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Abstract

A new class of partizan games (Pomax games) played on posets
is presented. It is shown that all Pomax games are integer valued,
and that it is NP-hard to determine the winner of an arbitrary Pomax
game. Pomax games played on trees are solved, and also for Pomax
games played on a chess-colored Young diagram.
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Referat

En ny klass av partiska spel (Pomax-spel) som spelas på pomängder
introduceras i detta exjobb. Vi visar att Pomax-spel är heltal, samt att
det är NP-svårt att bestämma vinnaren hos godtyckliga Pomax spel. Vi
visar även hur man kan lösa Pomax spel som spelas på träd, och även
hur man löser Pomax-spel som spelas på Young diagram med schack-
färgning.
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Introduction

In this chapter, we will informally introduce the reader to a new class of partizan
games, played on posets with black and white colored elements. The game is played
between two players, white and black. The first player unable to move loses the
game. Each player may only remove a maximal element of his own color.

A simple example of this type of game is the game played on the Young diagram
representing the partition of some integer.

Figure 1.1. The Pomax game played on a colored Young diagram of (5, 3, 2) ` 10

= { ,

︸ ︷︷ ︸
Options for white

∣∣
︸ ︷︷ ︸

Option for black

}

The maximal elements of this poset are simply the outer “corner”-elements of the
diagram, if removing the element maintains the partition shape. The author wishes
to convey the intuition that games played on Young diagrams with an arbitrary
coloring seem to be difficult to play, however no formal proof of their hardness is
given in this thesis. However, we will show that Pomax games played on chess-
colored Young diagram are easy to solve.

We will also show that all Pomax games are integer-valued, for any poset. This
is an interesting fact which seems to arise from the specific rules of the Pomax
games, independently of the underlying poset.

Also, we will show how to calculate the value, and hence who will win the game,
of Pomax games played on forests. It turns out that certain areas of the forest may

Figure 1.2. Example of a Young diagram with an arbitrary coloring
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CHAPTER 1. INTRODUCTION

Figure 1.3. Example of a chess-colored Young diagram upon which a Pomax game
can be played.

= {| , } = {|1} = 0

Figure 1.4. Example of a Pomax game played on a tree

= { ︸︷︷︸
Option for white

| ︸︷︷︸
Option for black

}

Figure 1.5. An arbitrary colored poset upon which a Pomax game may be played

be disregarded, so that even if a given player has plenty of elements in some part of
the forest, these might not be accessible for the player and hence will not contribute
to the total value of the game.

Finally we will show that determining the winner of an arbitrary Pomax game
is NP-hard, by reducing an instance of 3-SAT to an instance of a Pomax game.

1.1 Background

A poset game is an impartial game played on some given poset, where each player
takes turns in selecting an element x and removing it and all elements that are
greater than x. Deciding the winner of a poset game in general is P-Space complete
[4]. We will now briefly mention two well-known poset games.

Nim is a poset game which is played on a poset consisting of a number of
chains, see Figure 1.6. Charles L. Bouton solved the game of Nim in his classical
article “Nim, A Game with a Complete Mathematical Theory” from 1901 [1]. In
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1.1. BACKGROUND

Figure 1.6. A poset consisting of three chains, on which a game of Nim may be
played.

it, a complete, optimal strategy for playing Nim is given, making the game rather
uninteresting to play if both players know this strategy, as the outcome is then
already determined.

Chomp is a poset game played on a two-dimensional integer lattice (that is
missing the bottom-left element (1, 1)). While Nim is solved, not much is known
about Chomp in general [3]. One can show that the first player to start has a
winning strategy, but the argument is non-constructive, and does not shed any
light on any actual strategy for playing the game.

These two examples of poset games illustrate that the complexity can differ
widely for different poset games. Pomax-games are in some sense a partizan variant
of poset games, with slightly perturbed rules. Pomax games differ in the sense that
they are partizan, and that each player may only remove a maximal element, as
opposed to removing any element (and all those above it).

