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 “The reasonable man adapts himself to the world; the unreasonable one 
persists in trying to adapt the world to himself.  

 
Therefore all progress depends on the unreasonable man.” 

 
-George Bernard Shaw (1856 - 1950),  

Man and Superman (1903) “Maxims for Revolutionists”  
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ABSTRACT 
Induction heating is a common industrial process used for the reheating of billets before 
extrusion or forging.  In this work the influence of the coil and work piece geometry, the 
effect of the electrical properties of the work piece, and the coil current and frequency, 
on the magnetic flux density and resulting work piece heating rates were studied.  A 
combination of 1D analytical solutions, 2D axial symmetric finite element modelling and 
precise measurements has been used.   
 
Dozens of heating and magnetic field experiments have been conducted, with steadily 
increasing sophistication and measurement accuracy.  The development of the 
experimental techniques will be described in the ‘cover’ and related to the later results 
published in the supplements.  Experimental results are compared to predictions 
obtained from analytical and numerical models.  The published measurements obtained 
for the billet heating experiments consisted of:  billet electrical conductivity with <0.5% 
error, applied currents with <1% error, magnetic flux densities with 1-2% error, 
calorifically determined heating rates with <2% error and electrical reactive power with 
<~2% error.  2 D axial symmetric finite element models were obtained, which describe 
the measured results with less than a 2% difference (i.e. an ‘error’ of the same magnitude 
as the measurement uncertainty).  Heating and reactive power results predicted by the 
FEM model are in excellent agreement with analytical solutions from 50 Hz to 500 kHz 
(differences from <1% to 6%). 
 
A modified 1D short coil correction factor is presented which accounts for the 
interaction of the coil and work piece geometry, electrical properties and operating 
frequency, on the average magnetic flux density of the coil/work piece air-gap and the 
resulting heating rate.  Using this factor, the average magnetic flux density in the air-gap 
can be estimated analytically within 2-3% and the heating rates of billets of known 
electrical properties can be estimated, with typical errors on the order of 5%. 
 
Keywords: Induction, heating, billets, coils, magnetic fields. 
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Chapter 1 

INTRODUCTION 

Induction heating has been studied academically and experimentally since before the 
discovery of the electron.  Heaviside published one of the first mathematical treatments 
of induction heating, studying the heat developed in a ‘core’ within a solenoidal coil in 
1884 [1].  S.Z. De Ferranti patented perhaps the first application of induction to furnace 
design, in British Patent Specification No. 700, in 1887 [2, 3].  The practical development 
of various channel furnaces for steel making quickly followed through the late 19th and 
early 20th centuries [4-6].  The development of ‘high frequency’ coreless induction 
furnaces from about 1918-1930 by E.F. Northrup, represents a key advance pertinent to 
this thesis [7-11]. 
 
It was understood by early workers in the field of coreless induction heating, that coils 
and work pieces of typical dimensions, e.g. with a diameter of approximately the same 
magnitude as their height, did not produce the same magnetic field strength as a ‘long’ 
coil, nor did this field interact ‘perfectly’ with the work piece.  Northrup demonstrated 
his depth of knowledge in his patent filed in 1924 [11], via the proposed use of a 
‘coupling’ factor, to describe the variation of the coil magnetic flux, with the coil and 
work piece dimensions.  Burch and Davis proposed the use of the Nagaoka coefficient 
[12] in their book from 1928 [13] to correct for the impact of coil and work piece 
shortness.  A similar method using the Nagaoka coefficient was proposed by Stansel in 
1944 [14].  Vaughan and Williamson proposed the use of an empirically modified 
Nagaoka short coil correction factor in their paper of 1945 [15].  This factor was 
subsequently ‘squared’ and republished without reference by Tudbury as his “Workpiece 
Shortness Correction Factor” in 1960 [16].  Baker proposed an alternate methodology 
for the correction of the magnetic field strength for coil shortness in his paper of 1957 
[17], without any detailed explanation of the derivation.  Lavers proposed perhaps the 
most advanced analytical method in 1970 [18], which appears to have been immediately 
superseded by the adoption of modern computerized numerical methods.  
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1.1 Project Objectives 
 
In the present work, ‘coreless’ coils have been applied to the heating of non-
ferromagnetic billets with the purpose of studying the interaction of the magnetic field 
produced by the coil with the work piece, and the impact of the work piece on the 
magnetic flux density in the coil/work piece air-gap. 
 
The main objectives of this work were to determine: 

1. The correct method of calculating the magnetic flux density of an empty air-core 
coil of finite size. 

2. The affect of work pieces of various dimensions on the magnetic flux density in 
the air-gap of different coils. 

3. A method of correlating the relationship between the dimensions of the coils and 
work pieces, with the magnetic flux density in the air gap. 

4. The accuracy of the new correlation by direct measurement of work piece heating 
rates, and by the application of 2D axial symmetric finite element modelling, to 
determine the impact of operating frequency. 

 
Thus, the present work is intended to trace the following flow diagram. 
 

 
  Figure 1.1-Schematic outline of the thesis and Supplements. 
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This thesis will examine the required electromagnetic theory in detail, in order to provide 
the reader with sufficient background to appreciate the following supplements: 
  

In Supplement 1 the most detailed description of the final water-cooled billet heating 
experiments are presented, along with most of the experimental heating data.  The use of 
water-cooling allowed experiments to be executed at a thermal steady state and to obtain 
direct measurement of the heating rate induced in the billets by calorific means.  Water-
cooling also maintained the outer surface of the work pieces at a sufficiently low 
temperature, to permit safe measurement of the magnetic flux densities using Hall Effect 
probes, the results of which are presented in Supplements 2 and 3.  Experimental heating 
results are compared with the analytical solutions produced using a frequency corrected 
version of Vaughan and Williamson’s original short coil correction factor [15] and 
against 2D axial symmetric modelling results at frequencies from 50 Hz to 500 kHz. 
 

In Supplement 2 the 2 D axial symmetric finite element model is described in some detail.  
The analytical and numerical methods used to determine the required size of the 
‘magnetic domain’ and the mesh spacing are presented.  The exact means of determining 
and correcting the work piece resistivity and conductivity for use with the analytical and 
FEM models are described, including a new equation useful to estimate the temperature 
coefficient of resistivity of aluminium.  Analytical magnetic flux density predictions are 
compared with FEM predictions and measurements for an air-core coil.  Experimental 
results of the impact of a work piece on the magnetic flux density of a ‘short’ coil are 
presented and compared with the 2D axial symmetric model results, as a means of 
benchmarking the model’s accuracy. FEM calculated heating rate results are compared 
with experimental results and analytical predictions at 50 Hz to 500 kHz. 
 

The main results of the thesis are summarized in Supplement 3, providing additional data 
not previously shown in Supplements 1 and 2.  Heating data from 4 coils, 3 work pieces, 
high and low current and high and low cooling water flow are presented.  A total of 11 
conditions with repeats (22 tests) are summarized.  Calorific heating and electrical 
reactive power measurements are compared with the analytical and FEM model 
solutions, showing excellent agreement.  Magnetic flux data from the ‘short’ induction 
coil are presented and compared with theoretical predictions and FEM model results 
with and without a work piece.  A highly compact dimensionless formula for the 
solution to the Biot-Savart law is presented, as a function of coil diameter to length ratio 
(shape factor) and dimensionless coil length.  The final frequency corrected short coil 
correction factor is presented with the theoretical basis.  The limitations and bias caused 
by the correction factor’s semi-empirical nature are discussed in some detail, based on 
both the experimental heating, reactive power and magnetic flux density measurements. 
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Chapter 2 

THEORY 

2.1 Magnetic Flux Density and Inductance of ‘Long’ and ‘Short’ Coils 
 
 
The magnetic field of a very ‘long’ coil can be easily found by the application of 
Ampère’s [19] or the Biot-Savart law [20].  Using Ampère’s original law and ignoring the 
displacement current: 
 

               0 0r r enclosedC s
B l J s I   (1) 

 
Where B  [T] is the magnetic flux density parallel to the an infinitesimal vector length 

l and tangent to the closed curve C, 0 is the permeability of free space (4  x10-7 
[H/m]), r is the relative magnetic permeability (with recommended values of 1.0000 for 
air, copper and aluminium [unitless]), J  [A/m2] is the current density normal to closed 
curve C, s  [m2] is an infinitesimal vector area of surface S normal to J  and Ienclosed [A] is 
the total enclosed current or J ·S.  The orientation of B  relative to J  is given by the 
right hand rule, and both are vector quantities.  When written as B and J in this text, 
Root Mean Square (RMS) magnitudes are implied. 
 
Equation (1) is applied to a very ‘long’, i.e. infinite solenoidal coil, a finite length of 
which is pictured in Figure 2.1.  The total current enclosed by the closed path, whose 
sides are length lc is clearly Nc·Ic.  Current is passing out of the page at the top and into 
the page at the bottom.   The flux density within the coil is B , which has a direction 
from left to right in accordance with the right hand rule.  As the coil extends from and 
to infinity, the flux lines are parallel to lc, having only a z-component.  Thus it can be 
immediately concluded that there is no magnetic flux external to the coil and B·-lc = 0.   
 
On both of the sides of the box, the magnetic flux is perpendicular to the length and 
thus there is no parallel component and B l =0.  Integrating around the closed path it is  
 



  Theory 

6 
 
 

 

then immediately seen that Equation (1) yields B ·lc= 0 rNc·Ic.  Solving for B  results in 
Equation (2). 
 

           
0 r c c

c

N IB
l    (2) 

 
where B  is the flux density of a length lc of a very ‘long’ or infinite coil, Nc is the number 
of turns of the coil and Ic is the current per turn [A RMS]. 
 

-lc

lc

N=10

Bz

 
Figure 2.1-Magnetic field produced by 10 turns of an infinite solenoid, indicating a magnetic 
field present only on the interior of the coil and in the z-direction. 

 
Equation (2) is however, not valid for a coil with length less than ‘infinity’.  In a short 
coil the flux is not homogenously distributed as shown in Figure 2.1 and is not parallel 
with the coil axis, having both a z-component and an r-component.  The flux density 
exterior to a ‘short’ coil is non-zero, hence the external magnetic reluctance may become 
a significant factor in determining the total coil magnetic flux density. 
 
The inductance of a ‘real’, i.e. non-infinite coil, is determined by the number of flux 
linkages per unit current or: 

              
c c z

c
c

A N B
L

I    (3) 

 
where Lc is the inductance of the coil [H], Ac is the area of the coil [m2], and Bz is now 
the z-component of the magnetic flux density [T].   Bz being the z-component of the 
magnetic flux density, clearly links all the coil turns N.  The radial component Br will be  
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symmetrical around the central axis, and integrating in polar coordinates will result in 
zero net contribution. 
  
An idealized solenoidal coil, known as a ‘current sheet’ inductor is shown in Figure 2.2. 
 

 
Figure 2.2-10 turn helical ‘current sheet’ coil or solenoid [21]. 

