use this result
for the K-PCIFC to prove Theorem 4.3.

The following lemma gives the multi-letter expression of the capacity region of
the K-PCIFC. Note that the lemma holds both for the AWGN model and the
DSM.

Lemma 4.1. A rate tuple R = (R1, . . . , RK) lies in the capacity region of the
K-PCIFC if and only if there exists an N ′ such that for all block lengths N ≥ N ′

we can find a collection of random variables XN
k , k = 1, . . . ,K such that

Rk <
I(XN

k ;Y N
k )

N
, k = 1, . . . ,K, (4.1)

where XN
k and Y N

k are vectors of length N representing the transmitted signal and
received signal, respectively.

Proof. The achievability of the multi-letter capacity region follows by using stan-
dard random coding arguments [EGK11]: The alphabet of the code consists of
length-N vectorsXN

k of random variables. From the alphabet we construct length-n
codewords. If the rates fulfill (4.1), the probability of error can be made as small
as desired by increasing n.

For the converse, consider that for the cognitive users, k = 2, . . . ,K, we have

NRk = H(Mk)

= I(Mk;Y
N
k ) +H(Mk|Y N

k )

≤ I(Mk,M1c;Y
N
k ) +H(Mk|Y N

k ) (4.2a)

≤ I(Mk,M1c;Y
N
k ) + 1 + Pe,kNRk (4.2b)

≤ I(XN
k ;Y N

k ) + 1 + Pe,kNRk. (4.2c)

The inequality (4.2a) follows from the chain rule of mutual information (2.3), (4.2b)
is Fano’s inequality (2.7), and (4.2c) is due to the Markov chain (Mk,M1c) → XN

k →
Y N
k . Dividing by N reveals that Pe,k cannot converge to zero if

Rk >
I(XN

k ;Y N
k )

N
.
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For the primary user we have NR1 = H(M1p,M1c), hence, (4.2a) holds with equal-
ity.

We can now prove Theorem 4.3.

Proof of Theorem 4.3. For the K-IFC it has been shown that [AK11, Section IV.B]

I(X̃N
k ; Ỹ N

k ) ≥ I(X̄N
k ; Ȳ N

k )−NκPCIFC,1 (4.3)

and [AK11, Section IV.A]

I(X̄N
k ; Ȳ N

k ) ≥ I(X̃N
k ; Ỹ N

k )−NκPCIFC,2. (4.4)

The relations are derived from the properties of the DSM. The discrepancies be-
tween the DSM and the AWGN model are expressed in terms of unknown noise
terms. Since the two models are sufficiently similar, the information contained in
the noise terms can be bounded by constants. The same holds for the K-PCIFC,
because the argument only depends on the channel and not on the messages.

Now, by means of Lemma 4.1 an achievable rate tuple R̄ in the DSM can be
expressed in terms of multi-letter mutual information terms. Due to (4.3), we find
a set of multi-letter mutual information terms in the AWGN model, which are at
most a constant gap below the DSM expressions. The mutual information terms
yield a tuple R̃ of achievable rates. The other direction of Theorem 4.3 follows
similarly with (4.4)

4.3 Multiple-Unicast in Relay Networks

In this section we extend Theorem 4.1 on relay networks to networks with multiple-
unicast. Recall that multiple-unicast refers to the situation where there exist mul-
tiple source-destination pairs. Each source seeks to transmit a message to the
corresponding destination. We show that the AWGN capacity region of a multiple-
unicast network can be approximated by the corresponding DSM capacity region.
However, we are not able to show that the gap between the regions is an additive
constant, such as in the case of the K-PCIFC. Instead we find that there exists
both an additive gap and a multiplicative gap.

Our result holds for a special class of networks, which consist of disjoint BC
and MAC components. A BC component of degree d consists of a node j with
out-degree degout(j) = d, which is connected to d nodes k1, . . . , kd with in-degree
degin(kl) = 1. Also, a MAC component consists of d nodes i1, . . . , id with out-
degree degout(il) = 1 and a node j with in-degree degin(j) = d. A network consists
of disjoint BC and MAC components, if each links either belongs to a BC component
or a MAC component, but not to both. More formally, for each link (i, j) ∈ E we
require degout(i) = 1 or degin(j) = 1 or both. Figure 4.1 shows an example network
consisting of BC and MAC components with nSD = 2 source-destination pairs.
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Figure 4.1: Multiple-unicast network with nSD = 2 source-destinations pairs and
three relays, which consists of disjoint BC and MAC components.

As can be seen from the figure, the requirement of disjoint BC and MAC com-
ponents is a rather strong constraint on the network’s topology. Unfortunately, it
is unclear how to obtain outer bounds for general multiple-unicast networks, be-
cause the cut-set bound can in general not be efficiently evaluated. For networks
consisting of disjoint BC and MAC components, the value of the cut separates into
the value of the cuts of the BC and MAC components. This was observed and
utilized for AWGN networks and network in the linear finite-field model (LFFM)
in [KV11].

Theorem 4.4. If R̄ = (R̄1, R̄2, . . . , R̄nSD
) is an achievable rate tuple on a multiple-

unicast network in the DSM, consisting of disjoint BC and MAC components, we
can achieve a rate tuple R̃ = (R̃1, R̃2, . . . , R̃nSD

) on the corresponding multiple-
unicast network in the AWGN model with

R̃i ≥
R̄i − κMU,1

µMU
, i = 1, 2, . . . , nSD.

Conversely, if R̃ = (R̃1, R̃2, . . . , R̃nSD
) is an achievable rate tuple on a multiple-

unicast network in the AWGN model, consisting of disjoint BC and MAC compo-
nents, we can achieve a rate tuple R̄ = (R̄1, R̄2, . . . , R̄nSD

) on the corresponding
multiple-unicast network in the DSM with

R̄i ≥
R̃i − κMU,2

µMU
, i = 1, 2, . . . , nSD.

The additive gaps κMU,1 and κMU,2 are given by κMU,1 = 13cmaxdmax log dmax and
κMU,2 = 11cmaxdmax log dmax, where dmax is the maximum degree of the BC and
MAC components, and cmax is the maximum number of BC and MAC components
included in any cut. The multiplicative gap is µMU = O(log nSD).

The main idea of the proof is that the networks both in the DSM and in the
AWGN model can be approximated by a network, which has polymatroidal sum-
capacity constraints. We show this by providing achievable rate regions for the BC
and MAC components. In both models, the achievable rate regions are within a
constant gap to the rate region achievable in the polymatroidal network. Further-
more, we find outer bounds on the capacity regions of the BC and MAC components
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in the DSM and the AWGN model. Again, the outer bounds are within a constant
gap to the outer bounds in the polymatroidal network. We then use Theorem 2.6,
which shows that there is a constant multiplicative gap between the max-flow region
and the min-cut region of the polymatroidal network.

Proof. Consider a network consisting of a set V of nodes, a set E of edges (i, j) and
a set of channel gains hij for every link (i, j) ∈ E . This set constitutes the AWGN
model and the DSM of our network according to Section 2.3. We can express the
statement of Theorem 4.4 by the shorthand notation

R̄
ach ⊇ R̃

ach − κMU,1

µMU
,

R̃
ach ⊇ R̄

ach − κMU,2

µMU
,

where R̄
ach and R̃

ach denote the regions of achievable rate tuples in the DSM and
the AWGN model, respectively. In order to prove the relations, we define a third
network with the following polymatroidal constraints:

ρinj (S) =
(

max
i∈S

log |hij |2 − 8dmax log dmax

)+

, for S ⊆ δin(j) (4.5a)

ρoutj (S) =
(

max
k∈S

log |hjk|2 − 8dmax log dmax

)+

, for S ⊆ δout(j) (4.5b)

where ρinj and ρoutj are polymatroidal functions constraining the flow into and out
of node j, respectively. When it is clear from the context, which node j we refer
to, we will sometimes omit the index. Note that we have shown that ρinj and ρoutj

are polymatroidal functions in Example 2.1 on page 23. The max-flow region and
the min-cut region of the polymatroidal network are denoted by R

ach and R
cut,

respectively. They have been defined in Section 2.2.3. Note that rates in the
polymatroidal network are denoted without any accent, whereas we keep denoting
rates and other variables in the DSM and the AWGN model with a bar and a tilde
accent, respectively.

We use the polymatroidal network to make the connection between the max-
flow and the min-cut region. We then show that max-flow and min-cut regions in
the AWGN model and the DSM are also approximately polymatroidal, which yields
the result. This approach is similar to the proof of [KV11, Theorem 5], where it
is used to bound the gap between the min-cut region and the max-flow region of
AWGN networks. The structure of the proof is depicted in Figure 4.2. We will
refer to the steps (a)–(h) marked in the figure as we proceed with the proof.

We begin by considering the immediate steps. Construct a bidirected poly-
matroidal network by adding the link (j, i) for each link (i, j) ∈ E . The link has
the same channel gain hji = hij due to the reciprocity of the wireless medium.
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Figure 4.2: Structure of the proof of Theorem 4.4.

Theorem 2.6 provides

R
ach ⊇ R

cut

µMU
,

which yields steps (b) and (f). Also, steps (d) and (h) follow from the cut-set bound
(2.21): The min-cut region is an outer bound to the max-flow region.

The remaining steps concern the connection between the polymatroidal network
and the AWGN or DSM network. We fist look at the achievable rate regions.
Consider an AWGN MAC with a set T of transmitters. For every subset S ⊆ T we
can achieve the following sum-rate by choosing the transmitted signals X̃i, i ∈ V
Gaussian and independent of each other [EGK11]:

∑

i∈S
R̃MAC

i = I(X̃S ; Ỹ |X̃Sc)

= h(Ỹ |X̃Sc)− h(Ỹ |X̃T )

= h

(
∑

i∈S
hiX̃i + Ñ

)

− h(Ñ)

= log



2πe E




∑

i∈S

∑

j∈S
hiX̃ih

∗
j X̃

∗
j



+ 2πe



− log(2πe) (4.6a)

= log



1 + E




∑

i∈S

∑

j∈S
hiX̃ih

∗
j X̃

∗
j









= log

(

1 +
∑

i∈S
|hi|2

)

(4.6b)
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> log

(

max
i∈S

|hi|2
)

≥ ρin(S), (4.6c)

where (4.6a) is due to the maximum differential entropy lemma [EGK11], and (4.6b)
holds because the transmitted signals are independent. In the last step (4.6c) we
have compared the result with the polymatroidal network (4.5a). This means that
the sum-rate on the MAC in the AWGN model is at least as large as the sum-rate
in the polymatroidal network.

Consider the BC with the same set of channel gains hi. If the transmitter had
a power constraint of E|X̃|2 ≤ |T |, we could achieve the same rate region as in the
corresponding MAC [KV11]. Hence, for E|X̃|2 ≤ 1 we can achieve

∑

i∈S
R̃BC

i ≥ log

(

1 +
1

|T |
∑

i∈S
|hi|2

)

> log

(

max
i∈S

|hi|2
)

− log |T |

≥ log

(

max
i∈S

|hi|2
)

− log dmax

≥ ρout (4.7)

for every S ⊆ T . In the last step (4.7), we have again compared the AWGN sum-
rate to the sum-rate constraint (4.5b) in the polymatroidal network. In conclusion,
on every BC and MAC component in the AWGN model we can achieve the same
rate region as in the polymatroidal network. Therefore, we can also achieve the
same rate region in the multiple-unicast network by using decode-and-forward in
every node. This yields step (e) of the proof.

Concerning step (c), we show that the value of any cut Ω ⊆ V in the AWGN
model is at most κMU,2 below the value of the same cut in the polymatroidal

network. This yields R̃
cut ⊆ R

cut + κMU,2. Due to [KV11, Section 2.2], the value
of the cut in Theorem 2.8 separates as

I(X̃Ω; ỸΩc |X̃Ωc) ≤
∑

s

I(X̃s
Ω; Ỹ

s
Ωc |X̃s

Ωc) (4.8)

into cut-set bounds of independent component channels s. In our network, the
independent components are the BC and MAC components.

Concerning the cut-set bound on the MAC in the AWGN model, note that
the common assumption of independent transmitted signals X̃i does not apply,
if the MAC is used as part of a larger network. For an arbitrary distribution of
transmitted signals, the maximum value of the cut Ω is given by the capacity of
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the corresponding MISO channel with a total power constraint |Ω|:

I(X̃MAC
Ω ; Ỹ MAC) ≤ log

(

1 + |Ω|
∑

i∈Ω

|hi|2
)

≤ log

(

2|Ω|2 max

(

1,max
i∈Ω

|hi|2
))

≤
(

logmax
i∈Ω

|hi|2
)+

+ 2dmax + 1 (4.9a)

≤
(

logmax
i∈Ω

|hi|2
)+

+ 3dmax log dmax (4.9b)

≤ ρin + 11dmax log dmax, (4.9c)

where we have used |Ω| ≤ dmax and dmax ≥ 2 in (4.9a) and (4.9b), respectively. In
(4.9c) we compared the upper bound on the sum-rate over the AWGN MAC to the
corresponding constraint (4.5a) of the polymatroidal network.

Similarly, the maximum value of a cut Ω through a BC component equals the
capacity of the corresponding SIMO channel, because the receivers can potentially
cooperate. This yields

I(X̃BC; Ỹ BC
Ωc ) ≤ log

(

1 +
∑

i∈Ω

|hi|2
)

≤ ρout + 10dmax log dmax,

(4.10)

by following similar steps as above.

Now, reconsider the link-partitioned cut (2.17) in a polymatroidal network. In
our case, the network consists of disjoint BC and MAC components. We show that
the link-partitioning P, which minimizes c(Ω,P), assigns all edges to the trans-
mitter of a BC component and to the receiver of a MAC component. It is easy
to see that such an assignment is a valid partition of the edges Econn(Ω). Also,
this partition minimizes c(Ω,P): Consider a BC component with transmitter j and
receivers k1 and k2. If the edge (j, k1) is assigned to the receiver, its rate rjk1

is
only constrained by ρin({(j, k1)}). However, if is assigned to the transmitter, it
is constrained by ρout({(j, k1), (j, k2)}). Since the polymatroidal functions ρin and
ρout are symmetric,

ρout({(j, k1), (j, k2)}) = ρin({(j, k1), (j, k2)}) ≤ ρin({(j, k1)}),

where the inequality holds because ρin is monotone. This example generalizes to
BC components of any size. The same argument holds for the MAC components.
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We conclude that

min
P⊆Econn(Ω)

c(Ω,P) =
∑

i∈Ω
i is BC transmitter

ρout
(
δout(i) ∩ Econn(Ω)

)

+
∑

j∈Ωc

j is MAC receiver

ρin
(
δin(j) ∩ Econn(Ω)

)
.

We now utilize the correspondence (4.9) and (4.10) between the AWGN network
and the polymatroidal network for the MAC and BC components. We use the
index b for the BC components and m for the MAC components. This yields

min
P⊆Econn(Ω)

c(Ω,P) ≥
∑

b

(

I(X̃BCb ; Ỹ BCb

Ωc )− 10dmax log dmax

)

+
∑

m

(

I(X̃MACm

Ω ; Ỹ MACm)− 11dmax log dmax

)

.

Finally, we invoke the separation (4.8) of the cut-set bound, which yields

min
P⊆Econn(Ω)

c(Ω,P) ≥ I(X̃Ω; ỸΩc |X̃Ωc)− 11cmaxdmax log dmax
︸ ︷︷ ︸

κMU,2

for every cut Ω, where cmax is the maximum number of BC and MAC components
contained in any cut. Now, since the values of a cut Ω in the AWGN network and
the polymatroidal network are within a constant gap, the difference between the
rates Ri and R̃i is also at most a constant. Hence, we have R

cut ≥ R̃
cut − κMU,2,

which is step (c) of the proof.

To prove steps (g) and (a) for the DSM, we follow the same argumentation
as in the steps (e) and (c) for the AWGN model. We only need to find lower
and upper bounds on the sum-rate of the BC and MAC components in the DSM.
The bounds correspond to the bounds (4.6), (4.7), (4.9) and (4.10) in the AWGN
model. The necessary bounds on the BC and the MAC in the DSM are derived in
Section 5.3 and Section 5.4. At this point we shall only mention that the upper
bounds on the sum-rate are derived while assuming that the receivers of the BC
and the transmitters on the MAC are cooperating. This is the requirement for
using the bounds here.

According to Lemma 5.14, we can achieve a rate region, for which the sum-rate
of a set S of receivers equals

∑

i∈S
R̄BC

i = log

(

max
i∈S

|hi|2
)

− 8|S|

≥ ρout.
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For the MAC, Lemma 5.11 provides the achievability of the sum-rate

∑

i∈S
R̄MAC

i = log

(

max
i∈S

|hi|2
)

− 2(|S| − 1) log(|S| − 1)− 6|S|

≥ log

(

max
i∈S

|hi|2
)

− 8|S| log |S|

≥ ρin,

for |S| ≥ 2. Hence, we can achieve the polymatroidal rates ρin and ρout on the BC
and MAC components, which yields step (a), R̄ach ⊇ R

ach, by using decode-and-
forward in the multiple-unicast network.

Finally, due to Lemma 5.10 the sum-rate achieved by a subset S of cooperating
transmitters in the DSM MAC is upper bounded as

∑

i∈S
R̄MAC

i ≤ log |hmax|2 + log |S|2 + 2

≤ log |hmax|2 + 2|S| log |S|
≤ ρin + 10dmax log dmax.

(4.11)

According to Lemma 5.13, the sum-rate of the DSM BC with cooperating receivers
is

∑

i∈S
R̄BC

i ≤ log |hmax|2 + |S| log 6 + 4

< log |hmax|2 + 3|S|+ 4 log |S|
≤ log |hmax|2 + 5|S| log |S|
≤ ρout + 13dmax log dmax.

(4.12)

By following the same arguments we made for the AWGNmodel, this yields step (g),
R̄

cut ⊆ R
cut + κMU,1, which concludes the proof.

4.4 Secrecy Capacity of Relay Networks

The last correspondence between the AWGN model and the DSM concerns the
secrecy capacity of relay networks. The concept of secrecy capacity introduced in
Section 2.1.4 extends the concept of channel capacity. We do not only require that
the information is transmitted reliably; we also require that the information is kept
secret from the eavesdropper‡. In this work we consider an orthogonal eavesdropper
defined in Section 2.4.4, which can overhear the transmissions of the source and the
relays on orthogonal channels. In the AWGN model, the orthogonality has a simple

‡Recall that we consider only systems with a single eavesdropper. The concept can be extended
to systems with multiple eavesdroppers.
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interpretation: The observation Z̃j is a function only of the signal X̃j transmitted
at node j,

Z̃j = hjEX̃j + ÑE,j , j ∈ L,

where hjE is the complex-valued channel gain from transmitter j to the eavesdrop-
per, and NE,j ∼ CN (0, 1) is the additive Gaussian noise of the channel. Note that

Z̃j can still depend on other transmitted signals X̃i, i 6= j, because X̃j may depend

on X̃i. However, all information about X̃i is contained in X̃j , which is the inter-
pretation of the Markov chain in Section 2.4.4. The representation in the DSM is
just

Z̄j =
[
[hjE ]X̄j

]
,

with the same set of channel gains hjE .

Studying such an orthogonal eavesdropper can be motivated from different
points of view. First, it is simply a worst-case assumption. An eavesdropper that
receives the signals separately threatens the security of the system more than an
eavesdropper that receives a superposition of the signals. From a system-model
point of view, we can argue that the eavesdropper applies a set of directional an-
tennas pointed at the transmitters. Alternatively, the orthogonal eavesdropper can
represent a set of cooperating eavesdroppers, where each eavesdropper is located
close to one of the transmitters, or even inside the transmitter’s circuitry. Note that
the cooperation among the eavesdroppers does not have to be performed in real
time, and hence, there is no requirement for a connection between the eavesdrop-
pers: The eavesdroppers might record their receptions, which can later be fused to
decode the secret message.

We shall mention that an orthogonal eavesdropper is immune to jamming, the
transmission of artificial noise by some relays in order to increase the security of
other relays’ transmissions. Jamming is a simple and important strategy in physical
layer security (see e.g. [GSL+12]). By making the observations of the eavesdropper
orthogonal, the option of jamming is removed from our consideration.

