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Abstract 

Three dimensional mapping is becoming an increasingly attractive product nowadays. Many 

devices like laser scanner or stereo systems provide 3D scene reconstruction. A new type of 

active sensor, the Time of Flight (ToF) camera obtains direct depth observations (3rd 

dimensional coordinate) in a high video rate, useful for interactive robotic and navigation 

applications. The high frame rate combined with the low weight and the compact design of the 

ToF cameras constitute an alternative solution of the 3D measuring technology. However a 

deep understanding of the error involved in the ToF camera observations is essential in order to 

upgrade their accuracy and enhance the ToF camera performance. 

This thesis work addresses the depth error characteristics of the SR4000 ToF camera and 

indicates potential error models for compensating the impact. In the beginning of the work the 

thesis investigates the error sources, their characteristics and how they influence the depth 

measurements. In the practical part, the work covers the above analysis via experiments. Last, 

the work proposes simple methods in order to reduce the depth error so that the ToF camera 

can be used for high accuracy applications.   

An overall result of the work indicates that the depth acquired by the Time of Flight (ToF) 

camera deviates several centimeters, specifically the SR4000 camera provides 35 cm error size 

for the working range of 1-8 m. After the error compensation the depth offset fluctuates 15cm 

within the same working range. The error is smaller when the camera is set up close to the test 

field than when it is further away. 
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1. Introduction 

1.1 Rationale for the research 

In the geodesy and photogrammetry field the three-dimensional (3D) mapping has become an 

attractive task recently. The development of devices that obtain 3D measurements has gained 

much importance. There is an increasing demand of 3D modeling of objects and scenes and as a 

result the industry focuses on producing new advanced sensor systems.  

Until now 3D laser scanners and stereo systems are commonly used for 3D reconstruction as 

they provide high accuracy and measurement range. The ToF cameras, invented ten years ago, 

have recently become compact and fast solutions for depth observations. Not only ToF camera 

is considered an image sensor but also a 3D measuring device. However there are two basic 

problems that deteriorate the extensive use of ToF cameras for 3D reconstruction; the 

restricted field of view (FOV) and range plus the low accuracy of range measurements.  

The MESA Swiss ranger SR4000 camera is a newly developed device that captures 2D and 3D 

information at a very high rate. It analyses the phase shift between emitted and returned 

infrared light. It provides the scene depth and amplitude (intensity). Its resolution 144x176 

pixels and its absolute accuracy of 1.5 cm degrade its usage as a 3D measuring device. The 

understanding of the errors sources that influence its quality and the development for 

appropriate error models are crucial for upgrading the accuracy of the ToF camera observations.  

This thesis work addresses the depth error characteristics of the SR4000 ToF camera and 

indicates potential error models for compensating the impact. The depth acquired by the ToF 

camera deviates few centimeters and after the error compensation the depth offset fluctuates 

few millimeters. In the beginning the thesis work investigates the error sources that influence 

the depth measurements and then via experiments covers the above analysis. Last, the work 

proposes simple methods in order to reduce the depth error so as the ToF camera can be used 

for high accuracy applications.  

1.2 Literature Review 

There are various works on depth error correction analysis of the ToF cameras. In order to 

generate an appropriate error correction model for depth measurements the position and 

orientation of the camera is required. The works include either standard calibration approaches 

such as photogrammetric calibration with test target field construction or more automatic 

techniques that combine multi sensor calibration scheme based on planar check boards. The 

depth correction is a separate step for the standard photogrammetric approach, but for the 

automatic scheme the depth correction becomes part of the calibration. Furthermore as far as 

the depth error correction models the authors either apply polynomial function or sinusoidal 

terms, either they combine the correction model with amplitude related errors or they 

implement it separately.  
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The majority of the articles include the chess board calibration scheme such as Lindner (2010), 

Fuchs et al. (2008), May et al. (2009) and Kim (2008).The authors utilize open source tools like 

DLR Calde/Callab1, MIP2, Matlab-Toolbox3, or Open CV4. Lindner applies a spline depth error 

model function and a separate amplitude error model. He compares the depth error results by 

using either only one ToF camera or in combination with a higher resolution CCD image sensor, 

whose position and orientation are estimated together in the calibration. Similarly Fuchs et al. 

(2008) and May et al. (2009) apply in one of their work a polynomial fit model and in the other a 

spline depth error correction model together with an amplitude related correction model. In 

comparison to the aforementioned works they set up the camera to an industrial robot arm. 

The robot arm is moving to different positions to capture the images whose poses are known by 

the robot control. In Kim’s work the 6-order polynomial error correction is applied to 

compensate the depth error.  

As it seems, the above calibration schemes require complex systems; large chess-boards, more 

than one camera or robotic arms. From one point of view these systems provide a larger 

amount of captured images in a short time period. But on the other hand, in order to construct 

such systems or calibration test fields special equipment is required. 

Apart from the aforementioned depth correction models in some works Kahlmann et al., (2006) 

and Radmer et al., (2008), they construct a Look-Up-Table (LUT) before they apply a linear, 

spline or cosine fitting models. The LUT is built after a huge amount of acquired data for 

different integration times and various reference distances from special calibration test fields. 

The reference distances are measured by a laser scanner or by an interferometer for higher 

accuracy. To build the LUT a target field is placed on a track line and the camera is moving along 

this line so as the field remains perpendicular to the camera position. The data acquired with a 

small distance step e.g. every 5cm in Kahlmann et al., (2006) and are stored in the LUT.  

Simpler approaches use total stations with black and white target test fields. In particular Jan 

Boehm et al. (2010) in their work implement a photogrammetric calibration and a range 

correction separately. For the photogrammetric calibration they combine a ToF camera with a 

digital camera in order to estimate in high accuracy the relative position. A laser scanner 

establishes the ground truth for the 49 targets on a wall. They compute the interior and exterior 

parameters and they use the exterior parameters as input for the range correction. Regarding 

the range error model they propose a combination of linear offset terms with sinusoidal 

function and linear factor of radial distance. For validating their results they compare the 

coordinates of reference targets on a planar test field measured once by the ToF camera and 

second by the laser scanner. 

Another example is the Jamtsho (2010) work where he follows a self-calibration approach, 

estimating all parameters the camera lens distortion terms as well as the depth error correction 

terms at the same time. The functional error models contain empirical terms combined with 

sinusoidal elements for eliminating the depth error. The self-calibration bundle adjustment 

                                                           
1
http://www.dlr.de/rm/desktopdefault.aspx/tabid-3925/6084_read-9201/ 

2
http://www.mip.informatik.uni-kiel.de/tiki-index.php?page=Calibration 

3
http://www.ee.oulu.fi/~jth/calibr/ 

4
http://opencv.org/ 

http://www.dlr.de/rm/desktopdefault.aspx/tabid-3925/6084_read-9201/
http://www.mip.informatik.uni-kiel.de/tiki-index.php?page=Calibration
http://www.ee.oulu.fi/~jth/calibr/
http://opencv.org/
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approach implies that an overparameterization might occur. To face this difficulty he applies an 

Akaike Information Criterion (AIC) method. For the ground truth reference he is following a free 

network adjustment estimating among others the coordinates of the targets of the calibrating 

field as well. To obtain the image observations for each target he uses image edge detectors 

algorithms.  

The literature shows that the depth error calibration should be a necessary step if one wants to 

use the ToF camera for high accuracy applications. Inspired by the above works a corresponding 

depth error analysis is provided in the thesis project. The error analysis is based on the means 

that the KTH University offers, such as the SR4000 ToF camera and the Trimble total station with 

corresponding software. 

1.3 Research Objectives 

The main purpose of the thesis work is to study and analyze the errors that limit the 

range/depth observations with the ToF camera. Specific research questions answered with the 

thesis work are the following: 

 How does the ToF camera perform depth observations? 

 What are the errors and the error sources involved in the depth measurements 

(systematic or not)? 

 What mathematical and geometrical relationships explain the ToF camera 

observations? 

 How can the errors of the depth measurements be reduced for the whole working 

range of the ToF SR4000 (error correction models)? 

 In what way can the error correction models be verified? 

 

In this point is important to mention that the depth observation is also called range observation 

in the literature. It is defined as the distance in space between the center of the ToF camera and 

each point of an object in question. 

The thesis research investigates the errors and their characteristics that result in deviations of 

depth observations of ToF SR4000 camera. Through experiments the error analysis covers 

aspects written in the literature and illustrates potential ways to reduce the errors. To achieve 

that several polynomial functions are used to model the errors of the ToF observations. A 

comparison of the various model functions as well as a verification of the results is essential. An 

AIC criterion is used for the selection of the most likely error model and the plane fit function is 

applied to the selected model for checking the remaining residuals.  

1.4 Outline 

The thesis work consists of two basic parts. The first theoretical part covers a comprehensive 

overview of the ToF principle, limitations and mathematical functions related to the camera. 
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The second part is more practical and via experiments it investigates the error characteristics of 

the depth measurements and way to correct these errors in order to achieve better accuracy.  

The first chapter of the theoretical part (named 2. Fundamentals of the camera) consists of the 

basic working principles of the camera. The chapter gives the main characteristics of the parts of 

the camera and explains how it obtains depth observations. The following chapter, named 3. 

Error characteristics of ToF observations, gives a detailed description of the errors that ToF 

depth observations include. It categorizes the errors in random and systematic. It explains the 

error sources that lead to depth deviation according to the literature survey. After that in 

chapter named; 4.Mathematical/Geometric fundamentals, the related geometrical equations 

that explain the camera projection and the mathematical forms that are used in the report and 

the experiments are described.  

The second part of the report consists of three more chapters each of which describes an 

experiment. The fifth chapter, 5.(1st) Warming-up experiment, indicates through a test that the 

ToF camera provides more consistent observations after a 45-50 minutes warming period. The 

next experiment, 6.(2nd) Experiment for studying the depth error, investigates how and why 

the depth error deviates from the reference depth after acquiring depth observations in various 

distances from a wall, test field. Last but not least the next experiment, 7. 3rd experiments for 

modeling the depth error, deals with correcting the aforementioned depth offset by trying 

several correction models. In the accuracy assessment of the same chapter the results of the 

error correction models are compared with each other using the AIC criterion. For validating the 

selected model by the AIC criterion a plane fitting of the corrected data, representing the wall 

test field, shows how much the model can reduce the depth offset. The final chapter, 8. 

Conclusions and further research, summarizes the above results and proposes further studies 

on that topic.  

THEORETICAL PART 

The theoretical part analyses in the beginning the background principles that are related to the 

ToF cameras, and then it describes the mathematical functions applied for the particular thesis 

purposes. The background principles consist of how the camera is working, what type of 

measurements one can obtain with the camera and what type of different errors the camera 

observations include. The information is gathered from several literature sources with some 

examples of the experiments performed in the second part of the report. Also it describes the 

specifications of the used in the experiments ToF camera SR4000. The mathematical formulas 

include all the basic mathematical and geometrical equations applied during the process of the 

experimental data sets.   
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2. Fundamentals of the ToF camera 

2.1 Overview of range techniques 

There are three basic concepts of non-contact techniques that are based on optical range 

measurements such as: a) triangulation b) Interferometry and c) time-of-flight. The following 

review of the measuring techniques is according to Lange (2000), Horemuž (2006) and Lindner 

(2010).  

To begin with, the triangulation is one the oldest measuring technique applied in 

photogrammetry and remote sensing. Triangulation is a geometrical approach where the depth 

of a point of an object is estimated by means of geometrical angle measurements. Specifically 

the point of the object target is the one corner of a triangle whose remaining corners are known 

parts of the sensor system. These two corners constitute with the basic line which must be 

known. 

Triangulation systems are available from mm-range to 100km range (photogrammetry). Their 

main drawback is that for a good resolution, a large triangulation base is needed. On the other 

hand the larger the triangulation base is the more the shadowing effects are involved. Another 

problem that arises especially in stereo vision is that in both images the task of finding point 

correspondences is rather complex when homogenous regions do not provide enough textual 

information to avoid ambiguities.  

Interferometry actually measures the change in distance and uses coherent light. In particular 

the principle is described by the superposition of two monochromatic waves of the same 

frequency, different amplitude and phase, resulting in another monochromatic wave of the 

same frequency, but with different phase and different amplitude. The resulting pattern is 

called interference pattern. By recording and counting the number of minimum-maximum 

transitions in the interference pattern over time, when the object moves, the distance of 

movement can be incrementally determined at an accuracy of the light’s wavelength or even 

better. Laser scanners and lidar instruments use coherent light which differ from the ToF 

instruments that use incoherent light.  

According to the time-of-flight technique an absolute distance can be measured by measuring 

the absolute time the light needs to travel from a target emitter to the detector, assuming that 

the signal’s propagation velocity is known. An essential property of this setup is the fact that 

emitter and detector operate synchronously. At this point one can already recognize a 

significant advantage of time-of-flight over a triangulation system: The TOF ranging technique 

does not produce incomplete range data (no shadow effects) because illumination and 

observation directions can be collinear. Unlike laser scanners depth is determined for the whole 

scene simultaneously and not by scanning row by row. 

Literature distinguishes passive and active techniques. The techniques depend on the passive or 

active sensor type. Passive sensors only record the radiation reflected or emitted by the 
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environment, active sensors provide artificial radiation “illumination” and record the returned 

energy. 

In passive techniques the sensor system is usually a camera rig of two cameras that form a 

stereo image pair. The cameras observe the same scene from different angles. The distance of 

the cameras with respect to each other, which corresponds to the triangulation base, as well as 

their orientation are usually known.  Stereovision is one famous 3D realization of passive 

triangulation that follows the concept of the commonly known inverse problem of 

photogrammetry.  

In active techniques with active systems like laser scanners, instead of the camera there is a 

light source. The light source project a point to the scene which is observed by a sensitive 

detector. The triangulation angles are well-defined through the exit angle of the emitted light 

and the column of the detected signal within the sensor. In active systems like laser scanners, 

the scene is scanned row by row, so there is a sequential realignment of the radiation beam 

that leads to longer recording time. In contrast, in the passive systems the scene is captured 

simultaneously. 

In comparison to the other range measuring systems the ToF sensors: 

+ capture the full scene in real time 

+ are more affordable 

+ are easy to operate 

+ have low cost of production 

+ are compact and low weight 

+ do not rely on mechanical set ups (like laser scanners) 

+ do not rely on complex computations (like stereo vision) 

All the aforementioned characteristics make the ToF cameras attractive for interactive 

applications.  

However there are also some drawbacks that should be mentioned, namely that the ToF 

cameras have: 

- larger power consumption since they use light for illumination, compared to 

stereovision systems, 

- a very low X/Y resolution 

- a random noise, and  

- a notable systematic measurement bias 

 

2.1.1 Types of ToF cameras 

The ToF principle was first applied around 2000 with the low resolution devices. Recently 

developed systems that are based on chip design are compact and cost-effective. Several types 

are illustrated in Figure 2.1. The models apply the continuous modulation principle (see Section 
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2.3). All of them are low weight and simple to use and carry. They differ in resolution, field of 

view, modulation frequency, non-ambiguous range and manufacturer. 

 

Figure 2.1: Different current models of Time of Flight Cameras 

(1) SR3000, 176x144 (2) SR4000, 176x144 (3) O3D100, 64x48 (4) Canesta VisionTM, 64x64 (5) 

19k, 160x120 (6) CamCube 2.0, 204x204 

The SwissRanger SR4000 is used in the thesis project, which is developed by MESA Imaging AG 

in Zurich. The SR4000 is the recent fourth generation range camera which has replaced the 

SR3000 model. The newest member of the family is now the SR45005.  

2.1.2 Applications with ToF camera 

In general ToF ranged cameras form a very interesting option for use in photogrammetry due to 

their characteristic as a mono-sensorial 3D measurement system providing image sequences 

directly without any complex computer processing. So they are basically used for applications 

similar to close range photogrammetric applications, such as cultural heritage 3D mapping and 

3D object reconstruction. 

A neighbouring discipline of photogrammetry is the problem of determining the position and 

orientation of the image sensor in order to derive the representation of a scene while the 

sensor is moving. Such approaches combine navigation with localisation and mapping 

(Simultaneous Localisation and Mapping -SLAM). ToF cameras as part of a robot or autonomous 

vehicle obtain observations together with an IMU (Inertial Navigation Unit) and build a map of 

an unknown scene while keeping track of robot’s location.  

Furthermore since the ToF cameras can obtain real-time distance acquisition in a video – high 

rate, a characteristic that makes them special, they are used for interactive applications. The 

following examples show the various usages of the ToF cameras: 

- human machine interaction (detection of hand gestures and movements, video gaming) 

- fitting of articulated human models (research in medicine, biometrics, sports) 

- driver assistance systems (active pedestrian safety) 

- user tracking (tracking people in a room-multimodal environments where the audible 

and visible actions inside the rooms are recorded and analysed automatically) 

- mobile robot gesture control system 

- tracking obstacles for contactless surveillance 

                                                           
5
http://www.mesa-imaging.ch/swissranger4500.php?cat=3D%20Camera 

1. 2. 3. 4. 5. 6. 

http://www.mesa-imaging.ch/swissranger4500.php?cat=3D%20Camera
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- industrial machine vision (for classifying items) 

 

The ToF cameras are gaining increasing attraction in multiple fields of industry and robotics 

because of their simple usage and quick provided results. Furthermore ToF cameras have 

become increasingly interesting also in the civil engineering applications. In the literature 

authors propose methods to use ToF cameras for structure deformation monitoring [32]. 

Apparently ToF cameras might replace laser scanners for close range applications in the future.  

2.2 Components of a ToF camera 

ToF camera consists of a Complementary Metal-oxide Semiconductors (CMOS) chip and an 

illumination LED source. Using these main parts the cameras generally convert the incident light 

energy into current or charge collector, transfer it to a measurement point and convert it to a 

readable signal.6 

2.2.1 CMOS chip 

General background for CMOS technology 

The CMOS are part of the active pixel sensors (APS) technology. The CMOS have become a 

valuable alternative and are already replacing charge-coupled-device (CCD) sensors in many 

applications which have dominated digital imaging since the early 1980s. The more recent APS 

technology provides random access to the pixels and allows integrating electronic functionality 

or even complete digital processors within the image sensors. Such sensors may be actively 

tuned to the application needs leading to a notation “smart sensors” with “smart pixels”. 

Horemuž (2006), Kahlmann et al. (2006), May et al. (2009) and Lindner et al. (2010) 

In a CMOS image sensor, an individual light-sensing element (photosite) is a photodiode with an 

adjacent charge–to-voltage converter, buffer and other preprocessing circuits, depending on 

the complexity of the device, such as a local amplifier at each pixel location in active pixel 

sensors (APS). These diode photosites are connected in a 2D array, and their voltages are 

collected and transferred to the built-in output node by using the row-column addressing 

mechanism of random access memory (RAM). CCD chip is a metal-oxide gate that converts 

incident photon energy into charge. An individual photosite charge is transported to remote 

readout registers through a series of photosite-to-photosite transfers; these readout registers 

are masked CCD gates. The serial outputs of the readout registers are then converted into 

voltages by the output amplifier and sent to the output node for collection.7 

                                                           
6
http://ebooks.spiedigitallibrary.org.focus.lib.kth.se/content.aspx?bookid=57&sectionid=31562092 (as 

last seen on 01/08/2013) 
7
http://ebooks.spiedigitallibrary.org.focus.lib.kth.se/content.aspx?bookid=57&sectionid=31562092 (As 

last seen on 01/08/2013) 

http://ebooks.spiedigitallibrary.org.focus.lib.kth.se/content.aspx?bookid=57&sectionid=31562092
http://ebooks.spiedigitallibrary.org.focus.lib.kth.se/content.aspx?bookid=57&sectionid=31562092
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Figure 2.2: CMOS principle (source: Kahlmann et al. (2006)) 

CMOS principle in ToF cameras 

In the Figure 2.2 the CMOS principle is displayed. Specifically the single emitter of the 3D 

camera sends out modulated light, which is reflected by an object partially back to the sensor. 

The smart pixels of the CMOS sensors array receive the back scattered light simultaneously in 

comparison to the laser scanners. (Shahbazi et al. (2011))The smart pixel itself determines the 

correlation between the detected optical signal and the emitted – reference signal which has 

been delayed or in other words shifted by the phase offset. (Marvin Lindner et al. (2010)) In 

such a way the smart pixels are able to measure the distance (D) of the corresponding points in 

space. The measured distances in connection with the geometrical camera relationships can be 

afterwards used to compute the 3D coordinates which represent a reconstruction of the imaged 

object. (Kahlmann et al. (2006)) 

2.2.2 Illumination unit - LED 

The LEDs in the front part of the ToF sensor emit modulated light waves. The modulation signal 

is considered to follow a sinusoidal function. More authors provide formulations for sinusoidal 

signals, although other periodic functions can be used (Foix et al. (2011)). The LEDs are covered 

by an illumination cover which protects them while allowing light to be transmitted. There is 

also the optical filter in the front part which allows only light of wavelengths near that of the 

illumination LEDs to pass into the cameras lens. (SR4000 Manual8) 

2.3 ToF distance measurement principle 

In the ToF systems the time taken for light to travel from an active illumination source to the 

objects in the field of view (FOV) and back to the sensor is measured. The distance can be 

determined directly from this round trip. (SR4000 Manual) As described by Kahlmann et al. 

(2006), the time the light needs to travel from one point to another is proportional to the 

distance the light has travelled. The related equation is written in the form as: 

         
 

 
         

Eq. 2.1 

                                                           
8
http://www.mesa-imaging.ch/swissranger4000.php 

http://www.mesa-imaging.ch/swissranger4000.php
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where d represents the distance between the sensor and the object, t the time between 

emitting and receiving which indicates how far the light has travelled and c the speed of light 

(approximately c=3 x 108m/s). 

In general there are two methods of distance measurement by electro-optical device. The first 

one is Pulse Run time method and the second is Phase Shift determination. In the literature the 

first one is also referred as pulse modulation and the second as continuous modulation, 

Amplitude Modulated Continuous Wave (AMCW) or Intensity modulation approach. (Kahlmann 

et al. (2006), Lindner, (2010), Dorrington et al. (2010), Kolb et al. (2009)) 

  

Figure 2.3: ToF distance measurement principle, left: Pulse modulation method 
–right: Continuous modulation method (source: Kahlmann et al. (2006)) 

According to the first method the runtime of a single pulse is measured directly as shown in the 

Figure 2.3. As Lindner (2010) describes, this implies high demands on the detection accuracy in 

order to determine the exact time delay. Kalhman et al. (2006) also add that in order to reach a 

distance accuracy of a few millimeters, the clock accuracy has to be as low as a few picoseconds.  

In the second method, the phase shift between the emitted signal and its response is measured. 

According to Kahlmann et al. (2006) this method avoids high precision clocks and uses more 

complex and integrated design. In that sense the system is less demanding, however due to the 

periodicity of the emitted signal the non-ambiguity range of the measurements gets limited 

(Lindner (2010)). 

More specifically the observed scene is illuminated with modulated near infrared (NIR) light. 

The modulated signal is assumed to be sinusoidal with modulation frequencies (ω or fm) in the 

order of megahertz (MHz), typically in the region of 10 to 100MHz. (Stefan May et al. (2009), 

Dorrington et al. (2010)) 

In the literature the mathematical representation of how the ToF works has been described 

thoroughly. According to the sources Kolb et al. (2009), Lindner (2010), May et al. (2009), 

Cazorla et al. and Fuchs et al. (2008) the following paragraphs describe the corresponding 

mathematical concepts.  

The illumination module attached to the camera emits incoherent (NIR) light g(t) which is 

expressed mathematically as:  

  ( )      (  ) Eq. 2.2 
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This reemitted signal is also called reference or original signal. It takes the following form where 

the time (t) is continuous: 

  ( )        (     ) Eq. 2.3 

where α is the amplitude of the incident optical signal, b is a constant component results from 

the background illumination also referred as correlation bias and the phase shift – phase delay 

φ transports the distance information. The phase delay between the original signal g(t) and the 

reemitted S(t) is connected via a correlation equation: 

  ( )  (   )( )        (     ) Eq. 2.4 

where from the reflected sinusoidal light four measurements S(τ0) , S(τ1), S(τ2), S(τ3) at 0, 90, 

180 and 270 degrees (deg) of the phase are taken each period T= 1/fm. (May et al. (2009), Figure 

2.4) The phase shift, which is proportional to the covered distance, is measured in parallel 

within each smart pixel of the CMOS sensor’s array. (May et al. (2009)) At the same time, the 

phase shift is propotional to the time of flight of the light reflected by the distant object.  

As explicitly described by Fuchs et al. (2008) the reemitted S(t) and emitted signal g(t) are 

directly correlated in the solid-state CMOS sensor pixels. The incident photons activate the 

semi-conductor to generate electrons that are forced by Sτ(t) to accumulate in two integrational 

capacitors where they are sorted and read out by a controller. The difference between these 

two integrational capacitors corresponds to the correlation c(τ) which is proportional to the 

phase-delay. 

 

Figure 2.4: received sinusoidal modulated input signal (source: May et al. 2009) 

As it is shown on the Figure 2.4 signal (b) represents the mean of the total light incident on the 

sensor i.e. background that is usually referred as intensity (bt) plus modulated and (α) is the 

amplitude of just the modulated signal. The phase shift (φ) is calculated from the four 

aforementioned samples to produce the distance measurements. (SR4000 Manual) In the 

literature (Foix et al. (2011)) the phase demodulation technique is also mentioned as “four-

bucket” sampling. The phase φi, the amplitude αi and the intensity bias well as the distance 

measurement for every n pixel in the image array {di|i=1,…,n} can be calculated as follows: 
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Eq. 2.8 

where the λm is the wavelength of the modulated signal. (May et al., 2009) As the Eq. 2.8 

describes the phase φi has a range of 0 to 2π, hence the maximum operating distance is limited 

to half of the wavelength because the light must complete a return trip.The phase shift is 

related directly to propagation time which leads to distance for every pixel in the image scene. 

This distance measurement function (Eq. 2.8) represents the radial distance values from the 

perspective center of the camera to the object for every pixel. (Dorrington et al. (2010)) 

According to the manual for the ToF camera SR4000 the amplitude can be used as a measure of 

quality for the distance measurement and/or to generate a gray-scale image such as a 

traditional gray-scale digital photograph (Dorrington et al. (2010)). The amplitude indicates the 

amount of modulated light reaching the sensor and disregards external illumination and 

incoherent stray light. (Reynolds et al.) It has a similar meaning like the intensity and in cases 

where the ToF camera does not provide amplitude values it provides intensity instead. 

2.3.1 Characteristics of the ToFSR4000 camera 

The used ToF camera in the experiments of the thesis is the SR4000, whose characteristics are 

as follow: 

Table 2.1: Technical specifications of the SR4000 ToF camera 

Pixel array size 176(h) x 144(v) 
Field of View (FOV) 43.6° (h) x 34.6° (v)  
Detection Range: 0.1-10m 
Absolute accuracy  
(99% reflectivity over calibrated range) 

+/-15mm 

Calibrated Range: 0.8-8.0m  
Modulated frequency 15MHz 
Illumination frequency (LEDs) 850nm 
Focus length 10mm 
Maximum frame rate 50fps 

 

The SR 4000 camera type has various models of different detection ranges. This model works 

for distances until 10m but the range within the manufacturer has calibrated the camera lies 

between 0.8m and 8.0 m. For that reason all experiments were performed within that range.  
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According to the User Manual the absolute accuracy refers to the difference between the mean 

measured value of the distribution and the true value and represents the maximum systematic 

error on the distance measurement. 

2.4 Measurement parameters 

This Section describes the parameters that either the user can manipulate in the software while 

acquiring data or they are scene related factors. These parameters influence the observations 

with the ToF camera. 

2.4.1 Integration Time 

The Integration time is the time allowed to integrate the photon-generated electrons per 

modulation period over many cycles. (Jamtsho (2010)) In other words it is the time the pixels 

can collect the light. For the SR4000 camera the integration time (IT) in ms is computed as a 

function of the acquisition time (AT): 

 IT=0.3ms+AT*0.1ms Eq. 2.9 

The AT range is 0-255 (8-bit integer value) and the IT ranges from 0.3 ms to 25.8 ms 

respectively. (SR4000 User Manual) 

It is important to choose an optimal integration time because it influences the noise in the 

observations. In particular  

a) a high integration time means a large amount of reflected data and may result in more 

precise distance measurements since the Signal to Noise Ratio (SNR, see Section  3.1.1) is better 

when the object in question is far away from the camera because in the opposite occasion the 

high IT may lead to saturation . 

b) a low integration time results in a high frame rate and less moving artifacts because the 

frame rate (FR) is inversely proportional to the integration time as the equation shows (SR4000 

User Manual): 

 
   

 

  (     )
 

Eq. 2.10 

where the RO≈4.6 ms is the readout time. The number 4 indicates the four samples taken to 

produce the phase measurement; hence the total required time to capture a depth value is four 

times the IT plus the readout time.  

The user of the ToF camera has the option to change the acquisition time and the integration 

time automatically alters according to the equation (Eq. 2.10). Also the user can activate the 

auto exposure function in the software which adapts the integration time on line at the time of 

the observations according to maximum amplitudes present in the current image. This function 

exists in the software (SR 3D-view software) for capturing 3D data with the SR4000 ToF camera. 
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It is a helpful tool because it minimizes the noise during the measurements. If this function is 

not activated the operator can select the integration time on his/her own. 

2.4.2 Modulation frequency 

The modulation frequency according to Eq. 2.1 is inversely proportional to the depth 

observation. The higher the modulation frequency the shorter the distance between the sensor 

and the object should be. This distance represents the non-ambiguity range as the User manual 

explains. According to product SR4000 specifications 30MHz cameras are those with the 5m 

range and 15MHz cameras for 10m range. When there is more than one camera used at the 

same time then it is preferable for the operator to choose different modulation frequencies. 

2.4.3 Background illumination 

The intensity/amplitude that the ToF camera detects is influenced by the background 

illumination. Background illumination can be avoided by imaging in the dark or it can be 

reduced by using spectral filters that only transmit the modulated light. (Lange (2000)) In the 

latest ToF cameras the smart sensors of the CMOS technology provide an automatic 

suppression of the background light which is called Suppression of Background Intensity. 

(Shahbazi et al. (2011), Kolb et al. (2009)) Therefore these cameras can be used for outdoor 

applications as well so as the risk of a huge captured amount of sunlight by the sensors becomes 

smaller. (Lindner (2010)) Even though most works have been conducted indoors and few 

projects for outdoor applications have been found in the literature. (Piatti (2010)) 

2.4.4 Object Reflectivity 

As described by Piatti (2010) the object reflectivity directly influences the distance 

measurement precision, so measurements on objects with higher reflectivity (such as white 

paper/board) are more precise with respect to less reflective objects (such as darker materials). 

2.4.5 Angle of incidence 

The angle of incident is the angle between the camera axis and the normal to the object surface. 

The literature (Piatti (2010), Kim (2008)) mentions that depth variations can be approximated by 

σR~λ*ρ2/r*cosa where λ is the signal wavelength, ρ the depth measurement and r the object 

reflectivity and α the angle of incident. That means the distance measurement precision of ToF 

cameras is inversely proportional to the cosine of the angle of incidence. Therefore, if the 

amount of energy emitted by the camera illumination unit, the object reflectivity and the mean 

distance between camera and object are all maintained constant, the precision of the distance 

measurements will decrease when increasing the alpha angle. Piatti (2010) Experiments with 

SR4000 in the literature show that when the angle of incident increases the depth observation 

fluctuates only 2 mm. 

2.4.6 Output data of ToF SR4000 camera 

When acquiring data with the SR4000 camera using the software MESA Company provides the 

operator gets the following output products: 
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Figure 2.5: ToF coordinate system (source: SR4000 manual) 

1. X,Y,Z, coordinates that form the 3D point cloud 

The camera coordinates are established as the above figure illustrates, with z-coordinate 

increasing along the optical axis away from the camera, y-coordinate increasing vertically 

upwards and x-coordinate increasing horizontally to the left. This point cloud is a calibrated 

result estimated by the manufacturer. In order to process the data the coordinated system is 

modified. 

