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Abstract

Bell's theorem is an important milestone in the development of quantum mechanics.
It draws a line between concepts such as realism and locality on the one hand and
quantum mechanics on the other. Experimentally veri�ed violations of Bell inequalities
can yield important information about what assumptions can be made about physical
reality. Experiments have been conducted for over 40 years, but have left loopholes open
in their executions. It is of great interest to close these loopholes, and in order to do
so, further experiments are needed. The objective of this project is to investigate the
underlying, previous work in the �eld and to formulate a proposal for a new experiment.
To do this, the derivations of the original Bell inequality and the CHSH inequality are
presented along with previously conducted experiments. Also presented is the EPR
paradox from which sprung the original Bell inequality.
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Chapter 1

Introduction

Quantum mechanics has been a highly active �eld of research ever since its beginning in
the early 1900s, and continues to intrigue people around the world. On many occasions,
quantum mechanics has produced unintuitive results, for example showing that particles
can have properties that are not de�nite until those properties are measured in some
way, and that performing those same measurements again can produce di�erent results
if something else has been measured in the meantime. [1]

The uncertain and probabilistic nature of quantum mechanics was not accepted by ev-
eryone in the scienti�c community at the time, with Albert Einstein on several occa-
sions making his famous remarks about God not playing dice. Hidden variable theories
were proposed to bring determinism back into quantum mechanics, but John Bell's work
showed that this was not a catch-all solution. [2] [3]

�A deterministic [hidden variable] theory, which acknowledges the separability principle
must satisfy [a Bell inequality]. The predictions of quantum mechanics, on the other
hand, violate such an inequality�

�Bell's theorem as formulated by Auletta et al. (edited for readability) [2, p. 589]

In this report, we have several aims: to explain the reasoning behind Einstein and other's
opposition of the quantum mechanical description of the world; to show the derivation of
Bell's inequalities and theorem and what they mean for quantum mechanics; to present
examples of experiments that have been conducted to con�rm the validity of Bell's re-
sults; and to present our suggestions on how experiments may be improved.

Chapter 2 covers the background of quantum mechanics, the EPR argument, and Bell's
theorem (complete with derivation). Chapter 3 concerns the CHSH inequality, and the ex-
periments which could prove or disprove local realism. We have summarized our thoughts
and conclusions in chapter 4. In chapter 5 we have written shortly about the material
used for this report, with comments about the relevant parts. Appendix A contains a
glossary of quantum mechanical terminology, which might be of use.
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Chapter 2

Background

2.1 The Copenhagen Interpretation

There are many interpretations of what quantum mechanics means, and how it describes
nature. The second most common interpretation is the many worlds interpretation. Its
proponents argue that everything that can happen has or will do so in an in�nitely
branching tree of multiple universes, where every possible occurrence creates a new uni-
verse where it did occur. The most commonly taught and accepted interpretation is the
Copenhagen interpretation, which followed from the work done by the likes of Albert
Einstein, Max Planck, Niels Bohr, Werner Heisenberg, Paul Dirac, and many others over
several years in the early 20th century. [4] To give some context to all this, we will now
provide a brief history of early 20th century physics.

Max Planck averted the �ultraviolet catastrophe� in 1900, when he discovered Planck's
law for black body radiation, and the accompanying Planck's constant, h. His discovery
also introduced the notion that the universe is not as continuous as one might intuitively
think. This was something that Albert Einstein took to heart as he explained the photo-
electric e�ect and proposed that light was quantized in discrete packets of energy E = hν
(later given the name �photons�). In 1911, Ernest Rutherford performed his well known
experiment where he shot alpha particles at gold foil. The result was the Rutherford
model of the atom, the classic positive nucleus orbited by negative charges (much like
a solar system). Two years later, in 1913, Niels Bohr visited Rutherford and together
they formulated a mathematical model of the hydrogen atom, with the new idea of states
and energy levels, the discrete states atomic systems are stable in. Absorption and emis-
sion was found to occur for energy di�erences between states, ∆E = n · hν, where ν
is the frequency of the absorbed or emitted light. This �semi-classical� model brought
discretization, discontinuity and indeterminism into the realm of physics. [4]

Between 1913 and 1925 Bohr worked with other physicists to improve his model of the
atom, with the inclusion of spin and the Pauli principle, and arrived at a decent approxi-
mation for light elements such as hydrogen. This improved model was still of limited use
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for heavier elements, and the general consensus was that a new model was needed. After
Werner Heisenberg's introduction of the matrix theory, Erwin Schrödinger's formulating
of the Schrödinger equation, and Max Born's interpreting the square of the solution to
the Schrödinger equation as a probability amplitude, the foundation of quantum mechan-
ics had been set. [4]

The Copenhagen interpretation is the product of nearly thirty years of research, and
even then it is not a de�nition set in stone. The most crucial part is the idea that the
wave function describes a system to the fullest, and that indeterminism permeates the
universe at the quantum scale. This idea is something that proponents of this interpre-
tation agree on.

2.2 The EPR Paradox

�In a complete theory there is an element corresponding to each element of reality. A
su�cient condition for the reality of a physical quantity is the possibility of predicting
it with certainty, without disturbing the system. In quantum mechanics in the case of
two physical quantities described by non-commuting operators, the knowledge of one
precludes the knowledge of the other. Then either (1) the description of reality given by
the wave function in quantum mechanics is not complete or (2) these two quantities
cannot have simultaneous reality. Consideration of the problem of making predictions
concerning a system on the basis of measurements made on another system that had
previously interacted with it leads to the result that if (1) is false then (2) is also false.
One is thus led to conclude that the description of reality as given by a wave function is
not complete.�

�The abstract of Einstein, Podolsky, and Rosen's paper [5]

In 1935 Albert Einstein, Boris Podolsky, and Nathan Rosen published the paper, �Can
quantum-mechanical description of physical reality be considered complete?�, calling the
completeness of quantum mechanics into question. [5] The problem lined out therein
was later named the EPR paradox, after its authors. The aim of the paper was to
demonstrate, on theoretical grounds, [6] that quantum theory, and more speci�cally the
quantum wave function, does not contain all the information about a system. �Informa-
tion� should here be interpreted as all the theoretical elements that have a corresponding
element in physical reality. [5]