Another limitation of this work is the use of conventional relays. We assume
that the signal transmitted by a relay is a deterministic function of the received
signal. In networks without secrecy constraints, this is a common assumption, be-
cause there seems to be no benefit from deploying randomly operating relays. In
general, however, this is not true for networks with secrecy constraints. In par-
ticular, the concept of physical layer security is based on randomized encoding in
order to confuse the eavesdropper. In our system, the source is the only node that
may use randomized encoding, and we utilize this capability in our achievability
proof. Deterministic codes at the relays appear to be optimal for networks with an
orthogonal eavesdropper, however, our converse proof requires the explicit assump-
tion of conventional relays. From an implementation point of view, conventional
relays are beneficial, because the secrecy constraint can be met by just changing the
operation of the source. Also, decoding the message at the destination is simpler,
if only the source uses randomized encoding.
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The following result provides upper and lower bounds on the AWGN secrecy
capacity. The bounds are formulated in terms of the DSM. This makes them
easier to evaluate for specific topologies such as the parallel relay network (PRN)
considered in Chapter 7.

Theorem 4.5. The AWGN secrecy capacity C̃s of a general relay network with an
orthogonal eavesdropper and conventional relays can be bounded by the DSM as

C̃s ≥ max
z̄L

max
pX̄V|Z̄L

min
Ω∈ΛD

H(ȲΩc |X̄Ωc , Z̄L = z̄L)− κSC,1, (4.13a)

C̃s ≤ min
Ω∈ΛD

max
z̄L

max
pX̄V|Z̄L

H(ȲΩc |X̄Ωc , Z̄L = z̄L) + κSC,2, (4.13b)

where ΛD = {Ω : S ∈ Ω, D ∈ Ωc} is the set of cuts Ω separating source and
destination. The outer maximization is over the value z̄L of the eavesdropper’s
received signal, which is kept constant in order to eliminate the leakage. The inner
maximization is over the input distribution given the constant z̄L. The constant
gaps are κSC,1 = κSC,2 = 44|V| log |V|.

Note that except for the constants κSC,1 and κSC,2, the bounds differ only in the
order of the minimization over the cuts Ω and the maximizations over the signal z̄L
received at the eavesdropper and the input distribution pX̄V |Z̄L . For the lower
bound the maximizations are global, whereas for the upper bound we maximize
for every cut separately. In general, it is not clear how this influences the bounds.
However, we later show that for the PRN the bounds are within a constant gap.

The proof of Theorem 4.5 consists of the achievability part and the converse
part, providing (4.13a) and (4.13b), respectively. In the achievability part we use
an inner code for relay networks without secrecy constraint due to [ADT11]. We
use an outer code at the source to confuse the eavesdropper. The code is similar to
the code used for the common wiretap channel. For each message realization, the
source has a set of possible codewords, of which one is selected at random. This way,
the eavesdropper has almost no information about which message was transmitted.
For the converse, a genie provides the destination with the eavesdropper’s received
signal. This idea is due to Perron et al. [Per09, PDT09]. We then use Fano’s
inequality a property of the DSM to upper bound the secrecy capacity.

Proof. To prove the achievability part (4.13a), we rely on an existing result on

relay networks. Due to [ADT11, Theorem 4.5], there exists a (2NR̃, N) code for the
AWGN network that achieves the rate

R̃ = max
pX̃V

min
Ω∈ΛD

I(ỸΩc ; X̃Ω|X̃Ωc)− κRN − εN ,

where κRN = 15|V| and εN → 0 as N → ∞. To meet the secrecy constraint
(2.10), we introduce a simple wiretap code at the source. The code for the relay

network consists of 2NR̃ codewords. We distribute those codewords into 2NR̃s bins
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uniformly at random. Hence, each bin contains 2N(R̃−R̃s) codewords, where we
assumed that this number is an integer. Every bin is associated with a message

m ∈ {1, . . . , 2NR̃s}. To encode the message M , select the corresponding bin and
pick one of the codewords uniformly at random. The operations of the relays and
the destination remain unchanged.

Since R̃ is achievable, the destination can find out which codeword was trans-
mitted with small error probability. Hence, it can decode the message M with
small error probability. By following the achievability proof of the wiretap channel
(e.g. [EGK11, Section 22.1.1]) we find that if

R̃− R̃s ≥ I(X̃V ; Z̃L),

the leakage rate 1
N I(M ; Z̃L) → 0 vanishes for N → ∞. Therefore, the rate R̃s =

R̃− I(X̃V ; Z̃L) is achievable in secrecy. Hence,

C̃s ≥ max
pX̃V

min
Ω∈ΛD

I(ỸΩc ; X̃Ω|X̃Ωc)− I(X̃V ; Z̃L)− κRN.

We further bound the expression as

C̃s + κRN + 29|V| log |V|
≥ max

pX̃V

min
Ω∈ΛD

I(ỸΩc ; X̃Ω|X̃Ωc)− I(X̃V ; Z̃L) + 29|V| log |V|

≥ max
pX̃V

min
Ω∈ΛD

I(ȲΩc ; X̄Ω|X̄Ωc)− I(X̃V ; Z̃L) + 15|V| log |V| (4.14a)

≥ max
pX̃V

min
Ω∈ΛD

I(ȲΩc ; X̄Ω|X̄Ωc)− I(X̄V ; Z̄L) (4.14b)

≥ max
z̄L

max
pX̄V|Z̄L

min
Ω∈ΛD

I(ȲΩc ; X̄Ω|X̄Ωc , Z̄L = z̄L) (4.14c)

= max
z̄L

max
pX̄V|Z̄L

min
Ω∈ΛD

H(ȲΩc |X̄Ωc , Z̄L = z̄L), (4.14d)

where (4.14a) is due to [AK11, (25)]; (4.14b) is due to [AK11, (24)]; and (4.14c)
specializes the input distribution pX̄V such that the eavesdropper’s received sig-
nal Z̄L is constant. The equality (4.14d) follows since the channel is deterministic.
This yields (4.13a).

For the converse (4.13b) we assume that the destination has access to the re-
ceived signal Z̃L of the eavesdropper. This cannot decrease the secrecy capacity.
Consider a cut Ω ∈ ΛD. The achievable secrecy rate can be upper bounded as

NR̃s −Nε(N) = H(M)−Nε(N)

= I(M ; Ỹ N
Ωc , Z̃N

L ) +H(M |Ỹ N
Ωc , Z̃N

L )− I(M ; Z̃N
L ) +NR

(N)
l −Nε(N)

(4.15a)

≤ I(M ; Ỹ N
Ωc , Z̃N

L )− I(M ; Z̃N
L ) + 1 + P (N)

e NR̃s +NR
(N)
l −Nε(N)

(4.15b)
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= I(M ; Ỹ N
Ωc |Z̃N

L ) (4.15c)

=
N∑

i=1

I(M ; ỸΩc,i|Ỹ i−1
Ωc , Z̃N

L ) (4.15d)

=

N∑

i=1

h(ỸΩc,i|Ỹ i−1
Ωc , Z̃N

L )− h(ỸΩc,i|Ỹ i−1
Ωc , Z̃N

L ,M)

=
N∑

i=1

h(ỸΩc,i|Ỹ i−1
Ωc , Z̃N

L , X̃Ωc,i)− h(ỸΩc,i|Ỹ i−1
Ωc , Z̃N

L ,M) (4.15e)

≤
N∑

i=1

h(ỸΩc,i|Ỹ i−1
Ωc , Z̃N

L , X̃Ωc,i)− h(ỸΩc,i|Ỹ i−1
Ωc , Z̃N

L ,M, X̃Ω,i, X̃Ωc,i)

(4.15f)

≤
N∑

i=1

h(ỸΩc,i|Z̃L,i, X̃Ωc,i)− h(ỸΩc,i|Ỹ i−1
Ωc , Z̃N

L ,M, X̃Ω,i, X̃Ωc,i)

(4.15g)

=

N∑

i=1

h(ỸΩc,i|Z̃L,i, X̃Ωc,i)− h(ỸΩc,i|Z̃L,i, X̃Ω,i, X̃Ωc,i) (4.15h)

=

N∑

i=1

I(ỸΩc,i; X̃Ω,i|Z̃L,i, X̃Ωc,i)

≤ NI(ỸΩc ; X̃Ω|Z̃L, X̃Ωc) (4.15i)

= NI(X̃Ω; ỸΩc , Z̃L|X̃Ωc)−NI(X̃Ω; Z̃L|X̃Ωc)

≤ NI(X̄Ω; ȲΩc , Z̄L|X̄Ωc)−NI(X̃Ω; Z̃L|X̃Ωc) + 30N |V| log |V|
(4.15j)

≤ NI(X̄Ω; ȲΩc , Z̄L|X̄Ωc)−NI(X̄Ω; Z̄L|X̄Ωc) + 44N |V| log |V|
(4.15k)

= NH(ȲΩc , Z̄L|X̄Ωc)−NH(Z̄L|X̄Ωc) + 44N |V| log |V| (4.15l)

= NH(ȲΩc |Z̄L, X̄Ωc) + 44N |V| log |V|,

where (4.15a) is due to the definition of the leakage rate (2.32); (4.15b) is due to
Fano’s inequality (2.7); in (4.15c) we substituted

ε(N) =
1

N
+ P (N)

e R̃s +R
(N)
l ;

(4.15d) is the chain rule of mutual information (2.3); (4.15e) uses the fact that the
conventional relays employ deterministic codes x̃Ωc,i = f(ỹi−1

Ωc ); (4.15f) and (4.15g)
hold because conditioning reduces entropy; (4.15h) holds because the channel is
memoryless; (4.15i) uses time sharing arguments (see e.g. [EGK11, Proof of Theo-
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rem 18.1]); (4.15j) is due to [AK11, (24)]; (4.15j) is due to [AK11, (25)]; and (4.15l)
is because the DSM is deterministic.

Now, (4.15) means that if

R̃s > max
pX̄V

H(ȲΩc |Z̄L, X̄Ωc) + 44|V| log |V|,

then ε(N) is bounded away from 0. This means that the reliability constraint (2.9),
the secrecy constraint (2.10) or both cannot be fulfilled. Consequently,

C̃s < max
pX̄V

H(ȲΩc |Z̄L, X̄Ωc) + 44|V| log |V|.

Since (4.15) needs to be fulfilled for all cuts Ω, this yields the following upper bound
(4.16a) on C̃s. We can further bound it as

C̃s − 44|V| log |V| < max
pX̄V

min
Ω∈ΛD

H(ȲΩc |Z̄L, X̄Ωc) (4.16a)

≤ min
Ω∈ΛD

max
pX̄V

H(ȲΩc |Z̄L, X̄Ωc)

= min
Ω∈ΛD

max
pZ̄L

max
pX̄V|Z̄L

H(ȲΩc |Z̄L, X̄Ωc) (4.16b)

= min
Ω∈ΛD

max
pZ̄L

∑

z̄L

pZ̄L(z̄L) max
pX̄V|Z̄L

H(ȲΩc |X̄Ωc , Z̄L = z̄L)

= min
Ω∈ΛD

max
z̄L

max
pX̄V|Z̄L

H(ȲΩc |X̄Ωc , Z̄L = z̄L),

where (4.16b) is due to pX̄V = pX̄V ,Z̄L for deterministic channels. This yields
(4.13b) and concludes the proof.



Chapter 5

Bounds on the DSM Capacity of

Basic Channels

In Chapter 4 we found that the capacity (region) in the AWGN model can in
some cases be approximated by the capacity (region) in the discrete superposition
model (DSM). However, at this point it is unclear if the DSM capacity is easier
to calculate than the AWGN capacity. In principle, we could argue that the DSM
with its discrete channel inputs and outputs allows only for a finite number of codes.
Those codes could be tried one-by-one to find the capacity. However, in Section 5.1
we demonstrate that this approach is infeasible due to the vast number of codes.

We then pursue the alternative approach of approximating the DSM capacity.
By using properties of the DSM, we find upper and lower bounds on the DSM
capacity. The bounds can be expressed simply in terms of the channel gains. Fur-
thermore, the upper and lower bounds are within a constant gap. In this chapter we
use this approach for the point-to-point channel in Section 5.2, the multiple-access
channel (MAC) in Section 5.3 and the broadcast channel (BC) in Section 5.4. The
approach will be extended to more complex channels in the subsequent Chapter 6
and Chapter 7.

5.1 Aspects of the DSM

The DSM defined in Section 2.3.3 is designed to serve as an approximation for the
AWGN model defined in Section 2.3.1. There are three key differences between the
two models:

First, there exists no noise term in the DSM, hence, the DSM is a deterministic
model. This greatly simplifies the design of transmission strategies for the DSM.
All transmission strategies developed in this chapter rely on codes with block length
N = 1. There is no need for long codewords to reduce the probability of error. In
a deterministic model a codeword either results in an error or not. We find a good
code by finding as many codewords as possible that can be received without error.

81
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Second, the DSM comprises a rounding operation at the receiver. The quantiza-
tion noise introduced by this operation serves as an approximation for the additive
noise in the AWGN model. The rounding operation is the key aspect for deriving
upper bounds on the capacity.

Third, the channel inputs in the DSM can only take values from a finite set, that
is, we have discrete channel inputs. Besides the rounding operation this is another
aspect that keeps the capacity of the model from being infinite. Furthermore, the
channel inputs are not only constrained in average power but also in peak power.
This is another detail of the DSM that facilitate the analysis.

5.1.1 Evaluating the DSM Capacity

In [AK11] Anand and Kumar give a very optimistic interpretation of their model:
Since at each node there is a finite number of channel inputs and, hence, a finite
number of channel outputs, there is a finite number of possible transmission strate-
gies in a communication network. Therefore, to find the capacity we only have to
optimize over a finite set.

Though, this optimization has exponential complexity, and therefore the opti-
mization grows to become infeasible very quickly. We consider the example of a
2-user MAC to illustrate this. Assume that the channel gains are |h1| = |h2| = 100,
so that the operating SNR is 40 dB. In this case we have n = 6 according to (2.26),
hence, the number of different channel inputs is mi = 212. To share the channel,
each of the transmitters chooses a subset of ms inputs, say ms = 210. There are

(
mi

ms

)2

≥
(
mi

ms

)2ms

= 4(2
11) = 1024(

211

5 ) > 10(3·
211

5 ) > 101228

possible combinations of choosing the subsets. The capacity in the DSM serves
as a tight approximation for the AWGN capacity in the high SNR regime, hence,
the complexity of calculating the capacity will be even higher than in the above
example. We can conclude that the advantage of optimizing discrete channel inputs
over optimizing continuous channel inputs is only of theoretical nature.

Nevertheless, the DSM can be a valuable tool for approximating the capacity of
AWGN networks. If we find expressions for the capacity in the DSM, that can be
easily evaluated, those expressions serve as capacity approximations for the AWGN
counterpart. The fact that the AWGN capacity can be approximated by the DSM
capacity was shown for some classes of channels in Chapter 4. Hence, if we find the
DSM capacity for those topologies, we find the desired approximation.

Recall that the DSM capacity approximates the AWGN capacity within a con-
stant gap of order of at most |V| log |V|, with |V| being the number of nodes in the
network. Hence, instead of finding exact expressions for the DSM capacity, we can
concentrate our effort on finding bounds with a gap of order |V| log |V| or lower.
We will see shortly, that finding simple expressions for the exact DSM capacity is
difficult, however, finding bounds is possible.
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Figure 5.1: Illustration of the rounding operation [·]. Region of symbols [h]x̄ (solid
square) and boundaries of rounding operation (dashed).

5.1.2 General Proof Concept

Before stating our results and the formal proofs it is instructive to discuss the
main concept behind them. Consider Figure 5.1 for an illustration of the rounding
operation [·] defined in (2.25). The dashed lines represent the boundaries of the
rounding. Two received symbols [h]x̄1 and [h]x̄2 in the same rectangle are rounded
towards the same value ȳ1 = [[h]x̄1] = [[h]x̄2] = ȳ2. We say that the symbols x̄1

and x̄2 merge.

From (2.28) we know that the real and imaginary parts of the transmitted
signal X̄ lie in the interval Re(X̄), Im(X̄) ∈ [0, 1/

√
2). The solid square depicts

the set of possible symbols [h]x̄. We can obtain a useful upper bound on the DSM
capacity as follows: The solid square is cut into a number of pieces by the dashed
grid. The rounded signal Ȳ cannot attain more different values than the number of
pieces. Therefore, the capacity is upper bounded by the logarithm of the number
of pieces. This argument can be extended to the case of multiple receivers and
multiple transmitters.

The key idea to design transmission strategies is to pick transmitted symbols
x̄1 and x̄2, which do not merge, that is, the symbols [h]x̄1 and [h]x̄2 cannot fall
into the same dashed rectangle. It is obvious that a sufficiently large gap between
transmitted symbols can assure this. Designing strategies for multiple transmitters
or receivers requires some additional ideas that are outlined in the proofs below.
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5.2 Point-to-Point Channel

We start our analysis by considering the point-to-point channel consisting of a single
transmitter and a single receiver. The capacity of the AWGN point-to-point channel
is known since Shannon [Sha48], hence, we cannot expect any interesting results
from our approximating analysis. Nevertheless, it is reasonable to develop the
necessary tools for the simplest case to gain understanding of the main challenges.

The received signal Ȳ in DSM of the point-to-point channel is

Ȳ =
[
[h]X̄

]
. (5.1)

The channel is described by its channel gain h. It has a set

D + jD

of discrete channel inputs x̄ and a set

Ȳ = {[[h]x̄] : x̄ ∈ D + jD}

of discrete channel outputs ȳ. The transition probability pȲ |X̄ can only attain

values 0 or 1, because the channel output Ȳ is completely determined by the channel
input X̄. Recall Definition 2.1 of the cardinality card(Ȳ), being the number of
possible channel outputs Ȳ . The DSM capacity can then be expressed as follows:

Lemma 5.1. The capacity C̄ of the point-to-point channel in the DSM is

C̄ = log card(Ȳ).

It can be achieved by codewords of block length N = 1.

Proof. The capacity is constrained by both the number 22n of channel inputs and
the number card(Ȳ) of channel outputs. Clearly,

C̄ ≤ min(2n, log card(Ȳ)) = log card(Ȳ),

because two or more channel inputs can result in the same channel output.
There are card(Ȳ) different channel outputs, and each can be generated by at

least one channel input. To achieve the rate R̄ = log card(Ȳ), the transmitter uses
only those card(Ȳ) channel inputs x̄ that result in distinct channel outputs ȳ. Using
this set with uniform probability achieves the rate R̄ = log card(Ȳ).

We realize that log card(Ȳ) is not only an upper bound, but the capacity of the
point-to-point channel in the DSM. It is sufficient to use codewords of length N = 1
to achieve capacity. This is not surprising, because the channel is deterministic.

Finding the number card(Ȳ) of distinct channel outputs ȳ is difficult. It de-
pends on both the angle and the magnitude of the channel gain h. Consider the
sketch of the received signal in Figure 5.1 again. The solid square representing the
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signals [h]X̄ is sliced by the dashed grid, which represents the rounding operation.
Each slice corresponds to one channel output Ȳ after the rounding. It is difficult
to analyze in how many parts the solid square will be sliced.

Furthermore, the transmitted signal X̄ has discrete values. In order to gener-
ate a channel output ȳ we need a channel input x̄ such that [h]x̄ falls onto the
corresponding slice. Such a channel input might not exist in the discrete set, and
whether or not it exists depends on the value of n.

Although it is difficult to find analytical expressions for the DSM capacity, we
can evaluate it numerically. For any given channel gain h we find the cardinal-
ity card(Ȳ) of channel outputs. We simply generate the set of discrete channel
inputs x̄ according to (2.28) and pass it through the channel (5.1). We then count
the number of distinct channel outputs ȳ. Note that we obtain the exact numerical
value of the capacity from this procedure. The value is not just an approximation
commonly found by Monte Carlo simulations.

The three solid lines in Figure 5.2 depict the capacity C̄ in the DSM as a
function of the channel magnitude |h|. The angles of the channel gains are chosen
as arg(h) = 1, arg(h) = 2 and arg(h) = 3, respectively. The lines are not intended
to be distinguishable. The plot rather shows that the angle of the channel gain has
a comparably small effect on the capacity. We will later find bounds that do not
depend on the angle.

The graph of the DSM capacity C̄ shows characteristic steps caused by the
increase of the integer n, which depend on the channel gain through (2.26). On
each step there is a slope followed by a flat part. In the flat part all 22n received
symbols ȳ are distinct. The capacity is C̄ = 2n, and it is limited by the number of
transmitted symbols x̄. In the slope part some of the symbols merge. The capacity
is limited by the number of distinct received symbols.