The modified ToF camera coordinate system from the point of view of the camera (or someone 

standing behind it) is defined as: 

 XToF-axis increases positive horizontally to the right (-x), 

 YToF-axis increases positive along the optical axis away from the camera (z), and  

 ZToF-axis increases positive vertically upwards (y) 

 

where the x,y,z axes are depicted in Figure 2.5. From now on the aforementioned coordinate 

frame is called as the ToF camera coordinate frame with coordinates (X,Y,Z). 

Using the point cloud, it is possible to obtain the depth observation for each point (or pixel) as:  

   √         Eq. 2.11 

2. Amplitude: 

The second output product that the ToF camera provides is the amplitude value for every pixel 

which represents the strength of the reflected signal by the object. The amplitude is mapped as 

a gray scale image similar to passive sensor products. 

3. Confidence Map 

The last product that the camera gives is the confidence value for every pixel which represents a 

measure of probability or “confidence” of how correct the measurement is expected to be. Low 

confidence is typically due to low reflectance or movement in the scene. The confidence map 

offers a measure of quality of the data. 

Conversion of the data output 

The output of the SR 3D-view camera’s software is a file which consists of the 3D coordinates 

with amplitude and confidence value for each pixel together at once per acquired frame. This 

file is difficult to use so it is separated into several vectors of the X, Y, Z and A coordinate with its 

corresponding index (i.e. to which row and column each value corresponds). The combination of 
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the vectors produces the file of the point cloud. To achieve that simple codes in Java and Matlab 

are structured by the writer. The Java application divides each output frame of the SR 3D-view 

camera’s software in a vector format and the Matlab code produces the point cloud with 

respect to the modified ToF camera’s coordinate system ready to use and analyze it. The simple 

codes are applied to all experiments as the first initial step before their main processes.  
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3. Error characteristics of ToF 

observations 

The ToF camera involves measurements that most likely contain errors, since the ToF is a 3D 

device like every other measurement device. The three main categories of the errors are 

systematic errors, random errors and gross errors.  

Systematic errors follow certain mathematical or physical rules and affect the measurement 

results systematically. When a measurement is repeated many times there is always a non-zero 

arithmetic mean of the systematic errors. The cause of this error is coming especially from the 

used instrument and the physical environment where the measurements are made. In order to 

reduce the systematic errors one can a) calibrate the instrument, b) design suitable 

measurement routines which can reduce or eliminate possible systematic errors and c) correct 

the measurement result afterwards. 

Concerning random errors, these are non-systematic and behave randomly. They are coming 

from human factors, instrument errors, physical environment and measurement routines. To 

reduce them one can improve the total measurement condition. With mathematical statistics 

one can treat them because it has been found that random errors show certain statistical 

characteristics. Particularly if a set of errors ε1, ε2, …,εn have occurred under roughly the same 

measurement condition then the random following statistical statement have been discovered 

(Fan, 2010):  

 the arithmetic mean of εi approaches zero when the number of n observations 

approaches infinity as the following equation shows: 

 

 
   
   

(
∑    

   

 
)    

Eq. 3.1 

Finally the third category is the gross errors that are caused by human mistakes, malfunctioning 

instruments or wrong measurement methods or physical environment.  In contrast to the 

random errors the gross errors, which are also called blunders, cannot be treated by statistical 

methods. To avoid them the surveyor should be concentrated and careful at the time of the 

measurement or he/she can use simple filters to get rid of them especially when they come 

from the physical environment. 

3.1 Random and gross errors 

3.1.1 Noise 

Internal system noise 

The ToF camera suffers from internal system noise which is coming from three basic categories: 

photon shot noise, photon-charge conversion noise and quantization noise. (Lange, 2000) These 
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categories are common noise errors that appear in every measurement device based on the 

CCD/CMOS technology. The photon shot noise describes the nature of the signal arrival into the 

sensor. (May et al., 2009) The photo-charge noise describes the process of the signal 

modulation into the semiconductors of the CMOS array. Last the quantization noise errors 

express the noise occur while an analog-digital conversion of the phase samples to integral 

values before the signal modulation is applied during the acquisition of phase images. (Lidner, 

2010) For further details on that kind of errors one can study Lange (2000).  

One should bear in mind that the photo shot noise is related to the photoelectron generation 

process happened in the CCD/CMOS sensor and the optical power. This photon shot noise 

influences the signal to noise ratio (SNR) and is the most dominating noise source among the 

aforementioned categories and cannot be suppressed. (May et al., 2009) The SNR is defined as 

the ratio between the signal optical power and the noise power and indicates when there is 

more signal that noise.9 

The magnitude of the shot noise increases with the intensity of the light so the SNR becomes 

very large for higher illumination levels i.e. larger amounts of the incident light. (Jamtsho (2010), 

Lindner (2010)) Large amount of light occurs when the integration time is too high. Higher 

illumination level leads to overexposed pixels a phenomenon called oversaturation. These pixels 

get too much signal and are not able to provide any distance information as Figure 3.1 shows. 

As a result random errors occur during the measurement.  

Specifically Figure 3.1 displays in the 176x144 pixels array the depth information measured by 

the SR4000 ToF camera. The camera is approximately set up at 1 m distance from the wall and 

performs measurements in a high integration time 9.3 ms. The blue region represents the zero 

distance value as the color scale displays. The correct depth image should be red with no zero 

pixels only if the chosen integration time wasn’t too high. 

  

  

Figure 3.1: A depth image in the left with its amplitude gray scale image in the right  
 as captured by the SR4000 from approximately 1m distance perpendicular to a wall 

 

                                                           
9
http://en.wikipedia.org/wiki/Signal-to-noise_ratio (as seen on 08/08/2013) 

http://en.wikipedia.org/wiki/Signal-to-noise_ratio
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Time variant and time invariant noise 

Apart from the internal CCD/CMOS system noise errors there are two more error categories: 

the time variant and the time invariant noise.  

According to Lindner (2010) the time variant noise is coming from thermal noise, reset noise, 1/f 

noise and dark current short noise sources. These sources are independent of the signal 

propagation and are increased as the temperature of the sensor rises. As the SR4000 User 

Manual describes longer integration time causes the LEDs to act for a longer time which results 

to heat rise. Proper cooling of the sensor is necessary to reduce the amount of heat generated.  

The time invariant noise, which is also called fixed pattern noise (FPN), is classified into defect 

pixels (noticeable as static black or white pixel) and leaker (which are significant brighter than 

the neighborhood)10. Furthermore FPN describes spatial variation in pixel output values due to 

variations in material or interference or interconnect variations (mismatches) across the 

sensor11. In CMOS image sensors pixel transistors cause pixel FPN and column amplifiers cause 

column FPN12. 

3.1.2 Superposition 

Superposition signal related error occurs when the light takes multiple paths through the 

reflection of the object scene until it returns back to the sensor. The light signal covers twice the 

same distance when it returns directly back from the reflected object. As Figure 3.2 displays in 

case where the signal first reflects to wall B, then to wall A and then returns back, it has covered 

a longer distance from the sensor that leads to distance overestimation. The corner in the right 

part of Figure 3.2 appears rounded off with a smooth transition. (May et al. 2009) 

 

Figure 3.2: Example of superposition signal-related error in corners 
(source: SR4000 User Manual) 

This phenomenon commonly occurs in scenes with object concavities such as corners and edge 

surfaces. (Foix et al. 2011) Additionally it happens due to occlusions and hollows as Figure 3.3 

                                                           
10

(Lindner, 2010) 
11

https://classes.yale.edu/04-05/enas627b/lectures/EENG427l04bcds.pdf (as seen on 08/08/2013) 
12

id 

https://classes.yale.edu/04-05/enas627b/lectures/EENG427l04bcds.pdf
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displays. (May et al. 2009) In the left part the amplitude of the camera measurements is 

displayed as a gray-scale image and the right part shows the same scene displayed as a point 

cloud. The point cloud is rotated in the Cyclone software so as the occluding shapes are seen 

clearly (in the red ellipse). The region between the foreground pillar and the background wall 

represents a hidden area for the sensor which is displayed in the point cloud with a smooth 

transition. These points are referred in the literature as flying pixels and in order to detect them 

sophisticated processing techniques are applied that consider the pixel’s neighborhood relation. 

(Lindner, 2010) 

  

Figure 3.3: Example of occluded shapes (SR4000 ToF camera measurements in KTH building) 

To sum up the superposition signal-related error depends on the FOV and the set-up of the 

camera sensor at the time of the measurements plus the interfering objects exist in that FOV 

and the depth inhomogeneity that may appear in the scene. 

3.1.3 Light scattering 

In general light scattering describes the deflection of a light ray from the straight path.13 

Particularly for ToF cameras light scattering effect arises due to multiple light reflections 

between the camera lens and its sensor. (Foix et al. 2011) This phenomenon depends on the 

amount of the incident light as well as on the secondary reflections of light reflected by near 

bright objects. In that way the nearby bright objects produce a depth underestimation over the 

affected pixels because of the energy gain produced by its neighboring pixel reflections. (May et 

al. 2009, Foix et al. 2011) 

In Figure 3.4 the aforementioned effect is displayed. In the left part the amplitude gray-scale 

image shows the particular scene captured where the metal handrail exists (the region included 

by the red ellipse). In the right part the same scene is mapped as a point cloud. The metal 

handrail scatters back the light coming from the sensor and leads to gross errors in the depth 

measurement. The points inside the red ellipses represent the metal handrail and their position 

is underestimated. The light scattering error results in the same effect of flying points discussed 

in the Section 3.1.2 . 

                                                           
13

http://en.wikipedia.org/wiki/Light_scattering (as seen on 09/08/2013) 

http://en.wikipedia.org/wiki/Light_scattering
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Figure 3.4: Example of light scattering effect  (SR4000 ToF camera measurements in KTH building) 

 

3.1.4 Motion artifacts 

Motion artifacts occur especially when the camera or the objects are moving. The effect in the 

amplitude grayscale image is like blurring the same as it appears in the traditional digital 

cameras. The effect in the distance observation is random noise in the boundaries of the moving 

objects. Motion artifacts and integration time have such relationships that the longer the 

integration time is the more extensive the motion artifacts are. In general there are three types 

of motion artifacts the lateral motion, the axial motion and the texture changes. The lateral 

motion is coming from the mixture of the background and the foreground phase values. The 

axial motion depends on the viewing direction of the moving object. Last, the texture changes 

occur at objects with varying reflectivity which leads to un-matching phase values even though 

the distance of the objects may remain the same for a given pixel. (SR4000 User Manual, 

Lindner, 2011) 

3.1.5 Back-folding phenomenon 

The ToF camera measures according to the aforementioned principle inside the non-ambiguity 

range which is defined by the manufacturer (Table 2.1). The measurements outside of this range 

are subject to a so called ambiguity or a back folding phenomenon. According to the SR4000 

User Manual this phenomenon is a result of the periodicity of the signal that used for the 

distance measurement. The objects situated in the scene with distances more than 10m from 

the camera which is the distance corresponding to a full modulation period are folded back into 

the range. In the resulting point cloud that ToF camera acquires the back folding objects are 

displayed as flying points. In practice these objects have usually low intensities as they are far 

away from the camera, but in case these objects are rather bright may cause noise in the results 

and they should be filtered.   

3.2 Systematic Errors 

For ToF cameras the literature refer to four types of systematic errors a) the distance related 

error b) amplitude related error c) Integration time related error and d) build-in-pixel related 
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error. Apart from these the ToF cameras like every other digital camera is characterized by lens 

distortion. 

3.2.1 Lens distortions 

Every type of cameras has systematic errors due to the fact that the image rays deviate from 

their ideal position in relation to their corresponding object rays, from the time they enter the 

system of the camera lens. The main sources of the lens distortions are two: The first is that 

there is no designed lens with perfect imaging geometry over its entire view and range of focus. 

The second cause is the improper manufacturing of the lens. (Horemuž, 2006) The lenses 

consist of measurable defects and distortions, which are unfavorable to precision 

measurements because they lead to improper image geometry. Therefore the camera’s lenses 

should be tested, a process which is usually part of the calibration of the camera. The Section 

4.5.2 describes in details how the lens distortions can be compensated. 

3.2.2 Distance related error 

The distance related error (is also called circular distance error or wiggling error) alters the 

measured distance by shifting the distance significantly towards or away from the camera 

depending on the surface true distance. This type of error is coming from two main reasons a) 

the non-harmonic sinusoidal function of the light and b) the nonlinearities of the properties of 

CMOS-gates.  

Regarding the first main source it is already mentioned in Section 2.3 the distance information is 

coming from the four samples of the sinusoidal signal. This basic assumption of sinusoidal signal 

is not met due to hardware and cost limitations. (Lindner et al., 2010) In particular the 

modulated signal is influenced by the current-voltage –characteristics of the LEDs used for 

illumination. (Lindner, 2010) Because of an asymmetric response from the LEDs the modulated 

original signal g(t) is not exactly a harmonic sinusoidal curve as the equations expresses (Eq. 2.2-

2.4). (Fuchs et al., 2008)  

Referring to the second main source of the distance related error, due to the nonlinearities of 

the semiconductor and its imperfect separation of semiconductor properties a different number 

of incident photons at a constant distance cause different distance measurements. And as a 

result because of the aforementioned reasons a systematic distance related error occurs which 

needs modeling so as to be reduced. 

3.2.3 Amplitude related error 

The amplitude related errors appear when the phenomenon of saturation occurs either when 

there are overexposed pixels or when the object scene has low reflectance. In fact the main 

source of the amplitude related error is the nonlinearities of the LEDs illumination that cause 

depth misreading at pixels distant from the image center. Furthermore as Foix et al. (2011) 

describe, depth accuracy is highly related to the amount of incident light. The higher the 

reflectance is the higher the depth accuracy becomes. Low amplitude appears more often in the 

border of the image as the emitted light power is lower than in the center; consequently the 

depth information is overestimating (see Section 6.3.2). According to May et al. (2009), the 
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decrease of the illumination in the boundaries of the image is a result of two effects, the 

inhomogeneous illumination through the sensors active light emitter and the effect induced by 

the sensor’s optics. On the other side when the camera captures distances from close objects or 

the integration time is really high then saturation can appear. As it seems in Figure 3.1 in pixels 

where the amplitude image has very high values the depth values are zero.  

3.2.4 Integration time related error 

The integration time can influence the distance and amplitude measurements and it is related 

to the varying object reflectivity, the distance of the sensor from the object and the angle of the 

incident light. For example for the same scene different integration time can lead to different 

distance values.  

Specifically in Jamtsho, (2010) describes the monotonic relation between the integration time 

with the distance and the amplitude. In Figure 3.5 the SR4000 measures a uniform wall surface 

from the same distance at different integration times (left image) and at the same time six 

pixels with their amplitude values are chosen from the image array (right image). The six pixels 

situate in different places in the array away from the image center and closer to the peripheral 

of image. It is obvious that the distance slightly increases (6 mm difference) as the IT increases 

and the amplitude increases as well. The upgraded technology in the SR4000 sensor gives good 

amplitude results a fact that shows the power distribution of the LEDs is uniformly distributed 

across the FOV of the camera. 

  

Figure 3.5: Distance and Amplitude as a function of the integration time 
  (SR4000 ToF camera, figure extracted from Jamtsho, 2010) 

Generally in the literature is written that the integration time related error is connected with 

the mismatching properties of the semiconductor and the sensor electronics but still this is a 

bias under investigation. 
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3.2.5 Build-in-pixel related error 

The build-in-pixel related error is also called latency related error or clock skew error and is 

coming from two main reasons a) the signal propagation delay that happens in the 

semiconductor properties of the sensor and b) the different material properties of the 

semiconductor arrays.  

In the literature Foix et al., (2011) describe thoroughly that regarding the first reason different 

latencies for each pixel are interpreted as different distance values for the same pixel after 

measuring the same scene a lot of times. Furthermore Piatti (2010) adds that each pixel 

depends on the position on the CMOS chip and its distance to the signal generator. So pixels 

aligned in rows and columns are usually connected in series and this fact can cause a gradual 

phase shift. As far as the second source is concerned the different materials of the CMOS-gates 

produce a constant bias leading to different distances measured in two neighbor pixels that 

correspond to the same true value. (Foix et al., 2011, May et al. 2009)  

The build-in-pixel and distance related error can sometimes be combined and have similar 

effects to the depth information. This effect is commonly displayed as a Fixed Pattern Noise 

(FPN) offset per pixel where Section 6.3.2 describes it in depth. To be clear this FPN offset is not 

the same as the random noise error (see Section 3.1.1) but it only shares the same name. 

Furthermore this FPN offset can be reduced by error modeling as the 3rd experiment describes. 

Above all it is noticeable to mention that all four systematic errors are highly correlated to each 

other. There are suitable error models that reduce the effects each error produces either 

separately or at once in one calibration function.  
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4. Mathematical/Geometric 

fundamentals 

4.1 Basic formulas for Least Squares Adjustment 

The least square adjustement (LSA) formulas are the foundamental equations that one can use 

to estimate the unknown coefficients of the error correction models. There are li (1≤i≤n) 

observation equations of xj  (1≤j≤m) where n is the number of observations and m the number 

of unknown coefficients, assuming always that n>m. The true values   ̂ of the observations    can 

be written in matrix notation as follow14: 

                    Eq. 4.1 

where: 
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Eq. 4.2 
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Eq. 4.3 

where    ,    are known constants depending on the problem,    is the residual of   ,  
  denotes 

the reduced observations vector, which differs from the direct observation    by a constant 

vector  . The least square solution is obtained under the conditions: 

    ̂    ̂ and   ̂   ̂      Eq. 4.4 

where P denotes the weight matrix.  

To derive the least squares estimate  ̂ and  ̂, the Lagrange function F is formed and its 

derivative (with respect to X) is set to zero: 

 ( )       (    )  (    ) 
  

  
    ̂    ̂    ̂  (  )                 ̂    

Eq. 4.5 

For designing the weight matrix the a priori standard error of unit weight (or unit-weight 

standard error)   is specified (or the   
  variance factor) and each element of the weight matrix 

is computed as    
  

 

  
  where   

  is the variance of observation i. 

The least square solution leads to the normal equation of adjustment by elements: 

                                                           
14

Fan, 2010 
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     ̂       Eq. 4.6 

when rank (A) = m which in other words means that the      has non-zero determinant 

(        ).  So from Eq. 4.6   ̂ can be resolved directly as: 

 ̂  (    )       Eq. 4.7 

The adjusted residuals  ̂ can be estimated as: 

 ̂      ̂ Eq. 4.8 

and also the a posteriori variance factor  ̂ 
  can be estimated from the adjusted residuals as: 

  ̂  
 ̂   ̂

   
 

Eq. 4.9 

 

Considering the variance-covariance matrix of  ̂ we have: 

  ̂ ̂   ̂ 
 (    )   Eq. 4.10 

This   ̂ ̂ matrix contains the estimated standard errors squared (variances  ̂ 
 ) of each of the m 

adjusted coefficients with their covariances of each coefficient with each other. 

The variance-covariance matrix of the adjusted residuals  ̂ is estimated as 

  ̂ ̂   ̂ 
 [     (    )     ]   Eq. 4.11 

and it contains the estimated standard errors squared of the adjusted residuals in its diagonal. 

Also the variance-covariance matrix of the adjusted observations  ̂ is estimated as 

  ̂ ̂   ̂ 
  (    )    [   ] Eq. 4.12 

which contains the estimated standard errors squared of the observations in its diagonal. 

4.2 Functions for regression 

This section explains the basic equations of the functions used when one wants to estimate a 

relation of quantities based on a series of measurements. That estimation is commonly called 

regression analysis. The functions are linear, polynomial or other curves which fit the series of 

measurements. The several unknown parameters (the regression coefficients) should be 

estimated in order to form the aforementioned relationship. The estimation is performed by 

least squares adjustment. 

4.2.1 Line-fitting 

Let’s assume that two quantities x and y, measured n times by observation dataset (x1, y1) (x2, 

y2), …, (xn ,yn) and are related to the following equation: 
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        Eq. 4.13 

Where α,b are called regression coefficients and are unknown. The above equation 

geometrically represents a line and it is also called a theoretical regression line. It is widely 

accepted that the observations contain errors so the above equation is modified as: 

             Eq. 4.14 

where ει denotes the residual error (or regression error) and all ει (1≤i≤n) are assumed to be 

independent of each other. To find the optimal coefficients α, b that best fit the observation 

data (xi, yi), the following condition holds: 
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Eq. 4.15 

This regression analysis is called a least square line-fitting15. The least squares adjustment 

procedure uses the criterion that the solution must give the smallest possible sum of squared 

deviations of the observed yi from the estimates of their true means provided by the solution16. 

The optimal estimates  ̂ and  ̂ of the coefficients can be derived by letting the derivatives of 

the sum of the residuals given in Eq. 4.16 be equal to zero: 
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Eq. 4.16 
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which leads to the linear equation system for  ̂ and  ̂: 
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Eq. 4.17 

where: 
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Eq. 4.18 

 

From the Eq. 4.18  ̂ and  ̂ are solved as: 
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Fan, 2010 
16

Rawlings et al.,1998 
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Eq. 4.19 

 

The least squares residuals   ̂, which are measures of how good the data points (xi, yi) fits the 

regression line, can be calculated by: 

   ̂      ̂   ̂   Eq. 4.20 

If the theoretical residual has a priori distribution: ει~ N(0,σ2) then the unbiased estimate of σ2 

can be obtained from the least squares residuals. How good the overall fitting of all data points 

to the computed regression line measures the a posteriori standard error  ̂  as: 
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Eq. 4.21 

Also, the standard errors of the estimated line –fitting coefficients  ̂ and  ̂ are: 

 
  ̂   ̂√
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Eq. 4.22 

When  ̂ and  ̂ have been estimated in the above linear regression, they may be used to predict 

quantity yp for a given value xp of quantity x: 

     ̂   ̂   Eq. 4.23 

4.2.2 Polynomial-fitting 

Quadratic Model 

The previous regression model is the simplest one, after generalization from straight line (i.e 1st 

order of polynomial) to the second order polynomial (quadratic model) it takes the form: 

             
  Eq. 4.24 

The quadratic model includes the term X2 in addition to X. 

Cubic Polynomial Model 

Higher order polynomials have the form: 

             
     

         
  Eq. 4.25 

where i =1…p the order of the polynomial. A cubic polynomial model is of 3rd order and has the 

form: 

             
     

  Eq. 4.26 

 



pg. 29  

 

General fitting solution 

Similar to the linear model, using a general polynomial function under the least squares 

principle the following condition holds: 
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Eq. 4.27 

In summation notation the formula becomes:  
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Eq. 4.28 

The minimum error is where the partial derivatives of the error function with respect to the 

coefficients are all zero. The equation resulting from evaluating the partial derivative with 

respect to cj (1≤ j ≤k+1) is17: 
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Eq. 4.29 

Dividing both sides by 2 after rearranging the new form becomes: 
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Eq. 4.30 

In a matrix form these equations become as follows and can be solved with least square 

adjustment. The first matrix in the Eq. 4.31 corresponds to the A design matrix, the second 

matrix that contains the coefficients is the X and the matrix of the 2nd part of the equation 

represents the L observation matrix of the LSA. 
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Eq. 4.31 
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http://mathworld.wolfram.com/LeastSquaresFittingPolynomial.html (last seen on 25/08/2013) 

http://mathworld.wolfram.com/LeastSquaresFittingPolynomial.html
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4.2.3 Cubic spline-fitting 

Spline is a piecewise polynomial with the same degree as the degree N of the polynomial. The 

pieces join in the so called knots (or control points) and fulfill continuity condition for the 

function itself. The spline function is used in the analysis of two-dimensional data (xi, yi) as a 

smooth curve that can represent any variation of yi with xi arbitrarily well over wide intervals of 

xi. (Wold, 1974) 

The cubic spline S(x)is the most common one constructed of piecewise third –degree 

polynomials which pass through a set of control points. Mathematically it is possible to 

construct the cubic function Sk(x) on each interval [xk, xk+1] so that the resulting piecewise curve 

y=S(x) and its first and second derivatives are all continuous on the larger interval of the point 

dataset [xo,xN].The spline is continuous when the curve has no sharp corners and this is what the 

S’(x) first derivative continuity describes. The S’’(x) provides the continuity when the radius of 

curvature is defined at each knot point. (Mathews et al., 2004) 

The definition of cubic spline function is as follows:18 

Suppose that  (     )    
 are N + 1 points, where a=x0< x1<…<xN=b 

The function S(x) is called cubic spline if there are N cubic polynomials Sk(x) with coefficients 

Sk,0,Sk,1, Sk,2and Sk,3 that satisfy the following properties: 

1.  ( )    ( )           (    )      (    )
      (    )

  Eq. 4.32 

for  x   [xk, xk+1] and k = 0, 1, … , N-1. 

2.   (  )     for k= 0, 1, … , N. 

3.   (    )      (    ) for k= 0, 1, … , N -2. 

4.    (    )       (    ) for k= 0, 1, … , N -2. 

5.     (    )        (    ) for k= 0, 1, … , N -2. 

 

The 1st property stated that S(x) consists of piecewise cubic polynomials. The 2nd states that the 

piecewise cubic polynomials interpolate the given set of data points. The 3rd and 4th require that 

the piecewise cubic polynomials represent a smooth continuous curve. The last property states 

that the second derivative of the resulting function is also continuous. 

According to the above definition each cubic has 4 unknown coefficients  (Sk,0,Sk,1, Sk,2 and Sk,3) 

which leads to 4N coefficients to be determined, in other words 4N degrees of freedom or 

conditions that must be specified. The data points supply (N + 1) conditions and the properties 

3, 4 and 5 each supplies (N – 1) conditions. As a result (N + 1+ 3(N+1) = 4N -2) conditions 

specified. This leads to two additional degrees of freedom. Apart from the aforementioned 

properties two extra conditions are used the endpoint constraints which involve the first S’(x) 

and second S’’(x) derivative at x0 and xN, i.e. at the margins of the main domain [a, b]. There are 

different types of different types of cubic splines depending on the used endpoint equation 

                                                           
18Mathews et al. (2004), Chapter 5 
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constraint. Having the entire appropriate conditions one can form a triadiagonal linear system 

whose solution gives the coefficients of the cubic polynomials. For more details one should read 

the Chapter 5 of John H. Mathews et al. Book and Appendix C. 

Similarly to the polynomial least squares regression the coefficients should be optimal so that 

the specific spline function best fits the data points (xi,,yi). To achieve that, one follows the least 

– squares fitting principle. But this principle is applied only for every sub-domains [xk, xk+1] that 

exists between the k consecutive knots (where the number of knots defines the corresponding 

number of pieces of the spline) by solving the above tridiagonal system. For more details how 

the tridiagonal system is structured one can read the Appendix C for Chapter 4 of Jamtsho, 

(2010). 

In the general form according to the least squares fitting: 

∑   ∑   ( )  (         (    )      (    )
      (    )

 )           

Eq. 4.33 

where ε is the residual of the fitting error for every data point in the main domain that the 

spline   ( ) is applied. 

The a posteriori standard error σο expresses how well the spline fits the particular set of points.  

 
  ̂  

 ̂   ̂

      
 

 

In the denominator the value N + 1 represents the number of the points of the dataset, the 

value 4 is the number of the coefficients and k is the number of pieces i.e. the sub domains.  

4.3 Statistical Measures 

The statistical measures focus on three aims: 

1. if there are significant correlation between the estimated coefficients for each error 

correction model 

2. how good the observation data fit each error correction model and  

3. which model reflects optimally the context of the dataset  

The statistical measures are simple tools for evaluating the fitting either separately or to 

compare one fitting model with another.  

4.3.1 Correlation matrix r 

On measure formula for a function model is the correlation matrix whose elements are defined 

as: 

 
    

     

    
 

Eq. 4.34 
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where Cxx is the variance - covariance matrix of the coefficients, I the row of the Cxx, j the 

column of Cxx, and σ the standard errors of the coefficients.  

The correlation matrix illustrates if there is a significant relationship between the estimated 

parameters (coefficients of the model). For polynomial regression the coefficients tend to be 

highly correlated with each other. As the order of polynomial function increases this tendency 

remains the same.  

4.3.2 Coefficient of determination -R2 

The measure of the contribution of the independent variables (unknown coefficients of the 

regression fittings) is the coefficient of determination, denoted by R2 (R-squared): 

 
   

  (    )

  (   )
 

Eq. 4.35 

where 

SS(Regr)=∑  ̂
    ̅  the total regression sum of squares  and  

SS(Tot)=∑  
  (∑  

 )   the total adjusted sum of squares (proportional to the sample 

variance)  and   ̂ is the adjusted observation after fitting the model and  ̅  
 

 
∑   the mean 

of the observed data for n number of observations. 

A subtraction of the previous two sums of squares leads to: 

SS(Res)=SS(Tot)-SS(Regr) which means the residual sum of squares. 

(The index of summation is omitted because the limits of summation are clear from the context 

of the report) 

R squared ranges from 0 to 1 and is the product moment correlation between y and 

adjusted ̂.A R2 value close to 1 indicates that a greater proportion of variance is accounted for 

by the model. If there is only one independent variable, it is also the square of the correlation 

coefficient between the yi and xi
19.  

For instance when R2=0.8 it means that the 80% of the variation in the dependent variable is 

“explained” by its particular (e.g. linear, polynomial etc) relationship with the independent 

variable. 

4.3.3 Adjusted R2 

When the number of coefficients (independent variable) increases in the higher order models, 

R2 increases as well. For that reason there is an additional measure for regressions the adjusted 

R2.The explanation of the adjusted coefficient of determination is the same as R2 plus it includes 

                                                           
19

Rawlings et al., 1998 [29] 
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a penalty for the number of terms (coefficients) added in the functional model. The adjusted R2 

can be negative and will always be less than or equal to the R2. It is defined as20: 

 
              

  (   )

  (   )

(   )

(     )
 

Eq. 4.36 

where n: the number of observations and k: the order of the functional model. The adjusted R2, 

therefore, is more appropriate for comparing how different models fit to the same data. 

4.3.4 Akaike information criterion (AIC) 

Definition 

Model selection criterion 

Akaike information criterion (AIC) is a model selection criterion: It constitutes a measure that 

the user can employ in selecting the “optimal” model among the several candidate models that 

he/she has constructed. The AIC performs this function in the following way: The AIC equation 

assigns each candidate model a value. The AIC value represents a relative estimate of the 

information loss that this model would incur if it were to be the one chosen to fit the given data. 

The lower the AIC value the lower the information loss of the model; hence the relatively best 

model among the candidate models is the one with the lowest AIC value. 

Relative model selection criterion 

It must be noted here that the AIC is a relative model selection criterion. The qualification 

“relative” denotes that, while the AIC effectively tests the relative fit of the candidate models in 

order to determine their relative accuracy, it does not, however, fix or point to any errors in 

either the construction or the selection of the candidate models in the first place. This means 

that, even though the AIC can aid the user in choosing among the candidate models the one 

that is closer to the “true” model (i.e. the model with information loss →0), it does not actually 

provide any input in constructing an optimal model that lies outside the range of the candidate 

models upon which it is applied.21 

History 

The AIC was born on the morning of March 16, 1971, while Hirotugu Akaike was taking a seat in 

a commuter train. At the time AIC stood for “an information criterion”. The statistician was 

developing a statistical identification procedure in 1968 by using a multi-variate autoregressive 

time series model. In that procedure he introduced “the concept of final prediction error (FPE), 

the expected mean squared error of prediction by a model with the parameters determined by 

a statistical method.” (Akaike, 1981) While taking a seat in the train, Akaike, in his own words,  

                                                           
20

http://www.mathworks.se/help/matlab/data_analysis/linear-regression.html (as last seen on 
25/08/2013) 
21

There are cases, however, where the AIC can indicate poor selection of model class: There are the cases 
where AIC decreases monotonically, i.e. there is no solution (Lecture 19 Aalto University) 

http://www.mathworks.se/help/matlab/data_analysis/linear-regression.html
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“…suddenly realized that the parameters of the factor analysis model were estimated by 

maximizing the likelihood and that the mean value of the logarithmus of the likelihood was 

connected with the Kullback- Leibler information number. This was the quantity that was to 

replace the mean squared error of prediction. A new measure of the badness of a statistical 

model with parameters determined by the method of maximum likelihood was then defined by 

the formula AIC = (-2) loge (maximum likelihood) + 2 (number of parameters). AIC is an acronym 

for “an information  riterion” and was first introdu ed in 1971. A model with a lower value of 

AIC is  onsidered to be a better model.” (This Week’s Citation Classic, 1991) 

Due to its “general appli ability and simpli ity of model sele tion … [AIC has been used] in such 

diversified areas as hydrology, geophysics, engineering, econometrics, psychometrics and 

medi ine.” (This Week’s Citation Classic, 1991) 

Analysis 

Background: The observables obtained through experiments are a set of population which 

exhibits a unique probability function f(X/θ), where X is the observable and θ the parameter. 