The original EPR paper begins by stating what is meant by a complete theory. The
EPR interpretation of a complete theory is that it is �rst and foremost correct. That
means that the results predicted by the theory agrees with what can be observed by
experiments. And secondly that all things that have a physical reality have a theoretical
counterpart in the theory. [5] In other words the theory should describe all of reality and
be correct. A way of determining what things have a physical reality is the criterion of
physical reality (see glossary in Appendix A). The article then continues to show how all
of this relates to quantum mechanics.
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First consider a system of one particle that has only one degree of freedom and is de-
scribed by the wave function ψ. Consider the observable physical quantity B of this
system corresponding to the quantum mechanical operator A,

Aψ = aψ.

If a is a number it is true that the physical quantity B has the value a. According to the
criterion of physical reality we may regard it as certain that there is an element of phys-
ical reality corresponding to the measured value of B. In other words we have measured
something that exists. In quantum mechanics it is true that if two di�erent physical
quantities have the non commuting operators X and Y , so that XY 6= Y X, then it is
not possible to know them both simultaneously at any one time. [5] This means for the
previously stated completeness criterion that quantum mechanics is either incomplete as
it cannot describe both of the physical quantities corresponding to the operators at once,
or that the physical quantities themselves do not exist simultaneously. [5] This is referred
to as the quantities not having simultaneous reality.

Suppose the states ψ1 for system 1 and ψ2 for system 2 are known when the time t < 0.
If the systems are allowed to interact in the time interval 0 < t < T , and are assumed
to not interact at all afterwards, then quantum mechanics allows the state of the total
system Ψ (system 1 and system 2) to be calculated for any following time. [5] However
the states of the individual systems are no longer known and can only be determined by
a process known as the reduction of the wave packet, in which further measurements are
made. [5]

The process is described as follows. u1(x1) u2(x1) u3(x1)... are eigenfunctions corre-
sponding to some physical quantity A of system 1 where x1 is the variable chosen to
describe that system. The state of the total system can then be described by the in�nite
series

Ψ =
∞∑
i=1

ψi(x2)ui(x1),

where ψi(x2) are just coe�cients of the expansion of Ψ in the eigenfunctions ui(x1). A
measurement of A yielding the value ak then means that the �rst system is left in the
state uk and that the second system is similarly left in the state ψk. However considering
another physical quantity B having the eigenfunctions vi(x1) could have led us to express
the total system state as

Ψ =
∞∑
j=1

ϕj(x2)νj(x1).

If a measurement of this new quantity yields the result br we conclude that the �rst sys-
tem is left in the state νr and the second system left in the state ϕr. The state of the �rst
system is not interesting for although it may di�er from the state in which the system
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was left after the other measurement was carried out, two di�erent measurements were
made and can as such account for the di�erence of states. The second system however
has been left in two di�erent states from two di�erent measurements on the other system.
Under the assumption already made that the systems do not interact with each other
we can assume that the states ϕr and ψk can both be assigned to the same reality of
system 2. [5] The EPR article then goes on to show that it is entirely possible for the
physical quantities A and B to have non commuting quantum mechanical operators. By
measuring A or B on the �rst system it is then possible to determine their corresponding
physical quantities in system 2 and under the criterion of physical reality these quantities
must be considered to be real elements. It has already been shown that the eigenfunctions
corresponding to these physical quantities pertains to the same reality and therefore it
follows that quantum mechanics cannot be complete. [5]

In order to fully grasp the paradox, we present a simpli�ed version of what Einstein,
Podolsky, and Rosen described as the problem in their paper. The EPR paradox was
�rst simpli�ed to this form by David Bohm. [6]

We start by considering a pi meson's decay into a positron and an electron, which can
be written in common notation as

π0 → e− + e+. (2.1)

The pi meson is a boson with spin 0, and according to quantum mechanics and the
principle of conserved angular momentum this means that the positron electron system
is in the singlet state

Ψsinglet =
1√
2

(
|+〉e |−〉p − |−〉e |+〉p

)
, (2.2)

where |+〉e is the spin state of the electron, and |+〉p is the spin state of the positron.
Quantum mechanics now tells us that the probability for the electron to be measured
as having the spin up state is 50%. A measurement yielding that result guarantees
that the positron is in the opposite spin down state. The probability of measuring this
combination of states is

P (|+〉e |−〉p) =

(
1√
2

(
〈+|e 〈−|p

)(
|+〉e |−〉p − |−〉e |+〉p

))2

=

(
1√
2

(
〈+|e 〈−|p |+〉e |−〉p

))2

=
1

2
,

which is the same as the probability of measuring either spin up or down for one of the
particles.

This state of non-separability that the particles are in was later referred to as entan-
glement, and for the probability of measuring the opposite combination it is true that

P (|+〉e |−〉p) = P (|−〉e |+〉p).
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The quantum mechanical description of reality is that the electron and positron are both
in the spin up and down states, a superposition state. Because the spins of the two
particles are perfectly anti-correlated, a measurement that determines the spin (along an
arbitrary axis) of one particle also determines the spin of the other (along the same arbi-
trary axis). However, the particle which did not have its spin directly measured was not
in a determined state before the measurement took place. Therefore quantum mechanics
tells us that the measurement of one particle immediately collapses the wave functions of
both particles. The particles may be spatially separated and because of that this seemed
like a breach of the concept of locality and the theory of relativity.