We already discussed why it would be difficult to find an analytical expression
for the number card(Ȳ) of distinct received symbols and, hence, for the DSM ca-
pacity C̄. The shape of the capacity graph supports our speculation. The only way
to express the capacity would be a complicated compound of cases. Therefore, it
is reasonable to approximate the capacity.

Our goal is to find an upper and a lower bound with a constant difference. This
difference, or gap, should be independent of the channel gain h. However, it may
scale with the number of nodes in a larger network. The reasoning behind this goal
is to use the bounds on the DSM capacity as bounds on the AWGN capacity. For
certain cases the two capacities are within a gap that depends on the number of
nodes only. Hence, if our bounds on the DSM capacity are within a constant gap,
we found an approximation of the AWGN capacity within a constant gap.

Lemma 5.2. The capacity C̄ of the point-to-point channel in the DSM can be
upper-bounded as

C̄ ≤ log

( |h|2
2

+ 3
√
2|h|+ 9

)

.
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Figure 5.2: Capacity of the point-to-point channel in the DSM with upper and
lower bounds due to Lemma 5.2 and Lemma 5.3, respectively.

Proof. Consider Figure 5.1 again. We investigate in how many pieces the solid
square can be cut by the dashed grid. Note that the dashed grid is irregular, because
there is no rounding boundary at Re([h]X̄) = 0 and Im([h]X̄) = 0. We add those
two boundaries in order to make the grid regular. By adding the boundaries, the
number of pieces can only increase.

Due to (2.28),

Re(X̄) ≤ 1− 2−n

√
2

<
1√
2
,

that is, the set of transmitted symbols is constrained to lie inside a square with side
length 1/

√
2. Hence, the solid square that constrains the value of [h]X̄ has a side

length of at most ∣
∣
∣
∣

[h]√
2

∣
∣
∣
∣
≤ |h|√

2
.

We used |[h]| ≤ |h|, which holds because the rounding operation (2.25) shifts the
real and imaginary parts of h towards 0. Another property, which we use frequently,
is |[h]| ≥ |h|−

√
2. This holds because the rounding changes the real and imaginary

parts of h by at most 1.
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We would like to upper bound the number of pieces resulting from cutting the
square. Note that the number of pieces is maximized if the area of the pieces at the
boundary of the square is minimized. Consider a square with side length a ∈ N,
which is aligned with the grid such that it is cut in a2 pieces. By extending the
square by a small amount of ε in each direction, the cutting yields a2 + 4a + 4
pieces. At the boundary of the square there are 4a rectangular pieces of area εa;
at the corners there are 4 pieces of area ε2. Obviously, the pieces at the boundary
have minimum area. Therefore, this particular square of side length a + 2ε is cut
into more pieces than any square with side length b ≤ a. In other words, a square
of side length b is cut into at most

⌈b⌉2 + 4 ⌈b⌉+ 4

pieces. We conclude that

card(Ȳ) ≤
⌈ |h|√

2

⌉2

+ 4

⌈ |h|√
2

⌉

+ 4

≤
( |h|√

2
+ 1

)2

+ 4

( |h|√
2
+ 1

)

+ 4

=
|h|2
2

+ 3
√
2|h|+ 9.

Recall C̄ = log card(Ȳ) to conclude the proof.

The upper bound due to Lemma 5.2 is depicted in Figure 5.2 by the dashed
line. We observe that it is surprisingly tight at the points where the graph of the
capacity has a step. At these points the value of n changes, that is, the number
of transmitted symbols x̄ increases. If there are many transmitted symbols, it is
likely that there is at least one symbol [h]x̄ in each of the regions created by the
rounding operation. Hence, our approach of finding the number of regions yields a
tight bound.

Next, we derive an achievable rate for the point-to-point channel. The main
idea is to use only a subset of the transmitted symbols x̄. The subset is chosen
so that no transmitted symbol merges with any other transmitted symbol due to
the rounding operation at the receiver. Hence, by reducing the set of transmitted
symbols we assure an error-free transmission.

Lemma 5.3. We can achieve a rate of

R̄ =
(
log |h|2 − 6

)+

over the DSM point-to-point channel.

Note that a rate cannot be negative, and hence the maximum (a)+ = max(0, a).
In the following we will omit the explicit notation of the maximum. All rates are
understood to be zero if the expressions yield a negative value.
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Proof. Note that if |h| ≤ 8 we have R̄ = 0. In the rest of the proof we consider the
case |h| ≥ 8.

Two symbols x̄1, x̄2 merge at the transmitter if [[h]x̄1] = [[h]x̄2]. Equivalently
we can ask how close the two points [h]x̄1 and [h]x̄2 may be before the rounding
operation. Consider Figure 5.1 once more. The worst case of two symbols merging,
that have maximum distance, occurs around [h]x̄ = 0. If [h]x̄1 = 1 + j − ε and
[h]x̄2 = −1 − j + ε for a small complex valued ε with Re(ε) > 0 and Im(ε) > 0,
the two points merge at the origin. We might argue that this case cannot happen
because the symbols [h]x̄ are constrained to the solid rectangle. However, in view
of more general cases with more than one transmitter we consider a general set of
transmitted symbols.

Thus, if
|[h]x̄1 − [h]x̄2| ≥ 2

√
2, (5.2)

we can avoid any merging of received symbols.
According to (2.27), the distance between two neighboring transmitted sym-

bols is at least 2−n/
√
2. We choose a subset of transmitted symbols in a regular

way, which corresponds to choosing only the black fields of a checkerboard. Using
only half of the transmitted symbols increases the minimum distance between two
neighbors by a factor of

√
2. We repeat the reduction p times, in order to obtain a

set of transmitted symbols that have a minimum distance of

|x̄1 − x̄2| ≥
2−n

√
2

(√
2
)p

.

We can bound

|[h]x̄1 − [h]x̄2| = |[h]| |x̄1 − x̄2|

≥ |[h]|2
−n

√
2

(√
2
)p

≥ 2
√
2, (5.3)

where (5.3) is to fulfill the condition (5.2), which assures that symbols do not merge.
The inequality (5.3) yields an expression for the minimum number of transmitted
symbol reductions p. Since p needs to be an integer, we find

p = ⌈2n+ 4− 2 log |[h]|⌉ .

The rate achieved by using all 22n symbols is R̄ = 2n. By using only half of the
symbols the rate is decreased by one bit. The resulting rate is

R̄ = 2n− p

= 2n− ⌈2n+ 4− 2 log |[h]|⌉
= ⌊2 log |[h]|⌋ − 4

≥ 2 log |[h]| − 5
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≥ 2 log
(

|h| −
√
2
)

− 5

> 2 log

( |h|√
2

)

− 5 (5.4a)

= log |h|2 − 6,

where we have used |h| ≥ 8 in (5.4a).

The achievable rate due to Lemma 5.3 is depicted in Figure 5.2 by a dash-dotted
line. The bound is relatively loose, which is mainly due to the irregularity of the
rounding grid. The large area of values rounded towards zero requires a larger gap
between transmitted symbols than a regular grid would require.

We summarize the results on the DSM capacity of the point-to-point channel
in the following theorem.

Theorem 5.1. For |h| ≥ 5 the capacity C̄ of the point-to-point channel in the DSM
can be approximated as

log |h|2 − 6 ≤ C̄ ≤ log |h|2 + 1.

Proof. Consider that
|h|2
2

+ 3
√
2|h|+ 9 ≤ 2|h|2,

for |h| ≥ 5 in Lemma 5.2 to obtain the upper bound.

We realize that the gap between upper and lower bound is a constant of 7 bits.
We say that the capacity is approximated within a constant gap. The point-to-point
channel is a very simple example for a relay network, hence, due to Theorem 4.1,
the DSM capacity C̄ and the AWGN capacity C̃ are within a constant gap:

|C̄ − C̃| ≤ κRN.

Connecting this to Theorem 5.1 yields

log |h|2 − 6− κRN ≤ C̃ ≤ log |h|2 + 1 + κRN.

The approximation log |h|2 is therefore an approximation of the AWGN capacity
within a constant gap. However, there is no use for this approximation because due
to Theorem 2.1, the AWGN capacity of the point-to-point channel is known exactly.
The AWGN capacity is depicted by the dotted line in Figure 5.2. The purpose of
studying the point-to-point channel was mainly to illustrate proof and approxima-
tion strategies. In the next chapters we will extend the results to topologies, where
the AWGN capacity is unknown.

Before we leave the point-to-point channel, we provide an alternative to the
achievability result of Lemma 5.3. The following lemma considers the more general
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case of a point-to-point channel that is subject to additive interference A. Fur-
thermore, we add the possibility of constraining the set of possible transmitted
signals X̄. We will use this more general lemma to prove the achievability of rate
regions for the MAC and BC, and later for the IFC. The price for the generality is
a larger gap of 11 bits instead of 6 bits.

Lemma 5.4. Consider the DSM point-to-point channel

Ȳ =
[
[h]X̄

]
+A,

with unknown interference A of amplitude |A| ≤ â and a reduced set of transmitted
symbols

X̄ ∈
[

0,
1√
2r

]

+ j

[

0,
1√
2r

]

, (5.5)

where r ≥ 1. On this channel we can achieve a rate of

R̄ = log |h|2 − log r2 − 2 log
(

2 + 3
√
2 + â

)

− 5. (5.6)

The received signal is bounded as |Ȳ | ≤ |h|/r.

The main idea of the proof is to count the number of transmitted symbols, which
can be distinguished by the receiver. The number is found by a circle stacking
argument: The interference and the quantization of the channel define a circle in
which the received signal Ȳ can lie. The number of non-overlapping circles yields
a lower bound on the number of distinguishable symbols.

Proof. We express the discreteness of the transmitted signal X̄ and the influence
of the rounding operation by corresponding off-sets:

Ȳ =
[
[h]X̄

]
+A

= [(h− hrest)(Xcont −Xrest)] +A (5.7a)

= (h− hrest)(Xcont −Xrest)− Yrest +A (5.7b)

= hXcont − hrestXcont − hXrest + hrestXrest − Yrest +A

def
= hXcont +Acollect.

In (5.7a) we have used [h] = h − hrest to account for the rounding operation and
X̄ = Xcont −Xrest to account for the discreteness on the transmitted symbols. In
(5.7b), Yrest accounts for the outer rounding operation. Since the rounding can
change the real and imaginary part by at most 1, we have

hrest, Yrest ∈ (−1, 1) + j(−1, 1).
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Furthermore, the discreteness of X̄ can be expressed in terms of the continuous-
valued components

Xcont ∈
[

0,
1√
2r

]

+ j

[

0,
1√
2r

]

,

Xrest ∈
[

0,
2−n

√
2

]

+ j

[

0,
2−n

√
2

]

.

This is because according to (5.5), X̄ is constrained to a square of side length
1/(

√
2r). Furthermore, according to (2.28), the real and imaginary parts of X̄ take

only discrete values. Those values are separated by 2−n/
√
2.

We see that |Yrest| ≤
√
2, |hrestXcont| ≤ 1, |hrestXrest| ≤ 1, and

|hXrest| ≤ |h|2−n

= |h|2−⌊logmax(Re(h),Im(h))⌋

≤ |h|2− log(|h|/
√
2)+1

= 2
√
2.

Hence, the receiver sees a superposition of the continuous-valued signal hXcont and
additive interference Acollect with amplitude |Acollect| ≤ 2 + 3

√
2 + â.

Our transmit strategy is to use a subset X̄ of transmitted symbols x̄ that result
in distinct received symbols ȳ. Specifically,

[[h]x̄1] + a1 6= [[h]x̄2] + a2

for all x1, x2 ∈ X̄ , x1 6= x2 and all a1, a2 being realizations of the interference A.
The set X̄ yields an error-free code of rate

R̄ = log |X̄ | (5.9)

with codewords of length N = 1.
The interference Acollect fills at most a circle or radius 2 + 3

√
2 + â. Hence,

|X̄ | is lower bounded by the number of circles that can be stacked into the square

containing hXcont. This square has a side length of |h|√
2r
. For simplicity, we use

rectangular packing, which yields

|X̄ | =






|h|√
2r

2(2 + 3
√
2 + â)






2

≥
( |h|
2
√
2r(2 + 3

√
2 + â)

− 1

)2

≥
( |h|
4
√
2r(2 + 3

√
2 + â)

)2

, (5.10)
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where we have used |h| ≥ 4
√
2r(2 + 3

√
2 + â) in (5.10), which is the requirement

for R̄ ≥ 0 in (5.6). The Lemma follows with (5.9).

Finally, we shall provide a simpler formulation of Lemma 5.4, where â con-
tributes to an independent constant gap:

Lemma 5.5. Consider the DSM point-to-point channel described in Lemma 5.4.
On this channel we can achieve a rate of

R̄ = log |h|2 − log r2 −
(
log â2

)+ − 11. (5.11)

The received signal is bounded as |Ȳ | ≤ |h|/r.

Proof. The proof follows immediately from Lemma 5.4. We upper bound one part
of the penalty in (5.6). For â ≥ 1 we have

2 log
(

2 + 3
√
2 + â

)

≤ 2 log â+ 2 log(2 + 3
√
2 + 1)

< log â2 + 6.

Also, for â < 1

2 log
(

2 + 3
√
2 + â

)

< 2 log(2 + 3
√
2 + 1) < 6.

5.3 Multiple-Access Channel

In this section we consider the MAC in the DSM. Recall that the performance of
the MAC is characterized by its capacity region, which is the closure of the set of all
achievable rate tuples. We will find inner and outer bounds on the DSM capacity
region by finding tuples of achievable rates and by bounding the cardinality of the
received signal, respectively.

Note that the MAC does not belong to any of the classes of channels discussed
in Chapter 4, where the DSM capacity region provides an approximation for the
AWGN capacity region. The same is true for the BC, considered in Section 5.4.
However, we will build on the bounds evaluated here, when we consider the parallel
relay network (PRN) in Chapter 7.

In the following, we will first consider the 2-user MAC with two transmitters.
For this channel, we are able to numerically find tight inner and outer bounds on the
capacity region for small channel gains. We then find bounds for general channel
gains, which can be extended to the K-user MAC.

5.3.1 Capacity Region of the 2-User MAC in the DSM

The 2-user MAC in the DSM is modeled as

Ȳ =
[
[h1]X̄1

]
+
[
[h2]X̄2

]
. (5.12)
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First, we find capacity approximations in terms of the cardinality card(Ȳ) of the
channel output Ȳ , given all possible values for the channel inputs X̄1 and X̄2.
Furthermore, for k ∈ {1, 2} we consider the cardinality card(Ȳk) of the channel
outputs

Ȳk = [[hk]X̄k] (5.13)

of the corresponding point-to-point channels.

Lemma 5.6. If R̄ = (R̄1, R̄2) is a rate pair in the capacity region R̄ of the DSM
MAC, then

R̄1 ≤ log card(Ȳ1),

R̄2 ≤ log card(Ȳ2),

R̄1 + R̄2 ≤ log card(Ȳ). (5.14)

Proof. The proof is analogous to the proof of Lemma 5.1. Since there exist only
card(Ȳ) different channel outputs ȳ, the sum-rate R̄1 + R̄2 cannot be larger than
log card(Ȳ). Furthermore, the individual rates cannot exceed the DSM capacity of
the corresponding point-to-point channels. This is because (5.12) is essentially the
sum Ȳ1 + Ȳ2 of the two point-to-point channel outputs (5.13). Therefore, if trans-
mitter 1 does not send any information, that is, X̄1 = const., then transmitter 2
can utilize the full capacity of its point-to-point channel. The value of X̄1 does
not affect the capacity. Note that this would not be true if the rounding opera-
tion were outside the summation like in the truncated deterministic model (TDM)
(2.29). In this case transmitter 1 could transmit a constant X̄1, which increases the
cardinality of Ȳ , hence, the point-to-point channel capacity could be exceeded.

Similar to the point-to-point case, it is difficult to obtain the values of card(Ȳ),
card(Ȳ1) and card(Ȳ2). However, for given channel gains we can find them by
numerical evaluation. In Figure 5.3 we consider the channel gains h1 = 9ej and
h2 = 10e4j as an example. The outer bound due to Lemma 5.6 corresponds to the
dotted pentagon.

As opposed to the point-to-point case, it is unclear whether the outer bound
can be achieved. So far we know only two rate pairs,

R̄′
1 = log card(Ȳ1), R̄′

2 = 0,

R̄′′
1 = 0, R̄′′

2 = log card(Ȳ2),

that can be achieved by activating only one of the transmitters at a time. The
following lemma gives rate pairs for simultaneous transmission.

Lemma 5.7. The capacity region of the 2-user MAC in the DSM is inner-bounded
by the convex hull of all rate pairs (R̄1, R̄2) satisfying

R̄1 = log |X̄1|,
R̄2 = log |X̄2|,
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Figure 5.3: Inner and outer bounds on the capacity region of the 2-user MAC in the
DSM for h1 = 9ej and h2 = 10e4j . The dotted and solid lines are due to Lemma 5.6
and Lemma 5.7, respectively. Crosses mark achievable rate pairs. The closed form
bounds of Lemma 5.8 and Lemma 5.9 are depicted as dashed and dash-dotted lines,
respectively.

for sets X̄1 and X̄2 of transmitted symbols x̄1 and x̄2 that result in distinct received
symbols ȳ. In other words, the members of the set of received symbols

{
[[h1]x̄1] + [[h2]x̄2] : x̄1 ∈ X̄1, x̄2 ∈ X̄2

}

are distinct.

Proof. Given the two sets X̄1 and X̄2 we can achieve the rate pair (R̄1, R̄2) by using
the symbols within each set with uniform probability. The convex hull is achievable
by using time sharing between two rate pairs.

Obtaining pairs (X̄1, X̄2) of sets, which fulfill the requirement of Lemma 5.7, is
a difficult process of exponential complexity. One way of finding the sets would
be to try all possible combinations and pick the pairs that achieve the largest rate
region. A slightly more efficient way is to reformulate the problem in terms of the
search for the largest clique in a graph:
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1. Fix a set X̄1 of transmitted symbols for transmitter 1.
2. Build a graph with nodes i representing all possible transmitted symbols x̄2,i

of transmitter 2 according to (2.27).
3. For every pair {i, j} of nodes check if the sets

{
[[h1]x̄1] + [[h2]x̄2,i] : x̄1 ∈ X̄1

}

and
{
[[h1]x̄1] + [[h2]x̄2,j ] : x̄1 ∈ X̄1

}

are disjoint. That is, check if the symbols x̄2,i and x̄2,j can be used in X̄2.
If they can be used, connect the two nodes i and j by a link (i, j).

4. In the resulting graph search for the largest clique, that is, the largest com-
plete subgraph.

Finding the largest clique in a graph is a problem of exponential complexity,
and we have to perform this search for every set X̄1. In order to find the rate
pairs in reasonable time, we have to consider examples with a limited number of
transmitted symbols. The channel gains used in the example of Figure 5.3 result
in n = 2, that is, we have 22n = 16 possible transmitted symbols. The achievable
rate pairs obtained from the search are marked with crosses in Figure 5.3. The
achievable rate region corresponds to the convex hull of the rate pairs depicted by
the solid line. This is the largest possible region achieved by using codewords of
length 1. It appears unlikely that the rate region can be expanded by using longer
codewords because of the deterministic nature of the channel model. It is therefore
conjectured that the region in Lemma 5.7 is the DSM capacity region.

We observe a gap between the outer bound provided by Lemma 5.6 and the
inner bound provided by Lemma 5.7. The reason for this is that the inner bound
holds for statistically independent channel inputs X̄1 and X̄2. In other words, each
transmitter i picks a transmitted symbol x̄i from its codebook X̄i uniformly at
random and independently of the other transmitter’s choice. On the other hand,
the outer bound (5.14) implicitly assumes that the transmitters are cooperating:
They jointly choose a pair (x̄1, x̄2) from a joint codebook X̄1 × X̄2.

Like in the previous section, we would like to find bounds on the DSM capacity
region with expressions that can be easily evaluated. In the next step we will find
bounds that are functions only of the channel gains h1 and h2.

