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Abstract

Knowledge of your own and other’s positions are frequently a prerequi-
site for acting, leading others, and interacting in and with the environment;
to retrieve relevant information and to process and interpret it; and to un-
derstand, compile, and learn from observations of the surrounding and its
dynamics. This holds for humans as well as for machines and systems made
for supporting and controlling them. Consequently, systems which automat-
ically provide position information of peoples are of interest and the larger
subject area of this thesis.

For many critical applications such as positioning of emergency respon-
ders, dismounted soldiers, and security personnel, it is unsuitable for the po-
sitioning system to be dependent on infrastructure or prior knowledge about
the environment. Consequently, this thesis deals with systems and methods
for infrastructure-free and prior-knowledge-free pedestrian localization. The
thesis is specifically concerned with statistical methods but will also cover
hardware in terms of high-level system designs. The thesis is composed of
an introduction followed by a collection of papers which are divided into two
parts, each concerning a separate problem area. The introduction motivates
and describes the localization problem in general terms and gives a coherent
guide to the articles.

The first group of articles together describes an infrastructure-free system
for tactical localization of small units of agents. The physical implementation
of the localization system carries the name TOR (Tacitcal lOcatoR) and have
been tested on fire fighters during realistic smoke diving exercises. This sys-
tem primarily depends on pedestrian dead-reckoning based on foot-mounted
inertial navigation and inter-agent radio ranging. The core parts of the sys-
tem which are dealt with are: foot-mounted inertial navigation units which
provides dead reckoning of individual agents, system structure and estima-
tion algorithms which, based on the dead reckoning and inter-agent ranging,
provides estimates of the agent positions, initialization algorithms for the es-
timation, and a user interface which exploits voice radio communication and
3D-audio to let the agents hear where they have each other.

The second group of articles concerns low-level processing for extraction
of spatial information of camera images (video), a prevailing infrastructure-
free data source for relating an agent’s position to the environment. These
articles are focused on formalization and fast implementations of fundamen-
tal processing steps. An implementation of scale-space only relying on integer
signal representation of image data and simple arithmetic operations is pre-
sented. Further, a unifying theory of feature point orientation assignment is
derived and a novel method for the same is presented. Thereafter, the small
but frequently occuring processing step in which image gradient samples are
binned based on their argument, is treated and three fast solutions with vary-
ing properties are suggested. Finally, a localization system based on inertial
navigation aided by imagery data is presented.

(Sammanfattning på svenska följer på nästa sida)
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Sammanfattning

Kännedom om sin egen och andras position är ofta en förutsättning för
att agera, att leda andra och att interagera i och med rummet; att hämta
hem relevant information och att bearbeta och tolka den; samt att förstå,
sammanställa och lära sig av observationer av omgivningen och dess föränd-
ringar. Detta gäller så väl människor som maskiner och system framtagna för
att stötta och kontrollera dessa. Följaktligen röner system som automatiskt
tillhandahåller positionsinformation av personer stort intresse och är huvud-
området för denna avhandling.

För många kritiska tillämpningsområden, som positionering av blåljusper-
sonal, fotburna soldater och säkerhetspersonal, är det olämpligt att positio-
neringssystemen beror på infrastruktur eller kännedom om miljöerna i vilka
de ska verka. Därför rör denna avhandling specifikt system och statistiska
metoder för infastrukturfri och miljöoberoende personpositionering. Avhand-
lingen behandlar framförallt statistiska metoder men beskriver även hårdvara
i termer av högnivåsystemdesign. Avhandlingen består av en inledning följt av
en samling artiklar vilka är uppdelade i och berör två olika problemområden.
Inledningen motiverar och beskriver lokaliseringsproblemet i allmänna termer
och ger en sammanhållande inledning till artiklarna.

Den första gruppen av artiklar beskriver tillsammans ett infrastruktur-
oberoende system för taktisk positionering av mindre grupper av användare.
Implementeringen av positioneringssystemet går under namnet TOR (Tacti-
cal lOcatoR) och har testats på brandmän under realistiska rökdyknings-
övningar. Systemet beror huvudsakligen på dödräkning från fotmonterade
tröghetsgivare och radioavståndsmätning mellan gruppmedlemmarna. Kärn-
delarna i systemet som behandlas i denna avhandling består av: fotmontera-
de tröghetsnavigeringsenheter som tillhandahåller dödräkningen för enskilda
användare, systemstruktur med gränssnitt och estimeringsalgoritmer för att
utgående från dödräkningen och avståndsmätningen skatta användarnas po-
sitioner, initialiseringsalgoritmer for skattningen samt ett användargränssnitt
som med hjälp av talradio och 3D-ljud låter användarna höra var de har
varandra.

Den andra gruppen av artiklar berör lågnivåprocessning för att utvinna
rumslig information ur serier av bilder (video), en vanligt förekommande in-
formationskälla för att relatera en persons position till den omkringliggande
miljön. Dessa artiklar berör framförallt formularisering av och snabba imple-
mentationer av grundläggande processningssteg. En implementering av skal-
rum endast beroende på heltalsrepresentation av bilddata och enkla aritme-
tiska operationer presenteras. Vidare presenteras en sammanbindande teori
för metoder för tilldelning av riktning till punkter i bilder och en ny metod för
detsamma. Därefter behandlas ett mindre men frekvent förekommande pro-
cessningssteg bestående i att dela upp gradientsampel i grupper utgående från
deras argument. Tre olika lösningar med olika egenskaper presenteras. Slutli-
gen presenteras ett positioneringsystem baserat på tröghetnavigering stöttat
av bilddata.
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The importance of location

Imagine never knowing where you or anyone else were. Life would be pretty diffi-
cult. You would be completely dependent on people around you for trivial tasks,
your interaction capability with your surroundings would be clearly limited, and
your potential choices when it comes to a profession would be scarce. All this is
because a large majority of the things we do are dependent on our or others’ loca-
tions. Now consider that this is how most machines, tools, and systems live their
lives. They have little sense of their own location or potential users’ locations. In
the same way that not knowing our own and others’ locations limits us, this will
fundamentally limit these systems’ possibilities to autonomously act and interact
in a physical world. Clearly, most machines, tools, and systems need human super-
vision on one level or another to do something sensible. Further, even we frequently
have to spend significant effort to gain knowledge of peoples whereabouts in order
to act and interact with them. Consequently, we would like to develop systems
for automatically obtaining and providing such information, i.e. developing local-
ization systems. For machines, tools, and systems it is primarily about getting
this information to start with while for us, it about improving and extending our
cognitive abilities. Naturally, since most machines, tools, and systems are built to
support us, localization of human agents is a key capability which this thesis is
concerned with.

1.1 Target application

Depending on application, situation, and environment, the basis for localizing a
human agent varies greatly. The most important factors are outdoor/indoor and
controlled/uncontrolled environment, with the latter providing a more technically
challenging problem for both pairs of attributes. Unfortunately, the uncontrolled
indoor environments arises in a number of applications. Specifically, this thesis is
concerned with tactical localization of primarily human agents in military-like orga-
nizations. This includes localization of emergency responders, police men, soldiers,
and security personnel, who often operate in uncontrolled indoor environments.
While many of the localization techniques and results presented in the thesis are
not limited to such applications, but have a wider applicability, the tactical local-
ization of human agents has been the primary cohesive and motivating application
for this thesis work.

1



2 CHAPTER 1. THE IMPORTANCE OF LOCATION

Tactics refers to the planning and implementation of maneuvers and actions of
tactical elements to achieve certain objectives, in short the command and control
of subordinate units. Normally, the knowledge of position is a prerequisite for
the tactics. A commander needs to know where his subordinate units (tactical
elements) are in order to implement the maneuvers. The commander also needs
to know where the elements are to interpret the situation to obtain a situational
awareness and to (re)act and plan his actions accordingly. Further, a subordinate
should preferably have the same localization information as the superior commander
in order to act appropriately to commands and to give back relevant reports. At
the least, he should know his position, and preferably those of adjacent units, to
act independently in the spirit of the commander. A great deal of effort is typically
spent on tracking tactical elements. Occasionally this is done automatically, but
frequently this is done manually, especially on lower tactical levels. This will limit
the tactical capability and agility of units on these levels. Therefore, the work of this
thesis has been primarily aimed at developing low level (individual agents) tactical
localization systems to achieve an improved tactical ability on this and nearby
commanding levels. Specifically, some of the developed technologies have been
tested with encouraging results on smoke divers during realistic training exercises.
Photos taken during the tests and which give a sense of the target applications and
operation environments are shown in Fig. 1.1. To efficiently and securely use smoke
divers and other personnel at a disaster scene, the commanding officers obviously
need to know their positions.

The target application may seem narrow but I believe the achieved localization
capability has a much wider applicability. A comparison with the well-known Amer-
ican GPS system (or Russian alternative GLONASS) illustrates the situation. GPS
was primarily a tactical tool when it was designed, developed, and deployed. It was
developed by the military because they had the resources to develop it, the clear
collective tactical need to justify the cost, and the time perspective to invest and
to spend resources at adopting the technology. However, once the technology was
there, it was soon adopted in disparate fields and many applications were developed
around it. Of course there are differences between the heterogenous technologies for
infrastructure-free localization and the monolithic satellite based localization tech-
nologies. Research on localization technologies for other domains are also playing
an important role but the tactical applications are still a significant force behind
the maturation of the infrastructure-free technologies. Further, location is such a
fundamental piece of information that the availability gives rise to applications by
itself. This has happened with GPS in the past. The technologies developed in
this thesis help in bringing the localization capability to areas and situations where
GPS is not available and with an accuracy not normally seen for the GPS. I believe
a myriad of applications will eventually follows.
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Figure 1.1: Photographs taken during smoke diving tests of the TOR system. The TOR system
has been the convergence point and constitute the most important achievement of the work of
this thesis. The graphical user interface and the estimated trajectories of a smoke-diving team
can be seen in Fig. 1.2. Photo: Erik Groundstroem.
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1.2 Infrastructure-free pedestrian localization

Localizing humans essentially entails localizing pedestrians. I use the term pedes-
trian to refer to a human agent who transports himself without any motor-aid.
Consequently we are not necessarily constrained to just walking agents, for exam-
ple crawling agents are included as well.

Information needed for localization can be obtained in two fundamentally dif-
ferent ways, with infrastructure or without infrastructure. With infrastructure one
exploits some active equipment, e.g. radio transmitters or receivers, or passive
objects, e.g. visual markers or RFID tags, at known locations, relative which the
pedestrians can be localized. The infrastructure gives solid ground to stand on in
terms of location, giving an easier localization compared to without infrastructure.
However, it comes with a number of disadvantages:

• Infrastructure will have a limited coverage area.

• Infrastructure needs deployment and the needed equipment may be costly.
Further, the installation may require a separate means for localizing the in-
frastructure to start with.

• Infrastructure needs maintenance. This will further add to the cost.

• Infrastructure can be destroyed or disabled. This gives a fundamental system
robustness shortcoming.

The disadvantages can be summed up with coverage area (volume), cost, and lack
of robustness. Despite its shortcomings, infrastructure based localization is still
suitable for many applications which require localization in an outdoor or controlled
indoor environment, like a shopping mall. However, for the target applications it
is clearly unsuitable to depend on infrastructure and therefore infrastructure based
localization is ruled out. Note that depend on does not rule out the possibility to
use infrastructure, e.g. GPS, whenever it is available.