Responses to the EPR paper were swift; Niels Bohr published a response in 1935 where he
claimed that the su�cient criterion of reality used to refute the completeness of quantum
mechanics was in fact insu�cient and ambiguous, while Schrödinger introduced entan-
glement as a concept to counter the principle of separability. [2] [7]

In their closing remarks, Einstein, Podolsky, and Rosen mentioned the possibility of a
theory that would provide a complete description of reality, although they did not specify
what such a theory might entail. One such possible theory would be a hidden variable
theory, theorized by some to be able to account for the inconsistencies Einstein, Podolsky,
and Rosen saw in the probabilistic nature of quantum mechanical theory. These hidden
variables, also called instruction sets, would be �elements of reality�. This would mean
that the experimentally obtained measurement results of observables would somehow be
predictable, not probabilistic, if only one had knowledge of these variables. [1]

2.3 Bell's Theorem

John Bell published his paper �On the Einstein Podolsky Rosen Paradox� in 1964, and in
it he proved that any local deterministic hidden variable theory is incompatible with the
predictions of quantum mechanics. [3] [8] The hidden variable idea rests on the thought
that quantum mechanics as we know it only o�ers a statistically correct description of
reality, and that there are some �ner details (hidden variables) that are waiting deeper
down. Bell's work produced, among other things, the �Bell inequalities�, a set of inequal-
ities which any local hidden variable theory that takes separability into consideration
must satisfy in some form. Quantum mechanics does not satisfy these, and hence the
predictions of hidden variable theories and quantum mechanics di�er. [2]

2.3.1 Derivation of Bell's First Inequality

Arguing against the simpli�ed form of the EPR paradox presented by David Bohm, Bell
derived his result as follows. The spin of the two particles is denoted as ~σ1 and ~σ2. The
spins can be measured along the unit vectors ~a and ~b to yield the results A = ~σ1 · ~a and
B = ~σ2 ·~b respectively. The assumption is made that the orientation of the measurement
vectors ~a and ~b can be chosen independently of each other. Hidden variable theories hold
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that the spin of the particles are described by one or more parameters in such a way as
to form a more complete description of the state than the description given by quantum
mechanics. Let this or these parameters be λ. No assumptions are made as to the nature
of λ. The measurement of ~σ1 · ~a yielding A can then be described by ~a and λ. And
similarly ~σ2 ·~b yielding B can be described by ~b and λ. The dependences of A and B on
λ are not restricted by any assumptions apart from the locality assumption which may
be formulated as [8]

(A(~a)B(~b))(λ) = A(~a, λ)B(~b, λ). (2.3)

This equation states that A and B have a separate dependence upon λ. They can be
described as separate systems.

The possible results of a spin measurement on a spin-1
2
particle are ±~

2
. To simplify

it is assumed instead that

A(~a, λ) = ±1, B(~b, λ) = ±1. (2.4)

Let ρ(λ) be the probability distribution of the hidden variable parameter. The only
assumption made about this distribution is that it is normalized and therefore must
equal unity when integrated over all the possible values of λ,∫

ρ(λ)dλ = 1. (2.5)

It has not been assumed that λ is a continuous parameter and the integration may be
replaced by a summation should λ be discrete.

The quantum mechanical expectation value of the product of A and B is [2] [3]

EQM =
〈

Ψ
∣∣∣ ~σ1 · ~a ~σ2 ·~b

∣∣∣Ψ〉 = −~a ·~b, (2.6)

whence it follows that

~b = ~a =⇒
〈

Ψ
∣∣∣ ~σ1 · ~a ~σ2 ·~b

∣∣∣Ψ〉 = −1. (2.7)

The above equation expresses spin conservation and it is important to note that given
the locality assumption (2.4) and the assumption that the measurement directions ~a and
~b can be chosen independently the above equation implies determinism. [8] If the two
measurements and systems cannot a�ect each other, occur along the same axis and we
know that one will measure as spin up and the other as spin down (2.7), then they must
have had those properties all along. The hidden variable expectation value E is given
by [2] [3] [8]

E =

∫
ρ(λ)A(~a, λ)B(~b, λ)dλ. (2.8)
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Taking (2.4) and (2.5) into account it follows that E (equation (2.8)) cannot be lower

than −1. Furthermore E is equal to −1 for ~a = ~b if and only if B(~b, λ) = −A(~a, λ).
Wanting to prove a disagreement between quantum mechanics and local realistic hidden
variable theories we make the assumption here that the theories agree on the result (2.7)

and derive a disagreement later on. Assuming B(~b, λ) = −A(~b, λ) according to (2.7) for
all possible values of λ, yields the expectation value

E = −
∫
ρ(λ)A(~a, λ)A(~b, λ)dλ. (2.9)

Now introducing a third unit vector ~c as a direction for the spin measurement. The
result of a measurement C of the ~c component of the spin depends on the hidden variable
parameter λ though again no assumptions are made as to the nature of that dependence.
De�ning the expectation value of the measurement of the product of A and C following
the same procedure as led up to equation (2.9) allows us to write the expectation value
di�erence

E(~a,~b)− E(~a,~c) = −
∫
ρ(λ)dλ

(
A(~a, λ)A(~b, λ)− A(~a, λ)A(~c, λ)

)
. (2.10)

Using the fact that
(
A(~b, λ)

)2

= 1 which is a consequence of (2.4), equation (2.10) can

be written as

E(~a,~b)− E(~a,~c) =

∫
ρ(λ)dλA(~a, λ)A(~b, λ)

(
A(~b, λ)A(~c, λ)− 1

)
. (2.11)

From (2.4) we have that∣∣∣A(~b, λ)A(~c, λ)− 1
∣∣∣ = 1− A(~b, λ)A(~c, λ)

and also that ∣∣∣A(~a, λ)A(~b, λ)
∣∣∣ = 1.