Lemma 5.8. If the rate pair (R̄1, R̄2) is achievable on the 2-user MAC in the DSM
and |h1| ≥ 5 and |h2| ≥ 5, then

R̄1 ≤ log |h1|2 + 1, (5.15a)

R̄2 ≤ log |h2|2 + 1, (5.15b)

R̄1 + R̄2 ≤ 2 log (|h1|+ |h2|) + 1. (5.15c)
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Proof. We neglect the discreteness of the transmitted signals X̄1 and X̄2. Both
signals can take any value from the square

X̄1, X̄2 ∈
[

0,
1√
2

]

+ j

[

0,
1√
2

]

with side length 1/
√
2 in the complex plane. This can only increase the cardinality

of Ȳ . The signals [h1]X̄1 and [h2]X̄2 are constrained to squares with side lengths

a1 =
|[h1]|√

2
≤ |h1|√

2

and a2 ≤ |h2|/
√
2, respectively. Note that those squares are potentially rotated,

that is, they might not be aligned with the axes of the complex plane. We would like
to find the size of the squares, which contain the signals [[h1]X̄1] and [[h2]X̄2] after
the rounding operation. Note that the rounding operation shifts the argument in
the direction of the origin of the complex plane. In general, the square that contains
[[h1]X̄1] can be larger that the square that contains [h1]X̄1, because the argument
can be shifted out of the square. However, this is impossible if the square is aligned
with the axes of the complex plane and contains the origin. The square, which
contains [h1]X̄1, already contains the origin. We can always find a square, which is
aligned with the axes, contains [h1]X̄1 and has a side length of at most

√
2a1. This

square also contains [[h1]X̄1]. Similarly, [[h2]X̄2] is contained in a square with side
length

√
2a2. The sum Ȳ is therefore contained in a square of length

aY =
√
2a1 +

√
2a2 ≤ |h1|+ |h2|.

Our last concern is the number of possible values for Ȳ . Note that Ȳ takes complex-
valued integers. Hence, card(Ȳ) is upper bounded by the number of complex in-
tegers, which fit in a square that is aligned with the axes and has a side length
of aY :

card(Ȳ) ≤ ⌈aY ⌉2

≤ (|h1|+ |h2|+ 1)
2

<
(√

2|h1|+
√
2|h2|

)2

, (5.16)

where (5.16) holds for |h1| ≥ 5 and |h2| ≥ 5. By using Lemma 5.6, the DSM
sum-rate can be upper bounded as

R̄1 + R̄2 ≤ 2 log (|h1|+ |h2|) + 1.

The bounds on the point-to-point capacities (5.15a) and (5.15b) are due to Theo-
rem 5.1.
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The outer bound corresponds to the dashed pentagon in Figure 5.3. The bound
is quite loose, which is mainly due to the small channel gains. Note that for small
channel gains the upper bound on the point-to-point channel capacity in Figure 5.2
is loose as well.

In order to find an inner bound on the capacity region of the 2-user MAC, we
assume |h2| ≥ |h1| without loss of generality.

Lemma 5.9. For |h2| ≥ |h1|, the capacity region of the 2-user MAC in the DSM
is inner-bounded by the convex hull of the three rate pairs

R̄′
1 = 0, R′

2 = log |h2|2 − 6,

R̄′′
1 = log |h1|2 − 6, R′′

2 = log
|h2|2
|h1|2

− 6, (5.17)

R̄′′′
1 = log |h1|2 − 6, R′′′

2 = 0.

Proof. The first and third rate pair are achievable due to Lemma 5.3 by activating
only one transmitter.

For the second rate pair, note that if |h1| < 8 we have R̄′′
1 < 0, hence, the

first rate pair is superior. If h2 < 8|h1|, then R̄′′
2 < 0, hence, the third rate pair

is superior. In the rest of the proof we consider the case in which |h1| ≥ 8 and
h2 ≥ 8|h1|.

In order to allow both transmitters to be active and achieve the second rate pair
(5.17), we apply the following strategy: Transmitter 1 behaves as if transmitter 2
were not active. It transmits at a rate R̄′′

1 = log |h1|2 − 6 by using the strategy
for the point-to-point channel due to the proof of Lemma 5.3. The received signal
[h1]X̄1 due to transmitter 1 occupies at most a square of side length |h1|/

√
2.

Transmitter 2 has a larger channel gain h2, that is, its signal [h2]X̄2 spans a
larger area. It is therefore possible for transmitter 2 to use a subset of its trans-
mitted symbols without confusing the receiver. Figure 5.4 depicts this strategy. A
solid square represents the area occupied by the first transmitter’s signal [h1]X̄1,
the signals [h2]X̄2 due to transmitter 2 are depicted as black circles. The sum of
the two signals corresponds to a number of shifted solid squares. The receiver can
resolve both symbols x̄1 and x̄2 if the solid squares are not overlapping. Our goal
is to find a lower bound on the number m2 of symbols x̄2 that transmitter 2 can
use.

This number is larger than the number of solid squares that can be fit into
the dashed square, which represents the area occupied by the signal [[h2]X̄2]. We
already know that the solid squares have side length of at most |h1|/

√
2. Hence,

due to possibly different angles of h1 and h2, a solid square can occupy a space of up
to |h1| in any direction. If we fill the dashed square, we might have to accept a small
gap δ between the solid squares, because the symbols x̄2 have discrete values. We
can upper bound δ by the maximum distance of two neighboring received symbols
[[h2]x̄

′
2] and [[h2]x̄

′′
2 ]. Without loss of generality we assume |[[h2]x̄

′
2]| ≥ |[[h2]x̄

′′
2 ]|.

To simplify our analysis, we also assume that [[h2]x̄
′
2] and [[h2]x̄

′′
2 ] lie within the
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|h1|

|h2|
2

δ

Figure 5.4: Illustration for the proof of Lemma 5.9.

same quadrant of the complex plane, which is likely because we consider received
symbols that are close to each other. The special case where the symbols lie in
different quadrants can be analyzed similarly. We find

δ ≤ |[[h2]x̄
′
2]− [[h2]x̄

′′
2 ]|

≤
∣
∣
∣[h2x̄

′
2]−

[ (
h2 − sgnRe(h2)− j sgn Im(h2)

)
x̄′′
2

︸ ︷︷ ︸

h̃

]
∣
∣
∣

≤
∣
∣
∣h2x̄

′
2 −

(

(h2 − sgnRe(h2)− j sgn Im(h2)) x̄
′′
2 − sgnRe(h̃)− j sgn Im(h̃)

)∣
∣
∣

=
∣
∣
∣h2(x̄

′
2 − x̄′′

2)

−
(

(− sgnRe(h2)− j sgn Im(h2)) x̄
′′
2 − sgnRe(h̃)− j sgn Im(h̃)

)∣
∣
∣

≤ |h2||x̄′
2 − x̄′′

2 |+ 2
√
2 (5.18a)

= |h2|
2−n

√
2

+ 2
√
2 (5.18b)

≤ |h2|√
2

2

max(|Re(h2)|, |Im(h2)|)
+ 2

√
2 (5.18c)

≤ |h2|√
2

2
√
2

|h2|
+ 2

√
2

= 2 + 2
√
2

< 5,

where (5.18a) is due to the triangle inequality; (5.18b) holds because x̄′
2 and x̄′′

2 are
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neighboring symbols; and in (5.18c) we used the definition of n due to (2.26) and
the fact that

n = ⌊logmax(|Re(h2)|, |Im(h2)|)⌋
≥ logmax(|Re(h2)|, |Im(h2)|)− 1.

It remains to find a lower bound on the length of the dashed square occupied
by the signal [[h2]X̄2]. Consider the two corner points

[[h2]x̄2]x̄2=0 = 0

and
[[h2]x̄2]x̄2=

1−2−n
√

2

.

The distance is
∣
∣
∣
∣

[

[h2]
1− 2−n

√
2

]∣
∣
∣
∣
≥
∣
∣
∣
∣

[

[h2]
15

16
√
2

]∣
∣
∣
∣

(5.19a)

≥
∣
∣
∣
∣

(

|h2| −
√
2
) 15

16
√
2

∣
∣
∣
∣
−
√
2

=
15

16
√
2
|h2| −

15

16
−
√
2

≥ |h2|
2

, (5.19b)

where we have used |h2| ≥ 40 and, hence, n ≥ 4 in (5.19a) and (5.19b).
This means that transmitter 2 can use at least

⌊ |h2|/2
|h1|+ δ

⌋2

≥
⌊ |h2|
4|h1|

⌋2

(5.20a)

≥
( |h2|
4|h1|

− 1

)2

≥
( |h2|
8|h1|

)2

(5.20b)

of its transmitted symbols. In (5.20a) and (5.20b) we have used |h1| ≥ 8 and
|h2|/|h1| ≥ 8, respectively. Hence, transmitter 2 can send at a rate of

R′′
2 = 2 log

( |h2|
|h1|

)

− 6

in the presence of transmitter 1.

The achievable rate region corresponds to the dash-dotted line close to the origin
in Figure 5.3. In this example we have R̄′′

2 = 0, and therefore, the pentagon reduces
to a triangle.
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5.3.2 Capacity Region of the K-User MAC in the DSM

In this part we consider the MAC with an arbitrary number of K transmitters.
The signal at the receiver is

Ȳ =

K∑

k=1

[
[hk]X̄k

]
. (5.21)

Again, we find an outer bound on the DSM capacity region as well as a set of
achievable rate tuples that span an achievable rate region. Both results can be
obtained by extending the ideas we used in the previous section for two transmitters.

Lemma 5.10. If the rate tuple R̄ = (R̄1, R̄2, . . . , R̄K) is achievable, then the fol-
lowing constraint must be fulfilled for each subset S ⊆ {1, . . . ,K} of transmitters:

∑

k∈S
R̄k ≤ log |hmax|2 + 2 log |S|+ 2,

with |hmax| = maxk∈S |hk|. The capacity region R̄ of the K-user MAC in the DSM
is outer bounded by the set of 2K − 1 upper bounds.

Proof. Consider a set of transmitters S ⊆ {1, . . . ,K}. We extend the proof idea of
Lemma 5.8 by showing that the sum-signal

Ȳ =
∑

k∈S

[
[hk]X̄k

]

is constrained to lie inside a square of side length aS , and we upper bound the
number of complex integers in such a square.

Recall from Lemma 5.8 that the signal [hk]X̄k is contained in a square of side
length ak ≤ |hk|/

√
2. We find a square of side length

√
2ak, which contains [hk]X̄k

and is aligned with the axes of the complex plane. This square also contains
[[hk]X̄k]. The sum-signal Ȳ is therefore contained in a square of side length

aS =
∑

k∈S

√
2ak

≤
∑

k∈S
|hk|

≤ |S||hmax|.

In that square there can be at most ⌈aS⌉2 complex integers. Therefore,

card(Ȳ) ≤ ⌈aS⌉2

≤ (|S||hmax|+ 1)
2

≤ (2|S||hmax|)2 ,
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where we have used |hmax| ≥ 1 in the last step. Now, the sum-rate of the set S of
transmitters cannot exceed log card(Ȳ). This is because the signals X̄i, i ∈ Sc of
the other transmitters cannot change the cardinality of Ȳ . Therefore,

∑

k∈S
R̄k ≤ log card(Ȳ)

≤ log |hmax|2 + 2 log |S|+ 2.

Next, we find a region of achievable rates:

Lemma 5.11. Consider the MAC in the DSM. We can achieve all rate tuples
R̄ = (R̄1, R̄2, . . . , R̄K), for which the following constraint is fulfilled for all subsets
S ⊆ {1, . . . ,K}:

∑

i∈S
R̄i ≤ log |hmax|2 − 2 (|S| − 1) log (|S| − 1)− 6|S|

with |hmax| = maxk∈S |hk|. The achievable rate region is denoted by R̄.

Proof. The rate region R̄ is the convex hull of the following corner points. Consider
an ordered subset So ⊆ {1, . . . ,K}, So = {1, 2, . . . , |So|}. The corner point R̄So

=
(R̄k : k ∈ {1, . . . ,K}) is given as

R̄1 = log |h1|2 − 6 (5.22a)

R̄k = 2 log

(

|hk|
∑

l∈{1,...,k−1} |hl|

)

− 6, k ∈ {2, . . . , |So|}, (5.22b)

R̄k = 0, k 6∈ So, (5.22c)

In the following we prove the achievability of the corner points. Note that R̄k = 0
if

log |hk|2 ≤ log |hk−1|2.
Therefore, we only have to consider sets So, where the elements are ordered accord-
ing to log |hk|2 in ascending order.

Note that if |h1| < 8, then R̄1 < 0, thus, we consider only the case |h1| ≥ 8.
Furthermore, if |hk| < 8|hk−1| for k ∈ {2, . . . , |So|}, then R̄k < 0. In this case the
rate tuple of the set So\k is superior, hence, we consider only the case |hk| ≥ 8|hk−1|
in the following proof.

The strategy to achieve the above rate tuples is a straightforward extension of
the strategy used to achieve the rates in Lemma 5.9. Transmitter k uses symbols x̄k,
which are sufficiently far apart, in order to avoid confusion of the receiver about
the sum signal Ȳ . The signal [[hl]X̄l] of a transmitter l < k with lower magnitude
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of channel gain hl is constrained to a square of side length |hl|/
√
2. Hence, the sum

of the interfering signals
k−1∑

l=1

[[hl]X̄l]

extends at most

gk =
k−1∑

l=1

|hl|

in any given direction, considering the angle of the channel gains. The transmitter k
can therefore use symbols x̄k such that the symbols [[hk]x̄k] are at least gk far apart.
Since X̄k is discrete valued, we have to account for an additional gap of δ ≤ 5 as
outlined in (5.18).

According to (5.19), the signal [[hk]X̄k] occupies a square of at least |hk|/2,
hence, the number of symbols that can be used by transmitter k is

⌊

|hk|/2
δ +

∑

l∈{1,...,k−1} |hl|

⌋2

≥
(

|hk|
4
∑

l∈{1,...,k−1} |hl|
− 1

)2

(5.23a)

≥
(

|hk|
8
∑

l∈{1,...,k−1} |hl|

)2

, (5.23b)

where we have used |hl| ≥ δ and |hk| ≥ 8|hk−1| in (5.23a) and (5.23b), respectively.
This yields the achievable rate R̄k. The weakest transmitter in the set So achieves
the rate R̄1 by utilizing the strategy for the point-to-point channel, and the rest of
the receivers l 6∈ So remain silent.

Summing the achievable rates yields

∑

k∈So

R̄k = 2 log

(

|h1|
|h2|
|h1|

|h3|
|h1|+ |h2|

× · · · × h|So|
|h1|+ · · ·+ |h|So|−1|

)

− 6|So|

≥ 2 log

(

|h1|
|h2|
|h1|

|h3|
2|h2|

× · · · × h|So|
(|So| − 1)|h|So|−1|

)

− 6|So| (5.24a)

= 2 log

( |hmax|
(|So| − 1)!

)

− 6|So| (5.24b)

≥ log |hmax|2 − 2 (|So| − 1) log (|So| − 1)− 6|So|.

We have used the ordering |h1| ≤ |h2| ≤ · · · ≤ |h|So|| of the transmitters with
respect to the channel magnitudes in (5.24a) and the identity |h|So|| = |hmax| in
(5.24b). Note that this expression does not depend on the ordering of the set S,
thus, we drop the index o in the statement of the lemma.

Lemma 5.11 provides an inner bound on the capacity region of the DSM MAC
with a rather small constant gap, especially for small number K of transmitters.
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To complement this result, we shall give an alternative lemma below. The constant
gap of this lemma is larger, however, the proof is much simpler and builds on the
general Lemma 5.5. Furthermore, the proof can later be extended to account for
secrecy constraints.

Lemma 5.12. Consider the MAC in the DSM. We can achieve all rate tuples
R̄ = (R̄1, R̄2, . . . , R̄K), for which the following constraint is fulfilled for all subsets
S ⊆ {1, . . . ,K}:

∑

i∈S
R̄i ≤ log |hmax|2 − 11|S|

with |hmax| = maxk∈S |hk|. The achievable rate region is denoted by R̄.

Proof. Again, we prove the lemma by showing that the following rate tuple is
achievable for each ordered set So = {1, 2, . . . , |So|}:

R̄1 = log |h1|2 − 11

R̄k = log |hk|2 −
(
log |hk−1|2

)+ − 11, k ∈ {2, . . . , |So|},
R̄k = 0, k 6∈ So.

Due to Lemma 5.5, the weakest transmitter 1 achieves a rate of

R̄1 = log |h1|2 − 11,

by choosing r = 1, that is, transmitter 1 does not reduce the amplitude of its
transmitted signal X̄1. The interference created by transmitter 1 has amplitude

â2 = |[[h1]X̄1]|
≤ |[h1]| · |X̄1|
≤ |h1|.

We denote the amplitude as â2, because the second-weakest transmitter 2 ex-
periences the transmission of the weakest transmitter as interference. Due to
Lemma 5.5, transmitter 2 achieves a rate of

R̄2 = log |h2|2 −
(
log |h1|2

)+ − 11.

This transmission creates interference with amplitude â3 ≤ |h2|, which disturbs
transmitter 3. Note that the interference with amplitude â3 contains the interfer-
ence caused by transmitter 1. Similarly, transmitter k achieves a rate of

R̄k = log |hk|2 −
(
log |hk−1|2

)+ − 11,

since the interference from all weaker transmitters has amplitude âk ≤ |hk−1|. This
yields the rate tuple and concludes the proof.



104 Chapter 5. Bounds on the DSM Capacity of Basic Channels

Consider the constant gaps in Lemma 5.11 and Lemma 5.12 again. While the
gap of Lemma 5.11 is smaller for a small number K of transmitters, the scaling is
O(|S| log |S|), which is worse than the scaling O(|S|) of the gap in Lemma 5.12.

To conclude our study of the MAC in the DSM, we note that the outer and inner
bounds provided by Lemma 5.10 and Lemma 5.11, respectively, are within a con-
stant additive gap, which scales with the number K of transmitters. In view of the
point-to-point channel, it is conjectured that the outer bound is significantly tighter
than the inner bound. This is justified by the fact that the constant in Lemma 5.10
scales only with logK, while the constant in Lemma 5.11 scales with K logK. Fur-
thermore, the two different proof techniques of Lemma 5.11 and Lemma 5.12 yield
significantly different constants.

5.4 Broadcast Channel

In this section we consider another canonical channel, the BC. It consists of a single
transmitter and a number of K receivers. In the DSM, the received signal Ȳk at
receiver k is

Ȳk =
[
[hk]X̄

]
, k = 1, . . . ,K. (5.25)

We are interested in the K-dimensional region R̄ of achievable rate tuples R̄.
Like in the previous section we derive inner and outer bounds on the region by
exploiting the deterministic properties of the DSM. Interestingly, the approximate
sum capacity turns out to be the same as the approximate sum capacity of the
corresponding MAC, that is, the MAC with the same set of channel gains hk.

We start our analysis by considering the 2-user BC with only two receivers. To
find pairs (R̄1, R̄2) of achievable rates, we use a superposition scheme. Without
loss of generality we assume that |h2| ≥ |h1|. Our scheme uses only transmitted
symbols x̄ ∈ X̄ that are distinguishable by the stronger receiver 2:

X̄ = {x̄1, x̄2 ∈ D + jD : [[h2]x̄1] 6= [[h2]x̄2]} .

Some of those symbols will merge at the weaker receiver 1. We denote the sets of
merging symbols as

X̄i =
{
x̄1, x̄2 ∈ X̄ : [[h1]x̄1] = [[h1]x̄2] = ȳi

}
.

Our strategy is to encode the message for the weaker receiver 1 by picking one of
the sets X̄i. The message for the stronger receiver 2 is then encoded by picking one
of the symbols within the set X̄i.

To assess the achievable rate pairs, we find the number

ni = |X̄i|

of symbols that merge at the weaker receiver, but are distinguishable by the stronger
receiver. Typically, the numbers ni are quite different. In the example, which
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we consider below, we have 471 sets containing between ni ≥ 2 and ni ≤ 1192
distinguishable symbols. There is a trade-off between using the sets X̄i uniformly,
which maximizes the rate R̄1 of the weaker receiver, and using mostly the sets X̄i

containing most symbols, which yields a higher rate R̄2 of the stronger receiver.

Denote the probability of choosing the set X̄i as pi. Then the achievable rates
are

R̄1 = −
∑

i

pi log pi,

R̄2 =
∑

i

pi log ni,

where we are using the symbols within the sets X̄i with uniform probability.

We would like to find rate pairs that are located on the boundary of the region
of achievable rates. This can be done by choosing a target rate R̄1 = R̂1 and solving
the problem

max
pi

∑

i

pi log ni

subject to pi ≥ 0
∑

i

pi = 1

−
∑

i

pi log pi ≥ R̂1.

(5.26)

The problem is convex [BV04], therefore a solution can be found efficiently by using
a numerical solver like CVX [GB11].

