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Abstract

Wireless sensor networks (WSNs) estimate physical conditions and detect emergency
events in military and civil applications [1], [2]. A wireless sensor network functions like a
distributed computer with multiple nodes over a given area gathering environmental data to
compute functions. Some current research areas for wireless sensor networks include the
design of small, reliable sensor nodes, energy efficient communication protocols and lowcomplexity algorithms.
Distributed consensus algorithms have many applications. In such a scheme, neighbouring
sensors communicate locally to compute the average of an initial set of measurements. Also
an important topic of study is the lowering of the energy consumed by a wireless sensor
network. This can be partially achieved through the use of consensus algorithms.
In this master thesis project, we describe a consensus algorithm we consider for our studies.
We are interested in the speed of reaching consensus, we consider an averaging algorithm.
That is, at time 0 all nodes have a local variable. This local variable is updated in discrete
time following the consensus algorithm, with the aim of calculating the average of all local
variables in a distributed way. According the literature, the speed of the reaching consensus is
defined by spectral properties of the communication graph.
Therefore the first step of the evaluation will be implementation of the consensus algorithm
itself, while the second step will be the analysis of the spectral properties.
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Notation and Abbreviations

Vectors and matrices
,

a vector, a matrix
the entry of the

row of vector

,

the entry of the

row and

,

the transpose of a vector , the transpose of a matrix

column of

the inverse of a square matrix
‖ ‖

>0
≥

the 2-norm of a vector
is positive definite
is positive semi definite

Sets
a finite nonempty set of elements
∈

⊆

| |
ℝ

belongs to the set
is a subset of
cardinality of the set
real numbers
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Operators and relations
≜

defined as

lim

limit

max

maximum

min

minimum

| |

the absolute value of

Common notations
( )

( )

initial state of node
state of node at time
average consensus vector
disagreement vector
the all-ones vector
the identity matrix
the all-ones matrix
normalized all-ones matrix

( )

( )

∆

( )

the spectral radius of
the second largest eigenvalue in magnitude of
the smallest eigenvalue in magnitude of

with dimension

the maximum out-degree
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Graph theory terms
a graph
the set of nodes of
the set of edges of
edge from node to node
the set of neighbours of node
, , ,

the adjacency matrix, the degree matrix, the Laplacian matrix, the Perron matrix

Acronyms
MAC

medium access control

FC

fusion center

WSN

wireless sensor network
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Chapter 1 – Introduction
1.1

Overview

Hard energy limitation is the foremost design challenge in WSNs. Sensor network
operations have to be efficient in energy so as to lengthen the lifespan of the network [3], due
to the fact that sensors have only got small-size batteries, which are costly and probably
impossible to replace.
The nodes in a sensory network have to reach consensus on the sensing parameters [4].
Consequently a communication protocol between the nodes, a synchronization algorithm, is
needed [4, 5]. Network sensory nodes are most often low cost products, with limitations to
computing as well as battery power, and therefore the needed algorithm must be as
uncomplicated as possible. In spite of its simplicity, the algorithm must lead the nodes to
agree as fast as possible, so that the network will last longer by conserving energy and time.
You can reach a consensus by one of the following modes of coupling the nodes; linear,
non-linear, adaptive, local, distributed, or time-varying [4, 34]. The characteristics of the
connection graph, e.g. the second largest eigenvalue of the Perron matrix, can be linked to the
consensus time, to determine the performance of an algorithm [34]. Topology differentiation
can be used to enhance the consensus ability of the network [39].
Consensus algorithms can be defined as low-complexity iterative algorithms, whose energy
consumption is proportional to the time necessary to achieve consensus. Iterative algorithms
communicate with one another in order to achieve agreement concerning a role of the
measurements, without there being a need to pass on information to a fusion center. The
average consensus algorithm calculates the mean of an original group of measurements
[11].The aim of the algorithm is to find a reliable measurement of the average of the initial
node in the shortest possible time, thus maximizing the convergence speed.
The performance consensus algorithms, in term of convergence time, depend significantly
on the underlying communication graph. The performance measures we are interested in are
of course the convergence time, but also the communication radius required to reach the
nearest neighbours, and spectral properties of the communication graphs.
The goal of this work is to evaluate the performance of consensus algorithm in networks
with local links, without considering the costs of the underlying Medium Access Control
(MAC) protocols. On the one side, detailed simulation based evolution will be performed to
evaluate the convergence time. On the other side, the spectral properties of the
communication graphs will be investigated, to achieve analytic results based on related
literature.

8

1.2

Method

The thesis work can be divided into three phases. In the first phase, related literature is
studied. In the second phase, a scenario is designed and implemented on MATLAB program.
In the third phase, simulation results are analysed, leading to final conclusions.