 
A current sheet has a number of properties: 

1. The current is purely a surface current, as the sheet is ‘infinitely’ thin. 
2. The coil conductor has no internal volume and hence no internal inductance. 
3. The cuts between the turns are infinitesimally thin and hence the entire length is 

available for conduction. 
4. As the cuts between the turns are so thin, there is no leakage flux and all of the z-

component of the magnetic flux produced by the coil, links with all of the turns. 

 
Bz can be found using Equation (3) if the inductance is known.  In 1879 Lorenz [22] 
published a formula to solve for the inductance of a current sheet inductor, such as the 
one shown in Figure 2.2.  His formula involved the use of difficult to solve complete 
elliptical integrals.  Lorenz’s original formula reformulated into SI units [23],  is shown in 
Equation (4). 
 

    

2 3 2 2
0

2 3 3

8 2 1 1( ) ( ) 1
3

r c cs
c

c

N r k kL E k K k
l k k  (4) 

 
where rcs is the radius of the current sheet [m], k is the modulus and K(k) and E(k) are 
the complete elliptical integrals of the first and second kinds. 
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Modulus (k) is defined by Equation (5): 
 

             

2

2 2

4
4

cs

cs c

rk
r l    (5) 

 
In 1909 Nagaoka [12] reformulated Lorenz’s formula using the shape factor (Dcs/lc), 
where Dcs is defined as the current sheet diameter [m].  In Nagaoka’s formulation the 
inductance of a short coil can be found by a combination of Equations (3-5) using a 
simple ‘short coil correction factor’, which will be referred to in this text as kN, in 
honour of Nagaoka. 
 

    

2 2 2
0 0 0r c c c c N r c c N r c cs

c N
c c c c

N I A N k N A k N rL k
l I l l  (6) 

 
where kN, the Nagaoka coefficient is defined by Equation (7) [23]: 
 

             
2

2
2

4 1 ( ) ( ) 1 ( )
3N

uk K k E k u E k u
u   (7) 

 
and where u is defined as equal to the shape factor (Dcs/lc). 
 
Nagaoka solved Equation (7) for discrete values of the shape factor (Dcs/lc)  to 6 decimal 
places in his original manuscript [12].  Weaver has now written software to numerically 
solve the same equation to double precision [24], and this software was used in the 
preparation of this thesis [25]. 
 

From Equation (6) it is obvious that Bz from equation (3) is equal to kN·B  or: 
 

         
0N r c c

z
c

k N IB
l    (8) 

 
In 1928 Wheeler published an empirical formula for the inductance of real short coils 
with finite wire thickness and coil length [26], as shown in Equation (9) in both the 
original form and with SI units. 
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2 2 2 2

9 10 0.2286 0.254
i c cs c

H
i i cs c

r N r NL
r l r l   (9) 

 
where L H is the inductance of the real short coil [ H], ri is the coil radius measured on 
the wire centre-line [inches], and li is the coil length measured end-to-end [inches]. 
 
Knight [27] recently reformulated Equation (9) in SI units to directly solve for the 
Nagaoka coefficient, kN: 
 

         
1

1  0.4502 
N

c c

c

k
D

l

   (10) 

 
where Dc is defined as the coil inner diameter [m] and c is the electromagnetic 
penetration depth into the coil [m] given by: 
 

              
c

c
o r f    (11) 

 
where c is the electrical resistivity of the coil [ ·m], and f is the frequency [Hz]. 
 
The electrical resistivity is the inverse of the electrical conductivity: 
 

       
1

c
c

    (12) 

 
where c is the coil electrical conductivity [S/m].  For 100% International Annealed 
Copper Standard (IACS) copper, the recommended conductivity is 58.0 MS/m [28]. 
 
Comparing the results of Equation (10) with those given by Weaver’s software [25] for 
Equation (7), indicates that empirical Equation (10) is accurate to approximately 3 
significant figures for coils with shape factors typical of induction coils, i.e. from about 
0.5 to 2.0, as indicated in Table 1.  The use of Equation (10) rather than Equation (7) 
does not add any significant error in the calculation of induction furnace coil flux 
densities, given that state of the art Hall Effect Gauss meters have a typical accuracy on 
the order of 0.5 to 1% for AC magnetic fields, and the ability to measure the work piece 
heating rates is typically worse (e.g. ~2% error or larger). 
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Table 1-Comparison of Nagaoka Short Coil Correction Factors Calculated by Numerical 
Solution of Equation (7) and Using the Empirical Equation (10) [Supplement 3]. 

Shape 
Factor kN kN Difference 
(Dcs/lc) Equation (7) Equation (10) (%) 

0.048 0.980 0.979 -0.11
0.122 0.950 0.948 -0.23
0.50 0.818 0.816 -0.23
0.75 0.748 0.748 -0.02
1.00 0.688 0.690 0.17
1.25 0.638 0.640 0.28
1.50 0.595 0.597 0.31

 
 
For a coil with a shape factor of 1, very typical of induction coils, Equation (7) indicates 
that the coil will have only 69% of the z-component magnetic flux density of the 
equivalent ‘long coil’.  To have 95% of the long coil magnetic flux density, the coil 
would need to have a shape factor of 0.122, and to have 98%, it would need to have a 
shape factor of 0.048.  It is therefore concluded that all typical induction coils are ‘short’ 
and that Equation (2) can not be accurately applied to any standard induction problem, 
i.e. Equation (2) will always result in an empirically measureable error.   
 
For coils constructed of round wire, it has been found that /c c cD l  can be equated 
to the average coil diameter measured from the centre-to-centre of the conductors of the 
coil, in accordance with classical inductance calculations, i.e. the equivalent ‘current 
sheet’ diameter (Dcs) should be used, as it will minimize the errors (in the heating 
estimates) taken over a large range of frequencies (e.g. 50 Hz to 500 kHz).  The 
equivalent current sheet is the dimension where ½ of the current is inside and ½ outside 
of the chosen diameter.  Dcs is then located on the coil tubing centreline for both the DC 
and infinite frequency (surface current) limits.    Rosa’s round wire correction has not 
been applied [29], as the present work was performed using coils constructed from 
hollow tubing and the correction has been found to be excessive [Supplement 3]. 
 
It is clear from Equations (8) and (10) that the magnetic flux density varies strongly with 
shape factor.  It is relatively easy to solve the Biot-Savart law [20], Equation (13), along 
the centre-line of a solenoidal coil. 

24
o cI l rB

r    (13) 

 
where B is the incremental flux density [T] measured at a point, which is distance of r 
[m] away from a current carrying conductor, l is an incremental distance along the 
conductor [m] and r  is a unit vector pointing from l toward the measuring point. 
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Solving Equation (13) along the centre-line of a ‘current sheet’ solenoid yields: 
 

                0
0 2 22 2

(1 )
2 (1 )

c c c c

c c cs c cs

N I xl x lB
l xl r x l r

   (14) 

 
where B0 is the z-component of the flux density [T] along the central axis of a solenoidal 
coil of length lc, [m], with current sheet radius rcs  [m] and where x is the dimensionless 
coil length.  For lc >>rcs, Equation (14) simplifies to Equation (2). 
 
Dividing Equation (14) by Equation (2) yields a dimensionless centre-line flux density, 
which is independent of current and the number of coil turns, and somewhat analogous 
to the Nagaoka coefficient [Supplement 3]. 
 

         0
2 22 2

(1 )1
2 (1 )

c c

c cs c cs

B xl x l
B xl r x l r

  (15) 

 
Equation (15) has been plotted as a function of coil shape factor in Figure 2.3.  From 
Fig. 2.3 it can be expected that flux density varies strongly with shape factor and varies 
along the axial length of a given coil (and also in the radial direction, which is not 
shown). Very long coils (Dcs/lc <0.3) have relatively homogeneous fields near their 
centre.  It is interesting to note that very short coils (Dcs/lc>3) also have relatively 
homogenous fields along their centre-lines, while longer coils (Dcs/lc <0.6) have steep 
gradients near the ends of the coils. 
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Figure 2.3-Dimensionless coil centre-line flux density (B0/B ) as a function of coil shape 
factor (Dcs/lc) and dimensionless coil length (x) [30]. 

 

2.2 Electromagnetic Induction 
 
Electromagnetic induction can be understood beginning with Ampère’s [19] and 
Faraday’s laws [31].  The mathematics are simplified by ignoring the displacement 

current D
t

 and assuming the system to be at rest: 

 

H J    (16) 
 
where H is the magnetic field intensity [A (-turns)/m], and J  is the current density 
[A/m2].   
 

In short coils H  has both a z-component and an r-component.  Only the z-component 
is considered in this analysis, which produces current in the phi direction according to 
Equation (16). 
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BE
t    (17) 

 

where E is the electric field [V/m], and B
t

 is the change in the magnetic flux density 

per unit time [T/s]. 
 

The relationship between B  and H is given by: 
 

0 rB H    (18) 
 
From Equation (1) or by applying Stokes’s theorem to Equation (16) we can then see 
that: 

enclosedC
H l I    (19) 

 
Similarly applying Stokes’ theorem to equation (17) yields the integral form of Faraday’s 
law: 

C
E l

t    (20) 

 

where 
t

 is change in the magnetic flux per unit time [Wb/s]. 

 
A cylindrical work piece undergoing induction heating is pictured in Figure 2.4. 
 

Hz(r)
Hz(0)

Hz(r)+ HzJ (r)+ J

J (r)
r

r+ r

HzJ (R)

R

l

Hz(R)

r

z

r+ r
r

 
Figure 2.4-Cylindrical work piece undergoing induction heating, please note that J and H are 
both complex (time varying) quantities (phasors), with a phase shift and magnitude changing 
with the penetration depth, only the z-component of the magnetic field intensity and the phi-
component of current are considered [32]. 
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Integrating Equation (19) around the box shown in Figure 2.4 [32], and understanding 
that Hz and J  are functions of radial position: 
 

                   z z zH l H H l J r l      (21) 

 
And therefore the current density in the phi direction at depth r, J [A/m2], is given by 

 

                
zH

J
r    (22) 

 
which is also in accordance with the definition of the curl and Equation (16). 
 

In the absence of motion (i.e. neglecting the induced electric field v B ), Equation (20) 
can be integrated around the circle shown in Figure 2.4 [32].  The integral must equal 
zero (no net voltage around a complete circular path) [33] and it is assumed that the 
work piece is homogeneous and can be represented by a single resistivity w  [ ·m] and 
constant relative permeability r . 
 