We consider the specific example h1 = 30ej and h2 = 1000e2j . The rate pairs
found by solving (5.26) are marked by crosses in Figure 5.5. Two additional rate
pairs are marked with circles. They correspond to the rates achieved by sending in-
formation to only one of the receivers. We see that the rate pairs of our cooperative
scheme are not optimal in terms of R̄2. This is because our scheme maximizes R̄2

by only using the set X̄i, which contains most symbols. Clearly, this is suboptimal
compared to using all symbols x̄ ∈ X̄ . The latter strategy achieves the rate marked
by the upper circle. The achievable rate region is the convex hull over all achievable
rate pairs; it is depicted by a solid line.

We shall now find an outer bound. First, we can use the bounds on the individual
rates due to Lemma 5.2. We find

R̄k ≤ log

( |hk|2
2

+ 3
√
2|hk|+ 9

)

≤ log |hk|2,
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Figure 5.5: Bounds on the capacity region of the BC in the DSM with two receivers
and channel gains h1 = 30ej , h2 = 1000e2j . The solid line is the convex hull over
achievable rate pairs due to the cooperative scheme (crosses) and the single-user
scheme (circles). The outer bounds are due to (5.27) (dotted) and Lemma 5.13
(dashed). The dash-dotted inner bound is due to Lemma 5.14.

for |hk| ≥ 11. We can upper bound the sum-rate simply by the number of possible
transmitted symbols:

R̄1 + R̄2 ≤ 2n

= 2max
k

max (⌊log2 |Re(hk)|⌋ , ⌊log2 |Im(hk)|⌋)

≤ 2max(log |h1|, log |h2|)
= log |h2|2.

Note that this bound on the sum-rate inactivates the bound on R̄2. Hence, the two
relevant bounds are

R̄1 ≤ log |h1|2,
R̄1 + R̄2 ≤ log |h2|2.

(5.27)
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The outer bound on the DSM capacity region corresponds to the dotted line in
Figure 5.5. The bound is quite close to our achievable rate region. Note that the
two rate pairs marked by the circles lie on the border of the capacity region, because
they correspond to the capacities of the point-to-point channels, which result from
deactivating one of the receivers. The slope of the two bounding regions coincide,
which might indicate that the slope of the capacity region is the same. In that case
the capacity region would be close to our inner bound. Although our achievable
scheme is rather ad hoc and clearly suboptimal in some areas, it performs well at
the bend of the rate region.

Next, we turn to the K-user BC. The following lemma provides an outer bound
on the capacity region:

Lemma 5.13. If a rate tuple R̄ = (R̄1, R̄2, . . . , R̄K) is achievable on the BC in
the DSM, then the following needs to be fulfilled for all subsets S ⊆ {1, . . . ,K} of
receivers

∑

k∈S
R̄k ≤ log |hmax|2 + |S| log 6 + 4,

where |hmax| = maxk∈S |hk|.

Proof. We allow joint processing of the received signals Ȳk, k ∈ S. This can only
increase the sum capacity. Due to (2.28) the transmitted signal X̄ takes on values
from a square in the complex plane. The side length of that square is at most 1/

√
2.

The square gets scaled and rotated by multiplying [hk] and sliced in unit squares
by the rounding operation in (5.25). As in the proof of Lemma 5.2 we consider a
regular grid by adding the two boundaries at Re([hk]X̄) = 0 and Im([hk]x) = 0,
respectively. This increases the number of slices and, hence, yields an upper bound
on the DSM capacity.

Slicing the signal [hk]X̄ with a square grid of unit grid distance is equivalent
to slicing the signal X̄ with a rotated square grid of grid distance 1/|[hk]|. This
is because the slicing operation is not affected by the multiplication of [hk]. This
alternative representation of the rounding operation has the advantage that multiple
rounding operations at different receivers can be considered simultaneously.

Each receiver k ∈ S provides a slicing grid for the signal X̄ with possibly different
grid distance 1/|[hk]| and different rotation. Using all slicing grids simultaneously
results in a number of m slices. Hence, by processing the signals [[hk]X̄] jointly we
cannot distinguish more than m different transmitted symbols x̄. Therefore, the
DSM sum capacity is upper bounded as

∑

k∈S
R̄k ≤ logm. (5.28)

To find the number m of pieces, consider the receiver with strongest channel
gain hmax first. The corresponding grid has a distance of 1/|[hmax]|. In the proof
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Figure 5.6: Illustration of the slicing in the proof of Lemma 5.13. A square of
side length 1/|[hmax]| can be sliced in at most 6 pieces by a grid with distance
1/|[hk]| ≥ 1/|[hmax]|.

of Lemma 5.2 we outlined that this grid can slice a square of side length 1/
√
2 in

at most

m1 ≤
⌈ |[hmax]|√

2

⌉2

+ 4

⌈ |[hmax]|√
2

⌉

+ 4

≤
⌈ |hmax|√

2

⌉2

+ 4

⌈ |hmax|√
2

⌉

+ 4

≤
( |hmax|√

2
+ 1

)2

+ 4

( |hmax|√
2

+ 1

)

+ 4

=
|hmax|2

2
+ 3

√
2|hmax|+ 9

< 16|hmax|2

pieces, where we have used |hmax| ≥ 1 in the last step.

Each of them1 pieces can be sliced into smaller pieces by the grid provided by an
additional receiver k. Note that |[hk]| ≤ |[hmax]| and, hence, the grid of receiver k
has a distance at least as large as that of the strongest receiver. Figure 5.6 depicts
how the dashed grid of receiver k slices the solid square cut by the grid of the
receiver with strongest channel gain. In the illustration we have |[hk]| = |[hmax]|,
and we see that in this worst case the square is cut into at most 6 pieces.

Hence, by using two slicing grids simultaneously we can get at most 6m1 pieces.
By extending this argument we see that using all |S| grids simultaneously results
in at most

m ≤ 6|S|−1m1
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pieces. With (5.28) the resulting bound on the DSM sum-rate is

∑

k∈S
R̄k ≤ (|S| − 1) log 6 + logm1

≤ (|S| − 1) log 6 + log(16|hmax|)
< log |hmax|2 + |S| log 6 + 4.

The outer bound due to Lemma 5.13 is depicted in Figure 5.5 by the dashed
line.

Next, we prove the achievability of the following rate region:

Lemma 5.14. Consider the BC in the DSM. We can achieve all rate tuples
R̄ = (R̄1, R̄2, . . . , R̄K), for which the following constraint is fulfilled for all sets
S ⊆ {1, . . . ,K}:

∑

i∈S
R̄i ≤ log |hmax|2 − 8|S|

with |hmax| = maxk∈S |hk|. The achievable rate region is denoted by R̄.

Proof. We use the same strategy as in the proof of Lemma 5.11: The rate region R̄

is spanned by the following corner points:

R̄1 = log |h1|2 − 8 (5.30a)

R̄k = log |hk|2 − log |hk−1|2 − 8, k ∈ {2, . . . , |So|}, (5.30b)

R̄k = 0, k 6∈ So, (5.30c)

for each ordered subset So ⊆ {1, . . . ,K}, So = {1, 2, . . . , |So|}. Again, we only
consider sets So, where the elements are ordered according to log |hk|2 in ascending
order. Note that if |h1| < 16, then R̄1 < 0, thus, we consider only the case
|h1| ≥ 16. Furthermore, if |hk| < 16|hk−1| for k ∈ {2, . . . , |So|}, then R̄k < 0. In
this case the rate tuple of the set So \ k is superior, hence, we consider only the
case |hk| ≥ 16|hk−1| in the following proof.

The transmission strategy that achieves the above rate tuples relies on grouping
transmitted symbols into blocks. The idea is that receivers with low channel gain
perceive a block as a single symbol. However, receivers with high channel gain can
distinguish the symbols within the block. The transmitter can therefore convey
different information to the receivers.

Figure 5.7 depicts a transmission to three receivers. The transmitter uses the
symbol constellation depicted as a dashed box on the left. The first and weakest
receiver is supposed to detect which one of the solid blocks was received, hence,
it receives log 9 bits of information per transmitted symbol. The second receiver
has a stronger channel gain and can therefore detect details within the solid block
magnified in the middle of the figure. The second receiver is supposed to detect
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a1

Figure 5.7: Sketch of the transmission strategy for the BC in the DSM.

which one of the dash-dotted blocks was transmitted. Along with the log 9 bits
intended for the first receiver it receives 2 additional bits. Finally, the third and
strongest receiver can detect details within the dash-dotted blocks. It is supposed to
detect which one of the transmitted symbols (crosses) was transmitted and receives
log 9 bits of additional information.

Consider the receivers k = 2, . . . , |So| − 1, that is, exclude the weakest re-
ceiver k = 1 and the strongest receiver k = |So| for now. The objective of the
scheme is twofold. First, the symbols inside a block should merge at the intended
receiver due to the rounding operation, that is,

[[hk]x̄1] = [[hk]x̄2] , for x̄1, x̄2 in the same block. (5.31)

Second, the intended receiver should be able to distinguish which block was sent,
that is,

[[hk]x̄1] 6= [[hk]x̄2] , for x̄1, x̄2 in different blocks. (5.32)

For simplicity we consider blocks shaped as squares. A necessary condition for
(5.31) is that

|[hk]x̄1 − [hk]x̄2| ≤ 1, (5.33)

for all symbols x̄1 and x̄2 in the same block. We find

|[hk]x̄1 − [hk]x̄2| = |[hk]||x̄1 − x̄2|
≤ |hk||x̄1 − x̄2|,

hence, in order to fulfill (5.33) we require

|x̄1 − x̄2| ≤
1

|hk|
.

In particular, two opposing corners of our square blocks need to fulfill this condition.
Therefore, we choose

ak =
1√
2|hk|
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as the side length of the square blocks.
In order to assure (5.31) we have to shift the square block so that it is not hit

by any of the boundaries of the rounding operation. This is achieved if the block
sits in the center of one of the squares formed by the boundaries. We allow a shift
of the symbols x̄ in the direction of positive real and imaginary part. Hence, the
maximum required shift sk in either of the directions equals the distance between
the centers of the squares,

sk =

√
2

|[hk]|
≤

√
2

|hk| −
√
2
. (5.35)

A sufficient condition for (5.32) is

|[hk]x̄1 − [hk]x̄2| ≥ 2
√
2, (5.36)

as outlined before (5.2). We find

|[hk]x̄1 − [hk]x̄2| = |[hk]||x̄1 − x̄2|
≥ (|hk| −

√
2)|x̄1 − x̄2|.

We see that to fulfill (5.36) we require

|x̄1 − x̄2| ≥
2
√
2

|hk| −
√
2
. (5.38)

We realize that the gap bk in Figure 5.7 equals the sum of the gap (5.38) and
the shift (5.35),

bk =
3
√
2

|hk| −
√
2
.

Now, the number of blocks of size ak that we can stack into a block of size ak−1 is

mk =

⌊
ak−1

ak + bk

⌋2

≥
⌊ |hk|
|hk−1|

1

5
√
2

⌋2

(5.39a)

≥
( |hk|
|hk−1|

1

5
√
2
− 1

)2

≥
( |hk|
|hk−1|

1

16

)2

, (5.39b)

where we have used hk ≥ h2 ≥ 16h1 ≥ 162 and

ak + bk =
1√
2|hk|

+
3
√
2

|hk| −
√
2
≤ 5

|hk|
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in (5.39a), and hk ≥ 16hk−1 in (5.39b). Hence, the transmitter can send information
to receiver k = 2, . . . , |So| − 1 at a rate of

R̄k = logmk ≥ log |hk|2 − log |hk−1|2 − 8. (5.40)

In order to send information to the weakest receiver k = 1, the transmitter
stacks blocks of size a1 into the square of possible transmitted symbols x̄. Due to
the definition of the DSM (2.28) this square has a side length of a0 = 1/

√
2. We

find

m1 =

⌊
a0

a1 + b1

⌋2

≥
(

a0
a1 + b1

− 1

)2

=

(

1
1

|h1| +
6

|h1|−
√
2

− 1

)2

≥
( |h1|

16

)2

, (5.41)

for |h1| ≥ 16 in (5.41) and therefore

R̄1 = logm1 ≥ log |h1|2 − 8.

The strongest receiver k = |So| resolves single symbols instead of blocks, in
other words a|So| = 0. Hence, by following the arguments (5.39) we find

m|So| =

⌊
a|So|−1

b|So|

⌋2

≥
( |h|So||
|h|So|−1|

1

16

)2

,

and thus, (5.40) holds for k = |So| as well.

The achievable rate region due to Lemma 5.14 is depicted by the dash-dotted
line in Figure 5.5. We observe that both closed-form bounds are rather loose, but
within a constant gap.

Finally, we find a region of achievable rates by using our universal Lemma 5.5:

Lemma 5.15. Consider the BC in the DSM. We can achieve all rate tuples
R̄ = (R̄1, R̄2, . . . , R̄K), for which the following constraint is fulfilled for all sets
S ⊆ {1, . . . ,K}:

∑

i∈S
R̄i ≤ log |hmax|2 − |S| log |S| − 11|S|,

with |hmax| = maxk∈S |hk|.
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We realize that the gap in Lemma 5.15 is worse than that in Lemma 5.14, both
for a small number K of receivers and in terms of the scaling for large K. We
present the lemma mainly for the simplicity of its proof. Later in Chapter 7, this
proof can be easily extended to incorporate secrecy constraints.

Proof. This time, let us order the receivers in So according to |hk| in descending
order, and show the achievability of the rate tuple

R̄1 = log |h1|2 −
(
log |h2|2

)+ − 11

R̄k = log |hk|2 −
(
log |hk+1|2

)+ − log(k − 1)− 11, k ∈ {2, . . . , |So| − 1}, (5.42a)

R̄|So| = log |h|So||2 − log(|So| − 1)− 11, (5.42b)

R̄k = 0, k 6∈ So.

We treat the transmitter of the BC, as if it would transmit |So| different sig-
nals X̄k, k ∈ So, in order to apply our general Lemma 5.14. The actual trans-
mitted signal is the sum X̄ =

∑

k∈So
X̄k. The signal X̄1 intended for the strongest

receiver 1 is constrained as in Lemma 5.14 with r1 = max(1, |h2|). The resulting
rate R̄1 according to the lemma is

R̄1 = log |h1|2 − (log |h2|)+ − 11.

The transmission X̄1 causes interference of amplitude

â2 = |[[h2]X̄1]| ≤ |h2||X̄1| ≤
|h2|
r1

≤ 1

at the second-strongest receiver 2. The signal X̄2 for receiver 2 is constrained as in
Lemma 5.14 with r2 = max(1, |h3|). We achieve

R̄2 = log |h2|2 − (log |h3|)+ −
(
log â22

)+ − 11

= log |h2|2 − (log |h3|)+ − 11.

The interference at receiver 3 has an amplitude of

â3 = |[[h3](X̄1 + X̄2)]|
≤ |h3||X̄1 + X̄2|

≤ |h3|
2

r2
≤ 2.

By choosing r3 = max(1, |h4|), the achievable rate is

R̄3 = log |h3|2 − (log |h4|)+ −
(
log â23

)+ − 11

= log |h3|2 − (log |h4|)+ − log 2− 11.
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We continue this scheme, and see that in general, for k = 2, . . . , |So| the interference
has bounded amplitude

âk = |[[hk](X̄1 + X̄2 + · · ·+ X̄k−1)]|

≤ |hk|
k − 1

rk−1

≤ k − 1.

Choosing rk = max(1, |hk−1|) yields (5.42a) for k ≤ |So| − 1. The signal X|So|
intended for the weakest receiver |So| is not reduced in amplitude, that is, r|So| = 1.
This yields (5.42b). For the sum-rate constraint in Lemma 5.15, we have bounded
log(k − 1) ≤ log |So| to simplify the expression.



Chapter 6

Achievable Rate Regions for

Interference Channels

In this chapter we consider the interference channel (IFC) and its cognitive variants,
the cognitive interference channel (CIFC) and the partially cognitive interference
channel (PCIFC). The channel models have been introduced in Section 2.4.3. In
the AWGN model, the received signal Ỹk at receiver k is described by

Ỹk = hkkX̃k +
∑

l∈{1,...,K}\k
hlkX̃l + Ñk,

where we use the same normalization as in Section 2.3.1. The first term is the
desired signal transmitted by the intended transmitter k; the sum incorporates the
interfering signals from all other transmitters. The corresponding description in
the discrete superposition model (DSM) is

Ȳk =
[
[hkk]X̄k

]
+

∑

l∈{1,...,K}\k

[
[hlk]X̄l

]
.

Note that cognition does not reflect on the channel model, but only on the messages
available to the transmitters.

We study achievable rate regions in the DSM. The motivation is that these
achievable rate regions constitute achievable rate regions in the AWGN model by
virtue of Theorem 4.2 and Theorem 4.3.

In the first part of the chapter we are interested in transmission strategies for the
weak interference regime, where the interfering channel gains hlk are significantly
weaker than the direct channel gains hkk. Consequently, our rate regions show poor
performance if the interference is too high.

In the second part beginning in Section 6.3, we consider the strong interference
regime, where the interfering channel gains are significantly stronger than the direct
channel gains. We find transmission strategies for this regime, and we see that the
performance can improve with increasing interference strength.

115
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6.1 Rate Regions for 2-User Channels

For the sake of illustration, we first consider the IFC and PCIFC with only two
users, denoted as 2-IFC and 2-PCIFC, respectively. This allows us to compare our
achievable rate regions with known outer bounds.

6.1.1 2-User Interference Channel

We shall first consider a 2-IFC with channel gains that are sufficiently small to
allow for finding an achievable rate region numerically. Our goal is to find sets X̄1

and X̄2 of transmitted symbols, such that the following conditions are fulfilled:

1. For any pair of different transmitted symbols x̄′
1, x̄

′′
1 ∈ X̄1, x̄′

1 6= x̄′′
1 and any

pair of transmitted symbols x̄′
2, x̄

′′
2 ∈ X̄2, the received signals ȳ′1 and ȳ′′1 are

different:

ȳ′1 = [[h11]x̄
′
1] + [[h21]x̄

′
2] 6= [[h11]x̄

′′
1 ] + [[h21]x̄

′′
2 ] = ȳ′′1 .

2. Symmetrically, for any pair of different transmitted symbols x̄′
2, x̄

′′
2 ∈ X̄2,

x̄′
2 6= x̄′′

2 and any pair of transmitted symbols x̄′
1, x̄

′′
1 ∈ X̄1, the received

signals ȳ′2 and ȳ′′2 are different:

ȳ′2 = [[h22]x̄
′
2] + [[h12]x̄

′
1] 6= [[h22]x̄

′′
2 ] + [[h12]x̄

′′
1 ] = ȳ′′2 .

In other words, no matter what value the interference takes, two different trans-
mitted signals may not result in the same received signal. It is not clear if there are
effective ways for finding sets X̄1 and X̄2 that satisfy the constraint. For our exam-
ple we choose the channel gains h11 = 9ej , h22 = 9e4j , h12 = 3e2j and h21 = 3e3j .
According to (2.26) this yields n = 2, hence, we have 16 possible transmitted sig-
nals x̄1, x̄2. We can therefore consider all possible subsets X̄1 and X̄2 and check
the above constraint. If the conditions are fulfilled, the rate pair

R̄1 = log |X̄1|,
R̄2 = log |X̄2|

is achievable.
Figure 6.1 depicts the achievable rate pairs as crosses. The convex hull, which

is achievable by time-sharing, corresponds to the solid line. The dotted square
depicts a naive outer bound on the DSM capacity region based on the point-to-
point channels between the two transmitter-receiver pairs.

We would like to compare the DSM capacity region to the corresponding AWGN
capacity region. The dashed line depicts an outer bound on the AWGN capacity
region due to [ETW08, Theorem 3]. Also, the dash-dotted line corresponds to the
Han-Kobayashi inner bound [HK81] evaluated for Gaussian input distributions. In
this example we observe that the gap between the DSM inner bound (solid line)
and the AWGN outer bound (dashed line) is most pronounced, when one of the
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Figure 6.1: Comparison between the DSM and AWGN capacity regions for a specific
example with small channel gains h11 = 9ej , h22 = 9e4j , h12 = 3e2j and h21 = 3e3j .
Rate pairs in the DSM and the corresponding rate region are depicted by crosses
and the solid line. The dotted square depicts the DSM outer bound. Inner and
outer bounds on the AWGN capacity region are depicted by dashed and dash-dotted
lines, respectively.

rates is large and the other rate is small. If both rates are similar, the gap is
comparably small. In other words, the DSM approximates the sum-rate constraint
of our example more accurately that the constraints on the individual rates. Note
that the analytical result of Theorem 4.3 predicted a different behavior, where the
gap between the capacity regions increases with the number of transmitter-receiver
pairs. It is an interesting question, if the decreasing accuracy of our approximations
is an artifact of the proof strategies, or if it is an inherent property of the DSM.

