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Abstract 
Safety assessment of existing dams becomes more and more important with their increasing 
age. In addition, new regulations, due to climate changes and changes in knowledge, demand 
a re-evaluation of the existing dams’ safety. One of the failure modes considered in safety 
assessments of concrete gravity dams is sliding at the dam-foundation contact. Sliding failure 
is assumed to occur when the applied load exceeds the shear strength of the interface. Thus, 
the shear strength of the concrete-rock interface will ultimately determine if sliding of the 
dam will occur or not and it is, therefore, of utmost importance to be able to quantify it.  

The shear strength of concrete-rock interfaces is in general defined based on the Mohr-
Coulomb shear strength criterion, which is governed by the cohesion, friction angle and 
normal stress along the interface. This simplified model of the shear strength is subject to 
several uncertainties, due for example to the natural variability of the involved parameters, 
statistical errors etc. In addition, analyses are commonly performed using the averaged values 
of cohesion, friction angle, normal and shear stresses, based on the assumption of ductile 
failure. This may be incorrect for bonded or partly bonded interface since test results show 
that bonded concrete-rock cores exhibit brittle behaviour.  

The uncertainties related to bonded or partly bonded interfaces are taken into account in the 
Swedish guidelines, RIDAS, for by treating all concrete-rock interfaces as unbonded, i.e. the 
effect of cohesion is not included when evaluating the shear strength of the interface. This is a 
conservative method, but it may lead to expensive and unnecessary strengthening of existing 
dams. Other deterministic guidelines/regulations, e.g. FERC, allow the use of cohesion but 
apply higher target safety factors when both the cohesive and the frictional strength are taken 
into account. To evaluate the adequacy of using cohesion in sliding stability analyses of 
concrete dams, the effect of the uncertainties on the calculated sliding stability of the dam has 
to be assessed.  

This thesis highlights several uncertainties related to bonded concrete-rock interfaces. 
However, the thesis focuses mainly on increasing the knowledge regarding the model 
uncertainty due to the brittle failure mechanism in combination with a possible spatial 
variability of cohesion. The magnitude of the model uncertainty is studied using numerical 
analyses. Its influence on the assessed behaviour of a hypothetical dam monolith is then 
evaluated using probability based methods. A conclusion drawn from this particular case, but 
which is likely to be generalized to other dam-foundation systems, is that the ductile sliding 
failure is too coarse an approximation of the failure behaviour of dams with bonded interfaces 
and could lead to an overestimation of dam safety. In addition, the potential spatial variability 
of cohesion along the interface further diminishes the validity of the ductile failure model. 

Areas that require further research in order to take into account the most significant 
uncertainties related to bonded interfaces include the definition of the ratio of bonded area to 
total area and its influence on sliding stability. The statistical uncertainty due to the limited 
number of tests also needs to be studied. 
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Sammanfattning 
Säkerhetsutvärdering av befintliga dammar blir allt viktigare i takt med deras stigande ålder. 
Dessutom fordrar nya riktlinjer, på grund av klimatförändringar och ökad kunskap, en 
omvärdering av befintliga dammars säkerhet. En av felmoderna som beaktas i 
säkerhetsutvärderingar av gravitationsdammar är glidning i gränssnittet mellan berg och 
betong. Glidbrott antas inträffa när den applicerade lasten överstiger gränssnittets 
skjuvhållfasthet. Följaktningen är gränssnittets skjuvhållfasthet avgörande för om glidning 
kommer att ske eller ej och det är därför av yttersta vikt att kunna kvantifiera den. 

Berg-betonggränssnittets skjuvhållfasthet definieras generellt baserat på Mohr-Coulombs 
brottkriterium, som styrs av kohesionen, friktionsvinkeln samt normalspänningen över ytan. 
Denna förenklade modell av skjuvhållfastheten är utsatt för flera osäkerheter på grund av till 
exempel den naturliga variationen i de berörda parametrarna och statistiska fel. Det är 
dessutom vanligt, baserat på antagandet om segt brott, att analyser utförs med medelvärdet av 
kohesionen, friktionsvinkeln, normal- och skjuvspänningarna som indata. Detta kan vara 
felaktigt för intakta eller delvis intakta kontaktytor då provresultat visar på att intakta berg-
betongkärnor uppvisar sprött beteende.  

Osäkerheterna rörande intakta eller delvis intakta gränssnitt beaktas i de svenska riktlinjerna 
RIDAS genom att alla berg-betonggränssnitt betraktas som brutna, d.v.s. kohesionens 
inverkan inkluderas inte vid utvärderingen av gränssnittets skjuvhållfasthet. Detta är en 
konservativ metod, men den kan leda till dyra och onödiga förstärkningar av befintliga 
dammar. Andra deterministiska riktlinjer/normer, t.ex. FERC, tillåter användandet av 
kohesion men tillämpar högre säkerhetsfaktorer då både kohesionen och friktionen används 
vid beräkningen av kontaktytans skjuvhållfasthet. I syfte att bedöma lämpligheten av att 
använda kohesion i glidstabilitetsutvärderingar av betongdammar, måste effekten av 
osäkerheterna på dammens uppskattade glidstabilitet utvärderas. 

Föreliggande avhandling belyser flera osäkerheter relaterade till intakta berg-betonggränssnitt. 
Avhandlingen fokuserar dock främst på att öka kunskapen om modelosäkerheten beträffande 
den spröda brottmekanismen i kombination med en sannolik rumslig spridning av kohesionen.  
Osäkerhetens storlek studeras med hjälp av numeriska analyser. Därefter används 
sannolikhetsbaserade metoder för att utvärdera dess inverkan på en hypotetisk dammonolits 
bedömda beteende. En slutsats baserad på detta specifika fall, men som sannolikt kan 
generaliseras till andra damm – och grundläggningssystem, är att den antagna sega 
brottmekanismen är en för grov approximation av brottbeteendet hos dammar med intakta 
gränssnitt och kan därför leda till en överskattning av dammsäkerheten. Dessutom leder 
kohesionens potentiella rumsliga variation till ytterligare försvagning av den sega 
brottmodellens giltighet.  

Områden som fordrar ytterligare forskning i syfte att redogöra för de viktigaste osäkerheterna 
beträffande intakta gränssnitt innefattar definitionen av andelen intakt yta i förhållande till den 
totala ytan samt dess inverkan på glidstabiliteten. Dessutom behöver den statistiska 
osäkerheten på grund av det låga antalet tester studeras. 
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1. Introduction 

1.1 Background 

In Sweden there are a great number of concrete dams founded on rock. Most are hydropower 
dams that have been in service for over 50 years. The increasing age of the dams, with its 
associated problems, for example deterioration in structural integrity and foundation, and new 
regulations, due to climate changes and changes in knowledge, demand a re-evaluation of 
their safety.  

Dam safety analysis of existing dams is traditionally conducted using deterministic 
techniques, which focus on safety factors and standards of performance. Deterministic 
approaches are defined by ANCOLD (2003) as processes with an outcome that is always the 
same for a given set of inputs.  The outcome is thus “determined” by the input. Uncertainties 
related to the natural variability of load and material properties or due to mathematical 
simplifications and model errors are usually incorporated into one single value represented by 
a factor of safety (𝐹𝑆). Sensitivity analyses are sometimes conducted as a way of appreciating 
uncertainty in deterministic approaches. They are, however, limited in the sense that they do 
not provide an estimate of output uncertainty due to a combination of input uncertainties. 
Another limitation with this type of technique is that the chosen acceptable 𝐹𝑆 are, to the 
authors knowledge, mainly based on experience and do not have any physical meaning 
regarding the reliability of the studied structure. In addition, it is common to use the same 
target values regardless of the amount of information available.  