Rewriting (2.11) as ∫
ξ(~a,~b,~c, λ)dλ,

where ξ is the integrand sans dλ, it must hold that∣∣∣∣∫ ξ(~a,~b,~c, λ)dλ

∣∣∣∣ ≤ ∫ ∣∣∣ξ(~a,~b,~c, λ)
∣∣∣ dλ. (2.12)

Therefore Bell's inequality can be derived from equation (2.11)∣∣∣E(~a,~b)− E(~a,~c)
∣∣∣ ≤ ∫ ρ(λ)dλ

(
1− A(~b, λ)A(~c, λ)

)
. (2.13)
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The second term on the right side of the inequality is precisely the expectation value
of a measurement of the product of B and C (equation (2.9) with ~a = ~c). And so the
inequality can be written as∣∣∣E(~a,~b)− E(~a,~c)

∣∣∣ ≤ ∫ ρ(λ)dλ−
∫
ρ(λ)dλA(~b, λ)A(~c, λ)

=⇒
∣∣∣E(~a,~b)− E(~a,~c)

∣∣∣ ≤ 1 + E(~b,~c). (2.14)

This is Bell's inequality and all deterministic hidden variable theories preserving local-
ity must satisfy it. In Bell's original paper where the inequality was �rst presented its
disagreement with quantum mechanics is somewhat lengthily examined. Straying from
Bell's original paper the disagreement between quantum mechanics and local hidden
variable theories can be illustrated using the following counterexample �rst presented by
Clauser and Shimony in [8].

Take ~a, ~b and ~c to lie in the same plane with the angle from ~a to ~b being π
3
radians.

~c is such that the angle from ~b to ~c is also π
3
radians thereby making the angle between ~a

and ~c 2π
3
radians. Using the fact that ~a·~b

||~a|| ||~b||
= cos θ, where θ is the angle between the

vectors, we have that

~a ·~b = ~b · ~c = cos
π

3
=

1

2
, ~a · ~c = cos

2π

3
= −1

2
(2.15)

because ~a, ~b and ~c are unit vectors and therefore their magnitude is unity. Using the
quantum mechanical expectation values (2.6) instead of the expectation values for the
hidden variable description of reality in the inequality (2.14) yields∣∣∣∣−1

2
− 1

2

∣∣∣∣ ≤ 1− 1

2
=⇒ 1 ≤ 1

2
. (2.16)

This is a clear violation of Bell's inequality. Quantum mechanics and all deterministic
hidden variable theories preserving locality consequently give di�erent predictions of ex-
perimental outcomes and therefore di�erent descriptions of reality. Many experiments
have validated the predictions made by quantum mechanics, as will be seen later on in
this report. [2] [8]

10



Chapter 3

Experimental Veri�cations of Bell's

Theorem

Having derived Bell's inequality (2.14) and shown that all local deterministic hidden
variable theories give predictions that are con�ned by that inequality, the last step in
the disproof of such hidden variable theories is to verify the disagreement between such
theories and experimental results. In this chapter we intend to show how a more general
Bell inequality was derived, present some experiments that have been performed, point
out the di�culties in con�rming the theorem without leaving any loopholes open, and
present our suggestions for experimental improvements.

3.1 CHSH inequality

The original Bell inequality (2.14) relies strongly on the fact that equation (2.7) holds
perfectly. An experiment testing this Bell inequality requires the use of perfect analysers
and detectors. Such devices do not exist. [8] Therefore Bells theorem cannot be veri�ed
using this relation. In 1969 J.F. Clauser, M.A. Horne, A. Shimony and R.A. Holt pre-
sented the CHSH inequality, which is a Bell inequality that does not use this assumption
and is therefore more suitable for experimental veri�cation.

3.1.1 Derivation of the CHSH Inequality

The CHSH inequality is derived in a similar manner to the original Bell inequality.
We consider two particles each of which enter a di�erent measuring apparatus. The
actual measurement is such that the particles must enter one of two channels within the
apparatuses. In each measuring device one channel is associated with a measurement
result of +1 and one channel is associated with the result −1. First, we make the hidden
variable assumption that the measurement results are correlated via a hidden variable
parameter λ. The actual information that allows the systems to be correlated and is
contained in the hidden variable parameter was exchanged between the systems at some
time before the measurements take place. We denote the measurement result of one of
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the particles as A(a, λ) and the result of the other particle as B(b, λ),

A(a, λ) = ±1 and B(b, λ) = ±1, (3.1)

where a and b are some measurement parameters and may be adjusted. [9] We assume
locality, which means that A(a, λ) is independent of b and B(b, λ) is independent of a
since the measurements may be spatially separated and occur at the same time. Finally
we assume that the particle pair can be emitted in such a way that the normalized
probability distribution ρ(λ) is independent of the measuring parameters a and b. We
introduce a correlation function

P (a, b) ≡
∫
A(a, λ)B(b, λ)ρ(λ)dλ, (3.2)

where the integration is over all possible λ. In a similar manner to what was done in
the derivation of the original Bell inequality, this allows us to write down the correlation
function di�erence between experimental outcomes when b is varied from b to c as [9]

|P (a, b)− P (a, c)| =
∣∣∣∣∫ (A(a, λ)B(b, λ)− A(a, λ)B(c, λ)

)
ρ(λ)dλ

∣∣∣∣ . (3.3)

As was done in the derivation of the original Bell inequality, we now use that the absolute
value of an entire integration must be less than or equal to the integrated value of the
absolute value of the integrand (2.12), which gives the inequality

|P (a, b)− P (a, c)| ≤
∫ ∣∣∣(A(a, λ)B(b, λ)− A(a, λ)B(c, λ)

)∣∣∣ ρ(λ)dλ. (3.4)

Using that the measurement values are either −1 or +1 (3.1), and the normalisation
condition of ρ(λ) we may simplify (3.4) to

|P (a, b)− P (a, c)| ≤
∫ ∣∣∣A(a, λ)B(b, λ)

(
1−B(c, λ)B(b, λ)

)∣∣∣ ρ(λ)dλ

=⇒ |P (a, b)− P (a, c)| ≤
∫ (

1−B(c, λ)B(b, λ)
)
ρ(λ)dλ

=⇒ |P (a, b)− P (a, c)| ≤ 1−
∫
B(c, λ)B(b, λ)ρ(λ)dλ. (3.5)

The scenario presented so far is more general than the scenario of the original Bell
inequality. The steps and reasoning used in the derivation have been very similar, however
now the derivation of the CHSH inequality strays from that of the original. Suppose that
we have