          02 2 2 0z
w w r

H
r J r r J J r r

t  (23) 

 
Equation (23) simplifies to (eliminating the term 2 w r J  as negligibly small): 
 

                  
0 0zr

w

HJ J
r r t   (24) 

 
Combining Equations (22) and (24), yields: 
 

             

2
0

2

1 0z z zr

w

H H H
r r r t   (25) 

 
The time-varying vector component Hz(r,t) in Equation (25) can be written:  

ˆ, 2 cos[ ( )]z zH r t H r t r , where ˆ
zH r  is the RMS magnitude of the magnetic field  
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intensity and r is the radius dependent phase angle (or phase shift) referenced to the 
surface of the work piece.  Hz(r,t) in Equation (25) can now be replaced by the complex 
function 2 ( ) j t

zH r e , where the phasor ( )ˆ j r
z zH r H r e is visualized as a rotating 

‘mathematical vector’ in the complex real-imaginary plane (the under-stroke indicates a 
complex quantity) [34].  Note that at the surface of the work piece at radius=R, 0R  
and therefore ˆ

z zH R H R .  Inserting 2 ( ) j t
zH r e in the partial differential Equation 

(25), it simplifies to the ordinary differential Equation (26): 
 

                       

2
0

2

1 0z z r
z

w

H H j H
r r r   (26) 

 
where j is the -1 and  is the radial frequency [radians/s]. 
 
Equation (26) is a modified Bessel equation of order zero, where the solution is known 
to be of the form [35]: 
 

               

1 1
2 2

0 0
0 0( ) r r

z
w w

H r AI j r BK j r   (27) 

 
where A and B are integration constants and I0 and K0 are the two linearly independent 
solutions to Equation (26) and are referred to as modified zero order Kelvin Bessel 
functions of the first and second kind. 

 
Defining the important variable r, i.e. the dimensionless penetration depth at radius r : 
 

                            

1
2

0 22
2

r
r

w w

rr   (28) 

 
where w is the work piece electromagnetic penetration depth, which can found using the 
work piece electrical resistivity in Equation (11). 
 
Substituting r into Equation (27): 
 

0 0( )z r rH r AI j BK j   (29) 
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The magnetic flux density at r = 0 must be finite and since K0 at r = 0 is infinite [33], this 
solution can be excluded and B must therefore equal zero.   
 
Equation (29) with B = 0, can thus be simplified {noting that 3/2

0 0 I j x J j x }: 
 

                  
3/2

0 0( )z r rH r AI j AJ j   (30) 
 

The solution to 3/2
0 rJ j  is in the form ber r + j bei r [33], where ber and bei are the real 

and imaginary parts of the function J0. 
 
At the surface of the work piece (radius=R), the magnetic field intensity ( )zH R , is simply 
‘the surface magnetic field intensity’, Hz which can be evaluated using Equations (8) and 
(18): 
 

           

*
N c c

z
c

k N IH
l    (31) 

 
where kN

* is a modified Nagaoka, ‘short-coil’ correction factor accounting for:  the 
geometry of the coil and of the work piece, the electrical properties of the coil and work 
piece, and the frequency of the applied current, and will be discussed in detail in the next 
section. 
 
Equation (31) assumes that the magnetic field intensity at the surface of the work piece 
is equal to the average value in the air-gap.  This assumption should tend to result in a 
slight overestimation, due to the radial gradient present in the air-gap of a short coil.  
The value of A can be found by substituting Equation (31) into Equation (30) and 
solving at the outer radius R. 
  

  
* 1N c c

c R R

k N IA
l ber jbei     (32) 

 
where R is the value of Equation (28) at the outside radius R of the work piece:  

2
R

w

R  , which is an important characteristic parameter or dimensionless reference 

thickness. 
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Substituting A into Equation (30) yields the solution for ( )zH r : 
 

                     
*

( ) N c c r r r r
z z

c R R R R

k N I ber jbei ber jbeiH r H
l ber jbei ber jbei  (33) 

 
The current in the phi direction can now be found by applying Equation (22) to 
Equation (33) [32]: 
 

                ( ) r r
z

R R

ber jbeiJ r H
r ber jbei   (34) 

 
where ( )J r is the complex current at radius r. 
 
Performing the differentiation on Equation (34) yields: 
 

                
' ' 2( ) r r

z
R R w

ber jbeiJ r H
ber jbei   (35) 

 
where ber’ and bei’ are the derivatives of ber and bei. 
 
Evaluating Equation (35) at the surface yields (the negative sign indicates that J produces 
a magnetic field intensity with a direction, that opposes H): 
 

              
' ' 2( ) R R

z
R R w

ber jbeiJ R H
ber jbei   (36) 

 
The surface RMS current is found using the real part of Equation (36): 
 

          2 2

' ' 2( ) R R R R
z

R R w

ber ber bei beiJ R H
ber bei   (37) 

 
The current density is ‘negative’, opposing the magnetic field that induced it, which 
results in the induced power (both real and reactive) being negative (power is absorbed 
and not produced by the work pieces).  This fact is indicated by the negative sign in the 
subsequent equations related to power.  RMS power is traditionally considered a positive 
real number, and will be considered as such in the experimental section to follow. 
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The Poynting vector evaluated at the surface of the work piece is the electromagnetic 
energy flux transferred to the work piece [W/m2]: 
 

s sS E H    (38) 
 
In the present axial symmetric case only the phi-component of sE  and the z-component 
of sH  are considered.  The Poynting vector then has only a radial component: 
 

    r s zsS E H    (39) 
 
where SE is the RMS magnitude of the electric field in the phi direction at the surface 
and zsH is the RMS magnitude of the magnetic field intensity in the z-direction at the 
surface.   
 

SE and zsH  are complex phasors and have a phase shift between them, which is 
evaluated at the surface of the work piece.  If the phase shift is referenced to the 
magnetic field intensity at the surface, making its phase shift at the surface equal to zero, 
then zsH = Hz and its value is therefore ‘real’. 
 
The real part of Sr is the ‘real’ or active power density, Pw/Aw, [W/m2], while the 
imaginary part of Equation (39) is the ‘imaginary’ or reactive power density, Qw/Aw, 
[VAr/m2]. 
 
The total real power (in RMS units) [W] is then found by multiplying the total area times 
the energy density: 

         Rew w s zP D l E H    (40) 

 
where the phi-subscript has been eliminated as redundant, zH  is given by Equation (31) 
and l  [m] is the reference length, which is either the length of the coil or of the work 
piece, whichever is shorter. 
 
From Equation (37) the RMS magnitude of the electric field [V/m] at the surface is 
given by: 

                 2 2

2 ' '( )
( ) ( )

R R R R
s w w z

w R R

ber ber bei beiE J R H
ber bei  (41) 
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Therefore from Equation (40): 
 

                         
2

2 2

2 ' '1
( ) ( )

R R R R
w w w z

w R R

ber ber bei bei
P D l H

ber bei  (42) 

 
and defining: 
 

              2 2

2( '  ' )  
( ) ( )

R R R R
R

R R

ber ber bei bei
ber bei   (43) 

 
where R  represents the cosine of the phase shift between the induced current and 
the magnetic field intensity at the surface of the work piece. 
 
Simplifying Equation (42), and substituting for Hz: 
 

          

2*

2 ( )N c c
w w R R

c

k I NP l
l   (44) 

 
where cI is the RMS coil current [A].  Note: l = lw or lc , whichever is shortest. 
 
Similarly the reactive power Qw [VAr] in the work piece can be solved for by taking: 
 

           Imw w s zQ D l E H    (45) 
 
The imaginary power is then given by: 
 

         

2*

2 ( )N c c
w w R R

c

k I NQ l
l   (46) 

 
and defining: 

                   2 2

2( ' - ' ) ( ) 
( ) ( )

R R R R
R

R R

bei ber bei ber
ber bei   (47) 

 
where ( )R represents the sine of the phase shift between the current and the magnetic 
field intensity at the surface of the work piece. 
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It is obvious from Equations (44) and (46), that the ’power factor’ of the work piece is 
given by:  
 

  2 2

( ). .
( ) ( )

R

R R

P F    (48) 

 
The values of Equations (43), (47) and (48) have been plotted in Figure 2.5 as a function 
of the value of R .  From Figure 2.5 it can be seen that as the work piece gets larger in 
diameter or the frequency rises, i.e. for higher R  values, the ‘power factor’ 
asymptotically approaches cosine (450) or 1/ 2.  For R approaching infinity the 
electromagnetic penetration depth approaches zero, and ultimately the system has only a 
surface current or behaves like a ‘current sheet’, where all of the remaining current has 
the surface phase shift.  For R >5, Dw ( R)  (Dw - w) and ( )R  becomes almost 
constant and thus it is possible to have simplified forms of Equations (44) and (46) for 
these ’high frequency’ cases [Supplement 3].  At high frequency, the heating rate estimated 
using Equations (44) and (46) will therefore exhibit a frequency dependence of f.  
Solutions to all the required Kelvin Bessel functions have been found using software 
available on-line [25]. 
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Figure 2.5- Equation (43) [ ( )R ], Equation (46) [ ( )R ] and Equation (48) [P.F. = cos ],  
and phase angle [ ] as a function of R . 
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The P.F. plotted in Figure 2.5 is for the work piece only.  The overall power factor takes 
into account the normally considerable reactive power associated with the magnetic flux 
in the air-gap or insulation between the coil and the work piece (Qair-gap).  There is also a 
reactive power associated with ‘real’ coils of finite thickness (Qc) and real power 
associated with both the work piece and the coil, including leads (Pc).  The total system 

power factor then becomes:  
22

. . w c
total

w c w air gap c

P PP F
P P Q Q Q

, and the overall-

phase shift measured across the coil is simply, cos total = P.F.total. 
 
It should be noted in applying equation (44): 
• heat is assumed to be induced only in the portion of the length shared by both the 

coil and work piece (any length exceeding the coil length is assumed to have a 
negligible impact on the system impedance), and  

• only the z-component of the magnetic field intensity and phi-component of the 
current are considered. 

 
Examination of equation (44) reveals that it indirectly contains the square of the average 
magnetic flux density on the surface of the work piece, i.e. (kN

* IcNc / lc)2 or (Bz surface / 0)2. 
Local work piece heating rates should therefore vary by the square of the local magnetic 
flux density, which is well known to induction furnace users. 

 

2.3 Impact of the Work Piece on the Magnetic Field Strength of Short Coils 
 
The presence of a work piece inside an ‘air-core’ coil, alters the magnetic flux density in 
the coil-work piece ‘air-gap’ that would be predicted using Equation (8).  According to 
Lenz’s law (and the conservation of energy), the current induced in the work piece acts 
in such a direction as to diminish the magnetic field which produced it.  This results in 
the reduction of magnetic flux and field intensity with depth into the work piece, as 
described in Section 2.2, by Equation (33). 
 
For large R values, for example R >5 [32], the current density and magnetic field 
intensity gradients in the work piece, can both be adequately described by exponential 
decay functions of the type: 
 

           ( ) or ( ) exp w

R r

zH r J r C   (49) 
 
where C is a value determined by the boundary conditions. 
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The definition of the electromagnetic penetration depth is actually, “The depth which if 
occupied by a homogeneous current, would offer the same resistance to the current as 
the real current distribution in the total conductor.”  This can be translated as being the 
depth, which if it were the real conductor depth (i.e. if the conductor where hollow), 
would offer the same alternating current (A.C.) resistance to the current as the direct 
current (D.C.) resistance.  This definition is only approximately satisfied by the standard 
definition of the electromagnetic penetration depth, i.e. Equation (11), for ‘high 
frequency’ as defined previously (i.e. R >5). 
 