In recent years, as improved reliability tools became available, interest in using probabilistic 
methods, which include the explicit computation of risk, in the dams engineering profession 
has increased. In 2005 the International Commission on Large Dams published an 
international guideline on risk assessment in dam safety management, ICOLD (2005) and 
probability based risk analysis is taken into account in several regulations or guidelines such 
as the Australian guidelines (ANCOLD, 2003), the Canadian Electricity Association 
guidelines (Hartford and Baecher 2004), the USBR guidelines (USBR 2011) and  the Spanish 
guidelines (SPANCOLD, 2012). 

Probability based methods have the advantage of providing a framework for incorporating 
uncertainties into analyses. They also allow uncertainties to be propagated through the 
analysis so that their effect on the future performance of the analysed structure can be 
evaluated in a more direct manner. However, at the present stage of development, probability 
based methods are mainly used as an enhancement to the traditional approaches for important 
decisions on dam safety. ANCOLD (2003) states the need to develop better methods for 
estimating the uncertainties in risks as one of the reasons for not supporting the role of risk 
assessment as an alternative to the traditional approaches or as the sole basis for decision-
making. 
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One of the failure modes considered in safety evaluation of concrete dams, subject to several 
uncertainties, is sliding in the interface between dam and foundation. Sliding failure is 
assumed to occur when the applied load exceeds the shear strength of the interface. The peak 
shear strength of bonded dam-foundation interfaces is commonly described by the Mohr-
Coulomb shear strength criterion stated as: 

𝜏 = 𝑐 + 𝜎𝑁 tan𝜙 (1.1) 
  
where 𝜏 is the (peak) shear strength, 𝜎𝑁 the effective normal stress, and 𝑐 and 𝜙 the cohesion 
and friction angle of the interface, respectively. It is common to integrate normal and shear 
stresses over the potential sliding plane, assuming that ultimate capacity is simultaneously 
achieved at each point of the sliding surface as described by Ruggeri et al. (2004) among 
others, giving: 

𝑇 = 𝐴 ∙ 𝑐 + 𝑁′ tan𝜙 (1.2) 
  
where 𝑁′  is the resultant of the forces normal to the assumed sliding plane including the 
effects of uplift and 𝐴 is the area of the sliding surface. 

Equations 1.1 and 1.2 are both subject to several uncertainties due to the random variations in 
natural events, loads and material properties. In addition, uncertainties due to lack of 
knowledge also affect the assessment of input data. The sources of uncertainty in defining the 
shear strength properties of a bonded or partly bonded concrete-rock interface include the 
following: 

• scatter in the data due to the real natural variability of cohesion and friction angle of 
the interface 

•  the ratio of bonded to total area of partly bonded interfaces 
• scatter in the data due to testing errors or noise 
• systematic errors in the calculated mean values of cohesion and friction angle due for 

example to bias 
• statistical errors due for example to the limited number of tests performed. 

In addition, Equation 1.2 is subject to a model uncertainty due to the erroneous assumption of 
the impending failure occurring according to the requirements imposed by perfectly-plastic 
failure theory. Tests conducted on concrete-rock cores by Link (1969), McLean & Pierce 
(1988), Rocha (1964) and Lo et al. (1990), summarized by EPRI (1992), show that bonded 
cores exhibit a semi-brittle behaviour. The semi-brittle response, in combination with the 
spatial variability of the shear strength properties and the varying stress conditions along the 
dam foundation contact, implies that a progressive mechanism of failure is a better 
assumption for describing the shear strength of dams with bonded or partly bonded interfaces. 

Of the above mentioned uncertainties, it is reasonable to believe that the uncertainties related 
to the cohesive shear strength of the interface have the greatest impact on the estimated dam 
stability. In some regulatory rules/guidelines based on deterministic techniques, such as FERC 
(2002), it is therefore common to refer to different target 𝐹𝑆. In these cases the factors applied 
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to the cases where the effect of cohesion is included in the shear strength of the interface are 
significantly larger than those applied when only friction is used to evaluate the shear strength 
of the interface. However, in the Swedish guidelines (SwedEnergy 2012) the uncertainties 
related to cohesion are regarded as too significant to be taken into account by a higher target 
𝐹𝑆. The effect of cohesion is therefore not considered when evaluating the available shear 
strength of the interface regardless of the ratio of bonded to total area. This approach is on the 
safe side and has the advantage of eliminating all uncertainties related to cohesion such as 
progressive failure and statistical errors. It does, however, have the great disadvantage of 
underestimating the shear strength of bonded interfaces, which may lead to expensive and 
unnecessary strengthening of dams. This raises the question of the adequacy of the two 
methods. In order to answer that question, the effect of uncertainty on the future performance 
of the dam has to be evaluated. This can be achieved by quantifying the uncertainties and 
incorporating them into analysis using probabilistic methods.  

1.2 Objective of the thesis 

The main scope of this project is to provide an estimation of whether cohesion should be 
included when evaluating the shear strength of bonded or partly interfaces, or if the 
uncertainties related to the parameter are too great. In order to accomplish this, the sources of 
uncertainty related to the cohesive shear strength of bonded or partly bonded interfaces have 
to be identified and their effect on the probability of failure due to sliding of the dam need to 
be evaluated. This also provides an estimation of whether or not the higher target 𝐹𝑆 used for 
bonded interfaces, by e.g. FERC (2002), is representative of the uncertainties related to the 
cohesive strength of bonded interface. 

The first part of the project, presented in this thesis, focuses mainly on the model uncertainty 
due to the brittle failure of bonded interfaces and aims to: 

• present a method to estimate and express the magnitude of the model uncertainty due 
to the erroneous assumption of ductile failure for bonded interfaces and, 

• evaluate the influence of the above mentioned model uncertainty on the estimated 
probability of failure. 

1.3 Outline of the thesis 

The thesis consists of the introductory part and 3 appended papers. The introductory part 
contains the background to the project and summarizes the main aspects of the papers. 
Following this introductory chapter, a general description of methods used for assessment of 
existing concrete gravity dams is given in Chapter 2. Chapter 3 deals with uncertainties in 
dam engineering problems in general, and uncertainties related to bonded concrete-rock 
interfaces are described in more detail. In Chapter 4, structural reliability analysis, 𝑆𝑅𝐴, used 
to quantify failure probabilities, is briefly reviewed in order to provide a basic knowledge 
base. A short summary of the appended papers is given in Chapter 5. In Chapter 6 the general 
conclusions are presented and suggestions for further research are given.  
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1.4 Extent and limitations 

This thesis focuses on conventional concrete gravity dams founded on rock in static loading 
conditions. No attention has been given to seismic loading. 

Sliding failure of a concrete dam founded on rock will occur in the weakest sliding surface. 
This might be in lift joints in the concrete dam, in weakness planes in the foundation or in the 
interface between dam and foundation. This thesis deals with sliding stability in the interface 
between dam and foundation and does not give sliding in any other potential critical surface 
any attention. Furthermore, overturning and overstressing of the material capacity are not 
considered. 
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2.  Techniques for sliding stability evaluation 

2.1 Introduction 

There are several approaches to dam safety assessment. In the following sections traditional 
deterministic techniques and probabilistic methods are described.  

