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Abstract

This thesis concerns the applications and analysis of the Heterogeneous
Multiscale methods (HMM) for Multiscale Elliptic and Hyperbolic Partial
Differential Equations. We have gathered the main contributions in two pa-
pers.

The first paper deals with the cell-boundary error which is present in
multi-scale algorithms for elliptic homogenization problems. Typical multi-
scale methods have two essential components: a macro and a micro model.
The micro model is used to upscale parameter values which are missing in the
macro model. Solving the micro model requires, on the other hand, imposing
boundary conditions on the boundary of the microscopic domain. Imposing
a naive boundary condition leads to O(ε/η) error in the computation, where
ε is the size of the microscopic variations in the media and η is the size of
the micro-domain. Until now, strategies were proposed to improve the conver-
gence rate up to fourth-order in ε/η at best. However, the removal of this error
in multi-scale algorithms still remains an important open problem. In this
paper, we present an approach with a time-dependent model which is general
in terms of dimension. With this approach we are able to obtain O((ε/η)q)
and O((ε/η)q + ηp) convergence rates in periodic and locally-periodic media
respectively, where p, q can be chosen arbitrarily large.

In the second paper, we analyze a multi-scale method developed under
the Heterogeneous Multi-Scale Methods (HMM) framework for numerical ap-
proximation of wave propagation problems in periodic media. In particular,
we are interested in the long time O(ε−2) wave propagation. In the method,
the microscopic model uses the macro solutions as initial data. In short-time
wave propagation problems a linear interpolant of the macro variables can be
used as the initial data for the micro-model. However, in long-time multi-scale
wave problems the linear data does not suffice and one has to use a third-
degree interpolant of the coarse data to capture the O(1) dispersive effects
apperaing in the long time. In this paper, we prove that through using an
initial data consistent with the current macro state, HMM captures this dis-
persive effects up to any desired order of accuracy in terms of ε/η. We use two
new ideas, namely quasi-polynomial solutions of periodic problems and local
time averages of solutions of periodic hyperbolic PDEs. As a byproduct, these
ideas naturally reveal the role of consistency for high accuracy approximation
of homogenized quantities.
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Sammanfattning

Denna avhandling innehåller tillämpningar och analys av heterogena mul-
tiskalmetoder (HMM) för elliptiska och hyperboliska partiella differentia-
lekvationer. Resultaten sammanfattas i tvårapporter.

Den första rapporten behandlar felet från cellranden, vilket uppstår i mul-
tiskalalgoritmer för elliptiska homogeniseringsproblem. Typiska multiskalme-
toder har tvåviktiga komponenter: en makro- och en mikromodell. Mikro-
modellen används för att uppskala parametervärden som saknas i makro-
modellen. För att lösa mikromodellen måste man sätta randvillkor för den
mikroskopiska domänen. Ett naivt val av randvillkor ger ett fel av ordningen
O(ε/η) där eps är storleken påde mikroskopiska variationerna i mediet och
eta är storleken påden mikroskopiska domänen. Fram till nu har man hit-
tat strategier som förbättrar konvergenshastigheten upp till fjärde ordningen
i ε/η. Att eliminera detta fel i multiskalalgoritmer är dock fortfarande ett
viktigt öppet problem. I denna rapport beskriver vi ett angreppssätt med en
tidsberoende mikromodell, som fungerar i alla dimensioner. Med denna me-
tod kan vi reducera felet till O((ε/η)q) och O((ε/η)q + ηp) i periodiskt och
lokalt periodiskt medium, där p och q kan väljas godtyckligt stora.

I den andra rapporten analyserar vi en multiskalmetod baserad påHMM
för numerisk approximation av vågutbredning i periodiskt medium. Speciellt
betraktar vi vågutbredning över långa tider, O(ε−2). I vår metod använder
mikromodellen den makroskopiska lösningen som begynnelsedata. För vågut-
bredningsproblem över korta tider kan linjär interpolation av makrovariabler-
na användas för att bestämma begynnelsedata till mikromodellen. För långa
tider räcker dock inte linjär interpolation och man måste istället använda
tredje ordningens interpolation för att metoden ska fånga det korrekta mak-
roskopiska dispersiva beteendet hos lösningen. I denna rapport bevisar vi att
om begynnelsedata är konsistent med den aktuella makroskopiska lösningen
kommer HMM fånga detta dispersiva beteende korrekt, med en noggrannhets-
ordning som vi kan välja godtyckligt hög. Vi använder tvånya ideer i beviset:
kvasi-polynomiella lösningar till periodiska problem och lokala tidsmedelvär-
den av lösningar till hyperboliska PDE. Som en bieffekt förklarar dessa ideer
påett naturligt sätt konsistensvillkorets roll vid högre ordnings approximation
av homogeniserade kvantiteter.
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Chapter 1