3





Preliminaries

In this chapter we provide the reader with a brief background of the theory behind
combinatorial games and the notation used throughout the thesis. The reader is
referred to the excellent book “On numbers and games” by J.H. Conway for a more
detailed and more thorough introduction to combinatorial games [2].

2.1 Partially ordered sets

The definitions of this section are mostly from Richard Stanley’s book “Enumerative
combinatorics” [6].

Definition 1. A partially ordered set (poset) (P,≤) is a set with a binary order
relation ≤ defined for some pairs of elements of the set, that satisfies:

1. a ≤ a,∀a ∈ P , also known as reflexivity.

2. if a ≤ b and b ≤ a, then a = b, also known as antisymmetry.

3. if a ≤ b and b ≤ c, then a ≤ c, also known as transitivity.

By x < y, we mean x ≤ y and x 6= y.
We define an interval [p, q] of a poset to be {x ∈ P | p ≤ x ≤ q}. We say that

v covers u if [u, v] = {u, v}, and we denote this by u l v. An element u of a poset
is said to be maximal if there is no other element v such that u < v. We say that
x and y are comparable if x ≤ y or y ≤ x, otherwise they are incomparable.

Definition 2. A colored poset is a poset where each element has a color of either
black or white.

Definition 3. A chess-colored poset is a colored poset such that if any given
element x is black, then all the elements covered by x, and all the elements that
cover x, are white. Equivalently we may regard P = W ∪ B as a bipartite graph,
with white vertices W and black elements B, with the covers relation as an edge
relation.

Definition 4. A tree poset is a poset that has no cycles, when regarded as a graph
(with the cover relations as undirected edges). A forest poset is a poset consisting
of any number of components, each of which are tree posets.

5



CHAPTER 2. PRELIMINARIES

Definition 5. Let λ = (λ1, . . . , λk) be a decreasing sequence of positive integers,
λ1 ≥ λ2 · · · ≥ λk. We say that λ partitions n, denoted by λ ` n, if

∑k
i=1 λi = n.

2.2 Combinatorial game theory

In this thesis, we will focus solely on partizan combinatorial games. These games are
played between two players, left and right (or white/black). A game has positions
and any given position defines the options available to the left and right player.
These options are in themselves positions of the game, to which a player may choose
to move. The term partizan refers to the fact that the set of left options may be
different from the set of right options.

Under the normal play convention, a player loses if it is his turn to move, and
he has no options available.

Definition 6. A position in a partizan game is defined by its left and right op-
tions, and we denote a position by G = {L|R}, where L is the set of left options,
and R is the set of right options. Following Conway [2] we will often abuse no-
tation and write for instance, G = {G1, G2|H1,H2,H3} as a shorthand for G =
{{G1, G2}|{H1,H2,H3}} and we will write G = {GL|GR}, to denote “typical” op-
tions of G.

Every game G belongs to at least one of the four outcome classes outlined below:

• G = 0: There exists a winning strategy for the second player to start the
game.

• G > 0: There exists a winning strategy for left, no matter who starts the
game.

• G < 0: There exists a winning strategy for right, no matter who starts the
game.

• G||0: We say that G is fuzzy to 0, which means that there exists a winning
strategy for the first player to start the game.

Example 1. The simplest game possible is that in which there are no options for
left, nor any options for right. This game is denoted by 0 := {|}. Notice that
the first player to move in this game will lose, since she has no options available.
Consider also the game 1 = {0|} where only the left player has an option to move.
If the right player starts in 1, then he clearly loses instantly. If the left player starts
in 1, then he must move to 0, after which it is left’s turn to move, and so left will
lose. We can thus see that 1 > 0, since there exists a winning strategy for left, no
matter who starts the game.

The game ? = {0|0} is clearly won by the first player to start, and so ?||0.
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2.2. COMBINATORIAL GAME THEORY

We are often interested in determining which of these classes a game belongs to.
Naturally, one could do an exhaustive analysis to determine this, but this is often
prohibitively expensive due to the often exponential number of different positions.
We are still interested in determining which outcome class a specific game belongs
to, but we would like to determine this in some more efficient manner. Depending
on the nature of the game, this might be easily done, or it might be very difficult
to do.