1.3 Map-free pedestrian localization

Without infrastructure, we have to rely on something else to perform the localiza-
tion. Observing our ability to localize ourself, which obviously is not dependent on
any infrastructure, we can note that this ability is primarily dependent on mental
maps of the environment relative to which we localize ourself. In general terms, we
may refer to this as prior knowledge about the environment. Just like infrastructure
gives solid ground to stand on, prior knowledge about the environment also gives
something solid in the environment to relate measurements and thereby our loca-
tion to. As a matter of fact, infrastructure typically comes with some implicit prior
knowledge. If there is no knowledge about the infrastructure, e.g. location of radio
transceivers, it will be difficult to use. Just like the infrastructure, prior knowledge
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gives an easier localization problem compared to the case without it. However, it
comes with a set of disadvantages very similar to those of the infrastructure:

• The prior knowledge will have a limited coverage area. Global maps of ade-
quate resolution for pedestrian localization do not exist (yet).

• Prior knowledge requires surveying which may be costly and requires a sepa-
rate means of localization.

• Prior knowledge needs maintenance to be up-to-date. However, abrupt changes
in the environment may still render it incorrect.

• Incorrect maps will require a high level of reasoning to be built into the
localization system, to detect and handle the errors.

Again, just like for the infrastructure, the disadvantages can be summed up with
coverage area (volume), cost, and robustness and despite these disadvantages, for
some applications it is suitable to rely on prior knowledge while for the target
application it is unsuitable.

1.4 Pedestrian localization based on what?

Without infrastructure or prior knowledge about the environment, the information
sources for localization are few. Indeed, unambiguous localization in a global frame
without any infrastructure or prior knowledge about the environment is not pos-
sible. However, unambiguous localization relative to a global frame is often not
needed. Frequently, we are more interested in localizing ourself relative to other
agents in the system. This can be done without any infrastructure or prior knowl-
edge. Also, the ambiguity may be resolved manually or resolved when infrastructure
is available, and in the meanwhile we may simply fix our localization by picking an
arbitrary point of reference, e.g. our starting location.

Again observing our own ability to localize ourself and other humans in our
surroundings, it is seen that infrastructure-free and prior-knowledge-free localiza-
tion is possible. Even in an unknown environment we can clearly find our way
around, however, with some limitations. While circumventing the disadvantages of
the infrastructure and prior knowledge, it brings in a number of new challenges.
The localization will have to depend on:

1. Assumptions and measurements of the movements of the agents.

2. Assumptions and measurements of internal relations, e.g. measurements of
distances between agents.

3. Acquired knowledge about the environment, essentially constructed maps,
and measurements which can be related to it.
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The focus of the first half of this thesis will be on the two former information
sources, measurements of internal relations and movements of agents, and their use
for localization. The primary challenges here are two. First there is the problem
of distributed measurements. Measurements of the relation between agents and
measurements of the movements of agents are naturally localized to the respective
agents. Consequently, there is no place in the system where all measurements are
available to start with. Therefore, to solve the localization we have to deal with
gathering and distribution of information and potential lack of information. Sec-
ondly, there is the problem of what to measure, modelling of the measurements, and
performing the corresponding statistical inference. Since there is no infrastructure
or prior knowledge to hold on to, we cannot easily recover from errors introduced
in the system. Further, how to measure the movements of an agent accurately
without infrastructure, e.g. a camera motion tracking system, is not obvious, Con-
sequently, the measurements and the modelling has to be done with care. Further,
statistically inference methods have to deal with potentially high dimensionality
while providing statistical robustness.

The focus on the second half of this thesis will be on the latter type of in-
formation source. Building up consistent and coherent maps of the environment
in real-time while using the same information for localization has proven to be a
challenging problem. One part of the problem is dealing with the complexity (high
dimensionality) of the maps and the other is to model and extract spatial informa-
tion from the measurements of the environments. The problem is highly dependent
on the specific measurements at hand. While many other sensors are conceivable,
the most common one is probably the camera. Consequently, the problem is mod-
elling and extracting spatial information from imagery.

1.5 Main contributions of the thesis

The three main contributions of this thesis are related to one of the mentioned
information sources of the previous section each. The main contributions of this
thesis are:

1. The world’s first (presented) embedded foot-mounted inertial navigation sys-
tem together with statistical methods for integrating it as a subcomponent in
a larger pedestrian localization system.

2. The world’s first (presented) real-time infrastructure-free cooperative pedes-
trian localization system together with practical statistically robust coopera-
tive localization estimation techniques.

3. Several improved fundamental processing steps for extraction of spatial in-
formation from sequences of images and a unifying theoretical framework for
the orientation assignment to feature points.
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Concerning the two first contributions, activities aimed at building similar systems
can be found in the industry. However, to judge what has actually been done is
hard since technical publications are lacking. Therefore, I have added (presented)
to signify that at least they are the first of their kind to be openly presented. Work
concerning similar systems can especially be found within the GLANSER project
of the American Department of Homeland Security and within the Mine Safety
Appliances (MSA) company. See Section 1.7 for further comments. Concerning
the second contribution, to date, our implementation still relies on synthetic range
measurements from a fixed infrastructure. However, this is due to lack of hardware
and as presented, the system does not rely on any infrastructure.

Most of the work leading up to this thesis has been concerned with building
operational tactical localization systems. Consequently, the results are mainly in
terms of practical algorithms and system designs and implementations. During the
thesis work, three localization systems, and primary components for the same, have
been built. In chronological order they are:

1. The mentioned embedded foot-mounted inertial navigation system presented
under the name OpenShoe (see PaperB). The complete system design includ-
ing hardware and software has been released open-source and can be found
at www.openshoe.org.

2. A real-time vision-aided inertial navigation system based on epipolar con-
straints (see Paper H).

3. The mentioned infrastructure-free cooperative localization system, with the
implementation named TOR (Tactical lOcatoR) (see Paper A). The TOR
system makes use of the OpenShoe platform.

The latter system has been the convergence point of much of my research, aside from
the parts about extraction of spatial information from images. The TOR system
has been tested and evaluated during smoke diving training exercises performed by
smoke divers of local fire departments in the KTH R1 reactor hall during the fall of
2013. Photos from the smoke diving tests can be seen in Fig. 1.1. Providing localiza-
tion algorithms and other core components, which combined with auxiliary system
controller and graphical interface components successfully provided real-time local-
ization during these tests, is the single most important achievement of the work lead-
ing up to this thesis. A screen-shot from the graphical user interface which displayed
the agent trajectories in real-time during the tests can be seen in Fig. 1.2. The full
real-time localization results can be viewed at http://youtu.be/Qtyq86tJrZ8.

1.6 Thesis outline and publications

This thesis starts with the introductory Chapter 1 (this chapter) followed by Chap-
ter 2 where solutions to the localization problem are set in general terms. The
subsequent Chapter 3 provides a reader’s guide to the papers and unpublished
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Figure 1.2: Screen shot of the graphical user interface of the TOR system run on a Samsung
Galaxy SIII Android smart-phone. The screen shot is from half-way through a search operation
in R1 with two smoke divers (magenta) and a smoke diving leader (blue). The dotted lines are
the trajectories of the agents. Actual photos from the tests can be seen in Fig. 1.1. The full search
can be viewed at http://youtu.be/Qtyq86tJrZ8.

manuscripts of the thesis (collectively referred to as papers). Following this, in
Chapter 4, I give comments about some general design choices made in building
the localization systems of this thesis. The papers and the remainder of the thesis
are organized into two parts. Part I concerns core pedestrian localization tech-
niques primarily centered around foot-mounted inertial navigation and cooperative
localization. Part II concerns extraction of spatial information from sequences of
images. What follows in this section are more detailed descriptions of the different
parts, listings of the included papers, and specifications of my contributions to the
papers. All graphics of this thesis apart from photos of Fig 1.1 have been produced
by me.

Part I – The TOR localization system

In this part, four papers describing the TOR pedestrian localization system and its
components are grouped. In Paper A, the core algorithms and the system archi-
tecture are presented. Also, a review of related work and motivation of the system
setup is given. In Paper B, the OpenShoe open-source foot-mounted inertial nav-
igation platform providing measurements of the displacement and heading change
of a pedestrian is presented. In Paper C, techniques for initialization of the TOR
system without any prior of position of any agent in the system, are described. Fi-
nally, in Paper D, the implementation of voice radio communication with 3D audio
in TOR is described and the user interface implications are discussed. The papers
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in Part I are:

A J.-O. Nilsson, D. Zachariah, I. Skog, and P. Händel. Cooperative localization
by dual foot-mounted inertial sensors and inter-agent ranging. Advances in
Signal Processing, 2013. Accepted for publication

B J.-O. Nilsson, I. Skog, P. Händel, and K.V.S. Hari. Foot-mounted INS for
everybody – An open-source embedded implementation. 2012 IEEE/ION
Position Location and Navigation Symposium (PLANS), 23-26 April, Myrtle
Beach, SC, USA, 2012.

C J.-O. Nilsson and P. Händel. Recursive Bayesian initialization of localization
based on dead reckoning and ranging. In Proc. 2013 IEEE/RSJ International
Conference on Intelligent Robots and Systems (IROS), 3-7 November, Tokyo,
Japan, 2013.

D J.-O. Nilsson, C. Schüldt, and P. Händel. Voice radio communication, pedes-
trian localization, and the tactical use of 3D audio. In Proc. 2013 Interna-
tional Conference on Indoor Positioning and Indoor Navigation (IPIN), 28-31
October, Montbéliard-Belfort, France, 2013.

I constructed and implemented the core algorithms and wrote Paper A. D.
Zachariah and I. Skog developed fundamental statistical tools for the algorithms
(see references). M. Ohlsson, T. Rudberg, and J. Rantakokko (none of them on the
author list) contributed significantly to the practical system implementation and
testing. The work of Paper B was done in close collaboration with I. Skog. I wrote
most of the article. I did all the work and wrote Paper C. For Paper D, I proposed
the basic idea, C. Schüldt implemented it in the TOR system, and we tested and
evaluated it and wrote the article in close collaboration.

Part II – Extracting spatial information from images

In this part, three papers describing, formalizing, and improving three fundamen-
tal processing steps for extracting spatial information from images are grouped.
In Paper E, implementation of an image scale-space only relying on integer signal
representation and with unprecedented low computational cost is described. In
Paper F, the assignment of orientations to feature points is formalized, a unify-
ing framework for all (but one) orientation assignment methods available in the
literature are given, and an improved orientation assignment method is presented.
In Paper G, the processing step of binning gradient samples (in general a two-
dimensional vector/complex number) which frequently appears in low-level com-
puter vision methods is formalized and three different fast solutions with different
properties are suggested. Finally, a fourth paper is included in Part II. Paper H
exemplifies the use of imagery for localization and presents a real-time vision-aided
inertial navigation system. The papers in Part II are:
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E J.-O. Nilsson, J. Kristensen, and P. Händel. Fast scale-space approxima-
tion by cascaded box filters and integer signal representation. Unpublished
manuscript, 2012

F J.-O. Nilsson, J. Kristensen, and P. Händel. A unifying approach to feature
point orientation assignment. Unpublished manuscript, 2013

G J.-O. Nilsson and P. Händel. Fast Argument Quantization. IEEE Signal
Processing Magazine, Nov. 2013.

