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Sammanfattning

I denna avhandling används direkt numerisk simulering för att undersöka möjligheten
att fördröja övergngen fr̊an laminärt till turbulent i flöden, sk. transition, nära
ytor, sk gränsskikt. Dessa strömningar återfinns tex p̊a strömningen nära flyg-
plansvingar. Utöver detta används ocks̊a modalanalys för att avslöja koherenta
strukturer som ofta finns i flöden.

I ett av det mest studerade scenariot sker laminärt-turbulent överg̊ang när
Tollmien-Schlichting v̊agor inuti gränsskiktet växer exponentiellt nedströms i
domänen. Syftet är att dämpa amplituden av dessa v̊agor med aktiv kontroll
som grundar sig p̊a en rad lokaliserade sensorer och aktuatorer p̊a ytan. För att
undvika hög dimension p̊a det dynamiska system som uppst̊ar genom diskretis-
ering av Navier Stokes ekvationer, använder vi metoder för att skapa en modell
med reducerad ordning, en sk reduced order model (ROM), baserat p̊a den sk
Eigensystem Realisering Algoritm (ERA). Plasma aktuatorer modelleras och
implementeras som en extern kraft i flödet. Resultaten visar att det fungerar
att minska energin av störningarna inuti gränsskiktet.

Vi betraktar ocks̊a vakar bakom vindkraftverk och utnyttjar modal analys
för att karakterisera omslaget till turbulent strömning. Moderna räknas dels ut
med den sk Proper Orthogonal Decompotition metoden (POD) och Dynamic
Mode Decomposition (DMD). I POD metoden delas flödet upp i en uppsättning
strukturer vilka rang ordnas enligt deras energi och i DMD metoden beräknas
egenvärden och egenvektorer av en linjär operator som är associerad med en
specifik frekvens och tillväxthastighet. Moderna avslöjar strukturer som är av
dynamiskt betydelse för sammanbrott till turbulens i vindkraftverk vaknar.

Deskriptorer: strömningsstyrning, plasma aktuatorer, vingprofil, vindkraftsvirvlar,
optimala regulatorer, reducerade modeller.
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Active Control and Reduced-Order Modeling of Transition in Shear
Flows

Reza Dadfar

Linné Flow Centre, KTH Mechanics, Royal Institute of Technology
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Abstract

In this thesis direct numerical simulation is used to investigate the possibility
to delay the transition from laminar to turbulent in boundary layer flows.
Furthermore, modal analysis is used to reveal the coherent structures in high
dimensional dynamical systems arising in the flow problems.

Among different transition scenarios, the classical transition scenario is
analysed. In this scenario, the laminar-turbulent transition occurs when Tollmien-
Schlichting waves are triggered inside the boundary layer and grow exponen-
tially as they move downstream in the domain. The aim is to attenuate the am-
plitude of these waves using active control strategy based on a row of spatially
localised sensors and actuators distributed near the wall inside the boundary
layer. To avoid the high dimensional system arises from discretisation of the
Navier Stokes equation, a reduced order model (ROM) based on Eigensystem
Realisation Algorithm (ERA) is obtained and a linear controller is designed.
A plasma actuator is modelled and implemented as an external forcing on the
flow. To account for the limitation of the plasma actuators and to further re-
duce the complexity of the controller several control strategies are examined
and compared. The outcomes reveal successful performance in mitigating the
energy of the disturbances inside the boundary layer.

To extract coherent features of the wind turbine wakes, modal decomposi-
tion technique is employed where a large scale dynamical system is reduced to
a fewer number of degrees of freedom. Two decomposition techniques are em-
ployed: proper orthogonal decomposition and dynamic mode decomposition.
In the former procedure, the flow is decomposed into a set of uncorrelated struc-
tures which are rank according to their energy. In the latter, the eigenvalues
and eigenvectors of the underlying approximate linear operator is computed
where each mode is associated with a specific frequency and growth rate. The
results revealed the structures which are dynamically significant to the onset
of instability in the wind turbine wakes.

Descriptors: Flow control, plasma actuator, airfoil, leading edge, flat plate,
wind turbine, optimal controller, model reduction, proper orthogonal decom-
position, dynamic mode decomposition.
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Preface

In the present thesis the flow analysis and control is investigated in complex
geometries. The objective of the first part is to provide the basic concepts on
the flow control and model order reduction. The second part contains four
articles. The papers are adjusted to comply with the present thesis format for
consistency, but their contents have not been altered as compared with their
original counterparts.

June 2013, Stockholm

Reza Dadfar
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Part I

Overview and summary





CHAPTER 1

Introduction

Research on drag reduction in vehicles and aircrafts have received considerable
attention during the past 2−3 decades (Bushnell 1994; Reneaux 2004; Thomas
1984). For instance, for a commercial aircraft, depending on the size, viscous
or skin friction drag accounts for about 40−50% of the total drag under cruise
conditions; the pay off is generally considerable even with a small level of drag
reduction (Robert 1992). Drag reduction can be achieved by extending the
laminar region on the aerodynamics parts of the vehicles and delaying the
transition to turbulence (Hirschel et al. 1989). There has been continuous
activity around the globe to invent new techniques to delay the transition to
turbulence. Two major strategies which received a great interest are active and
passive control.