Another fundamental concept is that of adding games, also known as disjunctive
sums. Two (or more) games may be summed together, which simply means that a
player may choose which game he or she wants to move in, leaving the other games
untouched.

Definition 7. The disjunctive sum of two games G and H is defined to be:

G + H = {GL + H,G + HL|GR + H,G + HR}.

A game may also be inverted, in which the right options are themselves inverted,
and become left options, and vice-versa.

Definition 8. The inverse of a game G = {GL|GR} is defined to be:

−G = {−GR| −GL}.

Using the definition of the disjunctive sum of two games, and the definition of
the inverse of a game, we are now ready to define equality between two games.

Definition 9. We say that G = H iff G−H = 0.

Intuitively this makes sense, if inverting one game and playing it simultaneously
with another game results in the 0 game, then they must be equal.

By the definition of equality above, we see that two games can be equal even
if they have different options. We must be careful so that we differentiate between
equality and identity. Many games are equal to the zero game 0, even though they
are certainly not identical to the zero game (that is, having no options).

A fundamental concept in combinatorial game theory is that of a number. Num-
bers are a special class of games. 0 is a number, for instance, and the definition
below defines all numbers.

Definition 10. Given two sets of numbers, L and R, if no element of L is greater
than or equal to any element of R, then there is a number {L|R}.

Not all combinatorial games are numbers however – for instance, ? is not a
number, since 0 ≥ 0 (there exists a left option 0, which is greater than or equal to
a right option, also 0).
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CHAPTER 2. PRELIMINARIES

2.3 Complexity theory

There is a class of problems for which we believe there to be no efficient solution
(i.e no algorithm that can solve them in polynomial time). As of yet, no algorithm
has been found to solve any of these problems in polynomial time, but at the same
time, there is no proof that there does not exist any algorithm that can solve them
efficiently. What has been shown however, is that these problems are all, in a sense,
equivalently hard. If we manage to find an algorithm to efficiently solve any of
them, that would imply that we can solve all of them efficiently.

The definitions of this section are from the book “Algorithm Design” [5], and
the reader is referred hence for a more detailed description of complexity theory.

In this thesis, we will solely focus on decision problems. An algorithm that solves
a decision problem, takes a binary string of finite length as input, and produces
either a “yes” or “no” output.

In what follows, let s be a binary string which represents the input encoding a
problem instance, and denote the length of s by |s|. Let A be an algorithm that
takes a binary string s and returns “yes” or “no”.

Definition 11. If an arbitrary instance of problem Y can be solved by calling a
black-box solver for problem X at most a polynomial number of times, and with
at most a polynomial number of extra computational steps, then we say that Y is
polynomial-time reducible to X, denoted by Y ≤P X.

We also say that X is at least as hard as Y . If Y ≤P X, then if Y is not solvable
in polynomial time, then neither is X.

Definition 12. A decision problem X is a set of binary strings for which the answer
is “yes”.

Definition 13. We say that the algorithm A solves the decision problem X iff
A(s) = yes ⇔ s ∈ X.

Definition 14. An algorithm A has polynomial running time if it terminates in
at most O(p(|s|)) steps, where p is any polynomial. If an algorithm that solves X
has polynomial running time, then X ∈ P. We say that the decision problem X is
decidable in polynomial time.

Definition 15. B is an efficient certifier for the decision problem X if it is a poly-
nomial time algorithm taking two binary strings s and t, and there is a polynomial
function p, such that s ∈ X ⇔ ∃t : |t| ≤ p(|s|) ∧B(s, t) = yes.

We think of t as being a proof for the fact that s ∈ X, and we impose the
constraint that the proof cannot be too long (polynomial in the size of the input).
The efficient certifier then will confirm that t is in fact a proof of the fact that s ∈ X
in polynomial time.

Definition 16. NP is defined to be the set of all decision problems that have a
polynomial certifier.
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Pomax games

We will now formally describe the Pomax game which is played on some poset.