H J.-O. Nilsson, D. Zachariah, M. Jansson, and P. Händel. Realtime implemen-
tation of visual-aided inertial navigation using epipolar constraints. In Proc.
2012 IEEE/ION Position Location and Navigation Symposium (PLANS), 23-
26 April, Myrtle Beach, SC, USA, 2012.

The work of Papers E and F was done in close collaboration with J. Kristensen.
I wrote the papers. I did all the work and wrote Paper G. The idea of using
projections and bisection to perform the binning was originally proposed by J.
Kristensen. I did most of the work of Paper H which however is heavily dependent
on previous work by D. Zachariah (see references). We wrote the paper in close
collaboration.

Other publications

During the doctoral studies, a number of publications have been (co-)authored,
in addition to those included in the thesis. There is some overlap in the results
between Paper A and the Survey L, and between Paper G and the Report R.
Apart from this, the additional publications present separate results.

Publications I-T primarily contain supportive results and material to the papers
in the thesis. The following publications concern details related to Part I – The
TOR localization system:

I J.-O. Nilsson and P. Händel. Standing still with inertial navigation. In Proc.
2013 International Conference on Indoor Positioning and Indoor Navigation
(IPIN), 28-31 October, Montbéliard-Belfort, France, 2013.

J J.-O. Nilsson, I. Skog, and P. Händel. A note on the limitations of ZUPTs and
the implications on sensor error modeling, In Proc. 2012 International Con-
ference on Indoor Positioning and Indoor Navigation (IPIN), 13-15 November,
Sydney, Australia, 2012.

K J.-O. Nilsson, I. Skog, and P. Händel. Performance characterisation of foot-
mounted ZUPT-aided INSs and other related systems. In Proc. 2012 In-
ternational Conference on Indoor Positioning and Indoor Navigation (IPIN),
15-17 September 2010, Zürich, Switzerland.
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L K.V.S. Hari, J.-O. Nilsson, I. Skog, P. Händel, J. Rantakokko, and G.V.
Prateek. A prototype of a first-responder indoor localization system, Journal
of the Indian Institute of Science, vol. 93, no. 3, pp. 511-520, 2013.

M D. Simon Colomar, J.-O. Nilsson, and P. Händel. Smoothing for ZUPT-
aided INSs. 2012 International Conference on Indoor Positioning and Indoor
Navigation, (IPIN), Sydney, Australia, 13-15 November 2012.

N I. Skog, J.-O. Nilsson, D. Zachariah, and P. Händel. Fusing the information
from two navigation systems using an upper bound on their maximum spatial
separation. 2012 International Conference on Indoor Positioning and Indoor
Navigation, (IPIN), Sydney, Australia, 13-15 November 2012.

O I. Skog, P. Händel, J.-O. Nilsson, and J. Rantakokko. Zero-velocity detection
– An algorithm evaluation, IEEE Transactions on Biomedical Engineering,
vol. 57, no. 11, pp. 2657-2666, 2010.

P I. Skog, P. Händel, and J.-O. Nilsson. Evaluation of zero-velocity detectors
for foot-mounted inertial navigation systems. 2010 International Conference
on Indoor Positioning and Indoor Navigation, IPIN 2010. Zürich. 15-17
September 2010.

The following publications concerns details of Part II – Extracting spatial informa-
tion from images:

Q J.-O. Nilsson, P. Händel. Gradient sample argument weighting for robust
image region description. 2013 IEEE International Conference on Electronics,
Computing and Communication Technologies (IEEE CONECCT), 17-19 Jan
2013, Bangalore.

R J.-O. Nilsson. Efficient implementation of sector binning. Tech. Rep. TRITA-
EE2012:041, School of Electrical Engineering, KTH Royal Institute of Tech-
nology, 2012.

S J. Kristensen and J.-O. Nilsson. Fast triangular binning kernel approxima-
tions for weighted gradient histogram creation. 2014 IEEE International Con-
ference on Electronics, Computing and Communication Technologies (IEEE
CONECCT), 6-7 Jan 2014, Bangalore. Submitted

T J. Kristensen and J.-O. Nilsson. Analytical argument likelihood function for
a noncentral bivariate symmetric Gaussian distribution. Tech. Rep. TRITA-
EE 2013:008, School of Electrical Engineering, KTH Royal Institute of Tech-
nology, 2013.

In addition to the subject areas of Part I and II, I have especially studied
timing estimation (network clock synchronization in a sense) and temporal ordering
of measurements in distributed systems. The following publications concern this
topic:



12 CHAPTER 1. THE IMPORTANCE OF LOCATION

U J.-O. Nilsson and P. Händel. Robust recursive network time synchroniza-
tion. Electronics, Computing and Communication Technologies, 2014 IEEE
International Conference on, 6-7 Jan, Bangalore, India, 2014. Submitted

Ü J.-O. Nilsson and P. Händel. Timing estimation in distributed sensor and
control systems with central processing. CoRR, vol. abs/1309.1864, 2013.
http://arxiv.org/abs/1309.1864.

V J.-O. Nilsson, I. Skog, and P. Händel. Joint state and measurement time delay
estimation for nonlinear state space systems. Information Science, Signal
Processing and their Applications (ISSPA), 10th International Conference
on, 10-13 May, Kuala Lumpur, Malaysia, 2010.

W J.-O. Nilsson and P. Händel. Synchronization and temporal ordering of asyn-
chronous sensor measurements of a multi-sensor navigation system. 2010
IEEE/ION Position Location and Navigation Symposium (PLANS), 4-6 May,
Palm Springs, CA, USA,

Early, during my doctoral studies, I worked with Alessio de Angelis and his
ultra-wide-band (UWB) radio equipment. Publications stemming from that work
include:

X J.-O. Nilsson, A. De Angelis, I. Skog, P. Carbone, and P. Händel. Signal
processing issues in indoor positioning by ultra wide band radio-aided inertial
navigation, 17th European Signal Processing Conference (EUSIPCO 2009),
Glasgow, Scotland, August 24-28, 2009.

Y A. De Angelis, J.-O. Nilsson, I. Skog, P. Händel, and P. Carbone. Indoor
positioning by ultra wide band radio aided inertial navigation. Metrology
and Measurement Systems, vol. 17, no. 3, pp. 447-460, 2010.

Z A. De Angelis, J.-O. Nilsson, I. Skog, and P. Händel. UWB ranging hardware
platform. GigaHertz Symposium 2010. Lund. March 9-10, 2010.

Å A. De Angelis, J.-O. Nilsson, I. Skog, and P. Händel. Indoor Positioning by
ultra-wideband radio aided inertial navigation. XIX IMEKOWorld Congress.
Lisbon, Portugal. Sept. 2009.

Lately, I. Skog and I have started working on arrays of inertial measurement
units (IMUs). Playing with the common abbreviation MIMO (multiple input mul-
tiple ouput) within the signal processing and communication fields, we have come
to refer to these systems as MIMU-systems (the abbreviation MIMU for multiple
IMU). Submitted publications on MIMU systems include:

Ä J.-O. Nilsson, I. Skog, and P. Händel. Aligning the forces – Eliminating
fabrication imperfections in IMU arrays. IEEE Trans. Instrumentation and
Measurements, 2013. Submitted
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Æ I. Skog, J.-O. Nilsson, and P. Händel. An open-source multi inertial mea-
surement units (MIMU) platform. 2014 International Symposium on Inertial
Sensors and Systems, (ISISS), Dana Point, CA USA, 25-26 Feb 2014. Sub-
mitted

Ö I. Skog, J.-O. Nilsson, and P. Händel. Pedestrian tracking using an IMU
array. 2014 IEEE International Conference on Electronics, Computing and
Communication Technologies (IEEE CONECCT), 17-19 Jan 2014, Bangalore.
Submitted

Finally, there are two publications which do not really fit in any of the above
categories:

Ø J.-O. Nilsson, D. Zachariah, and I. Skog. Global navigation satellite systems:
an enabler for in-vehicle navigation. Chapter in: Handbook of Intelligent
Vehicles (E. Eskandarian, ed.), pp. 311-342, Springer, 2012.

Þ J.-O. Nilsson, I. Skog, A. De Angelis, C. Aquilanti, and P. Händel. Gear scale
estimation for synthetic speed pulse generation. Acoustics, Speech and Signal
Processing (ICASSP), 2011 IEEE International Conference on. 22-27 May,
Prague, Czech, 2011.

1.7 Background material

No research starts from scratch. In constructing our systems we have drawn inspi-
ration from a number of sources. Here I list the most important ones which may
also serve as supplementary background material for the interested reader. Further
reading material can be found in the reference lists of the papers of the thesis.

Part I – The TOR localization system

Foot-mounted inertial navigation was first mentioned in the 1995 US patent 5724265
filed by Acceleron Technologies (later acquired by MSA). It later became widely
known with the first presented implementation in:

E. Foxlin, Pedestrian tracking with shoe-mounted inertial sensors, Computer
Graphics and Applications, IEEE, vol. 25, pp. 38-46, 2005.

The paper gives a detailed treatment of the foot-mounted inertial navigation system
concept. The OpenShoe platform is essentially an embedded implementation of the
basic ideas given there but without the magnetometer.

Concerning the full infrastructure-free cooperative localization based on dead
reckoning and inter-agent ranging, there are few earlier papers dealing with localiz-
ing human agents. However, within the robotics community there has been a large
number of publications on the topic. Two influential papers which will serve as
background material are
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S. Roumeliotis and G. Bekey, Distributed multirobot localization, Robotics
and Automation, IEEE Transactions on, vol. 18, pp. 781-795, oct 2002.

A. Bahr, J. J. Leonard, and M. F. Fallon, Cooperative localization for au-
tonomous underwater vehicles, The International Journal of Robotics Re-
search, vol. 28, pp. 714-728, 2009.

The basic state estimation is well-known and descriptions of it can be found in
many textbooks. Also, descriptions of the inertial navigation are available in many
textbooks. I personally prefer the two books:

D. Simon, Optimal State Estimation, Wiley, 2006.

C. Jekeli, Inertial Navigation Systems with Geodetic Applications, de Gruyter,
2001.

What is being done in the industry concerning the technology and the appli-
cation is naturally hard to acquire information about. However, a good starting
point is presentations from the workshops:

Precision indoor personnel location & tracking annual international tech-
nology workshop, WPI (Worcester Polytechnic Institute), Worcester, Mas-
sachusetts, 2006-2012. Workshop series,
Retrieved at: http://www.wpi.edu/academics/ece/ppl/workshops.html.

Also, recently, there has appeared a popular science article describing the applica-
tion and the related system which is being developed in the GLANSER project:

M. Harris, The Way Through the Flames, IEEE Spectrum, vol. 9, pp. 26-31,
2013.

Part II – Extracting spatial information from images

For the extraction of spatial information from images there is the groundbreaking
paper:

D. G. Lowe, Distinctive image features from scale-invariant keypoints, Int J
Comput Vis, vol. 60, pp. 91-110, 2004.

This paper briefly covers all basic processing steps which we have been working on
for extracting spatial information from imagery.



The localization problem

The discrepancy between the desired knowledge of position and the actual knowl-
edge of position, we refer to as the localization problem. I will refer to the local-
ization problem of dynamic objects (agents) as just the localization problem. The
localization problem of static objects, i.e. surveying, will be a special case of this.
In this chapter a general structure to the solution of the localization problem (of
dynamic objects) is given. For this purpose the solution is divided into six parts.
For each part I enumerate a short description of it and give one or more specific
examples. In the end this whole thesis constitute examples of complete solutions
and solutions of parts of localization problems.