2.2 Deterministic methods 

In deterministic methods, decision-making is based on a comparison between the calculated 
factors of safety of each failure mode and target values presented in the pertaining 
guidelines/norms. There are several deterministic techniques in order to calculate the 𝐹𝑆 
against sliding for a concrete dam. A study conducted by Ruggeri et al. (2004) showed that 
the most popular and accepted approach is the limit equilibrium method (𝐿𝐸𝑀). In 𝐿𝐸𝑀, the 
dam is considered to be a rigid body that is allowed to slide along critical surfaces and safety 
is assessed by evaluating the force balance of the dam. The 𝐹𝑆 is normally defined as the ratio 
between the resistance (𝑅) and the applied load (𝑆) according to Equation 2.1: 

𝐹𝑆 =
𝑅
𝑆

 (2.1) 

  
Considerations regarding displacements and stress location are excluded and uniform shear 
strength is commonly assumed for the concrete-rock interface. The principles of 𝐿𝐸𝑀 for a 
simple case are presented in Figure 2.1, where the shear strength of the interface is determined 
by the Mohr-Coulomb failure criterion.  

However, as a rule, a concrete dam is not a monolithic body working in elastic stage as 
assumed when using the 𝐿𝐸𝑀 . Deformable body methods (𝐷𝐵𝑀)  have, therefore, been 
developed in recent years (Ruggeri et al. 2004). The dam and its foundation are then described 
as deformable bodies and the 𝐹𝑆 is calculated using numerical analyses by either increasing 
the loads or reducing the shear strength of the interface until failure occurs.   

One of the major benefits of 𝐷𝐵𝑀 is that deformations and stresses within the sliding body 
can be calculated and taken into account. Furthermore, numerical models can handle more 
complex geometries and various constitutive relations can be employed. 

Deterministic methods form the basis for traditional approaches and are followed by most 
regulators (Ruggeri et al. 2004). They are based on experience and engineering judgement and 
are simple and familiar to the industry. They have, however, not been calibrated against a 
uniform safety level. In addition, a larger 𝐹𝑆  does not necessarily imply a smaller risk, 
because its effect can be negated by the presence of larger uncertainties in the design 
environment (Silva et al. 2008). It is also common to use to the same value for the factor of 
safety for a given failure mode without regard to the degree of uncertainty involved in the 
calculation. For example, in the Swedish guidelines (SwedEnergy 2012) the same target 𝐹𝑆 is 
applied when the involved parameters are determined by testing as when determined 
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empirically. Neither does the number of tests used to determine the involved parameters have 
an impact on the target value. 

2.3 Probabilistic methods 

In probabilistic methods, decision making can be based on either risk, in general defined as 
the combination of probability and potential consequences of failure, or solely the reliability 
of the structure, defined in Holický (2008) as the ability of the structural element to fulfil the 
specified requirements for which it has been designed during a given period of time.  

2.3.1 Risk based approaches 
Risk based approaches include the elements of risk evaluation, risk analysis and risk 
assessment.  

Risk evaluation is defined by Hartford and Baecher (2004) as the process of examining and 
judging the significance of risk and by ANCOLD (2003) as the setting of tolerable risk 
policies. ANCOLD (2003) further states risk evaluation to be a matter for dam owners 
provided that the tolerable risks are specified within the criteria set by legal requirements, by 
community and political expectations, and by recognized good practise. Risk acceptance is 
often formulated in terms of an F-N-criterion line (Kroon and Maes 2008), see Figure 2.2. 

 

 

 

Figure 2.1. Schematic sketch of sliding stability evaluation of a concrete gravity dam founded on 
rock. 
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Figure 2.2. Example of an F-N curve where the number plotted on the x-axis is the number of 
fatalities due to dam failure and the value plotted on the y-axis is the probability of failure per dam per 
year with N or more expected fatalities. (𝐴𝐿𝐴𝑅𝑃 = as low as reasonably practicable)  

Risk analysis consists of risk identification and estimation of risk magnitude. The risk 
identification phase may be conducted using event trees in order to represent the sequence of 
occurring events pictorially. An event tree begins with some initiating event, e.g. water above 
retention level. The possible outcomes following the initiating event are then identified and 
included in the tree, see Figure 2.3. An alternative to an event tree is a fault tree, which works 
in the opposite direction.. In a fault tree, one first identifies an outcome event of interest and 
works backwards to identify the possible causes of that event at the next lower level, se Figure 
2.4. 

Once the risk identification phase is completed, the risks need to be estimated. In order to 
estimate the risks, the required probabilities have to be assessed. This can be done using 
various methods. USACE (1999) presents three different approaches. In the first, the 
probability of failure is calculated as a function of uncertainty in parameter values and in the 
analytical models using for example first order second moment methods or simulation 
methods. Time-based probability distributions based on the study of historical records or 
similar events are used in the second approach to calculate the probability of the event 
occurring. In the third approach, a systematic process of eliciting expert opinion and 
developing a consensus regarding the required values is used.  

Consequence analysis is also a fundamental part of the risk estimation phase. A consequence 
analysis begins with the identification of potential losses, such as loss of human lives, 
economic losses, environmental impact and degree of social inconvenience. The magnitude of 
the consequences is then estimated. Consequence analysis is a complex process that involves 
several disciplines and will not be addressed further in this thesis. Interested readers are 
referred to textbooks such as Hartford and Baecher (2004). If the required probability and the 
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potential consequences are described using words or descriptive scales the analysis is called a 
qualitative risk analysis. If numerical values of consequences and likelihood, intended to 
accurately reflect their magnitude, are used the analysis is said to be quantitative. ANCOLD 
(2003) describes also a third type of risk analyses, namely semi-quantitative analysis where 
the qualitative scales are given numeric values but these do not have to bear an accurate 
relationship to the magnitude of consequences or likelihood. 

Design flood 
exceeded

Drains 
effective

Drains 
ineffective

Failure of structure 
due to sliding

Failure of structure 
due to sliding

No failure

No failure
 

Figure 2.3. Example of an event tree beginning from a basic initiating event. It then develops over 
time until all possible states have been reached. Probabilities in event trees, apart from the initiating 
event, are always conditional, i.e. for any intermediate node it is assumed that all preceding events 
have already happened.  

Failure due to sliding in 
concrete part

Failure due to sliding at the 
concrete-rock interface

Failure of dam monolith

Failure due to sliding in 
foundation

OR

OR

Design flood 
exceeded

Drains 
ineffective

OR

Design flood 
exceeded

Drains 
ineffective

OR

Design flood 
exceeded

Drains 
ineffective

OR

Design flood 
exceeded

Drains 
ineffective  

 

Figure 2.4. Example of fault tree beginning with the top event. At the next lower level the possible 
causes of the top event are identified. A fault tree is a Boolean logical diagram comprised mainly of 
AND gates, if all contributors must act to result in the top event and OR gates, if each of the 
contributors could produce the top event alone.  
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The outputs of the risk analysis and risk evaluation processes are used as inputs in risk 
assessment. Risk assessment consists namely of a set of activities, such as comparisons of the 
estimated risks with tolerable risk guidelines, conducted in order to reach a decision regarding 
the safety of the studied structure.  

Risk based approaches have not been extensively used in dam safety evaluations, but in recent 
years the risk based approach has been taken into account in several regulations or guidelines 
(ANCOLD 2003, Hartford and Baecher 2004, ICOLD 2005, USBR 2011 and SPANCOLD 
2012). At the present stage of development, the technique is mainly considered an 
enhancement to traditional approaches. It can, however, also be used as an alternative to the 
traditional approach and as the sole basis for decision making.   

2.3.2 Reliability based approaches 
Reliability based approaches are conducted in a similar way to risk based approaches. 
However, potential consequences are not evaluated for each specific case. Instead, the 
decision making is based solely on comparisons of the estimated probability of failure with a 
specified target value (𝑃𝑓𝑡). A core task in reliability based approaches is, consequently, to 
specify 𝑃𝑓𝑡. The selected values of 𝑃𝑓𝑡 have to be representative of all potential consequences 
and should be calibrated against structures with known acceptable reliability. 

