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Abstract

The aim of this master-thesis is to study the impact of uncertainty in the
local- and implied volatility surfaces when pricing certain structured prod-
ucts such as capital protected notes and autocalls. Due to their long maturi-
ties, limited availability of data and liquidity issue, the uncertainty may have
a crucial impact on the choice of valuation model. The degree of sensitivity
and reliability of two di�erent valuation models are studied.

The valuation models chosen for this thesis are the local volatility model
of Dupire and the implied volatility model of Black&Scholes. The two mod-
els are stress tested with varying volatilities within an uncertainty interval
chosen to be the volatilities obtained from Bid and Ask market prices. The
volatility surface of the Mid market prices is set as the relative reference and
then successively scaled up and down to measure the uncertainty.

The results indicates that the uncertainty in the chosen interval for the
Dupire model is of higher order than in the BlackScholes model, i.e. the
local volatility model is more sensitive to volatility changes. Also, the price
derived in the BlackScholes model is closer to the market price of the issued
CPN and the Dupire price is closer to the issued Autocall. This might be an
indication of uncertainty in the calibration method, the size of the chosen
uncertainty interval or the constant extrapolation assumption.

A further notice is that the prices derived from the Black&Scholes model
are overall higher than the prices from the Dupire model. Another obser-
vation of interest is that the uncertainty between the models is signi�cantly
greater than within each model itself.

Keywords: Dupire, Local Volatility, Implied Volatility, Structured Products,
Autocalls, CPN, Calibration, Black&Scholes, S&P500, DAX, OMX.





0.1 Sammanfattning

Syftet med detta examensarbete är att studera inverkan av osäkerhet, i pris-
sättningen av strukturerade produkter, som uppkommer på grund av för-
ändringar i volatilitetsytan. I denna studie värderas olika slags autocall- och
kapitalskyddade strukturerade produkter. Strukturerade produkter har ty-
piskt långa löptider vilket medför osäkerhet i värderingen då mängden data
är begränsad och man behöver ta till extrapolations metoder för att kom-
plettera. En annan faktor som avgör storleksordningen på osäkerheten är
illikviditeten, vilken mäts som spreaden mellan listade Bid och Ask priset.
Dessa orsaker ligger bakom intresset att studera osäkerheten för långa löp-
tider över alla lösenpriser och dess inverkan på två olika värderingsmodeller.

Värderingsmodellerna som används i denna studie är Dupires lokala vola-
tilitets modell samt Black&Scholes implicita volatilitets modell. Dessa ställs
mot varandra i en jämförelse gällande stabilitet och förmåga att fånga upp
volatilitets ändringar. Man utgår från Mid volatilitetsytan som referens och
uppmäter prisändringar i intervallet från Bid upp till Ask volatilitetsytorna
genom att skala Mid ytan.

Resultaten indikerar på större priskillnader inom Dupires modell i jäm-
förelse mot Black&Scholes. Detta kan tolkas som att Dupires modell är mer
känslig i sammanhanget och har en starkare förmåga att fånga upp föränd-
ringar i svansarna. Vidare notering är att priserna beräknade i Dupire är
relativt billigare än motsvarande från Black&Scholes modellen. En ytterli-
gare observation är att osäkerheten mellan värderingsmodellerna är av högre
ordning än inom var modell för sig. Ett annat resultat visar att CPN pri-
set beräknat i Black&Scholes modell ligger närmast marknadspriset medans
marknadspriset för Autocallen ligger närmare Dupires. Detta kan vara en
indikation på osäkerheten i kalibreringsmetoden eventuellt det valda osäker-
hetsintervallet och konstanta extrapolations antagandet.

Nyckelord: Dupire, lokal volatilitet, implicit volatilitet, strukturerade pro-
dukter, Autocalls, CPN, kalibrering, Black&Scholes, S&P500, DAX, OMX.
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Chapter 1

Introduction

1.1 Background and Problem Statement

One part of the business at the securities company Fair Investments is the
valuation of structured products. A structured product can be described in
several ways but in general one could say it is a pre-packaged investment
strategy based on derivatives such as options, a basket of securities, com-
modities, indexes, debt issuance or/and foreign currencies. The variety of
product types demonstrates the fact that there is no uniform de�nition of
a structured product. The products are further divided into two classes,
those with capital protection and those without. An investment in a cap-
ital protected note, usually denoted CPN, guarantees the repayment of a
pre-determined percentage of the nominal and at the same time allow the
investors to participate in the growth of the underlying instrument. Au-
tocalls are essentially market-linked investments, which can automatically
mature prior to the scheduled maturity date if certain predetermined mar-
ket conditions are achieved. The di�erent types of CPNs and Autocalls used
in this study are explained in detail in subsection 3.2.1, 3.2.2.

Structured products are of special interest to study, due to their long ma-
turities, up to ten years. The issue is the limited access and availability of
market data for such long maturities and thus liquidity and extrapolation
methods becomes crucial factors in the fair pricing, i.e. a price that re�ects
the market, of these products and hence the uncertainty comes into question.

The only actors 1 on the market who usually have access to such data
are the banks. Though they may have the data to cover the entire volatil-
ity surface the miss-pricing is still an issue linked to uncertainty in existing
valuation models. There is no perfect valuation model and hence room for
criticism and concern.

1with the exception SuperDerivatives
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One method applied by the company today, which may be considered rea-
sonable, is constant extrapolation from available volatility data. This is a
reason of concern as it leaves room for uncertainty in the extrapolated areas.
A major concern is the prediction of the non-existing volatility surface as it
may cover up to 90% of the whole surface sometimes. For the short future
ahead one could use an increasing or decreasing function as a prediction tool
but if the same method is applied for longer periods we would get highly im-
probable future volatility values. Further, looking at market data for some
speci�c parts of the volatility surface s.a. the deep in (or out of) the money
areas 2 one faces the issue of illiquidity. These options are rarely traded
and hence the Bid-Ask spread is greater as is the uncertainty in those areas.
This brings up some questions s.a. How and what e�ect would it have on
the valuation process? How should the interval of uncertainty be chosen in
a reasonable matter? Is there a valuation model preference, considering the
capability of recognising the volatility changes and the degree of sensitivity?
These are the major topics up for study in this thesis.

Today the Black&Scholes model is used pricing plain vanilla options, due
to simplicity, with the assumption of constant volatility as an input. Thus
one is missing out on the local behaviour of the volatility surface and hence
the hidden risk in the tails. This is the reason behind the choice of Dupires
local volatility model in order to investigate if it manages to capture, and to
what extent, the changes in comparison to the Black&Scholes model. This
is the background for the problem statement of this master-thesis.

The structure of this paper is as follows: In Chapter 2 the theoretical
background of Black&Scholes and Dupires model is presented together with
the assumptions and a derivation of the local volatility model inspired by [7].
In Section 2.3 the calibration method is described in detail together with
the regularization terms. In Chapter 3 the methodology is demonstrated
starting with the data selection in Section 3.1 followed by the procedure of
the research in Section 3.2 and a detailed description of the di�erent types
of structured products used in the study. The results are then presented
in Chapter 4 discussed in the last Chapter 5 and conclusions are �nally
stated followed by directions for future research. Additional material can be
found in the Appendix.

2strike values signi�cantly below/above (for a call option) or above/below (for a put
option)the market price of the underlying asset.

2



Chapter 2

Theory

2.1 Volatility

In �nance, volatility refers to the amount of uncertainty or risk about the
size of changes in a security's value i.e. a measure of the variation of the price
over time. A lower volatility value indicates that a security's value is not
expected to �uctuate dramatically over a period of time. A higher volatility
means that the price of the security may change dramatically over a short
time period in either direction.

There are several ways to measure volatility and most common are the
historical volatility, which is derived from time series of past market prices,
and the implied volatility obtained from current market prices.

Depending on the choice of valuation model each have their own volatility
point of view. In BlackScholes one assumes constant volatility over time.
In local volatility models one treats volatility as a function of the current
asset price and time. The BlackScholes model is widely criticized due to
its naive assumption of constant volatility. The criticism is based on the
observed volatility "smiles" and "skews". When implied volatility is plotted
against strike price, the graph typically form a downward sloping for equity
markets, or valley-shaped for currency markets. For markets where the graph
is downward sloping, the term "volatility skew" is often used. Looking at
market such as FX (Foreign Exchange) options or equity index options, where
the typical graph is valley-shaped, the term "volatility smile" is used.