Introduction

Various physical phenamena in the universe posses multiscale and possibly multi-
physics nature. In most cases, extracting information about one scale of interest
(typically the macroscopic scale) requires taking the contribution of all other scales
in the problem (small scales in the problem) into account. Often the full microscopic
model is known but due to the need to represent the smallest scales over much larger
macroscopic length-scales (for instance, the size of the physical domain), the multi-
scale problems pose a considerable challenge computationally. For instance, every
physical object is made up of atoms, and objects that are of interest in our daily life
have characteristic geometries which are usually much larger than the size of the
atoms. Although the behavior of the overall system can be described accurately
by an atomistic model, it is computationally very costly to use this kind of model
to simulate the behavior of the entire macroscopic system. Instead, the tendency
is to derive effective models which use the small scale information to formulate a
macroscopic model which is much easier to solve through traditional techniques.
In general, the idea behind multiscale methods is to design methods which upscale
the microscopic information into the scales of interest in a clever way in order to
maintain a lower computational cost in comparison to the cost of solving for the
full microscopic model over the entire domain.

Approximately a decade ago, the Heterogeneous Multiscale Methods (HMM)
was proposed as a general framework for designing cheap multiscale methods to
treat problems that are multiscale in nature [1]. The term heterogeneous was used
to emphasize the fact that the phenamena occuring at different scales might be
governed by different mathematical laws. The HMM has proved to be very useful
in numerous disciplines of sciences. The applications include but is not limited to
homogenization problems [2, 3], gas dynamics [4], complex fluids [5], problems with
multiple time scales [6], ordinary and stochastic differential equations [7, 8, 9], etc.

An abstract layout of the HMM is as follows: In HMM, one starts with assuming
a macroscopic model

3
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Macroscopic model: F (UHMM , D) = 0. (1.1)
Here UHMM represents the solution of the HMM, and D stands for the data which
is needed for the model to be complete. The form of the model F is often based
on some physical laws by which the average quantities are governed. For instance,
F can be equations of continuum hydrodynamics. The data D is estimated by
solving a microscopic problem denoted by f constrained by the macroscopic data
d = d(UHMM )

Microscopic model: f(uε, d) = 0, (1.2)
where uε represents the microscopic solution. The final step of HMM is to upscale
the microscopic information to find D

Upscaling: D = Quε. (1.3)
Q is known as the compression operator in the literature. For a more recent paper
on the general aspects of the HMM we refer the reader to [10].

In this thesis, following the guidelines of the HMM we address the problem of
approximating the homogenized solutions of elliptic multiscale PDEs of the form

−∇ · (Aε(x)∇uε(x)) = f(x), in Ω,
uε(x) = 0 on Ω, (1.4)

and the wave equation

∂ttu
ε(t, x)−∇ · (Aε(x)∇uε(t, x)) = 0, in Ω× (0, T ε],

uε(0, x) = g(x), ∂tu
ε(0, x) = h(x) in Ω× {t = 0} . (1.5)

In both equationsAε is a rapidly varying function, Ω ∈ Rd is a bounded domain with
|Ω| = O(1). Furthermore, f, g, and h are assumed to be nice smooth functions. The
small scale parameter ε is used to denote the smallest wavelength of the fluctuations
in the media. In addition, we always assume that ε � 1 such that the small scale
oscillations are well-seperated from the large scale fluctuations. The elliptic problem
(1.4) models for instance the equilibrium temperature distribution in a composite
material and the multiscale nature of the solution is due to the heterogenities in
the media represented by the coefficient Aε(x). On the other hand, the hyperbolic
problem (1.5) models wave propagation in heterogeneous media.