Passive control strategies do not add external energy to the flow. In fact,
the overall effect is to manipulate the baseflow and consequently change the
stability property of the system. This aim is accomplished by modifying the
geometry of the system which in turn can be achieved by, for instance, adding
roughness elements, vortex generators or riblets (Hosseini et al. 2013; Shahinfar
et al. 2012; Viswanath 2002). The simplicity and efficiency of these devices
make them attractive even though they cannot influence unsteady structures
of the flow. Hence, while they can delay the transition up to some extent, they
cannot prevent the onset of instabilities.

In contrast, active control strategies add external energy to the system
in terms of predetermined actuation (open loop) or using feedback informa-
tion from the measurement sensors to determine the actuation law (reactive
control). We can further classify this type of controllers as feed-forward or
feedback control (el Hak 2007). In the former, the actuation is determined by
the measurements of the environmental disturbances, while in the latter, the
control law is also based on the information fed back from the action of the
controller on the system.

Boundary layer flows are convectively unstable; from the dynamical point
of view, they can be regarded as noise amplifiers (Huerre & Monkewitz 1990).
In the environment characterised by low turbulence level, two dimensional per-
turbations, Tollmien-Schlichting (TS) waves, are triggered inside the boundary
layer and grow exponentially in amplitude as they move downstream, where
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Figure 1.1. Streamwise perturbation velocity profiles on a
Blasius boundary layer at wall normal distance y/δ∗ = 0.89
and time t = 8000 for the uncontrolled case (a) and the con-
trolled case (b). The white dots represent the sensors and
actuators respectively.

finally trigger the transition to turbulence. This scenario is referred to as clas-
sical transition scenario (Brandt et al. 2004). In fact, the initial stage of the
transition in the wall bounded shear flows is mostly governed by linear mech-
anism provided that the amplitude of the initial perturbation is sufficiently
small. Due to the large sensitivity of such flows to external excitation, we
can conveniently influence the TS waves by applying tiny local perturbation in
small region of the flow via proper localised devices requiring minute energy.
Thus, transition to turbulence can be postponed by mitigating the amplitude
of the TS waves via the efficient and robust tools provided by linear control
theory.

Figure 1.1 depicts the instantaneous streamwise velocity profile of dist-
urbances in the boundary layer developing over a flat plat. The profiles are
depicted in a streamwise-spanwise plane (xz plane) at wall normal distance
y/δ∗ = 0.89 where the displacement thickness δ∗ is computed at the beginning
of the computational box located at Rex = 2.8 × 105 from the origin of the
flat plate. The perturbations are modelled by 18 localised disturbances located
at x/δ∗ = 60. The disturbances grow in amplitude as they move downstream
(Figure 1.1a). Using an optimal controller and a set of sensors and actua-
tors (white dots), it is possible to decrease substantially the amplitude of the
perturbations at the end of the domain (Figure 1.1b).

Among various active control strategies such as active wave cancellation,
opposition control, linear, nonlinear control and optimal control, in this the-
sis a Linear Quadratic Gaussian (LQG) controller is used. Due to the large
dimensions of the the dynamical system arising from the discretisation of the
Navier-Stokes equation - characterised by 105−108 degrees of freedom (DOF) -
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it is difficult to apply the standard methodology for the control design in an effi-
cient manner. This restriction can be addressed by designing a low-dimensional
model that preserves the essential dynamics of the original dynamical system
via model reduction. A systematic way to reduce the order of the system and
reproduce properly the input-output behaviour is called balanced truncation
(Moore 1981); for the high dimensional system, balanced truncation can be ap-
proximated using snapshot-based algorithm by Rowley (2005), called balanced
proper orthogonal decomposition (BPOD). A disadvantage of the method is
that the adjoint solution of the system must be available. A reduced-order
model can be identified using an equivalent approach where only measurements
detected by sensors are required. The method is called Eigensystem realisation
algorithm (ERA), is introduced by Juang & Pappa (1985) and is implemented
in a flow problem by Ma et al. (2011) and Dadfar et al. (2013). Once the
reduced model is obtained, it is possible to apply the standard tools of control
theory to the reduced system and design a controller.

1.1. Modal decomposition techniques

The description of the coherent structure in a flow problem is essential to our
understating of the fluid dynamical system. It is usually possible to reconstruct
a flow dynamics using a few number of these structures (modes). Identifying
these structures can be accomplished using the modal decomposition tech-
niques. Mathematically, a variety of modal decompositions are available; two
of which are investigated in this thesis, namely, proper orthogonal decomposi-
tion (POD) and dynamic mode decomposition (DMD). POD can be explained
as a purely statistical method where the modes are obtained from the min-
imisation of the residual energy between the snapshots of a flow (for instance
velocity fields at different times) and its reduced linear representation. Each
mode corresponds to a temporal coefficient (amplitude). In fact, the spatial
modes are constructed to be mutually orthogonal and the temporal coefficients
are uncorrelated. The modes are obtained in a hierarchical manner accord-
ing to their energy contents (Bathe 2001). In DMD, on the other hand, it is
assumed that the snapshots are generated by a linear dynamical system; the
extracted modes are characterised by a specific frequency and growth rate. In
the linearised system, i.e. for system with small perturbation around a base
flow, the DMD modes are the same as the global modes (Schmid 2010).

The main goal of this thesis is to further understand the dynamics of a
flow problem and to numerically design a fast and reliable controller in the
wall bounded flows in order to delay the transition to turbulence and be im-
plemented in the experimental environment.