Definition 17. Let P be any colored poset. The Pomax game Po(P ) played on P,
is a partizan game played on P , where the left player has the option to remove any
white element maximal in P , and analogously for black. Formally it is thus defined
as:

Po(P ) = {L|R}

L = {Po(P − {x})|x maximal and white}

R = {Po(P − {x})|x maximal and black}

3.1 Pomax games are integer-valued

Interestingly enough, it turns out that Pomax games are always integer-valued, no
matter the structure of the underlying poset.

Theorem 1. Pomax games are integer-valued.

Proof. We proceed by induction. Assume the statement is true for all games played
on posets smaller than P . Let P have any coloring. Let G = Po(P ).

If G = {|GR}, meaning that left has no options, then since GR is a Pomax game
played on a poset smaller than P , we know by the induction hypothesis that it is
an integer and hence G is an integer. The same argument applies if right has no
options, and left has one. Thus in what follows, assume that there is at least one
option available for each player, i.e that G = {GL|GR}.

By the induction hypothesis, both GL and GR are integers. If we can prove that
GL ≤ G− 1 and that GR ≥ G + 1, then the theorem follows.

We will show that GL−G+1 ≤ 0, which is equivalent to the following: supposing
white (left) starts, there is a winning strategy for black (right).

Let x be the white element of the poset that was removed by white, to form GL.
We will show that the following property is maintained up until a certain point in
the game: black always has an extra, maximal element in −G.

If white removes some element of GL not comparable to x, or some element in
−G not comparable to x, then black can easily counter by doing the corresponding
move in the other component. If however, white removes an element y in GL that

9



CHAPTER 3. POMAX GAMES

was covered by x, then black cannot remove the corresponding element in −G, since
x is blocking it. However, we know that x in −G is black, and so black can counter
by removing x. This leaves us with a situation exactly as before, with black having
an extra element in −G, being y this time. By continuing in this way, black can
always counter any move that white makes on elements which black cannot directly
access in −G.

Now, if at some point in the game, white chooses to play the extra white block
(the 1 component), then black can counter by taking the extra black element in −G
(initially this is the element x). After this point, GL and −G are exact mirrors, and
white will eventually lose since black can counter every move.

3.2 Forest Pomax-games

In this section, we will examine Pomax games played on forests. We know that
we will be able to solve the value of forest games if we can calculate the value for
tree games, the value is then simply given by the disjunctive sum of the constituent
trees.

Example 2. We ask the reader to consider the following Pomax games (illustrated
by means of a Young diagram):

= = 0

= = 0

What this example illustrates is the following: one may prepend any colored
chain of elements to the above chain, without changing the value of the game. The
game is in a sense decoupled from the first part of the chain, because of the presence
of the sequence in the poset. The game will always be equivalent to
the Pomax game played on the last four elements of the chain, no matter how you
change the initial part.

This example motivates the following definition.

Definition 18. Let P be a forest poset. We say that P is coupled if there do not
exists elements v1, v2, v3 in P such that v1 l v2 l v3 and such that v1, v2 have the
same color and v3 has a different color. For convenience, the game Po(P ) is also
said to be coupled if P is.

Lemma 1. The game Po(P ) played on a coupled tree-poset P has value w−b where
w is the number of white elements and b is the number of black elements.

Proof. We proceed by induction. Assume the statement is true for all games played
on smaller posets than P . We will examine two cases, one where both players have

10



3.2. FOREST POMAX-GAMES

Figure 3.1. The presence of one of these intervals in a tree poset makes it decoupled

v3

v2

v1
,

v3

v2

v1

at least one possible move, and the other case where only one player has a possible
move.

Assume that both players have at least one possible move. Let w be the
number of white elements in the poset and let b be the number of black elements in
the poset.

The value of the game where black removes a black, maximal element is then
given by w − (b− 1), by the induction hypothesis. Likewise, the value of the game
where white removes a white maximal element is given by (w − 1)− b, also by the
induction hypothesis.

The value of the game G thus equals:

{(w − 1)− b | w − (b− 1)} = w − b

Assume that black has no possible move. This means that all the maximal
elements (the leaves of the tree) of the poset are white. The value of the game is
then given by {(w − 1)− b|} which is equal to w − b iff (w − 1)− b ≥ −1.

