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In Marstorp et al. (2009), an explicit algebraic subgrid stress model (EASSM) for large-
eddy simulation (LES) was proposed, that was shown to considerably improve LES pre-
dictions of rotating and non-rotating turbulent channel flow. In this paper, we extend
that work and present a new explicit algebraic subgrid scalar flux model (EASSFM) for
LES, based on the modeled transport equation of the subgrid-scale (SGS) scalar flux.
The new model is derived using the same kind of methodology that leads to the explicit
algebraic scalar flux model of Wikström et al. (2000). The algebraic form is based on a
weak equilibrium assumption and leads to a model that depends on the resolved strain
rate and rotation-rate tensors, the resolved scalar-gradient vector and, importantly, the
SGS stress tensor. An accurate prediction of the SGS scalar flux is consequently strongly
dependent on an accurate description of the SGS stresses. The new EASSFM is therefore
primarily used in connection with the EASSM, since this model can accurately predict
SGS stresses. The resulting SGS scalar flux is not necessarily aligned with the resolved
scalar gradient, and the inherent dependence on the resolved rotation-rate tensor makes
the model suitable for LES of rotating flow applications.

The new EASSFM (together with the EASSM) is validated for the case of passive
scalar transport in a fully developed turbulent channel flow with and without system
rotation. LES results with the new model show a good agreement with direct numerical
simulation (DNS) data for both cases. The new model predictions are also compared to
those of the dynamic eddy diffusivity model (DEDM) and improvements are observed in
the prediction of the resolved and SGS scalar quantities. In the non-rotating case, the
model performance is studied at all relevant resolutions showing that its predictions of the
Nusselt number are much less dependent on the grid resolution and are more accurate.
In channel flow with wall-normal rotation, where all the SGS stresses and fluxes are
nonzero, the new model shows significant improvements over the DEDM predictions of
the resolved and SGS quantities.

Key words: rotating turbulence, turbulence modelling, turbulent flows

1. Introduction

Passive scalar mixing in turbulent flows is of importance in many industrial appli-
cations and environmental processes. A passive scalar is advected and mixed, but has
no effect on the flow and can represent, for example, a pollutant carried by the flow or
small temperature fluctuations. Knowledge of passive scalar mixing is also a first step
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toward the understanding of reactive flows where the mixing of different species plays
an important role. Large-eddy simulation (LES) is a promising tool to predict mixing of
scalars in turbulent flows (Lesieur & Métais 1996; Meneveau & Katz 2000). Moreover,
it has potentials to predict turbulent scalar transport in rotating flows (Marstorp et al.
2007), while this is difficult for other scalar transport models.

In Reynolds averaged Navier–Stokes (RANS), the eddy diffusivity model (EDM) has
been widely used for the prediction of the turbulent scalar flux, in spite of its shortcomings
that have been pointed out in many papers (Johansson & Wikström 1999; Wikström et al.
2000). In LES, the EDM is also often used for the prediction of the subgrid scalar flux,
since it is computationally inexpensive and is easy to implement. However, it has the
same drawbacks as in the RANS (Yoshizawa 1988; Kang & Meneveau 2001; Peng &
Davidson 2002; Sagaut 2010). Since the EDM assumes the subgrid-scale (SGS) scalar
flux vector to be aligned with the resolved scalar gradient vector, it cannot predict the
anisotropy of SGS scalar flux arising from the mean velocity gradient. Kang & Meneveau
(2001) used experimental data on the wake of a heated cylinder and showed that, in an a
priori test, the EDM predicts an almost isotropic mean scalar variance SGS dissipation
while the real SGS dissipation tensor computed from the filtered experimental data is
anisotropic at all relevant filter sizes.

Improvements over the EDM have been reported for scale similarity and gradient SGS
scalar flux models which are similar to their counterparts for SGS stresses (Bardina
et al. 1989; Clark et al. 1979, respectively). These models improve the direction of the
predicted SGS scalar flux vector but are not dissipative enough. Therefore, they are often
combined with an eddy diffusivity term. Salvetti & Banerjee (1995) proposed a mixed
scale similarity model which leads to a tensor EDM. Jiménez et al. (2001b) have shown
that such a model improves the description of the scalar variance transfer compared
to the EDM. The concept of tensor eddy diffusion was originally proposed by Batchelor
(1949) for RANS modeling. An example of a mixed dynamic eddy diffusivity and dynamic
gradient SGS scalar flux model is the model by Porté-agel et al. (2001a). This model has
been used in a priori analysis of LES of atmospheric flows (Higgins et al. 2004; Porté-agel
et al. 2001a,b) and the wake of a heated cylinder in a wind tunnel (Kang & Meneveau
2001, 2002).

Peng & Davidson (2002) proposed a nonlinear tensor EDM with a tensor diffusiv-
ity proportional to the resolved strain-rate tensor and tested their model for LES of
buoyancy-driven turbulent flow between two differentially heated vertical walls. Their
model improved LES predictions of some statistics compared to the EDM. A recent ex-
ample of a mixed nonlinear SGS scalar flux model is the dynamic tensor EDM by Wang
et al. (2008). Their model consists of a standard eddy diffusivity part and a tensor eddy
diffusivity part which is a quadratic tensor function of the resolved strain-rate tensor.
Their model improved LES predictions of the SGS scalar fluxes in comparison with the
EDM.

Resolution requirements for LES have been discussed in many papers (Baggett et al.
1997; Davidson 2009; Choi & Moin 2012). In free shear flows, the resolution requirements
are less strict for LES since the degree of anisotropy in the flow does not scale with the
Reynolds number (Baggett et al. 1997), and the SGS motions tend to be more isotropic
and can be represented reasonably well by many SGS models. However, in wall-bounded
flows the presence of the wall results in a decrease of the integral length scale which
substantially increases the degree of anisotropy of the turbulence in the near-wall region.
This anisotropy has to be resolved by the grid, resulting in higher computational costs, or
has to be properly represented in the form of anisotropy in the SGS motions by a proper
SGS model. The increase in the computational costs, following the former approach,
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scales largely with the Reynolds number (∼ Re26/14) so that the cost of a wall-resolved
LES with an SGS model with an isotropic eddy-viscosity type of formulation approaches
that of the DNS (∼ Re37/14), see Choi & Moin (2012). These requirements in wall-
bounded flows motivate the development of new SGS models, both for stresses and scalar
fluxes, that are able to represent the SGS anisotropy better. LES would then be possible
for a larger range of applications with a lower computational cost.

In Marstorp et al. (2009), we developed an explicit algebraic subgrid stress model
(EASSM) that substantially improves the description of the individual SGS stresses in
comparison with isotropic eddy-viscosity models. Further investigations (Rasam et al.
2011a,b) show that the EASSM predictions are much less sensitive to the grid resolution
and more accurate than the dynamic eddy-viscosity model (DEVM). The next step which
is taken in this paper is applying similar ideas to the subgrid scalar flux modeling.
Wikström et al. (2000) proposed an explicit algebraic scalar flux model (EASFM) based
on a modeled transport equation for the Reynolds averaged scalar flux. The EASFM
predicts the scalar flux more accurately in shear flows than the EDM. By applying the
same kind of methodology that leads to the EASFM for the Reynolds averaged scalar
flux, we develop a new explicit algebraic subgrid scalar flux model (EASSFM) for LES.
The new EASSFM includes information about the SGS stresses, the resolved strain rate
and rotation-rate tensors and is expected to improve the description of the individual
SGS scalar flux components. The predicted SGS scalar flux in the EASSFM is only partly
aligned with the resolved scalar gradient and the model can thus be regarded as a mixed
model derived from a modeled transport equation.

Similar to the eddy viscosity SGS stress model predictions for the velocity field, the
EDM predictions of the scalar field are sensitive to the resolution, due to its formulation.
The new EASSFM provides for similar improvements in the description of the individual
SGS fluxes as the EASSM for the SGS stresses and leads to LES predictions that are less
sensitive to the grid resolution and, in general, more accurate compared to the EDM.

In order to validate the new model, we perform LES of scalar transport in channel flow
without rotation and with wall-normal rotation. Turbulent channel flows with system
rotation have been studied by several authors using LES. Examples of LES of channel
flow with spanwise system rotation are the works by Tafti & Vanka (1991) and Piomelli
& Liu. (1995), where in the former the eddy viscosity model with near-wall damping
has been used and in the latter a localized DEVM has been proposed. The work by
Tsubokura et al. (1999) is another example where the SGS model by Yoshizawa et al.
(1996) has been used for LES of turbulent channel flow with spanwise system rotation.
LES of turbulent channel flow with streamwise system rotation has been carried out
by Oberlack et al. (2006) where it has been shown that the DEVM does not perform
well. Marstorp et al. (2009) used the EASSM for LES of channel flow with spanwise
and streamwise system rotation and showed that their model significantly improves LES
predictions over the DEVM in both cases.

The paper is organized as follows: in §2 the governing equations of LES in a rotating
frame of reference are introduced; the derivation of the new model is presented in §3;
in §4, details of the numerical method and the SGS stress and scalar flux models are
introduced; simulation results for the non-rotating channel flow are given and discussed
in §5 which is followed by a discussion about the SGS activity analysis in §6; in §7, LES
results of channel flow with wall-normal system rotation are presented and discussed; in
§8 the conclusions are drawn.
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2. Governing equations of LES

The governing equations of LES are obtained by filtering the Navier–Stokes, continuity
and the scalar transport equations. In a rotating frame of reference, these equations read

∂ũi
∂t

+ ũj
∂ũi
∂xj

= −1

ρ

∂p̃

∂xi
+ ν

∂2ũi
∂xk∂xk

− 2εijkΩj ũk −
∂τij
∂xj

, (2.1)

∂ũi
∂xi

= 0, (2.2)

∂θ̃

∂t
+ ũj

∂θ̃

∂xj
=

ν

Pr

∂2θ̃

∂xk∂xk
− ∂qj
∂xj

, (2.3)

where .̃ denotes a grid-filtered quantity. ũi and θ̃ denote the filtered velocity vector and
passive scalar, respectively, and p̃ includes both the filtered pressure and the centrifugal
force. The third term on the right-hand side in equation (2.1) is the Coriolis force, Ωj is
the system rotation vector and εijk is the alternating tensor. ν is the kinematic viscosity,
Pr is the Prandtl number and ρ is a constant density. The summation convention is used
for repeated indices. The SGS stress tensor and the SGS scalar flux vector are defined as

τij = ũiuj − ũiũj , qi = ũiθ − ũiθ̃,

which have to be modeled in order to close the set of equations.