1.3

Wireless Sensor Networks

WSNs estimate physical conditions or detect emergency events in military and civil
applications like surveillance, targeting, environmental monitoring, and detection of hazards,
home automation and health care [1], [2]. A WSN is composed of multiple sensor nodes
which are used within a given area. The application and the coverage area determine how
many nodes are necessary.
A typical sensor unit is usually composed of a transducer (responsible for sensing physical
conditions), a wireless radio transceiver, a simple processing unit and a power supply (often a
battery). Nodes measure specific aspects of the environment. The data is then processed and
can be sent to a centralized network; or processed locally in a decentralized network.
Microwave or satellite links take the information from the WSN.
Some of the current areas of development for wireless sensor networks include design and
manufacture of inexpensive nodes capable of simple tasks, solar and other power supplied
from the environment, the development of low-energy communication protocols, autoorganizing networks, management of system and sensor device failures and data synthesis. A
path connecting each node with the network is essential. Connections between pairs of nodes
depend on signal strength and geographical location. This is determined by optimization or
can be random. In geographical areas with difficult or limited access, sensor nodes could be
distributed by an aerial vehicle. Typically, the more connections among nodes result in higher
levels of transmission power. Hence, the transmission power required and the location of the
sensors results in the connectivity of the network, and determines its robustness. .
In WSNs whose sensors have only battery power, energy supply becomes valuable, and
must be efficiently controlled. To compound this, in circumstances where the nodes are hard
to reach or the cost of servicing the node is high, spent batteries cannot be replaced. Batteries
that can be recharged from the environment provide an option under these conditions. In
general, low-power consumption is critical in guaranteeing the longevity of the network.
Some of the strategies used to achieve low-power consumption in a WSN include energy
efficient communication protocols, periodic sleep modes and low-complexity programming.
In short, sensor nodes of WSNs need to be energy-efficient, simple, small, inexpensive,
reliable, and long-lived. Nodes should be designed to simply process data, and should use
low-complexity communication protocols.
In a typical centralized WSN, sensors send their metrics to a more complex module called
the fusion center (FC). The FC gathers the data of the WSN and makes the final
computation(s). A centralized network requires an organized set of nodes under MAC.
Routing protocols forward the data to the FC. In emergency and multiple event-driven
applications, information flow to the FC can become high and congested. Also, whenever a
9

sensor fails, re-organization of the MAC and routing protocols is necessary. Whenever a
sensor is added to the network or turns to sleeping mode, re-organization of the MAC is
required. Since the cost of hardware for wireless communications may be high depending on
application, a higher overall cost of the network can result-particularly when the number of
nodes necessary becomes large. Because of this, centralized WSNs can become energy
consumptive, difficult to scale-up and slow to respond to event-driven applications.
The primary alternative to centralized networks is a decentralized network designed so that
all the nodes perform the same tasks. The nodes of decentralized systems organize
themselves and communicate locally (often within a small geographic range). The sensor
nodes in a decentralized system process data without needing to send it to a FC and reach
decisions locally. Decentralized networks can provide reliable results and can satisfy nearly
every requirement of a WSN. Nodes can be designed to be free-standing so that global
information is stored on each sensor. Decentralized networks can also be organized in groups,
with a single node designated the cluster-head and functioning as the FC. In this model, local
FCs communicate with each other, forming a layer in the network capable of connecting to a
more powerful computational device utilizing the final application. While this example of a
decentralized network has a hierarchical structure [7], [8], this thesis refers to WSN
architectures without central nodes or clusters-heads resembling FCs.
In decentralized WSNs computations are done in a distributed manner and require
distributed algorithms. WSNs can function as distributed computers whose purpose is to
compute a function of the data collected by the sensor nodes. WSNs can be designed to use
parallel and/or distributed optimization [9], [10]. Distributed algorithms can use information
which cannot be computed locally. Global parameter values can be sent to each node via
broadcast or routing.

1.4

Distributed Consensus Algorithms

In general, distributed consensus algorithms can be defined as low-complexity iterative
algorithms, in which adjoining algorithms communicate with one another in order to achieve
agreement concerning a role of the measurements, without there being a need to pass on
information to a fusion center. The average consensus algorithm calculates the mean of an
original group of measurements [11]. When it comes to a digital application, every node in
the network programmes a discrete dynamical system, the condition of which is set in
operation with the value of measurements. It is also updated iteratively by means of a linear
combination of its former state value along with the information provided by its neighbours.
Both types of algorithms (linear and nonlinear consensus) are studied in both forms
(continuous or discrete) and can come together (i) on the state or (ii) on the state derivative,
which means that a steady-state value is reached by the derivative of the state. Algorithms
that come together on the state are strong in resisting variations in the network connectivity.
They possess a bounded state value [11], while algorithms that come together on the state
derivative are resistant to delays in propagation.
If consensus algorithm nodes update their state simultaneously, they are called
"synchronous". Since an average consensus is a synchronized algorithm, where each node of
10

the network updates its present assessment at every repetition by calculating a weighted mean
of the calculations of its neighbours [12]. Alternatively, if they update their state at different
times, they are then termed "asynchronous".
Random gossip algorithms are examples of asynchronous consensus algorithms, which can
be differentiated between three different types of implementation:
1- Pair-wise gossip algorithms [8], [13], [14];
2 - Geographic gossip algorithms [15]; and
3 - Broadcast gossip algorithms [16];
In general, gossip algorithms can be defined as a moment when a node wakes up and either
links bidirectional to a node chosen at random, by exchanging the state values in pair-wise
and geographic gossiping[17], or, alternatively, in broadcast gossiping, it shares its state with
the neighbouring nodes that are close enough to be connected.