Although reliability based approaches have the advantage of requiring less information about 
the studied structure and being less time consuming, and thus more economical, than full-
scale risk assessments, in the field of dams engineering, to the author’s knowledge, they have 
only been implemented in the China Electricity Council guidelines (Ruggeri et al. 2004). 
However, at the Royal Institute of Technology in Sweden, on behalf of Elforsk, a project that 
aims at preparing a plan for the development of reliability based methods for stability 
assessment of concrete dams is currently ongoing. In the longer term, the results of this 
project may possibly form the basis of Swedish reliability based guidelines.  

It should also be mentioned that reliability based methods can also be used in order to 
calibrate partial factors used in semi-probabilistic methods, e.g. 𝐸𝑁1990 Eurocodes, in order 
to assure the appropriate level of reliability. A semi-probabilistic method for dam assessment 
has been implemented in the latest French guidelines (Peyras et al. 2008; Royet et al. 2009). 
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3. Uncertainty in sliding stability analysis of concrete dams 

3.1 Introduction 

Uncertainties are inherent to various inputs and processes in engineering problems and fall 
into two major categories: aleatory and epistemic uncertainties. Aleatory uncertainties are 
associated with the natural, temporal and/or spatial, variability of samples and processes. 
Epistemic uncertainties are on the other hand attributed to lack of knowledge or data. Based 
on their origin, they can be divided into model uncertainties that refer to the degree to which a 
model mimics reality and statistical uncertainties that stem from lack of data in order to 
adequately estimate a parameter. Statistical uncertainties can also come from limitations in the 
statistical methods used to estimate the parameter. More knowledge can help reduce epistemic 
uncertainties. 

3.2 Dealing with uncertainty 

In deterministic methods, uncertainties are generally dealt with by selecting reasonably 
conservative parameters and by the use of target safety factors. Sometimes sensitivity 
analyses are performed as a way of appreciating output uncertainty due to random variations 
in loads and material parameters. Sensitivity analyses are however limited in the sense that 
they do not provide an estimate of output uncertainty due to a combination of input 
uncertainties. 

In probabilistic methods, a framework for the incorporation of uncertainties into the analyses 
is provided. Load and material parameters that exhibit natural variability are best defined as 
random variables described by their mean, standard deviation (or coefficient of variation) and 
probability distribution function (Nadim 2007). In addition, the estimated coefficients of 
variation of the variables can be adjusted with regard to statistical uncertainties, 
transformations errors and possible spatial correlation, as described in Chapter 4.2. The 
uncertainty associated with a particular model can also be included in the analyses by the use 
of random variables, obtained through comparison of the values predicted by the model with 
values representing the so-called real behaviour, as suggested by for example JCSS (2001).  

3.3 Uncertainty in sliding stability analysis of concrete dams 

Uncertainty is inherent to the various inputs and processes considered in dam safety 
evaluations. The inputs to a dam sliding stability evaluation can be grouped into the following 
categories: load and material properties, system responses and consequences of failure. There 
are several sources of uncertainty regarding all of the above mentioned input categories, such 
as random occurrence of natural events (e.g. flood), definition of ice load and uplift pressure, 
etc. However, this thesis focuses only on the estimated shear strength of bonded concrete-rock 
interfaces.  

The peak shear strength of bonded dam-foundation interfaces is commonly described by the 
Mohr-Coulomb shear strength criterion stated according to Equation 1.1 and governed by 𝜎𝑁, 
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𝑐 and 𝜙 of the interface. As mentioned in Chapter 1, it is common to integrate normal and 
shear stresses over the potential sliding plane, assuming that ultimate capacity is 
simultaneously achieved at each point of the sliding surface giving Equation 1.2 that is 
governed by 𝑁′, 𝐴, 𝑐 and 𝜙.  

Like most rock parameters, 𝑐 and 𝜙 of the concrete-rock interface exhibit a natural spatial 
randomness even within a relatively homogeneous surface. This is an aleatory type of 
uncertainty that cannot be reduced with increased knowledge.  However, the limited number 
of tests commonly performed in order to determine the magnitude of the parameters, 
imperfections in measurement techniques and instruments and transformations due to possible 
scale effects are sources of epistemic uncertainty that may be reduced with increased 
knowledge. 

In addition to the above mentioned uncertainties, it reasonable to believe that estimated values 
of 𝑐 and 𝜙 exhibit a statistical correlation. For example, when the shear strength of the bonded 
concrete-rock interface is approximated with the Mohr-Coulomb failure criterion, the linear 
approximation of the curved failure envelope implies that a negative correlation between c 
and 𝜙  could be expected under a varying stress range. The knowledge regarding the 
magnitude of such a correlation is, however, limited since there is seldom sufficient data to 
make reliable estimate of the correlation coefficients.  

Furthermore, Equation 1.2 is based on the assumption of the impending failure occurring 
according to the requirements imposed by perfectly-plastic failure theory. However, tests 
conducted on concrete-rock cores by Link (1969), McLean and Pierce (1988), Rocha (1964) 
and Lo et al. (1990), summarized by EPRI (1992), show that bonded cores exhibit semi-brittle 
behaviour. This means that the post-peak load an element of the interface can carry is lower 
than then estimated peak shear strength. Once the peak shear strength of an interface element 
is exceeded, the stresses around the element will therefore increase. This may cause nearby 
points to yield, resulting in further stress redistributions and so the process continues in a 
consecutive manner until the surface of failure extends to the point where kinematic release 
becomes possible. Areas with local failure could thus lead to failure of entire interfaces, 
which may appear stable when considering only the peak shear strength. In addition, the 
spatial variability of the shear strength parameters also influences the failure mechanism 
described earlier. Equation 1.2 is thus a very simplified representation of the physical 
processes that take place during the shearing of bonded interfaces. 

The progressive failure mechanism of bonded dam-foundation interfaces has been studied by 
Jia et al. (2011). They performed nonlinear finite element analyses, using the strength 
reduction technique, in order to analyse sliding along the foundation surface of a concrete 
gravity dam. They did, however, focus mainly on the failure path and a comparison with the 
commonly used ductile model was not provided.  Furthermore, the spatial variability of the 
shear strength parameters was not considered.  

A review of the published papers where probabilistic analyses of the sliding failure mode are 
included, see chapter 4.6, shows that only Saouma (2006) and Westberg Wilde and Johansson 
(2013) included the effect of a progressive failure mechanism. Saouma (2006) performed 
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reliability based fracture mechanics analysis to investigate the safety of an older concrete 
dam. Two cases were considered. In the first case, the factor of safety used in the limit state 
function was based on global equilibrium while in the second the factor of safety was 
determined point-wise along the uncracked interface. The paper highlighted some of the 
limitations of the used reliability methods (Taylor´s series method and Point Estimate 
Method) but also the difference in sliding safety factor for the two cases. However, he did not 
include the effect of a possible spatial variability of cohesion on the failure mechanism of the 
interface. Westberg Wilde and Johansson (2013) took the spatial variability of cohesion into 
account when simulating cohesion as a brittle parallel system. However, the methodology that 
they used did not take into account for initial normal stress distribution (simulations were 
based on the assumption of equal normal load sharing over the interface), stress redistribution 
after element failure or the stiffness of the interface. In addition, no comparison with the 
ductile failure model, to quantify the influence of the progressive failure mechanism on the 
estimated safety of the dam, was provided.  
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4. Assigning probability 
In order to assess dam stability using reliability based methods or quantitative risk analysis, 
the required probabilities have to be assigned. A short introduction to structural reliability 
analysis (𝑆𝑅𝐴), used to quantify failure probabilities, is therefore, provided in the following 
sections. The material presented in this section is mainly based on the books by Dalsgaard 
Sörensen (2004), Thoft-Christensen and Baker (1982), Baecher and Christian (2003) and Ang 
and Tang (2007). However, several other authors present similar material.   