Equation (49) implies that after 3 electromagnetic penetration depths the induced 
current density and magnetic field intensity have been reduced to the exponential of -3 
or only 5% of the surface values.  The power per area [W/m2] developed in the layer just 
slightly deeper than the third electromagnetic penetration depth, will be only 0.2% of the 
surface power density. 
 
The electromagnetic penetration depths for 100% IACS copper (58 MS/m) and for 
99.99% aluminium, with 65% IACS conductivity, have been plotted in Figure 2.6.   At 
50 Hz, the electromagnetic penetration depth of 11.6 mm into high purity aluminium is 
indicated by the dotted red lines.  It can be seen clearly that the penetration depth 
becomes relatively negligible (say < 1 mm) at a frequency of about 6500 Hz for 
aluminium and 4000 Hz for copper. 
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Figure 2.6-Electromagnetic penetration depth for 65% IACS aluminium (99.99% Al) and for 
100% IACS copper. 
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For a high conductivity non-ferromagnetic materials (Copper, Aluminium, etc.), and 
particularly when operating at moderately high frequencies (say >4000 Hz), the flux is 
confined mainly to the first two electromagnetic penetration depths and is therefore 
virtually excluded from the ‘bulk’ of the coil copper and the work piece.  The coil flux 
then becomes concentrated in the ‘air-gap’ between the coil and the work piece and the 
magnetic flux density increases as a result.  This effect was indirectly described by 
Northrup [11] in his ‘coupling factor’ shown in Equation (50). 
 

     
2

0.8w

c

DC
D

   (50) 

 
where Dw is the outside diameter of the work piece and Dc is the inside diameter of the 
coil. 
  
Northrup’s value of C, is comparable in use to the square of the modified Nagaoka 
coefficient (k*

N
2 ) shown previously in Equation (44).  In 1945 Vaughan and Williamson 

proposed an empirically modified Nagaoka ‘short-coil’ correction factor based on their 
experiments  conducted with  ‘high  conductivity’  non-ferromagnetic  work  pieces at  
10 kHz as shown in Equation (51) [15]. 
 

         
2 2

* 1 w w
N N

c c

D Dk k
D D

  (51) 

 
Equation (51) is dealt with in each of the Supplements, and in most detail in Supplement 3.  
A summary is provided here.  Equation (51) implies: 

1. The coil and work piece are concentric cylinders, such that each can be defined by 
a single representative diameter.   

2. The coil conductor is of square or rectangular section. 
3. There is negligible penetration of the magnetic flux into both the coil and the 

work piece (a reasonable assumption at 10 kHz for large work pieces and coils as 
indicated in Figure 2.6). 

4. The total amount of magnetic flux predicted for any given amount of current 
applied to the coil remains constant, (Equation (8) times the coil area), when a 
work piece is inserted into the coil interior. 

5. The total magnetic flux is squeezed into the reduced coil-work piece ‘air-gap’, 
leading to a directly proportional increase in the magnetic flux density. 

6. The change in the ‘air-gap’ length/area ratio does not change the total flux, i.e. the 
change in the magnetic reluctance of the interior of the coil has a negligible 
impact on the total amount of flux produced by a fixed amount of applied coil 
excitation current. 
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7. The magnetic flux density in the ‘air-gap’ is homogeneously distributed in the 

radial direction, i.e. the value at the surface of the work piece is the average value 
in the air-gap (this assumption is only approximately correct). 

8. A completely ‘full coil’ has a ‘short-coil’ correction factor of 1, i.e. it behaves as a 
long coil.  Equation (2) can therefore be used to adequately calculate the magnetic 
flux density of a coil with a negligibly small air-gap. 

9. A large coil, with a negligibly small work piece, will behave as an ‘air-core’ coil and 
its magnetic flux density can be calculated using Equation (8).  The intercept of 
Equation (53) at zero work piece diameter, is precisely the Nagaoka coefficient. 

 
Equation (51) provides reasonable predictions of the heating of cylindrical loads, in 
cylindrical (helical) coils, at 50 Hz [21] (and will be confirmed based on the recent 
experimental results) and excellent results at high frequency (10 kHz), as per Vaughan 
and Williamson’s original work [15].  It was postulated that the equation could however, 
be improved by the use of the electromagnetic penetration depth, as a means of 
correcting for the interaction of the electrical properties of the coil and work piece, and 
the frequency of the excitation current applied to the coil, as shown in Equation (52). 

 
2 2

* 1
 

w w w w
N N

c c c c

D Dk k
D D   (52) 

 
As Equation (52) remains semi-empirical (kN, w, and c are analytical, and the volumetric 
correction empirical), it requires experimental verification to define its accuracy over a 
range of coil and work piece dimensions, work piece electrical conductivities and 
frequencies.  The verification of Equation (52) through experiments and against a 
validated 2D axial symmetric FEM model is the primary focus of this work.  Figure 2.7 
provides a preliminary example of the impact of a high conductivity work piece on the 
magnetic field of a coil at low frequency in accordance with Equation (52). 
 

 
Figure 2.7-COMSOL 4.2® simulation showing the relative impact of the work piece on 
the magnetic flux density in the air-gap of a ‘short coil’ (17 turn), with both simulations 
using identical coil current and colour ranges, coil shape factor (Dcs/lc) = 1.0, 50 Hz 
[Supplement 1]. 
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Chapter 3 

EXPERIMENTAL 

3.1 Background 
 
Induction heating of short segments of ‘as cast’ billets of different types were initially 
done as part of calibration exercises for a separate project [21, 30].  The billets were not 
completely regular in surface finish or diameter.  A random selection of available alloys 
were initially used (1100, A356, 6053, 6082, 6060, 7108), and ‘typical’ electrical 
conductivity data, based on published results for various tempers, were assumed in that 
study.   
 
The coils used in the preliminary study were designed specifically for use with high 
temperature liquid metal processing and were not optimized for billet heating 
experiments.  Double and triple layer coils, imperfectly constructed and insufficiently 
supported long coils, or coils including non-axial symmetric ½ turns were available and 
therefore used [21, 30].   
 
Initial heating experiments were conducted by cooling the work pieces in cold water and 
taking near ‘instantaneous’ readings over about 60 seconds, before the work pieces could 
heat from ~10oC to ~30oC.   
 
During this ‘learning phase’ it was realized that the magnetic flux density was not as 
predicted by Equation (2) and that it varied along the length of the coil, as indicated in 
Figure 2.3.  Measurements were then taken to estimate the variation of the magnetic flux 
density with length by measuring the turn-to-turn voltage drop, and deriving the 
magnetic flux density from the turn-to-turn inductance, as indicated in Figure 3.1 for a 
16.5 turn coil (D/l=1.18), a 10.0 turn coil on a 10.8 kHz power supply (D/l=0.73) and a 
41 turn coil (D/l=0.41).  Note that D/l is taken as being equal to Dcs/lc. 
 
Comparison is made in Figure 3.1 with the centre-line flux density calculated using the 
Biot-Savart law, Equation (15), which should give a lower result than the measured 
values.  The measured values should represent the average flux density over the 
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measured coil turns (a kind of radial integral).  Please note that the long coil was 
constructed of two different pieces of copper, from different suppliers, and with 
different electrical conductivities (discontinuity between turns 8 and 10).  Based on these 
measurements it was concluded that yes, the expected magnetic flux density variation 
according to Equation (15) did exist, but that this experimental methodology was not 
sufficiently accurate to study either ‘air-core’ coils or coils with work pieces to a 
precision worthy of publication. 
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Figure 3.1- Initial measurements of the magnetic flux density variation with coil shape factor 
(Dcs/lc) and comparison with the Biot-Savart law, Equation (15). 
 
It was then decided to order new instrumentation, i.e. a high precision conductivity 
analyzer to determine the actual billet electrical conductivity (which was now known to 
vary significantly with casting conditions, subsequent heat treatment and aging), and a 
high accuracy Hall Effect Gauss meter to determine both the axial and transverse 
magnetic fields.   
 
In order to obtain more control on the work piece physical dimensions and electrical 
properties, as well as steady state results and to prevent thermal damage to the Hall 
probes, machined and water cooled work pieces were constructed.  New coils of 
precisely selected dimensions and ‘full’ number of turns, were constructed from the 
same roll of copper tubing to ensure consistent electrical properties.  These coils were 
more carefully constructed using greater physical support, to try to obtain more ideal 
magnetic flux distributions. 
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3.2 Induction Heating Measurement [Supplements 1, 2 and 3] 

 

The experimental approach is well documented in each of the attached Supplements.  A 
summary will be provided here, with reference to the Supplements for additional 
information. 
 
Experiments were conducted with 3 different work pieces having two different lengths 
and two different diameters (two constructed from 6060 and one of A356 aluminium 
alloy).  Four different coils (three different diameters and two different lengths) were 
also constructed, resulting in a total of 7 combinations of work pieces and coils.  High-
Low experiments were conducted using different applied currents, to produce different 
magnetic flux densities and with different cooling water flow rates, to produce different 
operating temperatures and therefore work piece electrical conductivities. 
 
The dimensions and properties of the machined work pieces and induction coils used in 
these experiments are summarized in Tables 2 and 3 [Supplement 3]. 
 
 

Table 2-Experimental Work Pieces [Supplement 3] 
Work Pieces 1 2 3

Alloy A356 6060 6060
Diameter, mm 75.0 95.0 95.0

Length, mm 130.0 130.0 260.0
Measured IACS Electrical Conductivity, % 48.4 56.2 53.4

Penetration depth w  (mm) at 50 Hz and 293 K from Equation (11) 13.43 12.47 12.79
R from Equation (28) 3.948 5.388 5.252

( R) from Equation (43) 0.8244 0.8640 0.8607
Coil 1 1-1 1-2
Coil 2 2-1 2-2
Coil 3 3-1 3-2
Coil 4 4-3  
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Table 3-Experimental Coils [Supplement 3] 

Coils
Short Coil  

1

Short 
Coil     

2

Short 
Coil     

3

Long 
Coil     

4
Average Diameter, mm 132 142 155 132

Height, mm 106 109 108 218
Diameter to Height Ratio 1.24 1.30 1.44 0.60

Number of Turns 16 16 16 32
Short Coil Correction Factor from Equation (10) 0.641 0.630 0.607 0.786

Electrically Determined IACS Conductivity, % 80 80 80 80
Penetration depth c (mm) at 50 Hz and 293 K 10.45 10.45 10.45 10.45

Total Length of Leads, cm 66 24 20 58
Coil Resistance at Maximum Current Including Leads, 0.01047 0.01051 0.01157 0.02086

Coil Inductance, H 26.38 29.08 33.39 61.93
Modified Nagaoka Coefficient kN

* for Work Piece 1 from Equation (52) 0.720 0.700 0.669

Modified Nagaoka Coefficient kN
* for Work Piece 2 from Equation (52) 0.783 0.755 0.718

Modified Nagaoka Coefficient kN
* for Work Piece 3 from Equation (52) 0.870  

 
 

 

Figure 3.2-Experimental work pieces #1 to #3, from left to right [Supplement 3]. 
 