The first part of the thesis is organised as follows: In the first Chapter
governing equations are reported. In Chapter 3, several model-order reduction
techniques together with modal decomposition methodologies are presented,
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Chapter 4 is dedicated to the control design strategies. Finally, in chapter 5
an overview, summary and outlook of the thesis are presented.



CHAPTER 2

Flow configurations

2.1. Governing equations

The equations governing the evolution of Newtonian fluid flow are known as
Navier-Stokes equations. They describe the conservation of mass and momen-
tum in the flow problems. For an incompressible fluid the equations reads

∂Ũ

∂t
+ Ũ · ∇Ũ = −∇P̃ +

1

Re
∇2Ũ , (2.1a)

∇ · Ũ = 0, (2.1b)

where Ũ(χ, t) is the velocity vector, P̃ (χ, t) is the pressure, and χ = (x, y, z) is
the spatial coordinate vector. These equations can be solved using boundary
and initial condition, of the form

Ũ(χ, 0) = U0(χ0), (2.2a)

Ũ(χ, t) = 0 on the solid boundary, (2.2b)

The equations are non-dimensionalised. The velocity is normalised by Uref and
the length is divided by a length scale lref ; for instance, in the boundary layer
flows, the velocity scale is usually selected as the free stream velocity U∞ and
the length scale can be chosen as displacement thickness δ∗ at the beginning
of the computational box. The Reynolds number is defined as

Re ≡ Uref lref
ν

, (2.3)

where ν is the kinematic viscosity. The evolution of the small amplitude dis-
turbance can be analysed by introducing the following decomposition

Ũ(χ, t) = U(χ, t) + u(χ, t), (2.4a)

P̃ (χ, t) = P (χ, t) + p(χ, t), (2.4b)

where U(χ, t) and P (χ, t) are the basic states and the u(χ, t) and p(χ, t) are
the disturbance velocity and pressure, respectively. After manipulating Eq.
2.1 and Eq.2.4 and using a first order approximation, the dynamics of small
amplitude perturbations in a viscous incompressible flow is obtained as the

7
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linearised Navier-Stokes equation,

∂u

∂t
= −(U · ∇)u− (u · ∇)U −∇p+

1

Re
∇2u, (2.5a)

∇ · u = 0, (2.5b)

u = u0 at t = t0. (2.5c)

The discretised linearised Navier-Stokes equations with boundary condi-
tions can be written in state space form as the following initial value problem
(Bagheri et al. 2009b)

du

dt
= Au, (2.6a)

u = u0 at t = 0, (2.6b)

where A is the discretised linearised Navier-Stokes operator and u is the dis-
cretised velocity field. Since the boundary layer flows studied in this thesis are
globally stable, the eigenvalues of operator A have negative real part (Åkervik
et al. 2008). However, due to the non-normality of operator A, the flow is
convectively unstable. It means that, initial perturbations may experience a
transient amplification as they propagate downstream.

2.2. Input-output system

A schematic representation of the input-output configuration is depicted in
Fig. 2.1. The linearised Navier-Stokes equation with inputs and outputs can
be written is state space form as

u̇(t) = Au(t) +B1w(t) +B2φ(t), (2.7a)

v(t) = C2u(t) + Iαg(t), (2.7b)

z(t) = C1u(t) + Ilφ(t). (2.7c)

where we also denote the discretised velocities (states) as u. The matrix A ∈
R

n×n represents the linearised and discretised Navier-Stokes equation. The
first input is B1w(t) where the B1 ∈ R

n×d represents the spatial distribution
of d localised disturbances located at the upstream end of the domain and the
time signal w(t) ∈ R

d is the corresponding temporal part of the input. These
inputs represent a model of perturbations introduced inside the boundary layer
by e.g roughness and free-stream perturbations. The second input is B2φ(t)
where B2 ∈ R

n×m represents the spatial support of m actuators located inside
the boundary layer near the wall, fed by the control signal φ(t) ∈ R

m. The
p output measurement provided by v(t) ∈ R

p detect information about the
travelling structures by the localised sensors C2 ∈ R

p×n. These measurements
are corrupted by the noise signals Iαg(t) with a covariance α; in detail, g(t) ∈ R

is a white noise signal with the unit covariance and Iα ∈ R
p×m is a matrix

with α on the diagonal entries. The output z(t) ∈ R
k extracts information

from the flow in order to evaluate the performance of the controller. This is
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Figure 2.1. Input-output configuration of the system. The
input B1 is assumed as localised disturbances located outside
or inside of the boundary layer penetrating inside, convected
downstream and turns into a TS wavepacket. The control ac-
tion is provided by the input B2. A set of localised estimation
sensors C2 upstream of the actuator is employed. The output
C1 is considered as the objective function of the controller.

done by localised outputs C1 ∈ R
k×n with a spatial distribution located far

downstream in the computational box. In fact, the minimisation of the output
signal detected by C1 is the objective of our LQG controller; the aim is to find a
control signal φ(t) able to attenuate the amplitude of the disturbance detected
by C1. Hence, the objective function reads

‖z‖2L2
[0,∞]

=

∫

∞

0

uTCT
1 C1u+ φT ITl Ilφ dt, (2.8)

The matrix Il ∈ R
k×m contains the control penalty l in each diagonal entry

and represents the expense of the control. This parameter is introduced as a
regularisation term accounting for physical restrictions. Large values of con-
trol penalty result in weak actuation and creates low amplitude control signal
whereas low values of control penalty leads to strong actuation.