Each probability distribution is associated with a certain number of parameters involved in the 

model. A set of different parameters produces a different probability distribution, so any 

empirical model defined as the family of probability density functions each with their own set of 

parameters. The goal of the parameter estimation is to find these that the best describe the 

desired probability distribution. To achieve that one way is to seek for the value of the 

parameter vector that maximizes the likelihood function L(θ/X). The logarithm of the likelihood 

function is often used ln(L(θ/X)). The parameter obtaining the maximizing of the likelihood 

function is called the Maximum Likelihood Estimate–MLE (Jamtsho,2010). 

General observation: How well a model fits a set of data is proportional to the model’s 

likelihood function: The largest the value of the likelihood function the better the model’s fit.  

Problem: Given the aforementioned observation, it follows that the model that gives the largest 

value of likelihood function should be the optimal model, i.e. the model with the minimum 

information loss. This deduction, however, is inaccurate. The reason is that “maximum 

likelihood favors overfitting [:] the more complex a model is (for example, more parameters), the 

better fit and the higher likelihood function we obtain” (Lecture 19, Aalto University). 

Solution: AIC offers a solution to the above problem: AIC’s function factors both the maximized 

value of the likelihood function of the estimated model and the number of parameters in said 

model in the equation that assigns the models’ values. In its traditional form the AIC equation 

has as follows (Bozdogan, 2000, Jamtsho, 2010): 

 
        

 ̂

 
    

Eq. 4.37 

Where k is the number of the model parameters and  ̂ is the estimated parameter and X the 

observable. Following the “problem-solution” reasoning, one can interpret the AIC equation like 

this (for the sake of the argument substitute “model’s fit value” for “AIC”):  
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Step 1 (observation): Model’s fit value = value of likelihood function => optimal model = model 

with the largest value of likelihood function (MLE) 

Model’s fit value =MLE 

Step 2 (problem): The preceding function ignores the fact that overparameterization favors 

large values of likelihood function. 

Model’s fit value =MLE + (over-fitting penalty) 

Step 3 (solution): Model’s fit value = MLE–(number of parameters) 

In this case the higher the model’s fit value the better the model’s fit. In the “historical” form of 

AIC (Eq. 4.37) the lower the AIC the better the model’s fit. This has to do with the way AIC is 

derived from the estimated difference between the mean expected log likelihood (MELL) and 

the expected log likelihood on one hand and on the other hand from the estimated difference 

between the expected log likelihood and the maximized log likelihood.22 

In our case, the value of the parameters (coefficients) of each fitting model is estimated by the 

least squares adjustment principle. This principle is practically efficient and proven equivalent to 

MLE estimate for the most symmetric distribution case; the normal distribution. For that reason 

the Eq. 4.38 below is reduced with the likelihood term of the Eq. 4.37 and replaced by the error 

variance or the sum of the squared residuals (RSS) (Hu, 2007, Jamtsho, 2010): 

 
        

   

 
    

Eq. 4.38 

where n the number of observations used in the model and  

 RSS=sqrt(SS(Res))23 Eq. 4.39 

An important remark is that the number of observations should be the same in each candidate 

model that one compares. 

There are several modified updated versions of the original AIC criterion, but for the scope of 

the thesis the above AIC criterion is used since the other produce similar results.  

4.4 Coordinate frames and transformations 

4.4.1 Coordinate frames in use 

The coordinate frames that involve in the thesis task are: 

Object coordinate frame consists of the points in the 3D scene and it is realized by the total 

station measurements. This frame is considered as the reference “true” 3D scene’s frame (Xo, 

Yo, Zo). Figure 6.3 plots the axes configuration.  

                                                           
22

For a detailed explanation of this derivation see Lecture 19 Aalto University. 
23

see Section 4.5.2 
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Image plane coordinate frame consists of the scene points projected onto the image plane 

(xi,yi). The origin of the image plane is in the center of the pixels array (see Figure 4.1). 

Pixel coordinate frame consists of the grid of the image sample in the image array of the CMOS 

chip (144 rows and 176 columns for the SR4000 ToF camera). The origin of the pixel frame is 

either in the top left corner of the image or the bottom left corner of the image.  

ToF camera coordinate frame is the modified output 3D coordinates of the SR4000 camera with 

X-coordinate increasing horizontally to the right, Y-coordinate increasing along the optical axis 

away from the camera, and Z-coordinate increasing vertically upwards, all from the point of 

view of the camera (or someone standing behind it). (see Section 2.4.6) 

4.4.2 Rigid body transformation 

A rigid body transformation refers to the change in the position and orientation of an object 

from one orthogonal coordinate frame to another.  

Suppose that a point P is in the ToF camera’s coordinate frame (1) and the same point in the 

reference coordinate system established by the total station measurements (2). The 

coordinates of the point P in the two coordinate frames are in vector format:  

P(1)=(x1,y1,z1)
T and P(2)=(x2,y2,z2)

T 

The transformation from the no (1) ToF camera’s frame to the no (2) reference coordinate 

system consists of a translation (T) between corresponding origins and their relative orientation 

  
 . The transformation is linear as the following equation shows: 

        
    Eq. 4.40 

Where T the transformation vector T=(Tx,Ty,Tz)T, the matrix   
  is a 3x3 ortho-normal matrix for 

rotation. The orthogonality implies that the nine elements of the matrix are dependent, that is, 

the relative orientation is governed by only three degrees of freedom.  

The relative orientation of the (1) and (2) frames can be described by a sequence of rotations. If 

the (2) frame is the result of rotating the (1) frame, first about the z-axis, by κ then about the y-

axis by φ, and finally about the x-axisω, the total transformation matrix from (1) frame to (2) 

frame is formed as: 

   
      ( )    ( )    ( ) Eq. 4.41 

General it holds: 
  [

         

         

         
] 

Eq. 4.42 

where: 
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Eq. 4.43 

 

After the transformation the absolute coordinates in (2) frame are: 

                         

                        

                        

Eq. 4.44 

 

4.5 Camera Calibration 

The camera calibration is a common essential process in the photogrammetry and computer 

vision related tasks. It is a process applied either by the camera manufacturer or the camera 

user. By camera calibration one can derive the interior (intrinsic) and exterior (extrinsic) 

parameters of the camera. Interior parameters consist of the characteristics of the lenses 

system and its geometric relationship with the image sensor. Exterior parameters define the 

location and orientation of the camera with respect to the object’s 3D space. The mathematical 

calibration model is described by the perspective projection. 

4.5.1 Perspective projection 

The perspective projection is an idealization of a single lens projection, where the lens is 

geometrically represented by single point. The perspective projection is also known as pinhole 

camera projection. The distance from the perspective center in image plane is called principal 

distance or focal length (c). (Horemuž, 2006) 

According to the idealized conditions of the camera’s optical system an object is imaged on a 

plane so that the objects points P in the 3D scene and the corresponding image point P’ in the 

2D image scene are located on straight line through the perspective center c. 

The collinearity equation expresses this ideal condition where the vectors CP and CP’ are 

collinear (Figure 4.1): 

       
    Eq. 4.45 

where k defines a scale factor, the vector xi is the vector CP’ in the image plane (i), the Xo the 

vector CP in the object’s coordinate frame(o) and   
  the rotation matrix between the object’s 

coordinate frame to image plane. 
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Figure 4.1: Object and image coordinate system (source: Horemuž, 2006) 

Therefore it holds: 
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] 

Eq. 4.46 

where   
 ,   

  are the image plane coordinates of the point P,  
 ,   

  are the coordinates of the 

perspective center on the image plane,   
 ,   

 ,   
  are the 3D coordinates of point P’ in object’s 

coordinate system and   
 ,   

 ,   
  are the 3D coordinates of the perspective center of the 

image in object’s coordinate system.  

Since the scale factor k, is of no interest in itself, it can be eliminated by dividing by c the 

(  
    

 ) and (  
    )

  of the first part of the above equation at the same time dividing by  

(  
    

 ) the (  
    

 ) and (  
    

 ). After the rearrangements it yields: 
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Eq. 4.47 

 

However due to lenses camera system imperfections the collinearity equation is not fulfilled 

and the image is distorted. Hence, one more term is added in the Eq. 4.46: 
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]     
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]               

Eq. 4.48 

4.5.2 Interior orientation 

The problem of interior orientation is to determine the internal geometry of the camera. The 

geometry is represented by:  
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 the principal distance or camera constant (c) 

 the perspective center or principal point: the location of the origin of the image plane 

coordinate system 

 lens distortion coefficients 

The interior orientation describes the current position of the center of projection with respect 

to the image plane. In that way the errors in the construction of the camera are compensated 

and the bundle of rays inside the camera obeys the assumptions of perspective projection.   

Regarding the lens distortion, there are two types, the radial distortion and the decentring 

distortion. The first one affects the position of the image points on a straight line radially out 

from the principal point of the camera. The radial distortion is symmetric as it is a function of 

radial distance and remains the same at any angle around the principal point. Figure 4.2 shows 

some examples of the effect the lens distortion cause in comparison to an undistorted 

chessboard image. 

The radial distortion, dr, of a lens focused at infinity can be written as a function of radial 

distance r:  

     [  ( 
    

 )    ( 
    

 )    ( 
    

 )   ] where 

 ̅    
    

   ̅    
    

         ̅     ̅  

Eq. 4.49 

and K1, K2 are the polynomial coefficients and ro zero radius where radial distortions are equal to 

zero, acts like a constant that improves numerical stability when estimating the coefficients. 

(Horemuž, 2006) 

 

Figure 4.2: Effect of lens distortion, from left to right: (1) corrected image, (2) radial distortion – 
positive displacement –pillow form (3) radial distortion –negative displacement-barrel form 

and (4) decentring (Gruen et al.) 

The decentring distortion is caused by the improper manufacturing of the lens and consists of a 

tangential and a symmetric component. It is a more complicated problem than the radial 

distortion since it involves two different components. The mathematical expressions that 

correct the image plane coordinates due to decentring distortion are as follows: 

      [ 
   (    )

 ]     (    )(    ) 

     [ 
   (    )

 ]     (    )(    ) 

Eq. 4.50 
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where P1, P2 are polynomial coefficients. Taking into account the aforementione equations of 

the lens distortions the Eq. 4.48 is tranformed into: 
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   where:         [
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Eq. 4.51 

 

4.5.3 Exterior orientation 

The problem of exterior orientation is to determine the relationship between the image plane 

coordinates (xp, yp) and the coordinates of the scene points in the object coordinate system. The 

determination leads to transformation between i- and o- frame. The transformation parameters 

consist of the translation vector (containing the 3D coordinates of point P’ in object coordinate 

system (  
 ,   

 ,   
 ) and the orientation angles contained in the rotation matrix   

 . 

Geometrically the determination of exterior orientation corresponds to spatial resection.  

In accordance to the preceding equation one can calculate the coordinates of point P in object 

reference system as follows: 
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] 

Eq. 4.52 

 

where the rotation matrix is the transposed rotation matrix used in the collinearity equation.  

4.5.4 Calibration categories 

From the photogrammetric scope of view, one basic way of determining the calibration 

parameters is to set up a network of control points measured by surveying, whose coordinates 

in object reference system are known and to perform the calibration process with high 

redundancy. In this way the interior and exterior parameters are estimated together by applying 

the known bundle adjustment technique. The solution is usually performed iteratively, starting 

with an approximate solution. To require a high quality calibration, a proper spatial distribution 

of the control points is required. (Horemuž, 2006) 

From the computer vision scope of view, another fundamental idea to determine the intrinsic 

camera parameters without involving solving for the exterior orientation problem 

simultaneously is to use a calibration field with some regular pattern, such as grid of lines or 

chessboard patterns. The calibration field should consist of several straight lines at different 

positions and orientations in the field of view. The calibration field is mounted on a flat rigid 

surface that is normal to the camera optical axis (e.g. wall). The Hough transformation (or other 

computer vision detectors) can be used to detect the lines and determine initial estimates for 

the line parameters since the precise position and orientation of each lien is unknown. The line 

estimates are refined as part of the interior orientation problem. Distortions in the patterns are 

used to estimate the lens distortions and calculate corrections to the nominal values for the rest 
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intrinsic parameters. This way reduces the control requirements and therefore the cost of 

control point surveying. For further details one can study Jain et al. (1995). 

A third category is the self calibration, that seems rather complex. It uses matching techniques 

between the consecutive frames for detecting the targets and finally the bundle adjustment is 

applied to all the images in the end. The self calibration overcomes limitations of special 

calibration fields and consists of the estimation of intrinsic and extrinsic parameters together as 

well as it can be a part of other image processing steps. 

4.6 Geometry of ToF depth observation 

The ToF camera provides the X,Y,Z coordinates for each of 144x176 pixels. Jamtsho (2010) 

explains in detail how the depth measurement is computed based on the pinhole camera. 

Figure 4.3 depicts the pinhole principle in the ToF camera.  

 

Figure 4.3: Pinhole camera principle in ToF 

Assuming that the ToF camera is placed on position A and the ToF referenced frame is the one 

in Figure 4.3. The coordinates of point P are (Xp,Yp,Zp) and the corresponding point Q in image 

plane have coordinates (-xQ,-yQ,0). The distance (c) from the perspective center in image plane is 

considered equal to the focal length, so the coordinates of point C are (0,0,c). The observed 

depth (ρ) is the length of the vector QP that passes through the perspective center C. According 

to Figure 4.3 one can lead to the depth observation as follows: 

  ⃗⃗⃗⃗  ⃗    ⃗⃗⃗⃗  ⃗    ⃗⃗⃗⃗⃗⃗    ⃗⃗⃗⃗  ⃗  [
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which leads to 
[
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]  

 

√  
    

    
 

Eq. 4.53 

Eq. 4.52 connects the image plane coordinates with the 3D coordinates of the ToF camera. The 

depth observation (ρ) expresses the scale in the collinearity equation. 

4.7 Plane fitting equations 

The plane fitting equations in the thesis are used in order to fit the best plane to a point cloud. 

To achieve this LSA is applied on the plane equation. Below it is described how the plane 

equation is transformed to apply the LSA. 

Any point with 3D coordinates (x,y,z) lying on a plane, satisfies the plane equation: 

              Eq. 4.54 

For a unit normal vector (with norm=1) the following equation holds: 

 √           Eq. 4.55 

Dividing the equation of the plane (Eq. 4.53) by d, which is the distance from the origin to the 

plane, it yields: 

  

 
  

 

 
  

 

 
     

Eq. 4.56 

which can also be written: 

             Eq. 4.57 

where: 

  
 

 
       

 

 
   

 

 
   

 

√        
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Eq. 4.58 

 

Applying the LSA on the Eq. 4.56, it holds in a matrix form that: 

 
  [

 
 
 
]    [

      
   
      

]        [
  
 

  
] 

Eq. 4.59 

The unknown parameters are three (m=3) k,j,q which structure the X vector. The elements of 

the design matrix A are the 3D coordinates of the point cloud. The matrix A has the same 

number of rows as the number of points lying on the plane. The elements of the observation 

matrix L have a constant value (-1) and n number of rows. Therefore the sizes of the matrices 

are: size (X)=mx3, size (A)=nxm and size(L)=nx1 and the adjusted parameters are estimated by: 

 ̂  (   )       with adjusted residuals equal to   ̂      ̂  
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EXPERIMENTS 

The second part of the report includes the three experiments performed during the overall 

study of the ToF camera. For each experiment there are four fundamental Sections, description 

of the experiment, methodology of the process of the observation data, results and the 

conclusion. Each experimental result provides the basis for the next. In that way there is a 

continuation in the analysis. 
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5. 1st Warming-up experiment 

5.1 Description 

The main purpose of this experiment is to investigate the distance and amplitude observation in 

relation to the time the camera is on power. In the beginning the camera is totally cold and 

after a while heats up. The warming of the camera results in possible variations in distance and 

amplitude values of the camera observation. 

The experiment is performed in two different days and the camera is situated in two different 

positions. The first day the camera is at 4 meters and the second day at 8 meters approximately 

away from a white wall. The experiment is performed twice so as to explore any differences in 

the distance and amplitude observations due to the change in the distance. Except that the 

camera should be always cold in the beginning of the particular experiment, that’s why two 

days are chosen.  

The camera is mounted on a tripod, a common one used for commercial digital cameras as 

rigidly as possible. It is important the camera is stable throughout the whole experiment so as 

there are no error sources from possible micro movements of the sensor. The user is standing 

on a close desk to run the application the SR 4000 camera model provides and save the results 

for every step of the experiment. It is important the user not to move or stand up because 

he/she may move the one electric cable connected to the sensor or the other usb cable 

connected to the laptop from the camera.  

The duration of the experiment is about two (2) hours. Every five minutes one static frame is 

acquired, this frame for now one is called 5 min-frame. The first 5min-frame is captured five (5) 

minutes after the camera is plugged in. In the end of the two (2hrs) hours there are 26 5 min-

frames. One 5min-frame includes 20 different measurements for the same acquisition. The SR 

3D-view of the camera’s SR4000 software provides the possibility to acquire data with as much 

frames as the user wants, to reduce possible random noise. In total 20x26=520 measurements 

for the same scene are stored.  

The selected parameters of the experiment are: 

 the modulated frequency is 850 nm  

 the integration time is 15.3 ms (with activated auto exposure function in the software) 

 the distance between the camera and the wall is 4 m / 8 m  

 the direction of the camera is perpendicular to the wall 

 the temperature of the room with closed windows remains the same 

 the object has constant reflectivity (white wall) 
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Figure 5.1: The room where the experiment performed (L building in KTH) 

5.2 Methodology 

The file of the point cloud of the ToF camera contains the 3D coordinates in the ToF camera’s 

coordinate system with the corresponding amplitude values (see Section 2.4.6). The first 

procedure is to compute the depth (3D distance from the center of the ToF camera) for every 

acquired point (Eq. 2.11). Afterwards the post processing of the data is divided in two steps: 

1. the post process of each 5min-frame and 

2. the combination of all the 5min-frame results together for the 2hrs 

For the data acquisition the SR 3D-view software provided by MESA Imaging24 is used. The 

computations involved in the post process of the collected data are performed via Matlab codes 

written by the author. 

5.2.1 Post process of each 5min-frame 

In the first step, the 5min-frame consists of 20 measurements of depth and amplitude data. In 

order to estimate how far the camera is from the wall the operator processes the data only for a 

sub-region of the acquired image so as only the wall is present and any possible bias appears in 

the periphery of the image array does not exist in this experiment. The sub-region is around the 

central pixel covering 11x11 pixels, according to the manufacturer. (SR4000 Data Sheet) 

From the depth measurements (  ) the mean value (  ) and its standard deviation (   
) are 

computed as follows: 

 
   

∑   
 
   

 
 

Eq. 5.1 

 

   
 √

∑ (     )  
   

   
 

Eq. 5.2 

where: 

 the mD is the mean depth value of the central pixel 

  the Di is the average depth value of the 11x11 pixels of the sub-central region 

                                                           
24

http://www.mesa-imaging.ch/swissranger4000.php 

http://www.mesa-imaging.ch/swissranger4000.php
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 n is the number of measurements of the 20 observations of each 5min-frame 

    
 is the standard deviation of the mean central pixel depth 

For the amplitude measurements the mean value and its standard deviation are computed by 

the following: 
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Eq. 5.3 
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Eq. 5.4 

where: 

 the mA is the mean amplitude value of the central pixel 

  the Ai is the average amplitude value of the 11x11 pixels of the sub-central region 

 n is the number of measurements of the 20 observations of each 5min-frame 

    
 is the standard deviation of the mean central pixel amplitude 

 
 

Figure 5.2: A depth image in the left with its amplitude gray scale image in the right  
 as captured by the SR4000 from approximately 4m distance perpendicular to a wall 

Figure 5.2 shows the depth and the amplitude image of one 5min-frame during the experiment 

at 4m distance from the wall. As it is clear the clock and floor are data that should not being 

included in the depth estimation.  

Figure 5.3 displays that the camera is further away from the wall and in the corners of camera’s 

FOV objects such as the side wall, the floor and the chair interfere with the white wall and 

hinder the depth/amplitude estimation. The selection of 11x11pixels serves the aforementioned 

purpose. 
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Figure 5.3: A depth image in the left with its amplitude gray scale image in the right  
 as captured by the SR4000 from approximately 8m distance perpendicular to a wall 

 

5.2.2 Post process of all 5min-frames 

After the computation of every 5min-frame there are 20x26 frames = 520 observations for each 

distance in the end of the 2 hrs experiment. A histogram showing the occurrences of the 520 

measurements of the central pixel depth/ amplitude is displayed in Figure 5.4. From the 520 

observations the average value is considered as the “approximated true“ value and the average 

of the 26 standard deviations indicate the mean standard deviation of the “approximated true“ 

value. Especially for the 8m distance the approximated true depth is D’=8.005 m with mean 

standard deviation σD’=1.3 mm. 

As Figure 5.4 displays, the measurements of the central pixel region follow the normal Gaussian 

distribution. The maximum of the distribution is close to the approximated true depth from the 

camera to the wall.  

 

  

Figure 5.4: Histogram of distance (in the left) and amplitude (in the right) 520 observations  
from approximately 8m distance perpendicular to a wall 
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5.3 Results 

As it is already described, the 26 frames correspond to 130 minutes of the experiment. So there 

are 26 different values of the central pixel region during the test. The diagrams of these values 

are shown in Figure 5.5 and Figure 5.6.  

 

Figure 5.5: Diagram of the mean central pixel in the 4 m distance test (mD) 
acquired every five min. 

 

Figure 5.6: Diagram of the mean central pixel in the 8 m distance test (mD) 
acquired every five min. 

It is obvious from the figures that in the beginning of the experiment, where the sensor has not 

reached a constant temperature the depth values are increasing until they are becoming more 

stable. In Figure 5.5 the initial part of the diagram shows a variation in the measurements equal 

to 5 mm. After 45-50 minutes this difference decreases and becomes less that 5 mm. However 

in Figure 5.6 the first warming period of the sensor gives variations in the depth data of about 

25 mm. After the first 50 minutes these variations become smaller approximately less than 10 

mm.  

Similar diagrams for the amplitude observations are shown in the next figures. 
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Figure 5.7: Diagram of the Amplitude of the central pixel in the 4m distance test  
acquired every five min. 

In Figure 5.7, during the first 50 minutes, the amplitude variations are significant, but there after 

they are small. Also two troughs are clearly distinguished and small crests that can be 

interpreted as random noise. 

 

Figure 5.8: Diagram of the Amplitude of the central pixel in the 8m distance test  
acquired every five min. 

For the 8m distance test, shown in Figure 5.8, the difference in the amplitude values is larger in 

the first 45 min than in the next 80 min. In general it provides smoother curve than the 4m 

distance test. However, two distinguishable toughs occur during the experiment. The random 

noise explains the toughs, which may come from the irregularities of the sensor electronics or 

the small irregularities on the surface of the wall. The surface on the wall does not act as a 

smooth plane since it is rougher.  

The average values of the above results are described in Table 5.1: 
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Table 5.1: Mean values of the warming up experiment 

 4m distance test 8m distance test 

“approximated true“depth(D’) [m] 4.014 8.005 
average standard deviation (σD’) [mm] 0.03 1.3 
mean Amplitude   12214 13988 

   
Table 5.1 shows that when the camera is situated further away from the object the distance 

measurements have larger variance. This is an expected consequence, as it is discussed in 

Section 3., that the longer the distance between the camera and the scene the larger is the 

latency error and as a result more unreliable observations captured.  Also one can remark that 

the amplitude value of the same object area higher when the camera is placed in a further away 

from the object.  

Similar results Piatti (2010) obtains by using SR4000 camera with 5 m range. A maximum 

variation of 6 mm is detected for the distance measurements in the beginning of a 40 min 

warming up period and after that period the variations decrease. 

 

5.4 Conclusion 

To sum up what is important from this experiment, firstly is that in order to achieve a better 

camera performance with more stable measurements both for the depth and the amplitude, an 

approximate 45-50 min warming up period is sufficient. Secondly, an additional important 

conclusion is that the amplitude is scene dependent variable. Even though its value becomes 

more consistent when the time goes by as the deviations from the true value are getting 

smaller, a random noise occurs. Last but not least the resulting diagrams (Figure 5.5, Figure 5.6) 

show that a temperature dependent error exists with size approximately 15 cm for the 4 m 

distance test and 30 cm for the 8 m distance test.  

For further study: 

 One could test under similar experimental circumstances how the dept/amplitude 

changes for a scene with a smoother surface plane such as a white board or a surface 

with different reflectivity.  

 Also one can model this error by repeating the experiment for several camera setups 

and fitting a curve to the measurements. 

 

Overall how long the warming up period should be, depends on the purpose and the precision 

of the application. For navigation application a warming up period may not actually change the 

results. On the other hand, for object recognition or precise 3D mapping a good camera 

performance is definitely necessary therefore a 45 minutes warming up time period is efficient 

or instead one can apply a warming-up calibration fitting curve.  
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6. 2nd Experiment for studying 

 the depth error 

6.1 Description 

The basic aim of this experiment is to investigate the depth and amplitude error characteristics 

of the ToF camera SR4000 as they are reviewed in Chapter 3. In particular the experiment 

studies how the depth error camera observations of the same scene differ because of the 

change of the camera position. Also it studies how the amplitude varies for the same observed 

scene as the camera changes its position and how this variation influences the depth 

measurements. Furthermore it studies if and how the different position of the pixel of the 

CMOS array can influence the depth and the amplitude error. Overall this experiment focuses 

on: 

1. defining the depth observation equation 

2. computing the depth offset between the “true” and the camera’s depth 

3. investigating how the depth offset deviates due to camera position, amplitude variation 

and pixel position 

 

The results of this experiment act as the basis of the next experiment no (3). Therefore the 

initial part of the methodology followed in this experiment remains the same for the 3rd one.  

6.2 Methodology 

The depth offset (  ) is a part of the depth observation equation and refers to the deviation of 

the measured depth (ρ) from the true depth (D). The measured depth by the camera equals to 

the distance of each target or each pixel from the center of the sensor. The measured depth is 

calculated in the ToF camera’s reference frame (ρ, see Eq. 2.11 Section 2.4.6). In order to 

calculate the depth difference (  ) the true depth (D) is required. The true depth is the distance 

between the targets and the center of the camera with respect to the object’s reference frame. 

Therefore the perspective center of the ToF camera with respect to the object’s reference 

frame for each acquired image should be calculated, which is part of the exterior orientation 

parameters of the camera. 

 Figure 6.1 illustrates graphically the above concept. Three different procedures (a,b,c) are 

involved to the range/depth observation equation structure. The first one (a) refers to the 

“true” object’s reference frame configuration.  
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Figure 6.1: Methodology to structure the Depth observation equation 

The second (b) deals with the data acquisition from the ToF camera with a process followed for 

storing/structuring the data. Last the third (c) process focuses on the calibration of the ToF 

camera.  

In particular the wall-targets’ coordinates are computed with total station measurements in 

object’s reference system.  After the pre-process filtering the 3D coordinates of the point cloud 

are extracted with respect to the ToF camera’s reference frame. Also the filtering process leads 

to the image plane coordinates of the targets. Up to this point there are available the targets in 

three different coordinate systems, the “true” object’s, the image plane and the ToF camera 

coordinate system. In combination with the intrinsic and extrinsic orientation parameters of the 

camera the depth offset can be estimated. The mathematical formula that defines the depth 

observation is as follows: 

            √(     
 )  (     

 )  (     
 )        

Eq. 6.1 

Where i is each target with known coordinates in the object reference frame and j is the camera 

position with estimated coordinates by calibration. Therefore the depth offset in question is 

defined as: 

        Eq. 6.2 

To sum up for every target per image there is a specific value for the depth error under 

investigation in this experiment. The selection of the targets in the point cloud and in image is 

performed in Matlab, so that for each target per image the image plane coordinates are stored, 

together with the 3D coordinates in ToF reference system, its depth value from the camera and 

its amplitude value.  
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6.2.1 Data acquisition 

ToF set ups 

The experiment is performed in a study room at a building in KTH campus. The chosen room has 

approximately 9m width and large open white wall surfaces. The observed scene remains 

constant during the experiment. Twenty four (24) large and fifteen (15) smaller black and white 

targets are taped on the wall’s surface. The large ones have 8.5x8.5 cm rectangle size and nine 

(9) of the smaller ones have 5.1x5.1 cm and the rest six (6) have 4.1x4.1 cm rectangle size. The 

small sizes are used when the camera is closer to the wall and the larger sizes for longer 

distances. 

As Figure 6.2 shows the camera is mounted on a tripod as rigidly as possible, a common one 

used for commercial digital cameras. It is important the camera is stable throughout each 

acquisition so as there are no error sources from possible micro movements of the sensor. 

 

Figure 6.2: Experiment set up (Building in KTH campus) 

Sixteen (16) images are acquired from which the point cloud in ToF camera coordinate frame 

and the corresponding amplitude values are collected (X,Y,Z,A). The experiment started after a 

50 minutes warming up time period as a result of the 1st experiment. 

Figure 6.3 shows the camera positions in the object coordinate system. The horizontal x and y 

axes are configured on the floor and the z axis is increasing up pointing out of the paper 

towards the reader. The position of the camera in places 2-8 is approximately perpendicular to 

the wall, whereas in the positions 9-14 the camera is set up in a horizontal angle with respect to 

the wall. The positions 1, 15 and 16 are randomly selected.   
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Figure 6.3: 16 positions of the Time of Flight camera (object reference coordinate frame) 

The selected parameters of the experiment that remain constant for every acquisition are: 

 the modulated frequency is 850 nm  

 the room temperature (the windows are closed and there is only one person in the 

room) 

 the background illumination (room’s lights are switched on) 

The parameters that do not remain constant in the experiment are: 

 the distance between the camera and the wall 

 the angle of the camera’s position with respect to the wall 

 the iteration time (the auto exposure function is activated) 

 

Regarding the iteration time, in every acquisition (images 1 -16) the iteration time is 

automatically adjusted by the SR 3D-view software provided by MESA Imaging. 

Total station observations 

For the computation of the targets’ coordinates in the object’s reference frame the total station 

Trimble S3 is used. Two stations are established in the room from which the observations to the 

targets are performed in two telescope positions. The coordinates of the targets are computed 

in the GEO software.  

Calibration process 

The calibration process belongs to the photogrammetric calibration category by surveying point 

test field. The application, named MHCameraCalibration.exe, is used for the calibration is 

produced by the thesis coordinator at KTH. The input parameters for the process are: 

 the surveyed coordinates of the targets and  

wall 

Y
o
 a

xi
s 
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] 

Xo axis [m] 
Zo axis [m] 
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 the image plane coordinates of the target per camera position 

 initial values for the principal distance to start the iterations 

 

Once the interior camera parameters are estimated with their standard errors the position and 

orientation of the camera per each image can be calculated as well.  

The image plane coordinates are obtained in Matlab with sub pixel precision. The image has low 

resolution (144x176) and as a result the clicking for every target for 16 images is susceptible to 

user errors.  