It should be noted that although reliability analysis mainly deals with evaluating the 
probability of failure of component or system corresponding to a specified reference period, 
non-failure events associated with consequences such as loss of human lives, economic 
losses, environmental impact and degree of social inconvenience may also be considered. For 
the sake of simplicity, however, in this thesis all events will be referred to as failure events. 

4.1 Introduction to structural reliability analysis 

The first step in an 𝑆𝑅𝐴  is to identify the failure modes (limit states) of the structure. 
Dalsgaard Sörensen (2004) lists the following failure modes: ultimate limit states, conditional 
limit states and serviceability limit states. The considered failure modes are then described by 
limit state functions, denoted by 𝐺(𝑿), where 𝑿 is as set of basic variables. Thereafter the 
probability of failure of each failure mode may be assessed through: 

𝑃𝑓 = 𝑃(𝐺(𝑿) ≤ 0) (4.1) 
  
and compared to predefined target values. 

4.2 Random variables 

Involved parameters are described in 𝑆𝑅𝐴 by random variables or random processes, which 
take into account the variability of each parameter, while deterministic parameters are used to 
describe parameters that do not exhibit substantial uncertainty. In mathematical terms, a 
random variable is a function defined on a sample space that assigns a probability or 
likelihood to each possible event within the sample space (USACE 1999). Random variables 
can be categorized into discrete random variables, that can only assume specific values, and 
continuous random variables that can assume a continuous range of values over a domain, and 
where probability values must be associated with some range within the domain.  

4.2.1 Univariate random variables 
The probability distribution of a random variable 𝑋, with possible values 𝑥, is described by a 
its cumulative distribution function (𝐶𝐷𝐹), which is denoted by: 

𝐹𝑋 = 𝑃(𝑋 ≤ 𝑥)            for all 𝑥 (4.2) 
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Discrete probability distribution functions include the binomial and Poisson distributions, 
while the normal, lognormal and uniform distributions are examples of distributions used to 
describe continuous random variables.  

The first moment of a probability function about the origin is the mean (µX), also called the 
expected value (E(X)), and determined according to: 

𝜇𝑋 = 𝐸(𝑋) =  � 𝑥𝑖𝑝𝑋(𝑥𝑖)
𝑎𝑙𝑙 𝑥𝑖

 (4.3) 

  
for discrete random variables with probability mass function (𝑃𝑀𝐹) 𝑝𝑋(𝑥𝑖) and 

𝜇𝑋 = 𝐸(𝑋) =  � 𝑥𝑓𝑋(𝑥)𝑑𝑥
∞

−∞
 (4.4) 

  
for continuous random variables with probability density function (𝑃𝐷𝐹) 𝑓𝑋(𝑥). The mean 
indicates where the centre of the function density/mass lies and is therefore often referred to 
as a “location” parameter. The second central moment, calculated with respect to the mean, is 
the variance, often denoted Var(X) or σX2  since the positive square root of the variance is the 
standard deviation (σX). The variance of a random variable is given by: 

𝜎𝑋2 = 𝑉𝑎𝑟(𝑋) = 𝐸[(𝑋 − 𝜇𝑥)2] (4.5) 
  
The variance measures the variation of the parameter and can also be quantified by the 
coefficient of variation (𝐶𝑂𝑉𝑋), defined as the ratio of the standard deviation to the expected 
value: 

𝐶𝑂𝑉𝑋 =
�𝜎𝑋2

𝜇𝑋
 (4.6) 

  
In a reliability analysis, the occurrence of limit state is determined based on the mean of the 
random variable. It is therefore necessary to determine its numerical value. If the exact 
density of the random variable is known, then the numerical value of each of the moments of 
the variable can be determined using mathematical considerations. However, this is seldom 
the case in dams engineering where the statistical parameters of interest are generally 
estimated based on a set of test results. There are a number of methods that can be used to 
determine statistical parameters based on test results such as the maximum likelihood method, 
the moment method, etc. The moment method is used below to define the moments of the 
parameters of interest based on the mean (𝑋�) and variance (𝑆𝑋2) of a set of test results.  

A parameter mean, also referred to as population mean, and 𝑋� , commonly referred to as 
sample mean, are not the same. Nevertheless, the best estimate of a population mean is always 
the sample mean (USACE 1999). The sample mean is equal to the arithmetic mean of the test 
results, thus: 
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𝜇𝑋 ≈ 𝑋� =
1
𝑛
�𝑋𝑖

𝑛

𝑖=1

 (4.7) 

  
where 𝑋𝑖  is the i-th observation and 𝑛  the number of observations. Since µX  is a random 
variable, its variability is necessary input in SRA. 𝑋� is normally distributed about the true 
mean with a standard deviation equal in magnitude to the standard error of the mean. This 
error decreases in proportion to the square root of the sample size. The uncertainty in the 
estimation of the population mean can thus be represented by the variance of the sample 
mean, obtained by: 

𝜎𝑋�
2 =

𝜎𝑋2

𝑛
 (4.8) 

  
𝜎𝜇𝑋
2 ~𝜎𝑋�

2 is, however, only a measure of the uncertainty in the value that would be measured if 
another sample was tested from a point of the population; often referred to as the point value. 
The uncertainty measure required in stability analyses is the uncertainty in the average value 
over some length. In order to obtain this, the estimated variance has to be adjusted with regard 
to the spatial correlation of the parameter. Spatial correlation refers to the tendency for values 
of the variable at one point to be correlated to values at nearby points and is commonly 
evaluated using variograms or autocorrelation functions. It can be taken into account by 
introducing the variance reduction factor (Γ2)  defined in the one-dimensional case by 
Vanmarcke (1977) as: 

Γ2(𝐿𝑥) =
2
𝐿𝑥
� �1 −

𝑘
𝐿𝑥
� 𝜌(𝑘)𝑑𝑘

𝐿𝑥

0

 (4.9) 

  
where 𝐿𝑥 is the size of the average length of the domain size, 𝑘 is the separation distance and 
𝜌(𝑘)is the normalized autocorrelation function. The total or net variance (𝜎𝜇𝑋,𝑛𝑒𝑡

2 ) of the 
population mean may then be estimated as shown by Lo and Li (2007): 

𝜎𝜇𝑋,𝑛𝑒𝑡
2 = �

1
𝑛

+ Γ2� 𝜎𝑥2  (4.10) 

  
The population variance, required in order to estimate 𝜎𝜇𝑋,𝑛𝑒𝑡

2 , is unknown and therefore 
estimated based on 𝑆𝑋2. It has be shown, see for example Fenton and Griffiths (2008), that 𝑆𝑋2 
defined according to Equation 4.11 is an unbiased estimator of 𝜎2. 

𝑆𝑋2 =
1

𝑛 − 1
�(𝑋𝑖 − 𝑋�)2
𝑛

𝑖=1

 (4.11) 
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4.2.2 Bivariate random variables 
Section 4.2.1 is centered on a single random variable. However, in 𝑆𝑅𝐴  one must often 
consider two or more random variables simultaneously. A short introduction to two-
dimensional or bivariate random variables is, therefore, provided in this section.  

For two random variables 𝑋  and 𝑌 with possible outcomes 𝑥  and y  respectively, the joint 
distribution function is defined by: 

𝐹𝑋,𝑌 = 𝑃((𝑋 ≤ 𝑥𝑖) ∩ (𝑌 ≤ 𝑦𝑖)) (4.12) 
  
If the likelihood of one the random variables assuming a specific value does not depend on 
the value of any other variable, then the variable is said to be independent. A mathematical 
characterization of this is provided in statistical textbooks, e.g. Milton and Arnold (1990) 
among others. However, if a relationship between the variables exists, the variables are said to 
be correlated and an additional moment, the covariance, Cov(X, Y) or σXY, is introduced. The 
sign of 𝜎𝑋𝑌 is useful in describing the behaviour of one variable relative to another. However, 
its magnitude, given by Equation 4.13, does not say anything about the strength of the 
relationship. Nonetheless, σXY can be used to define another measure of the relationship 
between X and Y, namely the correlation.  