3. Subgrid model development

3.1. Derivation of the model

The new subgrid scalar flux model is derived in the same way as the EASFM of Wikström
et al. (2000) but from the transport equation of the SGS scalar fluxes. In an inertial frame
of reference, this transport equation is written as

Dqi
Dt

= P SGS

iθ +DSGS

iθ + ΠSGS

iθ − εSGS

iθ , (3.1)

where P SGS

iθ is the production of subgrid scalar flux by the interaction of the subgrid
scalar fluxes and the resolved velocity gradients and the interaction of the SGS stresses
with the resolved scalar gradients. The production term P SGS

iθ represents the actual SGS
dissipation and appears as a closed term in the equations. ΠSGS

iθ is the subgrid pressure
scalar-gradient correlation and εSGS

iθ is the molecular subgrid scalar flux dissipation both of
which are unclosed terms and need to be modeled. Using the Germano notation (Germano

1992) for brevity in the formulation, T (a, b) = ãb− ã b̃, we can write these terms as

P SGS

iθ = −qj
∂ũi
∂xj
− τij

∂θ̃

∂xj
, (3.2)

ΠSGS

iθ =
1

ρ
T

(
p,
∂θ

∂xi

)
, (3.3)

εSGS

iθ =
(
ν +

ν

Pr

)
T

(
∂θ

∂xj
,
∂ui
∂xj

)
. (3.4)

The diffusion term, DSGS

iθ , in equation (3.1) includes both turbulent and molecular diffu-
sion of the subgrid scalar flux and is given by

DSGS

iθ =
∂

∂xj

(
−δij
ρ

T (θ, p)−T (uj , uiθ) + νT (θ,
∂ui
∂xj

) +
ν

Pr
T (ui,

∂θ

∂xj
)− qj ũi − τij θ̃

)
.
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where δij is the Kronecker delta.
In analogy with the EASFM, we normalize the subgrid scalar flux with the SGS kinetic

energy, KSGS, and SGS scalar intensity, KSGS

θ , as

ξi =
qi√

KSGSKSGS

θ

, KSGS =
1

2
(ũiui − ũiũi) , KSGS

θ =
1

2

(
θ̃θ − θ̃ θ̃

)
.

The transport equation for the normalized subgrid scalar flux, ξi, reads

Dξi
Dt
−Dξ

i = −1

2
ξi

(
P SGS

θ − εSGS

θ

KSGS

θ

+
P SGS

K − εSGS

K

KSGS

)
+
P SGS

iθ − εSGS

iθ + ΠSGS

iθ√
(KSGSKSGS

θ )
, (3.5)

where P SGS

K and εSGS

K are the production and the dissipation of KSGS, respectively, and

P SGS

θ and εSGS

θ denote the production and the dissipation of KSGS

θ , respectively. Dξ
i is the

diffusion of ξi.
The weak equilibrium assumption, introduced by Rodi for the Reynolds stresses (Rodi

1972, 1976), is an essential part in the derivation of the explicit algebraic models (Wallin
& Johansson 2000; Wikström et al. 2000; Grundestam et al. 2005). In the RANS context,
it states that the advection and diffusion of the normalized Reynolds stresses can be ne-
glected. This assumption is fully satisfied in homogeneous turbulent flows in equilibrium
and to a high degree in regions of inhomogeneous turbulent flows where the deviation
from parallel flow is small, e.g. the near-wall region of a boundary layer. In Marstorp
et al. (2009), we used the weak equilibrium assumption for the normalized anisotropy
of the SGS stresses and derived the EASSM. The weak equilibrium assumption for the
normalized scalar flux vector is similar to that for the Reynolds stresses and was used
in the derivation of the EASFM by Wikström et al. (2000). Here, we use this assump-
tion for the normalized subgrid scalar fluxes, i.e. we assume that the left-hand side of
equation (3.5) is negligible

Dξi
Dt
−Dξ

i = 0. (3.6)

In § 3.2 we extend the model to rotating frames of reference and in § 3.5, we evaluate
the validity of the weak equilibrium assumption for the LES of the scalar field in a
non-rotating frame of reference.

In order to further develop the model, we need to introduce a model for ΠSGS

iθ , see
equation (3.3). An exact integral solution can be found for the pressure scalar-gradient
correlation term from the instantaneous transport equation of the scalar and the momen-
tum equations, using Green’s function (Shih & Lumley 1986). The model that is usually
used in the RANS community for this term is based on the interpretation of different
terms in this integral expression. The dissipation term is also lumped into this term and
modeling is done for these two terms together.

We employ the model that is used by Wikström et al. (2000) and rewrite it for ΠSGS

iθ −
εSGS

iθ in terms of qi, τij and filtered gradients instead of Reynolds averaged correlations
and mean gradients. This approach leads to

ΠSGS

iθ − εSGS

iθ = −c1θqi
εSGS

K

KSGS
+ c2θqj

∂ũi
∂xj

+ c3θqj
∂ũj
∂xi

+ c4θτij
∂θ̃

∂xj
, (3.7)

where the first term on the right-hand side represents a model for the turbulence–
turbulence interaction (also called slow term). Monin (1965) proposed this model for the
RANS which is based on Rotta’s return to isotropy concept with c1θ known as the Rotta
coefficient (see e.g. Pope 2000). The c1θ coefficient is later computed a priori using DNS
data and the return to isotropy concept in § 3.3. The original model by Wikström et al.
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(2000) also contains another slow term which involves the time scale of the scalar field as
qi(ε

SGS

θ /KSGS

θ ). For the SGS model, this term can be approximated as qi(ε
SGS

K /KSGS)/Pr,
where the model (εSGS

K /KSGS)/(εSGS

θ /KSGS

θ ) = Pr (Jiménez et al. 2001a) has been used.
Therefore, its effect is similar to the first term on the right-hand side of (3.7) and can be
seen as included in the first term.

Other terms in model (3.7) represent interactions between resolved and SGS quantities
(also called rapid terms) where c2θ, c3θ and c4θ are the corresponding model coefficients
and are given in § 3.3. The role of these terms is to counterbalance the rate of production
of the subgrid scalar flux.

We further use the assumptions P SGS

θ = εSGS

θ and P SGS

K = εSGS

K implying that the
production and dissipation of the SGS kinetic energy and SGS scalar intensity are locally
in balance. The former assumption was used in the development of the EASSM. These
assumptions considerably simplify the formulation and are validated in § 3.4.

Using the model (3.7) along with the weak equilibrium assumption and using P SGS

θ =
εSGS

θ and P SGS

K = εSGS

K , we obtain a linear system of equations for the subgrid scalar flux

Aijqj = −(1− c4θ)τ∗τij
∂θ̃

∂xj
, (3.8)

where

Aij = c1θδij + cSS̃
∗
ij + cΩΩ̃∗ij

and τ∗ = KSGS/εSGS

K is the time scale of the subgrid velocity field and needs to be modeled,
see § 4.2. The model coefficients c2θ and c3θ are reorganized as cS = (1− c2θ − c3θ) and
cΩ = (1 − c2θ + c3θ). The normalized filtered strain rate and rotation-rate tensors are
defined as

S̃∗ij =
τ∗

2

(
∂ũi
∂xj

+
∂ũj
∂xi

)
, Ω̃∗ij =

τ∗

2

(
∂ũi
∂xj
− ∂ũj
∂xi

)
.

If Aij in equation (3.8) is inverted, we obtain the EASSFM for the subgrid scalar flux
vector

qi = −(1− c4θ)τ∗A−1
ij τjk

∂θ̃

∂xk
(3.9)

where (boldface denotes matrix notation)

A−1 =
(c21θ − 1

2Q1)I− c1θ(cSS̃∗ + cΩΩ̃∗) + (cSS̃∗ + cΩΩ̃∗)2

c1θ(c21θ −
1
2Q1) + 1

2Q2

, (3.10)

and

Q1 = c2Str(S̃
∗2) + c2Ωtr(Ω̃

∗2), Q2 =
2

3
c3Str(S̃

∗3) + 2cSc
2
Ωtr(S̃

∗Ω̃∗2), (3.11)

and tr(.) denotes the trace of a matrix.
From the formulation of the new EASSFM, it can be seen that the modeled subgrid

scalar flux is in general not aligned with the resolved scalar gradient. In fact, it can be
rewritten as a mixed model

qi = −τ∗(1− c4θ)
A−1
kj τjk

3

∂θ̃

∂xi
− τ∗(1− c4θ)

(
A−1
ij τjk − δik

A−1
lj τjl

3

)
∂θ̃

∂xk
, (3.12)

where the first term is an eddy diffusivity term. Moreover, there is a strong influence of
the SGS stresses and the A−1

ij tensor which involves information about both the resolved
strain rate and the resolved rotation-rate tensors.
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3.2. Extension to a rotating frame of reference

The extension of the weak equilibrium assumption to rotating and curved boundaries
has been proposed by Wallin & Johansson (2002) and Gatski & Wallin (2004). Following
these studies, in a rotating frame of reference embedded with the flow, the Coriolis term
modifies the advection of the normalized subgrid scalar flux

Dξi
Dt

=
∂ξi
∂t

+ ũj
∂ξi
∂xj

+ εikjΩkξj . (3.13)

We keep the Coriolis contribution to the advection term, as an approximation for the
advection which implies that the weak equilibrium assumption is assumed to be valid
in the rotating frame of reference, i.e. ∂ξi/∂t + ũj∂ξi/∂xj − Dξ

i = 0. This is a good
approximation in RANS models and corresponds to the assumption that the flow is
statistically homogeneous in the rotating frame only, see Gatski & Wallin (2004).

The production of the subgrid scalar flux is modified by the Coriolis term as

P SGS

iθ = −qj
∂ũi
∂xj
− τij

∂θ̃

∂xj
− εikjΩkqj .

The model for ΠSGS

iθ − εSGS

iθ has to be frame invariant with respect to system rotation.
A frame-invariant formulation of the model for this term and a proper description of
the production term (3.13) is obtained if the normalized resolved rotation-rate tensor is

substituted by the normalized effective rotation-rate tensor Ω̃∗ij + τ∗εikjΩk, which is the
objective form of the rotation-rate tensor, also used in the RANS context, see Gatski
& Wallin (2004). Finally, the modified production and advection terms and the frame-

invariant model for ΠSGS

iθ − εSGS

iθ can be accounted for by modifying Ω̃∗ij into

Ω̃∗Rij = Ω̃∗ij +
cΩ + 1

cΩ
τ∗εikjΩk . (3.14)

This is the only modification needed to extend the model to rotating flows.