6.2.2 Pre-process filter 

The pre-process of filtering has a twofold purpose: 

1. to detect the pixels with very high amplitude value (oversaturated pixels) 

2. to detect pixels placed far away from the test field, the wall 

 

Due to light scattering (see Section 3.1.3) or internal noise coming from CCD/CMOS technology 

(see Section 3.1.1) oversaturation might occur in the collected data. According to the manual of 

SR4000 amplitude values more than 32767 lead to saturated pixels. These pixels have wrong 3D 

output coordinates X,Y,Z, especially the Z coordinate which represents the distance becomes 

either zero or close to zero. The oversaturation generates pixels in wrong position that seem in 

the point cloud as flying pixels far away from the calibration site, i.e. the wall. Cleaning the 

dataset in a preprocess step it helps to deal with the rest of the procedure with a possible noise 

reduction. To achieve that two steps are required: 

1. First a threshold is set to the data that searches which pixels have amplitude values 

more than 32767 and assigns to them another amplitude value the mean amplitude of 

the dataset. 

2. Second threshold is set to the data that searches which pixels have depth equals to zero 

and assigns to them the mean depth value. 

In case that remaining flying points are displayed on a 3D plot of the dataset, an additional filter 

is applied as it follows: 

3. A sphere radius mask is set to the dataset which is compared with the 3D distance of 

every pixel with each other inside an 8 pixel neighborhood region. If there are pixels 

that are further away from their neighbors, so they are outside of the sphere radius 

mask, they are considered flying pixels and they are deleted from the dataset. 

There are cases that the 1st step does not detect any saturated pixels or/and the 2nd step does 

not detect any zero depth values in the dataset. Then the 3rd step can find some random noise 

of pixels far from the wall such as for instance points with depth value <0.1 cm.  

A pseudo code of the filtering process is as follows: 

1. Search in every 1≤ i ≤ row and 1≤ j ≤  olumn of the data if amplitude > 32767,  

 if yes then assign amplitude=mean(amplitude) 

otherwise do not change anything 
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2. Search in every 1≤ i ≤ row and 1≤ j ≤  olumn of the data if depth=0 

if yes then assign depth=mean(depth) 

 otherwise do not change anything 

3. Produce a 3D plot of the point cloud for checking remaining flying points 

4. For an user’s input sphere radius (a) in every 1≤ i ≤ row and 1≤ j ≤  olumn of the data 

a. compute the 3D distance squared D2=(Xij-X)2+(Yij-Y)2+(Zij-Z)2 between the 

pixel in i row and j column and each of the 8 neighboring pixels 

b. compare the sphere radius (a) with each  eight  3D distances , if one of the 

eight neighboring distances D>a  then  

c. this point in that pixel (i,j) is a flying point that should be delete it 

d. else nothing happens 

5. Produce a 3D plot of the detecting flying points in a different color than the point cloud. 

 

Figure 6.4 shows two examples. The left part displays the point cloud positioned approximately 

2m from the wall (image no 2). From the 1st two steps of the filtering process the flying pixels 

mapped red on the plot. The right part of the figure shows the result of the 3rd step of the 

process where some flying pixels are detected by the sphere radius equals a=0.053 m in the 

image no (7). If the user assigns a smaller radius a large region of the image might be discarded 

and the filter detects many points from the point cloud as flying pixels, which leads to a wrong 

solution. So that the user tries several radius until the result in the 3D plot is satisfying. 

Overall, the particular filter provides a simplified method for detecting the flying points but it 

seems adequate for the pre-process of the data.  

 

 

 

Figure 6.4: Detecting flying points, examples in the image no (2) in the left  
and in the image no (7) in the right 

Another use of the filter 

Furthermore, especially the 3rd step of the filter can be separately used to detect and discard 

pixels in the edges between foreground and background objects. An example of this use is 

shown in Figure 6.5 (in relation to Figure 3.3). The points between the wall and the foreground 
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pillar of the room are detected and plotted in red. In that way the user can clean the dataset 

and continue for structuring 3D model of the walls more effectively. For the scope of the thesis 

the filter is not used for such a purpose but it is worth to mention it as additional information. 

 

Figure 6.5: Detecting pixels in the occluding areas 

 

6.2.3 Main data analysis 

This section describes the main analysis of this experiment for the depth error investigation. 

Aiming to study how the distance error behaves, it is important to structure the camera data in 

an effective and useful way for analysis. There are three types to store the acquired data for 

further processing. Figure 6.6 shows that there is a horizontal and a vertical structure as well as 

the addition of all datasets together. In the horizontal structure the analysis contains 

observation from each sub region for the 16 different camera positions. In the vertical structure 

each acquired image for each camera position is treated separately. The last type consists of the 

whole dataset structured and stored together. The three different types are useful not only for 

post processing the data but also for the resulting plots so as to clarify the investigation in 

question. 

At this point it is important to remark that for each data set the following information is stored: 

1. For the included targets 

 image plane coordinates  

 ToF 3D coordinates  

 amplitude values 

2. For the 144x176 pixels of the camera output per position 

 image plane coordinates (gray scale amplitude image) 

 ToF 3D coordinates - point cloud 

 amplitude values 
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Figure 6.6: Data Structure for analysis 

Image division into sub-regions 

In order to investigate how the position of the pixel influences the depth error in every acquired 

image, one can divide the image into sub-regions. For every sub-area one can study how the 

following variables are related to each other: 

 the difference between the measured distance obtained by the camera and the 

reference distance of the wall targets (Δρ) 

 the observed distance by the camera for each wall target (ρ) 

 and the amplitude value of each target acquired by the camera 

Under this concept one can investigate how the difference (Δρ) changes as well as if and how 

the amplitude value varies in every sub region. What it is expected from this investigation is 

how the pixel position influences the error in depth and amplitude value and if this effect is 

systematic so it can be minimized by modeling.   

Construction of the sub-regions 

Specifically each acquired image is divided into nine (9) equal in size areas (see Figure 6.7). 

Taking into account that the origin of the pixel coordinate frame, only in this task, is in the 

bottom left corner {x(i),y(i)} plus the size of x(i)is 144 rows and the size of y(i) is 176 columns, 

the following are calculated: 

 The image coordinates of the rectangle of the 1st sub-region (blue lines in Figure 6.7), written 

clock wise, are (0, 96), (0, 144), (58.67, 144), (58.67, 96). In the 2nd region the image coordinates 

of its border are (58.67, 96), (58.67, 144), (117.33, 144), (117.33, 96). The image coordinates of 

the 9th region are (117.33, 0), (117.33, 48), (176, 48), (176, 0). In the same way all the borders 

are computed.  
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Figure 6.7: Image division into 9 sub-regions 

For the 16 acquired images the same division is followed. To make the investigation easier 

particular plots are constructed as the result Section describes.  

During the analysis it is noticed that there are occasions with no target observations in several 

sub regions because the position of the camera does not cover these particular sub-regions. 

6.3 Results 

This section describes the intermediate and main results of the experiment. The intermediate 

refers to the coordinates of the targets in the object’s reference frame and the calibrations 

results (interior and exterior parameters orientation). The main results correspond to the depth 

error study. 

Concerning the main results there are several types of plots and figures that follow the 

horizontal and vertical structure as the diagram shows. (see Figure 6.6) According to the 

diagram the first part of the results follows the vertical construction (for every image) and the 

second part follows the horizontal construction (for every sub-region of all images).  

In all the plots the y-axis describes the Depth difference (Δρ) for each observed target. The x-

axis describes either the observed distance (ρ) or the observed amplitude value. For all the plots 

the observed targets, coming from different regions, vary in color and style. Specifically the 

crosses represent the three sub-regions in the 1st row in the top of each image (sub-regions 1,2 

and 3). The circles indicate the targets in the three sub-areas in the middle row and the stars 

symbolise the targets for the third row. Colour changes in a column wised way. The blue 

represents the targets in the 1st column in the left part of the image; the green represents the 

middle column and the magenta the right 3rd column of the image. 

x(i) 

1 2 3 

 

4 5 6 

 

7 
8 9 

 

y(i) 



pg. 60  

 

Together with the plots this Section adds the results after the filtering pre process of the data as 

gray-scale images for the amplitude and colored images for the depth per pixel at each image. 

The legend of the grayscale images explains the gray level in respect with the amplitude values. 

The lighter the tone the higher the amplitude is. In the colored depth images blue corresponds 

to shorter distance from the camera origin and red to larger depth. 

6.3.1 Intermediate results 

Coordinates of the targets in true reference frame 

The coordinates of the targets in the object reference frame are described in Appendix 1. The 

derived precision of the coordinates is better than 1 mm, which is much better than the 

absolute precision of the ToF camera.25The standard errors are not involved in the following 

process and the coordinates are considered fixed. Hence, the wall in the object reference frame 

is assumed to be the true plane.  

Interior and Exterior camera parameters 

Concerning the calibration results they are described in Appendix 1 (the units are in pixels). The 

overall standard error after the estimation of interior and exterior orientation parameters is 

0.12. The standard deviation of the principal distance is 1.44. The results would become better 

if there were more images in various positions in the room capturing the wall from different 

angles. However with the particular input images the standard error is acceptable for the scope 

of this project. 

As far as the exterior parameters is concerned the standard errors of the coordinates of camera 

position start in a few mm level for camera set-ups close to the wall and reach gradually to cm 

level when the camera is far away from the wall. This result is expected taking into account the 

input images used for calibration. 

 

Figure 6.8: Amplitude gray scale image before and after calibration 

                                                           
25

see section 2.3.1 



pg. 61  

 

After computation of the radial and decentring distortion the amplitude images can be 

recovered using the collinearity equation (Eq. 4.48). The figure above depicts the reduction of 

the barrel effect, the curved lines become straight as they are in reality. 

 

Figure 6.9: Plot of the radial distortion 

Figure 6.9 shows the relationship between the radial distance (r2[pixels]) in x-axis and the radial 

distortion (dr [pixels]) in y-axis (Eq 4.49).That plot illustrates the negative displacement cause by 

the distortion.  

Knowing the position of the camera for each set up with respect to the object coordinate frame 

it is possible to compute the depth error as defined in Eq. 6.1 and Eq. 6.2.  

6.3.2 Results per image 

This part presents some of the results among the 16th acquired images, the rest are shown in 

Appendix 1. Since the trend seems similar in all images three of them are selected.  

The first one, presented here, is the image acquired from the camera position no 2 where the 

camera is placed at approximately 2 m perpendicular to the wall. The second selected image is 

coming from the camera position no 12 where the camera is about 5 m at a horizontal angle 

from the wall. The last result refers to the image captured from the camera in place no 7 at 

approximately 7 m. perpendicular to the wall.  The images are selected in such a way so as the 

discussion of the results covers shorter and longer distances between the camera and the wall.  

Camera position no 2 

The first image below shows in the left part a plot between the depth error and the depth 

observation for each target and in the right part the distribution of the targets per sub-region.  

In the middle sub-region it seems that an interference of signal exists because of the 

transparent shining tape, which is used to place the paper targets on the wall. And as a result 

the white pixels exist in the middle sub-region and lead to pixels saturation. During the pre- 
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process of the data via filtering, the amplitude gray-scale image becomes more clear and 

consistent (right part of the figure below).  

 

 

 

Figure 6.10:  left part: Depth difference versus Amplitude for the camera position no 2,  
right part: amplitude before (up) and after (down) filtering 

As far as the plot is concerned (left part of Figure 6.10), it seems that the targets symbolised 

with green circle in the middle sub region (no 5) have small depth differences (<0.07) but larger 

amplitude values than the other targets (>3600). The crosses and the stars representing the 

targets on the borders of the image have larger depth differences (>0.07) but lower amplitude 

values (<4500). The Section 3.2.3 describes how the amplitude related error occurs according to 

the literature. 

Figure 6.11 shows the depth error for each target with respect to the corresponding depth 

measurement. The particular image is placed perpendicular to the wall which means that the 

depth from the central pixel of the camera is very close to the “true” reference depth. Hence 

the targets (with green circles) from the middle sub-region have the lower depth difference. The 

targets with crosses and stars coming from the borders of the image produce higher depth 

errors. The maximum depth error that occurred in this image is approximately 4 cm.  
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Figure 6.11: Depth difference versus depth observation for the camera position no 2  

Camera position no 12 

In the image acquired when the camera is in approximately 5 m from the wall at a right angle no 

saturation occurs. For that reason there is no need for filtering the data before obtaining the 

depth/amplitude observations.  

As Figure 6.12 clearly shows most of the targets are coming from the central sub-region and 

there are no targets from the left bottom corner of the image. Furthermore the plot in left 

indicates that the targets in blue crosses and circles coming from the left sub-regions have 

higher depth error and lower amplitude (<4000) than the magenta targets symbolized with stars 

in the sub-region (no 9). Bearing in mind that the camera in this position is not perpendicular to 

the wall the distance from the center of the camera is larger in left part of the image than the 

right part of the acquired image. The amplitude values (blue crosses) in the left sub-regions 

have higher values.  

Regarding the depth error versus the distance observation a similar trend exists (see Figure 

6.13). The targets closer to the camera provide lower depth error, whereas the targets further 

away from the camera produce higher depth error. The maximum depth error in this image 

acquisition is approximately 15cm. 
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Figure 6.12: Depth difference versus amplitude for the camera position no 12 (left part)-  
Amplitude gray scale image (right part) 

 

Figure 6.13: Depth difference versus depth observation for the camera position no 12 (left part) 

Camera position no 7 

In the right part of Figure 6.14 the amplitude values are filtered and displayed as a gray – scale 

image. However some pixels in the central sub-area still have high amplitude values and might 

lead to depth variation. The source of that effect is the sharp change of the reflectivity in the 

wall between black and white papers with the shining tapes. In the left part of Figure 6.14 the 

amplitude values are plotted versus the depth error for each target. There is no such a similar 

pattern as previously stated because most of the targets come from the middle sub-region.  
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Figure 6.14:  Depth difference versus Amplitude for the camera position no 7 - (left part)  
Amplitude gray scale image (right part) 

Regarding the depth error plot in Figure 6.15 the green crosses coming from the upper sub-

region produce larger depth deviations than the targets in middle sub-region. Similarly to the 

aforementioned situations the depth deviation is influenced by the pixel position of the image. 

The pixels in the border provide larger depth error than these in the middle.  

 

Figure 6.15: Depth difference versus depth observation for the camera position no 7 
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6.3.3 Results from all images 

This section describes the results from all the images per sub-region. Two plots below show the 

depth deviation for the targets observed by all the 16 images either versus their amplitude 

value (Figure 6.16) or versus the observed depth (Figure 6.17). 

The first plot maps (Figure 6.16) the results from Section 6.3.2 and does not provide any 

particular pattern. One can only notice that most of the blue crosses, which represent the left 

border of the images, have slightly lower amplitude than the other targets. These crosses 

probably come from the images acquired by the camera closer to the wall. 

  

Figure 6.16: Depth error versus amplitude  
for 16 images 

Figure 6.17: Depth error versus depth observation  
for 16 images 

 

Figure 6.17 displays the depth deviation per target for all the images. One can observe the 

vertical arrangement the targets follow especially from the images that are perpendicular to the 

wall. From the images captured by the camera set up in a horizontal angle to the wall the 

targets have random arrangements. Furthermore one can observe that the blue crosses 

produce larger depth deviation than the green circles or even the magenta targets. This yields 

that the pixels away from the center of the camera principle point generate larger depth 

differences. Also one can remark the relation between the two variables in question; depth 

deviation and depth measurement. The relationship is not exactly linear as the 3rd Experiment 

describes but the longer the distance from the object scene the higher the depth deviation.  
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6.4 Conclusion 

To sum up from the particular test the analysis leads to the result that the depth deviation 

depends on the following parameters: 

 the position of the pixel in the image array 

 how far the object is from the camera 

 the abrupt changes of the object’s reflectivity 

 

Concerning the first parameter from the aforementioned results the depth offset varies from 

the center of the image. In the corners of the image the pixels are further away from the 

camera principal center than the pixels in the middle sub-region and produce larger depth 

deviations. In the literature this is interpreted as built-in-pixel related error or fixed pattern 

noise or clock –skew error.26 According to literature review the common way to express 

mathematically the bias is by two terms: one for the columns and the other for the rows as 

follows: 

        ̅     ̅ where  ̅       
  and  ̅       

  Eq. 6.3 

The coefficients d1,d2 show the linear relationship between the clock-skew-error de1 and the 

difference each pixel has from the principal center, all terms expressed in image –plane 

coordinate system. The next experiment investigates, among other, if the two coefficients are 

significantly correlated with each other. 

Regarding the other mentioned parameters, for camera set ups close to the wall, the amplitude 

is often lower in the border of the image than in the center which leads to wrong depth 

measurements. When the distance between the camera and the object in question varies the 

depth offset changes as well. Both parameters produce systematic effects for which the next 

chapter discusses in depth how to compensate or reduce them. The last parameter is 

dependent on the scene and has no systematic effect; however it influences the depth variation 

either when the camera is very close or far from the object in question. 

In conclusion up to this point the depth error has been defined, its interpretation has been 

explained as well as a mathematical form for its effect has been proposed. The next chapter 

uses this form in various functional models and studies the resulting meaning. 

  

                                                           
26

see Section 3.2.5 
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7. Modeling the depth error 

7.1 Description 

Within the following sections several candidate error models for the depth correction are 

described. The candidate models incorporate two errors sources namely, the distance related 

error and the pixel related error. First of all the experiment presents what are the candidate 

error models, how they are constructed and how well they fit to the data points. Afterwards the 

experiment performs an accuracy assessment for analyzing the resulting model curves, 

comparing with each other so as to select the most likely best fit curve. The calibrated data 

points finally should best fit the reference “true” plane.  

The parameters and the data points used for the experiment are exactly the same as the ones in 

the 2nd experiment. The results of the 2nd experiment serve as input knowledge to construct the 

error models.  

Overall the process includes: 

 defining the error observation model for each candidate model 

 checking how well each model fits the data 

 comparing the models with each other (by AIC criterion) 

 selecting the one most likely optimal 

 checking the targets’ coordinate’s precision after applying the error model 

 applying the plane fit function to the calibrated test targets and check the precision of 

the plane fitting 

 

7.2 Methodology 

Having already structured all the datasets per 16 images (Figure 6.17) and knowing that for 

every target the Eq. 6.2 holds (      ) the goal now is to find how to form the 

mathematical function to express the adjusted depth offset (  ). The depth offset models 

compensate the error for the entire range of the camera 1-8 m. Bearing in mind that the true 

depth (D) is fixed so only the depth offset (  ) and depth observations (ρ) are going to be 

adjusted. 

According to Eq. 4.1, 4.2 and 4.3, the least square principle is followed so Eq. 6.2 takes the form: 

           and                        

In that way the observation equation of the depth error is defined and it will be adjusted for 

every correction model, the remained depth differences (residuals) should be close to zero 

(minimum) and then the adjusted depth can be calculated as: 
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  ̂      ̂    or   ̂      ̂ Eq. 7.1 

7.3 Structure of the error correction models 

According to the literature review, in the majority of the articles the researchers fit a spline to 

the observed depth data and add terms to complete the error models for the pixel related 

error. The problem of parameterization arises as the number of coefficients increases to the 

error models. This is an issue that it should be solved in order to find the optimal model for that 

experiment. All models contain an offset term (co) and a scale term (c1). The rest of the 

coefficients depend on the model each time.  

The concept is to first construct the basic polynomial functions fitting to the depth error data 

and then combine them with the pixel related error terms plus other empirical terms that the 

literature proposes and construct mixed functions. Under that concept fifteen models M1-M15 

have been constructed (see Section 7.3.1).  

Line, quadratic, polynomial 3rd and higher order polynomial functions are analyzed. Also the 

depth error data are fitted by a spline curve. Apart from these, the coefficients from Eq. 6.3 are 

added to the aforementioned polynomials. The empirical terms the literature proposes 

incorporate both the pixel and the distance related error. The mathematical form expresses 

them as follows: 

                   where         ̅     ̅  Eq. 7.2 

As is already mentioned the depth error is partly influenced by the signal propagation delays 

and is dependent upon the pixel position in the CMOS array on the chip, which the above 

equation partly expresses. It might be unnecessary to add more coefficients, since the depth 

error by itself is in few centimeters level, more coefficients would not compensate in a better 

result. 

The combined models mix all the coefficients together that should be estimated by least square 

adjustment. The number of the depth observations (n) for the included 16 images is 496. 

Section 7.3.1 presents the mathematical functions for each error correction model. 
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7.3.1 Polynomial model functions 

Line and basic polynomial curves 

Linear model (M1)            Eq. 7.3 

Quadratic model (M2)                 Eq. 7.4 

Polynomial 3rd degree (M3)                     Eq. 7.5 

Polynomial 5th degree (M4)                               Eq. 7.6 

Polynomial 7th degree (M5)                            Eq. 7.7 

The LSA fitting for the linear model is based on Eq. 4.17 where the design matrix has size (nx2). 

The LSA fitting for the rest polynomials is based on Eq.4.31. The sizes of the design matrix A per 

each model are: 

 M2: size(A)=nx3,  

 M3: size(A)=nx4, 

 M4: size(A)=nx6 and 

 M5: size(A)=nx8 

 

In all the models the 1st co parameter refers to the offset error and the c1 to the scale error. The 

rest coefficients express the distance – related error. 

Cubic- spline (M6) 

For the purpose of the thesis a natural cubic spline is applied which produces a relaxed curve. 

(see the general form in Eq. 4.32) It uses the zero second derivative S’’(x0)=S’’(xN)=0  in the 

endpoints as two extra constrain conditions.  

The equation that is applied in the data sets is: 

 (M6)          (       )    (       )
    (       )

  Eq. 7.8 

wherek each break point and    the value of depth for each breakpoint 

Four (4) coefficients are to be estimated by the least square adjustment of which the offset 

term is expressed by the 1st coefficient co similarly to the polynomial models. The c1 coefficient 

represents the scale error and the rest correspond to the distance –related error. Matlab 

provides ready functions for the spline fitting. An updated version of Matlab’s code constructed 

by Jonas Lundgren27 is used for that task.  

As other authors have also commented, the spline can only handle distance information that 

lies inside the main domain. The optimal number of the knots strongly depends on the range of 

                                                           
27

http://www.mathworks.se/matlabcentral/fileexchange/13812-splinefit&watching=13812 (as last seen 
on 25/08/2013) 

http://www.mathworks.se/matlabcentral/fileexchange/13812-splinefit&watching=13812
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the domain and has to be adjusted to each individual case. Insufficient number of knots lead to 

inaccurate correction results whereas, too many might cause over fitting between the individual 

images. (Lindner, 2010) In our case seven (7) control points are sufficient to cover the whole 

camera range (1.4m to 8m) that means six (6) pieces. The number 6 is a final decision after 

performing the Matlab function several times with different number of pieces and judging 

mostly by the graph how well the curve fits the data points. 

7.3.2 Combined model functions 

The combined models add the pixel related error terms (       ̅     ̅ Eq. 6.3 

             Eq. 7.2), some include all the four coefficients, but others only three, two or, 

one of the above equations. In order to check if all four coefficients or some of them are 

adequate to express the error to the observed dataset various combinations are formed. The 

offset and scale term error should not be eliminated since the first one expresses the shift of 

the measurement origin and the second one the linear term of the distance, area basic parts of 

the depth error. According to the literature the empirical terms might express the systematic 

effects at high viewing angles. 

 (M7)                         ̅     ̅           Eq. 7.9 

 (M8)                    ̅       Eq. 7.10 

 (M9)                        ̅      Eq. 7.11 

 (M10)                                 Eq. 7.12 

 (M11)                              Eq. 7.13 

(M12)                        ̅      Eq. 7.14 

(M13)                        ̅     ̅      Eq. 7.15 

(M14)                   ̅     ̅ Eq. 7.16 

(M15)                        ̅     ̅ Eq. 7.17 

The design matrix A includes not only the partial derivatives of the co, c1, c2 or c3 distance 

related terms, but also the partial derivatives of the coefficients d1, d2, d3 ord4 depending on 

the model.  

The sizes of the design matrix A per each model are: 

• M7: size(A)=nx8,  
• M8: size(A)=nx5, 
• M9: size(A)=nx6 
• M10: size(A)=nx10 

• M11: size(A)=nx6,  
• M12: size(A)=nx6, 
• M13: size(A)=nx7 
• M14: size(A)=nx5 
• M15: size(A)=nx6 
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7.4 Results 

This section of the experiment describes the results of the error models. The results from the 15 

models are presented in the Appendix 2 in the following order per model in meters: 

 standard error of the overall fitting 

 values of the coefficients 

 standard error of the coefficients  

 correlation matrix R 

 residual sum of squares SS(res) 

 coefficient of determination R square 

 adjusted R square 

 plot of the fitted curve and the residuals of the observations 

 

7.4.1 Error correction models 

This section presents four of the fifteen results for discussing. Figure 7.1 shows from top left the 

results for polynomial 3rd (M3), the top right the results for the Spline (M6), in the bottom left 

the results for the M7 and in the right bottom the results for the (M9). The plots depict with 

blue crosses the depth error    in y-axis and in x-axis the observed depth  . The blue dots 

represent the remaining depth errors after the correction. The red curve is the fitted curve 

indicating the different model. Obviously all the models reduce the error and produce similar 

results with a range of the remaining depth offset lying between -0.05 to 0.1m. 

It might seem that the curve of M7 model does not graphically follow the data points because in 

its function there are additional terms (see Eq. 7.9). Even though the spline provides graphically 

the best fit, the residual sum of squares is not the lowest value. The plots are not enough for 

judging the results in depth.  
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Figure 7.1: List of plots representing the depth error versus depth observation with the 
remaining residuals and the fitted curve 

7.4.2 Further Comments 

Up to this point the standard errors of the exterior orientation parameters, estimated in the 

calibration of the camera in the 2nd experiment, are not involved in the computations. The error 

correction models do not contain any weights. In order to investigate if there could be any 

influence the P matrix is structured as it follows (see Section 4.1). 

The a priori σο is equal to one and the standard error (σι) of each of the 1≤i≤n=496 observations 

is computed by the standard deviations of the 3D coordinates of each camera position (j). The 

observation equation is defined by Eq. 6.2. Since the total station measurements (D) are 

considered fixed with zero standard error, only the depth (ρ) obtained by the camera contain 

standard deviations. The law of error propagation is applied in Eq. 6.2  

         √(     
 )  (     

 )  (     
 )       and after linearization it yields:  

    
       

       
       

       

       

       

  Eq. 7.18 

where    
     

     
  known from the calibration process,    

     

     

  are equal to 

0.0152m2according to the ToF SR4000 characteristics (see Section 2.3.1) and a,b,c,d,e,f the 

partial derivatives of Eq. 7.18 as rewritten above. So it holds: 

 
   

     
 

   
    

     
 

   
    

     
 

   
                

Eq. 7.19 

 

Applying the fitting models M3 and M7 the following plots depict the results. The green curve 

represents the result after using the weights and the magenta dots the remaining residuals after 

the error correction.  
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Figure 7.2: List of plots representing the depth error versus depth observation with the 
remaining residuals and the fitted curve after using weights 

Two models are chosen just to check how the weight influences the results. The weights affect 

the fitting curve as well as a worse solution is produced. For instance for the M3 model the σο= 

2.816 and for the M7 model σο= 2.516, worse than without weights. Also the remainig 

resuduals have larger values, especially the sum of the square residuals SS(res)=0.678 for the 

M3 model and SS(res)=0.547 for the M7. The aforementioned figures show that since each 

camera position is determined with different precision and the position is biased, the result 

leads to larger range corrections. 

The use of the weights is reasonable and necessary for the depth error correction. In case the 

calibration process could have resulted in better standard deviations the weights would not 

affect so much the correction fitting models. For that reason in the accuracy assessment Section 

it is assumed that the calibration process (determination of interior and exterior parameters) 

resulted with very good precision and the above computed weights are not used.  

7.5 Accuracy assessment 

The analysis of the accuracy assessment focuses on answering the following questions: 

 Does each model correct the actual errors? 

 Which is the most robust correction model? 

 

For achieving that, overall RMSs, correlation matrices and adjusted R square are calculated for 

each model. Since these measures are not sufficient the AIC criterion is applied for comparing 

the model. Also two more ways are applied to verify the AIC selection. The first one is a 

comparison between the coordinates of the targets before and after the depth error correction 

and the second one is to fit a plane on the corrected coordinates and check how well the fit is 

performed.   

3
rd

 polynomial M3  M7 model  
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7.5.1 RMS, Correlation matrix and adjusted R2 

Every model generates an a posteriori standard error (RMS) that expresses the overall strength 

of the function. The worst is coming from the linear model. The rest RMSs differ with each other 

in the order of 3rd decimal, therefore it becomes difficult to judge, since all fit well with the data.   

Regarding the correlation matrices, the fact that the coefficients of the polynomial functions 

(M1 to M6) are highly correlated is expected. However the coefficients related to the pixel error 

(d1 to d4) not only they are not strongly correlated with each other but also they are not 

correlated with the distance related coefficients (co to c4...c8). This is shown in the correlation 

matrices of the combined error models (M7-M15). In that way on can justify that the pixel 

related error should not be excluded from an error model.  

As far as the adjusted R square is concerned, as more coefficients are added to a model, it is not 

decreasing so that models with more coefficients always appear to fit the data well. Therefore 

the adjusted R square does not provide any additional helpful information for choosing the 

optimal model.  

7.5.2 The AIC criterion 

Section 4.3.4 describes how the AIC can be applied in order to compare the fitting models and 

seek the optimal one that most likely fits with the particular dataset better.  Except for the basic 

polynomial functions such as linear, quadratic and cubic there are error correction functions 

with different combinations of parameters. One question that arises because of that is which 

combination most likely reflects better the data points. A second issue is how to handle the 

overparameterization. 

As it is already mentioned it is rather difficult using only the RMS as a comparative value to 

select the optimal model as well as none of the measures described in the above Section could 

be so useful on that. Among other reasons as described in Section 4.3.4, the AIC criterion 

provides a helpful practical tool for such a comparison. 

Using the lowest AIC the results are in Table 7.1. The Model no 7 gives the lowest AIC value. At 

the same time one can notice that the sum of the squared residuals (SS(res)) of model M7 is the 

minimum. This is expected because the functional models are based on the least squares 

estimation procedure, which uses the criterion that the solution must give the smallest possible 

sum of squared deviations of the observed data from the estimates of their true means 

provided by the solution. 

Comparing only the RMS values one can remark that Model M10 has as low as M7 value but 

with higher (SS(res)). RMS indicates how good the fitting is but it is not a statistical measure for 

comparing models with each other.  
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Table 7.1: Results of the AIC criterion 

model type k coefficients SS(res) RMS AIC AIC-(min(AIC)) 

M1 linear 2 co,c1 0.5187 0.0324 -3237.256 120.973 

M2 quadratic 3 co,c1,c2 0.4232 0.0293 -3285.719 72.509 

M3 Polynomial 3rd order 4 co,c1,c2,c3 0.3947 0.0283 -3301.01 57.219 

M4 Polynomial 5th order 6 co,c1,c2,c3,c4,c5 0.3856 0.0281 -3302.794 55.434 

M5 Polynomial 7th order 8 co,c1,...,c8 0.3415 0.0265 -3328.915 29.314 

M6 Cubic spline 4*6 co,c1,c2,c3 0.3206 0.0262 -3312.602 45.627 

M7 Combined (8) 8 co,c1,c2,c3,d1,d2,d3,d4 0.3034 0.0249 -3358.229 0.000 

M8 Combined (5) 5 co,c1,c2,d2,d4 0.3977 0.0285 -3297.158 61.070 

M9 Combined (6) 6 co,c1,c2,c3,d1,d3 0.3418 0.0264 -3332.724 25.505 

M10 Combined (9) 10 co,c1,c2,c3,c4,...,c8,d3 0.3189 0.0249 -3341.87 16.359 

M11 Combined (6) 6 co,c1,c2,c3,d3,d4 0.3623 0.0272 -3318.23 39.999 

M12 Combined (6) 6 co,c1,c2,c3,d2,d3 0.3638 0.0272 -3317.233 40.996 

M13 Combined (7) 7 co,c1,c2,c3,d1,d2,d3 0.3221 0.0257 -3345.446 12.783 

M14 Combined (5) 5 co,c1,c2,c3,d1,d2 0.3885 0.0281 -3302.954 55.274 

M15 Combined (6) 6 co,c1,c2,d1,d2 0.3225 0.0257 -3347.137 11.092 

 

The selected model M7 consists of  a polynomial function of 3rd degree (co, c1, c2, c3) plus 4 

empirical terms that express the pixel related errors (d1, d2, d3, d4).  