2.2 Black&Scholes and Implied Volatility

The Black&Scholes model was �rst articulated by Myron Scholes and Fischer
Black in 1973 in the paper, "The Pricing of Options and Corporate Liabil-
ities" [2]. They derived a partial di�erential equation, today known as the
Black&Scholes equation, which evaluates the option price over time. Their
idea was to �nd a way to hedge the option perfectly by buying and selling

3



the underlying asset in just the right way in order to "eliminate" the risk.
This hedge is called the Greek delta, i.e. hedging with respect to movements
of the underlying. The hedge implies that there is only one unique price for
the option and it is given by the Black&Scholes formula.

In their model they make the assumption that the underlying follows a
stochastic process called geometric Brownian motion 1 and the change in the
stock price is given by the SDE2

dSt = µStdt+ σStdWt

where St is the value of the underlying at time t, Wt = W (t) is a Wiener
process under the objective measure [1], µ is called the drift term and σ the
constant volatility of the stock return.

The derivation of Black&Scholes partial di�erential equation is described
by John C. Hull in [9].

rV =
∂V

∂t
+

1

2
σ2S2∂

2V

∂S2
+ rS

∂V

∂S

where V=V(S,t) is the value of a derivative as a function of time and stock
price and r is the annualised risk-free interest rate.

The value of a call option, for a non-dividend paying underlying, in terms of
the Black&Scholes parameters is:

C(S, t) = N(d1)S −N(d2)Ke
−r(T−t), (2.1)

d1 =
ln S

K +
(
r + σ2

2

)
(T − t)

σ
√
T − t

(2.2)

d2 =
ln S

K +
(
r − σ2

2

)
(T − t)

σ
√
T − t

= d1 − σ
√
T − t (2.3)

where N(.) is the cumulative distribution function of the standard normal
distribution.

2.2.1 Assumptions and Drawbacks in the Black & Scholes

model

The model of Black&Scholes is built upon some explicit assumptions origi-
nally stated in [2] listed below

1[1], p.67-70
2a di�erential equation in which one or more of the terms is a stochastic i.e. random

process, resulting in a solution which is itself a stochastic process.
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• The volatility, a measure of how much an underlying can be expected
to move in the near term, is constant over time. This means that the
variance of the return is constant over the life of the option contract.

• The market is assumed to be liquid, have price-continuity, be fair and
provide all players on the market with equal access to available infor-
mation.

• The underlying stock does not pay dividends during the option's life.

• The markets are perfectly liquid and it is possible to purchase or sell
any fraction of a share at any given time.

• The underlying can be traded continuously and its price is log nor-
mally distributed. This means that the log-returns of S are normally
distributed.

• One can always borrow and lend money at a risk-free interest rate r,
which is assumed to be constant.

• One does not incur transaction costs or taxes.

The drawbacks in the Black&Scholes model are the crucial facts that
several of the assumptions listed above may be unrealistic. First, while
volatility can be relatively constant in very short term, it is never constant
in long term. Further, in the real world lots of companies pay dividends to
their share holders, but there is a workaround for this today and is hence
not an issue any more.

There are some methods such as a quantile-quantile or Q-Q plots and
histograms of the log returns of the stock which are used to check the validity
of a distributional assumption for a data set. The Q-Q plot is an exploratory
graphical device where the basic idea is to compute the theoretically expected
value for each data point based on the distribution in question, in this case
normality. If the data indeed follow the assumed distribution, then the points
on the Q-Q plot will fall approximately on a straight line. By drawing a
normal Q-Q plot one can observe indications of departures from normality
and typically common examples are skewed data and data with heavy tails
(large kurtosis). Using these tools one can easily prove that the log-normally
distributed returns rarely re�ects the true distribution of the data.

It is apparent that none of the assumptions listed above can be entirely
satis�ed as transactions costs exists in every market, all securities come in
discrete units, interest rates vary with time and there is evidence (see [10] and
[5])that the price of most stocks do not precisely follow a geometric Brownian
motion and hence the third assumption above suggesting that people cannot
consistently predict the direction of the underlying or the market, due to the
random walk can be questioned.
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2.3 Dupire and Local Volatility

Since 1973, when the Black&Scholes pricing method was introduced, mathe-
maticians have tried to develop more sophisticated models but they all came
with the cost of increased complexity.

In 1994, the breakthrough came with the names of Bruno Dupire (1994)
and Derman and Kani (1994) who noted that under risk neutrality there was
a unique di�usion process consistent with the risk neutral density derived
from the European option market prices. The unique di�usion coe�cient
σL(S, t) became known as the local volatility function.

The Dupire model is of great interest to study as it is compatible with
the observed smiles at all maturities and it keeps the model complete 3 . The
local volatility model of Dupire is deterministic and there is just one source
of stochasticity, ensuring that the completeness of the Black&Scholes model
is preserved. Completeness is important, because it guarantees unique prices.

Some parts of the derivation presented below are taken from the original
paper of Dupire, "Pricing With a Smile" [6] and supported by Roel van der
Kamp [13] and Fabrice Douglas Rouah [12]. The di�erent parts of the deriva-
tion will be derived separately and then put together to form the Dupire
equation.

The underlying asset value at time t St is assumed to follow Brownian mo-
tion:

dSt = µtStdt+ σ(St, t)StdWt

= (rt − qt)Stdt+ σ(St, t)StdWt

The discount factor is denoted p(t,T)=e
−
T∫
t
rsds

. An important equation in
the derivation process is the Fokker-Planck formula:

∂f

∂t
= − ∂

∂St
[µtStf(St, t)] +

1

2

∂2

∂S2
t

[σ2S2
t f(St, t)] (2.4)

where f=f(St,t) denotes the probability density function satisfying the
above partial di�erential equation. Further, the price of a European call
option is denoted C(St,t).

C(St, t) = p(t, T )E[(ST −K)+|Ft]
= p(t, T )E[(ST −K)1(ST>K)]

= p(t, T )

∞∫
K

(ST −K)f(ST , T )dST (2.5)

3An arbitrage free model is called complete if every derivative is replicable, and there-
fore, redundant
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where 1(ST>K) is the Heaviside function and Ft is the �ltration contain-
ing all the information over the interval [0,t].

The �rst and second derivatives of the price C=C(St,t) with respect to strike
and maturity are derived below.

The �rst derivative w.r.t strike:

∂C

∂K
= p(t, T )

∞∫
K

∂

∂K
(ST −K)f(ST , T )dST

= −p(t, T )
∞∫
K

f(ST , T )dST (2.6)

Second derivative w.r.t strike:

∂2C

∂K2
= −p(t, T )[f(ST , T )]S=∞S=K

= p(t, T )f(K,T ) (2.7)

where one have assumed that lim
S→∞f(ST , T ) = 0.

Further, the �rst derivative w.r.t. maturity T using the chain rule:

∂C

∂T
=

∂

∂T
p(t, T )

∞∫
K

(ST −K)f(ST , T )dST + p(t, T )

∞∫
K

(ST −K)
∂

∂T
f(ST , T )dST

(2.8)

Noting that ∂p
∂T = −rT p(t, T ) one can write 2.8

∂C

∂T
= −rTC + p(t, T )

∞∫
K

(ST −K)
∂

∂T
f(ST , T )dST (2.9)

Now substituting the Fokker-Planck equation 2.4 for ∂f
∂t at t=T into 2.9 and

rearranging terms:

∂C

∂T
+ rTC = p(t, T )

∞∫
K

(ST −K) ·
{
1

2

∂2

∂S2
T

[σ2S2
T f(ST , T )]−

∂

∂ST
[µTST f(ST , T )]

}
dST

(2.10)

From this equation, Dupires local volatility equation will be derived.
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What is left to do is the evaluation of the two integrals in 2.10. Let's
name them:

Integral1 = µT

∞∫
K

(ST −K)
∂

∂ST
[ST f(ST , T )]dST , (2.11)

Integral2 =

∞∫
K

(ST −K)
∂2

∂S2
T

[σ2S2
T f(ST , T )]dST . (2.12)

Rearranging terms in 2.5 gives:

C

p(t, T )
=

∞∫
K

(ST −K)f(ST , T )dST

=

∞∫
K

ST f(ST , T )dST −K
∞∫
K

f(ST , T )dST (2.13)

From 2.6 one obtains:

∞∫
K

f(ST , T )dST = − 1

p(t, T )

∂C

∂K
(2.14)

Substituting 2.14 into 2.13 and rearranging terms:

∞∫
K

ST f(ST , T )dST =
C

p(t, T )
− K

p(t, T )

∂C

∂K
. (2.15)

and using

f(K,T ) =
1

p(t, T )

∂2C

∂K2
(2.16)

from 2.7 one ends up with the explicit tools to evaluate both Integral1 and
Integral2.