1.5

Convergence of Consensus Algorithms

The Consensus algorithm depends on a neighbour-to-neighbour information exchange, a
process during which the dynamic nodes update their states by interacting between its
neighbours using for that purpose a proper communication graph and converging to a
common value. Which information is available and how nodes interact among each other is
designated by the communication graph.
Because it is repetitive, the convergence of the consensus algorithm is decided by the entire
number of repetitions until it reaches a state value. A lesser number of repetitions until a
consensus has been reached are consequently interpreted as a quicker merging of the
algorithm. A decrease in the total number of repetitions until convergence in a WSN can
especially lead to a decrease in the entire amount of energy expended by the network, which
is a result that is wanted, since energy resource is scarce.
There is an enormous amount of literature concerning the convergence analysis of
consensus algorithms, particularly when it comes to networks with time-invariant topologies
as well as communication links that display symmetry. The topology of a network is
designated undirected, while the links are bidirectional (or symmetric). Alternatively, the
topology of a network is designated directed, while the links are directional (or asymmetric).
There is a basic association between the structural properties of a graph and the efficiency
of the consensus algorithms running on it. Rigorous evaluation of the effects of the topology
determines changes in the communication graph. For example, topologies with a large
circumference are not efficient with respect to the speed at which distributive algorithms
reach consensus. In this instance, the challenge is to determine a minimum number of long
range links, guaranteeing a level of enhanced performance.
Decentralized schemes must be accurate, and must converge as quickly as possible on the
desired value. Coordinate topologies must be designed for effective communication
dissemination. Redundant communication should be minimized with efficient communication
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schemes. In these ways the performance limitations of graph topologies can be measured and
addressed.

1.6

Report Structure

The reminder of this report is organized as follows. Chapter 2 contains necessary
background understanding for fundamental concepts in graph theory and the notation used in
the following chapters. Chapter 3 is devoted to consensus algorithms. In this chapter we give
a general overview of consensus algorithms and introduce our specific equation. Then we
discuss how consensus is achieved and what the requirements on the connection matrix are.
Chapter 4 explains the design of scenario and presents simulation results and analysis.
Chapter 5 leaves a final impact as well as some interesting thoughts for further studies.
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Chapter 2 – Background
This chapter presents essential understanding for fundamental concepts in graph theory and
the notation used in the following chapters [18]. Basic notions about connectivity of directed
and undirected graphs and an overview of common graph topologies are presented. We
shorty introduce nonnegative matrices associated with graphs and related properties [19].

2.1

Spectral Graph Theory

In this section, we review relevant notions from graphs and spectral graph theory (for
further details, see [20], [21], [22]). Consider a static communication network of N nodes
where the nodes communicate in line with a specified network topology. The topology can be
captured by a graph typically denoted as { , }, in which the set of vertices (or nodes)
∈ = (1, … , ) and the edge set, ⊆
, related to is denoted as
=

→

(2.1)

The line connecting two nodes, e.g. and is represented by . This states the information
that is flowing from node to node .When a direction is given to the edges, the relationships
become asymmetric and the graph is then termed as directed graph (or digraph). However, if
the edges are not given a direction,
∈ ⇔
∈
all of the pairs { , } ∈
and
consequently the graph is termed undirected graph.
Graphs are represented graphically in the form of diagrams, in which nodes are shown as
points and edges are signified as lines going from one node to another, whereas arrows depict
the directed edges. The following figures Fig. 2.1 and Fig. 2.2 depict examples of a graph
composed of = 5 nodes and = 6 edges, with digraph and undirected edges.

Figure 2.1: Digraph with

The
by:

= 5 and

adjacency matrix

=

= 6.

of

1

0

Figure 2.2: Undirected graph with

is represented by the matrix with entries
e

∈

= 5 and

= 6.

, as provided

(2.2)
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in which the { } entry of
when G has no self-loops (
all equivalent to 0.

is 1 and only when node is a neighbour of node . In addition,
= 0), in other words, the diagonal entries of the matrix are

The set of all the neighbours of a node is given as:
=

∈

∶

∈

.

(2.3)

In other words, a node collects all the nodes that are connected to .
The number of edges incoming a node is termed the in-degree,
node.

=∑

, of the

The number of edges outgoing a node is termed the out-degree,
node.

=∑

, of the

The
by:

degree matrix

of

D =
The entries of the

d

is represented by the matrix with entries {D }, as provided
=

0

(2.4)

are equivalent to the row totals of the adjacency matrix.

The
Laplacian matrix
provided by:
L =

is represented by the matrix with entries {L }, as

of
d

=

−

(2.5)

≠

The Laplacian matrix L can be specified in matrix form as:
=

−

That is, it is the difference of the degree matrix

2.2

(2.6)

and the adjacency matrix

of .

Connectivity of Directed and Undirected Graphs

In order to provide important descriptions related to connectivity of a graph having either
directed or undirected edges, it is important to understand first the concept of path that is the
basis for the concept of connectivity.
o A path from a node to a node is an arrangement of defined nodes, starting with
node and finishing with node , in such a way that successive nodes are adjacent.
o A path that has no repeated nodes is called a simple path.
14

o A directed path is one that has directed edges.
o In a digraph, a strong path is an arrangement of defined nodes with a successive order
of 1, … , ∈ , in which e , ∈ E , ∀ = 2, … , q .
o A weak path is an arrangement of defined nodes that have a successive order, e.g.
1, … , q ∈ V, so that either e , ∈ E or e , ∈ E.

o A path that starts and finishes at the same node is called a cycle; it visits every other
node just once.
o A cycle in which every edge is directed is called a directed cycle.