As ε −→ 0 the direct numerical simulation of (1.4) and (1.5) becomes pro-
hibitively expensive since one needs to represent the solution with O(ε−d) and
O(T εε−d−1) degrees of freedom for the elliptic and the hyperbolic problems respec-
tively. For small ε and under periodicity assumtion for the coefficient Aε(x) both
multiscale solution can be approximated by effective solutions û(x) (in elliptic case)
and û(t, x) (in long time hyperbolic case). The effective solution û(x)is also known
as the homogenized solution, and formally it is the limit (as ε −→ 0) of the mul-
tiscale solution uε(x). Hence û(x) does not depend on the small scale oscillation.
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In the long time hyperbolic setting, on the other hand, the effective medium has
O(ε2) dependency on the small scale parameter. Our ultimate goal is to develop
a method which approximates the effective solutions (û and û(t, x)) to any desired
order of accuracy in ε. In other words, we want that

UHMM −→ û

on the discrete macroscopic points of the computational domain.
The outline of this thesis is as follows. Chapter 2 is devoted to homogenization

theory. Chapter 3.1 is devoted to the application of the HMM for elliptic homog-
enization problems. In chapter 3.2 we will give an overview of the HMM for long
time multiscale hyperbolic problems. We conculde the introductory part of the the-
sis by summerizing the contribution of two papers. The second part of the thesis
is composed of attached papers.





Chapter 2

Homogenization Theory

The overall aim of homogenization is to describe the macroscopic behaviour of a
heterogenous system. This is achieved through averaging the microscopic informa-
tion to obtain an effective system which is no more dependent on the small scale
data, while still being a good enough approximation of the original system. From
a mathematical point of view the problem is the following: given a mathematically
well-posed family of problems P ε(Dε), where Dε is a set of input data depending on
a small scale parameter ε, is it possible to find an effective solution û and possibly
a limit problem P̂ (D̂) such that

lim
ε→0

uε = û, and lim
ε→0

P ε(Dε) = P̂ (D̂), in some sense,

where uε is the solution to P ε(Dε)? This kind of approximation is of great practical
use for instance in investigating the thermal properties of composite materials, wave
propagation in heteregeneous media, or heat transfer in composite materials. These
applications can be modelled respectively by elliptic, hyperbolic, and parabolic
PDE’s with highly oscillatory coefficients. The subject of homogenization theory
for multiscale PDEs has been popular since 1970s when Ivo Babuska introduced
this term to the mathematical literature [11]. We refer the curious reader to the
following well-known books about homogenization theory [12], [13], [14], [15].

2.1 Homogenization of Elliptic Multiscale PDEs and Short
Time Wave Equation

When the medium is periodic, the multiscale elliptic PDE (1.4) or the hyperbolic
PDE (1.5) (when T ε = T is fixed and independent of ε) are well-known examples
where the homogenization theory applies and a formula for the homogenized solu-
tions exist. When the coefficient Aε is periodic such that Aε(x) = A(x/ε), where
A is a 1-periodic function, the homogenized equations for (1.4) and (1.5) read

7



8 CHAPTER 2. HOMOGENIZATION THEORY

−∇ ·
(
Â∇û(x)

)
= f(x), in Ω,

û(x) = 0 on ∂Ω,
(2.1)

and

∂ttû(t, x)−∇ ·
(
Â∇û(t, x)

)
= 0, in Ω× (0, T ],

û(0, x) = g(x), ∂tû(0, x) = h(x) in Ω× {t = 0} ,
(2.2)

respectively. Here Â ∈ Rd×d is a constant matrix and known as the homoge-
nized/effective coefficient, computation of which requires solving another set of non-
oscillatory problems posed on d-dimensional unit cube/torus denoted by Y = [0, 1]d.
To be precise, the homogenized matrix Â is defined as

Â =
∫
Y

A(y)
(
I + (Dχ(y))T

)
dy (2.3)

where χ ∈ Rd is a vector field known as the cell solution, and D is the gradient
operator acting on a vector field χ and is defined by (Dχ)ij = ∂xj

χi. The cell
solution χi solves a periodic elliptic problem on the unit cube Y as follows:

−∇ · (A(y)∇χi(y)) = ∇ ·A(y)ei, in Y,
χ is Y -periodic,∫
Y
χ(y)dy = 0.

(2.4)

Note that here {ei}di=1 is the standard canonical basis in Rd. Therefore, the effective
equations of both elliptic and limited time hyperbolic PDE use the same effective
coefficient matrix Â. The nontriviality of the homogenization process comes from
the fact that the homogenized matrix is not only a simple average of the original
multiscale cofficient. As we see in the formula (2.3), the first integral term is a
simple average of the periodic coefficient A, and the second term stands for the
effects of the small-scale oscillations in the media.