𝜎𝑋𝑌 = 𝐶𝑜𝑣(𝑋,𝑌) = 𝐸[(𝑋 − 𝜇𝑋)(𝑌 − 𝜇𝑌)] (4.13) 
  
A commonly used measure of correlation is the Pearson coefficient of correlation, given by 
Equation 4.14, that measures the degree of linear dependence between 𝑋 and 𝑌. 

𝜌𝑋𝑌 =
𝜎𝑋𝑌
𝜎𝑋𝜎𝑌

 (4.14) 

  
It can be shown that −1 ≤ 𝜌𝑋𝑌 ≤.  Hence, if 𝜌𝑋𝑌 = 1 we say that X and Y have perfect 
positive correlation, and small values of X are associated with small values of Y. If 𝜌𝑋𝑌 = −1, 
i.e 𝑋 and 𝑌 have a perfect negative correlation, small values of X are associated with high 
values of Y and vice versa. If 𝜌𝑋𝑌 = 0, we say that 𝑋 and 𝑌 are uncorrelated. This does not 
mean that they are independent. However, if a relationship exists, then it is not linear, see 
Figure 4.1. 
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Figure 4.1 Significance of correlation coefficient 

4.3 Methods of structural reliability analysis 

A brief description of the Taylor series method, the Hasofer-Lind approach and Monte Carlo 
simulations, used to perform the analyses in the appended papers, is given in the following 
sections.  

4.3.1 Taylor´s series method 

The Taylor´s series method is a first order, second moment, 𝐹𝑂𝑆𝑀, method based on Taylor´s 
series expansion of the performance function about some point. It uses only second moment 
statistics, mean and standard deviation, of the random variables. Since it is a first order 
method, only the first order, linear, terms of the Taylor series expansion are used.   

The first step when performing an analysis using Taylor´s series method is to define a limit 
state function 𝑔∗ . The expected value of the function, retaining only first-order terms, is 
determined based on the function of the expected values of the parameters: 

𝐸[𝑔∗] = 𝐺(𝐸[𝑋1],⋯ [𝑋𝑛]) (4.15) 
  

The variance of the probability distribution of 𝑔∗ is calculated as 

𝑉𝑎𝑟[𝑔∗] = ��
𝜕𝑔∗

𝜕𝑋𝑖
�
2

𝜎𝑋𝑖
2 + 2�

𝜕𝑔∗

𝜕𝑋𝑖
𝜕𝑔∗

𝜕𝑋𝑗
𝜌𝑋𝑖𝑋𝑗𝜎𝑖𝜎𝑗

𝑖≠𝑗𝑖

 (4.16) 

  

if random variables are correlated. If the random variables are uncorrelated, Equation 4.16 can 
be simplified into: 
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𝑉𝑎𝑟[𝑔∗] = ��
𝜕𝑔∗

𝜕𝑋𝑖
�
2

𝜎𝑋𝑖
2

𝑖

 (4.17) 

  

If 𝑔∗ is a linear function, the first order derivatives required to determine 𝑉𝑎𝑟[𝑔∗], can be 
obtained quite straight forwardly. Otherwise, the variance can be expressed using finite 
difference approximations of the derivate. In USACE (1999) practice, the partial derivatives 
are calculated numerically using a large increment of one standard deviation centred on the 
expected value:  

𝑉𝑎𝑟[𝑔∗] = ��
𝑔�𝐸[𝑋𝑖] + 𝜎𝑋𝑖� − 𝑔(𝐸[𝑋𝑖] − 𝜎𝑋𝑖)

2
�
2

𝑖

 (4.18) 

  

Having 𝐸[𝑔∗] and 𝑉𝑎𝑟[𝑔∗], and assuming that the probability distribution of 𝑔∗ is normally 
distributed, the reliability index can be calculated according to: 

𝛽 =
𝐸[𝑔∗]

�𝑉𝑎𝑟[𝑔∗]
 (4.19) 

  

A drawback with Taylors´s series method is its lack of failure function invariance, which 
introduces an error of unknown magnitude to the analysis. The degree of error depends on the 
degree of nonlinearity in the performance function and the coefficient of variations of the 
random variables.  

4.3.2 Hasofer-Lind method 

In 1974, Hasofer and Lind proposed a more general definition of β, related to the failure 
surface and not directly to the failure function, that does not exhibit an invariance problem. 
The first step in the Hasofer and Lind approach is to rewrite the variables 𝑋𝑖 in terms of the 
standard form 𝑈𝑖, which is dimensionless. It has the mean value of zero and unit standard 
deviation and is defined by: 

𝑈𝑖 =
𝑋𝑖 − 𝜇𝑋𝑖
𝜎𝑋𝑖

 (4.20) 

  
It follows that: 

𝑋𝑖 = 𝜇𝑋𝑖 + 𝑈𝑖𝜎𝑋𝑖 (4.21) 
  
By this transformation, the failure surface in the new u-space is then given by: 

𝑔∗�𝜇𝑋1 + 𝑈1𝜎𝑋1 ,⋯ , 𝜇𝑋𝑛 + 𝑈𝑛𝜎𝑛� = 𝑔𝑢∗ (𝒖) = 0 (4.22) 
  

The Hasofer and Lind reliability index is then defined as the shortest distance from the origin 
of the standard variable space u to the failure space described by 𝑔𝑢∗ (𝒖) = 0 and expressed 
according to: 
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𝛽 = min
𝑔𝑢(𝑢)=0

��𝑢𝑖2
𝑛

𝑖=1

 (4.23) 

  

The closest point on the limit state surface is known as the design point and is generally not 
known a priori. Therefore, an iterative technique is generally required to solve 𝛽. 

It should be noted that the Hasofer and Lind approach is based on independent, normally 
distributed variables. It can, however, be reformulated so that it is applicable for correlated 
variables and/or other types of distributions.  

4.3.3 Monte Carlo simulations 

Both the Taylor´s series method and the Hasofer and Lind approach are level II methods, 
based only on the first two moments of the involved variable. Monte Carlo simulation is a 
numerical level III method that included all the information of the probability density 
function. 

A Monte Carlo simulation begins with the generation of a random value for each uncertain 
variable. Calculations are then performed to yield a solution for that set of values. This gives 
one sample, which may be regarded as a sample of a true solution analogous to an observed 
sample from a physical experiment, to the process. This is repeated a prescribed number of 
times and the probability of failure is, thereafter, calculated according to: 

𝑃𝑓 = 𝑃[𝑔∗ ≤ 0] =
𝑛
𝑁

 (4.24) 
  

where g∗ is the limit state equation, n the number of times g∗ is below zero and N the total 
number of Monte Carlo realizations. The accuracy of the solution obtained is dependent on 
the sample size and measured by the COV of the solution: 

𝐶𝑂𝑉(𝑃�) = �1 − 𝑃�
𝑁𝑃�

 (4.25) 

  

where the sample mean P� is an unbiased estimate of the probability Pf. The percentage error in 
a Monte Carlo solution with a given sample size N can be evaluated using Equation 4.26.  

error (in %) = 200�
1 − 𝑃�
𝑁𝑃�

 (4.26) 

  
Equation 4.26 can also be used to determine the required sample size for a specified tolerable 
% error. 
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4.4 System reliability 

The methods described in the previous section are generally used to characterize the reliability 
of a single element or failure mode. For a structure with several elements, or for one with 
several failure modes, reliability has to be considered for the entire system. There are two 
basic types of systems: series systems and parallel systems. A system is a series system when 
the total system fails as soon as one component of the system fails. If failure in a single 
component does not result in failure of the total system, then the system is a parallel system.  