For the �rst integral let's introduce two variables v = ST − K and w =
ST f(ST , T ) and their �rst derivatives w.r.t. ST ; v′ = 1 and w′ = ∂

∂ST
[ST f(ST , T )],

to be used in integration by parts 4:

4
a∫
b

vw′dST = [vw]ab −
a∫
b

v′wdST

8



Integral1 = [µT (ST −K)ST f(ST , T )]
ST=∞
ST=K

− µT

∞∫
K

ST f(ST , T )dST

= [0− 0]− µT

∞∫
K

ST f(ST , T )dST (2.17)

assuming that lim
S→∞(ST − K)ST f(ST , T ) = 0. After substituting 2.15 one

arrives at the �nal expression:

Integral1 =
µTK

p(t, T )

∂C

∂K
− µTC

p(t, T )
. (2.18)

Using the same procedure for the second integral performing integration
by parts with the variables v = ST − K and w = ∂

∂ST
[σ2S2

T f(ST , T )] and

their �rst derivatives w.r.t. ST ; v
′ = 1 and w′ = ∂2

∂S2
T
[σ2S2

T f(ST , T )] results

in:

Integral2 = [(ST −K)
∂

∂S
[σ2S2

T f(ST , T )]
ST=∞
ST=K

−
∞∫
K

∂

∂ST
[σ2S2

T f(ST , T )]dST

= [0− 0]− [σ2S2
T f(ST , T )]

ST=∞
ST=K

= σ2K2f(K,T ), (2.19)

where one have assumed that lim
ST→∞ [σ2S2

T f(ST , T )] = 0 and σ = σ(K,T ).
Inserting the expression for f(K,T) in 2.19 �nally gives:

Integral2 =
σ2K2

p(t, T )

∂2C

∂K2
(2.20)

After all the prior minor steps, substituting 2.18 and 2.20 in 2.10 and using
µT = rT − qT one arrives at the formula of Dupires local volatility:

σ(K,T )2 =
∂C
∂T + qTC + µTK

∂C
∂K

1
2K

2 ∂2C
∂K2

(2.21)

In this study we only take on non-dividend paying call options and hence
put qT = 0 (µT = rT − 0) i.e.

σ(K,T )2 =
∂C
∂T + rTK

∂C
∂K

1
2K

2 ∂2C
∂K2

(2.22)

9



The Dupire local volatility equation can also be expressed in terms of im-
plied volatility, i.e. using the volatility in Black&Scholes model. For this
part one needs to go through a change of variable by using the call price C
as a function of some other variable.

The derivation starts by introducing the parametrisation:

y = ln

 K

S0e

T∫
0

µtdt

 (2.23)

w = σimp(K,T )
2T (2.24)

When the market price is equal to the Black&Scholes price the following
holds:

Cmarket(S0,K, σ, T ) = CBS(S0,K, σimp(K,T ), T )

= S0e

T∫
0

−qtdt
[N(d1)− eyN(d2)] (2.25)

d1 = −
y√
w

+

√
w

2
(2.26)

d2 = −
y√
w
−
√
w

2
(2.27)

In order to derive the local volatility in terms of implied volatility the deriva-
tives in 2.21 needs to be expressed in terms of the Black&Scholes call price
CBS :

∂C

∂K
=
∂CBS
∂y

∂y

∂K
+
∂CBS
∂w

∂w

∂K

=
∂CBS
∂y

(
1

K

)
+
∂CBS
∂w

∂w

∂K
(2.28)

The second derivative w.r.t. K:

∂2C

∂K2
=

(
− 1

K2

)
∂CBS
∂y

+
1

K

∂

∂K

(
∂CBS
∂y

)
+

∂

∂K

(
∂CBS
∂w

)
∂w

∂K
+
∂CBS
∂w

∂2w

∂K2

(2.29)
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where

∂

∂K

(
∂CBS
∂y

)
=

∂

∂y

(
∂CBS
∂y

)
∂y

∂K
+

∂

∂w

(
∂CBS
∂y

)
∂w

∂K
(2.30)

and

∂

∂K

(
∂CBS
∂w

)
=

∂

∂y

(
∂CBS
∂w

)
∂y

∂K
+

∂

∂w

(
∂CBS
∂w

)
∂w

∂K
(2.31)

Inserting 2.29 and 2.31 into 2.29 and rearranging terms gives:

∂2C

∂K2
=

1

K2

{
∂2CBS
∂y2

− ∂CBS
∂y

}
+

2

K

(
∂2CBS
∂w∂y

)
∂w

∂K
+

+
∂2CBS
∂w2

(
∂w

∂K

)2

+
∂CBS
∂w

(
∂2w

∂K2

)
(2.32)

The third derivative w.r.t. T:

∂C

∂T
=
∂CBS
∂T

+
∂CBS
∂y

∂y

∂T
+
∂CBS
∂w

∂w

∂T

= −qTCBS +
∂CBS
∂y

(−µT ) +
∂CBS
∂w

∂w

∂T
(2.33)

In order to keep track of the derivation procedure, the various derivatives
in 2.28, 2.32 and 2.33 are re-substituted into the original local volatility
equation 2.21:

σ2local(K,T ) =
∂C
∂T + qTC + µTK

∂C
∂K

1
2K

2 ∂2C
∂K2

=

{
−qTCBS − µT ∂CBS∂y + ∂CBS

∂w
∂w
∂T

}
+ qTCBS + µTK

{
1
K
∂CBS
∂y + ∂CBS

∂w
∂w
∂K

}
1
2K

2
{

1
K2

{
∂2CBS
∂y2

− ∂CBS
∂y

}
+ 2

K

(
∂2CBS
∂w∂y

)
∂w
∂K + ∂2CBS

∂w2

(
∂w
∂K

)2
+ ∂CBS

∂w

(
∂2w
∂K2

)}
(2.34)

From 2.34 one can see that there are some parts which can be evolved a
bit further in order to have a �nal expression in terms of σimp.

To do this there are some useful identities which will be helpful in the
process; the chain rule N ′(x) = n(x)x′ and n′(x) = −xn(x)x′ followed by
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the relation:

n(d1) =
1√
2π
e−

1
2
(d2+

√
w)2

=
1√
2π
e−

1
2
(d22+2d2

√
w+w)

= n(d2)e
−d2
√
w− 1

2
w

= n(d2)e
y (2.35)

Below follows the tedious derivation steps of all parts in 2.34 to be eval-
uated in terms of σimp.

∂CBS
∂w

= S0e

T∫
0

−qT dt
[
n(d1)

∂d1
∂w
− eyn(d2)

∂d2
∂w

]

= S0e

T∫
0

−qT dt
[
n(d2)e

y

(
∂d2
∂w

+
1

2

1√
w

)
− eyn(d2)

∂d2
∂w

]

=
1

2

1√
w
eyn(d2)S0e

T∫
0

−qT dt
(2.36)

proceeding with:

∂2CBS
∂w2

=
1

2
S0e

T∫
0

−qT dt
ey
[

1√
w

(
−d2n(d2)

∂d2
∂w

)
− n(d2)

1

2

1

w
√
w

]

=
1

2

1√
w
eyn(d2)S0e

T∫
0

−qT dt
[
−d2

∂d2
∂w
− 1

2

1

w

]
=
∂CBS
∂w

[(
y√
w

+
1

2

√
w

)(
1

2

y

w
√
w
− 1

4

1√
w

)
− 1

2

1

w

]
=
∂CBS
∂w

[
y2

2w2
− 1

8
− 1

2w

]
(2.37)

followed by:

∂2CBS
∂y∂w

=
1

2

1√
w
S0e

T∫
0

−qT dt ∂

∂y
[eyn(d2)]

=
1

2

1√
w
S0e

T∫
0

−qT dt
[
eyn(d2)− eyd2n(d2)

∂d2
∂y

]
=
∂CBS
∂w

[
1− d2(−

1√
w
)