The dynamical system obtained form the discretisation of the Navier-Stokes
system, Eq. 2.7 can be written in compact form as

u̇ = Au+Bf, (2.9a)

y = Cu+Df, (2.9b)
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where

B = (B1, 0, B2), C =

(

C1

C2

)

, D =

(

0 0 Il
0 Iα 0

)

,

and

f(t) =





w(t)
g(t)
φ(t)



 , y(t) =

(

z(t)
v(t)

)

.

The formal solution to this system reads

y(t) = Gf(t) = C

∫ t

−∞

eA(t−τ)Bf(τ)dτ, (2.12)

where G is a linear mapping between the input and output signals; the system
in a different notation can also be written as (Glad & Ljung 2000)

G =

(

A B
C D

)

. (2.13)

The dynamical system arises from discretising Navier Stokes equation has
a large number of degrees of freedom. Consequently, it is difficult to apply
the standard control methodology in an efficient manner. To overcome this
restriction model-order reduction will be introduced and discussed in the next
chapter.



CHAPTER 3

Model reduction

In this thesis, we identified a reduced order model (ROM) by projecting an
n dimensional system onto a low-dimensional subspace νr, spanned by r ≪ n
basis function, Φ = (φ1, φ2, · · ·φr) ∈ R

n×r. Hence, the state variable u ∈ R
n

can be written as

u(χi, tj) =

r
∑

k=1

φk(χi)ûk(tj) + e, or u = Φû+ e (3.1)

where e is the residual and û = (û1, û2 · · · ûr) ∈ R
r are the expansion coeffi-

cients. In Eq. 3.1, there are n equations and r unknowns; therefore the system
is in general overdetermined. To obtain a unique solution we can find a bi-
orthogonal basis that minimise the projection of the residual onto the subspace
spanned by Φ as

û = ΨTMu, (3.2a)

ΨTMe = 0, (3.2b)

where Ψ ∈ R
n×r are the adjoint modes, bi-orthogonal to the direct modes Φ,

ΨTMΦ = I. M ∈ R
n×n is the diagonal spatial weight matrix where the entries

(weights) are for instance given by the local cell volumes corresponding to each
grid point. The reduced order model is computed as

Gr =

(

Ar Br

Cr Dr

)

=

(

ΨTMAΦ ΨTMB
CΦ D

)

. (3.3a)

The choice of the projection basis has a great influence on the performance of
the reduced order system. In fact, the basis can be chosen as proper orthogo-
nal decomposition modes or balanced proper orthogonal decomposition modes
or the global modes (eigenfunction) of the system. A detailed discussion on
the effect of different projection basis on the performance of Ginsburg-Landau
equation is presented by Bagheri et al. (2009b).

3.1. Proper orthogonal decomposition

The proper orthogonal decomposition (POD) is a technique that can be used to
obtain a projection basis for a ROM of a high dimensional dynamical system.

11
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In the scientific community it is generally accepted that the proper orthog-
onal decomposition was originally developed by Pearson (1901) around 100
years ago as a tool for graphical analysis (Bathe 2001). The technique was
so appealing that attracted the attention of the scientists working in different
fields. Consequently, the method seemed to be re-developed throughout the
time by different authors under different names including, Principal Compo-
nent Analysis (PCA), Karhunen-Loeve Decomposition (KLD), Singular Value
Decomposition (SVD). Recently, Liang et al. (2002) showed the connections
between all the three methods, proving that all these names are practically
referring to the same mathematical procedure.

POD has its own roots in statistical analysis; in fact, it was first applied to a
flow problem in turbulence by Lumley (1970); the procedure has been described
in detail in many publications (Aubry 1991; Manhart & Wengle 1993).

The benefit of using POD is that only a low number of modes are sufficient
to reconstruct the flow with a good accuracy as opposed to, for example, Fourier
decomposition (Frederich & Luchtenburg 2011). On the other hand, since POD
extracts an orthogonal basis ranked by their energy content, it is not always
straightforward to interpret the physical meaning of the spatial modes and
their temporal counterparts. In particular, in complex flows, different spatial
structures and temporal scales are often present in one mode. Thus, POD
does not allow frequency and scale separation. The discretised POD procedure
from m number of snapshots is obtained by solving the following optimisation
problem,

minimise
φk

m−1
∑

j=0

‖ u(χi, tj)−
p−1
∑

k=0

φk(χi)ûk(tj) ‖2M ,

subject to 〈φl, φk〉M = δlk ∀l, k = 0, · · · , p− 1.

(3.4)

where Φ = (φ0, φ1, · · · , φk, · · · , φm−1) are a set of orthogonal basis function
and ûk(tj) = 〈uk, φk〉M are the time coefficients; the minimisation is valid for
any number of POD modes p ≤ m. For each ui, uj ∈ R

n, the norm is defined
as

〈ui, uj〉M = uT
i Muj ∀ui, uj ∈ R

n, and ‖ uj ‖2M= 〈uj , uj〉M . (3.5)

From the input-output point of view of a linear system, in POD method we base
our subspace on the response of the linear system to an external forcing. In fact,
both the matrices A and B in Eq. 2.9 determines the dynamics of the system.
We find the energetic modes in a hierarchical manner obtained from POD of a
set of snapshots collected by the impulse or noise response of the system. Then,
we project the system on a limited number of modes and obtain the ROM. On
the negative side, the POD procedure does not account for the output matrix
C and it fails to capture the modes which are dynamically highly relevant but
having zero-energy (Noack et al. 2008). An improved method is proposed by
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Rowley (2005) as balanced proper orthogonal decomposition (BPOD) which
account for all the matrices A,B and C in the dynamical system and will be
introduced in the next chapter.