3.3. Determination of the model parameters

Similar to Marstorp et al. (2009), we derive a model for the coefficient for the return to
isotropy term in equation (3.7), c1θ, using the DNS data of turbulent channel flow at
Reτ = 590 (case 9 in table 2) and the return to isotropy concept. For this purpose, we
write the Poisson equation for the subgrid pressure, p′′, as

1

ρ

∂2p′′

∂xi∂xi
= − ∂2

∂xi∂xi

[(
ũiũj − ˜̃uiũj)+

(
ũiu
′′
j − ˜̃uiu′′j )+(

u′′i ũj − ũ′′i ũj
)

+
(
u′′i u

′′
j − ũ′′i u′′j

)]
, (3.15)

where u′′i denotes the subgrid velocity. As in RANS terminology, p′′ can be divided to
a rapid and a slow part, where the latter depends on subgrid quantities and the former
depends on the resolved ones

p′′ = p′′slow + p′′rapid . (3.16)

Using this decomposition, we derive the Poisson equation for the slow pressure term from
equation (3.15), by taking into account only those terms that involve subgrid quantities

1

ρ

∂2p′′slow

∂xi∂xi
= − ∂2

∂xi∂xj

(
u′′i u

′′
j − ũ′′i u′′j

)
.
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If we solve this Poisson equation for p′′slow, we can compute the slow part of the subgrid
pressure scalar-gradient vector

Πslow
iθ =

˜
p′′slow

∂θ′′

∂xi
. (3.17)

where θ′′ is the subgrid scalar. We model Πslow
iθ using the return to isotropy concept

which corresponds to the first term on the right-hand side of equation (3.7)

Πslow
iθ = −c1θqi

εSGS

K

KSGS
. (3.18)

Using equations (3.17) and (3.18), we can approximate c1θ as

c1θ =

〈∣∣Πslow
iθ

∣∣ KSGS
〉

〈|qi| εSGS

K 〉
, (3.19)

where we have taken the absolute value of the vector quantities (|.|) and used spatial
averaging over homogeneous directions (〈.〉).

Sjögren & Johansson (2000) showed that the Rotta constant in a RANS model, de-
creases with decreasing turbulence Reynolds number. In wall-bounded flows, the local
turbulence Reynolds number decreases close to the wall and wall damping of the Rotta
constant can therefore be justified. In the EASSM by Marstorp et al. (2009), a wall
damping of the model parameter c1 analogous with the damping of the Rotta constant is
applied. The consequence is that the return to isotropy becomes weaker when the wall is
approached which improves the performance of the model in shear flows. For the present
EASSFM, we apply the same approach to the c1θ coefficient. To model the reduced re-
laxation toward isotropy, c1θ is described in terms of the SGS kinetic energy KSGS, the

filter width ∆, the norm of the filtered strain-rate tensor |S̃ij | =
√

2S̃ijS̃ij and the time

scale of the SGS scalar field τθ = KSGS

θ /εSGS

θ as

c1θ = c′1θ

(
KSGS

(0.1∆|S̃ij |)2

)α1 (
τθ|S̃ij |

)α2

, (3.20)

where 0.1∆|S̃ij | is an eddy viscosity type of velocity scale and τθ = Pr (KSGS/εSGS

K ). The
model can thus account for the deviation from equilibrium of the SGS. As a result, c1θ
will be scale invariant in high Reynolds number isotropic turbulence and depending on
the local flow properties in a case like channel flow. From a priori analysis, the values
α1 = 1.0 and α2 = 0.7 are obtained. In order to find the value of c′1θ, we evaluated c1θ
from equation (3.19) and the modeled c1θ from equation (3.20) using filtered DNS data
and computed the value of c′1θ a priori. The DNS data are again taken from simulations
of turbulent channel flow at Reτ = 590 and Pr = 0.71 (case 9 in table 2) filtered using a
sharp cutoff filter in homogeneous directions using different filter sizes. The predicted c′1θ
values are shown in figure 1(a), where the variation is fairly small with resolution and c′1θ
is relatively constant away from the walls. In the following simulations, we use a value
of c′1θ = 0.2 as an approximation for this model parameter. The predicted and modeled
values of c1θ with c′1θ = 0.2 are shown in figure 1(b), where we can see an acceptable
agreement between the modeled and reference values computed from DNS data. To avoid
numerical instabilities in the simulations, it is necessary to have c1θ > 0.5.

Furthermore, in order to take into account the dependence on the filter size and improve
the predictions, we apply a correction to c′1θ in equation (3.20) in the form

c′1θ(2∆) = 10−x c′1θ(∆), x = 0.1
(
Re0.7

2∆ − Re0.7
∆

)
− 0.3, (3.21)
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Figure 1. (a) A priori computed c′1θ at various filter sizes (symbols) and (b) a priori computed
c1θ using model (3.20) at various filter sizes (symbols); solid lines denote filtered DNS data for the
corresponding filter sizes using relation (3.19). Symbols correspond to the following filter sizes in

wall units: � :
√

∆x∆z
+

= 20.5; � :
√

∆x∆z
+

= 28.5; ◦ :
√

∆x∆z
+

= 41.0; • :
√

∆x∆z
+

= 82.0.

where Ren∆ = n∆|S̃ij |/ν is the mesh Reynolds number (Voke 1996). This correction
is an analytical power-law fit and is calibrated using a priori analysis of DNS data
and is similar in formulation to the approach for computing a scale-dependent dynamic
coefficient for the DEVM (see e.g. Sagaut 2010). This correction improves c1θ predictions
at test-filter level at a filter width of 2∆.

The model coefficient c4θ can be computed using the Germano identity for the subgrid
scalar flux

̂̃
uiθ̃ − ̂̃uî̃θ = −(1− c4θ)T ∗A−1

ij Tjk
∂
̂̃
θ

∂xk
+ (1− c4θ)

̂
τ∗A−1

ij τjk
∂θ̃

∂xk
, (3.22)

where .̂ denotes a test-filtered quantity with a filter width of 2∆. The first term on the
right-hand side is the modeled subtest-filter scalar flux computed from equation (3.9)
using test-filtered quantities. T ∗ is the time scale of the subtest-filtered motions, Tjk is
the subtest-filtered stress tensor and Aij is the matrix Aij computed using test-filtered
quantities. The second term on the right-hand side is the test-filtered modeled SGS scalar
flux. We denote

Miθ = −T ∗A−1
ij Tjk

∂
̂̃
θ

∂xk
+

̂
τ∗A−1

ij τjk
∂θ̃

∂xk
, Liθ = Qi − q̂i, (3.23)

where Qi is the subtest-filter scalar flux and q̂i is the test-filtered SGS scalar flux. We
compute c4θ using a least-square approach

c4θ =
(Miθ − Liθ)Miθ

MjθMjθ
→ 1− c4θ =

LiθMiθ

MjθMjθ
. (3.24)

We limit c4θ to positive values which means that the last term in equation (3.7) should
not increase the production of the SGS scalar flux but always acts as a counterbalance
term. In the LESs carried out in this paper, no averaging in the homogeneous directions
was necessary for smoothing of the computed c4θ values. Therefore, one can use this
procedure in complex geometries where there is no direction of homogeneity in the flow.

The model parameters cΩ and cs are introduced in the model for ΠSGS

iθ − εSGS

iθ . The
influence of these model parameters are similar to the c4θ coefficient. Their values are
not prescribed a priori and are found from a posteriori LES computations for the case of
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Figure 2. A priori test of (a): P SGS
θ /εSGS

θ and (b): P SGS
K /εSGS

K at various filter sizes. Different
symbols correspond to different filter sizes. Filter sizes for both figures correspond to the fol-

lowing resolutions in wall units: � :
√

∆x∆z
+

= 20.5; � :
√

∆x∆z
+

= 28.5; ◦ :
√

∆x∆z
+

= 41.0;

• :
√

∆x∆z
+

= 82.0.

turbulent channel flow and were found to also be reasonable values for the case of rotating
channel flow. The values that we use in the simulations are cΩ = 0.5 and cs = 0.2 which
correspond to c2θ = 0.65 and c3θ = 0.15.

3.4. Evaluation of the approximations P SGS

K = εSGS

K and P SGS

θ = εSGS

θ

The approximation P SGS

K = εSGS

K was used by Marstorp et al. (2009) in the derivation
of the EASSM. We also use this approximation as well as its counterpart for the SGS
scalar flux, P SGS

θ = εSGS

θ . An a priori evaluation of these two approximations is given
in figures 2(a)-(b), where we have used DNS data of turbulent channel flow with scalar
transport at Reτ = 590 with Pr = 0.71 (case 9 in table 2). The DNS data were filtered
using a sharp cutoff filter in Fourier space. Filtering was carried out in horizontal planes
and was performed with various filter sizes as shown in the figures. It can be concluded
that both approximations are reasonably valid especially away from the walls. However,
as mentioned in Marstorp et al. (2009) for P SGS

K = εSGS

K , these approximations may be
less valid in other types of flows, e.g. in the rotating flow cases.

3.5. Evaluation of the weak equilibrium assumption

In order to evaluate the validity of the weak equilibrium assumption for the normalized
SGS scalar flux, budget terms of the normalized SGS scalar flux from equation (3.5) are
computed from filtered DNS data at Reτ = 590 and Pr = 0.71 and at a typical LES

resolution (
√

∆x∆z
+

= 41.0). The budget terms for the streamwise and the wall-normal
components are plotted in figures 3(a)-(b). For the streamwise component, the production
term is balanced by the dissipation and the pressure scalar-gradient correlation terms and
the weak equilibrium assumption is valid in most of the channel in the mean. For the wall-
normal component, the dissipation term is small and the production term is balanced
by the pressure scalar-gradient term and the weak equilibrium assumption holds (in the
time- or plane-averaged sense) only away from the wall. This means that the diffusion
term plays a role very close to the wall. However, it is worth mentioning that the budget
terms for the wall-normal component are much smaller than those of the streamwise
component and the error in the approximation is therefore less severe.
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Figure 3. A priori evaluation of the budget terms of the streamwise (a) and wall-normal

(b) components of equation (3.5) at filter size
√

∆x∆z
+

= 41.0; ◦: −εSGS
iθ /
√
kSGS

θK
SGS;

•: − 1
2
ξi
(
PSGS
θ −εSGS

θ

KSGS
θ

+
PSGS
K −εSGS

K

KSGS

)
; 4: ΠSGS

iθ /
√
kSGS
θ KSGS; 5: P SGS

iθ /
√
kSGS
θ KSGS; negative of

the sum is denoted by the dotted line.