Unfortunately, it is not possible to find formulas for the coefficient matrix Â
in general. The formula (2.3) is valid only in periodic media and with a slight
modification in locally-periodic media where Aε(x) = A(x, x/ε), and A(x, y) is Y -
periodic in y. Similar formulas exist for periodic stochastic and locally-periodic
settings. In more general cases when we have arbitrary oscillations which are not
necessarily periodic, it is not possible to find formulas for the homogenized matrix,
though existence of such limiting solutions can be proved by the theory of G and
H convergences due to Spagnolo [24] and Tartar [25] respectively.

2.2 Effective Equation for Long Time Multiscale
Hyperbolic PDEs

For time dependent problems, the classical homogenization theory reveals the lim-
iting behavior of periodic multiscale PDEs only for short time scales where the final
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time T is fixed and independent of any other parameter in the problem. However, in
long time wave equation (1.5) when T ε = O(ε−2) the long time wave equation (1.5)
exhibits O(1) dispersive effects in T ε = O(ε−2) time scales which is not present in
the short time homogenized solution û(t, x).

In 1991, Santosa and Symes [17] derived a formula for the long-time effective
solution ûL approximating the solution of the long time wave problem in periodic
media where Aε(x) = A(x/ε) and A(y) is Y -periodic. The effective solution ûL was
proved to capture the dispersive effects of the exact solution. In one dimension, the
long time effective equation reads

∂ttûL(t, x)− ∂x
(
Â∂xûL(t, x)

)
− ε2β∂xxxxûL(t, x) = 0, in Ω× (0, T ε],

ûL(0, x) = g(x), ∂tûL(0, x) = h(x) in Ω× {t = 0} ,
(2.5)

where Â is the same homogenized coefficient as before and β > 0 is a positive quan-
tity and is known to equal a very complicated expression involving triple integrals
of the coefficient A. Since β is a positive quantity, the equation is illposed in the
sense that the solution uL does not have a continuous dependence on the data. The
equation (2.5) is known as the bad Boussinesq type equation due to the mentioned
ill-posedness.

Recently, Lamacz , [18], used the theory of Bloch waves (this theory was used
by Santosa and Symes as well) to approximate the exact solution uε(t, x), solving
(1.5) in one-dimension and over long time, by a well-posed effective solution ûLW .
The well-posed effective equation involved the second time derivative instead of the
second space derivative in the ill-posed term. i.e., ûLW solves

∂ttûLW (t, x)− ∂x
(
Â∂xûLW (t, x)

)
− ε2 β

Â
∂xx∂ttûLW (t, x) = 0, in Ω× (0, T ε],

ûLW (0, x) = g(x), ∂tûLW (0, x) = h(x) in Ω× {t = 0} .
(2.6)

This equation, on the other hand, is known as the good Boussinesq type equation
due to its favorable well-posedness properties. Lamacz’s one dimensional results
were generalized to higher dimensions later in [19]. To have a rough idea about the
connection between the bad (2.5) and the good (2.6) effective equations, first we
observe that ∂ttûL ≈ Â∂xxû + O(ε2), then we can replace ∂xxxxûL ≈ 1

Â
∂xx∂ttûL.

Upon this replacement we obtain the well-posed equation from the ill-posed equa-
tion.





Chapter 3

The HMM for Multiscale PDEs

As we mentioned already in the previous section, homogenization theory answers
the questions about the limiting behavior of multi-scale systems in very special
cases (like periodic media). In more general cases, when we do not have an explicit
formula for the homogenized equations we resort to numerical approaches. The
challenge is to design accurate multiscale algorithms to approximate the effective
solution of the elliptic multi-scale problem (1.4), or the corresponding wave equation
(1.5), without resolving the small-scale parameter over the entire computational
domain. In the following two sections we present the applications of the HMM for
our elliptic and long time hyperbolic multiscale PDEs.