3.2. Balanced proper orthogonal decomposition

A widely used approach for model reduction of a linear system is balanced
truncation; the aim is to find a basis to capture the input-output dynamics of
the system. Among all the states, some can be easily triggered by the input and
observed by the outputs. These states are called controllable and observable
states, respectively. The states which are neither controllable nor observable or
weakly controllable or observable are redundant for the input-output behaviour
of the system. A systematic approach to identify a reduced order model by
discarding these states is called balanced truncation. It is initially introduced
by Moore (1981) and an approximation is proposed by Rowley (2005) which
is referred to as Balanced POD method (BPOD). The balanced modes - and
the corresponding adjoint set - allow to diagonalise both the controlability
and observability Gramians (P and Q) and to rank the states according to
their controlability and observability (Rowley 2005) . The computation of
the Gramians can be performed by solving a Lyapunov equation. Since the
computational cost for solving large Lyapunov equations is unfeasible for high-
dimensional system, at least order O(n3), an approximation can be used by
considering empirical Gramians

P =

∫

∞

0

eAτBB+eA
+τdτ ≈ XXTM, (3.6a)

Q =

∫

∞

0

eA
+τC+CeAτdτ ≈ Y Y TM. (3.6b)

The plus sign + denotes the adjoint (for a detail discussion see Bagheri et al.
(2009b)). The matrices Xn×mc

and Yn×mo
are formed by collecting mc and mo

snapshots at discrete times t(k). They are obtained from the impulses response
of the system and the adjoint system as

X = [B, . . . , TmcB]
√
∆t. (3.7)

Y = [M−1CT , . . . ,M−1TmoCT ]
√
∆t, (3.8)

where ∆T is the sampling time, T = eA∆t and
√
∆t is the quadrature rule in

Eq. 3.6.

The aim is to find two bi-orthogonal sets of modes Φ and Ψ, such that the
empirical Gramians

P̂ = ΨTMPΨ, Q̂ = ΦTMQΦ,

are balanced and diagonalised, i.e. It holds the identity P̂ = Q̂ = Σ, where Σ
is a diagonal matrix containing the singular values of the Hankel matrix defined
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as

H = Y TMX = UΣV T . (3.9)

Keeping the first r columns of the matrices U and V and the first rows and
columns of Σ denoted by Ur, Vr and Σr respectively, we can obtain the balanced
modes as

Φr = XVrΣ
−

1
2

r , Ψr = Y UrΣ
−

1
2

r , (3.10)

and the system realisation is

Ar = ΨT
r MAΦr, (3.11a)

Br = ΨT
r MB, (3.11b)

Cr = CΦr. (3.11c)

The snapshot method relies on the approximation of the Hankel matrix by
using snapshots taken from the direct and adjoint simulations. However, it
can be shown that the Hankel matrix can be formed directly by collecting the
signals extracted from all the outputs obtained from the impulse response of the
system to each inputs (see Juang & Pappa 1985; Ma et al. 2011). Based on this
observation, an equivalent approach to BPOD called Eigensystem Realisation
Algorithm (ERA) is introduced.

3.3. Eigensystem realization algorithm (ERA)

The method is based on a procedure to obtain the ROM by using only the
measurements detected by the sensors. To proceed, we begin by looking into
the Hankel matrix defined as

H =







CB · · · CTmcB
...

. . .
...

CTmoB · · · CTmc+moB






, (3.12)

The entries of the matrix, called Markov parameters, are computed by simu-
lating the impulse response of the system as

[CB,CTB, · · ·CTmcB, · · · ]. (3.13)

Performing singular value decomposition (SVD) of the Hankel matrix H =
UΣV T and keeping the first r columns of the matrices U and V and the first r
rows and columns of Σ denoted by Ur, Vr and Σr respectively. We can obtain
a realisation of the reduced order system as

Tr = Σ
−

1
2

r UT
r H1VrΣ

−
1
2

r (3.14a)

Br = the first m columns of Σ
−

1
2

r V T
r (3.14b)

Cr = the first p rows of UrΣ
−

1
2

r (3.14c)
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where H1 is the second Hankel matrix obtained from H by removing the first
row and adding an extra row of Markov parameters,

[CTmo+1B,CTmo+2B, · · ·CTmo+mc+1B]. (3.15)

Finally, we have

Ar =
log(Tr)

∆t
. (3.16)

One of the benefits of using exact balanced truncation scheme to compute
the reduced order model is the possibility to obtain an explicit lower and upper
bound of the ∞-norm of the system error defined as the different between the
original system G and the reduced system Gr as

σr+1 ≤ ‖G−Gr‖∞ ≤ 2

n
∑

j=r+1

σj . (3.17)

where σ are the Hankel singular values of the system. The last procedure to
find a ROM, introduced in this theses, is to project the dynamics of the system
onto the global modes of the system. The methods is called dynamics mode
decomposition and will be discussed in the next part.