4. Numerical approach and SGS models

4.1. Numerical approach

LESs of turbulent channel flow with and without system rotation are carried out using a
pseudo-spectral Navier–Stokes solver, similar to the one employed by Kim et al. (1987).
The code uses Fourier representation in wall-parallel directions (x and z), using periodic
boundary conditions, and Chebyshev representation in the wall-normal direction (y),
using the Chebyshev–tau method. Aliasing errors are removed using the 3/2-rule (Canuto
et al. 1988). The time integration is carried out using a four-step third-order Runge–Kutta
scheme for the nonlinear terms and a second-order Crank–Nicholson scheme for the linear
terms (Lundbladh et al. 2004; Chevalier et al. 2007). A passive scalar field (temperature)
is included in the simulations. In all simulation cases the walls are kept at constant and
uniform but different temperatures and the no-slip condition for the velocity is used at
the walls.

In order to compute SGS quantities from the DNS data for comparison with the LES
results, the DNS data are filtered to the corresponding LES resolution using a sharp
spectral filter in the homogeneous directions. A sharp spectral filter in Chebyshev space,
in the wall-normal direction, was also employed in the preliminary tests but it is omitted
here since its impact was very marginal.

4.2. SGS stress models

We use the EASSM by Marstorp et al. (2009) as the SGS stress model for the LES
of turbulent channel flow using the new EASSFM. This model provides for a realistic
description of the individual SGS stresses which is advantageous since the new EASSFM
depends explicitly on the SGS stresses. The EASSM consists of three terms

τij = KSGS

(
2

3
δij + β1τ

∗S̃ij + β4τ
∗2(S̃ikΩ̃kj − Ω̃ikS̃kj)

)
, (4.1)

where the first term is the isotropic part, the second term is an eddy viscosity part, and
the third term is a nonlinear tensor that creates anisotropy of the SGS stresses. β1 and
β4 are coefficients that determine the relative contribution of the eddy viscosity and the
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nonlinear terms and are given by

β4 = −33

20

1[
(9c1/4)2 + |Ω̃∗ij |2

] , β1 =
9

4
c1β4, (4.2)

where τ∗ is the time scale of the SGS motions and |Ω̃∗ij | =
√

2Ω̃∗ijΩ̃
∗
ij is the norm of

the normalized resolved rotation-rate tensor. The EASSM employed here uses dynamic
determination of KSGS as

KSGS = c∆2|S̃ij |2 ,
where c is dynamically determined using the Germano identity with averaging in the
homogeneous directions. An alternative model for KSGS suitable for LES in geometries
with no direction of homogeneity, which does not require a dynamic procedure, is pro-
posed by Marstorp et al. (2009). One can also use the Lagrangian dynamic procedure
proposed by Meneveau et al. (1996) to compute c or solve for a transport equation for
KSGS, see e.g. Ghosal et al. (1995). In this study, we use the dynamic procedure using
the Germano identity to determine c.

The model parameter c1 in equation (4.2) is determined from the dynamic coefficient c
as

c1 = c′1
√
c′3

c1.1

(2Cs)2.5
, (4.3)

and the SGS time scale, τ∗, is modeled using the inverse shear

τ∗ = c′3
1.5C1.5

√
c

2Cs
|S̃ij |−1 (4.4)

where c′1 = 4.2, c′3 = 2.4, C = 1.6 is the Kolmogorov constant and Cs = 0.1, see Marstorp
et al. (2009) for details. The system rotation is accounted for in the same way as was

done for the EASSFM by simply replacing Ω̃∗ij by Ω̃∗Rij

Ω̃∗Rij = Ω̃∗ij −
25

18
τ∗εijkΩk . (4.5)

The other SGS stress model used for comparison is the dynamic eddy-viscosity model
(DEVM) of Germano et al. (1991) which we use together with the dynamic eddy diffu-
sivity model (DEDM). This model has the following formulation

τij −
2

3
δijK

SGS = −2cev∆
2|S̃ij |S̃ij (4.6)

where cev is computed dynamically using the Germano identity with modifications of
Lilly (1992). Averaging of the dynamic coefficient is done in the homogeneous directions
and the coefficient is clipped to positive values. The SGS kinetic energy, KSGS, is not
modeled and is lumped into the pressure term in equation (2.1).

In all LES calculations where test-filtered quantities are needed for the dynamic proce-
dures, a sharp spectral cutoff filter at a filter width ∆̂ = 2∆ is used in the homogeneous
directions.

4.3. SGS scalar flux models

The EASSFM, equation (3.9), is used as the SGS scalar flux model. The model coefficient
c1θ is computed using model (3.20) with the correction introduced in (3.21) and c′1θ = 0.2.
The dynamic model coefficient c4θ is computed using (3.24), cΩ = 0.5 and cs = 0.2.

The performance of the EASSFM is compared to that of the DEDM where the SGS
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Acronym Subgrid stress model subgrid scalar flux model

EA–EA EASSM EASSFM

ED–EA EASSM DEDM

ED–EV DEVM DEDM

EASSM Explicit algebraic subgrid stress model
EASSFM Explicit algebraic subgrid scalar flux model
DEDM Dynamic eddy diffusivity model
DEVM Dynamic eddy vicosity model

Table 1. List of acronyms used in the paper.

scalar flux vector is modeled to be proportional to the resolved scalar gradient

qi = −ν
SGS(∆)

PrSGS

∂θ̃

∂xi
, νSGS(∆) = cev∆

2|S̃ij |, (4.7)

where the SGS Prandtl number, PrSGS, has to be given a priori or computed dynamically.
We use the procedure proposed by Moin et al. (1991) to compute PrSGS dynamically using
the Germano identity

PrSGS = −MiθMiθ

MiθLiθ
, (4.8)

where

Miθ = νSGS(2∆)
∂
̂̃
θ

∂xi
−

̂
νSGS(∆)

∂θ̃

∂xi
, Liθ = Qi − q̂i, (4.9)

.̂ denotes a test-filtered quantity with a filter width 2∆ and Qi is the subtest-filter scalar
flux. Here we have used a least-square method to determine PrSGS which is slightly
different from the approach by Moin et al. (1991). The dynamic coefficient cev for the
computation of the SGS viscosity, νSGS, is computed using the Germano identity. The test
filter is a sharp spectral filter. Averaging of cev and PrSGS in the homogeneous directions
and clipping to positive values are used to stabilize the simulations.

4.4. Combination of SGS stress and scalar flux models

In the simulations that are presented in this paper, the EASSFM is used only in com-
bination with the EASSM. This is due to the fact that it uses the SGS stresses in its
formulation, therefore, a good description of the SGS stresses is necessary for this model.
The combined EASSFM and EASSM is henceforth called the EA–EA model. The DEDM
is used in combination with the EASSM, henceforth called the ED–EA model. This is a
good choice for comparison with the EA–EA model, since the velocity field is the same
for the two SGS scalar flux models and the two model performances can be compared
directly. The DEDM is also used in combination with the DEVM, henceforth called the
ED–EV model. The combination of the DEDM and the DEVM is used for further com-
parison since they are based on similar concepts and are used together in practice. Table 1
summarizes the acronyms used throughout this paper.
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Case SGS model Reτ Nx×Ny×Nz ∆x+
∆y+

∆z+
Nusselt number

min ∼ max Pr =0.71 Pr =1.5

1
EA–EA

586 96×97×96 38.3 0.31∼19.2 19.2
8.63 14.00

ED–EA 8.45 13.65

2
EA–EA

592 64×65×64 58.1 0.71∼28.9 29.0
8.53 13.69

ED–EA 8.27 13.23

3
EA–EA

591 32×65×32 116.0 0.70∼28.7 58.0
8.82 13.24

ED–EA 7.97 12.28

4
EA–EA

588 24×65×24 153.8 0.71∼28.8 76.9
9.23 13.45

ED–EA 7.87 11.96

5

ED–EV

581 96×97×96 38.0 0.31∼19.0 19.0 8.65 14.11
6 570 64×65×64 56.0 0.68∼27.8 28.0 8.23 13.53
7 537 32×65×32 105.4 0.64∼26.1 52.7 7.41 11.82
8 517 24×65×24 135.4 0.62∼25.3 67.7 6.92 10.88

9 – 590 384×257×384 9.6 0.04∼7.2 4.8 8.76 14.34

Table 2. Summary of simulations for non-rotating turbulent channel flow. See table 1 for a list
of acronyms. Nx and Nz are the number of Fourier modes in streamwise and spanwise directions,
respectively, excluding the de-aliasing modes. Ny denotes the number of Chebyshev polynomials
in the wall–normal direction

.

5. Simulations of scalar transport in non-rotating channel flow

Simulation parameters for the LESs of non-rotating turbulent channel flows are given in
table 2. LESs are carried out using a constant mass flux constraint with a bulk Reynolds
number corresponding to that of a DNS at a friction Reynolds number Reτ = 590, based
on wall shear velocity, uτ , and channel half height, δ. Two Prandtl numbers are used,
namely Pr = 0.71 and 1.5. In order to verify the LES results, a DNS at Reτ = 590 is
carried out for these Prandtl numbers. The DNS parameters are also given in table 2
(case 9), which are similar to the DNS of Moser et al. (1999) without scalar transport. In
all simulations, both DNS and LES, the computational domain size in the streamwise and
spanwise directions are Lx = 2πδ and Lz = πδ, respectively, where δ is the channel half
height, see figure 4. To investigate the filter-scale dependence of the predicted Nusselt
number, LESs are carried out at different resolutions.

5.1. Mean velocity and Reynolds stresses

Figures 5(a)-(b) show LES and DNS results of the mean velocity profile and the Reynolds
stresses predicted by the EASSM and the DEVM corresponding to cases 2 and 6 (LES)
and case 9 (DNS). To make a fair comparison between LES results and DNS data,
Winckelmans et al. (2002) suggest to add the contribution from the modeled part to
the resolved statistics. However, it is not possible to do this for the Reynolds stresses
for the DEVM, since the modeled SGS kinetic energy is lumped in the pressure term in
the Navier–Stokes equations, see equation (4.6), and therefore the modeled part is not
added to the resolved one. However, for the EASSM, the modeled part is available and is
added to the resolved stresses. Since in the DEVM only the resolved normal stresses are
available while in the EASSM both the resolved and SGS normal stresses are available, a
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Figure 4. Schematic of the flow domain.

direct quantitative comparison between their predictions for the total Reynolds stresses
is not appropriate.

Figure 5(a) shows a good agreement between LES and DNS results for the mean
velocity profile. There is a slight over-prediction by the DEVM in the mean velocity
profile in the logarithmic region indicating that the wall shear stress is under-predicted.
The EASSM prediction is close to the DNS profile, showing that the model correctly
predicts the wall shear stress. This can also be verified by looking at the Reτ predictions
of the two models in table 2, which indicates that the DEVM under-predicts the wall
shear stress by 6.7 percent whereas the EASSM prediction is accurate.