3.1 Application of the HMM for Elliptic Multiscale PDEs

In this section we present a simple multiscale algorithm based on the HMM frame-
work in order to approximate the average behavior of the multiscale solution uε(x)
solving the elliptic problem (1.4). To illustrate the HMM framework in this spe-
cific setting suppose that Ω = (0, 1)2. The macro model for a standard HMM-type
algorithm for problem (1.4) is

Macro Problem: −∇ · F = f, (3.1)

where the flux F = (F x, F y)T is the missing quantity in the model. The intuition
behind such a choice for the macro model is the fact that the homogenized solution
must be governed by a conservation law. A simple finite difference discretization
(in two dimensions) of the macro problem (3.1) on the grid

{xi,j = (i4x, j4x), i, j = 0, · · · , N, N4x = 1}

gives

11
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Macro Solver: −
(
F x
i+ 1

2 ,j
− F x

i− 1
2 ,j

4x
+
F y
i,j+ 1

2
− F y

i,j− 1
2

4x

)
= fij , (3.2)

where 4x stands for the macro stepsize. Next, to compute the unknown Fi+1/2,j ,
one solves (1.4) over micro boxes Ωi+1/2,j := [−η + xi+1/2,j , η + xi+1/2,j ] of size
η = O(ε). Furthermore, coarse scale solutions Ui,j are used as boundary data for
the micro problem. The micro problem is

Micro Problem: −∇ · (A
ε(x)∇uε(x)) = 0 in Ωi+1/2,j ,

uε(x) = R(Um,l), on ∂Ωi+1/2,j .
(3.3)

Here R is an operator (usually a simple interpolation operator) which maps the
coarse scale solutions {Um,l} into the micro-model. The last step of the HMM
algorithm is to average the microscopic flux fε = Aε∇uε over the micro domain.
This can be done much more accurately if one uses a weighted average of fε. Hence
we introduce the kernel space Kp,q which consists of kernels K(x) ∈ Cqc (R) with
compact support in [−1, 1], and having p vanishing moments:∫

K(x)xrdx =
{

1, r = 0.
0, 1 ≤ r ≤ p.

We use the scaling Kη(x) = 1
η
K(x

η
) to shrink the compact support of the kernel to

the interval [−η, η], and we compute the HMM flux Fi+1/2,j as follows.

Up scaling: Fi+ 1
2 ,j

=
∫
Kη(x− xi+ 1

2 ,j
)Aε(x)∂xuεdx.

The HMM flux Fi+1/2,j approximates the homogenized flux F̂ which is defined as

F̂ = Â∇û,

where û is computed by linear interpolation of the coarse scale data {Um,l}.

3.2 The HMM for the Long Time Wave Propagation
Problems

Recently, the HMM framework has also been exploited to approximate the solu-
tions of multi-scale hyperbolic PDEs. In [20], Engquist et al. proposed a multi-
scale method based on finite difference HMM (FD-HMM) for approximating the
solutions of multiscale wave equations in a limited/fixed time interval. The same
authors generalized their (FD-HMM) approach for the one-dimensional long time
multiscale wave propagation problems in [16]. The authors used the ill-posed effec-
tive problem (2.5) as a reference to study their numerical results. Later, Abdulle
and Grote developed a finite element HMM (FE-HMM) [21] method for short time
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wave propagation problems. This finite element approach was also generalized very
recently to long-time wave propagation problems in [22]. Unlike Engquist et. al.
[16], they used the well-posed effective equation (2.6) to build a macro model which
would then give a numerical solution that converges under macro grid refinement.

Here we give a brief summary of the FD-HMM from [20] for the long time wave
propagation problem (1.5). The basic idea behind the long time HMM remains the
same as in the elliptic case. We start with changing the macroscopic model from
the elliptic case (3.1) to a time-dependent problem . In one dimension the macro
problem reads

Macro Problem: ∂ttU(t, x)− ∂xF = 0. (3.4)

Then defining the same spatial grid (but in one-dimension instead) as in the previ-
ous chapter and the corresponding temporal grid

{tn = n4t, n = 0, · · · ,M, M4t = T ε},

we discretize the macro model through

Macro Solver:
Un+1
j − 2Unj + Un−1

j

4t
=
Fnj+1/2 − F

n
j−1/2

4x
. (3.5)