We will show that (w − 1)− b ≥ −1 which is equivalent to w − b ≥ 0 or w ≥ b.
In words, we would like to show that there are at least as many white elements as
there are black elements, if all the leaves are white, in a coupled tree poset game.

Since all the leaves are white, any black element x of the poset is a non-leaf,
meaning that it has at least one child y above.

We now claim that all the children of any black node must be white. Otherwise
we would have a chain x l y l · · ·l w where w is a leaf of white color, and where
x, y are black. This implies that somewhere in this chain (possibly at the end), we
would have an interval consisting of three elements x1 l x2 l x3 where x1, x2 are
both black, and x3 is white, contradicting the fact that the tree poset is coupled.

This shows that for each black element x, there is at least one white element y,
which proves that w ≥ b.

Notice that the theorem above rests crucially on the fact that, if all maximal

11



CHAPTER 3. POMAX GAMES

elements in a tree poset are white then w ≥ b. So any poset that satisfies this
property will have the value w − b.

Lemma 2. A game Po(P ) with value a played on a coupled tree-poset P that has
a black root and at least one white element, has the following property:

If black starts in the game T − a, then white will win before black has the possi-
bility of playing the root in the T -component.

Proof. Assume black starts. We know that T − a = 0, and hence that there is a
winning strategy for white, when black starts.

As a strategy, white will exhaust all elements in the −a component first (if there
are any white elements), before moving in the T -component. This is a winning
strategy, since in a coupled game, all options have the same value.

Since we assumed that there is at least one white element in T , at some point in
the game we might reach the situation where the last remaining white element in
the T -component is maximal, and it’s white’s turn to move. If there are any white
elements left in the −a component, white will use these first.

If there are no moves available for white in the −a component, then white
would be forced to take the last white element in the T -component, but this is a
contradiction, since then black would win, since we know that the root is black, and
we are removing the only remaining white element from the T -component.

Thus white can win the game without ever having to take the final white element
in the T -component.

Before we proceed with the last and final theorem in this section, we will first
introduce the reader with an example that illustrates the kind of simplifications that
we are justified to perform on forest/tree-posets. The idea is that we can iteratively
remove certain parts of the forest, without changing the value of the game, until
all that remains is a coupled forest, after which we can use Lemma 1 to calculate
the value of the remaining forest. In words, if v1 l v2 l v3 and v1, v2 have the same
color, while v3 is of a different color, then we can simply remove all the elements
that are below v2, without changing the value of the game.

12



3.2. FOREST POMAX-GAMES

Example 3. In this example, illustrated in Figure 3.2, there are two such inter-
vals. After removing all elements below v2 for both intervals, we are left with a forest
consisting of three trees, all being coupled. We then simply calculate their value by
summing the number of white elements and subtracting the number of black ele-
ments.

Figure 3.2. Example of the technique of simplification on forest-posets.

= + + = 0

Theorem 2. Let P be a tree poset. Assume there exist v1, v2, v3 in P such that
v1 l v2 l v3 and such that v1, v2 have the same color and v3 is of a different color.
Also assume that this sequence is maximal, i.e that we cannot find elements above
which satisfy the same constraint. The value of Po(P ) is then equal to Po(P ′),
where P ′ is defined by:

P ′ = P\{x ∈ P |x < v2}

Proof. We will show that Po(P ) − Po(P ′) = 0. Without loss of generality, assume
that v1, v2 are both black and hence that v3 is white. By the maximality of the
sequence, we know that the subposet above v1 is coupled.

We note that P ′ may be a forest, even though P is a tree. Essentially however,
it will consist of a number of different disjoint trees T1, . . . Tk say, one of which being
the subposet T̃ = {x ∈ P |x ≥ v2} ⊆ P .

Assume that Po(T̃ ) = a. We will show that: Po(P )− Po(P ′) + a− a = 0.
If white starts and moves in Po(P ), then black can counter by making the

corresponding move in −Po(P ′). White cannot ever access any element x < v2, due
to the fact that v1 is black and is blocking access to x. Any move made by white
in −Po(P ′) can be easily by countered by black, with the corresponding move in
Po(P ). If white moves in a (if a > 0), then black can counter by moving in −a, and
vice-versa (if a < 0). This shows that black wins if white starts.