At this resolution, the EASSM predicts the streamwise, Ruu, the wall-normal, Rvv,
and the spanwise, Rww, Reynolds stresses in good agreement with the DNS data. A
direct comparison between the DEVM and the EASSM for the Reynolds stresses cannot
be performed due to the reasons already discussed. However, it is worth mentioning that
the resolved streamwise Reynolds stress predicted by the DEVM is close to the total Ruu
predicted by the DNS. This implies that the total streamwise Reynolds stress would be
over-predicted by the DEVM, depending on the magnitude of the unknown SGS stress.

LES results at other resolutions are not presented here. In Rasam et al. (2011a,b), we
showed that the EASSM gives good predictions at much coarser resolutions and higher
Reτ whereas the DEVM gives poor predictions at coarser resolutions implying that it
forms a poor basis for scalar and mass transport predictions.

5.2. Mean and root-mean-square profiles of the scalar

The mean scalar profiles are shown in figure 6(a) for Prandtl numbers Pr = 0.71 and 1.5,
where DNS (case 9) and LES (cases 2 and 6) results are compared. The scalar profiles
show a linear trend as 〈θ〉+ = Pr y+ for y+ < 5.0, corresponding to the diffusive sublayer,
and have a logarithmic behavior for y+Pr >30–50 (Bradshaw & Huang 1995) which can
be described as (Kader & Yaglom 1972)

〈θ〉+ =
1

κT
ln y+ +BT , (5.1)

where κT is the von Kárman constant for the passive scalar. The corresponding value that
best fits the DNS data is κT ≈ 0.40 which is higher than κT ≈ 0.33 reported by Johansson
& Wikström (1999) for scalar transport in a channel similar to the one used here but
at a lower Reynolds number (Reτ = 265). The value of the BT coefficient depends on
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Figure 6. (a): Mean temperature, 〈θ〉+, and (b): root-mean-square of the temperature, θ+rms,

normalized with ν

Pruτ
| ∂〈θ〉
∂y
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〈θ〉+ = Pr y+ and the logarithmic law 〈θ〉+ = 1
κT

ln y+ +BT ; thin solid lines in figure (b), linear

profile of y+. θ+rms profiles for Pr = 1.5 are shifted in the ordinate direction by one wall unit for
clarity of the plot.

the Prandtl number and its values for the best fit to the DNS data are BT = 2.4 and
9.3 for Pr = 0.71 and 1.5, respectively. Evidently, the near-wall conduction-dominated
region decreases, as the Prandtl number increases, resulting in faster mixing which clearly
sharpens the near-wall gradient of the scalar.

The root-mean-square (RMS) profiles of the scalar are shown in figure 6(b), where
the predictions at the two Prandtl numbers are separated by a shift in the ordinate
direction. It can be seen from the DNS predictions that as the Prandtl number increases,
the near-wall peak moves closer to the wall and the RMS increases indicating an increase
in the scalar fluctuations. The RMS profiles also show a linear scaling with y+ in the
near-wall region, see also Kawamura et al. (1998). The RMS profile has two peaks. The
near-wall peak is the location of the maximum production of scalar intensity. The peak
at the center of the channel is due to the fact that the hot and cold packets of fluid
that come from the walls collect around the centerline (Debusschere & Rutland 2004).
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Moreover, there is a nonzero production of scalar intensity at the center of the channel
due to the gradient in the mean scalar profile. The peak at the center does not appear
in channel flows with iso-flux boundary conditions leading to symmetric scalar profiles
and a minima in the RMS profile at the center of the channel.

All the LES models over-predict the mean scalar profile in comparison to the DNS
for the two Prandtl numbers. If we compare the EA–EA model predictions with those
of the ED–EA model, where both scalar flux models are used with the same SGS stress
model, the EA–EA model gives a better prediction for both Prandtl numbers. This is
a reasonable comparison, since it ensures that the same velocity field is used for the
passive scalar transport. The same comparison also holds for θrms, where the EA–EA
model performs better than the ED–EA model, see figure 6(b).

Another comparison is made between the EA–EA model and the ED–EV model where
different SGS stress models are used, therefore the velocity fields are differently predicted.
Both models give similar predictions for the mean scalar profile for Pr = 0.71, while the
ED–EV model gives better results for the mean scalar profile for Pr = 1.5. In both cases,
the slope of the mean scalar profile in the logarithmic region is better predicted by the
EA–EA model than the ED–EV model. The latter predicts a steeper mean scalar profile
than that of the DNS which shows that the molecular dissipation is over-predicted by
this model, while the other model predictions of the slope of the mean scalar profile are
closer to the DNS data. The two models predict the same trend as the DNS for θrms,
but the EA–EA model predictions are closer to the DNS at both Prandtl numbers. The
LES predictions also show a linear scaling with y+ in the near-wall region for all models.

5.3. Resolved scalar fluxes

The components of the mean turbulent scalar flux vector are shown in figures 7(a)-(d).
Once again, to make a better comparison between the LES and the DNS data, we have
added the modeled subgrid scalar fluxes to the resolved ones, similar to the Reynolds
stresses. At this resolution (cases 2 and 6), model predictions are similar and in good
agreement with the DNS data (case 9) for all models. The relatively small differences
between model predictions shows that most scales are well-resolved by the grid.

The increase in the near-wall mean scalar gradient with increasing Prandtl number
(see figure 6(a)) results in an increase in the production of the resolved scalar fluxes in
the near-wall region. This is consistent with the DNS data showing an increase in the
peak value of 〈u′θ′〉. The peak moves closer to the wall due to shrinking of the conduction
region with increasing Prandtl number. This behavior is also well represented by all SGS
models. It is noted that the EA–EA model prediction is more accurate with increasing
Prandtl number.

The wall-normal component of the scalar flux, 〈v′θ′〉, is also similar and well predicted
by all models, see figures 7(c)-(d). The DNS results show that 〈v′θ′〉+ approaches −1.0
faster with increasing Prandtl number. This indicates that the near-wall scalar transport
mechanism becomes more dominated by the turbulent scalar flux as the Prandtl number
increases.

5.4. SGS scalar fluxes

Figures 8(a)-(d) show the mean streamwise and wall-normal SGS scalar fluxes 〈q1〉 and
〈q2〉, respectively, for two Prandtl numbers obtained from LES (cases 2 and 6) and filtered
DNS data (case 9). As was pointed out in connection with figure 3(a), the production
term in the transport equation of q1 is much larger than that of q2, hence the former
is expected to be larger than the latter. The production of q1 is mainly due to the
interaction between SGS stresses and the resolved scalar gradient, see equation (3.2). In
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Figure 7. Resolved plus modeled turbulence scalar fluxes, normalized with ν

Pr |
∂〈θ〉
∂y
|wall, for

Prandtl numbers Pr = 0.71 and 1.5. (a)-(b): streamwise scalar flux, 〈u′θ′〉+, and (c)-(d): wal-

l-normal scalar flux, 〈v′θ′〉+. DNS data, solid line; EA–EA model, dashed line; ED–EA model,
dash-dotted line; ED–EV model, dotted line.

the DEDM formulation, this component of the SGS flux cannot be predicted. However,
the filtered DNS data shows a considerable streamwise SGS scalar flux close to the
wall, see figures 8(a)-(b). In general, this component is unpredictable by simple eddy
diffusivity-type models that enforce alignment of the SGS flux and the resolved scalar
gradient vectors. In contrast, the new model gives a good description of 〈q1〉 for the
two Prandtl numbers. This is directly related to the use of the SGS stress tensor in
its formulation. The DNS predictions show that the near-wall peak of 〈q1〉 increases
by a factor of two with increasing Prandtl number in the diffusive sublayer, which is
also predicted by the EASSFM. This is due to the fact that the near-wall scalar behaves
linearly with the wall distance as 〈θ〉+ = Pr y+. Therefore its wall-normal gradient scales
with Prandtl number in the diffusive sublayer. Hence, the increase in the production of
〈q1〉 scales roughly with the Prandtl number, see equation (3.2). Similar to the behavior
of 〈u′θ′〉, the peak of 〈q1〉 gets closer to the wall with increasing Prandtl number which
is well predicted by the EASSFM.

As is expected, 〈q2〉 is relatively small compared to 〈q1〉, see figures 8(c)-(d), which
makes it harder to predict. The EA–EA model over-predicts 〈q2〉, while the ED–EV and
ED–EA models under-predict it in some parts of the channel for both Prandtl numbers.
An under-prediction of 〈q2〉 by the DEDM leads to an under-prediction of the SGS scalar

dissipation (= −
〈
qi∂θ̃/∂xi

〉
) resulting in an increase in θrms. This is clearly seen in the



An explicit algebraic model for the subgrid-scale passive scalar flux 19

x01 x02 x03 x04 x05 x06
v01

v02

v03

v04

v05

v06

a)
Pr = 0.71

y/δ

〈q1〉+

x01 x02 x03 x04 x05 x06
v01

v02

v03

v04

v05

v06

b)
Pr = 1.5

y/δ

〈q1〉+

x01 x02 x03 x04 x05 x06

v01

v02

v03

v04

v05

v06
c)

Pr = 0.71

y/δ

〈q2〉+

x01 x02 x03 x04 x05 x06

v01

v02

v03

v04

v05

v06
d)

Pr = 1.5

y/δ

〈q2〉+

Figure 8. Mean SGS scalar fluxes, normalized with ν

Pr |
∂〈θ〉
∂y
|wall, for Prandtl numbers Pr = 0.71

and 1.5. (a)-(b): Streamwise component, 〈q1〉+. (c)-(d): Wall-normal component, 〈q2〉+. Filtered
DNS, solid line; EA–EA model, dashed line; ED–EA model, dash-dotted line; ED–EV model,
dotted line.

predictions of the near-wall peak of θrms by the DEDM in figure 6(b). Determination of
the source of the over-prediction of q2 by the EA–EA model is not easy as it can be related
to the prediction of the SGS stresses. Another point is the influence of q2 on the SGS
dissipation. Since the modeled SGS flux is not instantly aligned with the true SGS flux,
the SGS dissipation is under-predicted if q2 is close to or smaller than the DNS value.
Therefore, the over-prediction of q2 improves the overall performance of the SGS model.
Contrary to 〈q1〉, 〈q2〉 does not increase considerably with increasing Prandtl number in
the DNS, but its peak moves closer to the wall with increasing Prandtl number, similar
to the behavior of 〈v′θ′〉. The EASSFM predictions show a similar behavior as those of
the DNS.