   

Figure 3.3-32 turn ’long’ induction coil #4, 132 mm average diameter, 218 mm long,  
(Dcs/lc)= 0.60 [Supplement 3].  See Table 3 for details. 
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A schematic of the experimental apparatus used is shown in Figure 3.4 [Supplement 3]. 
 

 

 
Figure 3.4-Schematic diagram of the water cooled, highly insulated billet heating apparatus 
[Supplement 3]. 

 
Work piece electrical conductivities were measured, using a General Electric Inspection 
Technologies, UK (AutoSigma 3000) conductivity analyzer to within ±0.5% accuracy, 
calibrated against aluminium standards (60.37% and 47.82% IACS).  An arithmetic mean 
room temperature conductivity, based on 50-75 readings was estimated for each work 
piece. 

 
Holes approximately 1 electromagnetic penetration depth deep (10 mm) were drilled, 4.8 
mm from the top and bottom of each work piece (as shown in Figure 3.4), into which 
1.0 mm diameter Type K thermocouples (with non-ferromagnetic Inconel sheaths) were 
press fit.  The obtained temperature readings of the current carrying region of the work 
pieces, were used to provide reference temperatures for the calculation of the aluminium 
electrical conductivity for use in the analytical and FEM model heating rate prediction, 
and to calibrate the cooling channel heat transfer coefficient in the FEM model. 
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Power measurements (V, kA, kW, kVA, kVAr and power factor) were taken using a 
power quality analyzer from Fluke, USA (Fluke 43B), with a power measurement 
resolution of 0.1 kW.  Coil current measurements were made with an inductive current 
probe from Fluke, USA (i1000S), with an accuracy of ±1% and a resolution of 1A. 
 
Power was supplied by a simple transformer operating at line frequency (50 Hz) and 
delivering a nearly pure sinusoidal current to the system, with minimal harmonics as 
observed on the power quality analyzer. 

 
Water flow rate was determined using weight and time, by data logging a scale which had 
a capacity of 100 kg and a resolution of 0.01 kg.  The total weight difference over the 
period of each power reading was then used to calculate the average flow, which 
therefore had <0.1% error.  One typical experimental set of data is shown in Figure 3.5, 
showing very clearly the steady state thermal period and the water flow rate 
measurement. 
 
Measurements of the magnetic flux density were taken using a Pacific Scientific OECO, 
USA (F.W. Bell model 6010 Gauss meter) and were recorded manually. Standardized 
axial and radial Hall Effect probes, with a measuring error of less than ±1% for AC and 
±0.25% for DC magnetic fields were used. The accuracy was confirmed using 
permanent magnet axial standards of 0.05034 T and 0.2003 T, and a transverse standard 
of 0.05054 T, prior to use of the probes. The agreement of probes with the supplied 
standards was found to be within the stated accuracy of the Gauss meter. 
 
A series of High-Low billet heating experiments were conducted using the various coils 
and work pieces, as summarized in Table 4.  A total of 11 conditions were tested, each 
with one duplicate, resulting in 22 separate sets of data. 
   

Table 4-Summary of Billet Heating Experimental Conditions [Supplement 3] 
Work Cooling

Condition Coil Piece Water
(#) (#) (#) Current Flow Rate
1 1 1 High High
2 1 2 High High
3 2 1 High High
4 2 1 High Low
5 2 2 High Low
6 2 2 High High
7 3 1 Low High
8 3 1 High High
9 3 2 High High
10 4 3 High High
11 4 3 High Low  
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Figure 3.5-Typical data logged values for ‘short’ coil #1, and work piece #1, at high current 
(1028 A), 975 W heating and high water flow (76.7 g/s).  A temperature gradient (bottom-top) 
can be seen from the cooling water inlet to outlet and a similar but smaller gradient can be seen 
on the ‘hot face’ [Supplement 3]. 
 

3.2.1 Electrical Conductivity [from Supplement 2] 

 
In order to estimate the electrical conductivity or resistivity at the elevated operating 
temperatures of the experiments, Equations (53) to (55) are required.  It is most 
convenient to work in resistivity units, as it results in a linear correlation with 
temperature as indicated by Equation (53): 
 

           2931 293o T K    (53) 

 

where  is the resistivity of either the coil or the work piece, o is the resistivity of the 
metal at reference temperature T [ ·m], 293 is the temperature coefficient of resistivity 
[K-1], and T the reference temperature (293 [K]).  The following values are 
recommended:  for 100% IACS copper, o = 1.7241E-8 ·m (58.00 MS/m) and 293 = 
0.00393 [28].  For 99.99% purity well annealed aluminium, o = 2.650E-8 ·m (65.0% 
IACS) and 293 = 0.0043 (for temperatures between 293 and 673 K) [36]. 
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Electrical resistivity, o, of an alloy can be found from the measured %IACS conductivity 
by: 
 

o for Alloy XXXX = o (for 100% IACS copper) * 100 / %IACS for Alloy XXXX (54) 
 
For aluminium alloys, a new equation is proposed here based on comparison with 
available literature data [37-39], to estimate the temperature coefficient of resistivity: 
 

293 for Alloy XXXX  =  
0.0043( % )

65.0
AlloyXXXX IACS

  (55) 

 
Combining Equations (53) through (55), the resistivity as a function of temperature of 
an aluminium sample can be estimated for temperatures between 293 and 673 K, from a 
single reading of %IACS conductivity measured at room temperature. 
 

3.2.2 Calculation of Power and Heat Losses 

 
In early experiments heating power had been determined by measuring the coil 
resistance at a thermal steady state, inserting a work piece and then multiplying the 
square of the new coil current with the work piece, times the change of the resistance as 
shown in Equation (56): 
 

          
2

   ( )electrical with workpiece with workpiece without workpieceP I R R  (56) 
 
where Pelectrical was the electrically determined power in [W]. 
 
This method assumes that the coil electrical resistivity did not change with and without a 
work piece.  It was subsequently found that the electrical resistance of the coil varied 
with coil current, due to the constant cooling water flow rate.  More current, created 
more heat, warmed the water more and resulted in a warmer and more resistive coil 
according to Equation (53).  Changes of ±0.5 to 1 K were typical, causing a possible bias 
on the order of ±20-50W in the estimate of the work piece heating, depending on the 
coil, the coil current and the change in the coil current (magnitude of coil temperature 
change).  The low resolution of power, while operating at over 500A (0.1 kW precision), 
combined with the changes in coil resistivity, resulted in the electrical method having 
both insufficient accuracy and precision.  Based on the fact that multiple readings 
(typically 4 or 5) were used to produce average results, it is likely that these results 
included much less than the maximum possible precision error of 100 W.  This would  
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lead to a total uncertainty of ~± 100 W on the electrical readings (not unreasonably high 
with 2000 W induced in the work piece, but very significant at low power, e.g. 500 W). 
 
With the calorific heating measurement method, the heating rate (power) induced in the 
work piece was calculated from the cooling water flow rate, heat capacity and 
temperature change in accordance with Equation (57): 
 

                 calorific water pP m C T   (57) 
 
where Pcalorific is the calorifically estimated power [W], mwater is the mass flow rate of the 
water [g/s], Cp is the heat capacity of the water averaged from the inlet to the outlet 
temperature of the work piece [J/g/K], and T is the change in temperature from the 
inlet to the outlet of the water cooled work piece [K]. 
 
As mentioned previously the mass flow of the water was measured with extremely high 
precision (<0.1% error) by using a high accuracy balance and high speed data logging.  
The heat capacity of water is known with very high precision and the arithmetic average 
was estimated using HSC version 4.1 [40] taking values at 0.1 K intervals.  The 
dominating source of uncertainty in the estimation of the calorific heating rate was 
therefore the temperature differences in the thermocouples used to measure water in 
and out.  These two thermocouples had been selected from a large batch of 
thermocouples, to give identical readings at room temperature, at 0.1 K resolution.  A 
difference of more than 0.05 K would have resulted in a ‘non-match’.  In Supplement 3 
individual water T values are recorded and ‘water uncertainty’ values have been 
calculated, which results in ±0.05 K becoming an average uncertainty of ±1.7%. 
 
In the modelling of the experiments, the work pieces are assumed to be ‘perfectly’ 
insulated.  High quality, Thermal Ceramic’s ’Superwool’ [41], (128 kg/m3 and 6 mm 
thick) was used to insulate the work pieces.  Where possible double or even triple layers 
of insulation where used (smaller work pieces inserted into larger diameter coils).  Work 
piece heat losses were then estimated by considering in each case the actual thickness of 
wool used and the average ‘hot face’ temperature given by the imbedded thermocouples 
as shown in Figure 3.4.  The ‘cold face’ of the insulation was assumed to be at ambient 
temperature in order to estimate the maximum heat losses according to Equation (58).  
In Supplement 1, the average value of the heat losses was reported to be 0.4%. 
 

        
wool

loss w average Al ambient
wool

kP A T T
d     (58) 

 
where Ploss are the heat losses [W], kwool was the thermal conductivity of the ceramic fibre 
insulating blanket (typical value of 0.02 [W/m/K] at the work piece operating 
temperature), dwool was the actual thickness of the wool used for each experiment [m], Aw 
was the total area of the work piece [m2], Taverage Al was the average temperature recorded  
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by the two imbedded thermocouples [K] and Tambient was the typical room temperature 
[293 K]. 
 
 

3.3 Magnetic Flux Density Measurement [Supplements 2 and 3] 

 
A number of measurements have also been taken to determine the variation of the 
magnetic flux density, both radially and axially within the ‘air-gap’ volume of the 
experimental coils, with and without work pieces.  This experimental data is intended to 
provide additional validation of predictions made using analytical equations, e.g. 
Equation (15), and numerical methods, i.e. 2D axial symmetric FEM.  
 
Measurements were made for ‘short’ Coil #1 both empty and with Work pieces #1 and 
#2 and for ‘long’ Coil #4 with and without Work piece #3.  As the axial Hall Effect 
probe had a ‘finite’ diameter of 6 mm, results near the coil wall and near the work pieces, 
have been plotted allowing for the average off-set in the readings taken, i.e. 3 mm.  
Centre-line readings were of course taken with the probe aligned as perfectly as possible 
on the exact central axis of the coil.  See Supplements 2 and 3, for further details. 
 
Magnetic flux measurements were also made over the top of the ‘air-core’ of Coil #1 
and outside of Coil #1 in a radial direction, using the transverse Hall Effect probes.  
Results will be compared with the predictions made using the validated FEM model.  It 
was necessary to carefully account for the thickness of the probe, the thickness of the 
support used (a plastic ruler) and any height off-set.  The same off-set was applied in the 
calculation of the 2D axial symmetric FEM estimates used for comparison. 
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Chapter 4 

RESULTS AND DISCUSSION 
4.1 Heating Experiments [Supplements 1 and 3] 

 
The main results of the heating experiments are shown in Table 5 and Figure 4.1, taken 
from Supplement 3.  See also Supplement 1 for further details. 
 