Next, we find regions of achievable rates for general IFCs in the weak interference
regime. To cope with the interference, we use the two strategies introduced in our
universal Lemma 5.4. First, the transmitters can reduce their transmit power by
reducing the circumference of the set of transmitted symbols x̄1, x̄2. This reduces
the interference inflicted on the other receiver. Second, the remaining interference
can be handled by reducing the density of the transmitted symbols. A combination
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of those strategies yields the achievability of the following rate region§.

Lemma 6.1. On the 2-IFC in the DSM we can achieve all rate pairs (R̄1, R̄2) with

R̄1 ≤ log |h11|2 − 11, (6.1a)

R̄2 ≤ log |h22|2 − 11,

R̄1 + R̄2 ≤ log |h11|2 + log |h22|2

− (log |h21|2)+ − (log |h12|2)+ − 22, (6.1b)

where (a)+ = max(a, 0).

Proof. The lemma can be derived from Lemma 5.4. The primary and secondary
transmitters reduce the amplitude of their transmission by a factor r1 and r2,
respectively. Hence, their transmitted signals X̄1 and X̄2 are constrained as

X̄i ∈
[

0,
1√
2ri

]

+ j

[

0,
1√
2ri

]

. (6.2)

The interference A1 from the secondary transmitter at the primary receiver is

A1 = [[h21]X̄2].

Its amplitude can be upper-bounded as

â1 = |A1| = |[[h21]X̄2]|
≤ |h21||X̄2|

≤ |h21|
r2

.

Similarly, the amplitude of the interference A2 = [[h12]X̄1] at the secondary receiver
is bounded as â2 ≤ |h21|/r2.

Lemma 5.4 yields the achievability of the rate pair

R̄1 = log |h11|2 − log r21 − 5− 2 log

(

2 + 3
√
2 +

|h21|
r2

)

, (6.3a)

R̄2 = log |h22|2 − log r22 − 5− 2 log

(

2 + 3
√
2 +

|h12|
r1

)

. (6.3b)

For spanning the rate region of Lemma 6.1, it is sufficient to consider two rate pairs.
For the first rate pair choose r1 = 1 and r2 = max(1, |h21|). We consider four cases:

§Recall that all rates are understood to be non-negative. Whenever a rate expression is
negative, this means that the corresponding rate equals zero.
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First, for |h21| ≥ 1 and |h12| ≥ 1 we have r2 = |h21|, and the resulting rates are

R̄1 = log |h11|2 − 5− 2 log
(

2 + 3
√
2 + 1

)

, (6.4a)

R̄2 = log |h22|2 − log |h21| − 5− 2 log
(

2 + 3
√
2 + |h12|

)

≥ log |h22|2 − log |h21| − 5− 2 log
(

2 + 3
√
2 + 1

)

− log |h12|2. (6.4b)

Second, for |h21| ≥ 1 and |h12| < 1 the resulting rates are (6.4a) and

R̄2 = log |h22|2 − log |h21| − 5− 2 log
(

2 + 3
√
2 + |h12|

)

≥ log |h22|2 − log |h21| − 5− 2 log
(

2 + 3
√
2 + 1

)

.

Third, for |h21| < 1 and |h12| ≥ 1 we have r2 = 1, which yields

R̄1 = log |h11|2 − 5− 2 log
(

2 + 3
√
2 + |h21|

)

≥ log |h11|2 − 5− 2 log
(

2 + 3
√
2 + 1

)

, (6.6)

R̄2 ≥ log |h22|2 − 5− 2 log
(

2 + 3
√
2 + 1

)

− log |h12|2.

Finally, for |h21| < 1 and |h12| < 1 we can achieve (6.6) and

R̄2 ≥ log |h22|2 − 5− 2 log
(

2 + 3
√
2 + 1

)

.

In summary, we can achieve the rate pair

R̄1 = log |h11|2 − 5− 2 log
(

2 + 3
√
2 + 1

)

, (6.7a)

R̄2 = log |h22|2 −
(
log |h21|2

)+ −
(
log |h12|2

)+ − 5− 2 log
(

2 + 3
√
2 + 1

)

, (6.7b)

for any value of |h12| and |h21|.
For the second rate pair we choose r1 = max(1, |h12|) and r2 = 1. Due to

symmetry, we can achieve the rate pair

R̄1 = log |h11|2 −
(
log |h12|2

)+ −
(
log |h21|2

)+ − 5− 2 log
(

2 + 3
√
2 + 1

)

, (6.8a)

R̄2 = log |h22|2 − 5− 2 log
(

2 + 3
√
2 + 1

)

. (6.8b)

The region of Lemma 6.1 is achieved by time sharing between the two rate pairs
(6.7) and (6.8). We simplify our expression by using

2 log
(

2 + 3
√
2 + 1

)

< 6. (6.9)
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6.1.2 2-User Partially Cognitive Interference Channel

In the 2-PCIFC, the primary message (M1p,M1c) consists of two parts. The
part M1c is conveyed to the secondary transmitter. In the transmission strategy
used in the proof of Lemma 6.2 below, we let the primary transmitter S1 select the
coarse and fine value of its transmitted signal X̄1 based on the message parts M1c

and M1p, respectively. The secondary system can benefit from knowing the coarse
value of X̄1 at the transmitter by using a dirty-paper-coding [Cos83] strategy as
follows: The secondary receiver D2 quantizes its reception Ȳ2. The secondary
transmitter S2, who knows the quantization function and the coarse value of the
interference [[h12]X̄1], can choose its own transmission X̄2 such that the interfer-
ence is canceled partly. The details are given in the proof of the lemma below. The
achievable rate region is expressed in terms of rate pairs (R̄1, R̄2). The cognitive
rate Rc ≤ Cc of the message M1c is below the cognitive capacity Cc, which is a
system parameter that describes the connection between S1 and S2. The lemma
includes the 2-CIFC as a special case where Cc is as high as needed to convey the
whole primary message M1 = (M1p,M1c).

Lemma 6.2. On the 2-PCIFC in the DSM with cognitive capacity Cc we can
achieve all rate pairs (R̄1, R̄2) with

R̄1 ≤ log |h11|2 − 13,

R̄2 ≤ log |h22|2 − 13,

R̄1 + R̄2 ≤ log |h11|2 + log |h22|2

− (log |h21|2)+ − (log |h12|2 − Cc)
+ − 28. (6.10)

Proof. For simplicity, we first consider the 2-CIFC, where the secondary transmitter
knows the whole primary message. Hence, it knows the primary transmission X̄1

perfectly. The transmitters reduce their set of transmitted symbols as in (6.2). The
secondary receiver sees a superposition of the signal [[h22]X̄2] and the interference
[[h12]X̄1]. The components are depicted in Figure 6.2 as the solid square and the
arrow, respectively.

The secondary receiver D2 quantizes the received signal Ȳ2 as follows,

Ȳ quant
2 = Ȳ2 −

⌊
Ȳ2|h22|
sgridh22

⌋
sgridh22

|h22|
,

where sgrid ∈ R is the size of the grid and ⌊·⌋ denotes the component-wise floor
operation. The quantization is depicted by the dashed grid in Figure 6.2. The grid
is aligned with the angle of h22, and the dashed lines have a distance of sgrid. We will
choose the parameter sgrid depending on the channel gain h22 as in (6.11). Hence,
S2 knows the value of Ȳ quant

2 perfectly. S2 chooses its own set X̄2 of transmitted
symbols such that:
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[[h22]X̄2]

[[h12]X̄1]

c ©
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2

Figure 6.2: Sketch of the interference mitigation in the proof of Lemma 6.2. The
intended received signal and the interference are depicted by a solid square and an
arrow, respectively. The quantization of the receiver is depicted by the dashed grid.

1. All resulting received symbols ȳ2 fall in the same square of the quantization
grid, that is,

⌊
ȳ2|h22|
sgridh22

⌋
sgridh22

|h22|
= const. for all x̄2 ∈ X̄2.

2. All transmitted symbols x̄2 ∈ X̄2 result in different received symbols ȳquant2 .

Note that the solid square in Figure 6.2, which contains the signal [[h22]X̄2], has a

side length of at most |h22|√
2r2

. Therefore, the first requirement is fulfilled by choosing

sgrid =
|h22|
2
√
2r2

. (6.11)

To find the cardinality |X̄2| of symbols that fulfill both constraints, we can use the
same circle-packing strategy used in the proof of Lemma 5.4.

Before we continue, we consider the changes introduced when considering the
2-PCIFC. To simplify the splitting of the primary message into the parts M1p

and M1c, we demand that the primary rate R̄1 is an even integer. If R̄′
1 is the

rate achieved by the circle packing procedure, we choose R̄1 = 2⌊R̄′
1/2⌋ as our

transmission rate. It is easy to see that R̄1 ≥ R̄′
1 − 2. Similarly, we choose the

cognitive rate Rc to be an even integer, which is possible for Rc ≥ Cc − 2. We can
now divide the set X̄1 of symbols x̄1, contained in a square of side length 1/(

√
2r1)

into 2Rc sub-squares of side length

1√
2r12Rc/2

.

In other words, X̄1 = X̄coarse
1 + X̄fine

1 can be described by the lower-left cor-
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ner X̄coarse
1 of the sub-square and the symbol

X̄fine
1 ∈

[

0,
1√

2r12Rc/2

]

+ j

[

0,
1√

2r12Rc/2

]

within the sub-square. While S2 knows X̄coarse
1 and can compensate this part

of the interference as described above, X̄fine
1 acts as unknown interference. The

amplitude â2 of the interference at the secondary receiver D2 is upper bounded as

â2 ≤ |h12|
r12Rc/2

.

By following the proof of Lemma 5.4, we find the number |X̄2| of non-overlapping
circles

|X̄2| ≥
⌊

sgrid

2(2 + 3
√
2 + â2)

⌋2

≥
( |h22|
4
√
2r2(2 + 3

√
2 + â2)

− 1

)2

(6.12a)

≥
( |h22|
8
√
2r2(2 + 3

√
2 + â2)

)2

, (6.12b)

where (6.12a) uses (6.11) and (6.12b) holds because |h22| ≥ 8
√
2r2(2 + 3

√
2 + â2),

which is the requirement for R̄2 ≥ 0 in (6.13) below. This yields the secondary rate

R̄2 = log |h22|2 − log r22 − 7− 2 log
(

2 + 3
√
2 + â2

)

(6.13)

≥ log |h22|2 − log r22 − 7− 2 log

(

2 + 3
√
2 +

|h12|
r12Rc/2

)

.

The primary rate is

R̄1 = log |h11|2 − log r21 − 7− 2 log

(

2 + 3
√
2 +

|h21|
r2

)

due to Lemma 5.4, where we have accounted for the rate penalty from R̄1 being an
even integer.

Choosing r1 = 1 and r2 = max(1, |h21|) yields the rate pair

R̄1 = log |h11|2 − 7− 2 log
(

2 + 3
√
2 + 1

)

,

R̄2 = log |h22|2 −
(
log |h21|2

)+ −
(
log |h12|2 −Rc

)+ − 7− 2 log
(

2 + 3
√
2 + 1

)

,

by following similar arguments as in (6.4)–(6.7). Also, choosing

r1 = max

(

1,
|h12|
2Rc/2

)
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and r2 = 1 yields the rate pair

R̄1 = log |h11|2 −
(
log |h21|2

)+ −
(
log |h12|2 −Rc

)+ − 7− 2 log
(

2 + 3
√
2 + 1

)

,

R̄2 = log |h22|2 − 7− 2 log
(

2 + 3
√
2 + 1

)

.

Time sharing between the two rate pairs yields the region of Lemma 6.2, where we
have used the simplification (6.9) and Rc ≥ Cc − 2.

6.1.3 Evaluation

The rate regions of Lemma 6.1 and Lemma 6.2 involve expressions that are easy
to interpret and evaluate. The expressions consist of three constraints, two for the
two individual rates R̄1 and R̄2 and one for the sum-rate R̄1 + R̄2. Each of the
constraints is a simple function of the channel gains hij , which only depends on the
respective absolute values |hij |.

Before we proceed with the interpretation of our results, we shall verify that
the rate regions are competitive, that is, that they are close to outer bounds on
the AWGN capacity regions. Consider Figure 6.3, which shows the rate regions
for an exemplary set of channel gains. Our achievable rate regions for the 2-IFC
and 2-CIFC are depicted by the two solid lines with circle markers and square
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Figure 6.3: Comparison of rate regions for IFC and C-IFC. The channel gains are
|h11| = |h22| = 1030 and |h12| = |h21| = 1010.
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Figure 6.4: Comparison of rate regions for IFC and C-IFC, where the constant gaps
of Lemma 6.1 and Lemma 6.2 are omitted. The channel gains are |h11| = |h22| =
100 and |h12| = |h21| = 5.

markers, respectively. The outer bounds on the capacity regions of the 2-IFC due
to [ETW08, Theorem 3] and the 2-CIFC due to [WVA07, Theorem 3.7] are depicted
by the dashed lines with circle markers and square markers, respectively. For both
2-IFC and 2-CIFC we observe that the regions have a similar shape. The difference
between the achievable rate region and the outer bound appears to be a constant
gap. In fact this gap corresponds to the gaps in our Lemma 6.1 and Lemma 6.2.

To verify this, we consider Figure 6.4, where we plotted the rate regions without
the constant gaps for a set of smaller channel gains. We observe that our expressions
meet the outer bounds well, especially in the 2-IFC case. The gap between the
regions does not exceed 1 bit. At least for the example under consideration, the
gaps in Lemma 6.1 and Lemma 6.2 are far too conservative. This might indicate,
that more elaborate proof techniques are able to result in smaller gaps.

In both figures we plotted the achievable rate region of the 2-PCIFC for different
values of the cognitive capacity Cc as lines without markers. As expected, the rate
region of the 2-PCIFC bridges the gap between the rate regions of 2-IFC and
2-CIFC.

The constraints on the individual rates R̄1 and R̄2 are natural constraints. They
are the same in both Lemma 6.1 and Lemma 6.2, except for a difference of 2 bits,
which is due to the more involved transmission strategy for the 2-PCIFC. The
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interesting part is the sum-rate constraint: The positive term log |h11|2 + log |h22|2
would be achievable if the two systems did not interfere. Additionally, there are
two penalties: Both 2-IFC and 2-PCIFC experience the penalty −(log |h21|2)+ due
to the interference at the primary receiver D1 caused by the secondary transmit-
ter S2. The penalty due to the second interfering link is −(log |h12|2)+ for the
2-IFC and is reduced to −(log |h12|2−Cc)

+ for the 2-PCIFC. Hence, increasing the
capacity Cc of the cognitive link yields an increase in sum-rate of the same amount.
However, the gain from increasing Cc is limited. The interference caused by the
primary transmitter S1 can be completely neutralized by choosing Cc = log |h12|2.
Increasing Cc beyond that value is useless. These facts are relevant guidelines for
the design of cognitive systems.

6.2 Rate Regions for K-User Channels

In this section we extend our results for the 2-IFC and 2-PCIFC to the K-IFC and
K-PCIFC.

6.2.1 K-User Interference Channel

We describe the achievable rate region for the K-IFC as the convex hull over K rate
tuples. For the 2-user channels considered so far, the rate regions could be expressed
equivalently in terms of constraints on the individual rates and the sum-rate. For
the K-user case, an expression in terms of sum-rate constraints is difficult to obtain,
since the sum-rates of the achievable rate tuples are different. However, we believe
that the description in terms of rate tuples is most relevant for the implementation
of systems. The system might alternate between the K operating points to satisfy
external rate constraints, such as fairness constraints.

Lemma 6.3. On the K-IFC in the DSM we can achieve the following K rate tuples

R̄(t) = (R̄
(t)
1 , . . . , R̄

(t)
K ) for t = 1, . . . ,K:

R̄
(t)
t = log |htt|2 − 11,

R̄
(t)
k = log |hkk|2 −

(
log |htk|2

)+

−
(

max
l∈{1,...,K}\k

log |hkl|2
)+

− 11, k ∈ {1, . . . ,K} \ t. (6.16)

Proof. Similar to the case of 2-IFC we constrain the set of transmitted signals as
in (6.2). The interference at receiver k due to the transmitters l ∈ {1, . . . ,K} \ k
has an amplitude of at most

âk =
∑

l∈{1,...,K}\k

|hlk|
rl

.
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Lemma 5.4 yields the achievability of the following rate tuples

R̄k = log |hkk|2 − log r2k − 5− 2 log



2 + 3
√
2 +

∑

l∈{1,...,K}\k

|hlk|
rl



 , (6.17)

for a set of parameters {rk} with rk ≥ 1. To achieve the rate tuple t = 1, . . . ,K in
the lemma, choose rt = 1 and

rk = max

(

1, max
l∈{1,...,K}\k

|hkl|
)

, for k ∈ {1, . . . ,K} \ t.

Plugging those parameters into (6.17) and going through a set of cases concerning
the values of the channel gains yields the lemma.

6.2.2 K-User Partially Cognitive Interference Channel

The K-PCIFC consists of a single primary transmitter-receiver pair (S1, D1) and
K−1 secondary pairs. We assume that all secondary transmitters S2, . . . , SK know
the same part M1c of the primary message.

Lemma 6.4. On the K-PCIFC in the DSM with cognitive capacity Cc we can

achieve the following K rate tuples R̄(t) = (R̄
(t)
1 , . . . , R̄

(t)
K ) for t = 1, . . . ,K: The

rate tuple R̄(1) consists of the rates

R̄
(1)
1 = log |h11|2 − 13,

R̄
(1)
k = log |hkk|2 −

(
log |h1k|2 − Cc

)+

−
(

max
l∈{1,...,K}\k

log |hkl|2
)+

− 15, k ∈ {2, . . . ,K}. (6.18)

The rate tuples R̄(t) t = 2, . . . ,K contain the rates

R̄
(t)
1 = log |h11|2 −

(
log |ht1|2

)+

−
(

max
l∈{2,...,K}

log |h1l|2 − Cc

)+

− 15, (6.19)

R̄
(t)
t = log |htt|2 − 13,

R̄
(t)
k = log |hkk|2 −

(
log |htk|2

)+

−
(

max
l∈{1,...,K}\k

log |hkl|2
)+

− 13, k ∈ {2, . . . ,K} \ t.

Proof. Following the proof of Lemma 6.2 reveals that the interference term at the
secondary receiver Dk, k ∈ {2, . . . ,K} has amplitude

âk ≤ |h1k|
r12Rc/2

+
∑

l∈{2,...,K}\k

|hlk|
rl

.
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The resulting achievable rate tuple is

R̄1 = log |h11|2 − log r21 − 7

− 2 log



2 + 3
√
2 +

∑

l∈{2,...,K}

|hl1|
rl



 ,

R̄k = log |hkk|2 − log r2k − 7

− 2 log



2 + 3
√
2 +

|h1k|
r12R2/2

+
∑

l∈{2,...,K}\k

|hlk|
rl



 ,

for k ∈ {2, . . . ,K}. To achieve the rate tuple t = 1, choose r1 = 1 and

rk = max

(

1, max
l∈{1,...,K}\k

|hkl|
)

, for k ∈ {2, . . . ,K}.

To achieve the remaining rate tuples t ∈ {2, . . . ,K}, choose

rt = 1,

r1 = max

(

1, max
l∈{2,...,K}

|h1l|
2Rc/2

)

,

rk = max

(

1, max
l∈{1,...,K}\k

|hkl|
)

, for k ∈ {2 . . . K} \ t.

6.2.3 Comparison

We observe that the rate tuples of Lemma 6.3 and Lemma 6.4 have a particular
structure: One of the rates R̄t equals the point-to-point rate log |htt|2 of the corre-
sponding transmitter-receiver pair (St, Dt) up to a constant gap. We call this pair
the leader. The other pairs are followers, which have to cope with the interference
inflicted by the leader. Furthermore, the followers may not inflict any interference
on other pairs. This results in the penalties seen in the expressions. It is interest-
ing to see which penalties are alleviated by introducing cognition. If the primary
system (S1, D1) is the leader, all remaining rates are increased, as can be seen from
comparing (6.16) and (6.18). However, if one of the secondary systems is the leader,
only the primary rate R1 is increased, see (6.19).