5.5. Anisotropy of the SGS scalar dissipation

The properties of the SGS scalar dissipation are important for LES of scalar mixing. In
contrast to the SGS dissipation of kinetic energy, the anisotropy of the SGS dissipation of
scalar variance is known to persist down to very small filter scales, see Kang & Meneveau
(2001). Similar to Kang and Meneveau, we define the anisotropy measure

Iθ =
〈q1

∂θ̃
∂x 〉

〈q2
∂θ̃
∂y 〉

, (5.2)
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Figure 9. Anisotropy of the SGS scalar dissipation, Iθ, for Pr = 0.71. Filtered DNS, solid
line; EA–EA model, dashed line; ED–EA model, dash-dotted line; ED–EV model, dotted line.

which is equal to unity in case of isotropy. The anisotropy ratios Iθ resulting from LES
(cases 2 and 6) and filtered DNS (case 9) are shown in figure 9 for Pr = 0.71. The
predictions for Pr = 1.5 are similar and are not presented. The anisotropy plot from
the DNS has a peak close to the wall indicating that the streamwise component of

dissipation, 〈q1
∂θ̃
∂x 〉, is 40 percent larger than its wall-normal component, 〈q2

∂θ̃
∂y 〉. It also

drops rapidly closer to the wall showing that the streamwise component decreases faster
than the wall-normal one as the wall is approached. In the core region of the channel,
the contribution from the wall-normal component is larger with Iθ ≈ 0.6. Both ED–EA
and ED–EV models predict a too small anisotropy close to the wall, while the EA–EA
model provides for an improved description of the spatial variation of Iθ. Although it also
under-predicts Iθ near the wall, the improvements are appreciable and its predictions are
much closer to the DNS results than those of the other models.

5.6. Nusselt number

The accuracy of LES predictions of the Nusselt number is important in heat transfer
applications, since it determines the heat transfer to the surface from the fluid. Fig-
ures 10(a)-(b) show the predicted Nusselt numbers for LES divided by those of the DNS
for both Prandtl numbers for various resolutions (cases 1-8). It is desirable that LES
predictions follow those of the DNS for the prediction of the Nusselt number for various
Prandtl numbers even at coarse resolutions. But, as will be shown later, as the resolu-
tion decreases and the model contribution increases, errors due to model parametrization
grow. At coarser resolutions, the effect of anisotropic scales at the SGS level start to be-
come significant. Therefore, it is expected that simple models like the DEDM fail to give
good predictions at those resolutions, while models like the EASSFM that can represent
the SGS anisotropy properly perform better.

Indeed, the EA–EA model predictions show the least variation in the prediction of
the Nusselt number with changing resolution. Its predictions are also most accurate at
various resolutions. The ED–EV model shows the largest dependence on the resolution
which is partly due to the sensitivity of the DEVM to resolution in prediction of velocity
statistics. Its predictions are less accurate at coarser resolutions than the other models.
The predictions of the ED–EA model lie in between those of the other two models. The
predictions of the ED–EA model in comparison with the ED–EV model show that a
better prediction of the SGS stresses decreases the dependency of the scalar predictions
on the resolution. In conclusion, the new EA–EA model predictions are more reliable
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Figure 10. Variation of the Nusselt number of LES, NuLES, with respect to the corresponding
DNS value, NuDNS, for various resolutions. (a): Pr = 0.71; (b): Pr = 1.5. DNS, solid line;
EA–EA model, dashed line; ED–EA model, dash-dotted line; ED–EV model, dotted line.

in a wide range of grid resolutions, which is a desirable property of this model. The
smaller dependence of the accuracy of the EASSFM predictions of the Nusselt number
on the grid resolution in comparison with those of the DEDM is similar to the smaller
dependence of the accuracy of the EASSM predictions of the wall friction on the grid
resolution in comparison with those of the DEVM presented in Rasam et al. (2011a).

6. Model assessment using the SGS activity parameter

The main role of an SGS model is to properly remove energy from the resolved scales
(Meneveau 1994). Analysis of the energy extraction by the SGS model from the resolved
scales can be better understood by looking at the role of different terms in the governing

equation for the resolved scalar intensity, Kθ = θ̃
2
/2,(?) which can be written in non-

dimensional form as (Jiménez et al. 2001b)

∂Kθ

∂t
+ ũj

∂

∂xj
(Kθ)︸ ︷︷ ︸

advection

=
1

Pe

∂2Kθ

∂xj∂xj︸ ︷︷ ︸
molecular
diffusion

− 1

Pe

∂θ̃

∂xj

∂θ̃

∂xj︸ ︷︷ ︸
molecular
dissipation

− ∂

∂xj
(θ̃qj)︸ ︷︷ ︸

SGS
diffusion

+ qj
∂θ̃

∂xj︸ ︷︷ ︸
SGS

dissipation

, (6.1)

where Pe = RePr is the Péclet number. In this equation, the second term on the right-
hand side represents the molecular dissipation, εα, acting on the resolved scalar intensity,
while the last term is the SGS dissipation, εSGS

θ , which transfers energy to the subgrid
motions and acts as a source term in the corresponding equation for the SGS scalar
variance. The role of the diffusion term is a local transfer of Kθ, but it does not add or
remove energy in a volume-averaged sense. In order to further analyze the performance of
the new SGS model at various resolutions, we follow the approach by Geurts & Fröhlich
(2002). They introduced an SGS activity parameter, s, defined as

s =
〈εSGS

K 〉
〈εSGS

K 〉+ 〈εµ〉
, (6.2)

for assessment of the accuracy of LES predictions. In this relation, εSGS

K is the SGS
dissipation of the kinetic energy and εµ is the viscous dissipation. Therefore, the activity
parameter is the ratio between the SGS and total dissipation. In Rasam et al. (2011a),
we used the SGS activity parameter to compare the accuracy of different SGS models,
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Figure 11. Normalized error, δE , of the time-averaged resolved scalar intensity, Kθ, (integrated
over the whole channel) with respect to the corresponding filtered DNS value, plotted against the
SGS activity parameter, sθ, for various resolutions. (a): Pr = 0.71; (b): Pr = 1.5. EA–EA model,
dashed line; ED–EA model, dash-dotted line; ED–EV model, dotted line. sθ values computed
from DNS data are shown with plus symbols on the abscissa.

including the EASSM, in predicting the volume-averaged resolved kinetic energy

EK =
1

|Ω|

∫
Ω

1

2
ũiũi dx, (6.3)

where Ω denotes the domain size. We extend this approach and define the SGS activity
parameter sθ for the scalar field

sθ =
〈εSGS

θ 〉
〈εSGS

θ 〉+ 〈εα〉
, (6.4)

and evaluate the accuracy of LES predictions using the EASSFM for the prediction of
the volume-averaged scalar intensity

Eθ =
1

|Ω|

∫
Ω

Kθ dx. (6.5)

A small value of the SGS activity parameter, sθ or s, indicates a well-resolved LES with
the SGS model contribution going toward zero. As the resolution decreases, it is expected
that the SGS activity parameter increases indicating an increase in the SGS model con-
tribution. Therefore, a proper SGS model should have a higher SGS activity parameter
at coarser resolutions. Due to parametrization errors, any SGS model prediction will have
a larger error at coarser resolutions, but it is essential that when the resolution increases
the SGS activity parameter decreases and the error in its prediction also decreases when
more scales are resolved and the subgrid scales are better modeled.

The prediction error of the scalar intensity relative to the corresponding DNS value,
δE =|ELES

θ −EDNS
θ |/EDNS

θ , as a function of sθ is shown in figures 11(a)-(b) for two Prandtl
numbers and four resolutions. The SGS activity parameters computed from the filtered
DNS data are also shown in the figure for comparison. In comparison with the ED–EA
model, the EA–EA model has a larger activity parameter at all resolutions and yet it
has a smaller error in its predictions. Its SGS activity parameter is closer to the DNS
value at coarser resolutions compared to the other models. The prediction error of the
new model decreases monotonically as the resolution increases and the SGS activity goes
down. It is also clear that the new model is more accurate than the ED–EA model.
The behavior of the new model is desirable since it shows a monotonic behavior for δE
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and its predictions are relatively accurate. In contrast, the ED–EV model shows a non-
monotonic behavior. Its prediction is more accurate at moderate resolutions than the
other models but becomes less accurate at the finest resolution where the SGS activity is
smaller, showing that model errors grow although more scales are resolved. It also shows
a sudden increase of the prediction error at the coarsest resolution which is partly due
to errors stemming from the SGS stress model. Finally, it is worth mentioning that the
EASSFM’s behavior in predicting the resolved scalar intensity presented here is similar
to that of the EASSM in predicting the resolved kinetic energy reported in Rasam et al.
(2011a).

7. Simulations of scalar transport in channel flow with wall-normal
rotation

We carry out LESs and DNSs of scalar transport in turbulent channel flow in a rotating
frame of reference. The friction Reynolds number Reτ = uτδ/ν, based on the correspond-
ing non-rotating channel flow, is 180. The rotation vector is in the wall-normal direction
and the simulations are carried out at two rotation rates, Roτ = 2Ωyδ/uτ = 0.018 and
0.054. The DNSs are similar to those reported by Mehdizadeh & Oberlack (2010), where
they have investigated this flow case in detail for laminar and turbulent channel flow.
They showed that rotation creates an Ekman-like phenomenon and deflects the mean
velocity toward the spanwise direction. We extend their DNSs with passive scalar trans-
port. The scalar considered is temperature. The channel walls are kept at constant but
different temperatures and the simulations are carried out at Pr = 0.71. Details of the
simulation parameters are given in table 3. In all simulations, both DNS and LES, the
computational domain size in the streamwise and spanwise directions are Lx = 4πδ and
Lz = 6πδ, respectively, where δ is the channel half height, see figure 12. This flow is
particularly challenging for LES, since the Coriolis force creates a shear-induced mass
flux and consequently a scalar transport in the spanwise direction. This is true even for
small rotation rates (Wu & Kasagi 2004). Due to this effect, all the resolved and SGS
stresses and scalar fluxes become nonzero. The only investigation of scalar transport in
the case of channel flow with wall-normal rotation is carried out by Li et al. (2006), who
have performed DNSs of channel flow at Reτ = 194 with Pr = 1.0 for rotation numbers
between 0.0 and 0.1. As was pointed out by Mehdizadeh & Oberlack (2010), at suffi-
ciently high rotation rates a quasi-laminar state develops. In the simulations presented
here, the rotation rates are small and the flow is fully turbulent.