Table 5-Summary of Billet Heating Experimental Results [Supplement 3] 
Electrical FEM Heating Analytical Heating Analytical

Heating Heating Calorific Heating Calorific Power Calorific Power Calorific
Power Power Absolute Power Absolute Analytical Absolute Analytical Absolute

Calorific Electrical Difference FEM Difference Equation (52) Difference Equation (51) Difference
Condition (W) (W) (%) (W) (%) (W) (%) (W) (%)

1-A 636 631 0.9 623 2.1 659 3.6 732 15.1
1-B 634 611 3.6 623 1.7 659 3.9 732 15.5
2-A 975 N/A N/A 976 0.1 1035 6.1 1167 19.7
2-B 954 1019 6.8 970 1.6 1029 7.9 1161 21.6
3-A 544 558 2.5 537 1.4 571 5.0 629 15.6
3-B 543 578 6.5 536 1.3 570 5.0 627 15.5
4-A 536 623 16.3 541 1.0 576 7.6 637 18.9
4-B 534 592 10.8 542 1.5 577 8.1 638 19.5
5-A 813 926 13.9 840 3.2 888 9.1 994 22.2
5-B 811 926 14.2 840 3.6 888 9.5 994 22.6
6-A 798 885 10.9 825 3.4 873 9.4 974 22.1
6-B 795 885 11.3 824 3.7 872 9.7 974 22.5
7-A 411 506 23.1 399 2.9 432 5.1 473 15.1
7-B 407 523 28.4 398 2.3 431 5.8 472 15.9
8-A 518 605 16.9 508 1.9 549 6.1 602 16.4
8-B 520 610 17.3 508 2.2 549 5.8 602 16.0
9-A 642 688 7.2 618 3.7 658 2.5 729 13.5
9-B 643 703 9.2 617 4.1 657 2.2 728 13.1

10-A 1884 2117 12.3 1888 0.2 1911 1.4 2042 8.4
10-B 1894 2132 12.6 1881 0.7 1903 0.5 2034 7.4
11-A 746 732 1.8 713 4.4 721 3.2 769 3.2
11-B 736 727 1.2 713 3.0 722 1.9 770 4.6

Average: 10.8 Average: 2.3 Average: 5.4 Average: 15.6  
 
Table 5, clearly shows that the electrical measurement method without ‘coil temperature 
compensation’ or ‘coil temperature control’, e.g. through the use of external baths of 
coolant, is not sufficiently accurate for scientific work.  The FEM model has an ‘error’ of 
less than 2%, when the impact of the unaccounted heat losses is considered.  The 
analytical model using the improved frequency corrected short coil correction factor, 
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Equation (52), has an error of ~5% on average, with a range from nearly zero to 10%, 
indicating that the magnetic field at the surface of the work piece, has been estimated to 
an accuracy of ~2-3%.  The non-frequency corrected Equation (51) has an error three 
times as large as the frequency corrected Equation (52), showing the improved 
effectiveness of the modified equation at low frequency. 
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Figure 4.1-Main results of induction heating experiments, comparison of calorific 
measurements with 2D axial symmetric FEM and analytical model calculations [Supplement 3]. 

 
The error and uncertainties in the thermal analysis are discussed in detail in Supplement 1.  
In Figure 4.2, the effect of the assumption of ‘homogeneous’ aluminium temperature 
implicit in assuming one ‘representative’ temperature to evaluate the electrical resistivity 
via Equation (53) has been assessed. 
 
As explained in Section 2.3, current and therefore power is highly concentrated into the 
outermost couple of electromagnetic penetration depths.  The very low temperatures or 
indeed the presence of the cooling channel at the centre of the billet, shown in Figure 
4.2, therefore had virtually no impact on the heating rate (~1 W magnitude), while the 
temperature gradients in the rest of the work piece introduced errors of <0.5% based on 
FEM models solved with temperature variable properties, ie. Equations (53) through 
(55).   The two measured temperatures at a depth of approximately 1 electromagnetic 
penetration depth, were therefore ‘representative’ of the average temperature and hence 
appropriate for the estimation of the electrical resistivity of the current path. 
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Figure 4.2-Temperature distribution, K, in work piece #3, for the ‘long’ coil #4 at 892.6 A and 
50 Hz (condition 10 average), assuming perfect thermal insulation at steady state.  Note the 
temperature scale of 293 K – 333 K (20-60 oC).  
 

4.1.1 High Frequency Heating Estimates from FEM and Analytical Models 
[Supplements 1-2] 

 
The experimental equipment used in this study operated with the line frequency of       
50 Hz.  It would have been possible to run experiments with other coils, at other 
frequencies, but due to the small area available for cooling on the interior of the work 
pieces, it was not practical to operate with higher input powers.  Transition to film 
boiling and work piece overheating would have resulted.  Instead ‘virtual’ experiments 
were executed comparing experimental data at 50 Hz, and model data from 50 Hz to 
500 kHz as shown in Table 6, using both the analytical and 2D axial symmetric FEM 
models. 
 
The FEM model had been created initially as part of another research effort and the 
development and validation is dealt with in detail elsewhere [42].  Supplement 2 
summarizes the pertinent aspects of the FEM model to this work. 
 
Data for use in the modelling have been taken from Supplement 3 Appendix Tables I and 
II.   The results for the ‘short’ Coil #1, Work piece #1, Condition #1 (1001.0 A) are 
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shown in Table 6 below.  Additional results for the long Coil #4 and discussion can be 
found in Supplement 2 (Table III).  
 
Table 6-Comparison of Experimental, Analytical (Equation 52) and FEM Model Heating Rate 

(Power) Results for Short Coil #1, Work Piece #1 and Condition #1 [Supplements 1-2] 

Frequency 
(Hz)

Calorific 
Experimental 

Power        
(W)

Electrical 
Experimental 

Power       
(W)

Analytical 
Power 

Equation (52) 
(W)

FEM 
Power  

(W)

Analytical-
FEM 

Difference 
(%)

50 634 611 659 623 5.8
500 N/A N/A 2567 2466 4.1
5000 N/A N/A 8672 8370 3.6
50000 N/A N/A 27957 26816 4.3
500000 N/A N/A 88623 85247 4.0

Average: 4.3  
 
In Table 6, it can be clearly seen that the difference between the model results, from  
50 Hz to 500 kHz, is nearly independent of frequency.  This implies that any bias due to 
the use of Equation (52), compared to the 2D axial symmetric model, is consistent, and 
that the use of the equivalent ‘current sheet’ diameter in Equation (52), appears to give 
valid heating estimates over a wide range of frequencies.   The heating power calculated 
by both the analytical and FEM models, exhibits the expected frequency dependence,  
i.e. Pw  f , at over 500 Hz, i.e. R>5 (see Figure 2.5).  See Supplements 1-3 for further 
discussion. 
 
Agreement is better between the FEM and analytical results for the long Coil #4, with 
an average difference of only 0.8% (see Supplement 2).  Consistent agreement is again 
found between the models as a function of frequency.  The long coil is more ’ideal’  
(kN closer to 1.0) and hence Equation (52) applies less correction.  Errors introduced by 
the semi-empirical nature of Equation (52) are therefore of lower magnitude.  In 
addition, the lower radial variation in the magnetic flux density of the longer coil, means 
that the magnetic field at the surface of the work piece should be closer to the ’average’ 
air-gap magnetic flux density, i.e. the value which is effectively predicted using Equation 
(52).  See Supplement 2 for further discussion.   
 
The radial gradient of the magnetic flux density for the short Coil #1 is shown in Figure 
4.3, for ‘lines’ evaluated in COMSOL® taken from the side of the work piece, passing 
between the coil turns, terminating at a radius equal to the outer radius of the coil turns, 
and evaluated at the indicated dimensionless coil lengths, x.  It can be seen that there is 
less radial gradient in the middle of the coil (x=0.5) than near the end (x=0.125).    The 
prediction from Equation (52) for Coil #1 with Work piece #2 is plotted at 50 Hz 
(kN

*=0.783), showing good agreement with the typical magnitude of Bz/B  at the surface 
of the work piece predicted by the FEM model. 
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At 500 kHz, the reduced electromagnetic penetration depth into the work piece, results 
in an increase in the predicted average magnetic flux density at the surface of the work 
piece (kN

*=0.828) using Equation (52), and a similar change in magnitude is indicated for 
x=0.125, at 500 kHz from the FEM model. 
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Figure 4.3-Dimensionless flux density as a function of dimensionless radial position (R/rcs) for 
short coil #1 and work piece #2 at 50 Hz and 500 kHz, for various dimensionless axial 
positions (x).  The gradient is evaluated along a line that is drawn to pass between adjacent coil 
turns (i.e. in the gap between turns).  
  
Figure 4.3 also shows that the flux shifts to the inside of the coil at high frequency    
(500 kHz shown as an example), resulting in both different flux densities in the coil air-
gap, and ‘effective’ coil diameters.  The ‘effective’ high frequency coil diameter could be 
defined as the diameter that results in the correct estimate of coil inductance or total 
lines of magnetic flux, assuming a homogeneous average flux density given by Equation 
(8), e.g. for an ‘air-core’ coil:  z = Bz A c= kNB   D2

effective /4.   
 
The high frequency behaviour of coils is the result of the complex interaction of several 
factors including the: 
  

 coiling of the conductor (flux concentrated in the ‘air-core’ of the coil),  
 skin effect (frequency, electrical conductivity), and  
 proximity effect (frequency, coil tube shape and spacing), and the 
 resulting impact on both the coil’s local resistance (change in current distribution) 

and inductance. 
   

 
 

500 kHz 
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The high frequency resistance and current distribution have been explored both 
analytically and using FEM elsewhere [42].  Considerable analytical analyses and 
experimental data are available in the literature on this topic [43-59]. 
  
The impact of frequency on coil ’air-core’ or ‘empty-coil’ inductance has been estimated 
using the FEM model for the long Coil #4 and found to vary from 60.46 H at 50 Hz, 
to 57.58 H at 500 kHz (i.e. a change of 4.8%), indicating a reduction in the ‘effective’ 
coil diameter at high frequency.  The FEM calculated inductance for ’air-core’ short Coil 
#1 as a function of excitation frequency is plotted in Figure 4.4, indicating a change of 
5.9%.  See Figure 12 of Supplement 3 for further details. 
 
The good agreement shown in Table 6 and in Table III of Supplement 2, imply agreement 
of the predicted average flux density at the surface of the work piece, as a function of 
both current and frequency, and not necessarily agreement for the overall average flux 
density or the resulting coil inductance, i.e. between the assumed vs. ‘actual’ equivalent 
coil diameters at different frequencies. 
 

Inductance (μH) = -0.1706Ln(Frequency, Hz) + 25.898
R2 = 0.9434
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Figure 4.4-Short Coil #1, 2D axial symmetric FEM model calculations of ‘air-core’ inductance 
as a function of coil current frequency. 
 