3.4. Dynamic mode decomposition

From a mathematical point of view, dynamic mode decomposition (DMD) is an
Arnoldi-like method to analyse data and compute eigenvalues and eigenvectors
of an approximate linear model governing the dynamics of the system. Without
explicit knowledge of the actual dynamical operator of the system, it extracts
frequencies, growth rates, and their related spatial structures (modes) based
on the snapshots of the system. In particular, if the dynamics of the system is
linear, the procedure recovers the leading eigenvalues and eigenvectors of that
operator; if the data are periodic, then the decomposition is equivalent to a
temporal discrete Fourier transform (DFT) (Rowley et al. 2009). The dynamic
mode decomposition is based on the theory of the Koopman expansion from
a finite sequence of flow fields (snapshots) and is presented by Rowley et al.

(2009); Schmid (2010) among other considerations, provided an improvement
towards a more well-conditioned implementation of the DMD algorithm.

To compute DMD, we consider a sufficiently long, but finite time series of
snapshots where a linear mapping associate the flow field uj to the subsequent
flow field uj+1 such that

u(χi, tj+1) = uj+1 = eA∆tuj = Ãuj . (3.18)

where A and Ã are the continuous and discrete linear mappings. It is possible
to write

u(χi, tj) =

m−1
∑

k=0

φk(χi)ûk(tj) =

m−1
∑

k=0

φk(χi)e
ωkj∆t =

m−1
∑

k=0

φk(χi)λ
j
k, (3.19)
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where ωk ∈ C and λk ∈ C are the eigenvalues of the matrices A and Ã,
respectively, and φk are the corresponding eigenvectors. We also have the
relation

λk = eωk∆t. (3.20)

It is further possible to write φk = vkdk where ‖ vk ‖M= 1. We define dk as the
amplitude and d2k as the energy of the dynamic mode φk; the λk are associated
with the time development of the spatial expansion modes vk. Eq. 3.19 can be
rewritten in a matrix form as

Um = (v0, v1, · · · , vm−1)











d0 0 · · · 0
0 d1 · · · 0
...

...
. . .

...
0 0 · · · dm−1





















1 λ0 · · · λm−1
0

1 λ1 · · · λm−1
1

...
...

. . .
...

1 λm−1 · · · λm−1
m−1











(3.21)

= V DS = ΦS

where S is a so-called Vandermonde matrix and dictates the time evolution of
the dynamic modes; Um is the snapshots matrix defined as

Um = (uo, u1, · · · , um−1). (3.22)

To compute DMD modes Φ, we proceed as follows: As the number of snapshots
increases, it is reasonable to assume that beyond a certain limit, the snapshot
matrix becomes linearly dependent. In other words, adding additional flowfield
uj to the data set will not improve the rank of snapshot matrix Um. Hence, one
can obtain the flow field sequence Um+1 = (u1, · · · , um) by a linear combination
of the previous snapshot sequence Um. This step is expressed as

Um+1 = ÃUm = UmC + ǫeT , (3.23)

where e = [0, . . . , 0, 1]T and ǫ contains the residual. This procedure will result
in the low-dimensional system matrix C which is of companion-matrix type as

C =















0 0 0 · · · c0
1 0 0 · · · c1
0 1 0 · · · c2
...

...
...

. . .
...

0 0 0 · · · cm−1















∈ R
m×m. (3.24)

It can be computed using a least square technique (Rowley et al. 2009). The
matrix C can be decomposed as,

C = S−1ΛS, Λ = diag(λ1, · · · , λm), (3.25)

where S is the Vandermonde matrix; the eigenvalues of C, collected in Λ, also
referred to as the Ritz values are approximated some of the eigenvalues of the
approximated linear operator governing the dynamics of the system. The dy-
namic modes are computed by Φ = UmS−1. This method is mathematically
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Algorithm 1
Inputs 1. Um = U(:, 0 : m− 1)
U : snapshot matrix 2. Um+1 = U(:, 1 : m)

3. [X,Σ,W ] = svd(Um)

4. C̃ = XTMUm+1WΣ−1

Outputs 5. [Y,Λ] = eig(C̃), Λ = diag(λ1, · · · , λm)

Φ : Dynamic modes 6. S = {si,j = λj−1
i } i, j ∈ {1, 2, · · · ,m}

D : amplitudes 7. D−1 = SWΣ−1Y
Λ : Eigenvalues 8. Φ = XYD

Table 3.1. Dynamics mode decomposition algorithm

correct but practical implementation might yield a numerically ill-conditioned
algorithm (Schmid 2010). This is especially the case when the data set are
rather large and noise contaminated. An improvement to this algorithm was
proposed by Schmid (2010), where a self-similar transformation of the approxi-

mated companion matrix C̃ (Tab. 3.1) is obtained as a result of the projection of
the velocity fields on the subspace spanned by the corresponding POD modes.

From the input-output point of view, it is possible to use the eigenfucntion
of the system as a projection basis to obtain a reduced order model. The error
bounds in this case is computed as

‖G−Gr‖∞ ≤
n
∑

j=r+1

|Bi||Ci|
|Re(λi)|

. (3.26)

Once the reduced system is obtained, the next step is to design a controller
based on ROM. The method is referred to as Reduce-then-design (Anderson &
Liu 1989) and will be introduced in the next chapter.