4.4.1 Parallel system 
The probability of failure of a perfect parallel system is defined as the intersection of the 
individual failure events 𝐸𝑖: 

𝑃𝑓 = 𝑃 ��(𝐸𝑖)
𝑛

𝑖=1

� = 𝑃 ��{𝐺𝑖(𝑿) ≤ 0}
𝑛

𝑖=1

� = 𝑃(max𝐺𝑖(𝑿) ≤ 0) (4.27) 

  
(Hohenblichler and Rackwitz 1982) 

However if the components of the system are statistically correlated, the formulation of the 
system model must also take this into account. The effect of correlation on the system 
reliability is illustrated in Figure 4.2. 

Estimating the exact jointed probability of failure of two or several correlated components can 
be extremely complicated. A common way of dealing with this is to use simple bounds. The 
probability of failure is then expressed by an upper and a lower bound with the real 𝑃𝑓 
somewhere on the interval. For a parallel system the simple bounds are: 

�𝑃(𝐸𝑖) ≤ 𝑃𝑓 ≤ min𝑖,𝑗=1𝑛 �𝑃(𝐸𝑖)�   for 𝜌𝑖𝑗 > 0
𝑛

𝑖=1

 (4.28) 

  
 

ρ = 0

Pf = 0

 Ω  Ω  Ω

0 < ρ < 1 

Pf = P(E1∩E2) 

ρ = 1 

Pf = P(E1∩E2) = P(E2) 

E2

E2E1

E1
E1

E2

 

Figure 4.2. Venn diagram illustrating the probability of failure of a parallel system with two 
components, E1 and E2, in the sample space Ω, with different correlations 
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If the system components are uncorrelated, i.e. ρij = 0, the lower bound is equal to zero. A 
disadvantage with these bounds is that they are often so wide that they are of little use. An 
alternative is therefore to use more refined and narrow bounds, such as second order bounds 
called Ditlevsen bounds: 

�𝑃(𝐸𝑖)
𝑛

𝑖=1

≤ 𝑃𝑓 ≤ 𝑚𝑖𝑛𝑖,𝑗=1𝑛 �𝑃�𝐸𝑖 ∩ 𝐸𝑗��  for 𝜌𝑖𝑗 > 0 (4.29) 

  
where the jointed probability of failure 𝑃�𝐸𝑖 ∩ 𝐸𝑗�, can be evaluated by the bounds method or 
by numerical integration. 

In order to calculate 𝑃𝑓  of a parallel system, the after-failure behaviour of the individual 
components is of great importance since the event of failure of one component has an effect 
on the loading of the other components in the system. Components that have no strength after 
failure are said to be perfectly brittle, while components that have a load bearing capacity 
equal to the load at failure are said to be perfectly ductile. Parallel systems with perfectly 
ductile components are relatively easy to handle since the strength of the system (𝑅) can be 
determined based on the strength of the components using Equation 4.30: 

𝑅 = �𝑅𝑖

𝑛

𝑖=1

 (4.30) 

  
where 𝑅𝑖 is the strength of component 𝑖. Systems with brittle components are, on the other 
hand, more complicated to deal with since the failure of one component leads to a 
redistribution of loads that could result in subsequent failure of other components. If this is 
the case, the system behaviour is similar to that of a series system. The strength of systems 
with high degree of indeterminacy can, according to for example Thoft-Christensen and Baker 
(1982), be given by: 

𝑅 = max (𝑛𝑅1, (𝑛 − 1)𝑅2,⋯ ,2𝑅𝑛−1,𝑅𝑛) (4.31) 
  
where 𝑅1 < 𝑅2 < ⋯ < 𝑅𝑛. 

4.4.2 Series system 

The probability of failure for an ideal series system can be expressed according to Equation 
4.32: 

𝑃𝑓 = 𝑃(∪ 𝐸𝑖) = 𝑃(∪ {𝐺𝑖(𝑿) ≤ 0}) = 𝑃(min𝐺𝑖(𝑿) ≤ 0) (4.32) 
  
(Hohenblichler and Rackwitz 1982) 

The simple bounds are given by: 

max𝑖=1𝑛 𝑃(𝐸𝑖) ≤ 𝑃𝑓 ≤ 1 −�(1 − 𝑃(𝐸𝑖))
𝑛

𝑖=1

 (4.33) 
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and the Ditlevsen narrow bounds are: 

𝑃(𝐸𝑖) + �max ��𝑃(𝐸𝑖) −�𝑃(𝐸𝑖 ∩ 𝐸𝑗)
𝑖=1

𝑗=1

� , 0�
𝑛

𝑖=2

≤ 𝑃𝑓

≤��𝑃(𝐸𝑖) − max
𝑗<𝑖

𝑃(𝐸𝑖 ∩ 𝐸𝑗)�
𝑛

𝑖=1

 

(4.34) 

  

For series systems, the after-failure behaviour is irrelevant since failure will simply occur 
when the weakest element fails regardless of whether it is brittle or ductile.  

4.5 Structural reliability analysis in sliding stability assessment of concrete 
dams 

Stability analysis of concrete gravity dams is, as mentioned in previous chapters, traditionally 
based on deterministic methods and probabilistic methods have only recently been 
implemented into regulatory norms/guidelines 𝑆𝑅𝐴 is therefore not commonly used to assess 
sliding stability of concrete dam although interest has increased lately and a number of papers 
have been published where the sliding failure mode has been studied using probabilistic 
methods.  

To the author’s knowledge, Bury and Kreuzer (1985) were the first to publish a paper where a 
probabilistic failure analysis of the sliding failure mechanism was performed with the aim of 
illustrating the method. Baylosis and Bennett (1989) evaluated the probability of failure of an 
existing 146 m high concrete gravity dam where one of the three failure modes considered 
was sliding. Araújo & Awruch (1998) presented a methodology for probabilistic analysis of 
concrete gravity dams where concrete properties and seismic excitation were considered 
random variables. Numerical Monte Carlo Simulations were used in order to determine the 
expected value and standard deviation of safety factors and the safety index β for three failure 
modes: cracking, concrete crushing and sliding at the dam-foundation interface. Ellingwood 
and Tekie (2001) and Tekie and Ellingwood (2003) introduced the concept of fragility 
modelling as a tool for risk-based policy development and management of concrete gravity 
dams. Jeppsson (2003) made use of an existing dam as a case in order to investigate the 
possibility of applying reliability theory to safety assessment. Sliding was one of the two 
studied failure modes. However, by agreement with the Swedish guidelines (SwedEnergy 
2013), cohesion was not included when evaluating the shear strength of the dam-foundation 
contact. Yanmaz and Beser (2005) calculated the probability of failure of the 50 m high 
Porsuk Dam using Monte Carlo simulations where the tensile strength, the peak friction angle, 
the peak cohesion in lift joints and base, the drain efficiency and the ice load were treated as 
random variables.  In 2006, Saouma presented two methods to obtain the reliability index of a 
concrete dam based on numerical nonlinear fracture mechanics. The results highlighted the 
difference in sliding safety factor when determined on the basis of the average normal and 
shear stresses, or when determined point-wise along the uncracked ligament. Carvajal et al. 
(2007) proposed methodologies for probabilistic assessment of hydraulic loads and shear 
strengths in order to perform reliability based analysis of concrete gravity dams and used an 
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RCC gravity to illustrate the analyses. The paper highlighted the difficulty in evaluating the 
variability of parameters required in stability analysis. In her licentiate (2007) and doctoral 
(2010) thesis, Westberg studied the use of 𝑆𝑅𝐴 for concrete dams. The work presented in the 
licentiate thesis focused on describing how 𝑆𝑅𝐴 can be used for assessment of concrete dams 
and how it fits into the dam safety risk management process. The present state of knowledge 
of relevant statistic information on resistance and load parameters was also addressed. The 
doctoral thesis dealt mainly with the definition of the necessary input data, focusing primarily 
on the cohesion in the interface, the description of the headwater and the uplift pressure. 
Altarejos et al. (2009) presented an application example for risk analysis techniques. Sliding 
stability along the dam foundation contact plane was assessed using second moment method 
and Monte Carlo simulations. The paper also pointed out cohesion and friction angle as the 
most important variables. Lupoi and Callari (2010 and 2011) presented a methodology for 
seismic assessment of existing concrete dams based on probabilistic finite element analysis. 
Results for three reservoir levels were presented in terms of fragility curves for the whole 
system and for each failure mechanism. Altarejos-Garcia et al. (2012) focused the estimation 
of the conditional probability of response of the dam-reservoir system for concrete gravity 
dams, using complex behaviour models based on numerical simulation techniques together 
with reliability techniques of different levels. The methodology proposed was also applied to 
a concrete gravity dam for the sliding failure mode. Westberg Wilde and Johansson (2013) 
calculated the system reliability of a spillway structure consisting of two monoliths.  
 