The effect of frequency on coil magnetic flux distribution in the ‘near coil region’ is 
shown in Figure 4.5.  The flux moves to the inside of the coil and reduces in density very 
strongly between the coil turns due to the increase in proximity effect, thus the non-ideal  
 

500 kHz

50 Hz 
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tubular nature of the coil (it really is not a current sheet), is more apparent in the magnetic 
flux density distribution at high frequency, as compared to low frequency. 
 

 
 

Figure 4.5-Peak flux density (Bz [T]), at constant current for 50 Hz (left) and 500 kHz (right), 
for long Coil #4 at x=~0.25.  The white line indicates the approximate path drawn in Figure 
4.3 at x=~0.25.  c = 10.5 mm at 50 Hz and 0.1 mm at 500 kHz.  Tubing is 1 mm thick and 6 
mm in diameter. 
 

4.2 Verification of Frequency Modified Short Coil Correction Factor, 
Equation (52), via Inductance and Reactive Power [Supplement 3] 

 
During the execution of the heating experiments the reactive or ‘imaginary’ power of the 
‘air-core’ coils and of the coils with work pieces, were also measured.  The relationship 
between reactive power, reactance and inductance is given by Equations (59) and (60), 
ignoring the inductance of the ‘leads’. 
 

       total w airgap cQ Q Q Q    (59) 
 
where Qtotal is the total reactive power measured at the leads of the coil [VAr], Qw is the 
reactive power of the work piece estimated from Equation (46) [VAr], Qairgap is the 
reactive power induced in the coil, due to the flux in the air-gap [VAr] and Qc is the 
reactive power due to the magnetic flux inside the conductors of the coil itself [VAr]. 
 
If a current sheet approximation is used then Qc=0 and the diameter of the equivalent 
current sheet can be used to estimate the Qairgap using Equation (60): 
 

              
2 2 *

2 2 2
22  2  cs w N

airgap c airgap c airgap c c
cs N

D D kQ I X I f L I f L
D k  (60) 
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where Ic is the coil RMS current [A], Xairgap is the inductive reactance [ ] caused by the 
magnetic flux in the air-gap linking with the coil turns, f is the frequency of the current 
[Hz], Lc is the ‘air-core’ inductance [H] calculated from the measured ‘air-core’ reactive 
power or the calculated ‘air-core’ inductance using Equations (6) or (9), *

Nk is the 
modified short coil correction factor given by Equation (52), and kN is the Nagaoka 
coefficient given by Equations (7) or (10), Dcs is taken as the equivalent ‘current sheet’ 
diameter [m], and Dw is the work piece outer diameter [m].  Equation (60) is only valid 
for full electromagnetic penetration of the coil, i.e. at low frequency such as at the 50 Hz 
used in the experimental program described in Supplement 3. 
 
Both Equations (46) and (60) utilize the new frequency modified short coil correction 
factor, Equation (52).  Comparing the calculated to the measured reactive power, 
therefore offers an independent experimental means of verification of the accuracy of 
the new Equation (52), i.e. without reference to work piece heating, or measured coil 
electrical resistance.  Reactive power measurements will be nearly independent of 
temperature over limited ranges.   
 
For the short Coil #1, the ‘air-core’ coil inductance including the current supply leads, 
calculated from the measured current and reactive power was 26.38 H (average of 25 
readings) and the inductance of the coil estimated using Equation (9) was 26.41 H.  For 
long Coil #4, the measured value was 61.93 H (average of 21 readings) and the 
calculated value was 62.88 H.  Therefore the differences were less than 2% between the 
calculated and measured coil ‘air-core’ inductance values.  It should be noted that the 
coil current is used in the calculation of the ‘measured’ inductance and that the Fluke 
i1000s current clamp had a maximum uncertainty of 1%, which is squared in the error 
term (i.e. 2% maximum measurement error), leading to the conclusion that there are no 
significant differences between the measured and the calculated inductances for the air-
core coils.  Lead compensation was not applied, as lead length was minimal and the 
magnitude insignificant when compared to the uncertainty in the current measurement. 
Rosa’s round coil correction factor was also not applied, due to the use of hollow tubing 
[Supplement 3]. 
 
Using the inductances of the air-core coils as listed in Table 3, and Equations (46), (59) 
and (60), and comparing with the measured reactive power (VAr) for short Coil #1 with 
a work piece, resulted in an average absolute error of 0.94%.  For long Coil #4, the 
result was an average error of 0.75%.  It is therefore concluded that the reactive power 
measurements are in excellent agreement with the magnetic flux density and induction 
heating calculation methodology presented in this document, i.e. Equation (52).  Results 
of these calculations are summarized for all of the experimental conditions in Table 7 
and are plotted in Figure 4.6.  Overall a typical difference of 0.84% is calculated for all 
coils and work pieces measured at 50 Hz [Supplement 3]. 
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The excellent agreement found using Equation (60) implies that Equation (52) correctly 
predicts the average flux density in the air-gap between the coil and the work piece.  This 
strongly supports the hypothesis that the positive bias, resulting from the use of 
Equation (52) in the estimation of the heating rate of the work piece (~+5% on average 
as shown in Table 5), is due to radial gradient of the z-component of the magnetic flux 
across the air-gap, as shown in Figure 4.3. 
 

Table 7-Summary of Billet Reactive Power Results  
and Comparison with Analytical Estimates [see Supplement 3 for further details] 

Modified Air Work Total
Short Coil Short Coil Air-Gap Air Gap Piece Calculated

Xl Correction Correction Fraction Gap Reactive Reactive Reactive
Reactive Inductive Factor Factor Air Inductance Power Power Power Absolute
Power Reactance Inductance Equation (10) Equation (52) Equation (60) Equation (60) Equation (60) Equation (46) Equation (59) Error

Condition (kVAR) ( ) ( H) (kN) (k*
N) ( H) (VAR) (VAR) (VAR) (%)

1-A 7.2 0.00718 22.86 0.641 0.719 0.67 19.96 6286 816 7102 1.36
1-B 7.2 0.00719 22.87 0.641 0.719 0.67 19.96 6283 816 7098 1.41
2-A 6.3 0.00599 19.07 0.641 0.780 0.48 15.34 5103 1216 6319 0.37
2-B 6.3 0.00599 19.07 0.641 0.780 0.48 15.35 5069 1206 6275 0.39
3-A 7.7 0.00813 25.87 0.630 0.699 0.72 23.24 6917 707 7624 0.99
3-B 7.6 0.00807 25.70 0.630 0.699 0.72 23.24 6903 705 7608 0.33
4-A 7.6 0.00816 25.97 0.630 0.698 0.72 23.20 6790 726 7516 1.11
4-B 7.6 0.00815 25.95 0.630 0.698 0.72 23.20 6793 727 7521 1.04
5-A 6.9 0.00701 22.32 0.630 0.752 0.55 19.14 5918 1047 6965 0.94
5-B 6.9 0.00701 22.32 0.630 0.752 0.55 19.14 5918 1047 6965 0.95
6-A 6.9 0.00698 22.23 0.630 0.754 0.55 19.18 5952 1023 6975 1.08
6-B 6.9 0.00698 22.23 0.630 0.754 0.55 19.18 5952 1022 6974 1.08
7-A 7.4 0.00962 30.63 0.607 0.668 0.77 28.14 6784 535 7319 0.87
7-B 7.3 0.00955 30.40 0.607 0.668 0.77 28.14 6758 533 7292 0.11
8-A 9.3 0.00961 30.60 0.607 0.668 0.77 28.12 8548 686 9234 0.71
8-B 9.3 0.00962 30.61 0.607 0.668 0.77 28.12 8544 686 9230 0.75
9-A 7.1 0.00858 27.32 0.607 0.717 0.62 24.64 6402 769 7172 1.01
9-B 7.1 0.00860 27.36 0.607 0.717 0.62 24.64 6393 768 7161 0.85

10-A 10.5 0.01315 41.86 0.786 0.869 0.48 32.70 8202 2253 10455 0.43
10-B 10.5 0.01314 41.83 0.786 0.869 0.48 32.70 8169 2245 10414 0.34
11-A 4.0 0.01294 41.18 0.786 0.870 0.48 32.74 3200 846 4045 1.14
11-B 4.0 0.01285 40.89 0.786 0.870 0.48 32.74 3203 846 4049 1.22

Average 0.84  
 
The measurement precision on the reactive power, was 0.1 kVAr, as indicated in  
Table 7.  This represents a typical uncertainty of ±0.7% based on the average measured 
magnitude of the reactive power.  This would indicate that the average observed ‘error’ 
is virtually identical to the measurement uncertainty.  
 
It is a reasonable assumption that for high frequencies, Equation (60) should be 
evaluated substituting the inner coil diameter and electromagnetic penetration depth 
(Dc+ c) for the current sheet diameter (Dcs), as the best available estimate of the ‘effective 
high frequency diameter’.  Alternatively the contribution from the true air-gap can be 
separated from the high frequency coil reactive power, as discussed in detail in  
Supplement 3, as a function of frequency.   
 
Applying the more comprehensive methodology presented in Supplement 3, it is possible 
to analytically solve for the system reactance as a function of frequency and this in turn 
can be compared to similar FEM models, as shown for short Coil #1 and Work  
piece #1 in Table 8.   
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Figure 4.6-Experimental and calculated system reactive power [Supplement 3]. 

 
Results in Table 8 are ‘pure’ model vs. model results, with Equation (6) being used to 
estimate the air-core inductance, resulting in a larger average difference (3.7%) when 
compared to the low frequency modelling shown in Table 7 (0.84%), which make use 
the measured air-core results at 50 Hz. Better results are obtained for a long coil as 
shown in Table VI of Supplement 3, and as would be expected based on the previous 
discussion in Section 4.1.1. 

 
Table 8-‘Short’ coil #1, Work Piece #1, Condition #1 

Total System Reactive Power, VAr 
(1001.0 A, Coil conductivity 4.3*107 S/m) [Supplement 3] 

Frequency 
(Hz)

Electrical 
Reactive 
Power       
(VAr)

Analytical 
Reactive 
Power       
(VAr)

Electrical-
Analytical 
Difference 

(%)

FEM 
Reactive 

Power for 
round 
wire   

(VAr)

Analytical-
FEM 

Difference 
(%)

10 N/A 1.53E+03 1.54E+03 0.8
20 N/A 2.99E+03 2.95E+03 1.4
35 N/A 5.06E+03 4.91E+03 3.0
50 7.20E+03 7.12E+03 1.09 6.83E+03 4.1

500 N/A 6.50E+04 6.22E+04 4.2
5000 N/A 6.10E+05 5.82E+05 4.5

50000 N/A 5.97E+06 5.63E+06 5.6
500000 N/A 5.93E+07 5.56E+07 6.2

Average: 3.7  
 

4.3 Magnetic Flux Density Measurements [Supplements 2 and 3] 

 
Results from the magnetic flux density measurements are dealt with in detail in 
Supplements 2 and 3.  A summary of the main results will be provided here, with 
additional FEM model validation data not previously reported in the Supplements. 
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‘Air-core’ results are shown for Coil #1 in Figure 4.7.  Magnetic flux densities measured 
for Coil #1 with an ‘air-core’ and with Work piece #2, are shown in Figure 4.7.  Figures 
4.7 and 4.8 clearly show the axial variation of the z-component of the magnetic flux 
density as expected from Equation (15).  Figure 4.7 also clearly indicates the expected 
radial distribution of the z-component expected for a ‘short-coil’.  Magnetic flux density 
is highest near to the coil tubing, and lowest on the coil centre-line.  Accurate readings 
near to the coil tubing were difficult to obtain, due to small imperfections in the coil 
stacking.  The 2D axial symmetric model results clearly show the local variations in the 
magnetic flux density caused by the round coil tubing. 
 