13



CHAPTER 3. POMAX GAMES

We will now examine the case when black starts:
If black moves in some tree other than T̃ of −Po(P ′), then white can easily

counter by taking the corresponding element of Po(P ). Likewise if black removes
some element of P which is not comparable to v2, then white can counter by re-
moving the corresponding element in one of the trees of P ′.

Observe that T̃ is a coupled subposet of P . We will for a moment restrict our
attention to the Pomax game Po(T̃ ), which has value a. White can respond to
every move made by black in the T̃ part of the Po(P ) component by playing in the
−a component, without ever letting black remove v2, by Lemma 2. We know that
Po(T̃ )−a = 0, so white has a counter to every move that black makes in the T̃ part
of the Po(P ) component (or in −a). This also ensures that black can never access
any element x < v2 in Po(P ).

We know also that −Po(T̃ ) + a = 0, and so white can counter any move that
black makes in either of these two games. This shows that white wins if black starts,
and so we conclude that Po(P )− Po(P ′) + a− a = 0 ⇔ Po(P )− Po(P ′) = 0.

3.3 Chess-colored Pomax games

In this section we will briefly discuss chess-colored Pomax games. It turns out that
we can calculate the value of chess-colored Pomax games on Young diagrams in the
same way as for coupled trees.

Theorem 3. The value of a chess-colored Pomax game played on a Young diagram
is w − b, where w and b are the number of white and black squares, respectively.

Proof. The argument is almost identical to the argument for coupled tree posets.
The point we need to verify is that w ≥ b if all the maximal elements are white.
We will examine an arbitrary row of the Young diagram. We know that this row
ends with a white element. If the number of elements in this row is even, then due
to the chess-coloring, we know that this row has exactly as many white elements as
black elements.

If the number of elements in the row is odd however, say 2k+1 elements, then the
row has exactly one more white element, since the first 2k elements are alternating
white/black, and the final element is white.

This shows that w ≥ b and hence the same argument as in Lemma 1 is applicable,
which proves the theorem.

We will now provide the reader with a counter-example which shows that in
general, even though a poset is chess-colored, it is not true that its value is simply
w − b.

14



3.4. NP-HARDNESS OF ARBITRARY POMAX GAMES

Figure 3.3. A counter-example showing that the value of a chess-colored poset does
not in general equal w − b.

= 0 6= 2− 3

3.4 NP-hardness of arbitrary Pomax games

Theorem 4. To decide the winner of an arbitrary Pomax game is NP-hard.

Proof. We will reduce an instance of 3-SAT to a specific game G, and ask the
question whether G = 0 or not. We will show that G = 0 if and only if there is an
assignment of the variables that makes the 3-SAT formula true.

Let C = {c1, . . . , cm} be a collection of clauses, with each clause consisting of a
set of three different literals over the set of boolean variables U = {x1, . . . , xn}. This
set C represents the logical formula

∧m
i=1

∨
x∈ci

x, where each clause is a disjunction,
and where we have conjunction over all the clauses. Simply put, 3-SAT asks if there
is an assignment of the variables such that at least one literal in each clause is true,
for all clauses.

Let P be the poset of the game which we will construct. For each variable xi,
we will add the white elements “xi = 1“ and “xi = 0“ to the poset P , and let these
two elements be maximal. We will then connect “xi = 1“ and “xi = 0“ to a black
element bi l “xi = 1“, bi l “xi = 0“, just below the two elements. In total we will
thus be creating three elements in P for each variable in U .

Each clause ci is a set of three literals, over three different variables x, y, z (all
elements of U) say. It is clear that there is a unique assignment φ(ci) ∈ Z3

2 that
assigns x = φ(ci)1, y = φ(ci)2, z = φ(ci)3 such that the clause ci is false. This
is just the assignment in which none of the literals of the clause are true, thus
leading to the clause itself (being a disjunction of the three literals) to be false.
As an example of this, the clause c = {x1,¬x2, x3} has φ(c) = (0, 1, 0), since
x1 = φ(c)1, x2 = φ(c)2, x3 = φ(c)3 would render c false.