P (a′, b) = 1− δ, 0 ≤ δ ≤ 1 (3.6)

for some parameters a = a′ and b. The perfect correlation assumption used in the original
Bells inequality and which we seek to avoid making here is that δ = 0. [9] The integrations
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so far have all been carried out over all possible λ. Using the notation of [2] we denote
the space of possible values of λ as Λ. From (3.1) it follows that A(a, λ) = ±B(b, λ).
We may split the space Λ into the two regions Λ+ and Λ−. The states contained in each
region is given by

Λ± = {λ|A(a, λ) = ±B(b, λ)}. (3.7)

From the de�nition of P (a, b) and (3.6) it follows that∫
Λ

A(a′, λ)B(b, λ)ρ(λ)dλ = 1− δ. (3.8)

The normalisation condition of ρ(λ) tells us that∫
Λ+

ρ(λ)dλ+

∫
Λ−
ρ(λ)dλ = 1. (3.9)

Integrating over the regions Λ+ and Λ− instead of Λ and using the conditions from (3.7)
with ~a = ~a′ we can rewrite (3.8) as∫

Λ+

(A(a′, λ))
2
ρ(λ)dλ−

∫
Λ−

(A(a′, λ))
2
ρ(λ)dλ = 1− δ. (3.10)

From (3.1) we have that (A(a′, λ))2 = 1 and using (3.9) we can reduce (3.10) to

1− 2

∫
Λ−
ρ(λ)dλ = 1− δ =⇒

∫
Λ−
ρ(λ)dλ =

1

2
δ. (3.11)

We will now derive some relationships for the second term at the right hand side of
inequality (3.5) (following [10]). From the fact that Λ+ and Λ− together contain all the
states λ of the state space Λ, the equation

∫
Λ+

B(c, λ)A(a′, λ)ρ(λ)dλ =

∫
Λ

B(c, λ)A(a′, λ)ρ(λ)dλ−
∫

Λ−
B(c, λ)A(a′, λ)ρ(λ)dλ

(3.12)
must hold. A consequence of equation (3.7) with ~a = ~a′ is that

∫
Λ

B(c, λ)B(b, λ)ρ(λ)dλ =

∫
Λ+

B(c, λ)A(a′, λ)ρ(λ)dλ−
∫

Λ−
B(c, λ)A(a′, λ)ρ(λ)dλ.

(3.13)
Using (3.12) in (3.13) gives the relationship

∫
Λ

B(c, λ)B(b, λ)ρ(λ)dλ =

∫
Λ

B(c, λ)A(a′, λ)ρ(λ)dλ− 2

∫
Λ−
B(c, λ)A(a′, λ)ρ(λ)dλ.

(3.14)
Let us study the second term on the right hand side of the above equation (3.14). It
must be true that
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−2

∫
Λ−
B(c, λ)A(a′, λ)ρ(λ)dλ ≥ −2

∫
Λ−
|B(c, λ)A(a′, λ)|ρ(λ)dλ. (3.15)

Placing inequality (3.15) in (3.14) and utilising (3.1) and (3.11) we arrive at∫
Λ

B(c, λ)B(b, λ)ρ(λ)dλ ≤
∫

Λ

B(c, λ)A(a′, λ)ρ(λ)dλ− δ. (3.16)

Now we are ready to return our attention to equation (3.5). Using inequality (3.16) in
(3.5) we have that

|P (a, b)− P (a, c)| ≤ 1−
∫

Λ

B(c, λ)A(a′, λ)ρ(λ)dλ+ δ. (3.17)

Finally using (3.8) in inequality (3.17) and rewriting the inequality using the de�nition
of P (a, b) (3.2) we arrive at the CHSH inequality [9],

|P (a, b)− P (a, c)| ≤ 2− P (a′, b)− P (a′, c). (3.18)

In the original Bell inequality the determinism concept was introduced through equation
(2.7) under the locality assumption (2.4). The authors of the CHSH inequality assumed
that determinism applied to the hidden variable theories they studied. It was later
shown that such an assumption was unnecessary and hence inequality (3.18) also applies
to stochastic hidden variable theories (so long as these theories satisfy all the other
assumptions made). [8]

3.2 Violations of Bell's inequality

Equation (2.16) shows a clear violation of the original Bell inequality. It is enough to
provide a single example of a violation in order to invalidate all relevant hidden variable
theories. However, it may be of interest to know whether that is a unique instance or
if in fact violations occur for many di�erent con�gurations. Expanding on the example
that was used to derive (2.16), �gure 3.1 shows the di�erence between the left and the

right hand side of (2.14) as a function of the angles of ~a and ~b relative to ~c. The vectors
are still coplanar. As such all values on the vertical axis that are greater than 0 show a
violation of Bell's original inequality (2.14).

As can be seen from �gure 3.1 there are many con�gurations of ~a, ~b and ~c that lead
to violations of inequality (2.14). In �gure 3.1 almost 47% of the plot points violated
Bell's original inequality. Disagreement between quantum mechanics and hidden variable
theories appear to be a very common occurrence. The case studied above only concerned
the special coplanar situation however. Plotting a curve such as the one in �gure 3.1 for
the general case in which the measurement vectors are not coplanar is di�cult because of
the many degrees of freedom such a plot would need to incorporate. Each unit vector has
two degrees of freedom and Bell's original inequality makes use of three such vectors. The
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CHSH inequality uses four unit vectors. The violation ratio may be easily investigated
however.

Figure 3.1: The vertical axis shows the value for the left hand side of equation (2.14)

minus the right hand side of the same equation. All the measurement axes ~a, ~b and ~c are
coplanar. Vector ~c is �xed in one direction from which the angles of the other two are
measured.