The Nagaoka coefficient (kN =0.641) is drawn on Figure 4.7.  kN represents a double 
integral of the z-component of the dimensionless flux density, i.e. the average of infinite 
number of readings in both the x and r  directions, all the way to the ‘current sheet 
diameter’, which physically exists inside the coil tubing and can thus not be measured.  
An average of the available experimental data sets, fortuitously gives an average 
dimensionless z-component flux density value of 0.64. 
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Figure 4.7-Dimensionless flux density (z-component) as a function of dimensionless coil 
length and radial position [mm] for ‘air-core’ coil #1, comparison of measured, analytical and 
FEM results [Supplement 3]. 
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Near perfect agreement is found on the centreline of Coil #1, between the experimental 
values and the results of Equation (15) for the z-component of the magnetic flux density 
(Bz), supporting the use of the ‘equivalent current sheet diameter’ in Equations (52) and 
(60).  Predictions from the 2D axial symmetric FEM model, are also identical, providing 
strong validation for the numerical model. 
 
Results from duplicate measurements in Figure 4.7 and 4.8 show good reproducibility.  
Agreement with the axial symmetric FEM model is about 1%, except near the ends of 
the coil (and near to the coil windings), which may be due to the fact that a helical coil 
with current supply leads is only approximately ‘axially symmetric’.  In an axial 
symmetric model, the coil is modelled as a series of ‘perfectly horizontal stacked current 
rings’, as explained in Supplement 2, so exact agreement, particularly near the ends of the 
coils, should not be expected. 
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Figure 4.8-Dimensionless flux density (z-component) as a function of dimensionless coil 
length for ‘short’ coil #1 with ‘air-core’ and with work piece #2, comparison of measured and 
FEM results at 50.5 mm radius [Supplement 3]. 
 
Figure 4.8 indicates an increase in the air-gap magnetic flux density caused by the 
presence of the work piece, as expected from Equation (52).  Additional results are given 
in Figure 4.9 (Work piece #1 and Coil #1) and Figure 4.10 (Work piece #3 and Coil 
#4).  The larger diameter Work piece #2 resulted in a greater increase (~37%) in the 
magnetic flux density in the air-gap of Coil #1, as compared with Work piece #1 
(~21%), again as expected from Equation (52).  The longer Coil #4 has a larger initial 
’air-core’ Nagaoka coefficient (0.79) and only a 10% increase (0.87) in the presence of  
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Work piece #3.  For Coil #4 agreement between the analytical estimates, FEM and 
experimental results are excellent both on the centreline and at the work piece radius, 
due to the more ’ideal’ nature of the long coil (more homogenous flux distribution) and 
lesser magnitude of correction required from Equation (52). 
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Figure 4.9-Dimensionless flux density (z-component) as a function of dimensionless coil 
length for ‘short’ coil #1 with ‘air-core’ and with work piece #1, comparison of measured and 
FEM results at 40.5 mm radius. 
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Figure 4.10-Dimensionless flux density (z-component) as a function of dimensionless coil 
length and radial position (center-line and 51 mm) for ‘long’ coil #4 ‘air-core’ and with work 
piece #3, comparison of measured, analytical and FEM results. 
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Additional measurements were taken during the validation phase of the 2D axial 
symmetric FEM model development, which have not been reported elsewhere.  
Measurements were taken using the transverse Hall Effect probe, 3 mm over the top of 
the coil, with the probe supported on a plastic ruler.  As the coil is longer on one side 
than on the other, one would expect to see a radial bias in the magnetic flux density, 
when compared with 2D axial symmetric models, which assume flat coil turns, as can be 
seen from the experimental data shown in Figure 4.11. 
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Figure 4.11-Comparison of measurements at 3 mm over and across the ‘air-core’ of short coil 
#1, with 2D axial symmetric FEM modelling results. 
 
 
The absolute value of the dimensionless magnetic flux density is shown in Figure 4.12 as 
a function of radial position measured outwards starting from the equivalent ’current 
sheet diameter’ (Dcs), measured at -5 and -10 mm under the elevation of the coil.  
Absolute magnitudes of the FEM results are indicated, as the experimental results are 
magnitudes only (i.e. the Hall Effect probe on AC can not indicate a direction).  
Excellent agreement was again obtained between the axial symmetric FEM and 
measurements, further validating the overall accuracy of the modelling approach. 
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Figure 4.12-Comparison of the dimensionless flux density (Bz/B ) with radial position [mm] 
measured outwards from the current sheet diameter (Dcs) for coil #1.  Note that ‘absolute 
values’ have been taken from the FEM model, as the Hall Effect probe does not report 
direction, only magnitude for AC fields.  Direction of the field reverses at 15-20 mm out from 
the coil, i.e after reaching the x-axis.  
 
As mentioned in Section 2.2 (and in Supplement 2 Figure 5), the heating rate should be 
impacted by the magnitude of the local z-component of the flux density, i.e. the phi-
current on the surface of the work piece should be in proportion to the local and not the 
average flux density (ignoring the possible contribution due to the variation of the r-
component of the magnetic field intensity in the z-direction).  The heating rate should 
then vary proportionally to the square of the local z-component flux density.   
 
In Figure 4.13 the square of the measured flux density using the axial Hall Effect probe 
is used for the X-axis (noting the average 3 mm offset due to the probe’s 6 mm 
diameter), and is compared to the equivalent surface heating rate predicted by the 2D 
axial symmetric FEM model, which is plotted on the Y-axis.  A regression line has been 
plotted and forced through the actual intercept, i.e. zero.  It is concluded that with an   
R2 = 0.98 this agreement tends to support the precision of both the numerical model 
and of the experimental techniques presented here. 
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Figure 4.13-Comparison of 2D axial symmetric FEM modelling results of the local surface 
heating rate for ‘short’ coil #1 and work piece #1, at condition #1, with the square of the 
dimensionless measured local magnetic flux density (Bz surface/B )2. 
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Chapter 5 

CONCLUSIONS AND FUTURE 
WORK 

5.1 Conclusions 
 
This investigation has shown that the magnetic field produced by a ‘short’ induction coil 
is much lower in magnitude than one would expect from the use of a long coil formula 
such as Equation (2).  An improved ‘short coil’ correction factor, Equation (52), has 
therefore been proposed and experimentally validated at 50 Hz for application to 
induction heating of billets. Excellent agreement was achieved between experimental 
data and the analytical model estimates at 50 Hz for: 

 the z-component of the magnetic flux density at the surface of the work piece [T] 
(typically ±2-3%), 

 heating power [W] (typically ± 5%), and 

 total coil and work piece reactive power [VAr] (<±1% error). 
 
Analytical and FEM model work piece real power estimates were in consistent 
agreement at frequencies from 50 Hz to 500 kHz with differences of less than 5% for 
the short coil and 2% for the long coil over the entire range of frequencies.  A similar 
level of agreement was also obtained for the work piece reactive power estimates.  
 
Using the improved correction factor, the errors obtained in the estimates of work piece 
power have been reduced from approximately 15%, to an average value of <5%.  Using 
Equation (52) also reduces the magnitude of the errors in power estimation from a 
factor of 2 in comparison with making a long coil assumption, i.e. assuming kN

* = 1.0 
for a ‘short’ coil.  
 
The improved ‘short coil’ correction factor can be used to estimate the average flux 
density of a ‘short coil’ containing a work piece, with an error of <2-3%, based on the 
square root of the error in the work piece power estimation.  Based on the better than  
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1% agreement of the reactive power estimates, the actual errors are expected to be 
smaller. 
 
The improved accuracy of Equation (52) should allow for more accurate design of 
axially symmetric heating systems (e.g. billets and cylindrical furnaces) in the absence of 
FEM simulations.  If combined with simulations, the analytical solutions are accurate 
enough to pre-define the modelling area of interest, e.g. determine nearly the exact 
optimal frequency and current for a given target power, coil and work piece 
combination.   
 
Equation (52) can also be used to determine if a numerical model has been meshed 
correctly, if the magnetic domain size is sufficiently large and so on.  While it is clear that 
with a validated numerical model that higher accuracy can be obtained, it is also possible 
to have highly inaccurate results due to modelling errors.  Comparison with a ‘hand 
calculated’ value, limits the maximum possible error, even in the absence of empirical 
data. 
 
For furnace and heating installation operators, Equation (52) allows for estimation of 
their power input, based on simple measurements that can be made in the ‘field’  
(i.e. current, frequency and physical dimensions).  This should allow for more precise 
operation of existing equipment. 
 
The frequency corrected ‘short coil’ correction factor has also been found necessary to 
achieve accurate analytical solutions of the Lorentz forces produced by short coils [60] in 
electromagnetic stirring applications, which would otherwise contain approximately a 
factor of 2 error, depending on the coil shape factor. 
 
A new equation for estimating the temperature coefficient of resistivity for aluminium 
alloys has been obtained and found to give excellent agreement in the FEM models used 
during this work. 
 
Comparison of the 2 D axial symmetric FEM models with the measured local  
z-component flux density, has shown the expected quadratic relationship with local 
power density [W/m3]. 
 
 

5.2 Future Work 
 
Future work should focus on the correction of the bias found for Equation (52) and on 
derivation of a 2D factor, which would allow accurate estimation of local magnetic flux 
densities and the resulting longitudinal variation of the heating rate of the work pieces. 
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Additional experimental work at high frequency, with square or rectangular sectioned 
coils, would be of assistance in determining the true variation of the ‘effective coil 
diameter’ with frequency. 
 
It has been experimentally verified that the external magnetic field is 'non-zero' and 
hence the reluctance of the external magnetic field will play a significant role in 
determining the overall magnetic flux density in a 'short' coil.   
 
The installation of a split collar top and bottom, and laminated iron return path, should 
reduce the reluctance of the external return path and significantly increase the internal 
magnetic field strength (i.e. tend to increase the short coil correction factor, k*

N towards 
a value of 1.0), while ‘shielding’ those working near the coil from exposure to any 
possible effects caused by exposure to strong magnetic fields. 
 
The use of removable sections of the external flux path, to produce variable area ‘air 
gaps’ in the external magnetic circuit, can then be used to provide a means of fine 
control of the magnitude of the internal magnetic field inside of the coil and hence the 
rate of heating of the work piece for a fixed coil current. 
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