7.5.3 Comparison of target coordinates before and after correction 

Up to this point the adjusted depth error is estimated so that the depth observation can be 

adjusted as well. After adjusting the depth observation one can calculate the 3D coordinates of 

the targets in object reference frame as a result of the combination of Eq. 4.53 and Eq. 7.1. 

Knowing the interior and exterior parameters of the camera plus the depth error then the 

calibrated 3D coordinates of the targets in object reference frame can be expressed as: 
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Eq. 7.20 

Applying the above equation on several camera images it is possible to check how close the 3D 

coordinates of the targets are to the 3D coordinates measured by the total station. In the 

equation the depth offset term   ̂ corresponds to the adjusted depth offset by each correction 

model. The equation is applied to every pixel target of the initial image.  

The Appendix 3 contains the results for the comparison in tables and graphs. Since the 15 

different models give the same RMS results as Appendix 2 describes, for the comparison few of 

them are chosen included the selected AIC model (M7). The rest of the chosen are the basic 

polynomial functions i.e. linear (M1), quadratic (M2), polynomial 3rd (M3) and cubic spline (M6) 

models.  
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Apart from the error models the rigid body transformation is applied between the targets’ 

coordinates with respect to the object’s reference system as measured by the total station and 

the coordinates of the targets obtained by the camera in the ToF camera reference system. The 

latter system is the one the manufacturer provides without any depth error calibration. It is 

chosen to compare these uncorrected coordinates with the corrected ones and check the 

results. It is expected that the corrected coordinates should generate lower RMS. 

The corresponding depth error terms for each mentioned model produce various results as the 

tables/graphs in Appendix 3 show. In particular one can remark that when the camera is close 

to the wall (2 up 3m) the selected AIC model provide lower RMS for the targets in the middle 

region of the images. The linear model gives a good result only when the camera is close to the 

wall but when it is moving further the result deteriorates. However the selected AIC model has 

similar RMS with the other models. Overall in most of the times the figures in Appendix 3 show 

that all models provide better RMSs than the uncorrected situation. Hence it is considered 

valuable to further correct the output of the ToF camera. 

Table 7.2: RMS differences among the models 

RMS 
differences 

in mm 

Image no 2 Image no 4 Image no 6 

dX dY dZ dX dY dZ dX dY dZ 

uncorrected 5.740 2.490 0.080 7.754 6.876 1.603 8.530 4.830 0.150 

linear 1.770 1.400 0.570 1.141 2.236 1.131 7.710 6.560 1.320 

quadratic 2.810 3.600 0.420 7.289 4.541 0.572 5.970 6.150 1.090 

Pol. 3rd order 0.990 2.200 0.300 2.819 0.975 0.835 0.720 0.730 0.730 

Cubic spline 3.460 2.660 0.450 0.862 1.837 0.200 6.920 4.290 0.350 

(M7) 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

 

Additionally in order to clarify the results from Appendix 3, for 3 chosen camera positions (2m, 

4m and 6m) the absolute differences of the RMS (dX,dY,dZ) from the RMS that the AIC M7 

model produces, are computed and shown in Table 7.2. The table depicts that the selected M7 

model provides RMS that differ from the other models few mm and this difference remains 

stable (no more than 10 mm) even if the camera is getting further away from the wall. 

7.5.4 Plane fitting before and after error correction 

Another type of comparing the best fit candidate error correction model and at the same time 

verifying the previous applied techniques is to fit a plane to each image point cloud data after 

correcting the data by each error model. In that way it can be shown how well the plane is fitted 

to the corrected data for every candidate error model. In this verification process the basic 

hypothesis supports that the AIC selected model (M7) constitutes the best plane fitting. By 

applying the plane fitting one can verify and validate the basic hypothesis. 

There are 15 different models that give similar RMS results. This section presents the results of 

the plane fitting for some of the candidate models; the basic polynomial functions i.e. linear 

(M1), quadratic (M2), polynomial 3rd (M3) and cubic spline (M6) models and the AIC selected 

(M7) model.  
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The reference true plane is defined by the total station measurements. First the “true” 

calibration plane is estimated by the surveyed targets in the object reference coordinate frame 

following the LSA method (Section 4.7). The total station provides better results than the ToF 

camera therefore the optimal plane that fits the targets in the reference coordinate system is 

the “true” calibration plane. The plane fitting provides an overall a posteriori σο equal to 0.16 

mm. The normal vector of the reference plane has the following coordinates: 

n= [nx, ny, nz] = [-0.7791, -0.6269, -0.00019]  

with the distance from the origin equal to d=8.6823 m. 

The above normal vector coordinates are shown in Table 7.3 in the 1st row. 

By fitting an optimal plane to the calibrated point cloud and comparing it with the reference 

plane, one can verify how well the correction model fits to reality. To achieve that, Eq. 7.20 is 

applied for every point of the point cloud of the initial image data. The results in Appendix 3 are 

shown in tables per model. In particular each table illustrates the results from the comparison 

between the plane fitting per each error model and the reference plane. The 1st column 

describes the name of the applied error model, the 2nd column the normal vector coordinates of 

the plane (nX, nY, nZ, d), the 3rd column shows the standard deviation of each coordinate and 

the last column the differences between the normal vector of the reference plane and each 

normal vector estimated after applying the corresponding error model. The standard errors in 

the 4th column illustrate the goodness of the fit for each model. Table 7.3 shows the results for 

image no 3. 

 

Figure 7.3: Normal distance offset of the models (extracting results from Appendix 3) 

In order to obtain an overall picture from the results Figure 7.3 is created. The figure shows the 

difference between: a) the distance of the plane from its origin as defined by surveying and b) 

the distance of the plane from its origin as calculated in each candidate model after the plane 

fitting. This difference is shown in y-axis of the plot (Figure 7.3) and x-axis shows the camera 

distance from the wall. For instance, acquiring the results from Appendix 3 page 5, the 

difference for the model M3 at image position no 2 is computed as follows: 
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d offset=8.6823-8.6767=0.0056m=0.56cm 

The Section below focuses on discussing the results from camera position no 3 extracted from 

pg 10 in Appendix 3. One can remark that the RMS (a posteriori σο) of each model presented in 

the table varies less than a few tenths of a mm. Furthermore the differences at the coordinates 

of the normal vector between the models are in a few mm level. 

Results for image no 3 

Table 7.3: Comparison between the reference plane and the plane fitting  
after error modeling (image no3) 

Plane fitting σο [mm] n σn differences 

Normal vector 
coordinates defined 

by surveying 

0.16 -0.7791 2.96E-05  

 
-0.6269 3.10E-05  

 
-0.0002 6.16E-05  

distance 8.6823 

 
 

    
Without  error 
correction  in 

camera’s reference 
system 

3.473 0.0000 5.35E-08 
 

 
0.0313 3.17E-05 

 

 
-0.9968 2.22E-04 

 distance 2.9819 
  

    

M1-Linear 

1.228 -0.7840 7.85E-06 0.0049 

 
-0.6205 8.67E-06 -0.0064 

 
0.0187 1.43E-05 -0.0189 

distance 8.6330 

 

0.0493 

    

M2-Quadratic 

1.112 -0.7842 7.12E-06 0.0051 

 
-0.6202 7.86E-06 -0.0067 

 
0.0186 1.29E-05 -0.0188 

distance 8.6315 

 

0.0508 

    

M3-Polynomial 3rd 

1.103 -0.7843 7.05E-06 0.0051 

 
-0.6202 7.78E-06 -0.0067 

 
0.0185 1.28E-05 -0.0187 

distance 8.6398 

 

0.0425 

    

M6-Cubic Spline 

1.196 -0.7841 7.61E-06 0.0050 

 
-0.6204 8.40E-06 -0.0065 

 
0.0186 1.38E-05 -0.0188 

distance 8.6502 

 

0.0321 

        

M7 model 

1.103 -0.7782 7.04E-06 -0.0009 

 
-0.6280 7.79E-06 0.0011 

 
-0.0010 1.28E-05 0.0008 

distance 8.6687 

 

0.0135 

 

Using the results of Table 7.3 the angle between a) the normal vector computed by surveying 

and b) the normal vector computed in each candidate model, can be determined as Table 7.4 

shows.  The angle (θ) between two vectors (a, b) is defined by the dot product as follows:  

              ( ) =>     ( )            Eq. 7.21 
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Table 7.4: Angle between normal vector computed by surveying  
and normal vector determined in each model  

Model angle θ [deg] 

M1-Linear 1.177 

M2-Quadratic 1.178 

M3-Polynomial 3rd 1.178 

M6-Cubic Spline 1.175 

M7 model 0.087 

 

From Table 7.4 one can notice that the AIC selected model after plane fitting, gives angle (θ) 

closer to zero. Obviously the differences in angles between the models are small. However the 

AIC M7 model defines a plane that is orientated closer to the true calibration plane. 

Figure 7.4 demonstrates the plots of the remaining residuals for each plane fitting. The x-axis 

maps each point/pixel of the point cloud/image array and the y-axis the residuals in mm. The 

origin of the points/pixels is the left top corner of the image plane in that particular plot.. Also 

the pixels of the left borders of the image are placed in the low x-values and the pixels in the 

right border of the image in the high x-values. 

  

  

linear quadratic  

3
rd

 polynomial  cubic Spline  
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Figure 7.4: List of plots of the residuals of the plane fitting per error model (image no3) 

Without any correction in the camera’s reference system the residuals from the plane fitting 

fluctuates between -10 mm to 30 mm (right bottom plot). The corresponding residuals after 

applying the error models range in a few mms level. All plotted graphs show similar residuals 

except the bottom right plot coming from the uncorrected point cloud plane fitting. The plot for 

M7 model reduces the absolute values of residuals in the left border less than 8mm and 

increases them in the right border of the image. In all the models the residuals generate a 

pattern which seems like a cavity or downward curve. Model M7 does not produce a similar 

curve but a smoother one that tends to be more flat.  

The same results are shown in Figure 7.5 in 2D presentation. The figure adds the information of 

the residual for each pixel per model. The color represents the size of the value of the residuals 

in mm. The red color means larger positive residuals; the dark blue color indicates negative 

residuals. The upper two corners of the image array provide large residuals. It is obvious that 

the abrupt change of reflectivity leads to significant differences in the residuals. The AIC 

selected M7 model smoothens the residual values in the whole image array. Only in one region 

the black/white targets give some residual variations in a mm level. 

  

M7   without correction  

linear quadratic  
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Figure 7.5: List of plots of the residuals of the plane fitting per error model (image no3) 

 Bearing in mind that the error models are constructed by the whole camera range observations 

(1 m-8 m), it might be possible that the AIC chosen model does not fit to every image data set 

(1-16 camera positions). It may occur that another error model gives better results. As it seems 

for instance in image no 2 (in 2 m distance from the wall) where the M7 model gives large σo in 

the plane fitting. The basic idea is the chosen most likely error model can compensate the 

systematic effects when the camera is not stable but travels inside the whole range (2-8 m). 

Figure 7.6 illustrates the overall plane fitting before and after applying the M7 error model 

correction. Obviously the plane fits the calibrated point cloud better than the image before 

correction. Every candidate model provides a similar result that’s why one representation is 

adequate. 

  

Figure 7.6: Plot of the plane before and after error correction (M7 error model used) 

Plane fit after correction Plane fit before correction 

3
rd

 polynomial  cubic Spline  

M7   without correction  
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8. Conclusions and further research 

The final Section draws the overall conclusions from the error analysis of the ToF camera.  

Firstly the error characteristics overview shows that the ToF observations contain errors that 

are coming from various types of sources. The observations are deteriorated by systematic 

errors, random noise and gross errors.  

Concerning the 1st warming up experiment, instead of waiting a 45 min warming period a 

calibration curve can fit the dataset. In that way the systematic temperature dependent error 

can be modeled. Even though a random noise still remains which is difficult to suppress. 

On the other hand by simple filter, that relates each pixel with each neighborhood, a part of 

random noise can be reduced together with gross errors that might exist in the dataset. The 

actual filter detects the flying points and cleans the dataset so as to use the filtered point cloud 

for other processes such as the 3D modeling of a room.  

Apart from the random noise the systematic effect on the depth observations gives on the 

SR4000 ToF a maximum depth offset of approximately 35 cm within the range of 1m to 8m. The 

observations coming from the camera setups close to the wall test field provide lower depth 

deviations (approximately 15 cm). The depth deviation depends on the pixel position of the 

image array and the distance between the camera and the object. 

The above stated depth offset should be eliminated. After several error models tested with the 

dataset and using the AIC criteria to select the optimal one, the work reached to a result; a 

polynomial model with four coefficients explaining the distance related error (          

             ̅     ̅          ) in combination with four pixel related error terms. 

The selected model reduces the depth offset to a few cm. 

The plane fitting function illustrates how well the corrected point cloud by the chosen model 

can represent the wall test field. This is an effective way to validate the error models and offers 

good representative visualizations. After the fitting the AIC selected model provides the smaller 

residuals and smoothens the overall image.  

To sum up, detailed analysis of ToF depth measurement inaccuracies enables the user to 

compensate the systematic errors. It is considered an essential step before any further 3D 

modeling operation processed with the ToF camera observations. 

A recommended study would be: 

First, to achieve a better calibration warming-up curve more data should be acquired in several 

camera setups. The same recommendation is proposed for the error correction modeling. More 

camera setups would provide better accuracy in the determination of interior/exterior 

orientation parameters. 
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Also, it would be a good idea to use a laser scanner for the analysis of the depth. The laser 

scanner would establish the ground truth and define the true normal plane. After fitting a plane 

as similarly applied in this work, one can estimate the residuals of the fitting plane and compute 

the differences of the residuals between the ToF camera and laser scanner observations. 

Further research could aim to produce an automatic scheme instead of manually collecting a 

huge amount of data. Specifically the test target field can contain rectangles or circles of the 

homogenous reflectance and an automatic software code can detect the edges of the targets by 

applying automatic image algorithms. Such a test field should be rigid and large enough to 

handle the low image resolution the ToF provides. In a scheme like that the camera calibration 

and the depth error correction could be a combined process and implemented in one step.  
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Appendix 1 

1. Coordinates of the targets in true reference frame 
 

Target id X Y Z 

10 5.6872 6.7798 1.8711 
11 5.9554 6.4479 1.8826 
12 6.2073 6.1356 1.8975 
13 6.4483 5.8337 1.9216 
14 6.7378 5.4755 1.9435 
15 7.0429 5.0953 1.9459 
16 7.0441 5.0939 1.5418 
17 6.7433 5.4701 1.5184 
18 6.4523 5.8301 1.5053 
19 6.2041 6.1409 1.5039 
20 5.9564 6.4462 1.4937 
21 5.6874 6.779 1.4825 
22 5.6839 6.7826 1.0155 
23 5.9517 6.4486 1.0331 
24 6.1995 6.1463 1.0422 
25 6.4514 5.8385 1.0421 
26 6.7467 5.4628 1.054 
27 7.0381 5.1015 1.0742 
28 7.0417 5.0924 0.614 
29 6.7479 5.462 0.6081 
30 6.447 5.838 0.6015 
31 6.2017 6.1456 0.6034 
32 5.9552 6.4484 0.6074 
33 5.6865 6.7823 0.6066 
34 6.0825 6.2903 1.6539 
35 6.3305 5.9847 1.6579 
36 6.4514 5.8331 1.6755 
37 6.5951 5.652 1.6719 
38 6.8827 5.2952 1.6797 
39 6.9008 5.2743 1.2293 
40 6.6096 5.6353 0.9965 
41 6.4453 5.8416 0.7902 
42 6.3183 5.9992 0.9941 
43 6.3267 5.9873 1.2204 
44 6.4504 5.8322 1.2318 
45 6.6056 5.6399 1.2321 
46 6.604 5.6401 1.4441 
47 6.3355 5.9755 1.4486 
48 6.0793 6.2907 1.2346 
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2. Calibration results 
 

+ Interior orientation parameters:  
values in first column, their standard deviations in the 2nd column (units:pixels) 
sig0  0.121938 

K0 -1.16465e-05  3.00245e-07 

K1 -8.07046e-10  2.71467e-11 

P1 2.41377e-05  9.66865e-06 

P2 -1.95684e-05  9.06192e-06 

c 248.527  1.43607 

x0 88.6001  0.541206 

y0 73.9518  0.579484 

+ Exterior orientation parameters:  
values in first column, their standard deviations in the 2nd column (units:pixels) 

1. Camera position (1): the central pixel is ~1.4m away from the wall  
Sig0 = 0.251955 

Xc 5.385308  0.00509709 

Yc 4.917107  0.00605296 

Zc 1.118295  0.0096207 

om 1.582057  0.0103858 

fi -0.871686  0.00526421 

ka 0.006144  0.00811799 

2. Camera position (2): the central pixel is ~2m away from the wall  
Sig0 = 0.546679  

Xc 4.851002  0.00667233 

Yc 4.659839  0.0086654 

Zc 1.111181  0.0127618 

om 1.588199  0.0105633 

fi -0.943419  0.00522069 

ka 0.015244  0.00841531 

3. Camera position (3): the central pixel is ~3m away from the wall 
Sig0 = 0.372165  

Xc 4.095824  0.00981536 

Yc 4.041478  0.0129292 

Zc 1.123155  0.0206507 

om 1.579417  0.0115225 

fi -0.934164  0.0052132 

ka 0.007977  0.00912875 

4. Camera position (4): the central pixel is ~4m away from the wall 
Sig0 = 0.209352 

Xc 3.347493  0.01125 

Yc 3.460093  0.0134415 

Zc 1.100176  0.0252477 

om 1.600850  0.00971038 

fi -0.853996  0.00430123 
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ka 0.027367  0.00760962 

5. Camera position (5): the central pixel is ~5m away from the wall 
Sig0 = 0.220052  

Xc 2.628355  0.0209397 

Yc 2.897857  0.0254765 

Zc 1.098471  0.0461139 

om 1.594564  0.0143033 

fi -0.846164  0.00665484 

ka 0.027025  0.0112043 

6. Camera position (6): the central pixel is ~6m away from the wall 
Sig0 = 0.459634  

Xc 1.812178  0.0580223 

Yc 2.287598  0.0717032 

Zc 1.031982  0.11002 

om 1.604015  0.0299075 

fi -0.895086  0.0154339 

ka 0.031507  0.0233234 

7. Camera position (7): the central pixel is ~7m away from the wall 
Sig0 = 0.171384  

Xc 1.018279  0.0557014 

Yc 1.628663  0.0688171 

Zc 1.220752  0.0967084 

om 1.564580  0.0219073 

fi -0.876864  0.0126748 

ka -0.002778  0.0170876 

8. Camera position (8): the central pixel is ~8m away from the wall 
Sig0 = 0.189706   

Xc 0.159736  0.0787308 

Yc 1.127641  0.103355 

Zc 1.449667  0.124085 

om 1.513272  0.0258916 

fi -0.917312  0.0163097 

ka -0.043476  0.0202931 

9. Camera position (9): the central pixel is ~2m away from the wall 
Sig0 = 0.52719   

Xc 5.638493  0.00467478 

Yc 4.074903  0.00177411 

Zc 1.097355  0.00588083 

om 1.593008  0.00306774 

fi -0.386725  0.00209248 

ka 0.014942  0.00226217 
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10. Camera position (10): the central pixel is ~3m away from the wall 
Sig0 = 0.237381  

Xc 5.214032  0.0062141 

Yc 3.122067  0.00211332 

Zc 1.106024  0.00760636 

om 1.585348  0.00273273 

fi -0.420571  0.00193958 

ka 0.005703  0.00204547 

11. Camera position (11): the central pixel is ~4m away from the wall 
Sig0 = 0.248564  

Xc 4.862937  0.0117368 

Yc 2.310131  0.00354139 

Zc 1.105941  0.0132945 

om 1.588154  0.0037071 

fi -0.417520  0.00283793 

ka 0.005425  0.00275625 

12. Camera position (12): the central pixel is ~5m away from the wall 
Sig0 = 0.28565   

Xc 4.475007  0.021483 

Yc 1.330342  0.00597825 

Zc 1.105008  0.0228678 

om 1.589293  0.0050466 

fi -0.417020  0.00408458 

ka 0.007828  0.00373263 

13. Camera position (13): the central pixel is ~6m away from the wall 
Sig0 = 0.292805   

Xc 4.124633  0.0305111 

Yc 0.613881  0.00821674 

Zc 1.126348  0.0317939 

om 1.584340  0.00589121 

fi -0.384468  0.00501625 

ka 0.004007  0.00440933 

14. Camera position (14): the central pixel is ~7m away from the wall 
Sig0 = 0.321533   

Xc 3.706358  0.0497567 

Yc -0.276526  0.0129765 

Zc 1.060786  0.0502282 

om 1.591103  0.00813953 

fi -0.419812  0.00695084 

ka 0.010887  0.00602867 
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15. Camera position (15): the central pixel is ~5.22m away from the wall 
Sig0 = 0.270869   

Xc 2.184224  0.0176942 

Yc 3.334923  0.0316621 

Zc 1.068997  0.0439167 

om 1.617561  0.021192 

fi -1.150428  0.00715493 

ka 0.045539  0.0174415 

16. Camera position (16): the central pixel is~ 7.34m away from the wall 
Sig0 = 0.190404  

Xc 0.670828  0.0589417 

Yc 1.672908  0.0814729 

Zc 1.065637  0.100434 

om 1.599961  0.0248247 

fi -0.971094  0.0139076 

ka 0.025879  0.019551 
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3. Plots for sub regions per image 
 

+ Camera position (1): the central pixel is~1.4m away from the wall  
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+ Camera position (2): the central pixel is ~2m away from the wall  
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+ Camera position (3): the central pixel is ~3m away from the wall  
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+ Camera position (4): the central pixel is ~4m away from the wall  
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+ Camera position (5): the central pixel is ~5m away from the wall  

 

 

 

+ Camera position (6): the central pixel is ~6m away from the wall  
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+ Camera position (7): the central pixel is ~7m away from the wall  

 

 

 

+ Camera position (8): the central pixel is ~8m away from the wall  
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+ Camera position (9): the central pixel is ~2m away from the wall  
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+ Camera position (10): Approx the central pixel is 3m away from the wall  
 

 

+ Camera position (11): Approx the central pixel is 4m away from the wall  
 

 

 

 



pg. 102  

 

+ Camera position (12): Approx the central pixel is 5m away from the wall  

 

+ Camera position (13): Approx the central pixel is 6m away from the wall  
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+ Camera position (14): Approx the central pixel is 7m away from the wall 
 

 

+ Camera position (15): Approx the central pixel is 5.22m away from the wall 
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+ Camera position (16): Approx the central pixel is 7.34m away from the wall 
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Appendix 2. 

1. Linear model (M1) 

          

 

 co c1 

so 0.0324  

coeff 0.0107187     0.033159 

std of coeff 0.004192 0.0008139 

Correlation  matrix R 

co 1 -0,93782 

c1 -0,93782 1 

 

SS(RES)=0.5187, R square= 0.7706,  Adjusted R square =0.7702 
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2. Quadratic model (M2) 

               

 co c1 c2 

so 
0.0293 

coeff 
-0.072722 0.072971      -0.0041037 

std of coeff 
0.0087697        0.00384        0.000389 

Correlation  matrix R 

co 1 -0,9627 0,901804 
c1 -0,9627 1 -0,98151 
c2 0,901804 -0,98151 1 

 

SS(RES)=0.4232, R square=0.8129, Adjusted R square=0.8121 
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3. Polynomial 3rd degree model (M3) 

                    

 co c1 c2 c3 

so 0.028322    
coeff 0.035282 -0.0116111 0.01515645 -0.0013219245 

std of coeff 0.02000 0.0146650 0.003252 0.0002217 

Correlation matrix R 

co 1 -0,9796 0,9438 -0,9057 
c1 -0,9796 1 -0,9896 0,9674 
c2 0,9438 -0,9896 1 -0,9933 
c3 -0,9057 0,9674 -0,9933 1 

 

SS(RES)=0.3947, R square=0.8255, Adjusted R square=0.8244 
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4. Polynomial 5th degree model (M4) 

                              

  co c1 c2 c3 c4 c5 

so 0,0281 

coeff -0.05679 0.07634 -0.00915 -0.00006 0.00030 -2.88E-05 

std of 
coeff 

0.10371 0.13784 0.06767 0.01549 0.00167 6.85E-05 

Correlation  matrix R 

co 1 -0.993 0.976 -0.954 0.931 -0.906 

c1 -0.993 1 -0.994751 0.982016 -0.96496 0.945441 

c2 0.976 -0.99475 1 -0.99605 0.986126 -0.97233 

c4 -0.954 0.982016 -0.996049 1 -0.9969 0.988875 

c5 0.931 -0.96496 0.9861258 -0.9969 1 -0.99747 

c6 -0.906 0.945441 -0.972332 0.988875 -0.99747 1 

 

SS(RES)= 0.3856, R SQUARE =0.8295, Adjusted R SQUARE = 0.8274 
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5. Polynomial 7th degree model (M5) 

                           

 co c1 c2 c3 c4 c5 c6 c7 

so 0,0265 

coeff -4.64850 9.28473 -7.39850 3.09263 -7.34E-01 9.93E-02 -7.15E-03 2.12E-04 

std of 
coeff 

0.58974 1.16899 0.93328 3.91E-01 9.31E-02 1.27E-02 9.21E-04 2.76E-05 

Correlation  matrix R 

co 1 -0.9970 0.9894 -0.9787 0.9661 -0.9526 0.9387 -0.9247 

c1 -0.9970 1 -0.9976 0.9913 -0.9824 0.9719 -0.9604 0.9485 

c2 0.9894 -0.9976 1 -0.9980 0.9929 -0.9855 0.9767 -0.9670 

c3 -0.9787 0.9913 -0.9980 1 -0.9984 0.9941 -0.9880 0.9806 

c4 0.9661 -0.9824 0.9929 -0.9984 1 -0.9987 0.9951 -0.9900 

c5 -0.9526 0.9719 -0.9855 0.9941 -0.9987 1 -0.9989 0.9959 

c6 0.9387 -0.9604 0.9767 -0.9880 0.9951 -0.9989 1 -0.9991 

c7 -0.9247 0.9485 -0.9670 0.9806 -0.9900 0.9959 -0.9991 1 

 

SS(RES)=0.34154, R square=0.8490, Adjusted R square =  0.8465 
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6. Cubic piecewise spline model (M6) 

        (       )    (       )
    (       )

   

where k each break point and    the value of depth for each breakpoint 

Coefficients of each 7 breakpoints, 6 pieces by 4 coefficients 

breakpoint co c1 c2 c3 

1 0,019083 0,145846 -0,10448 0,026761 
2 0,092109 0,010964 0,009384 0,026856 
3 0,128132 0,091307 0,081001 -0,11076 
4 0,195643 0,023197 -0,17086 0,157433 
5 0,181812 -0,00488 0,12622 -0,06657 
6 0,226076 0,067723 -0,03784 -0,00011 
7 0,251952 -0,02578 -0,03826 0,036458 

 

 so=0.027, SS(RES)=0.32057,  R square=0.8582, Adjusted R square=0.8571 
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7. Combined model with 8 coefficients (M7) 

                       ̅     ̅           

 co c1 c2 c3 d1 d2 d3 d4 

so 0,0249 

coeff 0.05880 -0.01258 0.01563 -0.00136 0.00037 -0.00024 -9.90E-04 1.01E-05 

std of 
coeff 

0,01805 0,01292 0,00287 0,00020 0,00004 0,00004 1,83E-04 1,84E-06 

Correlation  matrix R 

co 
1 -0,948 0,908 -0,871 -0,029 0,011 -0,174 0,120 

c1 
-0,948 1 -0,9888 0,96594 -0,0241 0,01761 -0,032 0,025 

c2 
0,908 -0,9888 1 -0,9932 0,04003 -0,0304 0,025 -0,005 

c3 
-0,871 0,96594 -0,9932 1 -0,0431 0,03404 -0,016 -0,008 

d1 -0,029 -0,0241 0,04003 -0,0431 1 -0,1803 0,091 0,015 

d2 0,011 0,01761 -0,0304 0,03404 -0,1803 1 0,022 -0,184 

d3 -0,174 -0,032 0,025 -0,016 0,091 0,022 1 -0,938 

d4 0,120 0,025 -0,005 -0,008 0,015 -0,184 -0,938 1 

 

SS(RES)=0.3034, R square=0.8658, Adjusted R square =  0.8636 
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8. Combined model with 5 coefficients (M8) 

                  ̅       

  co c1 c2 d2 d4 

so 0,0285 

coeff -0,06195 0,07113 -0,00400 -0,00017 -1,11E-06 

std of coeff 0,00930 0,00380 0,00038 0,00004 6,98E-07 

Correlation  matrix R 

co 1 -0,940 0,861 0,082 -0,389 

c1 -0,940 1 -0,9782 -0,0452 0,178528 

c2 0,861 -0,9782 1 0,02222 -0,094922 

d2 0,082 -0,0452 0,02222 1 -0,440489 

d4 -0,389 0,17853 -0,0949 -0,4405 1 

 

SS(RES)= 0.3977, R square= 0.8241, Adjusted R square: 0.8224 
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9. Combined model with 6 coefficients (M9) 

                       ̅      

  co c1 c2 c3 d1 d3 

so 0,0264 

coeff 0,05040 -0,01273 0,01519 -0,00132 0,00032 -2,08E-04 

std of 
coeff 

0,01897 0,01368 0,00304 0,00021 0,00005 6,05E-05 

Correlation  matrix R 

co 1 -0,960 0,918 -0,878 -0,025 -0,182 

c1 -0,960 1 -0,98904241 0,96649975 -0,0207 -0,01625816 

c2 0,918 -0,989 1 -0,9932819 0,03494 0,050458804 

c3 -0,878 0,9665 -0,99328194 1 -0,0376 -0,05887332 

d1 -0,025 -0,0207 0,034942637 -0,0375939 1 0,249970625 

d3 -0,182 -0,0163 0,050458804 -0,0588733 0,24997 1 

 

SS(RES)= 0.3418, R SQUARE =0.8473, Adjusted R SQUARE = 0.847 
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10.  Combined model with 10 coefficients (M10) 

                                

 

  co c1 c2 c3 c4 c5 c6 c7 c8 d3 

so 0,0249 

coeff -4,65751 9,29411 -7,35937 3,05087 -0,71511 0,09495 -6,56E-03 1,70E-04 1,21E-06 -3,34E-04 

std of 
coeff 

1,67289 3,79793 3,56498 1,81494 0,55076 0,10248 1,15E-02 7,08E-04 1,85E-05 5,70E-05 

Correlation  matrix R 

co 1 -0,9987 0,9948 -0,9889 0,9812 -0,9721 0,9620 -0,9511 0,9399 0,0035 

c1 -0,9987 1 -0,9987 0,9952 -0,9896 0,9824 -0,9739 0,9645 -0,9545 -0,0030 

c2 0,9948 -0,9987 1 -0,9988 0,9955 -0,9903 0,9836 -0,9759 0,9673 0,0008 

c3 -0,9889 0,9952 -0,9988 1 -0,9989 0,9958 -0,9911 0,9850 -0,9780 0,0013 

c4 0,9812 -0,9896 0,9955 -0,9989 1 -0,9990 0,9962 -0,9919 0,9865 -0,0030 

c5 -0,9721 0,9824 -0,9903 0,9958 -0,9990 1 -0,9991 0,9966 -0,9928 0,0046 

c6 0,9620 -0,9739 0,9836 -0,9911 0,9962 -0,9991 1 -0,9992 0,9970 -0,0060 

c7 -0,9511 0,9645 -0,9759 0,9850 -0,9919 0,9966 -0,9992 1 -0,9993 0,0073 

c8 0,9399 -0,9545 0,9673 -0,9780 0,9865 -0,9928 0,9970 -0,9993 1 -0,0084 

d3 0,0035 -0,0030 0,0008 0,0013 -0,0030 0,0046 -0,0060 0,0073 -0,0084 1 

SS(RES)=0.3189, R SQUARE= 0.859, Adjusted R SQUARE = 0.8561 
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11.  Combined model with 6 coefficients (M11) 