]
=
∂CBS
∂w

(
1

2
− y

w

)
(2.38)
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continuing with:

∂CBS
∂y

= S0e

T∫
0

−qT dt
[
n(d1)

∂d1
∂y
− eyN(d2)− eyn(d2)

∂d2
∂y

]

= −S0e
T∫
0

−qT dt
eyN(d2) (2.39)

and at last:

∂2CBS
∂y2

= −S0e
T∫
0

−qT dt
[
eyN(d2) + eyn(d2)

∂d2
∂y

]

= −S0e
T∫
0

−qT dt
eyN(d2) + S0e

T∫
0

−qT dt
eyn(d2)

1√
w

=
∂CBS
∂y

+ 2
∂CBS
∂w

(2.40)

What is left now are the partial derivatives of w:

∂w

∂K
= 2σimpT

∂σimp
∂K

(2.41)

∂2w

∂K2
= 2T

[
∂σimp
∂K

]2
+ 2σimpT

∂2σimp
∂K2

(2.42)

∂w

∂T
= σ2imp + 2σimpT

∂σimp
∂T

(2.43)

Now substituting all the identities and derivatives 2.35-2.43 into 2.34, the
local volatility in terms of implied volatility is hence given by:

σ2local(K,T ) =
σ2imp + 2σimpT

[
∂σimp
∂T + µTK

∂σimp
∂K

]
[
1− Ky

σimp

∂σimp
∂K

]2
+KσimpT

[
∂σimp
∂K − 1

4KσimpT
(
∂σimp
∂K

)2
+K

∂2σimp
∂K2

]
(2.44)

2.4 Calibration and Regularization of the Dupire
Model

The calibration part of Dupires model is performed using

σ̂(K,T ) = argminσL[{C}n, {C(σ)}n] (2.45)
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where {C}n is the set of n prices of European call options obtained from the
model and {C(σ)}n are the corresponding n prices observed on the market.
L is the loss function given by the mean square error:

MSE =
n∑
i=1

m∑
j=1

ωi,j (Ci,j − Ci,j(σ))2 (2.46)

assuming all price di�erences are equally weighted i.e. ωi,j = 1 for i = 1, ..., n
and j = 1, ...,m. In order to solve the Dupire equation, for non-dividend
paying options, a discretization method is needed. Due to numerical stability
and convergence properties, the implicit �nite di�erence method is chosen
and the discretized version of 2.22 becomes

Ci+1,j − Ci,j
4T

=
1

2
σ2i+1,jK

2
j

Ci+1,j+1 − 2Ci+1,j + Ci+1,j−1
(4K)2

− ri+1Kj
Ci+1,j+1 − Ci+1,j

4K
(2.47)

and after some rearrangements:

Ci,j =

(
ri+1Kj

4T
4K

− 1

2
σ2i+1,jK

2
j

4T
(4K)2

)
Ci+1,j+1 + (2.48)

+

(
1 + σ2i+1,jK

2
j

4T
(4K)2

− ri+1Kj
4T
4K

)
Ci+1,j − (2.49)

−
(
1

2
σ2i+1,jK

2
j

4T
(4K)2

)
Ci+1,j−1 (2.50)

The price of a call option has three boundary conditions given by:

1. The price at time t=0 is given by C0,j = max(S0 −Kj , 0).

2. As the strike price goes to in�nity the value of a call option goes towards
0, hence Ci,N = 0, N large.

3. When the strike K=0, Ci,0 = S0.

Research made by Gatheral[7] and Brecher [3] shows that in order to obtain
a somewhat smooth local volatility surface one need some kind of regular-
ization. In this study two regularization terms are added, one penalizing the
curvature in T direction and the other one in K direction which results in
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the following minimizing problem:

σ̂(K,T ) = argminσ


n∑
i=1

m∑
j=1

ωi,j (Ci,j − Ci,j(σ))2

+ αT

n∑
i=1

m∑
j=1

(
σi+2,j − 2σi+1,j + σi,j

(4T )2

)2

+ αK

n∑
i=1

m∑
j=1

(
σi,j+2 − 2σi,j+1 + σi,j

(4K)2

)2
 . (2.51)

The choice of αT and αK a�ects both the smoothness (curvature) of the
local volatility surface as well as the pricing performance of the model.

In order to see if the calibration is somewhat reliable, the market prices
are regenerated using the calibrated local volatility in the Monte Carlo sim-
ulations of the underlying. The simulation process of the underlying is of

the form S(t +4t) = St · e(r−
σ̂2

2
)4t+σ̂·

√
4t·Z , where Z is a random variable

with mean 0 and variance 1.

2.5 Autocall

An Autocall product is essentially a market-linked investment, which can au-
tomatically mature prior to the scheduled maturity date if certain predeter-
mined market conditions are achieved on an observation date. The criterion
for deciding whether the product is automatically matured, or auto-called,
is whether the underlying reference index is above a predetermined trigger
level, called the call barrier. The underlying reference index is typically an
equity index, but it can also be linked to stocks, basket of stocks, funds, etc.
If a product is auto-called, the investor normally receives a predetermined
coupon along with the capital redemption on that observation date. Most
Autocalls incorporate a protection feature so that, if the call level barrier
has not occurred on the observation dates before the scheduled maturity
date, capital is fully protected provided the underlying has not fallen below
a certain level, called the risk-barrier, during the term of the investment.
If the underlying has fallen below the risk barrier level, and the Autocall
has not been auto-called prior to maturity, the investor is exposed fully to
the downside of the underlying market at maturity. There is also a third
level called the coupon barrier, which lies between the call- and risk barrrier
levels. If the underlying follows a path below the call level and above the
coupon barrier, the investor will receive a coupon on each observation date
prior to maturity.
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2.6 Capital Protected Note (CPN)

A capital protected note is a type of investment where the investor is guar-
anteed the repayment of a pre-determined percentage of the nominal and
at the same time the investor is allowed to participate in the growth of the
underlying instrument.

Most capital guaranteed or protected investments are for a �xed term,
generally of �ve years or more, and fees usually apply if one wants to exit the
investment before maturity. The protection only applies if the investment
is held until the day of maturity. The protection on the invested capital is
achieved by structuring investments in a variety of ways. Some investments
provide a guarantee by investing through a life insurance company, others
use a portion of the invested money to buy a bond which provides capital
protection and then invest the remainder in stocks and other derivatives.

Each capital protected note has a speci�c payo� structure with di�erent
conditions such as participation rate, cap value, protection level, with or
without coupon payouts etc. The participation rate is the percentage of
growth in a particular stock or derivative that the investor gets to bene�t
from. The cap value is a factor multiplied by the return of the particular
investment type, i.e. a cap=160% means that if the return of a call option
(for example) is 100 USD then the total return, which comes into the payo�,
is 160 USD.
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Chapter 3

Methodology

3.1 Data Selection

The data used in this study is taken from non-dividend paying European call
options with an index such as S&P500, OMX and DAX as underlying. These
are chosen with liquidity and quantity factors taken into consideration.

The market data is listed for Bid, Ask and Last prices together with ma-
turity and a range of strikes, traded volumes, deltas, open interest numbers,
the evolution of the underlying and a yield curve for the respective prices.
The delta measures the sensitivity of an option's price to a change in the
price of the underlying. The delta values ranges from -1 to 1 where the call
delta values are all positive because we are dealing with long call options
and for puts, the same values would have a negative sign attached to them,
re�ecting the fact that put options increase in value when the underlying
asset price falls. The more a stock price goes up, the more in the money 1

a call option will be and the higher the call option's delta will be and the
more the stock price decline, the lower the call option's delta will be. This
implies that a delta neutral position actually just is protected against a small
movement in the underlying stock.

The open interest number refers to the total number of derivative con-
tracts, like futures and options, that have not been settled in the immediately
previous time period for a speci�c underlying security [8]. This value is useful
in several matters as a large open interest value indicates more activity and
liquidity for the contract and it can also be helpful in determining whether
there is unusually high or low volume for any particular option.

In Table 3.1 the indexes, their ATM 2 value and the date which the data
was taken out are listed.

1For a call option, when the option's strike price is below the market price of the
underlying asset, usually denoted ITM

2At The Money value, when the option's strike price is identical to the market price of
the underlying security.
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Index ATM value date

S&P500 1507.84 USD 31-01-13

DAX 7911.35 EUR 22-03-13

OMX 1196.43 SEK 22-03-13

Table 3.1: Listed Indexes, their ATM value and the date the data was taken out.