The time is continuous but in general we will solve the localization problem with
discrete systems. Continuous-time solutions are conceivable but cumbersome and
we will only consider discrete-time approximations. Further, in order to combine
distributed measurements, the timing of them must to be estimated. This is an
integral part of the localization problem but for brevity we do not treat it here. See
Papers U-W (not included in the thesis) for further details.

2.1 The basic information

Our desire is to quantify the position of some agents of interest. The position is
something which changes over time. If we want to know something about a dy-
namic system (a system whose attributes of interest changes with time) we have
to measure some attributes of it together with time. In addition to the measure-
ments we also need static knowledge about the system. Such static knowledge will
manifest itself in process models for the system, models relating the measurements
to the system, and models of additional constraints of the system giving so called
pseudo-measurements. In summary, the basic information we have to perform the
localization (quantify the position) is

• Measurements

• Models

The measurements are numerical values and the models are mathematical relations.
Quantifying the position of an agent means that we wish to obtain numerical values
for it. This we will refer to as estimating the position. The estimation is to be done
based on the measurements and according to the models.

15
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2.2 Sensors

The measurements and their attributes are determined by the utilized sensors in
the system and their mounting. The sensors provide the measurements yk where
the subindex k is a time index designating the temporal order of the measurements.
For simplicity we may assume it given but in practice this is something which have
to be inferred from time measurements. To perform localization, the sensors should
measure some attribute of the state (see next section) of the system to be localized.
Easily overlooked but frequently of crucial importance here is the mounting of
the sensors. With mounting we refer to the position and, in case of importance,
the orientation of the sensor. The sensors measure some physical property. The
mounting determines how this physical property relates to the position of the agent.

In summary, the first part of the solution to the localization problem is:

1. Chose a set of sensors and corresponding mounting.

The sensors and their mounting should be chosen such that they together with
the models collectively can give the desired knowledge of position. Note that the
position as such cannot in general be measured, but must be inferred from mea-
surements of other physical quantities. The measurements will to a large extent
determine what models that are necessary and sensible to employ. This in turn
will affect the statistical methods which are used to estimate the position. Con-
sequently, the choice of sensors and their mounting will in essence determine the
nature of the solution to the localization problem.

Example 2.2.1. Sensors which may be employed to solve the localization problem
includes:

• Inertial sensors (gyroscopes and accelerometers)

• Projective cameras (visual-light-cameras and IR-cameras)

• Pressure sensors (barometers and load sensors)

• Magnetometers

• Depth cameras (stereo cameras, structured light cameras, radar, lidar (laser-
scanners), and time-of-flight cameras)

• Doppler radar

• Radio receivers (GNSS receivers, WiFi-transceivers, spectrum analyzers)

• Transceivers (spread-spectrum radio transceivers, UWB-ranging radios, ultra-
sound transceivers)
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Photos of some different sensors, which have been studied during the thesis work,
can be seen in Fig. 2.1.

(a) Visual-light camera, i.e. a ’normal’ cam-
era. The content of the images and the
changes between images is related to the
position and orientation of the camera and
changes of the same.

(b) Inertial measurement unit (IMU) includ-
ing magnetometers. The inertial sensors (ac-
celerometers and gyroscopes) measure rota-
tion rate and acceleration which determine the
change in position and orientation. The mag-
netometer measure the magnetic field which is
related to the orientation as well as position.

(c) UWB ranging radio. The ranging radio
measures the range between positions which
means we can relate different positions to each
other.

(d) Barometer. The barometer measures the
gas pressure which is related to the height, i.e.
z-position.

Figure 2.1: Examples of different sensors which may potentially be employed to solve the localiza-
tion problem. None of them alone gives sufficient information to infer localization without prior
knowledge or infrastructure but collectively they are capable of this.

2.3 State space

To be able to make sense of the measurements, we have to assume that what we
are measuring can be described by a finite number of scalar states, which include
the position of agents of interest as well as other auxiliary and nuisance states.
Together the states collected in a vector x make up the state space. The states are
numerical values and constitute the memory of the system, describing all there is
to know (from our perspective) about the system. Of course, in general a physical
system cannot be described completely by a finite set of states. However, the state
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space should capture dominating and unknown attributes of the measurements and
of the position dynamics.

In order to define the states we also have to set references for them. There is no
absolute position, velocity, or orientation but they have to be defined relative some
coordinate frame. In addition, the states have to be parameterized by some coor-
dinate system. Consequently, coordinate frames and systems have to be specified
with the states.

In summary, the second part of the solution to the localization problem is:

2. Choose a state space x describing the system and related coordinate frames
and systems.

In case the state space x includes states describing the environment, its size may
vary with time to capture upcoming attributes of the environment and to avoid
keeping track of irrelevant attributes.

Example 2.3.1. Examples of states which may be included in the state space are

• Position, velocity, and acceleration

• Orientation (in 2 or 3 dimensions)

• Sensor error states (biases, scale errors, cross-sensitivity, etc.)

• Positions and orientations of past measurements (e.g. camera poses of previ-
ously taken images)

• Positions of objects in the environment (feature points, nodes, etc.)

• Communication delays of different sensors

• Distribution parameters of random variables (see below)

Examples of coordinate frames include:

• Earth-centered earth-fixed – space is defined relative to the center of the earth,
the rotational axis of the earth and a line from the center of the earth through
the equator and the median line.

• Local tanget plane – zero position and zero heading is defined relative to a
tangent point on the earth and a reference heading while up and down is
defined by the gravity at this point.

• Instrument frame – the frame is defined relative to the sensitivity axis of a
sensor.

Examples of coordinate systems include Cartesian, curvilinear, and spherical coor-
dinate systems.
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2.4 Measurement models

The measurements are described in terms of the state space by measurement mod-
els. As previously noted, the complete nature of the measurements cannot sensibly
be described by only the state space but some randomness will be apparent in the
measurement. This can be captured by an (assumed) sequentially independent ran-
dom variable nk. Further, often there will be some measurements of the dynamics
of the states, i.e. the change of the state with time. These cannot easily be modelled
by the states or a stationary random variable. Consequently, such measurements
will appear in similar manner to the states. We denote such measurements with
uk. Together this gives the measurement model

yk = hk(xk,uk,nk). (2.1)

In other words the measurements are explained by the state of the system down to
some random component nk. This gives the third part of the localization problem
solution:

3. Derive measurement models hk(·,nk) for the sensors in the system.

The measurement models are typically derived from either physical, geometrical,
or mechanical relations. The attributes of the random variable are determined
empirically or from desirable properties of the statistical inference (see Section 2.7).

Example 2.4.1. Let p1
k and p2

k denote the positions of two agents (both assumed
part of the state space xk). Then a measurement model of the inter-agent ranging,
i.e. range measurement between the two agents, is

hk(xk,nk) = ‖p1
k − p2

k‖+ nk

where ‖ · ‖ denotes the Euclidean norm. There is no dependence on any driving
signal uk.

2.5 Process model

The states of the system will change with time. However, the values of states for a
time instant k will be strongly dependent on the values of the preceding time instant
k−1. This dependence is quantified by a process model, i.e. the process model is a
model for how the state-space changes with time. As for the measurement models,
we cannot describe the development of the state space exhaustively. Consequently,
there will always be some apparent randomness in the dynamics. This may be
quantified by some sequentially independent random variable wk. Further, the
measurements uk will appear as a driving signal. This gives the process model:

xk = fk(xk−1,uk,wk). (2.2)
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The process model fk(·) and the random variable wk will include discretization
errors and measurement errors of uk. The process model may be time dependent
as indicated with the time index subscript of fk(·). The driving signal uk will not be
present for all sensor setups. This gives the fourth part to the localization problem
solution

4. Derive a process model fk(. . . ,wk) of the state space.

Just as for the measurement models, the process model is typically derived from
either physical, geometrical, or mechanical relations. The attributes of the random
variable is determined empirically or from desirable properties of the statistical
inference.

Example 2.5.1. An example of a process model is the dead reckoning process

xk = xk−1 + R(θk−1) (uk + wk) (2.3)

where the state xk of an agent is its position in three dimensions pk = [xk, yk, zk]
and heading in the horizontal plane θk, i.e. xk = [pk, θk], where [ · , . . . ] is used to
denote a column vector. The driving signal uk = [dpk, dθk] = [dxk, dyk, dzk, dθ`]
is the measured displacement in three dimensions and the heading change in the
horizontal plane in the agent frame,

R(θk) =


cos(θk) − sin(θk) 0 0
sin(θk) cos(θk) 0 0

0 0 1 0
0 0 0 1


is the rotation matrix from the agent frame to the navigation coordinate frame, and
wk is a measurement error of uk.

2.6 Pseudo-measurements

Often there are additional knowledge or assumptions about the dynamics system
which cannot conveniently be captured by the process model. Such knowledge or
assumptions provide additional information without any explicit measurements. In
a sense, if we have some knowledge about the system (a state estimate) then we
may impose prior or acquired knowledge about the environment and the dynamics
of the system. However, the imposed information bears a strong resemblance to
measurements and therefore we will refer to it as a pseudo-measurement.

The additional knowledge provides a likelihood for some condition quantified by
a function of the states. The likelihood itself may also be a function of the states.
For convenience we may think of it as a measurement which is identical to zero,
yk = 0. Consequently, it may be formalized as

yk = gk(xk,uk,nk(xk,uk)) = 0 (2.4)



2.7. BAYESIAN INFERENCE 21

where nk(xk,uk) is a random variable whose properties may be a function of the
state xk and the driving signal uk, gk(·) is a function of the same, and 0 is a zero vec-
tor of appropriate dimensions. If the additional knowledge is a constraint nk(xk,uk)
will be uniformly distributed over the area where the constraint is fulfilled. Apply-
ing pseudo-measurement models like (2.4) can often make an in practice unsolvable
problem solvable. Consequently, the fifth part to the localization problem solution
is

5. Formalize additional knowledge and assumptions about the system as pseudo-
measurement models gk(. . . ,nk(·)).

Frequently, the additional knowledge is based on obvious physical constraints, i.e.
cars cannot fly, humans cannot breach walls, etc. However, assumptions about the
dynamics can give looser relations, i.e. a human agent is more likely to return to a
place where he has been before rather than to any other arbitrary location.

Example 2.6.1. An example of a dynamic model based on physical considerations
is the limited spatial separation between two dead reckoning system placed on each
foot. Denote the position of the two feet with pLk and pRk (both assumed parts of the
state space). Then, considering anatomical constraints, for what we care

‖pLk − pRk ‖ < γr

at all time instants, where γr is the maximum possible separation (∼1.5 [m]) be-
tween the feet. This means that

gk(xk,uk,nk(xk,uk)) = ‖pLk − pRk ‖ − nk

where nk is a uniformly distributed random variable over 0 to γr.

Example 2.6.2. An example of a dynamic model based on assumptions of the
dynamics is the so called zero-velocity updates applied to the foot-mounted iner-
tial navigation system. Here it is assumed that under certain dynamic conditions,
the system is stationary with some zero-mean velocity distribution. This can be
expressed as

gk(xk,uk,nk(xk,uk)) = vk − n(Z({uk}Wk
) < γZ)

where vk is the velocity of the system, nk is some random variable which has a
Gaussian distribution if the zero-velocity test statistic Z({uk}Wk

) lies below the
threshold γZ and uniformly distributed (degenerated) otherwise.