                             

  co c1 c2 c3 d3 d4 

so 0,0272 

coeff 0,06365 -0,00912 0,01433 -0,00127 -0,00109 8,11E-06 

std of 
coeff 

0,01968 0,01409 0,00313 0,00021 0,00020 1,97E-06 

Correlation  matrix R 

co 1 -0,950 0,911 -0,874 -0,173 0,124 

c1 -0,950 1 -0,988968 0,966154 -0,03077 0,028648 

c2 0,911 -0,989 1 -0,993203 0,022721 -0,01009 

c3 -0,874 0,96615 -0,993203 1 -0,01358 -0,00207 

d3 -0,173 -0,0308 0,0227211 -0,013578 1 -0,95266 

d4 0,124 0,02865 -0,01009 -0,002065 -0,95266 1 

 

SS(res)=0.3623, R SQUARE=0.8398, Adjusted R SQUARE=0.8378 
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12.  Combined model with 6 coefficients (M12) 

                       ̅      

  co c1 c2 c3 d2 d3 

so 0,0272 

coeff 0,05144 -0,01179 0,01476 -0,00129 -0,00015 -2,08E-04 

std of 
coeff 

0,01958 0,01411 0,00313 0,00021 0,00004 6,63E-05 

Correlation  matrix R 

co 1 -0,960 0,918 -0,879 0,029 -0,178 

c1 -0,960 1 -0,989119 0,966602 0,018539 -0,01804 

c2 0,918 -0,9891 1 -0,993281 -0,02507 0,04959 

c3 -0,879 0,9666 -0,993281 1 0,025907 -0,05724 

d2 0,029 0,01854 -0,025067 0,025907 1 -0,40953 

d3 -0,178 -0,018 0,0495903 -0,057244 -0,40953 1 

 

SS(RES)=0.36379, R SQUARE=  0.8391, Adjusted R square= 0.8372 
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13.  Combined model with 7 coefficients (M13) 

                       ̅     ̅      

  co c1 c2 c3 d1 d2 d3 

so 0,0257 

coeff 0,04695 -0,01437 0,01570 -0,00136 3,64E-04 -1,99E-04 -5,11E-05 

std of 
coeff 

0,01845 0,01330 0,00295 2,01E-04 4,57E-05 3,64E-05 6,55E-05 

Correlation  matrix R 

co 1 -0,9585 0,9156 -0,8762 -0,0305 0,0342 -0,1785 

c1 -0,9585 1 -0,9890 0,9665 -0,0245 0,0226 -0,0245 

c2 0,9156 -0,9890 1 -0,9933 0,0401 -0,0319 0,0593 

c3 -0,8762 0,9665 -0,9933 1 -0,0430 0,0332 -0,0674 

d1 -0,0305 -0,0245 0,0401 -0,0430 1 -0,1807 0,3002 

d2 0,0342 0,0226 -0,0319 0,0332 -0,1807 1 -0,4385 

d3 -0,1785 -0,0245 0,0593 -0,0674 0,3002 -0,4385 1 

 

SS(res)= 0.3221, R SQUARE= 0.8576, Adjusted R square =0.8555 
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14.  Combined model with 5 coefficients (M14) 

                  ̅     ̅ 

  co c1 c2 d1 d2 

so 0,0281 

coeff -0,03857167387 0,07180497689 -0,00412775946 -0,00110662965 8,09E-06 

std of 
coeff 

0,00990 0,00376 0,00038 0,00021 2,04E-06 

Correlation  matrix R 

co 1 -0,842 0,765 -0,379 0,250 

c1 -0,842 1 -0,978513749 -0,068433259 0,118787601 

c2 0,765 -0,978513749 1 0,079349181 -0,104315125 

d1 -0,379 -0,068433259 0,079349181 1 -0,952781398 

d2 0,250 0,118787601 -0,104315125 -0,952781398 1 

 

SS(RES)= 0.3885, R SQUARE=  0.8282, Adjusted R square= 0.8265 
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15.  Combined model with 6 coefficients (M15) 

                       ̅     ̅ 

  co c1 c2 c3 d1 d2 

so 0,02565 

coeff 0,044382 -0,014629 0,01476 -0,0013663 0,00037448 -0,00021135 

std of 
coeff 

0,0181426 0,013286 0,002946 0,000201 4,358e-05 3,267e-05 

Correlation  matrix R 

co 1 -0,9789 0,943 -0,9048 0,024562 -0,04985 

c1 -0,97892 1,0000 -0,98959 0,9673 -0,01792 0,013231 

c2 0,943 -0,9896 1 -0,9933 0,023428 -0,00655 

c3 -0,90483 0,9673 -0,99329 1,0000 -0,02386 0,004065 

d1 0,024562 -0,0179 0,023428 -0,0239 1 -0,05724 

d2 -0,04985 0,0132 -0,00655 0,0041 -0,05724 1 

 

SS(RES)=  0.3225, R SQUARE=0.8574,  Adjusted R SQUARE 0.8557 
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Appendix 3. 

 

Three different presentation of the results per image number : 

 Tables showing the computed RMS from the targets’ calibrated coordinates for each 

main applied error correction model per image.[in meters] 

 Plots of the distances offset according to the aforementioned tables (according to the  

5th column) [in meters] 

 Tables describing the results after the plane fitting method for each main error 

correction models [in meters except the so] 
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Image no 2 

After Helmert transformation 

Target id Differences 

 dX dY dZ 3D distance  

17 0.00200 -0.01100 0.00300 0.01158 

18 0.00100 -0.00700 0.00400 0.00812 

19 -0.00900 0.00100 0.00600 0.01086 

29 0.02300 -0.01400 -0.02500 0.03674 

30 0.00300 0.00300 -0.02600 0.02634 

31 -0.00900 0.00700 -0.01400 0.01806 

32 -0.00400 0.02500 -0.01900 0.03165 

34 -0.00900 0.02300 0.01800 0.03056 

35 -0.00800 0.00600 0.01700 0.01972 

36 0.00400 0.00300 0.01800 0.01868 

37 0.01500 -0.00400 0.02200 0.02693 

38 0.02600 -0.01500 0.01900 0.03552 

39 0.01700 -0.02200 0.00100 0.02782 

40 0.00300 -0.00900 -0.01300 0.01609 

41 0.00200 -0.00300 -0.01800 0.01836 

42 -0.01200 -0.00700 -0.00900 0.01655 

43 -0.01300 0.00000 -0.00300 0.01334 

44 -0.00700 -0.00600 -0.00700 0.01158 

45 0.00200 -0.00600 -0.00500 0.00806 

46 0.00300 -0.00200 0.00900 0.00970 

47 -0.00700 -0.00300 0.00700 0.01034 

48 -0.01500 0.01100 -0.00300 0.01884 

RMS 0.00036 -0.00136 -0.00082 0.00163 

Linear model (M1) 

Target id Differences 

 dX dY dZ 3D distance  

17 0.00566 0.00097 0.00136 0.00590 

18 0.00197 0.00364 0.00081 0.00422 

19 0.00472 0.00657 -0.00141 0.00821 

29 0.00271 0.00020 -0.00398 0.00481 

30 0.00328 0.00328 -0.00536 0.00709 

31 0.00087 0.00131 -0.00088 0.00181 

32 -0.00523 -0.00989 -0.00135 0.01127 

34 -0.00745 -0.00783 -0.00060 0.01083 

35 0.00081 0.00297 0.00375 0.00485 

36 0.00057 -0.00173 -0.00243 0.00304 

37 -0.00413 -0.00260 0.00037 0.00490 

38 0.00073 -0.00087 -0.00142 0.00182 

39 0.01236 0.00264 -0.00272 0.01292 

40 0.01094 0.00507 0.00158 0.01216 

41 0.01312 0.00954 -0.00249 0.01642 

42 0.01094 0.01130 -0.00429 0.01630 

43 0.01080 0.00581 -0.00163 0.01238 

44 0.01180 0.01206 0.00229 0.01703 

45 0.00651 0.00618 0.00269 0.00938 

46 0.00587 0.00212 0.00350 0.00716 

47 0.00822 0.00341 0.00695 0.01130 

48 0.00017 -0.00025 -0.00206 0.00208 

RMS 0.00433 0.00245 -0.00033 0.00499 
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Quadratic model (M2) 

Target id Differences 

 dX dY dZ 3D distance  

17 -0.00900 -0.00532 -0.00179 0.01060 

18 -0.01227 -0.00674 -0.00269 0.01426 

19 -0.00689 -0.00613 -0.00481 0.01040 

29 -0.01135 -0.00575 -0.00027 0.01273 

30 -0.01029 -0.00674 -0.00106 0.01235 

31 -0.01007 -0.01072 0.00323 0.01506 

32 -0.01263 -0.02188 0.00200 0.02534 

34 -0.01650 -0.01981 -0.00457 0.02619 

35 -0.01148 -0.00801 -0.00076 0.01402 

36 -0.01252 -0.01135 -0.00707 0.01832 

37 -0.01783 -0.01039 -0.00402 0.02102 

38 -0.01198 -0.00485 -0.00499 0.01386 

39 -0.00236 -0.00178 -0.00359 0.00465 

40 -0.00506 -0.00382 0.00264 0.00687 

41 -0.00158 -0.00135 0.00047 0.00213 

42 -0.00308 -0.00149 -0.00321 0.00469 

43 -0.00325 -0.00687 -0.00270 0.00806 

44 -0.00360 0.00081 0.00114 0.00386 

45 -0.00943 -0.00270 0.00161 0.00994 

46 -0.00938 -0.00642 0.00063 0.01138 

47 -0.00529 -0.00861 0.00393 0.01084 

48 -0.01024 -0.01406 -0.00312 0.01768 

RMS -0.00891 -0.00745 -0.00132 0.01169 

Poynomial 3rd model (M3) 

Target id Differences 

 dX dY dZ 3D distance  

17 -0.00761 -0.00472 -0.00149 0.00908 

18 -0.00981 -0.00495 -0.00208 0.01118 

19 -0.00509 -0.00417 -0.00428 0.00785 

29 -0.01040 -0.00535 -0.00052 0.01171 

30 -0.00828 -0.00525 -0.00170 0.00995 

31 -0.00876 -0.00928 0.00274 0.01305 

32 -0.01263 -0.02187 0.00200 0.02534 

34 -0.01598 -0.01911 -0.00434 0.02529 

35 -0.00983 -0.00654 -0.00015 0.01181 

36 -0.01088 -0.01014 -0.00648 0.01623 

37 -0.01646 -0.00961 -0.00358 0.01940 

38 -0.01250 -0.00501 -0.00514 0.01441 

39 -0.00161 -0.00155 -0.00354 0.00419 

40 -0.00204 -0.00214 0.00244 0.00384 

41 0.00131 0.00079 -0.00012 0.00154 

42 -0.00006 0.00127 -0.00344 0.00367 

43 -0.00025 -0.00416 -0.00247 0.00484 

44 -0.00022 0.00328 0.00139 0.00357 

45 -0.00646 -0.00104 0.00181 0.00679 

46 -0.00691 -0.00503 0.00109 0.00862 

47 -0.00274 -0.00634 0.00450 0.00825 

48 -0.00873 -0.01206 -0.00297 0.01518 

RMS -0.00709 -0.00605 -0.00120 0.00939 
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Cubic Spline model (M6) 

Target id Differences 

 dX dY dZ 3D distance  

17 0.00397 0.00025 0.00100 0.00410 

18 0.00020 0.00235 0.00038 0.00239 

19 0.00334 0.00506 -0.00182 0.00633 

29 0.00103 -0.00051 -0.00354 0.00372 

30 0.00168 0.00210 -0.00485 0.00555 

31 -0.00038 -0.00006 -0.00041 0.00056 

32 -0.00629 -0.01160 -0.00087 0.01322 

34 -0.00854 -0.00928 -0.00108 0.01266 

35 -0.00061 0.00170 0.00323 0.00370 

36 -0.00093 -0.00284 -0.00296 0.00420 

37 -0.00571 -0.00349 -0.00013 0.00669 

38 -0.00137 -0.00153 -0.00201 0.00288 

39 0.01055 0.00210 -0.00282 0.01112 

40 0.00886 0.00392 0.00172 0.00984 

41 0.01116 0.00809 -0.00210 0.01394 

42 0.00893 0.00947 -0.00414 0.01365 

43 0.00881 0.00401 -0.00178 0.00984 

44 0.00956 0.01043 0.00212 0.01430 

45 0.00446 0.00504 0.00255 0.00719 

46 0.00402 0.00109 0.00316 0.00523 

47 0.00647 0.00185 0.00656 0.00940 

48 -0.00105 -0.00187 -0.00219 0.00306 

RMS 0.00264 0.00119 -0.00045 0.00294 

AIC Model (M7) 

Target id Differences 

 dX dY dZ 3D distance  

17 -0.00770 -0.00476 -0.00151 0.00918 

18 -0.00253 0.00036 -0.00029 0.00257 

19 0.00664 0.00866 -0.00086 0.01095 

29 -0.02684 -0.01231 0.00381 0.02978 

30 -0.02699 -0.01906 0.00422 0.03331 

31 -0.01541 -0.01659 0.00523 0.02324 

32 -0.00503 -0.00957 -0.00144 0.01091 

34 0.00147 0.00396 0.00331 0.00537 

35 0.00320 0.00511 0.00463 0.00761 

36 -0.00012 -0.00224 -0.00267 0.00349 

37 -0.00919 -0.00547 -0.00125 0.01077 

38 0.00361 0.00003 -0.00062 0.00366 

39 -0.00607 -0.00289 -0.00381 0.00773 

40 -0.02207 -0.01326 0.00377 0.02602 

41 -0.01776 -0.01335 0.00373 0.02253 

42 -0.00543 -0.00363 -0.00302 0.00720 

43 0.01027 0.00533 -0.00167 0.01169 

44 0.00563 0.00756 0.00183 0.00960 

45 -0.01713 -0.00699 0.00109 0.01854 

46 -0.00945 -0.00645 0.00062 0.01146 

47 0.00860 0.00374 0.00704 0.01172 

48 -0.00183 -0.00290 -0.00226 0.00411 

RMS -0.00610 -0.00385 0.00090 0.00727 
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The above distance differences for each target are plotted in the figure for image no 2 

 

Plane fitting results 

Plane fitting σο [mm] n σn differences 

Without  error 
correction  in 

object’s reference 
system  

(true normal vector) 

0.16 -0.7791 2.96E-05  

 
-0.6269 3.10E-05  

 
-0.0002 6.16E-05  

distance 8.6823 

 
 

    
Without  error 
correction  in 

camera’s reference 
system 

4.05 0.0372 5.42E-05 
 

 
-0.9993 1.24E-05 

 

 
0.0068 6.70E-05 

 distance 2.0539 
  

    

M1-Linear 

0.96 -0.7864 9.13E-06 0.0072 

 
-0.6177 1.00E-05 -0.0091 

 
0.0054 1.65E-05 -0.0056 

distance 8.6627 

 

0.0196 

    

M2-Quadratic 

0.79 -0.7870 7.45E-06 0.0079 

 
-0.6169 8.18E-06 -0.0100 

 
0.0053 1.35E-05 -0.0055 

distance 8.6785 

 

0.0038 

    

M3-Polynomial 3rd 

0.90 -0.7866 8.57E-06 0.0075 

 
-0.6175 9.42E-06 -0.0094 

 
0.0053 1.55E-05 -0.0055 

distance 8.6767 
 

0.0056 

    

M6-Cubic Spline 

0.95 -0.7864 8.99E-06 0.0073 

 
-0.6177 9.87E-06 -0.0092 

 
0.0054 1.63E-05 -0.0056 

distance 8.6648 
 

0.0175 

        

M7 model 

0.94 -0.7775 8.84E-06 -0.0016 

 
-0.6285 9.73E-06 0.0016 

 
-0.0233 1.60E-05 0.0231 

distance 8.7155 
 

-0.0332 

y- axis : 3D distance offset 

x- axis : Target id 
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Image no 3 

After Helmert transformation 

Target id Differences 

 dX dY dZ 3D distance  

11 -0.00400 0.03500 0.03500 0.04966 

12 -0.00100 0.01400 0.02500 0.02867 

13 0.00500 0.00600 0.01900 0.02054 

14 0.01200 -0.01300 0.01800 0.02524 

15 0.03200 -0.01800 0.03300 0.04937 

16 0.01600 -0.02000 0.01300 0.02872 

17 0.00400 -0.01400 0.00600 0.01575 

18 -0.00900 -0.00100 0.00900 0.01277 

19 -0.01100 0.00200 0.00200 0.01136 

20 -0.01400 0.02700 0.00400 0.03068 

23 -0.01300 0.02000 -0.00700 0.02486 

24 -0.01100 -0.00100 -0.01100 0.01559 

25 -0.00700 -0.01100 -0.00900 0.01584 

26 0.00300 -0.01200 -0.01000 0.01591 

27 0.02100 -0.02400 -0.00700 0.03265 

28 0.03400 -0.01800 -0.02700 0.04700 

29 0.01500 -0.00200 -0.02700 0.03095 

30 0.00200 0.00900 -0.02100 0.02293 

31 -0.00200 0.00600 -0.01800 0.01908 

32 -0.00500 0.02100 -0.02000 0.02943 

35 -0.01100 0.00500 0.01400 0.01849 

36 -0.00300 0.00100 0.01000 0.01049 

37 -0.00100 -0.00900 0.00300 0.00954 

38 0.01400 -0.01600 0.00900 0.02309 

39 0.00200 -0.01400 -0.00700 0.01578 

40 0.00200 -0.00400 -0.01300 0.01375 

41 0.00000 0.00200 -0.01700 0.01712 

42 -0.00900 0.00300 -0.01100 0.01453 

43 -0.01400 0.00200 -0.00500 0.01500 

44 -0.00400 -0.00200 -0.00400 0.00600 

45 -0.00600 -0.00200 -0.00300 0.00700 

46 -0.00200 -0.00300 0.01000 0.01063 

47 -0.00600 -0.00100 0.00300 0.00678 

48 -0.01300 0.01000 -0.00500 0.01715 

RMS 0.00047 -0.00065 -0.00026 0.00084 

Linear model (M1) 

Target id Differences 

 dX dY dZ 3D distance  

11 -0.00558 -0.00768 -0.00310 0.00998 

12 -0.00081 0.00213 -0.00309 0.00384 

13 -0.00012 0.00466 0.00457 0.00652 

14 0.01447 0.00206 0.00066 0.01464 

15 0.00097 -0.00412 -0.00280 0.00507 

16 0.02282 0.00295 0.00454 0.02345 

17 0.02720 0.00783 -0.00012 0.02830 

18 0.01746 0.01993 0.00367 0.02675 

19 0.01511 0.01893 0.00542 0.02482 

20 0.00506 0.01106 0.00351 0.01266 

23 0.01181 0.01769 -0.00158 0.02133 
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24 0.02455 0.02443 -0.00087 0.03465 

25 0.03215 0.02677 0.00139 0.04186 

26 0.02999 0.01713 -0.00148 0.03457 

27 0.02757 0.00846 0.00139 0.02887 

28 0.02074 0.01595 -0.00159 0.02621 

29 0.02235 0.01384 -0.00569 0.02690 

30 0.02228 0.01579 -0.00661 0.02810 

31 0.02414 0.01765 -0.00507 0.03033 

32 0.01370 0.01796 -0.00689 0.02362 

35 0.01541 0.00907 0.00704 0.01922 

36 0.01332 0.00911 0.00453 0.01676 

37 0.01139 0.00915 0.00621 0.01587 

38 0.01491 0.01140 -0.00037 0.01877 

39 0.03301 0.01323 0.00252 0.03565 

40 0.02720 0.01710 -0.00024 0.03213 

41 0.02371 0.01768 -0.00772 0.03057 

42 0.02129 0.02225 -0.00241 0.03089 

43 0.02385 0.02083 -0.00092 0.03168 

44 0.02124 0.01754 0.00251 0.02766 

45 0.02697 0.01457 0.00200 0.03072 

46 0.01985 0.01282 0.00114 0.02366 

47 0.01833 0.01441 -0.00107 0.02334 

48 0.01274 0.02026 -0.00139 0.02397 

RMS 0.01791 0.01303 -0.00006 0.02215 

Quadratic model (M2) 

Target id Differences 

 dX dY dZ 3D distance  

11 -0.00393 -0.00554 -0.00242 0.00722 

12 0.00042 0.00335 -0.00264 0.00428 

13 0.00111 0.00559 0.00498 0.00757 

14 0.01634 0.00308 0.00124 0.01668 

15 0.00460 -0.00281 -0.00178 0.00568 

16 0.02529 0.00384 0.00489 0.02605 

17 0.02793 0.00823 -0.00001 0.02911 

18 0.01753 0.01999 0.00368 0.02684 

19 0.01537 0.01919 0.00546 0.02518 

20 0.00596 0.01221 0.00368 0.01408 

23 0.01244 0.01850 -0.00161 0.02235 

24 0.02446 0.02434 -0.00087 0.03452 

25 0.03180 0.02651 0.00141 0.04142 

26 0.03030 0.01730 -0.00148 0.03492 

27 0.02960 0.00920 0.00136 0.03102 

28 0.02332 0.01686 -0.00204 0.02885 

29 0.02332 0.01435 -0.00588 0.02801 

30 0.02259 0.01603 -0.00668 0.02849 

31 0.02457 0.01808 -0.00518 0.03094 

32 0.01468 0.01923 -0.00716 0.02523 

35 0.01586 0.00946 0.00715 0.01980 

36 0.01383 0.00950 0.00465 0.01741 

37 0.01210 0.00961 0.00636 0.01670 

38 0.01671 0.01221 -0.00001 0.02070 

39 0.03408 0.01370 0.00256 0.03683 

40 0.02715 0.01707 -0.00024 0.03207 

41 0.02368 0.01766 -0.00771 0.03053 
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42 0.02110 0.02208 -0.00240 0.03063 

43 0.02362 0.02063 -0.00093 0.03137 

44 0.02102 0.01737 0.00250 0.02738 

45 0.02692 0.01454 0.00200 0.03066 

46 0.02007 0.01296 0.00116 0.02392 

47 0.01837 0.01444 -0.00106 0.02339 

48 0.01300 0.02056 -0.00138 0.02437 

RMS 0.01868 0.01351 0.00005 0.02305 

Polynomial 3
rd

 model (M3) 

Target id Differences 

 dX dY dZ 3D distance  

11 -0.00918 -0.01234 -0.00457 0.01604 

12 -0.00558 -0.00260 -0.00485 0.00783 

13 -0.00558 0.00051 0.00273 0.00623 

14 0.00890 -0.00098 -0.00108 0.00902 

15 -0.00350 -0.00572 -0.00405 0.00783 

16 0.01705 0.00088 0.00372 0.01747 

17 0.02047 0.00418 -0.00114 0.02092 

18 0.01090 0.01497 0.00261 0.01870 

19 0.00942 0.01328 0.00440 0.01686 

20 0.00068 0.00540 0.00264 0.00605 

23 0.00719 0.01170 -0.00135 0.01380 

24 0.01858 0.01846 -0.00064 0.02619 

25 0.02525 0.02152 0.00164 0.03321 

26 0.02285 0.01331 -0.00129 0.02648 

27 0.02134 0.00622 0.00150 0.02228 

28 0.01509 0.01395 -0.00061 0.02056 

29 0.01583 0.01035 -0.00443 0.01943 

30 0.01597 0.01097 -0.00521 0.02006 

31 0.01865 0.01215 -0.00372 0.02256 

32 0.00943 0.01244 -0.00572 0.01663 

35 0.00955 0.00396 0.00565 0.01178 

36 0.00717 0.00443 0.00309 0.00897 

37 0.00501 0.00505 0.00482 0.00859 

38 0.00885 0.00869 -0.00159 0.01250 

39 0.02619 0.01023 0.00227 0.02821 

40 0.02011 0.01261 0.00012 0.02373 

41 0.01709 0.01261 -0.00679 0.02230 

42 0.01488 0.01661 -0.00204 0.02239 

43 0.01738 0.01519 -0.00120 0.02311 

44 0.01443 0.01236 0.00220 0.01913 

45 0.01989 0.01005 0.00170 0.02235 

46 0.01301 0.00846 0.00026 0.01552 

47 0.01207 0.00900 -0.00199 0.01519 

48 0.00740 0.01423 -0.00170 0.01613 

RMS 0.01196 0.00859 -0.00043 0.01474 

Cubic Spline model (M6) 

Target id Differences 

 dX dY dZ 3D distance  

11 -0.01660 -0.02194 -0.00760 0.02855 

12 -0.01342 -0.01036 -0.00774 0.01864 

13 -0.01416 -0.00601 -0.00017 0.01538 

14 -0.00119 -0.00648 -0.00423 0.00782 

15 -0.01557 -0.01006 -0.00743 0.01997 
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16 0.00548 -0.00327 0.00208 0.00671 

17 0.01171 -0.00057 -0.00246 0.01198 

18 0.00391 0.00968 0.00148 0.01055 

19 0.00288 0.00678 0.00322 0.00804 

20 -0.00600 -0.00322 0.00132 0.00694 

23 0.00088 0.00352 -0.00105 0.00378 

24 0.01260 0.01247 -0.00041 0.01773 

25 0.01895 0.01672 0.00186 0.02534 

26 0.01468 0.00893 -0.00108 0.01722 

27 0.01019 0.00219 0.00169 0.01056 

28 0.00345 0.00983 0.00141 0.01052 

29 0.00674 0.00549 -0.00267 0.00909 

30 0.00867 0.00539 -0.00360 0.01082 

31 0.01190 0.00538 -0.00205 0.01322 

32 0.00268 0.00371 -0.00386 0.00598 

35 0.00237 -0.00230 0.00394 0.00514 

36 -0.00046 -0.00138 0.00131 0.00196 

37 -0.00332 -0.00032 0.00300 0.00449 

38 -0.00164 0.00399 -0.00369 0.00568 

39 0.01653 0.00598 0.00191 0.01768 

40 0.01287 0.00802 0.00049 0.01517 

41 0.01029 0.00741 -0.00584 0.01396 

42 0.00870 0.01118 -0.00169 0.01426 

43 0.01125 0.00984 -0.00148 0.01502 

44 0.00790 0.00740 0.00191 0.01099 

45 0.01266 0.00544 0.00138 0.01385 

46 0.00536 0.00358 -0.00073 0.00649 

47 0.00548 0.00330 -0.00296 0.00705 

48 0.00121 0.00723 -0.00205 0.00761 

RMS 0.00403 0.00287 -0.00105 0.00506 

AIC  model (M7) 

Target id Differences 

 dX dY dZ 3D distance  

11 0.00776 0.00960 0.00236 0.01257 

12 0.00879 0.01163 0.00044 0.01458 

13 0.00545 0.00889 0.00645 0.01226 

14 0.01687 0.00337 0.00141 0.01727 

15 0.01042 -0.00072 -0.00015 0.01045 

16 0.01573 0.00041 0.00353 0.01613 

17 0.01535 0.00140 -0.00191 0.01553 

18 0.01974 0.02166 0.00404 0.02959 

19 0.02050 0.02429 0.00638 0.03242 

20 0.01079 0.01845 0.00464 0.02187 

23 0.00966 0.01490 -0.00147 0.01782 

24 0.01832 0.01820 -0.00063 0.02583 

25 0.02054 0.01793 0.00181 0.02733 

26 0.00516 0.00383 -0.00083 0.00648 

27 0.00848 0.00158 0.00172 0.00880 

28 0.00181 0.00925 0.00169 0.00958 

29 -0.00689 -0.00181 -0.00003 0.00713 

30 -0.00239 -0.00307 -0.00115 0.00406 

31 0.00820 0.00167 -0.00113 0.00844 

32 0.00801 0.01061 -0.00533 0.01432 

35 0.02103 0.01396 0.00838 0.02659 
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36 0.01569 0.01092 0.00509 0.01978 

37 0.00788 0.00689 0.00544 0.01180 

38 0.00820 0.00840 -0.00172 0.01186 

39 0.01201 0.00399 0.00174 0.01278 

40 0.00537 0.00326 0.00087 0.00634 

41 0.00237 0.00133 -0.00473 0.00546 

42 0.01190 0.01399 -0.00187 0.01847 

43 0.02796 0.02441 -0.00073 0.03712 

44 0.02015 0.01671 0.00246 0.02629 

45 0.01334 0.00587 0.00141 0.01464 

46 0.01170 0.00763 0.00009 0.01397 

47 0.02606 0.02108 0.00007 0.03352 

48 0.01231 0.01978 -0.00142 0.02334 

RMS 0.01171 0.00971 0.00109 0.01526 
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The above distance differences for each target are plotted in the figure for image no 3 

 

Plane fitting results 

Plane fitting σο [mm] n σn differences 

Without  error 
correction  in 

object’s reference 
system  

(true normal vector) 

0.16 -0.7791 2.96E-05  

 
-0.6269 3.10E-05  

 
-0.0002 6.16E-05  

distance 8.6823 

 
 

    
Without  error 
correction  in 

camera’s reference 
system 

3.473 0.0000 5.35E-08 
 

 
0.0313 3.17E-05 

 

 
-0.9968 2.22E-04 

 distance 2.9819 
  

    

M1-Linear 

1.228 -0.7840 7.85E-06 0.0049 

 
-0.6205 8.67E-06 -0.0064 

 
0.0187 1.43E-05 -0.0189 

distance 8.6330 

 

0.0493 

    

M2-Quadratic 

1.112 -0.7842 7.12E-06 0.0051 

 
-0.6202 7.86E-06 -0.0067 

 
0.0186 1.29E-05 -0.0188 

distance 8.6315 

 

0.0508 

    

M3-Polynomial 3rd 

1.103 -0.7843 7.05E-06 0.0051 

 
-0.6202 7.78E-06 -0.0067 

 
0.0185 1.28E-05 -0.0187 

distance 8.6398 

 

0.0425 

    

M6-Cubic Spline 

1.196 -0.7841 7.61E-06 0.0050 

 
-0.6204 8.40E-06 -0.0065 

 
0.0186 1.38E-05 -0.0188 

distance 8.6502 

 

0.0321 

        

M7 model 

1.103 -0.7782 7.04E-06 -0.0009 

 
-0.6280 7.79E-06 0.0011 

 
-0.0010 1.28E-05 0.0008 

distance 8.6687 

 

0.0135 

y- axis : 3D distance offset 

x- axis : Target id 
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Image no 4 

After Helmert transformation 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.02600 0.06200 0.02400 0.07139 