Figure 2.3: Types of different paths
When there is a path from to or, likewise, from to , two nodes (
) are connected
in an undirected graph . Thus, if there is a path between any two nodes in an undirected
graph is connected. On the other hand, if there is not any path between and the two nodes
(
) in an undirected graph are disconnected. It is possible to say that an undirected
graph is disconnected when the nodes can be partitioned into two non-empty sets (
),
so that no node in is adjacent to a node in .
It is possible to tell the difference between various forms for connectivity in digraphs, since
undirected graphs are either connected or disconnected.
o When any ordered pairs of defined nodes are able to be joined by a strong path, it is
said that the directed graph is strongly connected.
o If for each ordered pair of nodes (
) another node exists that is able to reach
either or by means of a strong path, a directed graph is termed quasi-strongly
connected.
o When any ordered pairs of defined nodes are able to be joined by a weak path, it is
said that the directed graph is weakly connected. However, a weakly connection also
occurs in a directed graph, when the corresponding undirected graph is connected, i.e.
a graph in which no direction is allocated to the edges.
o A directed graph is considered disconnected when it is not weakly connected, which
means that the corresponding undirected graph is disconnected.
15

o While strong connectivity in directed graphs denotes quasi-strong connectivity and
quasi-strong connectivity denotes weak connectivity, the opposite does not generally
apply.
o When all the nodes in a graph have the same number of neighbours, it is termed a
regular graph.
o When the number of neighbouring nodes is
-regular.

for every node, the graph is defines as

o When each pair of nodes is connected by an edge, the graph is termed a complete
graph or a full-connected graph, i.e. each node is adjacent to all the others, so that the
sum of the neighbours for each node is equivalent to − 1.

2.3

Common Graph Topologies

The following deals with five of the most usual topologies in graphs. The models discussed
concern both digraph and undirected graph. Some results topologies can be found in [7], [23],
[24] and [25].
o

A random geometric graph is comprised of a set of nodes that are arbitrarily distributed
in a 2D area. In a random geometric graph, each pair of nodes is joined if the Euclidean
distance between them is less than a set radius [23]. For these topologies, the radius has
to be asymptotically greater than in order to ensure the connectivity of the graph [7].
The graph is used during the analysed out in this master thesis. First, each of the N
nodes is formed by placing uniformly at random in the unit area, the
node is given
coordinates ( , ), where { , }
are independently distributed with uniform
variable over [0, 1]. Next, for some stated radius,
nodes and are connected
iff ( − ) + ( − ) ≤ . In other words, an edge implies that two nodes were
located not over than Euclidean distance radius apart [26].

Figure 2.4: A geometric random graph with

= 100 and

= 0.2.
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o A ring network is a 1D grid, in which the nodes form a circle in the form of a spatial
distribution. It is termed a 2-regular graph because each node has just two
neighbours.
o A lattice is a topology in which the nodes have a spatial distribution in the form of a
2D grid. In it, an internal node has four neighbours, while and external node has two.
o In a small-world network is a type of mathematical graph in which most of the nodes
are not neighbours of one another. However, most of the nodes are able to be reached
from each of the others by means of a small number of hops [24]. When beginning
from a regular grid, arbitrary connections are able to be made among the nodes by
rewiring existing edges or by means of the addition of new nodes that have non-zero
probability.
o In a scale-free network, the node degrees are distributed according to a power law
[25]. Some of the nodes in such graphs have a high degree of connectivity but the
majority of them have a low degree of connections. A number of nodes in Scale-free
Networks can be in the millions. As a result, descriptions use statistical distributions
in preference to quantities. Instances of these structures can be seen in nature as well
as in technology, such as the Internet.

Figures 2.5: Four diagrams showing dissimilar topologies.

2.4

Matrix Theory

In this section, we present basic some definitions and theorems of matrix theory that are
needed to define and evaluate consensus algorithms (for further details, see [27], [28])
For a matrix X, λ ( ) is its
eigenvalue and ( ) is called the spectral radius of X that
contains the spectrum of X, that is,
( )=

{|λ |, ∈

( )}

(2.7) .
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A matrix X = {x } is nonnegative (respectively, positive) if all of its elements of X are
nonnegative (respectively, positive), that is x ≥ 0, ∀ i, j.

A square nonnegative matrix X = {x } is row (column)-stochastic if all of its row
(column) sums are equal to 1 [29, p. 526], that is,
= 1,

∀ .

A square nonnegative matrix X is doubly stochastic if it is both row and column stochastic.
A square nonnegative matrix X = {x } is row sub-stochastic if at least one of its rows has
a sum strictly less than 1, that is, ∑
< 1, for some i.

The graph G(X) related to a matrix X is the graph with the adjacency matrix. The matrix X
is irreducible iff (X) is strongly connected [29, p. 362]. If the matrix X is irreducible then
all of its columns have at least one positive (non-zero) entry.
A nonnegative matrix X is primitive if the matrix is irreducible and only a single
eigenvalue of maximum modulus.
Theorem 1 (Gershgorin’s circle):
Let reminder that the set of eigenvalues of a matrix X ∈ ℝ
expressed by
( )∈ℂ .
( )⊂

{ ∈ ℂ: | − x | ≤

,

is termed its spectrum and is

}.

(2.8)

For the matrix X = x , around each entry x on the diagonal of the matrix, draw a closed
circle of radius ∑ |x |. Such circles are termed Gershgorin circles. Each eigenvalue of X
lies in a Gershgorin circle (for further details, see [30]).
Each row stochastic matrix has an eigenvalue of 1 with related 1 eigenvector . A row
stochastic matrix has a spectral radius of 1 since 1 is an eigenvalue and Gershgorin’s circle
theorem infers that each one of the eigenvalues is included in the closed unit circle.
Theorem 2 (Perron-Frobenius):
Possibly, the most significant theorem in distributed algorithms is Perron-Frobenius theorem
(for further details, see [29]).
Let X ∈ ℝ
i.
ii.
iii.
iv.

be a nonnegative matrix eigenvalues,

ordered as | | ≤ … ≤ |

|.