Figure 3.2 showing the violation ratio was generated using a Monte Carlo method. The
inequality measurement vectors are randomly chosen (using the Python random module
which is in fact pseudorandom, using the Mersenne Twister) from a uniform distribution
of the vectors making up the unit sphere. A calculation determines if the particular
measurement vector con�guration give rise to quantum mechanical expectation values
that violate the relevant inequalities. If so a violation is recorded. The violation ratios
are plotted for �ve di�erent detector e�ciencies. The detector e�ciency is denoted η and
a�ects quantum mechanical expectation values according to [2]

E(~a,~b) = −η~a ·~b. (3.19)

The ratio of violations for the original Bell inequality with ideal detection is not as great
as the value previously obtained for the coplanar case. It is however still substantial at
slightly more than 33% of all measurement con�gurations. The violation ratio for the
CHSH inequality with ideal detection, is slightly more than 7% and therefore it is much
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Figure 3.2: The fraction of the number of quantum mechanical inequality violations and
the number of randomised measurement vector con�gurations, as a function of the number
of such con�gurations.

lower than that of Bell's original inequality. However disagreement between quantum
mechanics and hidden variable theories through the CHSH inequality (3.18) is not a rare
event.

Figure 3.2 also shows how the violation ratio decreases with the e�ciency of the detectors.
Non ideal detector e�ciency is an important aspect of almost all real experiments and
therefore its e�ect on experimental outcome is of great interest. Further detailing this
e�ect, �gure 3.3 shows how the ratio of CHSH inequality violations and random vector
con�gurations decreases with a decreasing detector e�ciency. Figure 3.3 is generated
using a Monte Carlo algorithm. Random unit vector con�gurations are generated from
a uniform distribution over the unit sphere. If quantum mechanics give predictions in
violation of the relevant Bell inequalities for these con�gurations, violations are recorded.
For each plot point 5000 such con�gurations are tried and the ratio of the total number
of violations and the number of con�gurations is plotted.
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Figure 3.3: The fraction of inequality violations as a function of the detector e�ciency
(η).

For the CHSH inequality no violation is recorded before the e�ciency reaches 70%. For
high detection e�ciencies the violation ratios seem to decrease approximately linearly
with the e�ciency. As the e�ciencies drop below 85% the violation ratio curve exhibits
a non-linear behaviour.

Another factor in a non-ideal experiment that can prevent inequality violation is that
the particle correlation may not be perfect. [8] This problem occurs because of non ideal
experimental equipment and set up. It is a very big factor in for example experiments
where the particle source is an atomic cascade. [11] In �gure 3.4 the inequality violation
ratio is investigated for non-ideal detection as well as non-ideal correlation. The non-ideal
correlation considered is of the following form. For perfectly anti-correlated particles, one
particle being measured in a certain direction reduces the other particle to the opposite
state. When the particles are not perfectly correlated the second particle is instead re-
duced to a state randomised from a uniform distribution within an uncertainty angle of
the state opposite to the �rst particle. As such an uncertainty angle of 0 radians, gives
the perfectly correlated case and an uncertainty of π radians, means that the particles
are not correlated at all.

17



The violation fraction of each plot point is calculated using a Monte Carlo method.
1000 measurement vector con�gurations are randomly chosen. For each con�guration
the expectation values used in the CHSH inequality is calculated by averaging over 10
trials.

max.png

Figure 3.4: The fraction of inequality violations as a function of the detector ine�ciency
(δ = 1− η) and the correlation uncertainty.

3.3 Experimental Procedures and Problems

As mentioned previously, there have been several attempts to show experimental agree-
ment with quantum mechanical predictions. However, there are a number of loopholes
that call experimental agreements of this kind into question. The most important ones
are the locality loophole and the detection loophole. The reasoning behind the locality
loophole is that if the detection and measurement procedures on the two particles are
not spatially separated enough, some unknown signals could be sent between them. The
detection loophole holds that an ine�cient detector could produce a subset of results
which favor quantum mechanics, while the much larger set of undetected particles might
actually satisfy Bell's inequalities. [8] [12]
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When performing tests of correlations of the kind used in Bell inequalities, the mea-
surement parameters are often chosen in such a way as to maximize the disagreement
between quantum mechanics and the relevant inequality. This is natural because it is of
interest to derive a strong violation of the inequality. Such violation maximizations are
often calculated for the ideal case of 100% detector e�ciency. For some experimental
con�gurations of that kind, the required detection e�ciency ηmin to allow a violation
while leaving the detection loophole closed is [13] [14]

ηmin ≥ 2(
√

2− 1) ≈ 83%. (3.20)

However if the measurement vector angles are maximized with consideration to the non
ideal detection, a lower detection e�ciency may su�ce. The number of recorded mea-
surements that do not belong to the relevant ensemble, is called the background level. A
minimum e�ciency lower than that given in (3.20), is only applicable if the background
level is low. It also requires that the system being measured is in a quantum mechanical
state where the entanglement is not maximal, unlike the entanglement of the singlet state.
The minimum required detection e�ciency to achieve a violation is, for a background
level of 0, [14]

ηmin ≥ 67%. (3.21)

3.3.1 Photon Scattering and Beryllium Ions (Rowe et al., 2001)

M. Rowe, D. Kielpinski, V. Meyer, C. Sackett, W. Itano, C. Monroe, and D. Wineland
performed an experiment [12] with very e�cient detectors, and thereby avoided the detec-
tion loophole. The experiment made use of pairs of 9Be+ ions prepared in an entangled
state, which then had a laser �eld applied to them. The measurement consisted of a
detection laser beam being applied, and the number of photons scattered from the atoms
being counted. The results where in agreement with quantum mechanics, but the mea-
surements on the atoms took place at a distance of ∼3 µm, which left the locality loophole
open.