3.2 Study Procedure

We start o� by calculating the Mid prices from the listed Bid and Ask prices,
their respective maturities and strikes which are then used in the smoothing
and interpolating Matlab function grid�t 3. In order to cover a volatility
surface we need prices for all strikes and maturities and hence the choice
of using an interpolating and smoothing function to derive the non existing
market data. The time- and strike intervals are split into 31 equidistant
coordinates forming a [31x31] matrix with maturities along the rows and
strikes along the columns. The size is chosen with computation time and
e�ciency taken into consideration.

Structured products of di�erent types, two issued on the market and one
constructed, with an index as underlying are priced in the study. Volatil-
ity surfaces are plotted for Bid, Mid and Ask prices in both the Dupire
local volatility model and Black&Scholes implied volatility model. The lo-
cal volatility surfaces are derived through calibration for the Dupire model
and in Black&Scholes the pricing model is reversed to obtain the implied
volatility surface. The local volatility surface is derived in several ways �rst
through the calibrated model 2.51, then we have the discretized model of
2.22 and at last the local volatility in terms of the implied volatility 2.44.

The calibration part is a tedious process with two regularization terms
involved which are to be determined in such a way that a smooth surface is
obtained which in turn should re�ect the market prices when used in the val-
uation model of Dupire. In order to keep track of the calibration procedure
we choose a simulation technique, called Monte Carlo, to generate the ran-
dom Brownian motion of the underlying inserting the calibrated volatilities
for each time and underlying asset value stepwise till maturity. There are

3grid�t is a smoothing function which can extrapolate beyond the convex hull of existing
data and uses triangular interpolation to build a grid of data, for a deeper explanation see
"Understanding Grid�t" by John R. D'Errico
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various kinds of calibration methods but non is outstanding, indicating the
practical di�culties of calibration in general. One issue is the capability to
capture the entire surface and hence we must focus on some areas that are of
interest to study. Due to these facts we choose to put our main focus on the
ATM, ITM and OTM strike values for increasing maturities. Further, a 95%
con�dence interval is introduced in the calibration process in order to �nd
out the signi�cant results in the area of interest. The con�dence interval
tells us whether the mean of the simulated sample lies within an interval
calculated as CI=mean(all simulated present price values)± 1.96 · standard
deviation(simulated present values)/square-root(no of simulations), where
1.96 is the standard normal deviate, i.e. 95% of the area under the normal
distribution lies within 1.96 standard deviations of the mean. The reason
behind the choice of 95% is that, due to the challenges in the calibration,
this interval gives a good starting point to work with concerning the next
step in the procedure. The last part of the calibration is to minimize the
price mismatch for those within the con�dence interval using trial and error.
The calibrated local volatility for the Mid market prices is then scaled in
order to get the volatility surfaces of Bid and Ask prices hence giving us the
limits of uncertainty. The regularization terms αK and αT are varied along
the calibration process until a satisfying signi�cance level is achieved.

Before performing any calibration or any calculations we must make sure
that our interpolated price values are arbitrage free, i.e no free lunch is pro-
vided. This part is done in the interpolated and smoothed price matrix from
which we go through the su�cient conditions for absence of arbitrage in the
discrete surface of call prices, according to Carr and Madan [4]:

• Non-increasing in strike:
C(Ti,Kj)−C(Ti,Kj−1)

4K ≤ 0

• Convex in strike:
C(Ti,Kj−1)−2C(Ti,Kj)+C(Ti,Kj+1)

(4K)2
≥ 0

• Non-decreasing in maturity:
C(Ti,Kj)−C(Ti−1,Kj)

4T ≥ 0

The theoretical prices are then calculated as are the price-di�erences
between the market and theoretical. From the smoothed and interpolated
price matrix we take the �rst row corresponding to our lowest maturity time
and use it as an initial vector in the theoretical model calculations together
with the �rst and last strike columns. These are selected due to the fact
that the listed boundary conditions in Chapter 2.3 are not applicable on
the available market data and in order to solve for the theoretical prices one
needs initial starting and boundary values.

The theoretical prices are calculated using 2.48-2.50 with γ = −
(
1
2σ

2
i+1,jK

2
j
4T

(4K)2

)
,

β =
(
1 + σ2i+1,jK

2
j
4T

(4K)2
− ri+1Kj

4T
4K

)
and α =

(
ri+1Kj

4T
4K −

1
2σ

2
i+1,jK

2
j
4T

(4K)2

)
.
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From this a tridiagonal matrix A is built with Ci,1, Ci,31 and C2,i, (i =
1, ..., 31) are the known boundaries discussed above. The procedure is to
solve for Ci,j for i = 3, .., 31 and j = 2, ..., 30.



1 0 . . . . . . . 0
γ β α 0 . . . . . .
0 γ β α 0 . . . . .
. 0 γ β α 0 . . . .
. . . . . . . . . .
. . . . . . . . . .
. . . . . . . . . .
. . . . . . 0 γ β α
0 . . . . . . . 0 1





C3,1

C3,2

.

.

.

.

.
C3,30

C3,31


=



C2,1

C2,2

.

.

.

.

.
C2,30

C2,31



After each loop end, the unknown vector is solved for and used as the known
vector in the next loop and this procedure continues till we have a full ma-
trix with theoretical prices. Thereafter the squared di�erence between the
theoretical and market observed prices are computed and the sum over all
di�erences together with the regularization terms is minimized, recovering
the calibrated local volatilities.

The local volatility surfaces of Bid and Ask prices are set as limits of varia-
tions of the Mid surface, representing the uncertainty. The variations occurs
successively by scaling the Mid calibrated local volatility surface between the
selected limits and for each percentage of volatility change the new volatili-
ties are used in the pricing of the issued CPN and Autocall and a constructed
Autocall with varying coupon barrier (CB) levels (60 %, 70% and 80%) 4.
The thought is to observe the price changes, measured in basis points 5, due
to up- and downscaling of calibrated local volatilities in the area of interest.
The volatility changes after each scaling, relative to the Mid, represents the
uncertainty discussed in the problem formulation and thus the main focus
of this study.

We work in a similar way with the Black&Scholes model where we use the
smoothed market price matrix to calculate the implied volatility of those
with exception of some prices which doesn't have an implied volatility in
the model. This is also done for Bid and Ask prices and as before in the

4explained in detail in subsections 3.2.1 and 3.2.2
5A unit that is equal to 1/100th of 1%, and is used to denote the price change in a

�nancial instrument.
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Dupire model we up- and downscale the average of implied volatility over all
maturities for ATM strike value. The main di�erence, between the models,
is that in the Black&Scholes model a constant volatility and interest rate is
assumed and thus we choose the line of the ATM strike and take the average
of all implied volatilities along all maturities and similarly for the interest
rates. This is done in order to observe the price changes of each scaling due
to the uncertainty in the volatility surface.

The �nal step in the procedure is to study the price changes in the Black&Scholes
model in comparison to Dupires model and the price di�erences within each
model itself. These are presented in bar graphs in the result chapter.

For the two alternative methods, direct discretization of the Dupire model
and local volatility expressed in terms of implied volatility, we faced some
contradictions and other issues. In the discretized method problems arose
due to the occurrence of peak values and intersecting surfaces, i.e. the Bid,
Mid and Ask surfaces were intersecting in some parts of the surface resulting
in unexpected and contradicted behaviour of the volatility surfaces of each.
What distinguishes the three parts is simply a factor and hence the inter-
section should not occur. For the other method, the problem occurs already
when deriving the implied volatilities. Implied volatility values do not exist
for all strikes and maturities and hence we lack some input data. These are
the reasons why the results are omitted and discussed a bit further in the
Discussion Chapter.

For the valuation part, simulations of the underlying asset are performed
and for each time step in the Dupire model we use the calibrated local
volatility for the current underlying asset value as an input for the next
step. This procedure continues until the day of maturity. Remember that
the limited amount of market data only covers a small part of the entire
surface of strike- and maturity values. This is one of the most important
problems when pricing structured products, as one have to look beyond the
limits in order to price the product. We thus have to decide what happens
if the underlying asset path coordinate falls outside the known area. We
approach this by constant extrapolation from the boundaries of the known
values, i.e. if the underlying S(K,T) falls at:

• K > Kmax for some Ti =⇒σ(Kmax, Ti)

• K < Kmin for some Ti =⇒σ(Kmin, Ti)

• T > Tmax for some Kj =⇒σ(Kj , Tmax)

• T < Tmin for some Kj =⇒σ(Kj , Tmin)

• T < Tmin and K < Kmin =⇒σ(Kmin, Tmin).