( ) > 0 and ( ) is an eigenvalue of X
The left and right eigenvectors related to ( ) are (strictly) positive,
For any other eigenvalue of X, | | ≤ ( )
If lim →
=
, where any v that satisfying
= (X) is termed the right
(row) eigenvector of X. Likewise, any w that satisfying
= (X)
is termed the
left (column) eigenvector of X and
w = 1 then lim →
=
[29, p. 516].

18

Clarity, the left eigenvectors are the right eigenvectors of
by
= (X)

⟹

, as shown respectively

= (X) .

We term the collection with { , (X)} and { , (X)} as eigenspaces of X and . In point
of fact, X is primitive iff there exists a natural number h such that
is positive [29, p. 516].
For that reason, since the spectral radius of a row-stochastic matrix is 1, if X is row-stochastic
and primitive, then lim →
= 1 , where w > 0 and satisfying1 w = 1.
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Chapter 3 – Consensus Algorithms
This chapter is devoted to consensus algorithms and we give a general overview of
consensus algorithms and introduce our specific equation. Then we discuss how consensus is
achieved and what the requirements on the connection matrix are. In this paper, we focus on
the work described in key Papers – namely R. Olfati-Saber, J. Alex Fax and R.M. Murray
[31], F. Fagnani and S. Zampieri [32], [33].

3.1

Overview of Consensus Algorithms

A Consensus Algorithm is an iterative scheme, in which independent nodes
intercommunicate to come to an agreement concerning a specific value of interest, without it
being necessary to pass on information to a central-node. With each repetition, information is
exchanged on a local basis by the nodes, so that a mutual value is reached in an
asymptotically way. The average of an initial set of measurements is particularly computed
by an average Consensus Algorithm [11].
Take the example of a network consisting of ∈ = (1, … , ) nodes. Every node
possesses an associated scalar value, represented by , which is defined as the state of node
(a state vector is used instead when numerous variables are taken into consideration). The
value of a measurement sets the state, which is updated repeatedly by utilising information
that it gets from its neighbours. If
=
, then it can be said that nodes and have
achieved a consensus.
The value computed by an algorithm classifies the types of Consensus Algorithm.
Algorithms are termed unconstrained if the application needs merely a global agreement, in
which case the value reached is not relevant. Alternatively, algorithms are termed constrained
when the application necessitates the computation of a function of the initial measurements.
To give an example, if : ℝN→ℝ is a function of
variables , … ,
and if (0) =
[ (0), … , (0)] is the vector of the initial states of the network, then the one of common
function of the initial measurement [34]:
=

(0),

(3.1)

A consensus algorithm has a function, which is to calculate the average at each sensor node
by using linear distribution iteration. The distributed linear iterations of the network can
therefore be expressed in the most common following form [35]:
( + 1) =

( ),

(3.2)
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where
defines the number of neighbours of node , as defined in Chapter 2 - Section
2.1,
is a non-zero weight and node receives the information coming from its neighbour,
node .It is common to say that
is the degree of confidence allocated by node , which
receives the information coming from its neighbour, node [36], satisfying:
=1

(3.3)

In particular, ( + 1) is a weighted average of the values ( ) associated with the nodes
at time [37]. In a compact matrix format, we can re-write the above updated equation in
(3.2) as:
( + 1) = ( ),
(3.4)
where ( ) signifies the vector collecting all the states of the nodes at time k.

As it is possible to load discrete-time algorithms direct to a digital device, this thesis
concentrates on the discrete-time implementations of a linear consensus algorithm joining on
the state, i.e. the consensus of the form (3.2).
Consider a static communication network, given by the graph G = ( V, E ) with node set
and edges . The number of edges is M. We define an edge between nodes and as a pair
( , ), where the attendance of an edge between two nodes specifies that they can
communicate with each other [38]. Given a graph, we can assign an
adjacency matrix ,
as given by:
=

1

0

(, )

Note 1: Throughout this thesis, we consider
meaning ( , ) ∉ ).

= 0 for all

(3.5)
(or the graphs have no loops

The neighbours of node are defined as = { : ( , ) ∈ };
d , this is commonly known as the out-degree of node as well.

= 1, … , . Here, | | =

The following consensus algorithm runs in discrete time. We consider synchronous
networks in each time step, where each of the nodes collects the state of its neighbours and
updates its state variable according to:
( + 1) =

+

( ( )−

( )),

(3.6)

where the node come to agreement in same parameter of ∈ (0.1⁄∆] and ∆ is the maximum
out-degree in the network. The selection of
must appropriately be made to meet the
convergence conditions.
The above update equation (3.6) can be expressed in matrix form as follows:
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( + 1) =

( ),

(3.7)

where ( ) = [ ( ), … , ( )] signifies the vector collecting all the states of the nodes
and P is a matrix that is non-negative and stochastic and previously defined as Perron matrix.
[11].The selection of in the matrix form equation must also be appropriately made to
guarantee that the Perron matrix meets the convergence conditions. Then P is is a nonnegative and stochastic matrix for all ∈ (0.1⁄∆]. As specified in [31], = −
+ ,
is a non-negative matrix. The diagonal elements of −
are 1 −
≥ 1 − /∆≥ 0,
which suggests that −
is non-negative. Due to the fact that the sum of two non-negative
matrices is a non-negative, this proves that P is a non-negative matrix.
When considering an averaging algorithm for averaging, at time 0 all nodes have a local
variable (0). This local variable is updated in discrete time following the consensus
algorithm in (3.6) with the aim of calculating the average of all local variables
=

(0),

(3.8)

in a distributed way [32].