3.3.2 Photon Polarisation at a Distance (Salart et al., 2008)

D. Salart, A. Baas, J.A.W. van Houwelingen, N. Gisin, and H. Zbinden performed a long-
distance experiment in 2008 [15], and avoided the locality loophole. They used entangled
photons, which were sent from Geneva to the towns Satigny and Jussy through optical
�bers. The photons in each pair traveled 8.2 and 10.7 kilometers, respectively, reaching
their detector destinations with a total spatial separation of 18 kilometers. Following
the ideas of Roger Penrose and Lajos Diósi, the team based their determining of the
length of each measurement on the idea that the collapse of the wave function is related
to displacement of mass. The displaced mass was a small mirror, weighing 2 mg, moved
by an piezoactuator connected to the photon detector. The measurement time was con-
servatively estimated to 7.1 µs, which is not enough time for a signal to be sent between
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the two towns, and the locality loophole was consequently closed. According to the re-
searchers, attenuation in the �ber optics was around 8 dB. Furthermore, the detection
e�ciency was 10%, which combined with the attenuation means that this experiment left
the detection loophole open.

3.3.3 Solid State Spin Measurement (Ansmann et al., 2009)

M. Ansmann, H. Wang, R. Bialczak, M. Hofheinz, E. Lucero, M. Neeley, A.D. O'Connell,
D. Sank, M. Weides, J. Wenner, A.N. Cleland, and J. Martinis performed an experiment
in 2009 [16], which demonstrated a violation of Bell's inequalities in a solid state material.
By using a pair of Josephson phase qubits, which consist of two pieces of superconducting
metals divided by a thin insulator strip, the researchers were able to show that spin
measurements on these qubit pairs violate the CHSH inequality. The qubits acted as
spin-1

2
particles, and were entanglable. Due to the nature of the qubits and detectors, a

high e�cency was achieved, which closed the detection loophole. However, the spatial
separation of the qubits was 3.1 mm, and even though the measurements only lasted for
30 ns, this did leave the locality loophole open.

3.3.4 An Unexpected Result (Faraci et al., 1974)

In 1974, Faraci et al. obtained experimental results which were in favor of local realism.
Their experiment was based on the earlier work of Kasday, Ullman, and Wu (KUW)
in 1970, and measured the polarisation of photons emitted by positronium annihilation.
The noticable di�erence between the setups used by Faraci et al. and KUW was the
positronium source; Faraci et al., used 22Na, while KUW had used 64Cu. KUW had
not obtained results agreeing with local realism, and several physicists criticised Faraci's
and his team's results. No repeated attempt obtained the same, unexpected results that
Faraci et al. had presented. [8]

3.4 Suggested Future Experiment

From our presentation of prior experiments above (which does not include nearly every
experiment that has been conducted) it seems as if all these various loopholes have been
e�ectively closed, albeit never in the same experiment. The main problem has been
twofold; ine�cient detectors and measurement separation of insu�cient length. Due to
ine�ciency of detectors, assumptions of fair sampling have been made. E�cient detec-
tors have been used at distances that would allow a relativistic signal to be transmitted
between measured objects. We would now like to put forward our suggestion for an
experiment for the future.

According to an article published by the American National Institute of Standards and
Technology (NIST) [17], a highly e�cient method of detecting single photons is currently
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being developed. These new detectors are based on a combination of a nano-scale super-
conductors and other materials, and have exhibited detection e�ciencies as high as 93%.
We propose that these new detectors be used for Bell type experiments.

To avoid ambiguity as to if the locality loophole is closed by the experiment, the wave
function collapse time estimated by Salart et al. [15] is ideally used to determine the re-
quired measurement separation distance. In the experiment by Salart et al., the photons
were sent through optical �bers to detectors 18 km apart. This long distance made for
high attenuation of the signal, even though the conditions were bene�cial. Such a large
separation distance appears to be redundant even with a measurement time as long as
their conservative estimate. The method used to estimate the measuring time is detailed
in the section above on the speci�cs of the experiment. We arrive at the conclusion that
if the photons were instead separated by a mere 4 km the locality loophole would still be
closed.

Entangled pairs of photons can be generated using a UV light source by means of spon-
taneous parametric down conversion. These photons can be made to travel in opposite
directions while maintaining their correlation through experimental set ups such as the
one detailed in [2] and [11]. Since the photons can be made to travel in opposite directions
and the time of the collapse of the wave function is estimated as 10 µs a transmission
distance of only 2 km for each photon is needed. With a typical attenuation of 0.2 dB/km
for a wavelength around 1500 nm [18] [19] (a wavelength for which the NIST detector is
highly e�cient [17]), this means an attenuation of slightly less than 9%.

The �ber optical attenuation and non ideal detection gives a total detection rate of
almost 85% for the experimental circumstances considered this far. This is higher than
both the minimum detection e�ciencies of (3.20) and (3.21). However there are several
non ideal factors of the experiment that have not yet been considered. In [11] an experi-
ment using the photon emission set up previously mentioned, as well as an experimental
analyzation con�guration is analysed. Estimations are made of how far non ideal factors
such as (but not limited to) the background level, re�ection losses of optical components
and the divergence angle of the pump beam, can be minimized in an experiment. The
result of that analysis and some numerical calculations is that an actual detector e�-
ciency of 88.6% is a plausible minimum to enable an inequality violation while keeping
the detection loophole closed.

The minimum detection e�ciency for the non ideal experiment does not take into account
transmission losses from emission to detection. In the case of a �ber optical attenuation of
9% the actual minimum requirement for detector e�ciency unfortunately rises to slightly
above 97%. This is higher than the NIST detector's e�ciency and therefore a measure-
ment distance of 4 km simply cannot be used with our proposed experimental set up and
equipment, if the detection loophole is to remain closed.

A di�erent view on when the collapse of the wave function is complete is that this
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has occurred when the result of the collapse is registered in a classical system. [15] This
means that instead of a measurement time of 10µs like that used by Salart et al. we
should be able to use the time uncertainty of a measurement with the NIST detector.
This is called the timing jitter and the NIST detector's jitter is reported to be below
0.1 ns. Since the experiment under consideration measures two correlated photons the
time uncertainty between when the wave functions of both the particles have collapsed,
is not above 0.2 ns. This is the maximum time during which one of the particles can sig-
nal the other one. In order to rule out subluminal communication between the measured
particles, a separation distance of more than 6 cm between the measurements is required.