7.1. Near-wall turbulent structures

The rotational effects on the flow physics can be illustrated by flow visualizations. Fig-
ures 13(a)-(l) demonstrate snapshots of the instantaneous streamwise and spanwise veloc-
ities as well as scalar fluctuations at a near-wall plane at y+ ≈ 15. Figures in the second
and first rows compare DNS results from the rotating turbulent channel flow at rotation
number Roτ = 0.054 (case 6 in table 3) with that of the corresponding non-rotating
turbulent channel flow with identical resolutions, respectively. In the non-rotating case,
the streamwise velocity fluctuations u′ show streaky structures indicating low- and high-
speed streaks aligned with the mean flow which are typical characteristics of wall-bounded
flows, see figure 13(a). The scalar fluctuations θ′ also depict streaky structures similar
to those of u′, see figure 13(i), since the scalar fluctuations are passively advected by the
flow, showing that the mixing of the scalar in the near-wall region is strongly connected
with the flow dynamics. Abe & Antonia (2009) showed that in a non-rotating channel
flow the strongest similarity between u′ and θ′ is found near the location corresponding
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Figure 12. Schematic of the flow domain for the channel flow with wall-normal rotation.

Case SGS model Roτ Reb Nx×Ny×Nz ∆x+
∆y+

∆z+
Nusselt

min ∼ max number

1
EA–EA

0.018 5405.8
48×49×96 47.12 0.38∼11.8 35.3

2.89
ED–EA 2.71

2
EA–EA

0.054 4497.3
2.48

ED–EA 2.33

3
ED–EV

0.018 5730.0
48×49×96 47.12 0.38∼11.8 35.3

2.75
4 0.054 4655.0 2.35

5
–

0.018 5487.6
128×129×384 17.67 0.054∼4.42 8.83

3.00
6 0.054 4596.1 2.59

Table 3. Summary of simulations of turbulent channel flow with wall-normal rotation. See ta-
ble 1 for the list of acronyms. Reb = ubδ/ν is the bulk Reynolds number, where ub =

√
u2
bx + u2

bz
is the effective mean bulk velocity. ubx and ubz are the streamwise and spanwise mean bulk ve-
locities, respectively.

to the centroid of the momentum streaks (y+ ≈ 7), below which the similarity is weaker.
The spanwise velocity fluctuations w′ do not show the same characteristics as u′ and
θ′ and only spots of high- and low-intensity fluctuations are observed, see figure 13(e),
which are due to the splatting effect (Moin & Kim 1982).

As rotation is introduced, flow structures become tilted in the spanwise direction,
due to the Coriolis force. The streamwise velocity fluctuations become less intense but
the streaky structures become more elongated, see figure 13(b). The streak spacing also
increases by the introduction of the rotation, see Li et al. (2006). The spanwise velocity
and the scalar fluctuations also show streaky structures in the rotating flow case which
are tilted in the same direction as those of the streamwise fluctuations, see figures 13(f)
and (j). The scalar fluctuations increase but it is clear from the figure that the rotation
decreases the total heat transfer, see figure 13(j). The degree of the inclination of the
streaky structures of the velocity and scalar fluctuations in the near-wall region depends
on the magnitude of the rotation rate (Li et al. 2006).
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Figure 13. Horizontal snapshots of (a)-(d): streamwise velocity fluctuations u′+; (e)-(h): span-
wise velocity fluctuations w′+; (i)-(l): scalar fluctuations θ′+ in wall units at y+ ≈ 15. First and
second rows are the DNS results of the non-rotating and rotating channel (Roτ = 0.054), respec-
tively. Third and fourth rows are LES results of the EA–EA and ED–EV models, respectively.
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Figure 14. (a): Mean streamwise (left half) and spanwise (right half) velocity profiles normal-
ized with the friction velocity. (b): Angle of the mean velocity vector relative to the streamwise
direction, α, as a function of the distance from the wall for Roτ = 0.018 (left figure) and
Roτ = 0.054 (right figure). Arrows point in the direction of increasing rotation rate. DNS, solid
line; EASSM, dashed line; DEVM, dotted line.

The third and fourth rows of the figures show LES predictions. The streak spacing
which can be deduced approximately from the LES predictions in these figures are ap-
parently larger than those from the DNS. This fact has been pointed out earlier, see
e.g. Rasam et al. (2011a), which can also be statistically proven by comparing the two-
point correlation data from LES and those of the DNS. The streaky structures in the
spanwise velocity fluctuation are similar to those of the streamwise velocity fluctuations
in both DNS and LES predictions, although in the LES, the structures tend to be both
wider and more elongated than in the DNS. The larger streak spacing in LES indi-
cates insufficient resolution to properly represent the streaks and the longer correlations
observed from the longer structures can be attributed to the fact that the SGS contribu-
tion from the models is too statistically coherent and lacks stochastic contributions. The
EASSM and the DEVM predictions are similar in that respect, although the structures
predicted by the DEVM appear to be slightly shorter than those of the EASSM. The
scalar fluctuations predicted by the LES are less intermittent than the DNS which can
be attributed to the same reasons as mentioned for the velocity fluctuations and both
model predictions of the near-wall structures are similar.

7.2. Mean velocity and turbulent kinetic energy profiles

Rotational effects enter the Navier–Stokes equations through the Coriolis force, see equa-
tion (2.1). In the spanwise velocity equation, the force is a source term, i.e. 2Ωũ1, and
increases the spanwise velocity, while it appears as a sink term in the streamwise velocity
equation, i.e. −2Ωũ3. Therefore, wall-normal rotation tilts the mean velocity toward the
spanwise direction. Figure 14(a) shows the mean velocity profiles, normalized with the
friction velocity, and compares the EASSM and the DEVM predictions with the DNS
data. It shows that the mean streamwise velocity decreases with increasing rotation,
while the spanwise velocity increases. The velocity profiles in both directions become
flatter at the core of the channel as the rotation increases. The tilting angle of the mean
velocity relative to the streamwise direction increases with increasing rotation rate, see
figure 14(b).

At the higher rotation rate (Roτ = 0.054), the bulk velocity in the streamwise di-
rection is reduced substantially and the two SGS model predictions are similar for the
streamwise velocity profile. At the lower rotation rate (Roτ = 0.018) though, the EASSM
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Figure 15. Resolved (thick lines) and SGS (thin lines) kinetic energy in wall units for
Roτ = 0.018 (left half) and Roτ = 0.054 (right half). Filtered DNS, solid line; EASSM, dashed
line; DEVM, dotted line. Arrow points in the direction of increasing rotation.

predicts the mean streamwise velocity profile better than the DEVM, see figure 14(a).
The spanwise velocity profiles are over-predicted by the DEVM at both rotation rates,
while the EASSM predictions are in good agreement with the DNS data. The better
predictions of the EASSM for the mean velocities lead to a better prediction of the mean
velocity inclination, while the DEVM over-predicts it and its prediction becomes worse
with increasing rotation rate, see figure 14(b).

The resolved and SGS kinetic energies are shown in figure 15. The EASSM predictions
of the resolved kinetic energy are in good agreement with the filtered DNS data at both
rotation rates, while the DEVM over-predicts the resolved kinetic energy. The SGS kinetic
energy is also satisfactorily predicted by the EASSM, while the DEVM contribution is
lumped in the pressure term and is unknown. The percentages of the unresolved turbulent
kinetic energy of the total kinetic energy are 18.6 and 15.0 percent for the low and high
rotation rates, respectively. This resolution is a moderate resolution for LES. Coarser
resolutions can be used for this type of simulations with the EASSM with satisfactory
results. Rasam et al. (2011a) used coarser resolutions with the EASSM, where the SGS
kinetic energy was up to 30 percent of the total kinetic energy and showed that the model
performance is satisfactory, but the DEVM performance was poor at such resolutions.
The reason to choose this resolution is to better resolve the velocity statistics so that
model performances for the scalar predictions can be better interpreted.

7.3. Mean and root-mean-square profiles of the scalar

Rotational effects do not appear directly in the governing equations of the passive scalar
but they affect the scalar dynamics through their influences on the velocity. Similar to
the non-rotating cases, the mean scalar profile follows a logarithmic behavior in the
outer region according to equation (5.1) and a linear one in the diffusive sublayer, see
figure 16(a). The slope of the logarithmic line increases with increasing rotation rate,
see also Li et al. (2006). The values for the von Kárman constant and the BT coefficient
fitting the DNS data for Roτ = 0.018 are κT ≈ 0.26 and BT = −1.63 and for Roτ = 0.054
the corresponding values are κT ≈ 0.21 and BT = −3.48.

The EA–EA model predicts the mean scalar profile better than both the ED–EA
and ED–EV models for the higher rotation rate, see figure 16(a), while its prediction is
comparable to that of the ED–EV model at the lower rotation rate.

The RMS profiles of the scalar are shown in figure 16(b). As the rotation rate increases,
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Figure 16. a): Mean scalar and b): root-mean-square of scalar in wall units for two rota-
tion rates. DNS, solid line; EA–EA model, dashed line; ED–EA model, dash dotted line,
ED–EV model, dotted line; thin solid lines, linear profile 〈θ〉+ = Pr y+ and the logarithmic

law 〈θ〉+ = 1
κT

ln y+ + BT . The mean and the RMS profiles at Roτ = 0.054 are shifted in the

ordinate direction by 5 and 2 wall units, respectively, for clarity of the plots.

the location of the near-wall peak moves away from the wall and its magnitude also
increases. Li et al. (2006) showed that the RMS profile for the scalar goes linearly to zero
with y+, independent of the rotation rate, which is also shown in figure 16(b).

The new model predictions are in better agreement with the DNS data than the DEDM
at both rotation rates. The ED–EA model largely over-predicts the near-wall peak in the
RMS profile. The ED–EV model gives better predictions than the ED–EA model for the
latter case but the EA–EA model predictions are closer to the DNS data.

7.4. Mean resolved scalar fluxes and their budget

To clarify the rotational effects on the scalar fluxes, it is useful to discuss the budget of
the transport equations of the mean resolved scalar fluxes in a rotating frame of reference

0 = Piθ +Diθ + Πiθ + εiθ + εSGS

iθ +Riθ, (7.1)

where Piθ is the production,

Piθ = −
〈
u′iu
′
j

〉 ∂〈θ̃〉
∂xj

−
〈
u′jθ
′〉 ∂ 〈ũi〉

∂xj
. (7.2)

Diθ is the sum of the mean molecular and turbulent diffusion, Πiθ is the mean pres-
sure scalar-gradient correlation, εiθ is the mean molecular dissipation, εSGS

iθ is the SGS
dissipation and Riθ is the production due to the imposed system rotation, i.e.