2.7 Bayesian inference

Using the measurement models, the process model, and the pseudo-measurement
models, statistical inference may be used to estimate the states of the state space
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from the measurements and pseudo-measurements and thereby arriving at a com-
plete solution of the localization problem. Due to the ease of recursive formulations,
inclusion of prior knowledge, and an explicit utility function, Bayesian inference is
typically used.

The state xk of the system is not known but we may assign probabilities to dif-
ferent state values. The probabilities indicate how likely a certain state value, e.g.
a position, is given the information (measurements) at hand. This can be quanti-
fied by a probability density function (pdf) which for each possible value gives a
relative probability. We denote the pdf of a state value xk given the information
Yk (consisting of the measurements and pseudo-measurements up to and including
time instant k) with p(xk|Yk) and vice versa. Given the different probabilities of
different state values we can infer for example the mean position. As new measure-
ments become available and as time passes by, the probabilities change according to
the measurement models, the process model, the pseudo-measurement models, and
Bayesian probability axioms. How the probabilities change and how this relates to
the models are governed by inference rules for time updates

p(xk|Yk−1) =
∫
p(xk|xk−1,uk) p(xk−1|Yk−1) dxk−1 (2.5)

and measurement updates

p(xk|Yk) ∝ p(yk|xk,uk) p(xk|Yk−1) (2.6)

where ∝ indicate proportionality. Since the probabilities should integrate to 1,
proportionality is sufficient to evaluate p(xk|Yk). The pdf p(xk|xk−1,uk) is given
by the process model. It describes how likely a state value xk is given a previous
value xk−1 and the driving measurement uk. This is determined by the process
model and how much smearing the process noise wk adds. Similarly, the (pseudo-)
measurement model gives p(yk|xk,uk). Together with the above relations, they
give p(xk|Yk) for all time instants, from which the state and the positions may be
estimated by for example calculating the mean value of xk.

Unfortunately, inference rule (2.5) includes a (higher-dimensional) integral of
the product of two pdfs. Therefore, analytical solutions for it cannot in general be
found. Further, the computational cost of solving the multi-dimensional integral in
(2.5) numerically increases exponentially with the dimensionality of the state space.
Consequently, even numerical solutions are not guaranteed to be feasible in the
general case. Therefore, the real problem of Bayesian inference is to approximate
the above relations. This gives the last component of the localization problem
aiming at estimating the system state based on the measurements and the models:

6. Employ some suitable approximation technique to the Bayesian inference to
estimate the state of the system.

The suitable approximation techniques are strongly dependent on the measure-
ment models, the process model, and the pseudo-measurement models, i.e. on the
properties of p(xk|xk−1,uk) and p(yk|xk,uk).
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Example 2.7.1. Probably the most common solution/approximation to the Bayesian
update equations is the linear Kalman filter and its non-linear extensions. In
case p(x0|Y−1) is Gaussian and the process and measurement models are lin-
ear with additive Gaussian noise, p(xk|Yk−1) and p(xk|Yk) will be Gaussian for
all k. In this case the distributions may be parameterized by their means x̂0|−1,
hk(xk, 0), x̂k|k−1, and x̂k|k and covariances P0|−1, Rk, Pk|k−1, and Pk|k, e.g.
p(xk|Yk) = N (x̂k|k,Pk|k). This makes it possible to perform the time updates as
follows:

x̂k|k−1 = Fkx̂k−1|k−1 + Bkuk
Pk|k−1 = FkPk−1|k−1F>k + Qk

and the measurement updates as follows:

x̂k|k = x̂k|k−1 + Kk(yk −Hkx̂k|k−1)
Pk|k = Pk|k−1 −KkHkPk|k−1

where Kk = Pk|k−1H>k (HkPk|k−1H>k + Rk)−1 and Qk is the covariance of wk.
Further, Fk = ∂f

∂x

∣∣∣
xk−1|k−1,uk

and Hk = ∂h
∂x

∣∣
xk−1|k−1

. The same relations will hold
approximately even if the process and measurement models are not linear. This
gives the extended Kalman filter.

2.8 Putting it all together

The solution steps 1-6 may seem straight-forward to implement. Unfortunately,
there are many challenges hidden in the different solution parts. Deriving espe-
cially measurement models can be challenging. Take for example an image taken
from a camera. Even though the physics of the optics is well known, building a
sensible model without introducing an excessive number of nuisance states is dif-
ficult. Further, even if the physical relations are seemingly straight-forward as is
the case for a range measurement (see Example 2.4.1), this is not all. The residual
measurement errors if often far from sequentially independent and stationary. The
same holds for many other sensors. Consequently, the measurement modelling is
not always as simple as it may seem.

Unfortunately, even if we had perfect models of the process and the measure-
ments, this may still not help. In the end, the models are used to calculate the
pdfs p(xk|xk−1,uk) and p(yk|xk) (or some parameterization of them) in order to
approximate (2.5) and (2.6). The problem is that the computational cost of ap-
proximating the Bayesian update rules is highly dependent on the dimensionality
of the models. Consequently, for a given model we must come up with a sensible
approximation of the Bayesian inference. If this cannot be done, the model is essen-
tially useless. In summary, the models are limited by the approximation methods
for the Bayesian inference.
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Finally, sensors are frequently distributed. Collecting all measurements may re-
quire excessive communication and perfect connectivity or excessive communication
logics. Further, requiring all measurements could lead to unacceptable delays in the
system. Consequently, in approximating the Bayesian inference, we may have to
deal with incomplete information. Further, if the Bayesian inference is performed in
a distributed manner, we have to prevent information from being double-counted.

In the end there is no all-round ready-made-solution to these problems and
putting it all together will be an iterative process. However, there are many tools
in the toolbox and solving the localization problem will be about picking the right
tools and inventing new tools where necessary. The challenges of the localization
problem can be summed up with: deriving sensible (pseudo-) measurement models
with Bayesian inference approximations together with methods to deal with lack of
information. As stated, there is no general off-the-shelf solution to this. However,
this thesis gives a solution for foot-mounted inertial sensors and inter-agent ranging,
and some pre-processing to enable easier measurement models for imagery data.



Reader’s guide to the papers

In total eight papers are included in this thesis. The papers are divided into two
groups each making up one part of the thesis. In Part I, papers which describe major
components of the realized infrastructure-free pedestrian localization system TOR
are found, while in Part II papers dealing with processing for extracting spatial
information from images are found. The following two sections give the reader a
joint introduction to the papers presented in the respective parts.

The mathematical notation does not carry over between articles. The notation
of different papers is similar but not identical.

3.1 Part I – The TOR localization system

The foundation for localizing a pedestrian without infrastructure is measuring its
motions. It can be compared with how we, without any external sensory input
like vision and hearing, can still maintain a perception of where we are. This we
can do based on our sense of balance and our proprioceptive sense which allows
us to perceive our own motions, and especially the motion of our feet by which
we transport ourself. The proprioceptive sense tells us the position of our different
joints. Performing such measurements in a pedestrian localization system is not
very practical since the measurement setup would be rather intrusive with an ex-
tensive amount of sensors placed over the legs and pelvis. On the other hand, just
like our sense of balance we can easily measure the forces (acceleration) and rota-
tions by tiny inertial sensors typically used in smart-phones and other consumer
products. In principle, these measurements could directly be used for tracking a
person by means of inertial navigation. Unfortunately, limitations of current sen-
sory technology makes this solution unfeasible for longer periods of time. However,
placing the inertial sensors on the feet, makes it possible to exploit that the foot
returns to a stationary state with regular intervals. Consequently, the inertial nav-
igation will only have to function over single steps. In practice, this foot-mounted
inertial navigation system gives a system which measures the displacement and
heading change of individual steps (see Example 2.5.1). This gives a unique ability
to track pedestrians in 3 dimensions without any infrastructure. The tracking of a
foot is illustrated in Fig. 3.1.

The inertial navigation rely on specific force and angular rate measurements
from the inertial sensors. The process model, the so called mechanization equations,
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Figure 3.1: Illustration of the tracking of an agent (agent’s foot) by means of foot-mounted inertial
sensors. The position and orientation of the foot is tracked with great details throughout each
step. Zero-velocity updates are performed during the stance-phases of the foot indicated by grey
dots. This will reset the tracking at each step preventing a swift accumulation of errors.

are derived from basic mechanical relations. There is no measurement model but
both the specific force and the angular rate enter the process model as driving
signals. However, instead the assumption of the stationary intervals of the feet
(see Example 2.6.2) are imposed as pseudo-measurements. The statistical inference
is performed with an extended Kalman filter (see Example 2.7.1). Details about
the models can be found in Paper A and references therein. Remarkable tracking
performance has been demonstrated with such a setup.

The inertial navigation enables us to sense how an agent moves and thereby to
track his position and orientation. Unfortunately, the inertial navigation is essen-
tially blind. It tracks the pedestrian relative to some starting position and starting
heading but without any infrastructure, acquiring sensible starting values is cum-
bersome. Knowing the movements of an agent relative to some unknown starting
position and heading has limited utility when it comes to localization. For tracking
to be useful we have to be able to relate the movements of one agents to those of an-
other agent. To be able to do this we have to perform some measurement of the rela-
tions between agents and introduce the measurement into the system implementing
some cooperative localization schema. The simplest form of relative measurement
is ranging between agents which can be performed with e.g. UWB-ranging radios
(see Example 2.2.1). Range measurements are continually taken between agents
and introduced in the statistical inference (see Example 2.4.1). This will correct
the relative positions of the agents and average out absolute position errors. The
resulting localization approach is illustrated in Fig. 3.2. Unfortunately, introducing
ranging gives rise to a large number of difficulties. First of all, the measurements
are now clearly distributed. Even the sensors of an individual agent will be dis-
tributed. Secondly, introducing the range measurements makes all agent’s state
estimates coupled because each range measurement is dependent on two agent’s
state estimates. The state space of the group of agents is just the states of all
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(a) The dead reckoning provides tracking of all
agents but has an unbounded error growth.

(b) To mitigate the errors the range is mea-
sured between agents and the position esti-
mates adjusted.

(c) The agents take turns in performing rang-
ing between themselves.

(d) If one agent is stationary he essentially
becomes an anchor node bounding the errors.

Figure 3.2: Illustration of cooperative localization by means of dead reckoning and inter-agent
ranging. The agents take turn in measuring the inter-agent distance. The ranging bounds the
relative errors and mitigate the absolute errors.

individual agents. However, to perform the statistical inference, the measurements,
or some essential information of the measurements, need to be gathered somehow.
Further, with a straight-forward centralized solution, the computational complex-
ity grows cubically with the number of agents, and may consequently constitute
a problem. Solutions to some of these problems are presented in Paper A where
the main structure and theoretical components of the TOR localization system are
presented and motivated.

The TOR localization system is composed of a large number of components.
To manage the system complexity, modularization is required. The challenge is
to modularize the statistical inference and match it with the natural hardware
modularity. In PaperA it is shown how much of the processing of the foot-mounted
inertial navigation and the inertial sensors can be modularized. Unfortunately,
despite the fact that foot-mounted inertial navigation technology as such has been
well known for almost a decade, there are few practical real-time implementations.
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And none which allow us to implement the modularization. Consequently, a suitable
inertial sensor platform on which we have implemented the corresponding part of
the processing, and thereby the modularization, is presented in Paper B.