This short separation distance enables this experiment to be performed in a labora-
tory environment to ensure ideal conditions. It also means that �ber optics need not be
used in the transmission. It is our conclusion that it is feasible that an experiment using
the new NIST detectors can show a violation of Bell inequalities while keeping both the
locality and detection loophole closed.

In �gure 3.5, we have a basic representation of the experimental set up in its simplest
form.

Figure 3.5: The basic experimental set up for the proposed experiment. The yellow arrows
represent the path of the correlated photons.
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Chapter 4

Summary and Conclusions

The thought experiment that later became known as the EPR paradox, was originally in-
tended as a proof of the incompleteness of quantum mechanics. Demanding separability
and locality from two systems, the authors thought to derive a situation in which they
had proven the simultaneous existence of properties of a system, all of which could not be
simultaneously described by quantum mechanics. This led to Schrödinger formulating
the idea of entanglement and ironically one of the most productive �elds of quantum
mechanics ensued. [2]

There have been several attempts to undermine the EPR argument by refutation of var-
ious parts of the criterions and steps used in the argumentation process. The strongest
opposition to the EPR argument is Bell's theorem in combination with the experimental
veri�cations of quantum mechanical predictions. It is the strongest opposition simply
because it allows the validity of some of the assumptions of the EPR argument to be
refuted by experimental results, as opposed to metaphysical arguments.

Bell's theorem as quoted in the introduction of this report (chapter 1) states that there is
a disagreement between deterministic hidden variable theories maintaining separability
and quantum mechanics. There is indeed a disagreement between quantum mechanics
and systems of the type used to derive the original Bell inequality. However, as was
mentioned in section 3.1.1, the assumption of determinism is not necessary for the CHSH
inequality (among others). Therefore a broader formulation of the theorem is possible
which includes all local realistic hidden variable theories.

It is important to note that Bell's theorem does not in itself support the theory of quan-
tum mechanics. Rather it is our belief in the numerous experimental results con�rming
the predictions of quantum mechanics that through Bells theorem enables the collective
disproof of local hidden variable theories. This also invariably leads to the conclusion
that one cannot in general assume locality for a system while maintaining realism. As
such the assumptions of the EPR argument fails and subsequently the incompleteness of
quantum mechanics remains unproven.
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As can be seen in section 3.2, theoretical disagreement between quantum mechanics and
local hidden variable theories is a common occurrence. The experimental realisations
of tests of these disagreements are however fraught with imperfections and loopholes.
Although most regard hidden variable theories as discredited, no (to the authors of this
report known) single experiment closing all the loopholes, while testing correlations of
the kind that can be used in Bell's inequalities, has ever been conducted. As a direct
consequence a stringent view of the matter must surely be that hidden variable theories
are still viable descriptions of reality. To lay the matter to rest it would be of great
interest to perform an experiment such as the one described in section 3.4. Hopefully
such an experiment could close all of the experimental loopholes at once and therefore
provide the �nal disproof of local realistic hidden variable theories.
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Chapter 5

Literature

Quantum mechanics is a �eld with an immense amount of relevant literature. In this
chapter we try to brie�y describe some of the material we have used in the writing of
this report.

�Quantum Mechanics� [2], by Gennaro Auletta , Mauro Fortunato, and Giorgio Parisi, is
a textbook covering wide parts of quantum mechanics in depth. Both the EPR argument
and Bell's results are explained clearly.

�Can Quantum-Mechanical Description of Physical Reality Be Considered Complete?� [5],
by Albert Einstein, Boris Podolsky and Nathan Rosen, is the original article which started
all this, and presented that which was later known as the EPR paradox.

�Introduction to quantum mechanics� [6], by David Gri�ths, is also a textbook on the
subject of quantum mechanics. The afterword concerns Bell's theorem and the EPR
paradox.

�On the Einstein Podolsky Rosen paradox� [3], by John Bell, is the article in which
Bell presented the �rst of what later became many inequalities, and showed that the
predictions of quantum mechanics were incompatible with this inequality.

�A suggested interpretation of the quantum theory in terms of "hidden" variables� [20],
by David Bohm, is an article in which Bohm suggests an alternate interpretation of quan-
tum mechanics, in place of the Copenhagen interpretation.

�Bell's theorem. Experimental tests and implications� [8], by John F Clauser and Abner
Shimony, is an article detailing experiments that verify Bell's �ndings.

�Proposed Experiment To Test Local Hidden-Variable Theories� [9] is an article by John
Clauser, Michael Horne, Abner Shimony and Richard Holt in which they derive the more
general and experimentally realisable CHSH inequality. They also propose and discuss
future realisation of the inequality.
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Appendix A

A.1 Glossary

In the �eld of physics in general, and quantum mechanics in particular, there are several
terms that may be unknown to a person without in-depth knowledge of the subject. We,
the authors, encountered some of these unknown wordings in our �rst approach to the
material that this project has its basis in, and would like to dedicate this section to
explaining some of the terminology used.

Completeness

�A theory is complete if every element of physical reality has a counterpart in it� [2]

Correctness

�[...] the correctness consists of the degree of agreement between the conclusion of the
theory and human experience - the objective reality� [2]

Criterion of physical reality

�If, without in any way disturbing a system, we can predict with probability equal to unity
the value of a physical quantity, then independently from our measurement procedure,
there exists an element of physical reality corresponding to this physical quantity� [2]

Locality

�[...] by locality we mean the principle of absence of action-at-a-distance and the exis-
tence of bounds on the speed of transmission of signals or physical e�ects� [2]

Another way to think of this is that an object can only be in�uenced by another ob-
ject which is in direct contact.
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Realism/reality

�Realism is a philosophical view, according to which external reality is assumed to exist
and have de�nite properties, whether or not they are observed by someone.� [8]

The hidden variable theories proposed were an attempt to maintain realism, seeing as
the probabilistic nature of quantum mechanics was, and still is, seen as unintuitive by
some.

Separability

�Two dynamically independent systems possess their own separate state� [2]
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