3.2 Convergence of discrete-time consensus algorithms
In this section, a unified framework is presented for analysing the convergence of the
consensus algorithm for network topology in discrete-time.
Lemma 1: Consider a graph with
nodes and the maximum out degree in the network is
denoted by ∆=
(∑
). Then, the Perron ( ) matrix with parameter ∈ (0.1/∆]
complies with the following properties.
i.

ii.

iii.

According to the network, is a balanced graph and so is a double-stochastic nonnegative matrix. A non-negative matrix can be called a double-stochastic matrix if all
of its row and column sums are equal to 1 (see 2.4). is a balanced graph which
implies that
= and
= .
Every eigenvalue of P is included in the closed unit circle. Let
be the
eigenvalue of P. As defined in Chapter 2, Section 2.4, based on Gershgorin Circle
theorem, each eigenvalue of P is in the circle.

P is primitive, since the matrix is irreducible (G is strongly connected) and 0 < ϵ <
1/∆. If it is to be proved that P is primitive, it must be established that it possesses a
single eigenvalue with a maximum modulus of 1, which implies that the spectral
eigenvalue of P is 1 and that the other eigenvalue modules are strictly less than 1 [31].

Note 2: The condition < 1/∆ is obligatory. If a wrong step = 1/∆ is used, the Perron
matrix could have multiple eigenvalues with maximum modules of 1. With the selection of
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= 1/∆= 1, you get a P matrix which is irreducible but which has certain eigenvalues on the
boundary of the unit circle [31]. Therefore, P with parameter ∈ (0.1⁄∆] will meet the
requirements for convergence.
Lemma 2: Take a network of nodes with topology G applying the distributed consensus
algorithm
( + 1) =

( ( )−

+

( )),

(3.9)

or equivalently in the matrix form
( + 1) =
i.

( )

(3.10)

Applying the distributed consensus algorithm (3.9) and matrix form (3.10), a
consensus is asymptotically attained for all initial states in discrete-time,
lim

→

x(k + 1) =

,

(3.11)

where is the consensus value and
is the (column) vector of all-ones. Based on the
equation in (3.10), the convergence of ( + 1) to a vector of the form
, as in (3.11), is
dependent on lim →
and it remains independent of the initial set of values (0).
The limit lim →
occurs for primitive matrices, as defined in Chapter 2, Section 2.3. If
is substituted for its factorization, then we have:
=

( )

,

(3.12)

where v denotes the right eigenvector and w denotes the left eigenvector.
Take the spectral radius of , as denoted in Chapter 2, Section 2.4,
( )=

{|λ |, ∈

( )}

(3.13)

When ( ) > 1, there is no convergence of
as increases, because the growth of the
sum in (3.12) is unbounded and thus ( + 1) in (3.10) is unable to converge to a vector
with the form .
When ( ) < 1, there is a convergence of
to a
zero matrix if there is an
increase in
and there is a convergence of ( + 1) to the zero vector ∈ ℝ .
Furthermore, if the spectral radius is equal to 1, there is a convergence of the algorithm,
suggesting that | ( ) | ≤ 1 must be complied with for all , with one-equality or more.
ii.

The value of the group decision is
lim

→

=∑

x(k + 1) =

(0) with ∑
(3.14)

=1;
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A consensus of the form (3.14 ) is asymptotically attained when it comes to
( ) = ( ) = 1 with related v = and | ( )| < 1 for = {2, … , }, so that
with

fulfilling 1

lim

= 1. Then,

→

lim

=

→

x(k + 1) =

with the consensus value being
→ =
value of the group decision will be = ∑
Here, ( + 1) converges asymptotically to
( −

,

(0) = (

=

(0)),

(3.15)

(0) for every as → ∞. As a result, the
(0) with ∑
= 1 (since w = 1).
for any set of initial values (0) iff fulfils
(3.16)

) < 1,

) < 1 is the second largest eigenvalue of
where ( −
in magnitude. Note, in the
) as μ . In summary, the circumstances in
following description, we will define ( −
(3.16) are for the Perron matrix to have row-sums equal to 1 and that there is an algebraic
multiplicity of 1 for ( ).
iii.

When a graph is balanced, an average consensus is asymptotically attained and
( ∑ (0) )/ .

=

As defined in Lemma 1 i, when a graph is balanced, the P matrix is doubly stochastic and
the form
=
denotes that the graph is balanced. Since the left eigenvector of =
, then the consensus value α is equal to the average of the initial states (α =
(1/n)
(0).
As already stated, the local variable is updated in discrete time following the consensus
algorithm in (3.4) with the aim of calculating the average of all local variables in a distributed
way [32].
=

(0),

(3.17)

The key in design of the network topology is the speed of how a consensus is reached,
together with a performance analysis of a consensus algorithm for a particular network [31].
Here, we discuss the performance of a consensus algorithm for a undirect graph when it is
balanced and
= . Therefore, a discrete-time algorithm has an invariant quantity
∑
=
in such a case and
( + 1) =

1

( + 1) =

1

(

) ( )= ( )
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Here,

can be decomposed into
=

−

,

(3.18)

where
= ( ,…, ) ∈
complies with
= 0. Here, we refer to
“disagreement vector” and we can take the norm of , i.e. we define
| | ≜

( ( )−

)

as the

(3.19)

We measure the convergence by the norm of the "disagreement vector" of length N, where
there is a difference between the current believed average value and the real average value in
each position. The norm is the sum of the squares of these values. Clearly, it is 0 when all the
nodes reach the average value. Moreover, evolves according to the (group) disagreement
dynamics given by:
( + 1) =

Consider the square of the norm of

( )

(3.20)

as a Lyapunov function candidate, i.e. define

Φ( ) = || || =

Theorem 3: Let be a balanced graph and the Perron matrix with an asymmetric part
is = ( + )/2. Then,
=
(
/
) i.e.
≤

for all disagreement vectors .

| | ,

Proof: We know that is a balanced graph iff
= . Since
= , we have
=
⟺ ( + ) = . This infers that is balanced iff has a right eigenvector of 1, i.e.
is a valid Perron matrix which is a non-negative doubly stochastic matrix.
Note that, for a disagreement vector

fulfilling
max
=

( )

= 0, we have

(3.21)

Corollary 1: For a connected undirected network, with speed beyond or same as
discrete-time consensus is globally exponentially obtained.