We illustrate this for K = 3 by the qualitative plot in Figure 6.5. The three
black points correspond to the achievable rate triples in the 3-IFC. The rate region
spanned by those points is depicted by the grey polyhedron. On the 3-PCIFC, we
can achieve the three rate triples depicted by the three white points. They all lie
outside of the solid polyhedron. The rate region of the 3-PCIFC is depicted by the
polyhedron drawn with dashed lines, which extends the grey polyhedron. We see
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R1

R3

R2

Figure 6.5: Qualitative plot of achievable rate regions for K = 3. Achievable rate
tuples of 3-IFC and 3-PCIFC are depicted by black and white dots, respectively.
The achievable rate region of the 3-IFC and 3-PCIFC corresponds to the solid and
dashed polyhedron, respectively.

that the white point on the lower left of the figure extends the rate region the most.
This is the rate tuple where the primary system is the leader.

For K = 2, cognition extends the rate region symmetrically by increasing the
sum-rate constraint. However, forK ≥ 3 the rate region is extended asymmetrically
in mainly one prominent direction. This has two implications for K ≥ 3: First,
the sum-throughput of the cognitive system is increased by assigning the leader
role more often to the primary system. Second, the gain of cognition decreases
with higher dimension K. This might indicate that it is not beneficial to operate
multiple secondary systems in a cognitive radio setting.

6.3 Strong Interference Regime

So far, we have considered transmission schemes that are designed for weak inter-
ference, that is, the channel gains hlk, l 6= k of the interfering channels are weaker
than the channel gains hkk of the direct channels. In this section, we consider the
opposite scenario, where the interfering channels are stronger than the direct chan-
nels. It turns out that the achievable rates in this scenario can be significant. If
the interference is very strong, we can achieve the same rates as if there were no
interfering links at all. The intuitive explanation is that the strong interference can
be decoded and subtracted, before the desired signal is decoded.

6.3.1 2-User Interference Channel

We will first consider the 2-IFC for illustrating our scheme. We then extend our
result to the K-IFC with symmetric interfering links, that is, all channel gains



6.3. Strong Interference Regime 129

hij = hint, i 6= j are the same.

Lemma 6.5. On the 2-IFC we can achieve the following rate pair:

R̄1 = min
(
log |h11|2 − 6, log |h12|2 − log |h22|2 − 4

)
,

R̄2 = min
(
log |h22|2 − 6, log |h21|2 − log |h11|2 − 4

)
.

The basic idea of the transmission strategy is sketched in Figure 6.6. The
transmitted signals X̄1 and X̄2 are depicted on the left side. The right side shows
the superposition of the signals [[h11]X̄1] and [h21]X̄2 at the primary receiver D1 as
solid squares and crosses, respectively. The secondary transmitter S2 reduces the
density of its symbols such that the distance between them is ds as shown in the
figure. Due to the large channel gain of the interfering link, the received symbols
[h21]X̄2 have a spacing of a2. The signal [[h11]X̄1] is contained in a square of side
length b1. If a2 is large enough, the superposition of the two signals results in non-
overlapping copies of the signals [[h11]X̄1]. The receiver D1 can therefore detect
both the interfering signal X̄2 and the intended signal X̄1.

Proof. Note that R̄1 = 0 if |h11| < 32. Therefore, we only consider the case
|h11| ≥ 32. First, consider the intended signal X̄1. This signal is constrained to lie
inside a square of side length 1/

√
2. The scaling by [h11] increases the side length

by a factor of |[h11]| ≤ |h11|. Furthermore, the side length can be increased by the
rounding operation at most by a constant of 2

√
2. This is because the rounding

operation can alter the argument by at most
√
2 in a given direction. Therefore,

the signal [[h11]X̄1] is constrained to lie inside a square of side length

b1 =
|h11|√

2
+ 2

√
2. (6.20)

1√
2

ds

X̄1

X̄2

a2

b1

Figure 6.6: Illustration of the transmission scheme for strong interference.
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In order for the superimposed signals to be detectable, the symbols [[h21]x̄2] need
to be sufficiently far apart to avoid overlapping of the squares. Two symbols x̄′

2

and x̄′′
2 have to fulfill

|[[h21]x̄
′
2]− [[h21]x̄

′′
2 ]| ≥

√
2b1, (6.21)

where the factor
√
2 accounts for a possible rotation of the squares. We reduce

the density of the symbols x̄2 in the same systematic way used in the proof of
Lemma 5.3. By using only a fraction 1/2p, p ∈ N of the symbols, we can guarantee
a distance of

|x̄′
2 − x̄′′

2 | ≥
2−n

√
2

(√
2
)p

, (6.22)

while achieving a rate of R̄2 = 2n− p. We can bound

|[[h21]x̄
′
2]− [[h21]x̄

′′
2 ]| ≥ |[h21]x̄

′
2 − [h21]x̄

′′
2 | − 2

√
2 (6.23a)

≥ |[h21]|
2−n

√
2

(√
2
)p

− 2
√
2 (6.23b)

≥ |h21|
2−n

2

(√
2
)p

− 2
√
2

≥
√
2b1, (6.23c)

where (6.23a) holds because the rounding operation can alter the argument by
at most

√
2; (6.23b) uses (6.22); and (6.23c) is the requirement (6.21) for non-

overlapping squares. This yields an expression for the minimum symbol reduction

p =
⌈

2n− log |h21|2 + 2 + 2 log(
√
2b1 + 2

√
2)
⌉

.

We now find the secondary rate

R̄2 = 2n− p

= 2n− 2n− 2 +
⌊

log |h21|2 − 2 log(
√
2b1 + 2

√
2)
⌋

≥ log |h21|2 − 2 log(
√
2b1 + 2

√
2)− 3

≥ log |h21|2 − 2 log(|h11|+ 4 + 2
√
2)− 3 (6.24a)

> log |h21|2 − 2 log(
√
2|h11|)− 3 (6.24b)

= log |h21|2 − log |h11|2 − 4,

where (6.24a) is due to (6.20), and we have used |h11| ≥ 32 in (6.24b). Furthermore,
the symbols x̄2 may not merge at the secondary receiver D2. This is fulfilled if

R̄2 ≥ log |h22| − 6,

due to Lemma 5.3. The combination of the two requirements yields R̄2 of the
lemma. The primary rate R̄1 follows due to symmetry.
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6.3.2 K-User Interference Channel

The extension to K transmitter-receiver pairs is straightforward. However, the
scheme only works for symmetric IFC, where all interfering links hij = hint, i 6= j
are the same. The channel gains of the direct links hii can take any value.

Lemma 6.6. On the K-IFC we can achieve the rate tuple R̄ = (R̄k, k = 1, . . . ,K)
with

R̄k = min

(

log |hkk|2 − 6, log |hint|2 − max
l=1,...,K

log |hll|2 − 4− 2 log(K − 1)

)

.

Proof. Note that if all interfering links have the same channel gain hint, the inter-
ference ∑

l 6=k

[hint]X̄l

takes only values from a regular grid of distance a2, as depicted in Figure 6.6. After
the rounding operation, the interference

∑

l 6=k

[[hint]X̄l]

lies in a small area around the grid points. The area is depicted by the dashed
boxes in Figure 6.6. Recall that the rounding operation can change the argument
by at most

√
2 in a given direction. Two interfering symbols x̄′

int and x̄′′
int have,

thus, a distance of at least

|[[hint]x̄
′
int]− [[hint]x̄

′′
int]| ≥ |[hint]x̄

′
int − [hint]x̄

′′
int| − (K − 1)2

√
2.

The gap between the symbols needs to be large enough for all intended signals.
Extending the requirement (6.21) yields

|[[hint]x̄
′
int]− [[hint]x̄

′′
int]| ≥ max

l=1,...,K
|hll|+ 4(K − 1).

The rest of the proof follows from similar steps as in the proof of Lemma 6.5.





Chapter 7

Secrecy Capacity of Parallel Relay

Networks

In this chapter we turn to the secrecy capacity in the discrete superposition model
(DSM). We consider a special relay network, the parallel relay network (PRN), with
conventional relays and an orthogonal eavesdropper. This network belongs to the
class of networks, for which the AWGN secrecy capacity can be bounded from above
and below in terms of the DSM as in Theorem 4.1. We evaluate both upper and
lower bounds and show that they are within a constant gap. This yields a constant-
gap approximation of the AWGN secrecy capacity for a relatively interesting class
of networks. To the best of the author’s knowledge, this is the first approximation of
the secrecy capacity of a PRN within a constant gap. Our expression depends only
on the channel gains of the network. It is simple enough to provide crucial insight
into the operation of the network: For this particular network with an orthogonal
eavesdropper it is optimal to provide secrecy by reducing the transmit power at
every transmitter, such that the eavesdropper receives the signals at noise level.

7.1 Wire-Tap Channel

Before we investigate the PRN, we shall consider the wiretap channel, consisting of a
source, a destination and an eavesdropper. There exist channels between the source
and the destination, and between the source and the eavesdropper, characterized
by the channel gains hy and hz, respectively. The AWGN model and the DSM of
the wire-tap channel are defined as in Section 2.3.1 and Section 2.3.3. In the DSM
the transmitted signal of the source is denoted by X̄; the received signals at the
destination and the eavesdropper are denoted by Ȳ and Z̄, respectively.

We will find the secrecy capacity C̄s of the DSM wire-tap channel and evaluate
the expression numerically. The secrecy capacity C̃s of the AWGN wire-tap channel
is known [LYCH78]. We can therefore compare the two secrecy capacities and show
that they are fairly similar. This serves as a proof of concept for approximating the
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AWGN secrecy capacity by the DSM secrecy capacity.
First, we seek an upper bound on C̄s. Let a genie provide the destination with

the received signal Z̄ of the eavesdropper. This strengthens the destination and can
therefore only increase C̄s. The genie-aided channel is degraded in the sense that
X̄ → (Ȳ , Z̄) → Z̄ forms a Markov chain. For those degraded channels, the secrecy
capacity is given as [LPS09, (2.15)]

C̄degraded
s = max

pX̄

(
I(X̄; Ȳ , Z̄)− I(X̄; Z̄)

)
.

This yields the upper bound

C̄s ≤ max
pX̄

(
I(X̄; Ȳ , Z̄)− I(X̄; Z̄)

)

= max
pX̄

(
H(Ȳ , Z̄)−H(Z̄)

)
(7.1a)

= max
pX̄

H(Ȳ |Z̄)

= max
pZ̄

max
pX̄|Z̄

∑

z̄

pZ̄(z̄)H(Ȳ |Z̄ = z̄)

= max
pZ̄

∑

z̄

pZ̄(z̄)max
pX̄|Z̄

H(Ȳ |Z̄ = z̄)

≤ max
pZ̄

∑

z̄

pZ̄(z̄) log card(Ȳ|Z̄ = z̄) (7.1b)

= max
z̄

log card(Ȳ|Z̄ = z̄),

where (7.1a) is due to the deterministic channel, and (7.1b) uses a similar argument
as in the proof of Lemma 5.1. The upper bound is also achievable by only using
the values X̄, which yield a constant value of Z̄ = z̄ and distinct values of Ȳ . We
use those X̄ with uniform probability. By choosing the maximizing value of z̄ we
achieve

C̄s = max
z̄

log card(Ȳ|Z̄ = z̄).

Note that we can achieve full secrecy in the DSM: Since Z̄ = z̄ is constant, we
have I(M, Z̄) = 0. However, this does not imply full secrecy in the corresponding
AWGN model. By means of Theorem 4.5, an achievable rate for the AWGN model
can be found by analyzing the DSM, but the AWGN rate is achieved under the
weak secrecy constraint.

The secrecy capacity C̃s of the AWGN wire-tap channel is [LYCH78]

C̃s =
(
log(1 + |hy|2)− log(1 + |hz|2)

)+
.

Figure 7.1 compares the two secrecy capacities numerically for certain channel
gains hy and hz. The AWGN and DSM secrecy capacity correspond to the dashed
and the dotted lines, respectively. They are plotted versus the magnitude |hy| for
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Figure 7.1: Comparison of the AWGN secrecy capacity C̃s (dashed) and the DSM
secrecy capacity C̄s (solid) of the wiretap channel. The secrecy capacity is plotted
versus the magnitude |hy| of the destination’s channel gain for three values of the
magnitude |hz| of the eavesdropper’s channel gain. The angles of the channel gains
are arg(hy) = 1 and arg(hz) = 2.

three values of |hz|. It can be verified that the angles of the channel gains have
minor influence on the DSM secrecy capacity. In the figure they are chosen as
arg(hy) = 1 and arg(hz) = 2. We observe that the DSM secrecy capacity approxi-
mates the AWGN secrecy capacity reasonably well. The gap is at most 2 bits, but
often smaller.

We already knew that the gap between C̄s and C̃s is at most a constant gap
due to Theorem 4.5 on page 77: The wiretap channel can be seen as a special relay
network without any relays. There exists only one cut, hence, the bounds (4.13a)
and (4.13a) in Theorem 4.5 coincide. Also, the eavesdropper is orthogonal, because
there is only one transmitter. Therefore, applying the theorem to the wiretap
channel yields

∣
∣
∣C̃s − C̄s

∣
∣
∣ ≤ max(κSC,1, κSC,1),

since

max
z̄

max
pX̄|Z̄

H(Ȳ |Z̄ = z̄) = C̄s.
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However, the gap provided by Theorem 4.5 is max(κSC,1, κSC,1) ≈ 210 bits for
|V| = 3. By considering the numerical evaluation we see that this gap is far too
pessimistic. Unfortunately, the wire-tap channel is the only relay network where the
secrecy capacity is known exactly, hence, for larger networks we cannot compare the
DSM secrecy capacity and the AWGN secrecy capacity directly. It is an interesting
question, whether the large gap provided by Theorem 4.5 is due to the concatenation
of loose bounds, or whether the gap between the DSM and the AWGN secrecy
capacities is in fact large for general networks.

7.2 Parallel Relay Networks

We continue by applying Theorem 4.5 to a particular type of networks, the PRN
defined in Section 2.4.4. There exists a single eavesdropper E, which receives or-
thogonal signals Z̄D and Z̄i, i ∈ R from the source and the relays, respectively.
Without loss of generality, we assume that the eavesdropper is connected to all
relays, that is, L = R ∪ {S}. If a link (i, E) does not exist, this is represented
by setting the corresponding channel gain hiE = 0 to zero. This will simplify our
expressions.

Figure 7.2 depicts a PRN with four relays, R = {1, 2, 3, 4}. The figure also shows
a cut, separating the nodes into the sets Ω = {S, 1, 2} and Ωc = {3, 4, D}. The cut
can be equivalently described by the partition of relays into the sets P = {1, 2} and
Pc = {3, 4}, as shown in the figure. In general, P = Ω\{S} and Pc = Ωc\{D}. We
provide the following characterization of the AWGN secrecy capacity of the PRN.

Theorem 7.1. The AWGN secrecy capacity C̃s of the PRN with an orthogonal
eavesdropper and conventional relays can be approximated as

C̃s ≤ Capprox
s + κPRN,1, (7.2a)

C̃s ≥ Capprox
s − κPRN,2, (7.2b)

where

Capprox
s = min

P⊆R

{(

max
j∈Pc

log |hSj |2 −
(
log |hSE |2

)+
)+

+max
i∈P

(

log |hiD|2 −
(
log |hiE |2

)+
)+
}

,

(7.3)

κPRN,1 = 52|V| log |V| and κPRN,2 = 67|V| log |V|.

The approximation Capprox
s can be expressed in terms of the channel gains only;

it does not contain any artifacts of neither the AWGN model nor the DSM. Further-
more, the evaluation of each cut P amounts only to finding the maximum j ∈ Pc

and i ∈ P. The only difficulty is the fact there are a large number of 2|R| possible
subsets P that have to be evaluated.
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Figure 7.2: Parallel relay network with four relays and an orthogonal eavesdropper.

For a different remark, note that

log |hSj |2 −
(
log |hSE |2

)+
= log

|hSj |2
max(1, |hSE |2)

.

Hence, the approximate secrecy capacity of the PRN equals the approximate capac-
ity of a PRN without secrecy constraint, where each channel gain hij is replaced by
hij/max(1, |hiE |). This means that each transmitter reduces its transmit power by
a factor max(1, |hiE |2), such that the eavesdropper receives the signal at noise level.
The fact that the approximate capacity is the same means that using the power
reduction strategy in the AWGN model is optimal within a constant gap. The small
leakage can be removed by applying a wiretap code at the source as described in
the proof of Theorem 4.5. In other words: When faced with an orthogonal eaves-
dropper, there is no fundamentally better strategy than just reducing the transmit
power to hide the transmission from the eavesdropper.

The proof of Theorem 7.1 consists of two parts: the converse part, resulting in
(7.2a) and the achievability part, resulting in (7.2b). The main idea of the converse
proof is that each partition P separates the network into a multiple access channel
(MAC) component and a broadcast channel (BC) component. By extending our
results from Chapter 5, we find upper bounds on the secrecy rates of the MAC
and BC components. We use the fact that the secrecy capacity in the DSM cannot
be larger than the logarithm of the number of different received signals. For the
MAC, we observe that the received signal ȲD lies within a bounded region. Hence,
it cannot take more values than the number of complex integers within that region.
For the BC, we use a slicing argument. The bounded region of the transmitted
signal X̄S is sliced into pieces by the rounding operation at each of the receivers.
We bound the number of pieces obtained by using the slicing at all receivers simul-
taneously. Summing the two upper bounds yields an upper bound on the secrecy
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capacity. This holds for all cuts. Hence, we consider the minimizing cut, which
yields the tightest bound.

To prove the achievability part, we find achievable rate regions for the BC com-
ponent from the transmitter S to the receivers j ∈ R and for the MAC component
from the transmitters i ∈ R to the receiver D. The achievability of the min-cut
formulation (7.3) follows from the extended version Theorem 2.5 of the min-cut
max-flow theorem for polymatroidal networks.

Proof. We start the proof by showing the converse part (7.2a). Due to (4.13b) in
Theorem 4.5, we have

C̃s − κSC,2 ≤ min
P

max
z̄L

max
pX̄V|Z̄L

H(ȲPc , ȲD|X̄Pc , Z̄L = z̄L)

≤ min
P

(

max
z̄S

max
pX̄S |Z̄S

H(ȲPc |Z̄S = z̄S)

+ max
z̄P

max
pX̄P|Z̄P

H(ȲD|X̄Pc , Z̄P = z̄P)

)

, (7.4)

hence, each cut consists of a BC with transmitter S and a set Pc of receivers as
well as a MAC with a set P of transmitters and receiver D. The upper bound (7.4)
corresponds to operating the BC and MAC components independently and at the
same time. Furthermore, we are interested in the entropy of the joint reception ȲPc

of the receivers of the BC component, which are allowed to cooperate. Also, the
transmitters of the MAC component are allowed to cooperate, since we maximize
over the joint input distribution pX̄P |Z̄P . In the following we find upper bounds for
the BC and MAC components.

To start with, we show that we have a constant received signal Z̄i = z̄i at the
eavesdropper only if the corresponding transmitted signal X̄i takes only values
from a square of side length

ai = min

(
1√
2
,

3

|hiE |

)

. (7.5)

To see this, consider that Z̄i = [[hiE ]X̄i] = z̄i implies that [hiE ]X̄i takes values
from a square of side length of at most 2. This is due to the definition (2.25) of
the rounding operation, and the fact that the largest possible square is attained for
z̄i = 0. We have |[hiE ]| ≥ |hiE | −

√
2, hence X̄i can take value from a square of a

maximum side length of 2/(|hiE | −
√
2). For hiE ≥ 3

√
2, we have

2

|hiE | −
√
2
≤ 3

|hiE |
,

which yields the second term in the minimization (7.5). For hiE < 3
√
2, we have

2

|hiE | −
√
2
>

1√
2
,
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however, X̄i is constrained to lie inside a square of side length 1/
√
2 by the definition

(2.28), which yields the first term in (7.5).