CHAPTER 4

Control design

4.1. Control design

The aim of this section is to introduce the controller based on the reduced order
model described in the previous section. The steps for designing the closed-loop
are the same already undertaken by Bagheri et al. (2009a).

4.1.1. LQG design

The main idea of the linear feedback control is to determine the controller
that minimises the energy of disturbances captured by outputs C1. A classical
approach to determine such control signals is the LQG. The control signal φ(t)
is provided in presence of an external white noise disturbance w(t) with unit
variance. The control is designed for the actuator B2 such that the mean of
the output energy,

‖z‖2L2
[0,∞]

=

∫

∞

0

uTCT
1 C1u+ φT ITl Ilφ dt, (4.1)

is minimised. The design of a LQG controller involves a two-step process: first
the full state - represented in this case by the velocity field - is reconstructed
from the noisy measurement v(t) via an estimator (estimation). Then, the
control signal can be computed by the following linear relationship

φ(t) = Kû(t), (4.2)

where K ∈ R
m×r is referred to as control gain (full information control) and

û is the estimated state. According to the separation principle the two steps
(estimation and full-information control) can be performed independently. Fur-
thermore, if both problems are optimal and stable, the resulting closed loop is
optimal and stable (Zhou et al. 1996).

The estimated state û is computed by marching in time the dynamical
system

˙̂u(t) = Arû(t) +B2rφ(t) + L(C2rû− v(t)), (4.3)

fed by signals extracted from the system. The term L ∈ R
r×p is the estimator

gain and can be computed by solving a Riccati equation (Glad & Ljung 2000),
such that the error (û − u) is minimised. To design a full information control

18
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law φ = Ku, the minimisation of the cost function in Eq. 4.1 must be solved. It
results in an optimisation problem that can be solved by introducing a Riccati
equation.

In particular, the combination of Eq. 4.2 and Eq. 4.3 yields a reduced order
compensator of size r,

˙̂u(t) = (Ar +B2rK + LC2r)û(t)− Lv(t), (4.4a)

φ(t) = Kû(t). (4.4b)

Integrating the compensator with the full Navier-Stokes equations yields the
closed-loop system
(

u̇
˙̂u

)

=

(

A B2K
−LC2 Ar +B2rK + LC2r

)(

u
û

)

+

(

B1 0
0 −L

)(

w
Iαg

)

.

(4.5)

The evolution of the perturbations is simulated by marching in time the full
DNS, while the controller runs on-line, simultaneously.



CHAPTER 5

Conclusions and outlook

This chapter summarizes the main conclusions of the works and additional
suggestions for future developments.

Active control on the boundary layer flows

We investigated the possibility to delay the transition from laminar to tur-
bulence in the boundary layer flows using active control strategies. We assume
the classical transition scenario. It corresponds to a transition path when the
Tollmien-Schlichting (TS) waves are triggered inside the boundary layer and
grow exponentially in amplitude as they move downstream of the domain. The
aim is to suppress their amplitude using a linear optimal controller based on
a row of localised inputs (disturbances and actuators) and outputs (measure-
ment sensors). The initial stage of the transition in the wall-bounded shear
flows in the presence of small amplitude perturbations is mostly governed by a
linear mechanism; therefore the linearised Navier-Stokes equation describes the
dynamics of the system. To avoid the high dimensional system arises from dis-
cretising the Navier Stokes equation, a reduced order model (ROM) based on
Eigensystem Realisation Algorithm (ERA) is obtained. It has been shown that
this method can capture accurately the input-output dynamics of the system;
using this model a linear quadratic Gaussian controller is designed.

The first investigation was carried out by considering the flow past a flat
plate with an elliptic leading edge in a two dimensional configuration. A gen-
eral initial perturbation is considered as a Gaussian function located upstream
of the leading edge penetrating inside and triggering the TS waves; in fact, the
dynamics of the system is characterised by a free-stream perturbations quickly
advected downstream and the perturbations penetrating inside the boundary
layer and triggering the TS waves. The objective function of the system is
considered as a set of proper orthogonal modes (POD). Due to the necessity of
discriminating the TS waves from the free-stream disturbances, the modes are
selected such that only the dynamics in the TS wave frequency range are cap-
tured. In order to attenuate the amplitude of the perturbation, we introduce
a plasma actuator representing the net force generated by a single dielectric
barrier discharge (SDBD) plasma actuator. The model is based on experimen-
tal investigations. We address some limitations of the plasma actuators by
modifying the control design and carrying out several parametric analysis for

20
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investigating the performance of the device. A first restriction of the plasma ac-
tuators is represented by the orientation of the forcing, limited by the geometry
of the device. To address this limitation, two methods are introduced. First,
we constrain the controller to act in one direction only, meanwhile preserving
the ability of cancelling wavy perturbation. In this case, a constant forcing
is introduced and on the top of that the optimal control signal is added. By
following this strategy, the resultant forcing can be oriented along the original
design direction of the actuator. A second alternative is to design a controller
based on two adjacent actuators, each of them characterised by a specific di-
rection; in this case, two Linear Quadratic Gaussian (LQG) controllers are
designed iteratively. Both of the procedures result in a successful attenuation
of the disturbance amplitudes, with an efficiency comparable to the standard
LQG controller without constraints. The second limitation is introduced by
the fact that the force distribution generated by the plasma actuators is not
constant, but varies with the voltage of the supply source. This, in general, re-
quires to design a nonlinear controller. In our investigation, we study different
actuators, characterised by different size of spatial force distributions in space.
The results revealed that apart from small differences, the size of the actuator
does not have huge influence on the performance of the controllers.