For each clause ci, we will create a new black element called ci in P , and connect
it such that cil“x = φ(ci)1“, cil“y = φ(ci)2“, cil“z = φ(ci)3“. This means that for
each clause, we add a new black element to the poset, and we connect the assignment
of variables which would make this clause false, to the new black element.

Finally, we will also add n additional black elements from the set {1, 2, . . . , n}
to P , one for each clause. These elements are not comparable to any other element,
and are thus maximal. Figure 3.4 shows an example.

We will now show that for the construction above, G = 0 iff there is an assign-
ment of the variables that makes the 3-SAT formula true.
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CHAPTER 3. POMAX GAMES

Assume that G = 0, and thus that the second player to start the game has a
winning strategy. Assume that black starts the game.

For each black element in [n], white must choose an element “xi = 0“ or “xi = 1“
as a counter move. If he is to stand any chance to win, he must have exactly n white
counter moves, and none of these must unlock any options for the black player. If
white at some point takes “xi = 0“ when “xi = 1“ has already been taken (or vice-
versa), then he would unlock the black element bi. Thus since white has a winning
strategy, he chooses either “xi = 0“ or “xi = 1“, but not both, for all i ∈ [n].

Furthermore, if white were to remove the elements “x = φ(ci)1“, “y = φ(ci)2“, “z =
φ(ci)3“ for some clause ci ∈ C over the variables x, y, z, then white would unlock
the element ci ∈ P . Thus since white has a winning strategy, he does not select any
triple of assignments that makes any clause false.

This shows that since white has a winning strategy, his strategy is equivalent to
selecting an assignment of variables that satisfy the 3-SAT formula.

If white starts the game, then even if white plays as above, it is clear that black
can simply counter with the black elements in {1, 2, . . . , n} and win the game. This
shows the forward direction.

Now assume that there is an assignment of the variables that makes the 3-SAT
formula true. We would like to show that G = 0.

Assume black is the starting player. For each of the n moves made by black in
[n], we will simply respond by taking the n elements of the assignment, i.e “xi = 1“
or “xi = 0“, for all i ∈ [n]. Since it is an assignment, we are sure that for each i,
only one of “xi = 1“ or “xi = 0“ is picked, and thus bi is never unlocked for the
black player. Since the assignment satisfies the 3-SAT formula, we know that each
clause is true, and thus that no ci is unlocked for the black player. All in all, this
leads to the conclusion that after the black player has made his n moves in [n],
white will have countered all of these moves without unlocking any new element for
black, and thus white will win.

If white starts instead, then black can simply counter each of white’s moves by
using the n black elements in [n]. If white ever tries to use any more than n white
elements (by picking both “xi = 0“ and “xi = 1“ for some i), then black always
gets a new black element to counter, and so white cannot possibly win.
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3.4. NP-HARDNESS OF ARBITRARY POMAX GAMES

x1 = 1 x1 = 0 x2 = 1 x2 = 0 x3 = 1 x3 = 0

b1 b2 b3

c1 c2

+ ︸︷︷︸
[n]

Figure 3.4. The reduction for the formula (¬x1 ∨ ¬x2 ∨ x3) ∧ (x1 ∨ ¬x2 ∨ ¬x3)
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Conclusions and open questions

We have shown that arbitrary Pomax games are NP-hard, but that Pomax games
played on forests are easy. We have also established that Pomax games played on
chess-colored Young diagrams are easy. Pomax games played on Young diagrams
with an arbitrary color seem to be hard, but the question is still open. It could be
that those games are easy as well, and if so, it would be interesting to be able to
determine the value of such games in polynomial time.

As far as we know, Pomax games are the only example of an NP-hard game which
is integer valued. It would be interesting to determine which specific property of the
rules of Pomax games that makes it integer valued, and to determine more general
classes of games that are integer valued, and their complexity.
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