• T < Tmin and K > Kmax =⇒σ(Kmax, Tmin).
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• T > Tmax,K < Kmin =⇒σ(Kmin, Tmax).

• T > Tmax,K > Kmax =⇒σ(Kmax, Tmax).

3.2.1 CPN-Capital Protected Note

The CPN, used in the �rst part of the study, is an issued one on the mar-
ket. It is built up in such a way that the payo� at maturity, from 30
april 2010 to 30 april 2015, looks the following: XT = 0.95 · nominal +
min [participationrate · nominal ·max(ST /K − 1, 0), 0.6 · nominal] with a
100% participationrate, nominal of 1000 USD, 95% protection and a 160%
cap. It is written on the S&P500 index. We jump on this CPN January 31
2013.

3.2.2 Autocall1

For the issued Autocall1 product, using S&P500 index as underlying, there
are two barrier levels; the higher one called the call-level (CL) and the lower
coupon-barrier level (CB). There is also a risk barrier (RB) level which in
this case coincides with the CB level. If the underlying asset value falls
below the RB level the investor faces the risk of just receiving the �nal value
of the underlying asset at maturity. The value of CL=1460.15 USD and
the CB=1095.11 USD. This Autocall1 works the following way; we start at
S0 = 1507.84 (the value of the underlying when taken out i.e. 31 January
2013) and we have 968 days till maturity (9 October 2015). The Autocall1
was issued October 9 2012. It has two observation dates September 23 2013
and September 23 2014 and then the valuation day at maturity. On each
observation date there are three possible scenarios:

• if the o�cial closing price of the underlying is higher than or equal to
CL then the option is autocalled and the investor receives

nominal · 1.075 = 1075 USD

• if the o�cial closing price of the underlying is higher than CB but
lower than CL the investor receives a coupon of nominal · 7.5% USD
and will continue the random Brownian evolution till next observation
date

• if the o�cial closing price of the underlying is lower than or equal to
CB the investor receives nothing and the Autocall1 continues to next
observation date.

This procedure continues throughout both observation dates and at maturity
day we have that:
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• if the o�cial closing price of the underlying is higher than CB the
investor receives the coupons earned along the previous observation
dates (if not already autocalled prematurely) plus nominal

• if the o�cial closing price of the underlying is lower than CB the in-
vestor receives the coupons earned along the previous observation dates
(if not already autocalled prematurely) plus nominal · STmatK

There are a total of 10 di�erent possible paths for the underlying from �rst
day till maturity which are illustrated in Figure 3.1.

Figure 3.1: A graph demonstrating the Autocall and the possible paths of the
underlying asset. Strike values are found on the y-axis and time till maturity across
two observation dates on the x-axis. The di�erent barrier levels are presented by
the black dotted horizontal lines.

3.2.3 Autocall2

The structure of the constructedAutocall2 looks somewhat similar toAutocall1
but here we use a �x coupon of 75 SEK/EUR and the CL is equal to the
ATM value of each index. The CB level is varied between 60%, 70% and 80%
of the call level for each index and there are two observation dates positioned
the 2nd and 4th year, plus maturity 5 years from start.
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Chapter 4

Results

4.1 Calibration Results

The calibration and scaling adjustments together with the con�dence interval
taken into consideration using the S&P500 index as underlying gives the
resulting surfaces shown in Figure 4.1. Here we can see the calibrated and
price-mismatch adjusted local volatility surfaces of Bid, Mid and Ask prices
in increasing order. These are the limits used in the uncertainty valuation.

Figure 4.1: Calibrated and price-mismatch adjusted local volatility surfaces for
Bid, Mid and Ask prices in increasing order. Local volatilities are listed on the z
axis and maturities on the T axis together with strike values on the K axis.

To measure the reliability of the calibration with the regularization terms
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we simulate prices using the calibrated local volatilities and then measure
a 95% con�dence interval and place a blue dot where the prices are within
the CI. Further for these points we adjust the surface in order to match the
prices as much as possible. The regularization terms used in each calibration
set are presented in Table ??. In Figure 4.2 we have the signi�cance matrix
for Bid-, in Figure 4.3 Mid- and in Figure 4.4 for Ask prices.

Figure 4.2: 95% CI signi�cance and price-mismatch reducing matrix for Bid
prices. A blue dot marks the prices which are within the CI.The y axis repre-
sents all the maturities in increasing order from top to bottom and likewise we have
increasing K values from left to right on the x axis.
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Figure 4.3: 95% CI signi�cance and price-mismatch reducing matrix for Mid
prices. A blue dot marks the prices which are within the CI.The y axis represents
all the maturities in increasing order from top to bottom and likewise we have
increasing K values from left to right on the x axis.

Figure 4.4: 95% CI signi�cance and price-mismatch reducing matrix for Ask
prices. A blue dot marks the prices which are within the CI.The y axis represents
all the maturities in increasing order from top to bottom and likewise we have
increasing K values from left to right on the x axis.
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4.1.1 CPN

The price di�erence, measured in basis points for the CPN when up- and
downscaling the Mid calibrated local volatility surface between Bid and Ask
volatility surface levels, is illustrated in two ways. In Figure 4.5 we have
the price di�erences from the Dupire model in comparison to the Mid price
derived in Black &Scholes i.e. each bar represents bar(i) = 100 ∗ (100 ·
(Dup(i)−BSMid)/BSMid) for i = 1, ..., n n=number of bars. In Figure 4.6
the price di�erences within the Dupire model is presented using the Mid
price in the Dupire model as a relative reference i.e. bar(i) = 100 ∗ (100 ·
(Dup(i)−DupMid)/DupMid).

Figure 4.5: The price di�erences derived from the Dupire model due to relative
changes in the local volatility surface with the Black &Scholes Mid price as relative
reference.The di�erence is stated on the y axis and measured in basis points. The
x axis represents the percentage calibrated local volatility changes from the Mid
surface. The �rst bar from the left is for the relative local volatility change from
Mid to Bid and the last bar represents the relative change from Mid up to Ask local
volatility surface.
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Figure 4.6: Price di�erences derived from the Dupire model due to changes in the
local volatility surface with the Dupire Mid price as relative reference. The di�erence
is stated on the y axis and measured in basis points. The x axis represents the
relative percentage calibrated local volatility changes from the Mid surface.The �rst
bar from the left is for the relative local volatility change from Mid to Bid and the
last bar represents the relative change from Mid up to Ask local volatility surface.

The price di�erences of the CPN, calculated within the Black&Scholes
model using the Mid price as relative reference, is illustrated in Figure 4.7.
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Figure 4.7: Price di�erences derived from the Black&Scholes model due to changes
in the implied volatility with the Mid price as relative reference. The di�erence is
stated on the y axis and measured in basis points. The x axis represents the relative
percentage implied volatility changes from Mid. The �rst bar from the left is for the
relative implied volatility change from Mid to Bid and the last bar represents the
relative change from Mid up to Ask implied volatility.

4.1.2 Autocall1

Similar calculations were made for the valuation of Autocall1 described in
Section 3.2.2 in both models. The price di�erences of Autocall1 due to
uncertainty in the calibrated and adjusted local volatility surface in the area
of interest with the Mid price from the Black&Scholes model as reference
is shown in Figure 4.8. The price di�erence within the Dupire model is
presented in Figure 4.9.
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Figure 4.8: Price di�erences of Autocall1 in the Dupire model using the Mid price
in Black&Scholes model as relative reference. The price di�erence is presented in
basis points on the y axis and the relative calibrated local volatility changes on the
x axis.The �rst bar from the left is for the relative local volatility change from Mid
to Bid and the last bar represents the relative change from Mid up to Ask local
volatility.
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Figure 4.9: Price di�erences of Autocall1 within the Dupire model. The price
di�erence is presented in basis points on the y axis and the relative calibrated local
volatility changes on the x axis.The �rst bar from the left is for the relative local
volatility change from Mid to Bid and the last bar represents the relative change
from Mid up to Ask local volatility.