,a
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Proof: Let Φ( ) = ( ) ( ) be a contender Lyapunov function for the discrete-time
disagreement dynamics of ( + 1) = ( ). For a balanced graph, =
and each of the
eigenvalues of P are real. If we calculate Φ( + 1) , we get:
Φ( + 1) =
= ||

with 0 <
< 1, because
speed beyond or same as

( + 1) ( + 1)

( )|| ≤
=

Φ

|| ( )||

is primitive. Obviously, || ( )|| exponentially vanishes with

One approach is to minimize the second largest eigenvalue (μ ) of the Perron matrix. The
μ of controls the convergence speed of
to a normalized all ones matrix , as can be
seen from (3.8), where the speed of the convergence will increase when ( − ) =
{μ ( ), −μ ( )} has a smaller value. It was previously confirmed that μ ( ) =
1, which means that there is a single eigenvalue for matrix, with a maximum modulus of
1 [11]. In general, a method for decreasing the number of iterations that are needed to achieve
a consensus therefore consists in decreasing the magnitude of ( − ). The parameter ( )
has a direct influence on the second largest eigenvalue in order to minimize it.
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Chapter 4: Consensus in WSNs
This chapter explains the design of scenario and presents simulation results and intuitive
analysis.

4.1

Networking Scenario

We consider a unit area where
number of nodes is placed in a unit area, according to
2 uniform distribution ( , coordinates selected uniformly random on [0,1] ). Each node
has a set of neighbours it exchanges consensus information with. The number of neighbours
is defined through the optimization of the consensus performance.
To provide scalability, scenario considers each node has an undirected connection towards
nearest neighbours within an area denoted by radius .

We consider a static communication network, given by the graph G = ( V, E ) of set nodes
and edges . The number of edges is M. The edges are selected according to the description
above. We consider balanced undirected graphs, where the in and out degree of a node is the
same.
As already stated, the consensus algorithm runs in discrete time. In each time step, where
each of the nodes collects the state of its neighbours and updates its state variable as:

( + 1) =

+

( ( )−

where the node come to agreement in same parameter of
out-degree in the network.

4.2

( )),

(4.1)

∈ (0.1⁄∆] and ∆ is the maximum

Consensus Performance

In the simulation, each node runs in the consensus algorithm, receiving inputs from all the
neighbours in each round and updating its own estimate, based on them. In other words the
consensus algorithm done according to the convergence time is then the time until all nodes
obtain the average value (to reach a consensus value).
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Figure 4.1: Convergence of the states to the average consensus in a network with
nodes.
.

= 10

Fig.4.1 illustrates the evolution of the states for the network, considering
= 10,
∈ {0,1} for every ( , ) ∈ .The initial state (0) is selected independently as a uniform
random variable over [0,1] as:
(0) = [0.8752, 0.3179, 0.2732, 0.6765, 0.0712, 0.1966, 0.5291, 0.1718, 0.8700, 0.2437].

The consensus value α (the algorithm in (3.17) ) asymptotically reaches the average of the
initial values, i.e. α = (1⁄ )1 (0) = 0.4225.

In general, one approaches to decrease the number of iterations or, in other words, to reduce
the convergence time of a consensus algorithm is dependent on the value of ϵ, because
convergence is affected by the parameter (ϵ).

Table I: Convergence Properties of the Consensus Algorithm
where k is number of iterations, N is number of nodes and
(disagreement) value.

| ( )|

is group decision

As already stated in Corollary 1, for a connected undirected network, with speed beyond or
same as , a discrete-time consensus is globally exponentially obtained.
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Φ( + 1) =
= ||

.
( + 1) ( + 1)

( )|| ≤
=

Φ

|| ( )||

It can be seen the numerical results of Corollary 1 in Table II.

Table II: Values of ||

( )|| and

|| ( )|| with N=40.

In this Master’s thesis, we demonstrated the speed of convergence of a consensus algorithm
(3.7) for five different networks with N= 20, 50, 75, 100, 150 nodes and with R=0.2, 0.3, 0.4,
0.5, 0.6 transmissions radii in Fig. 4.3 and Fig. 4.4. The initial state (0) was selected
independently as a uniform random variable over [0,1] . The interval of the input parameters
was carefully defined. Our interest was in performance measures (average) for given input
parameters and trends for changing input parameters.
We ran the consensus algorithm and, for each round k (time step), we recorded the norm of
the disagreement vector. We stopped at a predefined value | ( )| > 10 and called this
“k_stop”. In other words, we stopped when the number of iterations reached the desired level
of a fixed tolerance | ( )| > 10 . We then had a vector of these disagreement values as a
function of the round number, which we were able to plot.
The next step was to see how the number of steps needed depended on the number of nodes
and on the average degrees, which, in turn, depended on the transmission range.
The following was the evaluation:
We fixed the size of the network, e.g. 100 nodes, and evaluated how the convergence time,
i.e. the number of rounds needed so that the "local averages" were equal to the known global
average changes, as we changed the transmission range of the nodes.
Then the following steps were taken:
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We took a given value of the transmission range and generated 10 different networks,
each
with a given number of nodes, e.g. 100 nodes, but in different random
positions. For each network, the convergence time was measured and then the average
was calculated.
Two cases were considered:
1. Iterations as a function of the number of nodes for a given radius.
2. Iterations as a function of the radius for a given number of nodes.
We tried running the algorithm for several cases, to see if it worked for different network
sizes as well as other input parameters. We chose 10 runs for one parameter setting and
followed the experiments for all derive k_stop average and c .
c =