To get a reasonable computational complexity, unimodal distributions are gen-
erally assumed for the cooperative localization. This will enable us to use Kalman
like filters (see Example 2.7.1). Unfortunately, with an unknown starting position,
this does not hold for the first range measurements. For example, the first range
measurement between two agents only sets the position of one agent on a circle
around the second agent. This means that p(pk,Yk), where k is assumed to be
the time index of the first range measurement relative to an agent with position
pk, is in the shape of a torus, and can therefore not be represented in a sensible
way with a mean and a covariance. Consequently, special estimation techniques are
necessary for the initialization of the cooperative localization based on ranging and
dead reckoning. The initialization of the TOR system is dealt with in Paper C.
For clarity, the initialization is presented with only a single dead reckoning sys-
tem and not two as are used in TOR. However, the extension to two systems is
straight-forward.

Together, Papers B-C describe the core parts of the TOR localization system.
However, there are one more important major component of the TOR system which
we have been working with. To make the localization system usable, the localization
information has to be provided to the agents in it. Consequently, there has to be
a user interface. On a commanding level, the localization and heading of different
agents may be provided on a display in a fashion similar to Fig. 3.2. Unfortunately,
for many agents and for many situations it is not possible to watch a display at all
times. To provide the localization information in a distraction-free manner we have
to augment it to the senses by which we normally take in localization information.
One such sense is our hearing. In the final Paper D, we describe how localization
information of the TOR system is provided to the agents using 3D-audio. In essence,
we exploit the voice radio communication and 3D audio to let the agents hear where
they have each other.

3.2 Part II – Extracting spatial information from images

Inertial measurements and inter-agent ranging are relatively straight-forward to
model and sufficient for performing localization relative to a starting position of an
agent. However, multiple agents need to be at the same place at the same time and
returning to a location, where an agent has been before, does not give any further
information. In other words, the system cannot recognize a location and even if
we walk around in a bounded environment, the errors may still grow unboundedly.
To perform localization with bounded errors we have to relate our positions to the
environment. The prevailing sensor for doing this is a camera. The camera provides
an excessive amount of information but the problem is to model and extract the
spatial information from the imagery.
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Extracting spatial information from images can essentially be done with a whole
range of methods, going from highly parameterized methods to essentially non-
parametric methods. The parameterization can be seen as the interpretation of the
image. The level of parameterization determines the complexity of the objects/tex-
tures and environments in this qualitative description. For highly parameterized
methods, high level objects in the image is first picked out. Following this, this
description is compared with previous views or some qualitative map of the world.
The qualitative description allows for an easy search but require a complex cog-
nitive ability and may give poor results for object sparse environments. Further,
the spatial information resulting from the comparison is often more qualitative in
nature than quantitative. Clearly, the knowledge that you are besides the Eiffel
tower does not necessarily give an accurate position in numbers, and analyzing the
errors statistically will be difficult. Consequently, highly parameterized methods
may not be suitable for the type of localization we are considering.

At the essentially non-parametric end, there are methods which extract spatial
information without interpreting the image at all. The spatial relation between
two images, a view which has been observed before and a view which is currently
observed, is determined by 7 or more point correspondences. All corresponding
points in normalized image coordinates yk and y` in two images obey the relation

y>k Rk
` [pk − p`]×y` = 0 (3.1)

where Rk
` is the rotation matrix describing the rotation between the orientation in

which image k and image ` were taken and pk and p` are the corresponding focal
point positions (the positions from where the images were taken). In principle, this
gives a model of image data given that p` and the respective orientation are kept in
the state vector. Unfortunately, the relation shows out to be challenging to apply
to a standard Bayesian inference setup since it cannot easily be put in the form of
the measurement model (2.1). Alternatively, given the 3D positions zk and z` of
the two points yk and y` (both being relative to the camera coordinate frame at
the respective time instants), the relation between zk and z` is

zk = Rk
` (z` − (pk − p`)). (3.2)

where
yk = 1

z3,k
zk and y` = 1

z3,`
z`

where z3,· indicates the depth component of the scene point position (position
projected on the focal line of the camera). This can more easily be expressed in
the form of the measurement model (2.1). However, then the problem is that ev-
ery considered point will have to be kept in the state vector which may lead to
unacceptably high state dimensionality and computational cost. Either way, the
spatial information in the images is modelled by point correspondences. Estab-
lishing point correspondences is typically done by selecting and matching points
with good matching properties, i.e. good autocorrelation properties. To match the



30 CHAPTER 3. READER’S GUIDE TO THE PAPERS

Scale-space
creation

Image

Feature point
selection

Orientation
assignment

Descriptor
creation

Feature point
matching

Point
correspondences

Visual
memoryPaper E Paper F Paper G

Figure 3.3: Block diagram of basic processing to establish point correspondences for extracting
spatial information from images. The output is coordinates of corresponding points in different
images. Labels show which processing steps the different papers are concerned with.

points, point descriptors have to be made but there is typically no physical meaning
to these descriptors and therefore the methods are essentially parameter-free.

Point correspondences are in general established by a general set of processing
steps. First, due to the projective nature of vision, objects and textures from which
the points are derived, may appear in any size. Consequently, to create scale in-
dependence, a scale-space is often created. The scale space can be thought of as a
division of the image content into a stack (scale dimension) of images containing
image components of different sizes. This means that the remaining processing
can be done in this scale space (image stack) and thereby independently of scale.
Following the creation of the scale space, points are selected based on some distinc-
tiveness measure. Typically maxima of the eigenvalues of the Hessian of the image
intensities are used. Once points are selected, a descriptor of the point should be
created. However, to make the descriptor invariant to scene rotation, an orienta-
tion is often first assigned to each point. Following this, some descriptor is created
and finally the descriptor is matched against the set of previously observed points.
The whole chain of processing steps are observed in Fig. 3.3. Establishing the
point correspondences with these processing steps are in principle straight-forward.
Unfortunately, these processing steps are all computationally intensive. Further,
in practice point correspondences are not perfect and therefore as many separate
point correspondences as possible are desirable. To get more accurate points we
also wish to use as high an image resolution as possible and, to ensure overlap be-
tween adjacent images, as high a frame-rate as possible. All this means that there is
a computational-cost-to-performance trade-off and consequently fast implementa-
tions of all processing steps are desirable. Therefore, in Part II three papers (Papers
E-G) treating different processing steps for establishing the point correspondances
are included. Where in the processing chain that these processing steps appear
is indicated in Fig. 3.3. Paper E presents a method for fast implementations of
the scale space suitable for hardware implementations. The method relies only on
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integer signal representation and on addition and bit-shift operations. Paper F
deals with the orientation assignments to feature points. It presents a unifying
framework for all (but one) of the available methods for this and an implementa-
tion focused on low computational complexity. The third Paper G deals with a
small computational step which arises both in the orientation assignment and in
the descriptor creation and may constitute a significant share of the computational
cost of both steps. The step is calculating a quantized version of the argument of
gradient samples. The problem is formalized and three fast solutions with different
properties are presented.

Once the point correspondences are established, the resulting spatial informa-
tion quantified by (3.1) or (3.2), need to be imposed on the localization. As men-
tioned, this is not straight-forward and various “tricks” has to be employed to
achieve this. The forth paper of the Part II (Paper H) gives an example of a tech-
nique for doing this. The paper presents a real-time vision-aided inertial navigation
system. Since it predates the Papers E-G, it does not exploit the techniques found
in these papers, but the work of these papers was rather motivated by the experi-
ence of building this system. Apart from exemplifying the actual use of the spatial
information from images, a second contribution of Paper H is that it presents an
adaptive visual memory which sorts out environmental states from the state vector
based on a utility function.





Answers to some questions

Building a localization system, many design choices have to be made. Most design
choices will either raise few objections or will make a small impact on the overall
system if changed. However, a few design choices may lead to objections and have
large impact if changed. For brevity, the individual papers often take some of these
design choices for granted or just briefly motivate them. Consequently, in this
chapter I will answer a few such objections which I have been asking myself the
most frequently and motivate the corresponding design choices we have made.

4.1 Why don’t you use magnetometers/compasses?

The position errors of the OpenShoe platform and consequently also of the TOR
system will be dominated by the position errors induced by the heading errors which
slowly grow without bound. To mitigate these errors, magnetometers are frequently
used to measure the heading with bounded errors. In constructing the OpenShoe
platform, and later the TOR system, no magnetometer sensors were used. Mag-
netometers are small and readily available, so why don’t we use magnetometers?

A magnetometer could potentially solve many problems but, unfortunately, it
also brings a number of problems. The primary problem is that the magnetometer
has errors which are hard to model and handle. Any ferromagnetic material or
electric current will create magnetic disturbances and consequently, the errors will
be correlated in space, in time, and dependent on the environment. Disturbances
could even originate from the equipment of the agent. Consequently, the error char-
acteristics will be hard to model. This in turn give rise to a number of robustness
issues. Further, since the errors are not primarily dependent on the magnetometer
as such, in contrast to most other sensors and measurements we cannot expect the
errors to improve or go away with better sensor technology.

The difficulty with the error modelling/handling does not automatically pre-
clude the use of magnetometers. If we would just know when and where the mag-
netic field was significantly disturbed, resulting measurements could be ignored.
Since the localization can be done without the magnetometer, the existing solution
can be used to detect magnetic disturbances. However, this require us to solve
the localization problem without the magnetometer first. Further, the better we
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solve it, the easier the detection will be. Consequently, I have preferred to focus on
solving the localization without magnetometers.

Ideally we would like to use all conceivable information sources. Consequently,
the question could be rephrased to concern any other sensor device. However, by
introducing additional sensors we run the risk of making ourselves dependent on
them. In practice, this would preclude the analysis of the actual possibilities and
contributions of each sensor. Therefore, we would like to solve the problem with
the minimal sensor setup first, to learn the limits of the sensory resources at hand.
Now we know we can solve the localization problem without magnetometers. Then
we can try adding it with a clear conciseness, but that is for future work.

4.2 Is a centralized approach to the cooperative
localization really sensible?

In designing the TOR system, we have relied on a partially centralized processing.
This creates a single point of failure, an unhealthy dependence on connectivity on
a single node, and gives the system limited scalability. Measures have been taken
to minimize the impact of these issues (partial decentralization). However, the
fundamental problems remain. So why and is it sensible to rely on a centralized
estimation?

Is it sensible? Well, with the measures taken it works! Ideally we would like
to have a decentralized estimation perfectly replicating the centralized estimation.
With perfect connectivity and broadcast of all sensory information, all agents could
replicate the centralized estimation and the problem would be solved. The question
is what we should do when there is imperfect connectivity. We could either solve
it as a communication logic problem and simply wait for all information to arrive
or we could ignore all ’unnecessary’ information and employ belief propagation
techniques; or we could do something in between. Either way, we would use the
centralized estimation as a starting point.