Riθ = −2Ωkεikj
〈
u′jθ
′〉 , (7.3)

Πiθ =
1

ρ

〈
p′
∂θ′

∂xi

〉
, (7.4)

εiθ = −
(
ν +

ν

Pr

)〈 ∂u′i
∂xj

∂θ′

∂xj

〉
, (7.5)

εSGS

iθ =

〈
q′j
∂u′i
∂xj

〉
+

〈
τ ′ij

∂θ′

∂xj

〉
, (7.6)
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−
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−
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,
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Figure 17. Budget terms of the mean resolved scalar fluxes, 〈u′iθ′〉
+

, in streamwise (a), span-
wise (b) and wall-normal (c) directions, in wall units. : Piθ, : Πiθ, ∗ : Riθ, · : εSGS

iθ ,
5 : εiθ, · · · : Diθ. Blue and red lines correspond to case 5 (Roτ = 0.018) and case 6

(Roτ = 0.054), respectively.

where primed quantities are the resolved fluctuations.
Budgets of the resolved scalar fluxes computed from DNS data of cases 5 and 6 are

shown in figures 17(a)-(c). The DNS data are filtered to the LES resolution of cases 1-4.
The resolved plus modeled scalar fluxes for the LES and DNS predictions corresponding
to cases 1-6 are shown in figures 18(a)-(c).

The production of the streamwise scalar flux, 〈u′θ′〉, depends on 〈u′v′〉 and the mean
streamwise velocity gradient, i.e. P1θ = −〈u′v′〉 ∂∂y 〈θ̃〉 − 〈v

′θ′〉 ∂∂y 〈ũ〉, see equation (7.2).

Rotation reduces the streamwise velocity gradient and consequently reduces 〈u′v′〉. There-
fore, a reduction of the production of 〈u′θ′〉 with increasing rotation is expected, see
figure 17(a). The reduced production decreases 〈u′θ′〉, which can indeed be seen in fig-
ure 18(a). The spanwise flux, 〈w′θ′〉, and its budget terms are zero in a non-rotating
channel flow. However, rotation induces a spanwise velocity gradient and creates 〈v′w′〉.
Therefore, it produces 〈w′θ′〉, since P3θ = −〈v′w′〉 ∂∂y 〈θ̃〉− 〈v

′θ′〉 ∂∂y 〈w̃〉, see figure 17(b).

Rotation also affects the production of scalar fluxes through Riθ, see equation (7.3). Since
the rotation numbers used here are small, the contribution of this term to the resolved
scalar flux production is negligible, see figures 17(a)-(c). Πiθ gives a positive contribution
in the budgets, both for the streamwise and spanwise scalar fluxes. Rotation decreases
Π1θ but it increases Π3θ. The SGS dissipation, εSGS

iθ , in the streamwise and spanwise di-
rections is almost equal to the molecular dissipation, εiθ, above the buffer layer, while it
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Figure 18. a): Resolved plus modeled streamwise 〈u′θ′〉+ scalar flux in wall units for
Roτ = 0.018 (left half) and Roτ = 0.054 (right half). b): Resolved plus modeled spanwise

〈w′θ′〉+ scalar fluxes in wall units for two rotation rates. c): Resolved plus modeled wall-normal

scalar flux, 〈v′θ′〉+, in wall units for Roτ = 0.018 (left half) and Roτ = 0.054 (right half). DNS,
solid line; EA–EA model, dashed line; ED–EA model, dash-dotted line; ED–EV model, dotted
line. Arrows point in the direction of increasing rotation.

is negligible in comparison to εiθ in the buffer layer. The streamwise components of εSGS

iθ

and εiθ both decrease with increasing rotation, while their spanwise component increases
with increasing rotation.

Both P2θ and Π2θ decrease with increasing rotation rate, see figure 17(c). The produc-
tion term, P2θ = −〈v′v′〉 ∂∂y 〈θ̃〉, declines with increasing rotation, due to the reduction

of 〈v′v′〉. Therefore, 〈v′θ′〉 decreases with increasing rotation rate, although its change is
much less than that of the other components, see figure 18(c). The change of ε2θ with
rotation is small whereas εSGS

2θ decreases with increasing rotation.

The predictions of the ED–EV model for 〈u′θ′〉 are comparable to those of the EA–EA
model, while the ED–EA model gives a large over-prediction of this component. The
EA–EA model predicts the 〈v′θ′〉 flux slightly better than the other models close to the
wall, see figure 18(c). The EA–EA model predicts 〈w′θ′〉 better than the ED–EA and
ED–EV models, especially at the higher rotation rate, see figure 18(b). The ED–EA and
ED–EV models show a much larger over-prediction at the higher rotation rate, although
the DEDM does not predict any SGS scalar flux in that direction, while the EASSFM’s
prediction has been added to the resolved one.
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Figure 19. a) streamwise and b) spanwise SGS scalar fluxes in wall units for two rotation rates.
c) wall-normal SGS scalar flux in wall units for Roτ = 0.018 (left half) and Roτ = 0.054 (right
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model, dotted line. Arrows point in the direction of increasing rotation.

7.5. SGS scalar fluxes

SGS scalar fluxes are shown in figures 19(a)-(c). Similar to the resolved scalar fluxes,
rotation induces an SGS scalar flux in the spanwise direction, 〈q3〉, whereas it decreases
the streamwise SGS flux, 〈q1〉. The increase of 〈q3〉 and the decrease of 〈q1〉 are due to
the changes in their production, see equation (3.2). Hence, the effect of the rotation on
the SGS fluxes is similar to its effect on the resolved fluxes.

Since the DEDM assumes an alignment between the SGS flux vector and the resolved
scalar-gradient vector, it predicts zero streamwise and spanwise SGS scalar fluxes. The
ED–EA model fails to predict the near-wall peak of the wall-normal SGS scalar flux 〈q2〉
at both rotation rates. The ED–EV model under-predicts the near-wall peak of 〈q2〉 in
both cases but its predictions are better than those of the ED–EA model. However, as the
rotation rate increases, its prediction approaches that of the ED–EA model. The under-
prediction of 〈q2〉 by the DEDM leads to a low SGS dissipation value. The predictions
by the DEDM are similar for both rotation rates.

In contrast, the new EA–EA model predicts the streamwise and spanwise SGS fluxes
in good agreement with the DNS. It can predict the decrease in 〈q1〉 and the increase in
〈q3〉 due to rotation correctly. The new model over-predicts the wall-normal SGS flux,
but it can capture the trend and the near-wall peak of this component.
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8. Conclusions

A new explicit algebraic subgrid scalar flux model (EASSFM) is proposed based on a
modeled transport equation for the subgrid scalar flux. The new model is based on the
same kind of methodology that leads to the explicit algebraic scalar flux model (EASFM)
for the Reynolds averaged flux by Wikström et al. (2000). Our paper is a continuation
of the work of Marstorp et al. (2009) who derived an explicit algebraic subgrid stress
model (EASSM). The formulation of the new model is such that its prediction of the
subgrid-scale (SGS) scalar flux vector is not necessarily aligned with the resolved scalar
gradient vector. It uses the SGS stress tensor in its formulation which is in agreement
with the recent findings of Chumakov (2008) where it has been pointed out that the
direction of the SGS scalar flux vector is connected to the eigenvalues and eigenvectors
of the SGS stress tensor. Since the new model includes the rotation-rate tensor in its
formulation, it accounts for rotational effects at the SGS level in a natural way.

The performance of the new model was tested in non-rotating and wall-normal rotating
turbulent channel flows at friction Reynolds numbers Reτ = 590 and 180, respectively.
In both cases, the new model provided for a realistic description of the individual SGS
scalar fluxes. In the case of the non-rotating channel flow, the new model was able to
satisfactorily reproduce the streamwise SGS scalar flux while the dynamic eddy diffusivity
model (DEDM) failed to predict it. This advantage of the new model was more prominent
in the case of the channel flow with wall-normal rotation where it predicted both the
streamwise and the spanwise SGS fluxes in good agreement with the filtered DNS data
while the DEDM predicted zero fluxes in those directions.

In the non-rotating channel flow, when the DEDM was used with the EASSM, it
was found that, in comparison to this model, the new model predicted the mean scalar
profiles and the resolved scalar fluxes better. When the DEDM was used with the dynamic
eddy viscosity model (DEVM) for the SGS stresses, it was found that its predictions and
those of the new model were comparable for the resolved quantities. However, the DEVM
under-predicted the wall shear stress in comparison with the DNS and the EASSM. In
the rotating flow cases, the new model improved the prediction of the mean scalar profile
and the resolved scalar fluxes, especially in the spanwise direction. The improvements
were more pronounced at the higher rotation rate.

The performance of the new model for the prediction of wall heat transfer was also
tested at various resolutions. The model predictions were much closer to the DNS at
various resolutions in comparison with the DEDM. Its predictions were also much less
resolution dependent, which is consistent with our previous results (Rasam et al. 2011a,b)
for the prediction of the wall friction using the EASSM in comparison with the DEVM.

The SGS activity parameter proposed by Geurts & Fröhlich (2002) for assessment of
SGS stress models was extended to the SGS scalar flux modeling. This parameter is the
ratio between SGS and total dissipation of kinetic energy or scalar intensity. Therefore, it
shows the relative contribution of SGS models to the total energy dissipation. Using this
approach, the new model predictions were satisfactory. It provides for a smaller activity at
fine resolutions, while the error in its predictions of the resolved scalar intensity becomes
smaller which is a good characteristic for an LES model.

Similar to the analysis by Kang & Meneveau (2001), we analyzed the anisotropy of
the SGS scalar dissipation for the non-rotating channel flow simulations. We found that
the new model improves the prediction of anisotropy with respect to the DEDM, which
is a consequence of the better formulation of the model in representing the SGS scalar
fluxes.

A preliminary analysis of the relative computational cost of the explicit algebraic mod-
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els shows that the EASSM requires around five percent additional computational cost in
comparison with the DEVM. In the LESs presented in this paper we used the EASSFM
with the EASSM which enabled us to make use of the quantities that are already com-
puted in the EASSM, e.g. the SGS time scale. This is another reason to use the two
explicit algebraic SGS models together. The additional computational cost of the EA–
EA model in comparison with the EV-ED model is around ten percent. However, the
additional computational cost and complexity of the EA–EA model are balanced by the
more appealing performance of the new model at coarse resolutions relative to the con-
ventional ED–EV model. Finally, although the current study demonstrates the potentials
of the explicit algebraic model for LES predictions, LESs of more complex flows have to
be carried out to fully validate the new model.
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