In the second investigation, we studied the performance of the same control
strategy on a two dimensional airfoil where the perturbation is located outside
of the boundary layer penetrating inside and triggering the TS waves. In this
case, also, the performance of the controller was quite satisfactory and we could
attenuate the amplitude of the TS wave effectively.

The next study was focused on the transition delay over a three dimensional
boundary layer over a flat plat where a row of disturbances are assumed as a
model of the perturbations introduced inside the boundary later and triggering
the TS wave. Two control strategies are investigated. A centralised controller is
designed where all the sensors and actuators are wired together. The drawback
of using this controller is that the complexity of the controller increases as we
demand to control the flow over a wider span of the domain. To overcome this
restriction, a second strategy is introduced (decentralised controller) where the
system is divided into several sub-systems. For each sub-system a control unit
is designed. In fact, we eliminate the additional interconnections which are
not essential to the dynamics of the system. Several types of control units are
designed and the performances are compared. The results revealed that the
decentralised control strategy can successfully attenuate the amplitude of the
disturbances and consequently can be implemented in very large systems.

The next stage of the project is to apply the three dimensional control
configuration on an unswept wing where the free stream turbulence triggers
the transition. The numerical results will also be verified with the results of in
flight experimental facilities used at Technische Universitet Darmstadt.
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Modal decomposition and reduced order models

Modal decomposition techniques are employed to analyse the coherent fea-
ture of the wind turbine wake and to describe the underlying mechanism of
the wake breakdown. The numerical study was based on the large-eddy simu-
lations of Navier-Stokes equation using the actuator line method. The flow is
perturbed by applying an external forcing downstream of each blade near the
tips of the rotor. The spatial distribution of the forces are a Gaussian func-
tion associated with an uncorrelated stochastic temporal part. Two symmetric
and asymmetric cases are assumed. In the former, the same excitation signal
is applied on each of the three blades while in the latter three uncorrelated
signals are employed. The numerical analysis reveals that the amplification of
specific waves along the spiral is responsible for triggering the instability lead-
ing to wake breakdown. These dominant structures can be categorised by their
modal structures and frequency contents. For the symmetric configurations
two groups of modes are identified while for asymmetric case four additional
groups are distinguished. The presence of extra modes in asymmetric case can
be explained by the non-symmetry in dynamics of the system; in fact, the flow
dynamics in this case is a superposition of the effects of a single bladed, two
bladed and three bladed rotor while in the symmetry case, the flow dynamics
are similar for each one-third of domain; hence only the effect of three-bladed
rotor can be observed. It is important to stress that the additional modes
involved in the process of tip vortex instability can only be seen if the full
domain asymmetric case is considered. Further analysis of the dominant mode
reveals an out-of-phase behaviour between the radial and axial velocities on
the tip vortices on the onset of instability while later on this behaviour turns
into in-phase at the vortex paring stage. The connection between, these two
behaviours can be a subject of further investigations.
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Papers and authors’ contributions

The thesis is based on the following four papers.

Paper 1

Output feedback control of a Blasius flow with leading edge using plasma actu-

ators-Accepted to AIAA Journal
R. Dadfar (RD), O. Semeraro (OS), A. Hanifi (AH) & D.S. Henningson (DH).

In this work, we design an output feedback controller to reduce the amplitude
of the perturbations penetrating inside the boundary layer on a flat plate with
a leading edge. The code development and the set-up of flow configuration
were done by RD. Numerical simulations were performed by RD. The paper
was written by RD and OS under the supervision of AH and DH.

Paper 2

Feedback control for laminarisation of flow over wings-TSFP Conference Paper
R. Dadfar (RD), A. Hanifi (AH) & D.S. Henningson (DH).

In this work we study the possibility to suppress the perturbations penetrating
inside the boundary layer over an airfoil. An active controller is designed. The
code development and the set-up of the flow configuration were done by RD.
Numerical simulations were performed by RD. The paper was written by RD
under the supervision of AH and DH.

Paper 3

Active Control of Boundary Layer Instabilities: centralised vs decentralised ap-

proach-To be submitted
R. Dadfar (RD), S. Bagheri (SB), N. Fabbiane (NF) & D.S. Henningson (DH).

This work deals with different control strategies to reduce the amplitude of the
3D perturbations introduced inside the boundary layer over a flat plate. The
code development and the set-up of the flow configuration were done by NF
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in collaboration with RD. Numerical simulations were performed by RD. The
paper was written by RD and NF under the supervision of SB and DH.

Paper 4

Instability of the tip vortices behind a wind turbine-To be submitted
S. Sarmast (SS), R. Dadfar (RD), R.F. Mikkelsen (RM), P. Schlatter (PS), S.
Ivanell (SI) & D.S. Henningson (DH).

This work consists of large eddy simulations of the wind turbine wakes sub-
jected to low amplitude perturbations. The amplification of the perturbations
are analysed using two modal decomposition techniques, proper orthogonal
decomposition (POD) and dynamic mode decomposition (DMD). The simula-
tions were performed by SS under the supervision of RM. The result is then
analysed by SS, RD and PS. The manuscript was written by SS and RD with
input from PS, RM, SI and DH.
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