Further, in some sense, a decentralized solution would give a more robust sys-
tem. However, when talking about robustness in the system I would really like to
divide this into two different kinds of robustness with conflicting interests: statistical
robustness which is robustness against measurements outliers and inconsistent data,
and system robustness which is robustness against varying connectivity and node
failure. From a statistical robustness perspective, a centralized implementation
gives the best performance because it maximizes the amount of information avail-
able to detect and resolve inconsistencies. From the system robustness perspective,
obviously a decentralized implementation is preferable. However, a decentralized
implementation may give low statistical robustness. A decentralized implementa-
tion would typically ignore some couplings. This would give an underestimation
of the uncertainties, especially in the scenario with no anchor-nodes, and therefore
difficulties to detect outliers.
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A centralized estimation definitely gives a poor scalability. Whether this is a
problem is a matter of the application. For the target applications, ideally, we
would like to be able to scale it up to several hundred agents for large discharges.
However, just like the voice radio communication strategies employed, in this case
one could make a hierarchical division of the localization. After all, there is a
centralized command and the important part is just that the different units should
be able to act despite varying connectivity. This could be achieved with the current
solution.

In summary, the centralized estimation is a good starting point. For some appli-
cations, the actions taken to minimize the impact of the problems with centralized
estimation will be sufficient. For other applications, replicating the centralized
estimation and augmenting it with communication and book-keeping logics could
probably solve the problem. If this is not sufficient then we could start altering the
inference methods themselves to build a truly distributed system.

4.3 Are point correspondences really sensible for extracting
spatial information from images?

When we extract spatial information from images we have only established and
exploited point correspondences independent of each other. By only considering
one point correspondence at a time we disregard the fact that the points originate
from a continuous consistent scene and thereby we potentially throw away a lot
of information. Clearly humans use their vision to localize themselves on a much
higher cognitive level. Would not this be better?

The main advantage of a point is that it is well localized in the image, ideally
even under perspective changes. An object in the image would change appearance
under perspective changes and consequently, its location (middle) would not be
stable. What is the position of a house in an image? It is not well defined, while
the position of a sharp corner on a house is. Of course there are many levels of
objects in an image between a point and a house. For examples lines and textures
could be used. However, making descriptors of and matching lines and textures is
significantly harder than doing the same with points.

The problem with points is that they are in general not very unique, and there
are many of them. Ideally we would like to narrow down the spatial position, from
where an image was taken, based on a high-level cognitive understanding of the
image. Then we would refine the position based on points or other well localized
features. Unfortunately, achieving a robust high-level cognitive understanding of
the image requires many assumptions and is an open research problem. Further it
will create a system which is hard to analyze statistically. What we do when we
only rely on point correspondences is that we circumvent these problems at the cost
requiring a much better pose prior and creating a large search problem in terms of
point descriptors.
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The use of a higher cognitive understanding of images is not better because we
simply do not have solid tools for doing this. Further, we would have to rely on
point correspondences or similar relations to fine tune the spatial correspondences
between images anyway. Consequently, if we can make correct point matches, only
relying on point correspondences is not a problem and an acceptable solutions while
waiting for cognitive tools to be developed. Indeed the use of point correspondences
prevails in localization applications.
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Abstract

The implementation challenges of cooperative localization by dual foot-
mounted inertial sensors and inter-agent ranging are discussed and work on
the subject is reviewed. System architecture and sensor fusion are identi-
fied as key challenges. A partially decentralized system architecture based on
step-wise inertial navigation and step-wise dead reckoning is presented. This
architecture is argued to reduce the computational cost and required com-
munication bandwidth by around two orders of magnitude while only giving
negligible information loss in comparison with a naive centralized implemen-
tation. This makes a joint global state estimation feasible for up to a platoon-
sized group of agents. Furthermore, robust and low-cost sensor fusion for the
considered setup, based on state space transformation and marginalization,
is presented. The transformation and marginalization are used to give the
necessary flexibility for presented sampling based updates for the inter-agent
ranging and ranging free fusion of the two feet of an individual agent. Fi-
nally, characteristics of the suggested implementation are demonstrated with
simulations and a real-time system implementation.

A.1 Introduction

High accuracy, robust, and infrastructure-free pedestrian localization is a highly
desired ability for, among others, military, security personnel, and first responders.
Localization together with communication are key capabilities to achieve situa-
tional awareness and to support, manage, and automatize individual’s or agent
group actions and interactions. See [1–8] for reviews on the subject. The funda-
mental information sources for the localization are proprioception, exteroception,
and motion models. Without infrastructure, the exteroception must be dependent
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Figure A.1: Illustration of the considered localization setup. A group of agents are cooperatively
localizing themselves without any infrastructure. For this purpose, each agent is equipped with
dual foot-mounted inertial sensors, a ranging device, and a communication (com.) and processing
(proc.) device.

on prior or acquired knowledge about the environment [9]. Unfortunately, in gen-
eral, little or no prior knowledge of the environment is available and exploiting
acquired knowledge without revisiting locations is difficult. Therefore, preferably
the localization should primarily rely on proprioception and motion models. Pro-
prioception can take place on the agent level, providing the possibility to perform
dead reckoning; or on inter-agent level, providing the means to perform cooperative
localization. Pedestrian dead reckoning can be implemented in a number of different
ways [10]. However, foot-mounted inertial navigation, with motion models provid-
ing zero-velocity updates, constitute a unique, robust, and high accuracy pedestrian
dead reckoning capability [11–14]. With open-source implementations [15–17] and
several products appearing on the market [18–21], dead reckoning by foot-mounted
inertial sensors is a readily available technology. In turn, the most straight-forward
and well studied inter-agent measurement, and mean of cooperative localization,
is ranging [22–25]. Also here, there are multiple (radio) ranging implementations
available in the research literature [26–30] and as products on the market [31–
33]. Finally, suitable infrastructure-free communication equipment for inter-agent
communication is available off-the-shelf, e.g. [34–37], and processing platforms are
available in abundance. Together this suggests that the setup with foot-mounted
inertial sensors and inter-agent ranging as illustrated in Fig. D.1 is suitably used as
a base setup for any infrastructure-free pedestrian localization system. However,
despite the mature components and the in principle straight-forward combination,
cooperative localization with this sensor setup remains challenging, and only a few
similar systems can be found in the literature [38–42] and no off-the-shelf products
are available.



A.1. INTRODUCTION 43

The challenges with the localization setup lie in the system architecture and
the sensor fusion. The inter-agent ranging and lack of anchor nodes mean that
some global state estimation is required with a potentially prohibitive large com-
putational cost. The global state estimation, the distributed measurements, and
the (required) high sampling rates of the inertial sensors mean that a potentially
substantial communication is needed and that the system may be sensitive to in-
complete or varying connectivity. The feet are poor placements for inter-agent
ranging devices and preferably inertial sensors are used on both feet meaning that
the sensors of an individual agent will not be collocated. This gives a high system
state dimensionality and means that relating the sensory data from different sen-
sors to each other is difficult and that local communication links on each agent are
needed. Further, inter-agent ranging errors as well as sensor separations, often have
far from white, stationary, and Gaussian characteristics. Together, this makes fus-
ing ranging and dead reckoning in a high integrity and recursive Bayesian manner
at a reasonable computational cost difficult.

Unfortunately, the mentioned challenges are inherent to the system setup. There-
fore, they have to be addressed for any practical implementation. However, to our
knowledge, the implementation issues have only been sparsely covered in isolation
in the literature and no complete satisfactory solution has been presented. There-
fore, in this article we present solutions to key challenges to the system setup and
a complete localization system implementation. More specifically, the considered
overall problem is tracking, i.e recursively estimating, the positions of a group of
agents with the equipment setup of Fig. D.1. The available measurements for the
tracking are inertial measurements from the dual foot-mounted inertial sensors and
inter-agent range measurements. The position tracking is illustrated in Fig. A.2.
The measurements will be treated as localized to the respective sensors and the
necessary communication will be handled as an integral part of the overall prob-
lem. However, we will not consider specific communication technologies, but only
communication constraints that naturally arise in the current scenario (low band-
width and varying connectivity). See [43–47] and references therein for treatment
of related networking and communication technologies. Also, for brevity, the issues
of initialization and time synchronization will not be considered. See [48, 49] for
the solutions used in the system implementation.

To arrive at the key challenges and the solutions, initially, in Section A.2, the
implementation challenges are discussed in more detail and related work is reviewed.
Following this, we address the key challenges and present a cooperative localization
system implementation based on dual foot-mounted inertial sensors and inter-agent
ranging. The implementation is based on a partially decentralized system archi-
tecture and statistical marginalization and sampling based measurement updates.
In Section A.3, the architecture is presented and argued to reduce the computa-
tional cost and required communication by around two orders of magnitude and to
make the system robust to varying connectivity, while only giving negligible infor-
mation loss. Thereafter, in Section A.4, the sampling based measurement updates
with required state space transformation and marginalization are presented and
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Figure A.2: Illustration of the localization estimation problem and the desired output from the
localization system. The problem is to track (i.e. recursively estimate) the positions of multiple
agents in three dimensions by inter-agent range measurements and inertial measurements from
the foot-mounted inertial sensors.

shown to give a robust and low computational cost sensor fusion. Subsequently,
in Section A.5, the characteristic of the suggested implementation is illustrated via
simulations and a real-time system implementation. The cooperative localization
is found to give a bounded relative position mean-square-error (MSE) and an ab-
solute position MSE inversely proportional to the number of agents, in the worst
case scenario; and a bounded position MSE, in the best case scenario. Finally,
Section A.6 concludes the article.

A.2 Implementation challenges

The lack of anchor nodes, the distributed nature of the system, the error characteris-
tics of the different sensors, and the non-collocated sensors of individual agents poses
a number of implementation challenges for the cooperative localization. Broadly
speaking, these challenges can be divided into those related to: designing an overall
system architecture to minimize the required communication and computational
cost, while making it robust to varying connectivity and retaining sufficient infor-
mation about the coupling of non-collocated parts of the system; and fusing the
information of different parts of the system given the constraints imposed by the
system architecture and a finite computational power, while retaining performance
and a high system integrity. In the following two subsections, these two overall
challenges are discussed in more detail and related previous work is reviewed.
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System architecture and state estimation

The system architecture has a strong connection to the position/state estimation
and the required communication. The range of potential system architectures and
estimation solutions goes from the completely decentralized, in which each agent
only estimates its own states, to the completely centralized, in which all states of
all agents are estimated jointly.

A completely decentralized architecture is often used in combination with some
inherently decentralized belief-propagation estimation techniques [38, 50, 51]. The
advantage of this is that it makes the localization scalable and robust to varying and
incomplete connectivity between the agents. Unfortunately, the belief-propagation
discards information about the coupling between agents, leading to reduced perfor-
mance [51–54]. See [52] for an explicit treatment of the subject. Unfortunately, as
will be shown in Section A.5, in a system with dead reckoning, inter-agent ranging,
and no anchor nodes, the errors in the position estimates of different agents may
become almost perfectly correlated. Consequently, discarding these couplings/cor-
relations between agents can significantly deteriorate the localization performance
and integrity.

In contrast, with a centralized architecture and estimation, all correlations can
be considered, but instead the state dimensionality of all agents will add up. Un-
fortunately, due to the lack of collocation of the sensors of individual agents, the
state dimensionality of individual agents will be high. Together this means compu-
tationally expensive filter updates. Further, the distributed nature of the system
means that information needs to be gathered to perform the sensor fusion. There-
fore, communication links are needed, both locally on each agent as well as on a
group level. Inter-agent communication links are naturally wireless. However, the
foot-mounting of the inertial sensors makes cabled connections impractical opting
for battery powering and local wireless links for the sensors as well [55, 56]. Un-
fortunately, the expensive filter updates, the wireless communication links, and the
battery powering combines poorly with the required high sampling rates of the in-
ertial sensors. With increasing number of agents, the computational cost and the
required communication bandwidth will eventually become a problem. Moreover,
an agent which loses contact with the fusion center cannot, unless state statistics
are continually provided, easily carry on the estimation of its own states by itself.
Also, to recover from an outage when the contact is restored, a significant amount
of data would have to be stored, transferred and processed.