Then we have the price di�erences within the Black&Scholes model with
the Mid price as reference illustrated in Figure 4.10.
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Figure 4.10: Price di�erences of Autocall1 within the Black&Scholes model. The
price di�erence is presented in basis points on the y axis and the relative implied
volatility changes on the x axis.The �rst bar from the left is for the relative implied
volatility change from Mid to Bid and the last bar represents the relative change
from Mid up to Ask implied volatility.

The purpose behind the valuation of the issued structured products was
to compare the derived prices in each model to the market set prices. The
price intervals in the Dupire- and Black&Scholes model are listed together
with the market Bid and Ask prices in Table 4.2 below.

Model CPN price Autocall1 price

Dupire [1176.3, 1182] [1061, 1071.2]

Black&Scholes [1172.8, 1179.5] [1076.5, 1080.5]

Market 1167 , 1178.7 1028 , 1038

Table 4.2: The price intervals in the Dupire- and Black&Scholes model are listed
in the �rst two rows together with the market Bid and Ask prices in the last row.
The prices are expressed in USD.

4.1.3 Autocall2

Here we present the absolute size of price di�erences using 60-,70- and 80%
coupon barriers, DAX and OMX indexes as underlyings and both valuation
models. In Table 4.3 all the results are summarised. The �gures from which
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these values are taken can be found in the Appendix in Figure 6.2-6.10 and
6.19-6.17.

The signi�cance matrices for both data sets DAX and OMX for Bid,
Mid and Ask prices can be found in the Appendix in Figure 6.12-6.14 and
6.25-6.27 together with the calibrated local volatility surfaces for each in one
plot to illustrate the uncertainty limits in Figure 6.18 & 6.1.

The price movements derived in each simulation and valuation model for
all the three coupon barrier levels are plotted in Figure 6.31 and 4.11 for
the DAX Index. The same plot for the OMX index can be found in the
Appendix in Figure 6.28 and 6.29

Index ATM value Dupire vs. BS BS Dupire CB

OMX 1196.43 SEK (225,400) b.p. 85 b.p. 175 b.p. 60%

OMX 1196.43 SEK (300,500) b.p. 95 b.p. 120 b.p. 70%

OMX 1196.43 SEK (300,500) b.p. 215 b.p. 220 b.p. 80%

DAX 7911.35 EUR (450,710) b.p. 70 b.p. 275 b.p. 60%

DAX 7911.35 EUR (500,750) b.p. 80 b.p. 280 b.p. 70%

DAX 7911.35 EUR (420,650) b.p. 70 b.p. 250 b.p. 80%

Table 4.3: Results with the maximum price di�erence taken from Figure 6.2-6.10
and 6.19-6.17 in Appendix
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A Q-Q plot, in Figure 4.11, and a histogram of the log returns of the
S&P500 Index, in Figure 4.12, are computed to check the validity of the
normal distribution assumption.

Figure 4.11: A quantile-quantile plot, i.e. a graphical technique to determine if
the data set, S&P500 Index, comes from a normal distribution. The closer to the
straight line, the better match.

Figure 4.12: A histogram of the historical log-returns of S&P500 Index and a
normal distribution �t.
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Chapter 5

Discussion

There are empirical proofs of that the local volatility models do not com-
pletely catch the market behaviour which results in miss-pricing. Hagan et
al [11] motivates his criticism concerning local volatility giving examples of
Dupires model with mathematical proof.

There are some drawbacks with the Dupire local volatility model since the
option price function will never be known analytically. This means neither
will its derivatives which results in a problem i.e. numerical approximations
for the derivatives have to be made, which are imperfect. Therefore prob-
lems can arise when the values to be approximated are very small leading to
big errors, perturbing the estimated value heavily. Now if the error-value is
added to other values, the e�ect will be somewhat limited but in the Dupire
equation 2.22 we have a second derivative all by itself in the denominator.
This derivative will be very small for options that are deep in- or out-of-
the-money and peak values appears. Small errors in the approximation of
this derivative will get multiplied by the strike value squared resulting in big
errors at these values, sometimes even giving negative values, resulting in
negative variances and complex local volatilities, which is clearly unaccept-
able behaviour of the volatility.

In our calculations we set the local volatility at these points to NaN 1

which results in cut-out pieces of the local volatility surface. These kind
of problems occurs when using the direct discretization model without cal-
ibration. This makes the comparison approach even more questionable in
terms of reliability and accuracy. We tried to interpolate the existing values
to get a full smoothed surface but then we got another contradiction, i.e.
the surface of Bid volatilities got values above Mid and Ask below Mid at
the areas of interest. Due to these complications we decided to leave those
results out.

When it comes to the calibration of the Dupire model, i.e. �nding σ(S(t), t),

1a note assigned to a non existing number in Matlab
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there are some issues worth discussing. Given the set of discrete data from
the market, we compare it to theoretical computed data then we search for
the volatilities minimizing this di�erence so that the model can replicate
market prices. As we have seen in the calibration result chapter there are
some non-signi�cant values and areas which is a sign of di�culty getting a
perfectly calibrated match. This is not a coincidence at all as there exists a
spectra of di�erent calibration methods but none has been in the light of per-
fect matching. One could say that though Dupires formula is theoretically
correct it has some practical drawbacks and di�culties.

Another problem is the fact that as the local volatilities from the cali-
bration are model based we need some other sort of comparison and hence
we tried to express the local volatility in terms of implied volatility 2.44 and
another approach using the direct discretized version of Dupires equation
2.22. In the �rst case we get a problem due to NaN values in the BS model
for the area of interest (which is another drawback of BS model) and hence
we don't have su�cient local volatilities in the area of interest which means
we can reject even this approach. We tried to smooth and interpolate these
NaN values through grid�t but then we got negative implied values which
obviously is non-correct. Another issue is the arbitrage, as we interpolate
non-existing implied volatilities we may imply arbitrage into the model which
makes it non-complete.

Looking at our method of calculating the constant volatility in the BS
model one might ask the question; Why the choice of ATM strike value over
all maturities? Autocalls generally include a risk barrier, which in our case
is identical to the coupon level, indicating that if the underlying asset value
falls below this level it faces the same risk as the underlying. Having this
in mind one could argue that the volatility corresponding to the RB strike
should be chosen in the BS model to picture the risk in the valuation. In
this study we try to build a consequent comparison and hence the choice of
ATM is justi�ed as the RB is di�erent for every set up of the Autocall.

What can be stated from the results looking at the summarised Table 4.3
is that the price di�erences is somewhat smaller within the Black&Scholes
model in comparison to the Dupire model, looking at the values in the third
column of Table 4.3. Another observation from the results is the signi�cant
price di�erence in between the two models. The prices derived in the Dupire
model were clearly cheaper than those calculated in the Black&Scholes model,
for the Autocalls.

Now what does this mean? One could say that the Dupire model is more
sensitive and manages to capture the volatility changes, which is somewhat
expected as it is a local-behaviour-dependent model.

In Table 4.2 we can observe the di�erence between the prices derived from
the Dupire- and BlackScholes model and those listed on the market, for the
issued CPN and Autocall1. Comparing the Mid prices in each interval gives
the following result; the Black&Scholes price is closer to the market (within
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30 b.p.) for the issued CPN. The Autocall1 prices di�er more between the
market and valuation models, but Dupire is still closer to the market. This is
because the CPN is not path dependent, it has a payo� structure at the day
of maturity and the payo� lies between 950-1550 USD, while the Autocall
valuation is path dependent and hence we can expect di�erent outcomes.

There are several factors that might a�ect the valuation s.a. uncertainty
in the calibration method or the assumption of constant extrapolation and
the chosen volatility uncertainty interval might be of wrong order. Further
there is a factor which is not explicitly included in the valuation models but
which a�ects the price, i.e. the credit default risk of the issuer. This risk
might either push up or down the price due to compensation for the risk
taken in the contract.

Peter Carlberg, Head of Financial Engineering at Handelsbanken, men-
tioned that a price di�erence of ± 30 b.p. can be expected before asked
to adjust the prices. This con�rms that the di�erence is too high to be
acceptable.

The absolute price di�erences, measured in basis points from Bid to Ask
limits, are quite high but still reasonable looking at the size of the relative
volatility changes of those levels.