11 -0.00900 0.03800 0.03700 0.05380 

12 -0.00300 0.01800 0.02300 0.02936 

13 0.01300 0.00300 0.03500 0.03746 

14 0.01600 -0.01100 0.02900 0.03490 

15 0.05400 -0.03500 0.03500 0.07325 

16 0.02100 -0.02500 0.00300 0.03279 

17 0.00300 -0.02600 0.00600 0.02685 

18 -0.00300 -0.01700 0.01000 0.01995 

19 -0.01900 0.00900 0.01300 0.02472 

20 -0.01200 0.01100 0.01300 0.02083 

21 -0.02800 0.04100 0.00400 0.04981 

22 -0.03000 0.03900 -0.01900 0.05274 

23 -0.02300 0.03000 -0.01300 0.03997 

24 -0.01300 0.00000 -0.00300 0.01334 

25 -0.01400 -0.01300 -0.01800 0.02625 

26 0.01000 -0.02400 -0.01400 0.02953 

27 0.03500 -0.03400 -0.02000 0.05274 

28 0.04800 -0.01400 -0.01800 0.05314 

29 0.02100 -0.00700 -0.02200 0.03121 

30 0.01200 -0.00100 -0.02300 0.02596 

31 -0.00500 0.00900 -0.02700 0.02890 

32 -0.01200 0.02600 -0.02600 0.03868 

33 -0.02100 0.04100 -0.03200 0.05609 

34 -0.01100 0.01000 0.02000 0.02492 

35 -0.01000 -0.00100 0.01000 0.01418 

36 -0.00400 -0.00200 0.01100 0.01187 

37 0.01000 -0.01900 0.01900 0.02867 

38 0.01500 -0.02100 0.01200 0.02846 

39 0.02200 -0.02800 -0.00400 0.03583 

40 0.00200 -0.00800 -0.00500 0.00964 

41 -0.00400 0.00500 -0.02700 0.02775 

42 -0.00600 -0.00300 -0.01900 0.02015 

43 -0.01000 -0.00800 -0.00100 0.01285 

44 0.00100 -0.01600 -0.01200 0.02002 

45 -0.00300 -0.01900 -0.01200 0.02267 

46 0.00600 -0.01700 0.00800 0.01972 

47 -0.00600 -0.00500 0.00100 0.00787 

48 -0.01700 0.01300 0.00100 0.02142 

RMS 0.00000 0.00003 -0.00003 0.00004 

Linear model (M1) 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.04004 -0.05572 -0.01085 0.06946 

11 -0.04530 -0.04226 -0.00768 0.06243 

12 -0.03337 -0.02868 -0.00904 0.04492 

13 -0.03834 -0.02572 -0.00426 0.04637 

14 -0.02815 -0.01321 -0.00981 0.03261 

15 -0.03314 -0.01715 -0.00790 0.03814 
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16 -0.01163 -0.00411 -0.00286 0.01266 

17 0.00219 -0.00077 0.00025 0.00233 

18 -0.00752 -0.00359 -0.00249 0.00869 

19 -0.01199 -0.00931 -0.00411 0.01572 

20 -0.01487 -0.02000 -0.00484 0.02539 

21 -0.02263 -0.03155 -0.00367 0.03900 

22 -0.01297 -0.01712 0.00517 0.02209 

23 -0.00596 -0.01118 -0.00538 0.01376 

24 0.00122 0.00117 -0.00307 0.00351 

25 0.01339 0.00945 0.00039 0.01639 

26 0.01103 0.00734 -0.00237 0.01347 

27 0.00694 -0.00467 0.00231 0.00868 

28 -0.00144 -0.00376 -0.00049 0.00406 

29 0.00685 0.00287 -0.00295 0.00799 

30 0.00045 0.00328 -0.00258 0.00420 

31 0.00362 0.00304 -0.00036 0.00474 

32 -0.00361 -0.00515 -0.00122 0.00640 

33 -0.01083 -0.01147 0.00098 0.01581 

34 -0.01841 -0.02631 -0.00325 0.03228 

35 -0.01318 -0.00953 -0.00884 0.01851 

36 -0.01417 -0.01117 -0.00467 0.01864 

37 -0.00948 -0.01200 -0.00247 0.01549 

38 -0.01344 -0.00721 -0.00033 0.01526 

39 0.00468 -0.00196 0.00012 0.00508 

40 0.00361 0.00658 -0.00187 0.00773 

41 0.00437 0.00298 -0.00131 0.00545 

42 0.00099 0.00224 -0.00317 0.00400 

43 -0.00386 -0.00155 -0.00261 0.00491 

44 0.00077 0.00082 0.00232 0.00258 

45 0.00713 0.00537 -0.00154 0.00906 

46 -0.00357 -0.00856 0.00156 0.00941 

47 -0.00522 -0.01014 -0.00528 0.01257 

48 -0.01106 -0.00765 0.00057 0.01346 

RMS -0.00890 -0.00914 -0.00276 0.01305 

Quadratic model (M2) 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.03317 -0.04599 -0.00860 0.05735 

11 -0.03776 -0.03365 -0.00543 0.05087 

12 -0.02525 -0.02110 -0.00678 0.03360 

13 -0.02955 -0.01900 -0.00194 0.03519 

14 -0.01851 -0.00749 -0.00741 0.02130 

15 -0.02244 -0.01241 -0.00545 0.02621 

16 -0.00114 0.00052 -0.00160 0.00203 

17 0.01150 0.00475 0.00140 0.01253 

18 0.00094 0.00285 -0.00138 0.00330 

19 -0.00415 -0.00195 -0.00299 0.00547 

20 -0.00757 -0.01164 -0.00373 0.01438 

21 -0.01590 -0.02200 -0.00257 0.02727 

22 -0.00632 -0.00766 0.00492 0.01108 

23 0.00123 -0.00292 -0.00555 0.00639 

24 0.00891 0.00842 -0.00322 0.01267 

25 0.02166 0.01578 0.00023 0.02680 

26 0.02023 0.01276 -0.00249 0.02404 
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27 0.01725 -0.00006 0.00224 0.01740 

28 0.00899 0.00086 -0.00186 0.00922 

29 0.01617 0.00837 -0.00429 0.01870 

30 0.00887 0.00973 -0.00393 0.01374 

31 0.01139 0.01035 -0.00171 0.01549 

32 0.00363 0.00316 -0.00258 0.00546 

33 -0.00415 -0.00199 -0.00043 0.00462 

34 -0.01077 -0.01838 -0.00171 0.02137 

35 -0.00496 -0.00258 -0.00729 0.00918 

36 -0.00561 -0.00462 -0.00308 0.00790 

37 -0.00051 -0.00593 -0.00089 0.00602 

38 -0.00349 -0.00205 0.00129 0.00425 

39 0.01449 0.00306 0.00047 0.01482 

40 0.01239 0.01242 -0.00214 0.01768 

41 0.01270 0.00939 -0.00214 0.01594 

42 0.00897 0.00906 -0.00345 0.01320 

43 0.00417 0.00526 -0.00228 0.00709 

44 0.00910 0.00719 0.00267 0.01190 

45 0.01589 0.01123 -0.00118 0.01949 

46 0.00530 -0.00261 0.00249 0.00641 

47 0.00290 -0.00329 -0.00432 0.00615 

48 -0.00357 0.00010 0.00093 0.00369 

RMS -0.00047 -0.00236 -0.00220 0.00326 

Polynomial 3rd model (M3) 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.03556 -0.04938 -0.00938 0.06157 

11 -0.04100 -0.03735 -0.00640 0.05583 

12 -0.02919 -0.02478 -0.00788 0.03909 

13 -0.03386 -0.02229 -0.00308 0.04065 

14 -0.02298 -0.01014 -0.00852 0.02652 

15 -0.02648 -0.01420 -0.00638 0.03072 

16 -0.00588 -0.00157 -0.00217 0.00647 

17 0.00634 0.00169 0.00076 0.00661 

18 -0.00401 -0.00092 -0.00203 0.00458 

19 -0.00859 -0.00612 -0.00363 0.01115 

20 -0.01132 -0.01593 -0.00430 0.02001 

21 -0.01871 -0.02600 -0.00303 0.03218 

22 -0.00929 -0.01189 0.00503 0.01591 

23 -0.00268 -0.00741 -0.00546 0.00959 

24 0.00427 0.00404 -0.00313 0.00666 

25 0.01648 0.01181 0.00033 0.02028 

26 0.01482 0.00958 -0.00242 0.01781 

27 0.01219 -0.00232 0.00227 0.01262 

28 0.00420 -0.00126 -0.00123 0.00456 

29 0.01102 0.00533 -0.00355 0.01275 

30 0.00394 0.00596 -0.00314 0.00781 

31 0.00693 0.00615 -0.00093 0.00931 

32 -0.00014 -0.00116 -0.00187 0.00221 

33 -0.00700 -0.00603 0.00017 0.00924 

34 -0.01472 -0.02248 -0.00251 0.02699 

35 -0.00953 -0.00644 -0.00815 0.01410 

36 -0.01035 -0.00824 -0.00396 0.01381 

37 -0.00542 -0.00925 -0.00175 0.01086 
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38 -0.00833 -0.00456 0.00050 0.00951 

39 0.00926 0.00038 0.00028 0.00927 

40 0.00708 0.00889 -0.00198 0.01153 

41 0.00765 0.00551 -0.00164 0.00957 

42 0.00407 0.00487 -0.00328 0.00715 

43 -0.00071 0.00113 -0.00248 0.00282 

44 0.00399 0.00328 0.00245 0.00572 

45 0.01057 0.00768 -0.00140 0.01314 

46 0.00017 -0.00605 0.00195 0.00636 

47 -0.00188 -0.00732 -0.00488 0.00900 

48 -0.00785 -0.00433 0.00072 0.00899 

RMS -0.00494 -0.00593 -0.00246 0.00810 

Cubic Spline model (M6) 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.02044 -0.02793 -0.00441 0.03489 

11 -0.02566 -0.01983 -0.00183 0.03248 

12 -0.01429 -0.01085 -0.00372 0.01832 

13 -0.01787 -0.01007 0.00113 0.02054 

14 -0.00447 0.00085 -0.00390 0.00599 

15 -0.00332 -0.00394 -0.00107 0.00527 

16 0.01467 0.00750 0.00030 0.01648 

17 0.02053 0.01010 0.00251 0.02302 

18 0.00757 0.00791 -0.00051 0.01096 

19 0.00287 0.00462 -0.00200 0.00579 

20 0.00119 -0.00160 -0.00240 0.00312 

21 -0.00479 -0.00625 -0.00075 0.00791 

22 0.00387 0.00682 0.00453 0.00905 

23 0.00860 0.00556 -0.00573 0.01173 

24 0.01405 0.01325 -0.00332 0.01960 

25 0.02599 0.01911 0.00015 0.03226 

26 0.02727 0.01691 -0.00258 0.03219 

27 0.03088 0.00603 0.00213 0.03154 

28 0.02441 0.00769 -0.00389 0.02589 

29 0.02532 0.01375 -0.00561 0.02935 

30 0.01548 0.01480 -0.00499 0.02199 

31 0.01797 0.01654 -0.00285 0.02459 

32 0.01207 0.01283 -0.00417 0.01810 

33 0.00668 0.01337 -0.00270 0.01518 

34 -0.00172 -0.00899 0.00012 0.00915 

35 0.00292 0.00409 -0.00580 0.00767 

36 0.00274 0.00176 -0.00153 0.00360 

37 0.00856 0.00020 0.00071 0.00859 

38 0.00990 0.00491 0.00348 0.01158 

39 0.02517 0.00853 0.00086 0.02659 

40 0.01820 0.01629 -0.00233 0.02454 

41 0.01815 0.01358 -0.00269 0.02283 

42 0.01382 0.01320 -0.00361 0.01945 

43 0.00933 0.00964 -0.00207 0.01358 

44 0.01415 0.01105 0.00288 0.01818 

45 0.02156 0.01503 -0.00095 0.02630 

46 0.01259 0.00229 0.00326 0.01321 

47 0.00912 0.00196 -0.00358 0.00999 

48 0.00293 0.00683 0.00125 0.00753 
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RMS 0.00862 0.00506 -0.00143 0.01010 

AIC  model (M7) 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.02406 -0.03306 -0.00560 0.04127 

11 -0.02944 -0.02415 -0.00295 0.03819 

12 -0.01942 -0.01565 -0.00515 0.02546 

13 -0.02985 -0.01923 -0.00202 0.03556 

14 -0.02185 -0.00947 -0.00824 0.02520 

15 -0.01982 -0.01125 -0.00485 0.02330 

16 -0.00915 -0.00302 -0.00256 0.00996 

17 -0.00233 -0.00344 -0.00030 0.00417 

18 -0.00511 -0.00176 -0.00217 0.00583 

19 0.00462 0.00627 -0.00175 0.00798 

20 -0.00088 -0.00397 -0.00271 0.00489 

21 -0.01138 -0.01560 -0.00183 0.01940 

22 -0.00806 -0.01014 0.00498 0.01388 

23 -0.00249 -0.00719 -0.00546 0.00937 

24 0.00242 0.00230 -0.00310 0.00455 

25 0.00527 0.00322 0.00054 0.00620 

26 -0.00225 -0.00048 -0.00220 0.00319 

27 0.00091 -0.00736 0.00236 0.00778 

28 -0.00812 -0.00672 0.00039 0.01055 

29 -0.00941 -0.00670 -0.00061 0.01157 

30 -0.01524 -0.00874 -0.00007 0.01757 

31 -0.00701 -0.00696 0.00149 0.00999 

32 -0.00861 -0.01087 -0.00028 0.01387 

33 -0.00956 -0.00967 0.00071 0.01362 

34 -0.00195 -0.00923 0.00008 0.00943 

35 -0.00328 -0.00116 -0.00697 0.00779 

36 -0.00913 -0.00731 -0.00374 0.01227 

37 -0.00875 -0.01151 -0.00234 0.01465 

38 -0.01266 -0.00680 -0.00021 0.01437 

39 -0.00388 -0.00634 -0.00019 0.00744 

40 -0.00962 -0.00222 -0.00146 0.00998 

41 -0.00897 -0.00727 0.00002 0.01154 

42 -0.00348 -0.00158 -0.00301 0.00487 

43 -0.00106 0.00083 -0.00250 0.00284 

44 -0.00256 -0.00173 0.00218 0.00378 

45 -0.00156 -0.00044 -0.00190 0.00250 

46 -0.00772 -0.01135 0.00113 0.01377 

47 0.00296 -0.00324 -0.00431 0.00615 

48 0.00002 0.00381 0.00111 0.00397 

RMS -0.00775 -0.00690 -0.00163 0.01051 
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The above distance differences for each target are plotted in the figure for image no 4 

 

Plane fitting results 

Plane fitting σο [mm] n σn differences 

Without  error 
correction  in 

object’s reference 
system  

(true normal vector) 

0.16 -0.7791 2.96E-05  

 
-0.6269 3.10E-05  

 
-0.0002 6.16E-05  

distance 8.6823 

 
 

    
Without  error 
correction  in 

camera’s reference 
system 

2.186 -0.0551 5.79E-05 
 

 
-0.9973 7.24E-06 

 

 
0.0492 6.49E-05 

 distance 4.0441 
  

    

M1-Linear 

0.987 -0.7887 1.89E-05 0.0096 

 
-0.6137 2.00E-05 -0.0132 

 
0.0373 3.04E-05 -0.0375 

distance 8.6217 
 

0.0606 

    

M2-Quadratic 

0.977 -0.7886 1.88E-05 0.0095 

 
-0.6138 1.99E-05 -0.0131 

 
0.0370 3.01E-05 -0.0372 

distance 8.6116 
 

0.0706 

    

M3-Polynomial 3rd 

0.955 -0.7885 1.84E-05 0.0094 

 
-0.6140 1.94E-05 -0.0129 

 
0.0361 2.94E-05 -0.0363 

distance 8.6192 
 

0.0630 

    

M6-Cubic Spline 

0.830 -0.7877 1.60E-05 0.0086 

 
-0.6153 1.69E-05 -0.0116 

 
0.0307 2.57E-05 -0.0309 

distance 8.6135 
 

0.0688 

        

M7 model 

1.186 -0.7768 2.27E-05 -0.0024 

 
-0.6297 2.41E-05 0.0028 

 
0.0122 3.64E-05 -0.0124 

distance 8.6720 
 

0.0103 

y- axis : 3D distance offset 

x- axis : Target id 
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Image no 5 

After Helmert transformation 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.02600 0.06200 0.02400 0.07139 

11 -0.00900 0.03800 0.03700 0.05380 

12 -0.00300 0.01800 0.02300 0.02936 

13 0.01300 0.00300 0.03500 0.03746 

14 0.01600 -0.01100 0.02900 0.03490 

15 0.05400 -0.03500 0.03500 0.07325 

16 0.02100 -0.02500 0.00300 0.03279 

17 0.00300 -0.02600 0.00600 0.02685 

18 -0.00300 -0.01700 0.01000 0.01995 

19 -0.01900 0.00900 0.01300 0.02472 

20 -0.01200 0.01100 0.01300 0.02083 

21 -0.02800 0.04100 0.00400 0.04981 

22 -0.03000 0.03900 -0.01900 0.05274 

23 -0.02300 0.03000 -0.01300 0.03997 

24 -0.01300 0.00000 -0.00300 0.01334 

25 -0.01400 -0.01300 -0.01800 0.02625 

26 0.01000 -0.02400 -0.01400 0.02953 

27 0.03500 -0.03400 -0.02000 0.05274 

28 0.04800 -0.01400 -0.01800 0.05314 

29 0.02100 -0.00700 -0.02200 0.03121 

30 0.01200 -0.00100 -0.02300 0.02596 

31 -0.00500 0.00900 -0.02700 0.02890 

32 -0.01200 0.02600 -0.02600 0.03868 

33 -0.02100 0.04100 -0.03200 0.05609 

34 -0.01100 0.01000 0.02000 0.02492 

35 -0.01000 -0.00100 0.01000 0.01418 

36 -0.00400 -0.00200 0.01100 0.01187 

37 0.01000 -0.01900 0.01900 0.02867 

38 0.01500 -0.02100 0.01200 0.02846 

39 0.02200 -0.02800 -0.00400 0.03583 

40 0.00200 -0.00800 -0.00500 0.00964 

41 -0.00400 0.00500 -0.02700 0.02775 

42 -0.00600 -0.00300 -0.01900 0.02015 

43 -0.01000 -0.00800 -0.00100 0.01285 

44 0.00100 -0.01600 -0.01200 0.02002 

45 -0.00300 -0.01900 -0.01200 0.02267 

46 0.00600 -0.01700 0.00800 0.01972 

47 -0.00600 -0.00500 0.00100 0.00787 

48 -0.01700 0.01300 0.00100 0.02142 

RMS 0.00000 0.00005 -0.00005 0.00007 

Linear model (M1) 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.01628 -0.02564 -0.00584 0.03093 

11 -0.02134 -0.01790 -0.00311 0.02802 

12 -0.01688 -0.01551 -0.00159 0.02297 

13 -0.00769 -0.00729 -0.00097 0.01064 

14 -0.00859 -0.00329 0.00620 0.01109 

15 0.00373 0.00244 0.00064 0.00450 
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16 0.01441 0.01002 0.00138 0.01761 

17 0.01132 0.01189 0.00098 0.01645 

18 0.00369 0.00233 -0.00068 0.00442 

19 -0.00031 -0.00242 -0.00324 0.00406 

20 -0.00103 -0.00541 -0.00309 0.00631 

21 -0.00898 -0.00569 -0.00061 0.01065 

22 0.00336 0.00232 0.00065 0.00414 

23 0.00172 -0.00349 -0.00280 0.00479 

24 0.01043 0.00681 -0.00202 0.01262 

25 0.01800 0.01640 -0.00236 0.02447 

26 0.02267 0.00608 -0.00051 0.02347 

27 0.02382 0.01089 -0.00719 0.02716 

28 0.01952 0.01062 -0.00668 0.02320 

29 0.02432 0.00941 -0.00713 0.02703 

30 0.01502 0.01259 -0.00523 0.02029 

31 0.01404 0.01165 -0.00247 0.01841 

32 0.00752 0.01344 0.00024 0.01540 

33 0.00826 0.01556 -0.00240 0.01778 

34 -0.00850 -0.01018 -0.00088 0.01329 

35 -0.00499 -0.00448 -0.00041 0.00672 

36 -0.00568 -0.00098 -0.00310 0.00655 

37 0.00288 -0.00109 0.00107 0.00326 

38 0.00199 -0.00284 0.00872 0.00938 

39 0.01886 0.01550 -0.00096 0.02443 

40 0.01961 0.00833 0.00386 0.02166 

41 0.00698 0.01649 -0.00784 0.01955 

42 0.01627 0.00964 0.00128 0.01895 

43 0.01204 0.00340 -0.00724 0.01446 

44 0.01070 0.00944 -0.00115 0.01432 

45 0.01402 0.00633 0.00021 0.01538 

46 0.00788 0.00334 -0.00003 0.00856 

47 0.00121 0.00160 -0.00155 0.00253 

48 -0.00057 -0.00366 -0.00480 0.00606 

RMS 0.00547 0.00273 -0.00156 0.00631 

Quadratic model (M2) 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.00860 -0.01589 -0.00390 0.01848 

11 -0.01270 -0.00870 -0.00108 0.01543 

12 -0.00746 -0.00699 0.00050 0.01023 

13 0.00239 0.00047 0.00120 0.00272 

14 0.00213 0.00342 0.00838 0.00930 

15 0.01491 0.00800 0.00278 0.01714 

16 0.02586 0.01571 0.00253 0.03036 

17 0.02230 0.01873 0.00210 0.02920 

18 0.01398 0.01022 0.00042 0.01732 

19 0.00928 0.00628 -0.00214 0.01141 

20 0.00778 0.00400 -0.00204 0.00899 

21 -0.00111 0.00429 0.00037 0.00444 

22 0.01129 0.01240 0.00044 0.01677 

23 0.01057 0.00599 -0.00297 0.01251 

24 0.02007 0.01558 -0.00217 0.02550 

25 0.02835 0.02435 -0.00251 0.03746 

26 0.03370 0.01298 -0.00063 0.03612 
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27 0.03535 0.01666 -0.00724 0.03974 

28 0.03096 0.01631 -0.00792 0.03588 

29 0.03528 0.01625 -0.00842 0.03975 

30 0.02529 0.02050 -0.00656 0.03320 

31 0.02362 0.02035 -0.00380 0.03141 

32 0.01633 0.02283 -0.00106 0.02809 

33 0.01614 0.02556 -0.00367 0.03045 

34 0.00067 -0.00118 0.00059 0.00147 

35 0.00491 0.00378 0.00108 0.00629 

36 0.00454 0.00686 -0.00155 0.00837 

37 0.01345 0.00626 0.00260 0.01506 

38 0.01312 0.00345 0.01022 0.01699 

39 0.03019 0.02179 -0.00061 0.03724 

40 0.03035 0.01573 0.00357 0.03437 

41 0.01730 0.02442 -0.00865 0.03115 

42 0.02625 0.01804 0.00099 0.03187 

43 0.02204 0.01177 -0.00689 0.02592 

44 0.02105 0.01738 -0.00079 0.02731 

45 0.02474 0.01373 0.00057 0.02830 

46 0.01856 0.01071 0.00090 0.02145 

47 0.01119 0.00989 -0.00060 0.01495 

48 0.00869 0.00545 -0.00442 0.01117 

RMS 0.01546 0.01070 -0.00104 0.01883 

Polynomial 3rd model (M3) 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.00662 -0.01337 -0.00340 0.01531 

11 -0.01097 -0.00686 -0.00067 0.01296 

12 -0.00586 -0.00554 0.00086 0.00811 

13 0.00398 0.00169 0.00155 0.00460 

14 0.00409 0.00465 0.00878 0.01074 

15 0.01750 0.00929 0.00328 0.02008 

16 0.02797 0.01675 0.00274 0.03272 

17 0.02369 0.01960 0.00224 0.03083 

18 0.01512 0.01109 0.00054 0.01875 

19 0.01044 0.00733 -0.00201 0.01291 

20 0.00910 0.00540 -0.00188 0.01074 

21 0.00053 0.00636 0.00058 0.00641 

22 0.01277 0.01429 0.00040 0.01917 

23 0.01176 0.00726 -0.00299 0.01414 

24 0.02102 0.01644 -0.00218 0.02678 

25 0.02925 0.02504 -0.00252 0.03859 

26 0.03490 0.01373 -0.00064 0.03751 

27 0.03722 0.01759 -0.00724 0.04180 

28 0.03304 0.01734 -0.00815 0.03819 

29 0.03664 0.01710 -0.00858 0.04133 

30 0.02637 0.02133 -0.00670 0.03457 

31 0.02470 0.02134 -0.00395 0.03288 

32 0.01758 0.02416 -0.00124 0.02990 

33 0.01769 0.02752 -0.00392 0.03295 

34 0.00203 0.00017 0.00081 0.00220 

35 0.00620 0.00485 0.00127 0.00797 

36 0.00587 0.00788 -0.00135 0.00991 

37 0.01484 0.00722 0.00280 0.01674 
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38 0.01503 0.00452 0.01047 0.01887 

39 0.03172 0.02264 -0.00056 0.03898 

40 0.03138 0.01644 0.00354 0.03560 

41 0.01830 0.02519 -0.00873 0.03234 

42 0.02714 0.01879 0.00096 0.03302 

43 0.02298 0.01256 -0.00685 0.02707 

44 0.02200 0.01811 -0.00075 0.02850 

45 0.02581 0.01447 0.00061 0.02960 

46 0.01975 0.01153 0.00101 0.02290 

47 0.01228 0.01079 -0.00050 0.01635 

48 0.00980 0.00654 -0.00437 0.01256 

RMS 0.01685 0.01183 -0.00094 0.02060 

Cubic Spline model (M6) 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.01704 -0.02660 -0.00603 0.03216 

11 -0.02086 -0.01739 -0.00300 0.02732 

12 -0.01515 -0.01394 -0.00121 0.02062 

13 -0.00523 -0.00539 -0.00044 0.00752 

14 -0.00723 -0.00244 0.00647 0.01001 

15 0.00324 0.00219 0.00054 0.00395 

16 0.01578 0.01070 0.00152 0.01913 

17 0.01597 0.01478 0.00146 0.02181 

18 0.00915 0.00651 -0.00010 0.01123 

19 0.00412 0.00159 -0.00273 0.00520 

20 0.00156 -0.00265 -0.00279 0.00415 

21 -0.00877 -0.00542 -0.00059 0.01033 

22 0.00418 0.00336 0.00063 0.00541 

23 0.00507 0.00010 -0.00287 0.00583 

24 0.01629 0.01214 -0.00211 0.02042 

25 0.02514 0.02188 -0.00246 0.03342 

26 0.02863 0.00981 -0.00057 0.03027 

27 0.02640 0.01219 -0.00720 0.02996 

28 0.02104 0.01137 -0.00684 0.02488 

29 0.02916 0.01243 -0.00770 0.03262 

30 0.02079 0.01704 -0.00598 0.02754 

31 0.01894 0.01610 -0.00315 0.02506 

32 0.01047 0.01658 -0.00019 0.01961 

33 0.00881 0.01626 -0.00249 0.01866 

34 -0.00584 -0.00756 -0.00046 0.00956 

35 -0.00099 -0.00114 0.00019 0.00152 

36 -0.00157 0.00217 -0.00247 0.00365 

37 0.00706 0.00182 0.00168 0.00748 

38 0.00398 -0.00172 0.00899 0.00997 

39 0.02308 0.01784 -0.00083 0.02918 

40 0.02634 0.01297 0.00368 0.02959 

41 0.01333 0.02137 -0.00834 0.02653 

42 0.02298 0.01529 0.00108 0.02762 

43 0.01843 0.00875 -0.00701 0.02158 

44 0.01747 0.01464 -0.00091 0.02281 

45 0.02043 0.01076 0.00042 0.02309 

46 0.01345 0.00718 0.00046 0.01525 

47 0.00663 0.00610 -0.00104 0.00907 

48 0.00379 0.00063 -0.00462 0.00601 
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RMS 0.00921 0.00565 -0.00146 0.01090 

AIC  model (M7) 

Target id Differences 

 dX dY dZ 3D distance  

10 0.00431 0.00052 -0.00063 0.00439 

11 0.00147 0.00640 0.00225 0.00695 

12 0.00327 0.00272 0.00289 0.00515 

13 0.00661 0.00371 0.00211 0.00787 

14 0.00239 0.00359 0.00843 0.00947 

15 0.01832 0.00970 0.00344 0.02101 

16 0.02118 0.01338 0.00206 0.02513 

17 0.01482 0.01407 0.00134 0.02048 

18 0.01309 0.00953 0.00032 0.01620 

19 0.02036 0.01633 -0.00088 0.02611 

20 0.02330 0.02057 -0.00018 0.03108 

21 0.00859 0.01658 0.00159 0.01874 

22 0.01396 0.01579 0.00036 0.02108 

23 0.01339 0.00900 -0.00302 0.01641 

24 0.01896 0.01457 -0.00215 0.02401 

25 0.01896 0.01713 -0.00238 0.02567 

26 0.01917 0.00390 -0.00047 0.01956 

27 0.02410 0.01103 -0.00719 0.02747 

28 0.01773 0.00973 -0.00648 0.02124 

29 0.01701 0.00485 -0.00627 0.01876 

30 0.00900 0.00796 -0.00446 0.01282 

31 0.01204 0.00982 -0.00219 0.01569 

32 0.00928 0.01531 -0.00002 0.01790 

33 0.01334 0.02201 -0.00322 0.02594 

34 0.01625 0.01413 0.00309 0.02176 

35 0.01083 0.00871 0.00197 0.01404 

36 0.00596 0.00795 -0.00133 0.01002 

37 0.01082 0.00443 0.00222 0.01190 

38 0.00847 0.00082 0.00959 0.01282 

39 0.01835 0.01522 -0.00097 0.02386 

40 0.01642 0.00614 0.00394 0.01797 

41 0.00349 0.01381 -0.00757 0.01613 

42 0.01993 0.01272 0.00117 0.02367 

43 0.02138 0.01122 -0.00691 0.02512 

44 0.01539 0.01304 -0.00099 0.02020 

45 0.01469 0.00680 0.00023 0.01619 

46 0.01207 0.00623 0.00034 0.01359 

47 0.01449 0.01262 -0.00029 0.01922 

48 0.01787 0.01448 -0.00404 0.02335 

RMS 0.01362 0.01042 -0.00037 0.01715 
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The above distance differences for each target are plotted in the figure for image no 5 

 

Plane fitting results 

Plane fitting σο [mm] n σn differences 

Without  error 
correction  in 

object’s reference 
system  

(true normal vector) 

0.16 -0.7791 2.96E-05  

 
-0.6269 3.10E-05  

 
-0.0002 6.16E-05  

distance 8.6823 

 
 

    
Without  error 
correction  in 

camera’s reference 
system 

1.275 -0.0600 2.75E-05 
 

 
-0.9975 3.43E-06 

 

 
0.0363 3.08E-05 

 distance 4.9775 
  

    

M1-Linear 

0.710 -0.7871 1.12E-05 0.0080 

 
-0.6162 1.17E-05 -0.0107 

 
0.0280 1.78E-05 -0.0282 

distance 8.6253 
 

0.0570 

    

M2-Quadratic 

0.714 -0.7872 1.13E-05 0.0081 

 
-0.6160 1.17E-05 -0.0109 

 
0.0284 1.79E-05 -0.0286 

distance 8.6118 
 

0.0705 

    

M3-Polynomial 3rd 

0.705 -0.7870 1.12E-05 0.0079 

 
-0.6163 1.16E-05 -0.0106 

 
0.0276 1.77E-05 -0.0278 

distance 8.6115 
 

0.0708 

    

M6-Cubic Spline 

0.791 -0.7881 1.25E-05 0.0089 

 
-0.6147 1.30E-05 -0.0121 

 
0.0323 1.98E-05 -0.0325 

distance 8.6120 
 

0.0703 

        

M7 model 

0.862 -0.7773 1.36E-05 -0.0018 

 
-0.6291 1.42E-05 0.0022 

 
0.0082 2.16E-05 -0.0084 

distance 8.6544 
 

0.0279 

 

y- axis : 3D distance offset 

x- axis : Target id 
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Image no 6 

After Helmert transformation 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.01900 0.04400 0.02800 0.05551 