Next, to compute the unknown Fnj+1/2, we solve the full multiscale problem (1.5)
for a microscopic time τ ≈ O(ε) and over a microscopic domain Ωj+1/2 := [−η +
xj+1/2, η + xj+1/2] of size η ≈ O(ε) centered at xj+1/2. As in the elliptic case, the
coarse scale solutions Uni are used as data for the micro problem. The macroscopic
data enters the micro simulation as initial and boundary data. In the long time
case, one needs to use a third degree interpolant of the coarse scale data instead of
a linear data to get accurate results. To be precise, let us denote the third degree
interpolant of the current macroscopic state by

û(x) = s0 + s1x+ s2x
2 + s3x

3,

then the micro problem reads

Micro Problem: ∂ttu
ε(t, x)− ∂x (Aε(x)∂xuε(t, x)) = 0 in Ωj+1/2 × (0, τ ],

uε(0, x) = ū(x), ∂tu
ε(0, x) = 0, on Ωj+1/2 × {t = 0},

(3.6)
where ū is then another third degree polynomial consistent with the current macro-
scopic state û, in the sense that if the microscopic solution uε(t, x) is averaged in
time and space over the microscopic domain then the average solution is equal to
the macroscopic state û up to high orders in ε. In other words, ū(x) is consistent
up to O(εq) with û(x) if

(Kuε) (0, x) = û(x) +O(εq),
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where K is an averaging operator in time and space. The last step is to approximate
the macroscopic flux Fnj+1/2 through

Up scaling: Fnj+ 1
2

=
∫ τ

−τ

∫
Ωj+1/2

Kη(x− xi+ 1
2 ,j

)Kτ (t)Aε(x)∂xuε(t, x)dxdt.

The HMM flux FHMM := Fn
j+ 1

2
would then be an approximation to the macroscopic

flux

F̂ (xj+ 1
2
) =

(
Â∂xû+ ε2β∂xxxû

)
(xj+ 1

2
), û(x) = s0 + s1x+ s2x

2 + s3x
3,

when the coefficient Aε(x) is periodic.



Chapter 4

Contributions

4.1 Contribution of paper I

The first paper concerns high accuracy approximation of the HMM flux for elliptic
multiscale PDEs. A standard HMM scheme was presented already in Chapter 3.1.
The sources of errors in a standard HMM-type algorithm are [16]

• Discretization errors when solving the micro and macro model numerically.

• Error introduced by the averaging operator K, where p, q are the number
of vanishing moments and smoothness associated with the kernel. In the
periodic case this is O(( εη )q).

• Error due to boundary conditions, in the micro problem, which are O(ε) away
from the exact value. This is O(ε/η) in the periodic case.

The first two sources of error can be made as small as we like by using highly
accurate methods in macro and micro levels and by using very smooth kernels in
the upscaling procedure. However, the first order error introduced on the boundary
of the micro problem will asymptotically dominate all other errors, and therefore
will deteriorate the accuracy. The removal of this error has remained an important
open problem in the last decade. To the best knowledge of the author, the best
improvement up to date is the reduction of the error to O((ε/η)4) in the periodic
setting [23]. Our contribution is to propose a method which uses the wave equation
as the microscopic model instead of a simple elliptic PDE. With this strategy we are
able to remove the boundary error totally and hence approximate the macroscopic
flux with any desired order of accuracy.

4.2 Contribution of paper II

The second paper is devoted to the analysis of the FD-HMM from [16] (also dis-
cussed already in chapter 3.2) for long time multiscale wave propagation problems.

15
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In [16], various numerical tests were provided to illustrate that the long time FD-
HMM captures the O(1) dispersive effects occuring at large time scales. Later, in
[26], the same authors provided an incomplete analysis of the long time algorithm
using Bloch waves. This paper completes the analysis of their method using entirely
different ideas. In particular, we prove that the upscaling procedure (discussed in
Chapter 3.2) approximates the long time macroscopic flux up to any desired order of
accuracy if the initial data of the micro problem is consistent with the macroscopic
state. As a part of analysis we are also able to show that indeed the dispersion
coefficient β in the long time effective equation (2.5) is given by a much simpler
expression. Namely,

β = Â ‖ χ ‖2L2(Y )

and therefore the long time effective equation (2.5) can be rewritten as

∂ttûL(t, x)− ∂x
(
Â∂xûL(t, x)

)
− ε2Â ‖ χ ‖2L2(Y ) ∂xxxxûL(t, x) = 0, in Ω× (0, T ε],

ûL(0, x) = g(x), ∂tûL(0, x) = h(x) in Ω× {t = 0} .
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