where

is k_stop local average and

∑

−

< 1 (3.17)

is global average of k_stop.

1. The first graph shows the transmission radius on the x-axis and k_stop average on the
y-axis. The number of nodes is constant for a curve. There are curves for N= 25, 50,
75, 100, 150.

Figure 4.3: Iterations as a function of the number of nodes for a given radius.
2. The second graph shows the number of nodes on the x-axis and k_stop average on the
y-axis. The transmission radius is constant for a curve. There are curves for
transmission radii: R=0.2, 0.3, 0.4, 0.5, and 0.6.
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Figure 4.4: Iterations as a function of the radius for a given number of nodes
As already stated, we set values 0.2, 0.3, 0.4, 0.5 and 0.6 of the transmission range (R) and
generated 10 different networks, each with 25, 50, 75, 100 and 150 nodes (N) but in different
random positions. For each network, the convergence time was measured and then the
average was calculated. We carefully defined the input parameters for the initial local values
and adhered to a given distribution.
The simulation results are displayed in Fig. 4.3 and Fig. 4.4, with each plotted value being
the mean convergence time of 10 runs of the corresponding algorithm. Fig. 4.3 illustrates
iterations as a function of the number of nodes for a given radius, and Fig. 4.4 illustrates
iterations as a function of the radius for a given number of nodes.
Figure 4.3 shows five different networks with N= 25, 50, 75, 100, 150 nodes, with the
different transmission ranges increasing R=0.2, 0.3, 0.4, 0.5, 0.6 and the convergence time
decreasing linearly, which means that the disagreement vector (i.e., | ( )| ) is iterated less
so that it reaches a predefined value 10 . Networks with the bigger numbers of transmission
ranges were faster. With the same number of transmission ranges and the different numbers
of nodes, the convergence time behaved very similar for all different networks. It is very
clear that with increases in the the transmission range, the speed of the convergence time is
decreasing. For example, a network with transmission range R=0.6 is 7 times faster than the
one with transmission range R=0.2.

Figure 4.4 shows the speed of the convergence time for the all the networks almost have a
straight line. For the the speed of the convergence time, the effect of the number of nodes is
important but it cannot be compared to the impact of the transmission range. With the same
transmission range and different number of nodes, the networks don’t show big deference for
the convergence time. Taking the bottom curve first and then proceeding upwards in Figure
4.4, the speed of the each network is faster than the next one, due to an decrease of 0.1 in the
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transmission range, which is why the disagreement vector was iterated more in order to reach
the predefined value.
The size of a network plays an important role. The larger network (with transmission range
and number of nodes) converges faster than a smaller. The biggest role of the transmission
range on the speed of the convergence time is to speed up or slow down the networks.
Experiments show that, in a case when R = 0 . 6 the fastest convergence is reached. This is to
say, it is better for the nodes to have a good balance between computation and
communication.
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Chapter 5 – Conclusions

5.1.

Conclusions

This master thesis has introduced the network model for the discrete-time consensus
algorithm. The undirected topology has been presented, where the performances of consensus
algorithm (the conditions to reach a consensus and average consensus) have been reviewed,
in term of convergence time, depend significantly on the underlying communication graph.
We characterized also the performance of the consensus algorithm accurately in the terms of
second largest eigenvalue of a suitable stochastic matrix. Some approaches to reduce the
convergence time of the consensus algorithm have been discussed.
MATLAB simulations have been carried in a scenario to examine the effect of different the
given input parameters. Final results show the performance measures for the given input
parameters, and trends for changing input parameters. The performance measures we are
interested in are of course the convergence time, but also the communication radius required
to reach the nearest neighbours, and spectral properties of the communication graphs.

5.2.

Future work

The performance consensus algorithms, in term of convergence time, depend significantly
on the underlying communication graph. As an example, two dimensional geographic graphs,
where nodes are connected only to some nearest neighbours give low consensus convergence,
since it takes long time to propagate information from one end of area to the other. Adding
longer links to such a graph decreases the convergence time for a given network and changes
the scalability properties as well e.g., the convergence time increases linearly to the number
of nodes in the geographic graph, while the increase is logarithmical if random long links are
added.
Considering however the shared wireless medium, adding long communication links, that
is, transmissions with high transmission power have significant price, these transmissions
introduce interference in a larger geographic area. Therefore, the scheduling of the
transmissions, that is, the MAC, and energy consumption have to be carefully considered
when evaluating the performance of consensus in these scenarios.
We plan for the future step, we will consider some hybrid attachment strategies, that is,
long links in our case and the cost of the MAC protocol will be included, considering the time
required for one step of consensus algorithm, and the energy consumed for the
communication.
As a result, optimal topologies (attachment strategies) will be derived, in term of the
number of local connections, and the randomness of the long connections.
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