11 -0.00900 0.03100 0.02900 0.04339 

12 0.00100 0.00500 0.00800 0.00949 

13 0.00700 -0.00100 0.01000 0.01225 

14 0.01500 -0.01300 0.02200 0.02963 

15 0.02200 -0.01600 0.01300 0.03015 

16 0.02300 -0.02700 0.00400 0.03569 

17 -0.00500 -0.00800 0.01600 0.01857 

18 -0.00700 -0.00500 -0.00100 0.00866 

19 -0.01700 0.00800 0.00000 0.01879 

20 -0.01100 0.01600 0.01200 0.02283 

21 -0.01900 0.01900 0.00300 0.02704 

22 -0.02700 0.02900 -0.00500 0.03994 

23 -0.01900 0.02800 -0.01900 0.03881 

24 -0.01300 -0.00300 -0.00100 0.01338 

25 -0.01900 0.00600 0.00100 0.01995 

26 0.00900 -0.01600 -0.00900 0.02045 

27 0.02400 -0.03100 -0.00400 0.03941 

28 0.04300 -0.01700 -0.01900 0.04999 

29 0.01600 -0.01600 -0.02900 0.03678 

30 -0.00200 0.01300 -0.02100 0.02478 

31 -0.00200 0.00700 -0.02500 0.02604 

32 -0.00300 0.01300 -0.01000 0.01667 

33 -0.00700 0.01900 -0.02100 0.02917 

RMS 
-0.00079 0.00354 -0.00075 0.00371 

Linear model (M1) 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.01903 -0.02269 -0.01081 0.03152 

11 -0.02769 -0.01364 -0.01289 0.03345 

12 -0.01173 -0.01438 0.00007 0.01856 

13 -0.00946 -0.01622 -0.00106 0.01881 

14 -0.01579 -0.00240 -0.00415 0.01650 

15 -0.00687 -0.00849 -0.01092 0.01544 

16 0.00458 -0.00893 -0.00707 0.01227 

17 0.00472 0.00512 -0.00368 0.00788 

18 -0.00097 0.00506 0.00399 0.00652 

19 -0.00633 0.00580 0.00382 0.00939 

20 -0.01294 0.00179 0.00825 0.01545 

21 -0.00366 -0.00816 -0.00705 0.01139 

22 0.00197 0.00531 -0.00499 0.00754 

23 0.00200 -0.00244 0.00076 0.00324 

24 0.01750 -0.00052 -0.00872 0.01956 

25 0.01058 0.00574 0.00444 0.01283 

26 0.01120 -0.00067 -0.00164 0.01134 

27 0.00952 0.00048 0.00124 0.00961 

28 -0.00477 -0.00026 0.00080 0.00484 

29 0.00778 0.01075 0.00301 0.01361 
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30 0.00782 0.00008 0.00404 0.00880 

31 0.00308 0.00638 -0.00674 0.00978 

32 0.00223 0.00438 -0.00394 0.00630 

33 -0.00247 0.00456 0.00723 0.00890 

RMS -0.00161 -0.00181 -0.00192 0.00309 

Quadratic model (M2) 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.01567 -0.01880 -0.01008 0.02646 

11 -0.02358 -0.00953 -0.01204 0.02814 

12 -0.00703 -0.01026 0.00099 0.01248 

13 -0.00449 -0.01241 -0.00011 0.01320 

14 -0.01081 0.00081 -0.00322 0.01131 

15 -0.00230 -0.00604 -0.01012 0.01200 

16 0.00977 -0.00613 -0.00656 0.01327 

17 0.01038 0.00877 -0.00312 0.01394 

18 0.00462 0.00932 0.00456 0.01136 

19 -0.00110 0.01037 0.00437 0.01131 

20 -0.00828 0.00645 0.00876 0.01367 

21 0.00020 -0.00368 -0.00659 0.00755 

22 0.00607 0.01006 -0.00500 0.01277 

23 0.00686 0.00245 0.00076 0.00733 

24 0.02297 0.00431 -0.00870 0.02494 

25 0.01638 0.01018 0.00444 0.01979 

26 0.01709 0.00313 -0.00161 0.01745 

27 0.01504 0.00346 0.00128 0.01549 

28 0.00050 0.00257 0.00038 0.00264 

29 0.01355 0.01445 0.00251 0.01997 

30 0.01345 0.00440 0.00351 0.01458 

31 0.00838 0.01104 -0.00725 0.01564 

32 0.00699 0.00915 -0.00443 0.01234 

33 0.00147 0.00913 0.00679 0.01147 

RMS 0.00335 0.00222 -0.00169 0.00436 

Polynomial 3
rd

  model (M3) 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.00987 -0.01207 -0.00881 0.01791 

11 -0.01738 -0.00333 -0.01076 0.02071 

12 -0.00050 -0.00454 0.00228 0.00510 

13 0.00239 -0.00714 0.00121 0.00762 

14 -0.00348 0.00555 -0.00186 0.00681 

15 0.00550 -0.00184 -0.00874 0.01049 

16 0.01754 -0.00195 -0.00579 0.01857 

17 0.01763 0.01345 -0.00239 0.02230 

18 0.01142 0.01450 0.00525 0.01919 

19 0.00535 0.01601 0.00506 0.01762 

20 -0.00214 0.01258 0.00943 0.01587 

21 0.00596 0.00301 -0.00591 0.00892 

22 0.01181 0.01671 -0.00502 0.02107 

23 0.01294 0.00857 0.00076 0.01554 

24 0.02934 0.00993 -0.00867 0.03216 

25 0.02312 0.01534 0.00445 0.02810 

26 0.02430 0.00778 -0.00157 0.02557 

27 0.02277 0.00763 0.00134 0.02405 
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28 0.00827 0.00673 -0.00024 0.01067 

29 0.02079 0.01910 0.00188 0.02829 

30 0.02022 0.00959 0.00288 0.02256 

31 0.01480 0.01667 -0.00787 0.02364 

32 0.01308 0.01527 -0.00505 0.02073 

33 0.00722 0.01579 0.00615 0.01842 

RMS 0.01004 0.00764 -0.00133 0.01269 

Cubic Spline  model (M3) 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.00267 -0.00372 -0.00724 0.00856 

11 -0.01060 0.00346 -0.00935 0.01455 

12 0.00589 0.00106 0.00353 0.00695 

13 0.00909 -0.00200 0.00250 0.00964 

14 0.00433 0.01059 -0.00042 0.01145 

15 0.01511 0.00333 -0.00704 0.01699 

16 0.02596 0.00259 -0.00496 0.02655 

17 0.02380 0.01743 -0.00178 0.02956 

18 0.01654 0.01841 0.00576 0.02541 

19 0.01039 0.02043 0.00560 0.02359 

20 0.00335 0.01808 0.01003 0.02094 

21 0.01218 0.01022 -0.00518 0.01673 

22 0.01749 0.02330 -0.00503 0.02957 

23 0.01784 0.01350 0.00076 0.02239 

24 0.03356 0.01367 -0.00865 0.03726 

25 0.02760 0.01877 0.00446 0.03368 

26 0.02986 0.01136 -0.00155 0.03198 

27 0.03042 0.01176 0.00140 0.03265 

28 0.01656 0.01117 -0.00090 0.02000 

29 0.02668 0.02288 0.00137 0.03518 

30 0.02517 0.01339 0.00241 0.02861 

31 0.01960 0.02089 -0.00833 0.02983 

32 0.01826 0.02047 -0.00557 0.02799 

33 0.01327 0.02280 0.00547 0.02694 

RMS 0.01624 0.01266 -0.00095 0.02061 

AIC  model (M7) 

Target id Differences 

 dX dY dZ 3D distance  

10 0.00152 0.00113 -0.00632 0.00660 

11 -0.00362 0.01044 -0.00791 0.01359 

12 0.01279 0.00711 0.00489 0.01542 

13 0.00951 -0.00168 0.00257 0.00999 

14 -0.00363 0.00544 -0.00189 0.00681 

15 0.00236 -0.00353 -0.00929 0.01022 

16 0.00854 -0.00680 -0.00668 0.01279 

17 0.01243 0.01010 -0.00291 0.01628 

18 0.01573 0.01779 0.00568 0.02442 

19 0.02169 0.03031 0.00680 0.03789 

20 0.01102 0.02575 0.01086 0.03004 

21 0.01442 0.01282 -0.00491 0.01991 

22 0.01434 0.01966 -0.00502 0.02485 

23 0.01627 0.01192 0.00076 0.02019 

24 0.03208 0.01235 -0.00866 0.03545 

25 0.01889 0.01210 0.00445 0.02287 
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26 0.01247 0.00015 -0.00163 0.01258 

27 0.00787 -0.00041 0.00122 0.00798 

28 -0.01035 -0.00325 0.00125 0.01092 

29 0.00317 0.00779 0.00341 0.00907 

30 0.00737 -0.00026 0.00408 0.00843 

31 0.00646 0.00934 -0.00706 0.01337 

32 0.00785 0.01002 -0.00451 0.01350 

33 0.00447 0.01260 0.00645 0.01485 

RMS 0.00932 0.00837 -0.00060 0.01254 
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The above distance differences for each target are plotted in the figure for image no 6 

 

Plane fitting results 

Plane fitting σο [mm] n σn differences 

Without  error 
correction  in 

object’s reference 
system  

(true normal vector) 

0.16 -0.7791 2.96E-05  

 
-0.6269 3.10E-05  

 
-0.0002 6.16E-05  

distance 8.6823 

 
 

    
Without  error 
correction  in 

camera’s reference 
system 

1.249 -0.0077 2.22E-05 
 

 
-0.9993 2.78E-06 

 

 
0.0365 2.49E-05 

 distance 6.0423 
  

    

M1-Linear 

0.832 -0.7851 1.05E-05 0.0060 

 
-0.6189 1.15E-05 -0.0080 

 
0.0236 1.71E-05 -0.0238 

distance 8.6451 
 

0.0371 

    

M2-Quadratic 

0.871 -0.7849 1.10E-05 0.0058 

 
-0.6191 1.21E-05 -0.0078 

 
0.0247 1.80E-05 -0.0249 

distance 8.6373 
 

0.0450 

    

M3-Polynomial 3rd 

0.867 -0.7850 1.10E-05 0.0058 

 
-0.6191 1.20E-05 -0.0078 

 
0.0246 1.79E-05 -0.0248 

distance 8.6288 
 

0.0535 

    

M6-Cubic Spline 

0.782 -0.7853 9.92E-06 0.0062 

 
-0.6187 1.09E-05 -0.0082 

 
0.0223 1.62E-05 -0.0225 

distance 8.6241 
 

0.0582 

        

M7 model 

1.091 -0.7769 1.38E-05 -0.0022 

 
-0.6295 1.51E-05 0.0026 

 
0.0086 2.25E-05 -0.0088 

distance 8.6603 
 

0.0219 

y- axis : 3D distance offset 

x- axis : Target id 
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Image no 7 

After Helmert transformation 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.02000 0.03800 0.02300 0.04871 

11 -0.00300 0.02700 0.03200 0.04198 

12 0.01500 -0.00400 0.01200 0.01962 

13 0.00900 0.00600 0.01800 0.02100 

14 0.00300 -0.00500 0.02900 0.02958 

15 0.01200 -0.02600 0.00900 0.03002 

16 0.02500 -0.03700 -0.00200 0.04470 

17 0.00900 -0.01900 0.01500 0.02583 

18 0.01100 -0.02000 -0.00400 0.02317 

19 -0.01200 0.00000 -0.00300 0.01237 

20 -0.01200 0.01200 0.01000 0.01970 

21 -0.02400 0.01900 -0.00500 0.03102 

22 -0.03200 0.04000 -0.00100 0.05123 

23 -0.01000 0.00200 -0.01700 0.01982 

24 -0.02300 0.01600 0.00300 0.02818 

25 -0.00200 -0.00300 0.00400 0.00539 

26 0.00300 -0.00900 -0.00800 0.01241 

27 0.01000 -0.01500 0.00000 0.01803 

28 0.01700 -0.00400 -0.00400 0.01792 

29 0.01700 -0.00100 -0.02100 0.02704 

30 0.01200 0.00400 -0.04000 0.04195 

31 -0.00200 -0.00100 -0.01400 0.01418 

32 -0.00400 0.01200 -0.02100 0.02452 

33 -0.01900 0.01600 -0.02700 0.03669 

RMS -0.00083 0.00200 -0.00050 0.00222 

Linear model (M1) 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.01217 -0.02093 -0.00582 0.02490 

11 -0.02350 -0.02421 0.00216 0.03381 

12 -0.01968 -0.01282 -0.00461 0.02394 

13 -0.02292 -0.01151 -0.00691 0.02656 

14 -0.00637 -0.00988 0.00067 0.01177 

15 -0.00712 -0.00184 -0.00349 0.00814 

16 0.01275 -0.00249 -0.00053 0.01300 

17 0.00715 0.00619 0.00269 0.00983 

18 0.00550 0.00743 -0.00748 0.01189 

19 0.00928 0.00928 -0.00824 0.01550 

20 0.00367 0.00108 0.00052 0.00387 

21 -0.00388 0.01480 0.00198 0.01542 

22 0.01887 0.01827 0.00051 0.02627 

23 0.02260 0.01428 -0.00490 0.02718 

24 0.03220 0.01738 0.00252 0.03668 

25 0.02403 0.01853 0.00161 0.03039 

26 0.02620 0.02175 0.00261 0.03416 

27 0.02872 0.01593 -0.00258 0.03294 

28 0.03278 0.01934 -0.00725 0.03874 

29 0.03261 0.02093 -0.00893 0.03976 

30 0.03246 0.02578 -0.00220 0.04151 



pg. 149  

 

31 0.03763 0.03305 -0.00456 0.05029 

32 0.02559 0.03042 -0.00599 0.04020 

33 0.03364 0.03599 -0.01030 0.05033 

RMS 0.01209 0.00945 -0.00285 0.01560 

Quadratic model (M2) 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.01929 -0.02880 -0.00682 0.03533 

11 -0.03049 -0.03103 0.00123 0.04352 

12 -0.02654 -0.01877 -0.00550 0.03297 

13 -0.03009 -0.01705 -0.00784 0.03546 

14 -0.01408 -0.01508 -0.00030 0.02063 

15 -0.01613 -0.00702 -0.00457 0.01817 

16 0.00453 -0.00723 -0.00096 0.00858 

17 0.00021 0.00153 0.00233 0.00280 

18 -0.00073 0.00262 -0.00781 0.00827 

19 0.00332 0.00410 -0.00858 0.01007 

20 -0.00244 -0.00489 0.00018 0.00547 

21 -0.01026 0.00778 0.00162 0.01298 

22 0.01276 0.01152 0.00078 0.01721 

23 0.01687 0.00867 -0.00469 0.01954 

24 0.02663 0.01252 0.00272 0.02955 

25 0.01812 0.01395 0.00181 0.02294 

26 0.01973 0.01743 0.00280 0.02647 

27 0.02102 0.01148 -0.00239 0.02407 

28 0.02479 0.01475 -0.00645 0.02956 

29 0.02584 0.01640 -0.00821 0.03169 

30 0.02641 0.02109 -0.00151 0.03383 

31 0.03190 0.02806 -0.00387 0.04266 

32 0.01968 0.02466 -0.00526 0.03198 

33 0.02753 0.02924 -0.00951 0.04127 

RMS 0.00539 0.00400 -0.00295 0.00733 

Polynomial 3
rd

  model (M3) 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.01710 -0.02638 -0.00652 0.03211 

11 -0.02773 -0.02834 0.00160 0.03969 

12 -0.02329 -0.01595 -0.00508 0.02868 

13 -0.02668 -0.01441 -0.00740 0.03121 

14 -0.01063 -0.01276 0.00013 0.01661 

15 -0.01317 -0.00532 -0.00422 0.01481 

16 0.00806 -0.00519 -0.00078 0.00962 

17 0.00419 0.00421 0.00253 0.00646 

18 0.00331 0.00574 -0.00760 0.01008 

19 0.00716 0.00744 -0.00836 0.01329 

20 0.00091 -0.00161 0.00037 0.00189 

21 -0.00751 0.01080 0.00178 0.01328 

22 0.01567 0.01474 0.00065 0.02152 

23 0.02045 0.01218 -0.00482 0.02429 

24 0.03069 0.01606 0.00257 0.03474 

25 0.02234 0.01722 0.00167 0.02825 

26 0.02402 0.02029 0.00267 0.03155 

27 0.02489 0.01372 -0.00248 0.02853 

28 0.02845 0.01686 -0.00682 0.03377 
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29 0.02991 0.01913 -0.00864 0.03654 

30 0.03052 0.02428 -0.00198 0.03905 

31 0.03585 0.03150 -0.00435 0.04792 

32 0.02315 0.02804 -0.00569 0.03680 

33 0.03042 0.03242 -0.00988 0.04554 

RMS 0.00891 0.00686 -0.00294 0.01162 

Cubic Spline  model (M3) 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.01349 -0.02240 -0.00601 0.02683 

11 -0.02294 -0.02366 0.00224 0.03303 

12 -0.01745 -0.01089 -0.00432 0.02102 

13 -0.02055 -0.00968 -0.00660 0.02366 

14 -0.00450 -0.00863 0.00091 0.00977 

15 -0.00821 -0.00247 -0.00362 0.00931 

16 0.01430 -0.00159 -0.00044 0.01439 

17 0.01153 0.00913 0.00291 0.01500 

18 0.01082 0.01154 -0.00719 0.01738 

19 0.01431 0.01366 -0.00796 0.02132 

20 0.00705 0.00438 0.00071 0.00833 

21 -0.00265 0.01614 0.00205 0.01648 

22 0.02090 0.02051 0.00042 0.02928 

23 0.02711 0.01869 -0.00507 0.03332 

24 0.03832 0.02273 0.00230 0.04462 

25 0.03027 0.02336 0.00140 0.03826 

26 0.03202 0.02564 0.00244 0.04109 

27 0.03190 0.01776 -0.00265 0.03661 

28 0.03500 0.02062 -0.00747 0.04130 

29 0.03745 0.02418 -0.00944 0.04557 

30 0.03821 0.03024 -0.00286 0.04881 

31 0.04324 0.03794 -0.00523 0.05777 

32 0.02954 0.03427 -0.00648 0.04571 

33 0.03559 0.03814 -0.01056 0.05323 

RMS 0.01532 0.01207 -0.00294 0.01972 

AIC  model (M7) 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.00611 -0.01424 -0.00498 0.01628 

11 -0.01323 -0.01418 0.00353 0.01971 

12 -0.01218 -0.00631 -0.00363 0.01419 

13 -0.02278 -0.01140 -0.00689 0.02639 

14 -0.01342 -0.01463 -0.00022 0.01986 

15 -0.01952 -0.00897 -0.00498 0.02205 

16 -0.00295 -0.01154 -0.00136 0.01199 

17 -0.00316 -0.00072 0.00215 0.00389 

18 0.00387 0.00617 -0.00756 0.01050 

19 0.01719 0.01616 -0.00780 0.02485 

20 0.01465 0.01179 0.00113 0.01884 

21 0.00088 0.02003 0.00224 0.02017 

22 0.01702 0.01623 0.00059 0.02353 

23 0.02246 0.01414 -0.00490 0.02699 

24 0.02992 0.01538 0.00260 0.03374 

25 0.01559 0.01199 0.00189 0.01976 

26 0.01096 0.01156 0.00306 0.01623 
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27 0.00910 0.00461 -0.00210 0.01042 

28 0.00925 0.00582 -0.00489 0.01198 

29 0.01223 0.00730 -0.00677 0.01577 

30 0.01690 0.01372 -0.00042 0.02177 

31 0.02623 0.02311 -0.00320 0.03511 

32 0.01661 0.02166 -0.00488 0.02773 

33 0.02604 0.02759 -0.00931 0.03907 

RMS 0.00648 0.00605 -0.00236 0.00918 
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The above distance differences for each target are plotted in the figure for image no 7 

 

Plane fitting results 

Plane fitting σο [mm] n σn differences 

Without  error 
correction  in 

object’s reference 
system  

(true normal vector) 

0.16 -0.7791 2.96E-05  

 
-0.6269 3.10E-05  

 
-0.0002 6.16E-05  

distance 8.6823 

 
 

    
Without  error 
correction  in 

camera’s reference 
system 

1.2 -0.02077 1.82E-05 
 

 
-0.99915 2.27E-06 

 

 
0.035679 2.04E-05 

 distance 7.08319 
  

    

M1-Linear 

0.95 -0.7810 1.03E-05 0.0019 

 
-0.6227 1.11E-05 -0.0041 

 
0.0475 1.67E-05 -0.0477 

distance 8.5889 
 

0.0934 

    

M2-Quadratic 

0.96 -0.7809 1.05E-05 0.0017 

 
-0.6228 1.13E-05 -0.0041 

 
0.0491 1.70E-05 -0.0493 

distance 8.5950 
 

0.0873 

    

M3-Polynomial 3rd 

0.98 -0.7808 1.07E-05 0.0017 

 
-0.6228 1.15E-05 -0.0041 

 
0.0503 1.73E-05 -0.0505 

distance 8.5885 
 

0.0938 

    

M6-Cubic Spline 

1.04 -0.7805 1.14E-05 0.0014 

 
-0.6228 1.22E-05 -0.0040 

 
0.0530 1.84E-05 -0.0532 

distance 8.5760 
 

0.1063 

        

M7 model 

1.14 -0.77429 1.25E-05 -0.00482 

 
-0.63176 1.34E-05 0.004877 

 
0.036823 2.02E-05 -0.03702 

distance 8.621107 
 

0.061179 

 

y- axis : 3D distance offset 

x- axis : Target id 
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Image no 8  

After Helmert transformation 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.00300 0.00900 0.02600 0.02768 

11 -0.01600 0.02900 0.00700 0.03385 

12 0.00600 0.01200 0.02200 0.02577 

13 0.00900 0.00700 0.03000 0.03209 

14 0.01800 -0.02600 0.01000 0.03317 

15 0.01200 -0.00800 0.01600 0.02154 

16 0.02200 -0.02900 0.01900 0.04106 

17 0.00600 -0.01900 0.00500 0.02054 

18 0.01500 -0.02100 0.01700 0.03090 

19 0.00400 0.00000 0.01900 0.01942 

20 -0.02100 0.02000 -0.00100 0.02902 

21 -0.02400 0.02600 0.01400 0.03805 

22 -0.02100 0.01700 -0.01100 0.02917 

23 -0.01600 0.01600 0.00400 0.02298 

24 -0.01100 0.02000 -0.00500 0.02337 

25 -0.00200 -0.00100 -0.00500 0.00548 

26 0.00100 -0.00900 -0.01800 0.02015 

27 0.00600 -0.00500 -0.00700 0.01049 

28 0.02800 -0.02100 -0.00600 0.03551 

29 0.01200 0.00000 -0.02700 0.02955 

30 0.00600 0.00200 -0.01800 0.01908 

31 0.01000 -0.00100 -0.02000 0.02238 

32 -0.01600 0.02200 -0.02600 0.03763 

33 -0.02100 0.02500 -0.03000 0.04434 

RMS 0.00017 0.00271 0.00062 0.00278 

Linear model (M1) 

Target id Differences 

 dX dY dZ 3D distance  

10 0.00630 0.00651 0.00621 0.01098 

11 0.00378 0.00312 0.00003 0.00490 

12 0.00208 0.00162 -0.00015 0.00264 

13 -0.00214 0.01317 0.00042 0.01335 

14 0.02398 0.01053 0.00168 0.02625 

15 0.02746 0.01385 0.00113 0.03078 

16 0.05123 0.02611 -0.00474 0.05770 

17 0.04843 0.03540 -0.00590 0.06028 

18 0.03054 0.03696 -0.00525 0.04823 

19 0.04014 0.01839 -0.00053 0.04416 

20 0.03151 0.02557 -0.00599 0.04102 

21 0.01898 0.02616 0.00351 0.03251 

22 0.05222 0.04443 -0.00712 0.06893 

23 0.05371 0.04289 -0.00850 0.06926 

24 0.05455 0.04085 0.00576 0.06839 

25 0.06201 0.05132 -0.00114 0.08050 

26 0.07241 0.05258 -0.00758 0.08980 

27 0.07547 0.03834 -0.00447 0.08477 

28 0.10392 0.05547 -0.00996 0.11822 

29 0.08612 0.05956 -0.01302 0.10552 

30 0.07671 0.06651 -0.01502 0.10263 
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31 0.07539 0.05452 -0.01709 0.09459 

32 0.06948 0.06634 -0.01101 0.09669 

33 0.06036 0.06607 -0.01756 0.09120 

RMS 0.04686 0.03568 -0.00485 0.05910 

Quadratic model (M2) 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.01649 -0.01680 0.00450 0.02397 

11 -0.01954 -0.01828 -0.00171 0.02682 

12 -0.02204 -0.01835 -0.00194 0.02874 

13 -0.02724 -0.00555 -0.00147 0.02784 

14 -0.00242 -0.00694 -0.00030 0.00735 

15 -0.00130 -0.00274 -0.00095 0.00318 

16 0.02342 0.01008 -0.00514 0.02601 

17 0.02305 0.01868 -0.00619 0.03031 

18 0.00657 0.01910 -0.00549 0.02093 

19 0.01713 -0.00075 -0.00074 0.01717 

20 0.00913 0.00502 -0.00618 0.01212 

21 -0.00318 0.00353 0.00339 0.00584 

22 0.03061 0.02228 -0.00544 0.03825 

23 0.03178 0.02272 -0.00694 0.03967 

24 0.03188 0.02199 0.00732 0.03942 

25 0.03853 0.03375 0.00039 0.05122 

26 0.04753 0.03623 -0.00610 0.06008 

27 0.04821 0.02257 -0.00298 0.05332 

28 0.07676 0.03980 -0.00665 0.08672 

29 0.06091 0.04299 -0.00980 0.07519 

30 0.05312 0.04887 -0.01186 0.07315 

31 0.05262 0.03558 -0.01392 0.06502 

32 0.04744 0.04612 -0.00781 0.06662 

33 0.03858 0.04379 -0.01427 0.06008 

RMS 0.02271 0.01682 -0.00418 0.02857 

Polynomial 3
rd

  model (M3) 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.02977 -0.03038 0.00350 0.04268 

11 -0.03266 -0.03033 -0.00270 0.04465 

12 -0.03542 -0.02943 -0.00293 0.04614 

13 -0.04118 -0.01595 -0.00251 0.04423 

14 -0.01727 -0.01677 -0.00141 0.02411 

15 -0.01845 -0.01263 -0.00219 0.02246 

16 0.00755 0.00092 -0.00536 0.00930 

17 0.00953 0.00976 -0.00635 0.01505 

18 -0.00593 0.00979 -0.00561 0.01275 

19 0.00512 -0.01074 -0.00085 0.01193 

20 -0.00278 -0.00591 -0.00629 0.00907 

21 -0.01564 -0.00919 0.00333 0.01844 

22 0.01881 0.01017 -0.00452 0.02185 

23 0.02037 0.01222 -0.00613 0.02453 

24 0.02026 0.01233 0.00812 0.02507 

25 0.02657 0.02481 0.00117 0.03637 

26 0.03462 0.02774 -0.00533 0.04468 

27 0.03299 0.01376 -0.00215 0.03581 

28 0.06159 0.03105 -0.00480 0.06914 
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29 0.04750 0.03417 -0.00810 0.05908 

30 0.04097 0.03978 -0.01023 0.05801 

31 0.04080 0.02575 -0.01228 0.04978 

32 0.03586 0.03549 -0.00613 0.05082 

33 0.02650 0.03145 -0.01245 0.04297 

RMS 0.00958 0.00658 -0.00384 0.01224 

Cubic Spline  model (M3) 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.03402 -0.03472 0.00318 0.04871 

11 -0.03804 -0.03527 -0.00310 0.05197 

12 -0.04136 -0.03435 -0.00337 0.05387 

13 -0.04735 -0.02055 -0.00297 0.05170 

14 -0.02335 -0.02079 -0.00187 0.03132 

15 -0.02288 -0.01519 -0.00251 0.02758 

16 0.00164 -0.00248 -0.00545 0.00621 

17 0.00223 0.00496 -0.00643 0.00842 

18 -0.01329 0.00430 -0.00568 0.01508 

19 -0.00191 -0.01659 -0.00092 0.01673 

20 -0.00923 -0.01184 -0.00634 0.01629 

21 -0.02078 -0.01444 0.00330 0.02552 

22 0.01313 0.00435 -0.00407 0.01442 

23 0.01359 0.00599 -0.00564 0.01589 

24 0.01299 0.00628 0.00863 0.01681 

25 0.01891 0.01907 0.00167 0.02691 

26 0.02690 0.02266 -0.00487 0.03550 

27 0.02647 0.00999 -0.00179 0.02835 

28 0.05510 0.02731 -0.00401 0.06163 

29 0.04021 0.02937 -0.00717 0.05030 

30 0.03349 0.03419 -0.00923 0.04874 

31 0.03372 0.01986 -0.01129 0.04073 

32 0.02925 0.02942 -0.00517 0.04181 

33 0.02110 0.02593 -0.01164 0.03540 

RMS 0.00319 0.00156 -0.00361 0.00507 

AIC  model (M7) 

Target id Differences 

 dX dY dZ 3D distance  

10 -0.01776 -0.01810 0.00440 0.02574 

11 -0.01671 -0.01569 -0.00150 0.02297 

12 -0.02027 -0.01688 -0.00181 0.02644 

13 -0.03324 -0.01002 -0.00192 0.03477 

14 -0.01667 -0.01637 -0.00137 0.02340 

15 -0.02329 -0.01542 -0.00254 0.02805 

16 -0.00123 -0.00414 -0.00549 0.00698 

17 0.00622 0.00758 -0.00638 0.01170 

18 -0.00105 0.01342 -0.00556 0.01457 

19 0.01910 0.00089 -0.00072 0.01913 

20 0.01106 0.00679 -0.00617 0.01436 

21 -0.00649 0.00015 0.00338 0.00732 

22 0.02176 0.01320 -0.00475 0.02589 

23 0.02430 0.01583 -0.00640 0.02970 

24 0.02244 0.01414 0.00797 0.02769 

25 0.02389 0.02280 0.00134 0.03306 

26 0.02554 0.02177 -0.00479 0.03390 
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27 0.01958 0.00600 -0.00142 0.02053 

28 0.04411 0.02098 -0.00267 0.04892 

29 0.03310 0.02470 -0.00626 0.04177 

30 0.03108 0.03238 -0.00890 0.04576 

31 0.03461 0.02060 -0.01142 0.04187 

32 0.03189 0.03185 -0.00555 0.04541 

33 0.02408 0.02897 -0.01209 0.03956 

RMS 0.00983 0.00773 -0.00336 0.01295 
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The above distance differences for each target are plotted in the figure for image no 8 

 

Plane fitting results 

Plane fitting σο [mm] n σn differences 

Without  error 
correction  in 

object’s reference 
system  

(true normal vector) 

0.16 -0.7791 2.96E-05  

 
-0.6269 3.10E-05  

 
-0.0002 6.16E-05  

distance 8.6823 

 
 

    
Without  error 
correction  in 

camera’s reference 
system 

0.908 0.0095 1.90E-05 
 

 
-0.9995 2.09E-06 

 

 
0.0305 1.88E-05 

 distance 8.0549 
  

    

M1-Linear 

0.833 -0.7865 1.27E-05 0.0074 

 
-0.6132 1.32E-05 -0.0137 

 
0.0730 1.80E-05 -0.0732 

distance 8.4881 
 

0.1941 

    

M2-Quadratic 

0.856 -0.7865 1.30E-05 0.0074 

 
-0.6130 1.36E-05 -0.0139 

 
0.0755 1.84E-05 -0.0756 

distance 8.5137 
 

0.1686 

    

M3-Polynomial 3rd 

0.909 -0.7864 1.38E-05 0.0073 

 
-0.6127 1.44E-05 -0.0142 

 
0.0788 1.95E-05 -0.0790 

distance 8.5233 
 

0.1590 

    

M6-Cubic Spline 

0.849 -0.7865 1.28E-05 0.0074 

 
-0.6131 1.34E-05 -0.0138 

 
0.0748 1.82E-05 -0.0750 

distance 8.5396 
 

0.1426 

        

M7 model 

1.175 -0.7802 1.78E-05 0.0011 

 
-0.6218 1.86E-05 -0.0051 

 
0.0680 2.52E-05 -0.0682 

distance 8.5517 
 

0.1305 

y- axis : 3D distance offset 

x- axis : Target id 
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