All the above papers present important and necessary information regarding the development 
of SRA within the field of sliding stability analysis of concrete dams. It is also obvious that 
interest in 𝑆𝑅𝐴 has increased significantly over the last decade. Theme C of the 2011 ICOLD 
Benchmark, with the title “Estimation of the probability of failure of a gravity dam for the 
sliding failure mode”, had therefore the purpose of providing a comparison and evaluation of 
advances in the field. The contributions to the theme are presented in ICOLD (2011). 
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5. Short summaries of appended papers 
The following chapter provides a summary of the three papers on which this licentiate thesis 
is based on. 

5.1 Paper I 

Theme C – Estimation of the probability of failure of a gravity dam for the sliding 
failure mode. 

Krounis, A. and Johansson, F. 

In Proceedings of 11th Benchmark Workshop on Numerical Analysis of Dams, 2011 

The main objective of this paper was to investigate the relationship between factors of safety 
and probabilities of failure for a given 2D dam. The factors of safety were calculated using the 
𝐿𝐸𝑀 while the reliability of the concrete dam monolith was estimated using three different 
reliability based techniques with different levels of accuracy, namely the Taylor´s series 
method, the Hasofer-Lind approach and Monte Carlo simulations. A comparison of the two 
approaches was, however, not possible since separate safety factors are calculated for each 
load case when using 𝐿𝐸𝑀, while in the structural reliability analyses the dam is considered to 
be a system consisting of several load cases with different probabilities of occurrence. The 
analyses highlighted the benefits of 𝑆𝑅𝐴 and also the need for further research in order to be 
able to deal with the involved uncertainties in a consistent manner.   

5.2 Paper II 

The influence of correlation between cohesion and friction angle on the probability of 
failure for sliding of concrete dams. 

Krounis, A. and Johansson, F. 

In Proceeding of the 3rd International Forum on Risk Analysis, Dam Safety, Dam Security and 
Critical Infrastructure Management, 75-80, 2011 

In most structural reliability analyses, performed to estimate the sliding stability of concrete 
dams, it is assumed that the basic variables are independent of each other. However, when the 
shear strength of bonded concrete-rock interfaces is approximated with the Mohr-Coulomb 
failure criterion, the linear approximation of the curved failure envelope implies that a 
negative correlation between cohesion and friction angle could be expected. Therefore, the 
existence and magnitude of correlation between cohesion and friction angle was studied based 
on data from uniaxial and triaxial compressive tests performed on intact rock, since no tests 
from concrete-rock interfaces, were available. Thereafter, the effect of correlation between 
cohesion and friction on the estimated probability of failure was investigated. The results 
indicated that for negative correlated variables the assumption of independent variables, 
although statistically incorrect, is on the safe side.  
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5.3 Paper III 

Model uncertainty in sliding stability analyses of concrete gravity dams with bonded 
concrete-rock interfaces. 

Krounis, A. and Johansson, F. 

Submitted to Georisk in Sept 2013 

The aim of this paper was to study the influence of the model uncertainty due to progressive 
failure on the calculated probability for sliding failure in the concrete rock interface. The 
magnitude of the uncertainty for a hypothetical concrete dam monolith was first studied using 
numerical analyses where the spatial variability of cohesion was taken into account by the use 
of random fields. Thereafter, the influence of the model uncertainty on estimated probability 
of failure of the dam monolith was investigated. A conclusion drawn from this particular case, 
but which is likely to be generalized to other dam-foundation systems, is that the ductile 
sliding failure is too coarse an approximation of the failure behaviour of dams with bonded 
interfaces. As a result, it could lead to an overestimation of the dam safety with respect to 
sliding failure. In addition, a possible spatial variability of cohesion along the interface further 
increases the effect of the brittle failure.  
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6. Conclusions and recommendations 
The following section is a summary of the major findings and conclusions of this study. 
Proposals for future research are also included. 

The main purpose of this research programme is to answer the question of whether or not 
cohesion should be included when evaluating the shear strength of Swedish concrete gravity 
dams. To accomplish this, the effect of all major uncertainties, related to cohesion, on the 
estimated sliding stability in the concrete rock interface has to be evaluated. In this thesis an 
effort is made to increase the knowledge regarding the influence of some of these 
uncertainties, with the focus mainly on the model uncertainty, on the assessed behaviour of a 
dam using probability based methods.  

An attempt was made to investigate the relationship between factors of safety, obtained using 
deterministic methods, and probabilities of failure, obtained using structural reliability 
analyses. However, it was concluded that a direct comparison was not possible due to the 
different natures of the two methodologies. Nevertheless, it was recognized that probability 
based methods, although not widely used in dams engineering at this time, are a powerful tool 
for including and assessing the effect of uncertainty on the estimated future performance of 
dams.  

The effect of a possible correlation between 𝜙 and 𝑐 was also investigated. The magnitude of 
correlation was estimated and the obtained negative correlation increased the estimated 
sliding stability in comparison to when uncorrelated variables are assumed. The assumption of 
uncorrelated variables, although statistically incorrect, is thus on the safe side when negative 
correlation exists between the variables. However, it should be pointed out that the magnitude 
and sign of correlation were estimated based on a varying stress range. It is, therefore, unclear 
how a constant stress range would affect the magnitude and sign of the correlation. Results 
presented in Coubard (2011) imply for example a positive correlation between the variables. 
This emphasizes the need for increased knowledge regarding the sign and magnitude of such 
a correlation. 

A major conclusion, drawn from the case study presented in paper III, but which is likely to 
be generalized to other dam-foundation systems, is that the progressive failure mechanism in 
combination with the spatial variability of cohesion has a significant impact on the estimated 
shear strength of bonded concrete-rock interfaces. Treating the failure of bonded interfaces as 
a mean-value driven ductile process could lead to an underestimation of the sliding failure 
probability by several orders of magnitude. However, further research is needed on other 
cases with different prerequisites to support this remark. The work presented in paper III also 
highlighted the difficulties in estimating the magnitude of the model uncertainty. 

Other areas that require further research order to take into account the most significant 
uncertainties related to bonded interfaces include the defining the ratio of bonded area to total 
area and its influence on the sliding stability. The statistical uncertainty due to the limited 
number of tests also needs to be investigated. 
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