Another observation, looking at Figure 6.31 and 6.29, is that the prices in
both models increases the higher CB level, i.e. the smaller gap the cheaper
Autocall. This is an expected feature as the probability of crossing the CB
increases and the investor faces the risk of receiving zero coupons along the
way (if not auto-called) i.e. the underlying falls below the CB level at the
observation dates, hence the discounted amount is less and we get a cheaper
price.

As discussed above, the local volatility model may have practical draw-
backs but the Black&Scholes model is built on non-realistic assumptions and
hence it doesn't really picture reality so how can we even rely on its pricing
ability? I almost surely doubt there exists a �awless mathematical valuation
model for pricing any sort of security BUT some models may be usable in
some matter, depending on the structure of the security, if used with cau-
tion and deep understanding of all the involved parameters and background
assumptions which the models are built upon.

For a discussion about the log-normal distribution assumption of the
underlying, I drew a histogram of the historical log-returns of the SP500
Index (9 years back in time from 31 January 2013)and tried to �t a normally
distributed curve see Figure 4.12 in Appendix. This plot together with the
QQ-plot in Figure 4.11 shows that there is a reason for concern, i.e. the
log returns are not normally distributed. This was not in the scope of this
thesis but it would be interesting to study the best-�t distribution of di�erent
data types in order to see if there is some pattern. Also, as mentioned in
the drawbacks section of Black&Scholes, there are evidence of non-Brownian
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motion which is an interesting subject, for further research.

5.0.4 Recommended topics for further research

One recommended topic for further research would be a study about various
calibration methods combined with di�erent sorts of regularization terms.
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Chapter 6

Appendix

The results for the DAX index are listed here in the following order: First
is illustrated the calibrated local volatility surfaces of Bid, Mid and Ask in
Figure 6.1, then we have the price changes in the Dupire model in comparison
to the Black&Scholes Mid price. Further the changes in the Black&Scholes
model with the Mid price as relative reference of comparison is presented
followed by the changes within the Dupire model. Starting with Figure6.8
where the coupon barrier level is set to 60% of the call level followed by
Figure6.9 using CB=70% of the call level and at last Figure6.10 setting the
CB=80% of the call level.

Figure 6.1: The Bid, Mid and Ask calibrated local volatility surfaces using the
DAX index as underlying

Implied volatility graphs at ATM strike for all maturities are plotted in
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Figure 6.2: Pricing uncertainty
within the BS model using 60%
CB

Figure 6.3: Pricing uncertainty within
the Dupire model using 60% CB

Figure 6.4: Pricing uncertainty
within the BS model using 70%
CB

Figure 6.5: Pricing uncertainty within
the Dupire model using 70% CB

order to observe the uncertainty limits between Ask and Bid volatility graphs
(see Figure 6.11). Remember that in the Black&Scholes model one assumes
constant volatility and hence we take the average of all implied volatilities
across all maturities and use it in the valuation process of the CPN and
Autocall.
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Figure 6.6: Pricing uncertainty
within the BS model using 80%
CB

Figure 6.7: Pricing uncertainty within
the Dupire model using 80% CB

Figure 6.8: Price di�erences of Autocall2 in the Dupire model using the DAX in-
dex as underlying, Mid price in the Black&Scholes model as reference and a coupon
level of 80% of the call level. The price di�erence is presented in basis points on
the y axis and the relative calibrated local volatility changes on the x axis.
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Figure 6.9: Price di�erences of Autocall2 in the Dupire model using the DAX in-
dex as underlying, Mid price in the Black&Scholes model as reference and a coupon
level of 80% of the call level. The price di�erence is presented in basis points on
the y axis and the relative calibrated local volatility changes on the x axis.

Figure 6.10: Price di�erences of Autocall2 in the Dupire model using the DAX in-
dex as underlying, Mid price in the Black&Scholes model as reference and a coupon
level of 80% of the call level. The price di�erence is presented in basis points on
the y axis and the relative calibrated local volatility changes on the x axis.
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Figure 6.11: Graphs of Bid, Mid and Ask implied volatility in increasing order
for ATM strike value over all maturities in the BS model.

Figure 6.12: 95% CI signi�cance and price-mismatch reducing matrix for Ask
prices. A blue dot marks the prices which are within the CI.The y axis represents
all the maturities in increasing order from top to bottom and likewise we have
increasing K values from left to right on the x axis.
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Figure 6.13: 95% CI signi�cance and price-mismatch reducing matrix for Bid
prices. A blue dot marks the prices which are within the CI.The y axis represents
all the maturities in increasing order from top to bottom and likewise we have
increasing K values from left to right on the x axis.

Figure 6.14: 95% CI signi�cance and price-mismatch reducing matrix for Mid
prices. A blue dot marks the prices which are within the CI.The y axis represents
all the maturities in increasing order from top to bottom and likewise we have
increasing K values from left to right on the x axis.

46



The last set of results are those with the OMX index as underlying.
Similar presentation as above: First up are the price changes in the Dupire
model in comparison to the Black&Scholes Mid price. Then the changes in
the Black&Scholes model with the Mid price as relative reference of compar-
ison is presented followed by the changes within the Dupire model. Starting
with Figure 6.15 where the coupon barrier level is set to 60% of the call level
followed by Figure 6.16 using CB=70% of the call level and at last Figure
6.17 setting the CB=80% of the call level.

Figure 6.15: Price di�erences of Autocall2 in the Dupire model using the OMX in-
dex as underlying, Mid price in the Black&Scholes model as reference and a coupon
level of 60% of the call level. The price di�erence is presented in basis points on
the y axis and the relative calibrated local volatility changes on the x axis.
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Figure 6.16: Price di�erences of Autocall2 in the Dupire model using the OMX in-
dex as underlying, Mid price in the Black&Scholes model as reference and a coupon
level of 70% of the call level. The price di�erence is presented in basis points on
the y axis and the relative calibrated local volatility changes on the x axis.

Figure 6.17: Price di�erences of Autocall2 in the Dupire model using the OMX in-
dex as underlying, Mid price in the Black&Scholes model as reference and a coupon
level of 80% of the call level. The price di�erence is presented in basis points on
the y axis and the relative calibrated local volatility changes on the x axis.

48



Proceeding with Figure6.19 where the coupon barrier level is set to 60%
of the call level followed by Figure6.21 using CB=70% of the call level and
at last Figure6.23 setting the CB=80% of the call level.

Figure 6.18: Calibrated and adjusted local volatility surfaces for Bid, Mid and Ask
prices in the same plot, for the OMX Index.

Figure 6.19: Pricing uncer-
tainty within the BS model using
60% CB

Figure 6.20: Pricing uncertainty
within the Dupire model using 60% CB
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Figure 6.21: Pricing uncer-
tainty within the BS model using
70% CB

Figure 6.22: Pricing uncertainty
within the Dupire model using 70% CB

Figure 6.23: Pricing uncer-
tainty within the BS model using
80% CB

Figure 6.24: Pricing uncertainty
within the Dupire model using 80% CB
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Figure 6.25: 95% CI signi�cance and price-mismatch reducing matrix for Ask
prices. A blue dot marks the prices which are within the CI.The y axis represents
all the maturities in increasing order from top to bottom and likewise we have
increasing K values from left to right on the x axis.

Figure 6.26: 95% CI signi�cance and price-mismatch reducing matrix for Bid
prices. A blue dot marks the prices which are within the CI.The y axis represents
all the maturities in increasing order from top to bottom and likewise we have
increasing K values from left to right on the x axis.
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Figure 6.27: 95% CI signi�cance and price-mismatch reducing matrix for Mid
prices. A blue dot marks the prices which are within the CI.The y axis represents
all the maturities in increasing order from top to bottom and likewise we have
increasing K values from left to right on the x axis.

Figure 6.28: Autocall prices
for 60-(red), 70(blue)- and
80%(green) CB for OMX data
derived in the Dupire model.
The prices are listed for each
volatility change relative to the
Mid.

Figure 6.29: Autocall prices for
60(red)-, 70(blue)- and 80%(green) CB
for OMX data derived in the BS
model.The prices are listed for each
volatility change relative to the Mid.
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Figure 6.30: Autocall prices
for 60(red)-, 70(blue)- and
80%(green) CB for DAX data
derived in the Dupire model.
The prices are listed for each
volatility change relative to the
Mid.

Figure 6.31: Autocall prices for
60(red)-, 70(blue)- and 80%(green) CB
for DAX data derived in the BS model.
The prices are listed for each volatility
change relative to the Mid.
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