Now, consider the MAC component. We develop an upper bound on the sum-
rate of a subset P ⊆ R of transmitters by extending the proof of Lemma 5.10 for the
MAC without secrecy constraints. If the transmitted signal X̄i, i ∈ P is constrained
according to (7.5) to a square of side length ai, then [hiD]X̄i is constrained to lie
inside a square of side length bi = |hiD|ai, since the rounding operation decreases
the absolute value. We now use an argument, which is described in the proof of
Lemma 5.8 in more detail: There exists a square with side length

√
2bi, which

contains [hiD]X̄i and is aligned with the axes of the complex plane. This square
also contains the result [[hiD]X̄i] of the rounding operation. Furthermore, since the
argument holds for all i ∈ P, the sum-signal

Ȳ (P) =
∑

i∈P
[[hiD]X̄i],

received by the destination D, is constrained to lie inside a square of side length

bP =
∑

i∈P

√
2bi

≤
√
2|P|max

i∈P
bi

=
√
2|P|max

i∈P
min

( |hiD|√
2

,
3|hiD|
|hiE |

)

.

Now, the entropyH(Ȳ (P)) is constrained by the logarithm of the number of complex
values in the square of side length bP . This yields (7.6a) in the following chain of
inequalities:

max
z̄P

max
pX̄P|Z̄P

H(Ȳ (P)|X̄Pc , Z̄P = z̄P)

≤ max
z̄P

max
pX̄P|Z̄P

H(Ȳ (P)|Z̄P = z̄P)

= max
z̄P

log card(Ȳ(P)|Z̄P = z̄P)

≤ log ⌈bP⌉2 (7.6a)

≤ 2 log

(

1 +
√
2|P|max

i∈P
min

( |hiD|√
2

,
3|hiD|
|hiE |

))

≤ 2 log

(

2|P|max
i∈P

min

(

3|hiD|, 3|hiD|
|hiE |

))

(7.6b)

= max
i∈P

(

log |hiD|2 −
(
log |hiE |2

)+
)+

+ 2 log(6|P|). (7.6c)
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In (7.6b) we have assumed that the maximization returns a value greater than 2.
If this is not the case, we can bound

2 log

(

1 + |P|
√
2max

i∈P
min

( |hiD|√
2

,
3|hiD|
|hiE |

))

≤ 2 log(1 + 2
√
2|P|),

which is even smaller than (7.6c).
Next, we upper bound the sum-rate of a set Pc of receivers in the BC component.

We use the same argument as in the proof of Lemma 5.13 about slicing the square,
which contains the transmitted signal X̄S , by using the rounding operations at
the receivers i ∈ Pc. The only difference is that the transmitted signal X̄S is
constrained to lie inside a square of side length

aS = min

(
1√
2
,

3

|hiE |

)

.

The signal is received at the nodes j ∈ Pc as Ȳj = [[hSj ]X̄S ]. Due to the rounding
operation, each Ȳj can take a finite number of discrete values. The cut through
the BC component can be upper bounded by the number of values for the joint
reception ȲPc , that is,

max
z̄S

max
pX̄S |Z̄S

H(ȲPc |Z̄S = z̄S) ≤ log card(ȲPc |Z̄S = z̄S). (7.7)

Consider the receiver with maximum channel gain

|[hS,max]| = max
j∈Pc

|[hSj ]|.

The signal [hS,max]X̄S takes only values from a square of side length

bmax = aS |[hS,max]|

≤ min

(
1√
2
,

3

|hSE |

)

|hS,max|

≤ 3min

(

|hS,max|,
|hS,max|
|hSE |

)

. (7.8)

According to the proof of Lemma 5.2, the rounding operation can cut the square
containing X̄S into at most ⌈bmax⌉2 + 4⌈bmax⌉ + 4 pieces. Hence, there are only
that many different values for Ȳmax:

log card(Ȳmax|Z̄S = z̄S)

≤ log
(
⌈bmax⌉2 + 4⌈bmax⌉+ 4

)

≤ log
(
b2max + 6bmax + 9

)

≤ log

(

36

{

min

(

|hS,max|,
|hS,max|
|hSE |

)}2
)

(7.9a)

=
(

log |hS,max|2 −
(
log |hSE |2

)+
)+

+ log(36), (7.9b)
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where we have used (7.8) in (7.9a), and we have assumed that the minimum in
(7.8) returns a value greater than 1. If that is not the case, we can bound

log card(Ȳmax|Z̄S = z̄S) ≤ log(36).

Next, consider the receiver with the second-largest channel gain |[h2-max]|. We
are interested in the number of different values for the pair (Ȳmax, Ȳ2-max). The
rounding operation of the second receiver is coarser. Therefore, it can cut each of
the pieces into at most 6 smaller pieces, as we argued in the proof of Lemma 5.13.
Therefore,

card(Ȳmax, Ȳ2-max|Z̄S = z̄S) ≤ 6 card(Ȳmax|Z̄S = z̄S).

By induction we get

log card(ȲPc |Z̄S = z̄S)

≤ log card(Ȳmax|Z̄S = z̄S) + (|Pc| − 1) log 6.
(7.10)

All together, by inserting (7.9) and (7.10) into (7.7), we have

max
z̄S

max
pX̄S |Z̄S

H(ȲPc |Z̄S = z̄S) ≤
(

log |hS,max|2 −
(
log |hSE |2

)+
)+

+ log(36) + (|Pc| − 1) log 6.

(7.11)

To conclude the converse part, we insert (7.6) and (7.11) into (7.4):

C̃s ≤ min
P

{(

log |hS,max|2 −
(
log |hSE |2

)+
)+

+max
i∈P

(

log |hiD|2 −
(
log |hiE |2

)+
)+

+ log(36) + (|Pc| − 1) log 6 + 2 log(6|P|)
}

+ κSC,2,

≤ Capprox
s + log(36) + (|V| − 3) log 6 + 2 log(6|V|) + 44|V| log |V|

< Capprox
s + 52|V| log |V|.

Next, we turn to the achievability part of Theorem 7.1. Consider the lower
bound (4.13a) of Theorem 4.5. We specialize the bound as follows:

C̃s + κSC,1 ≥ max
z̄L

max
pX̄V|Z̄L

min
P

H(ȲPc , ȲD|X̄Pc , Z̄L = z̄L)

≥ max∏
i∈V pX̄i|Z̄i

min
P

H(ȲPc , ȲD|X̄Pc , Z̄L = 0), (7.12)

where we chose the received signal at the eavesdropper to be constant zero. Also, we
chose the transmitted signals from a product distribution, that is, the transmitted
signals X̄i are independent, given the inputs Ȳi. In the following we find achievable
rate regions for the components and then show that the min-cut formulation (7.12)
is achievable.
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In general, we note that Z̄i = 0 is fulfilled if X̄i is constrained according to (5.5)
with

ri = max(1, |hiE |). (7.13)

This is because (7.13) implies |hiE ||X̄i| ≤ 1, which implies |[hiE ]X̄i| ≤ 1, which
yields Z̄i = 0.

We find the following achievable rate region R̄MAC for the MAC with secrecy
constraints by a slight modification of the proof of Lemma 5.12. The region R̄MAC

consists of rate tuples∗∗ (R̄i : i ∈ R), such that for all S ⊆ R,

∑

i∈S
R̄i ≤ max

i∈S

(

log |hiD|2 −
(
log |hiE |2

)+
)

− 11|S|. (7.14)

Again, this rate region is spanned by a set of achievable rate tuples. The difference
with respect to the proof of Lemma 5.12 is that each transmitter uses transmitted
symbols X̄i with ri = max(1, |hiE |) instead of ri = 1. We follow the same arguments
to show that the rate of transmitter i is

R̄i = log |hiD|2 −
(
log |hiE |2

)+

−
(

log |hi−1,D|2 −
(
log |hi−1,E |2

)+
)+

− 11,

because it suffers from interference with amplitude âi = |hi−1,D|/ri−1 from weaker
transmitters. Summing the rates yields the achievability of (7.14).

For the BC with secrecy constraint we show the achievability of the rate re-
gion R̄MAC, for which

∑

j∈S
R̄j ≤ max

j∈S
log |hSj |2 −

(
log |hSE |2

)+ − |S| log |S| − 11|S| (7.15)

is fulfilled for every set S ⊆ R of receivers. We follow the proof of Lemma 5.15
word-by-word, with the only modification that the signal X̄|So| for the weakest
receiver |So| is constrained by r|So| = max(1, |hSE |) instead of r|So| = 1. This
yields

R̄|So| = log |h|So||2 −
(
log |hSE |2

)+ − log(|So| − 1)− 11,

which results in (7.15).
We now know achievable rate regions R̄MAC and R̄BC for the MAC and BC

component of the PRN, respectively. The question is, whether the cut-set bound
(7.12) is achievable. To see this, we decrease the regions of achievable rates R̄MAC

and R̄BC by replacing |S| by |R| ≥ |S| in the penalties of (7.14) and (7.15). Now,
the sum-rate constraints are of the form

max
j∈S

(vj − c)
+
,

∗∗Recall that all rates are understood to be non-negative. Whenever a rate expression is
negative, this means that the corresponding rate or sum-rate equals zero.
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which we considered in Example 2.1 on page 23. Thus, the decreased regions are
polymatroids. We now invoke Theorem 2.5 to conclude that the cut-set formulation
(7.12) is achievable. This yields

C̃s ≥ min
P

{

max
i∈P

(

log |hiD|2 −
(
log |hiE |2

)+
)

− 11|R|

+ max
j∈Pc

log |hSj |2 −
(
log |hSE |2

)+ − |R| log |R| − 11|R|
}

− κSC,1

> Capprox
s − 22|V| − |V| log |V| − 44|V| log |V|

≥ Capprox
s − 67|V| log |V|

and concludes the proof.





Chapter 8

Conclusions

8.1 Summary

In this thesis we utilized deterministic models to study communication networks in
the AWGN model. In particular, we used the linear finite-field model (LFFM) to
design transmission schemes for the AWGN model, and we used the discrete super-
position model (DSM) to approximate the AWGN capacity and secrecy capacity.

The design of transmission schemes was discussed in Chapter 3. If a scheme
for a layered relay network in the LFFM is fully or partially coordinated, it can be
translated to the AWGN model. The translated scheme in the AWGN model uses
hierarchical modulation to provide separate layers of transmission. These layers
mimic the bit levels in the LFFM. By analyzing different effects in the AWGN
model, such as noise forwarding and interference accumulation, we found closed-
form upper bounds on the gap between the rate in the LFFM and the AWGNmodel.
For both full and partial coordination the gap is a constant, which is independent
of the channel gains.

We analyzed the behavior of the gap for different system parameters numerically.
To illustrate the trade-off between the LFFM rate and the performance gap between
the LFFM and the AWGN model, we examined the AWGN source-destination rate
of an example network. By comparing full and partial coordination, we found that
partial coordination is beneficial for strong channel gains, while full coordination
excels for weak channel gains.

A large part of the thesis deals with the DSM. Previous work showed that the
DSM capacity of relay networks approximates the capacity of the corresponding
AWGN relay network within a constant additive gap. Also, the DSM capacity
region of the K-user interference channel (K-IFC) is within a constant gap to the
capacity region of the corresponding K-IFC in the AWGN model. In Chapter 4
we extended those results to the K-user partially cognitive interference channel
(K-PCIFC), to a class of relay networks with multiple-unicast and to a class of
relay networks with secrecy constraints:
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• The DSM and AWGN capacity regions of the K-PCIFC are within a constant
additive gap.

• The DSM capacity region of a multiple-unicast network, which consists of
broadcast channel (BC) and multiple-access channel (MAC) components, is
within a constant additive gap and a constant multiplicative gap to the cor-
responding AWGN capacity region.

• The AWGN secrecy capacity of relay networks with an orthogonal eavesdrop-
per and conventional relays can be bounded from above and below in terms
of the DSM. For some topologies the bounds are within a constant additive
gap.

The contributions extend the set of network topologies, for which the DSM can be
used to find capacity (region) approximations for the AWGN model.

Surprisingly, there had not been any attempts at quantifying the DSM capac-
ity. While the DSM capacity could in theory be found numerically by solving an
intractable combinatorial problem, we showed that it can be approximated ana-
lytically. Our approximations are within a constant additive gap. Furthermore,
the expressions are simple enough to provide interesting insights. In particular,
we found the following approximations in Chapter 5, Chapter 6 and Chapter 7,
respectively:

• the DSM capacity (region) of the point-to-point channel, the MAC and the
BC within a constant additive gap,

• inner bounds on the DSM capacity region of the K-IFC and the K-PCIFC
and

• the DSM secrecy capacity of parallel relay networks (PRN) with an orthogonal
eavesdropper and conventional relays within a constant additive gap.

Together with the findings of Chapter 4, this approach yields inner bounds on the
capacity region of the AWGN K-PCIFC, as well as the approximate AWGN secrecy
capacity of relay networks with an orthogonal eavesdropper and conventional relays.
The author believes that the latter result is the most interesting contribution of the
thesis, because it can guide the design of future transmission strategies for networks
with secrecy constraints.

8.2 Implications

All approximations in this thesis are within a constant gap. As we argued in
Section 1.2, such an approximation is reasonable in the high SNR regime. Though,
constant gap approximations should be handled with precautions.

First of all, the SNR, which is required to counterbalance the gap, can be
quite significant: Consider the point-to-point channel with the approximate DSM
capacity due to Theorem 5.1. The approximation is log |h|2, and the gap between
the upper and the lower bound is 7 bits. Suppose the gap shall amount to less
than 10% of the capacity, then we require the SNR to be |h|2 = 211 dB, which
is far above any reasonable system specification. Nevertheless, the approximation
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provides the scaling of the capacity. The scaling can be interesting, especially
for communication networks. If the capacity (region) of two prospective network
topologies can be approximated, the topologies can be compared based on this
approximation. The topology with superior scaling of the approximation is likely
to perform better in practice.

Second, our approximations of the capacity region of IFCs and the secrecy
capacity of relay networks contain a difference between two terms. For instance, the
approximate secrecy capacity of the wire-tap channel is log |hy|2−log |hz|2, where hy

and hz are the channel gains of the intended channel and the eavesdropper’s channel,
respectively. In order for the secrecy capacity to increase with SNR, the scaling
of the channel gains needs to be different, for instance |hz| = |hy|α with α < 1.
In the context of the IFC, this concept is referred to as the generalized degrees
of freedom [ETW08]. However, common channel models such as the path-loss
model [TV05] do not predict this kind of behavior.

Finally, the fact that the gaps in our results depend on the number of nodes
introduces some interesting effects. Consider the approximate secrecy capacity of
the PRN due to Theorem 7.1. Note that the expression is a min-cut formulation,
where the value of a cut depends on the maximum channel gains contained in the
cut. Therefore, the value of our approximation does not increase, if we add a relay
to our network, which has the same pair of channel gains as one of the relays in
the existing network. It is reasonable to assume that adding relays to the network
would in general increase the secrecy capacity. But this increase is absorbed in the
constant gap, which increases with the number of relays.

Due to the above points, conclusions from constant gap approximations should
be drawn with caution. This, however, applies to many ways of studying the ca-
pacity region of networks, for instance to the popular degrees-of-freedom approach.

8.3 Extensions

In the following we mention a few possible extensions of the work of this thesis.

• The utilization of the LFFM in Chapter 3 could be improved by relaxing
the coordination constraint. This would increase the achievable rate in the
LFFM, but it might increase the performance gap between the LFFM rate
and the AWGN rate.

• Instead of hierarchical modulation, the LFFM code could be translated by
using a different scheme in the AWGN model. An extreme solution has been
used in [CJS09], where carry-overs in the AWGN are avoided at the expense
of a very large performance gap. A scheme that trades off the performance
gap against the LFFM rate is likely to be beneficial.

• The use of the DSM could be extended by proving the correspondence be-
tween the DSM and the AWGN model for a larger set of channels. Interesting
topologies include cascades of IFCs and more general networks with multiple
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messages. The extension of our results to networks with multiple eavesdrop-
pers appears to be fairly straightforward.

• The DSM capacity and secrecy capacity could be approximated for a larger
class of networks. One potential direction would be a relay network with two
or more parallel layers of relays.

• We did not provide any outer bounds on the DSM capacity of the IFC and
its variants. Obtaining those bounds would yield the approximate capacity
region of the corresponding IFCs in the AWGN model.

• It might be possible to use deterministic models to find approximations within
a multiplicative gap. However, those models need to be fundamentally dif-
ferent in order to approximate the low SNR regime.



Notation

General Notation

A Generic random variable
a Realization of the random variable A
A Alphabet of the random variable A or generic set

Ã Variable in the AWGN model
Ǎ Variable in the LFFM
Ā Variable in the DSM

Â Estimate of the variable A
a Generic vector
A Generic matrix
AN Vector of variables (A1, A2, . . . , AN )
AB Vector of variables (Ai, i ∈ B)
|a| Absolute value of a complex number a
|A| Cardinality of a set A
AT Transposed matrix
a∗ Conjugate complex
Ac Complementary set
2A Power set, set of all subsets of A
(a, b) Link from node a to node b

Functions

(a)+ The maximum max(0, a)
[·] Component-wise rounding towards zero defined in (2.25)
⌊·⌉ Component-wise rounding defined in (2.30)
arg(·) Argument, phase of a complex number
card(·) Cardinality defined in Definition 2.1
E(·) Expectation
Im(·) Imaginary part of a complex number
ln(·) Logarithm to the base e
log(·) Logarithm to the base 2
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logϑ(·) Logarithm to the base ϑ
O(·) Big-O order of a function
o(·) Little-o order of a function
Pr(·) Probability of an event
round(·) Rounding towards the closest integer
Re(·) Real part of a complex number
sgn(·) Sign function
H(·) Entropy
h(·) Differential entropy
Hb(·) Binary entropy function
I(·; ·) Mutual information

Variable Names

a Scaling factor of hierarchical modulation
â Amplitude of the additive interference A
A Additive interference
bik Exponent of the k-th QPSK symbol sent by transmitter i
cij Link capacity
cmax Maximum number of BC and MAC components in a cut
c(Ω,P) Link-partitioned cut
C Capacity
Cc Capacity of cognitive link
Cs Secrecy capacity
df Degrees of freedom
dmax Maximum degree of a node

degin(·) Number of links into a node
degout(·) Number of links out of a node
D Generic destination or receiver
D Set (2.27) of discrete transmitted symbols in the DSM
δin(·) Set of links into a node
δout(·) Set of links out of a node
E Eavesdropper
E Set of links in a network
fj Encoding or decoding function at node j
FX(x) cdf of a continuous random variable X
F2 Galois field of two elements
ǧij Residual channel gain
G Gap resulting from unresolved QPSK symbols
Gupper Upper bound on the gap G
hij Complex channel gain from transmitter i to receiver j
H Number of hops from source to destination
I Margin of allowed interference in partial coordination
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κ Additive gap
L Set of nodes connected to the eavesdropper
Lh Layer, which is h hops away from source
L(i) Layer of nodes transmitting to node i
ΛD Set of cuts separating source and destination
µ Multiplicative gap
n Order of the input symbols in the DSM
ňij Bit transmissions from transmitter i to receiver j in the LFFM
ňmx Maximum number of bit transmissions in the LFFM
nSD Number of source-destination pairs
N Block length

Ñj Gaussian noise at node j
Ω Cut, which separates source and destination
pX(x) pmf of a discrete random variable X,

pdf of a continuous random variable X
Pe Probability of error
P Partition of relays
q Number of bits in a q-block

Q̃ QPSK symbol

Q̃(h) Super symbol at layer h
Q̌ q-block in the LFFM
rij Flow on the link (i, j)
R Rate
Rc Cognitive rate
Rl Leakage rate
R Rate tuple
R Rate region
R Set of relays in a network
ρi Number of resolved q-blocks
ρin Polymatroidal constraint on incoming links
ρout Polymatroidal constraint on outgoing links
S Generic source or transmitter
S Shift matrix in the LFFM
ϑ Base of logarithm in the generalized LFFM,
V Set of nodes in a network
Xj Transmitted signal, channel input at node j
Yj Received signal, channel output at node j
Zj j-th received signal, channel output at the eavesdropper
ζj Effective noise at receiver j





List of Acronyms

AWGN Additive white Gaussian noise
BC Broadcast channel
CDMA Code division multiple access
CIFC Cognitive interference channel
DMC Discrete memoryless channel
DoF Degrees of freedom
DSM Discrete superposition model proposed in [AK09]
IFC Interference channel
LFFM Linear finite-field model proposed in [ADT07a]
MAC Multiple-access channel
MIMO Multiple-input and multiple-output
PCIFC Partially cognitive interference channel
pdf Probability density function
pmf Probability mass function
PRN Parallel relay network
QPSK Quadrature phase-shift keying
RC Relay channel
SNR Signal-to-noise ratio
TDM Truncated deterministic model proposed in [Ave08]
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