Obviously, neither of the extreme cases, the completely decentralized nor the
completely centralized architectures, are acceptable. The related problems suggest
that some degree of decentralization of the estimation is required to cope with
the state dimensionality and communication problems. However, some global book
keeping is also required to handle the information coupling. Multiple approximative
and exact distributed implementations of global state estimation have been demon-
strated, see [54, 57–59] and references therein. However, these methods suffer from
either a high computational cost or required guaranteed and high bandwidth com-
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munication, and are not adapted to the considered sensor setup with high update
rates, local communication links, and lack of sensor collocation. Therefore, in Sec-
tion A.3 we suggest and motivate a system architecture with partially decentralized
estimation based on a division of the foot-mounted inertial navigation into a step-
wise inertial navigation and dead reckoning. This architecture does not completely
solve the computational cost issue, but makes it manageable for up to a platoon-
sized group of agents. For larger groups, some cellular structure is needed [39, 58].
However, the architecture is largely independent of how the global state estimation
is implemented and a distributed implementation is conceivable.

The idea of dividing the filtering is not completely new. A similar division
is presented in an application specific context in [60] and used to fuse data from
foot-mounted inertial sensors with maps, or to build the maps themselves, in [61–
63]. However, the described division is heuristically motivated and the statistical
relation between the different parts is not clear. Also, no physical processing de-
centralization is exploited to give reduced communication requirements.

Robust and low computational cost sensor fusion
The sensor fusion firstly poses the problem of how to model the relation between
the tracked inertial sensors and the range measurements. Secondly, it poses the
problem of how to condition the state statistic estimates on provided information
while retaining reasonable computational costs.

The easiest solution to the non-collocated sensors of individual agents is to
make the assumption that they are collocated (or have a fixed relation) [38, 64–
66]. While simple, this method can clearly introduce modeling errors resulting in
suboptimal performance and questionable integrity. Instead, explicitly modeling
the relative motion of the feet has been suggested in [67]. However, making an
accurate and general model of the human motion is difficult, to say the least.
As an alternative, multiple publications suggest explicitly measuring the relation
between the sensors [14, 68–70]. The added information can improve the localization
performance but unfortunately introduces the need for additional hardware and
measurement models. Also, it works best for situations with line-of-sight between
measurement points, and therefore, it is probably only a viable solution for foot-
to-foot ranging on clear, not too rough, and vegetation/obstacle free ground [71].
Instead of modeling or measuring the relation between navigation points of an
individual agent, the constraint that the spatial separation between them has an
upper limit may be used. This side information obviously has an almost perfect
integrity, and results in [72] indicate that the performance loss in comparison to
ranging is transitory. For inertial navigation, it has been demonstrated that a range
constraint can be used to fuse the information from two foot-mounted systems,
while only propagating the mean and the covariance [73, 74]. Unfortunately, the
suggested methods depend on numerical solvers and only apply the constraint on the
mean, giving questionable statistical properties. Therefore, in Section A.4, based
on the work in [72], we suggest a simpler and numerically more attractive solution
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to using range constraints to perform the sensor fusion, based on marginalization
and sampling.

The naive solution to the sensor fusion of the foot-mounted inertial navigation
and the inter-agent ranging is simply using traditional Kalman filter measurement
updates for the ranging [38]. However, the radio ranging errors are often far from
Gaussian, often with heavy tails and non-stationary and spatially correlated er-
rors [75–80]. This can cause unexpected behavior of many localization algorithms,
and therefore, statistically more robust methods are desirable [79–81]. See [82]
and references therein for a general treatment of the statistical robustness concept.
The heavy tails and spatially correlated errors could potentially be solved by a flat
likelihood function as suggested in [75, 83]. However, while giving a high integrity,
this also ignores a substantial amount of information and requires multi-hypothesis
filtering (a particle filter) with unacceptable high computational cost. Using a more
informative likelihood function is not hard to imagine. Unfortunately, only a small
set of likelihood functions can easily be used without resorting to multi-hypothesis
filtering methods. Some low cost fusion techniques for special classes of heavy-
tailed distributions and H∞ criteria have been suggested in the literature [84–88].
However, ideally we would like more flexibility to handle measurement errors and
non-collocated sensors. Therefore, in Section A.4, we propose a marginalization
and sample based measurement update for the inter-agent ranging, providing the
necessary flexibility to handle an arbitrary likelihood function. A suitable likelihood
function is proposed, taking lack of collocation, statistical robustness, and corre-
lated errors into account, and shown to providing a robust and low computational
cost sensor fusion.

A.3 Decentralized estimation architecture

To get around the problems of the centralized architecture, the state estimation
needs somehow to be partially decentralized. However, as previously argued, some
global state estimation is necessary. Consequently, the challenge is to do the decen-
tralization in a way that does not lead to unacceptable loss in information coupling,
leading to poor performance and integrity, while still solving the issues with com-
putational cost, communication bandwidth, and robustness to varying connectivity.
In the following subsections it is shown how this can be achieved by dividing the
filtering associated with foot-mounted inertial sensors into a step-wise inertial nav-
igation and step-wise dead reckoning, as illustrated in Fig. B.4. Pseudo-code for
the related processing is found in Alg. 1 and the complete system architecture is
illustrated in Fig. A.5.

Zero-velocity-update-aided inertial navigation

To track the position of an agent equipped with foot-mounted inertial sensors, the
sensors are used to implement an inertial navigation system aided by so called
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zero-velocity updates (ZUPTs). The inertial navigation essentially consists of the
inertial sensors combined with mechanization equations. In the simplest form, the
mechanization equations arepk

vk
qk

 =

 pk−1 + vk−1dt
vk−1 + (qk−1fkq?k−1 − g)dt

Ω(ωkdt)qk−1

 (A.1)

where k is a time index, dt is the time difference between measurement instances, pk
is the position, vk is the velocity, fk is the specific force, g = [0, 0, g] is the gravity,
and ωk is the angular rate (all in R3). Further, qk is the quaternion describing
the orientation of the system, the triple product qk−1fkq?k−1 denotes the rotation
of fk by qk, and Ω(·) is the quaternion update matrix. For a detailed treatment of
inertial navigation see [89, 90]. For analytical convenience we will interchangeably
represent the orientation qk with the equivalent Euler angles (roll,pitch,yaw) θk =
[φk, θk, ψk]. Note that [ · , . . . ] is used to denote a column vector.

The mechanization equations (A.1) together with measurements of the specific
force f̃k and the angular rates ω̃k, provided by the inertial sensors, are used to prop-
agate position p̂k, velocity v̂k, and orientation q̂k state estimates. Unfortunately,
due to its integrative nature, small measurement errors in f̃k and ω̃k accumulate,
giving rapidly growing estimation errors. Fortunately, these errors can be modeled
and estimated with ZUPTs. A first-order error model of (A.1) is given byδpkδvk

δθk

 =

I Idt 0
0 I [qk−1fkq?k−1]×dt
0 0 I

δpk−1
δvk−1
δθk−1

 (A.2)

where δ(·)k are the error states, I and 0 are 3 × 3 identity and zero matrices,
respectively, and [·]× is the cross-product matrix. As argued in [91], one should be
cautious about estimating systematic sensor errors in the current setup. Indeed,
remarkable dead-reckoning performance has been demonstrated, exploiting dual
foot-mounted sensors without any sensor error state estimation [92]. Therefore, in
contrast to many publications, no additional sensor bias states are used.

Together with statistical models for the errors in f̃k and ω̃k, (A.2) is used to
propagate statistics of the error states. To estimate the error states, stationary
time instances are detected based on the condition Z({f̃κ, ω̃κ}Wk

) < γz, where Z(·)
is some zero-velocity test statistic, {f̃κ, ω̃κ}Wk

is the inertial measurements over
some time window Wk, and γz is a zero-velocity detection threshold. See [93, 94]
for further details. The implied zero-velocities are used as pseudo-measurements

ỹk = v̂k ∀k : Z({f̃κ, ω̃κ}Wk
) < γz (A.3)

which are modeled in terms of the error states as

ỹk = H

δpkδvk
δθk

+ nk (A.4)



A.3. DECENTRALIZED ESTIMATION ARCHITECTURE 49

where H = [0 I 0] is the measurement matrix and nk is a measurement noise,
i.e. ỹk = δvk + nk. A similar detector is also used to lock the system when
completely stationary. See [95] for further details. Given the error model (A.2) and
the measurements model (A.4), the measurements (A.3) can be used to estimate
the error states with a Kalman type of filter. See [11, 94, 96, 97] for further details
and variations. See [98] for a general treatment of aided navigation. Since there
is no reason to propagate errors, as soon as there are any non-zero estimates δp̂k,
δv̂k, or δθ̂k, they are fed back correcting the navigational states,[

p̂k
v̂k

]
:=
[
p̂k
v̂k

]
+
[
δp̂k
δv̂k

]
and q̂k := Ω(δθ̂k)q̂k (A.5)

and consequently the error state estimates are set to zero, i.e. δp̂k := 03×1, δv̂k :=
03×1, and δθ̂k := 03×1, where := indicates assignment.

Unfortunately, all (error) states are not observable based on the ZUPTs. During
periods of consecutive ZUPTs, the system (A.2) becomes essentially linear and time
invariant. Zero-velocity for consecutive time instances means no acceleration and
ideally fk = q?kgqk. This gives the system and observability matrices

F =

I Idt 0
0 I [g]×dt
0 0 I

 and

 H
HF
HF2

 =

0 I 0
0 I [g]×dt
0 I 2[g]×dt

.
Obviously, the position (error) is not observable, while the velocity is. Since

[g]× =

 0 g 0
−g 0 0
0 0 0


the roll and pitch are observable while the heading (yaw) of the system is not. Ig-
noring the process noise, this implies that the covariances of the observable states
decay as one over the number of consecutive ZUPTs. Note that there is no differ-
ence between the covariances of the error states and the states themselves. Conse-
quently, during stand-still, after a reasonable number of ZUPTs, the state estimate
covariance becomes

cov
(

(p̂k, v̂k, θ̂k)
)
≈

 Ppk 03×5 Ppk,ψk
05×3 05×5 05×1

P>pk,ψk 01×5 Pψk,ψk

 (A.6)

where Px,y = cov(x,y), Px = cov(x) = cov(x,x), (·)> denotes the transpose, and
0n×m denotes a zero matrix of size n×m.

Step-wise dead reckoning
The covariance matrix (A.6) tells us that the errors of p̂k and ψ̂k are uncorrelated
with those of v̂k and [φ̂k, θ̂k]. Together with the Markovian assumption of the
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state space models and the translational and in-plan rotation invariance of (A.1)-
(A.4), this means that future errors of v̂k and [φ̂k, θ̂k] are uncorrelated with those
of the current p̂k and ψ̂k. Consequently, future ZUPTs cannot be used to deduce
information about the current position and heading errors. In turn, this means
that, considering only the ZUPTs, it makes no difference if we reset the system and
add the new relative position and heading to those before the reset. However, for
other information sources, we must keep track of the global (total) error covariance
of the position and heading estimates.

Resetting the system means setting position p̂k and heading ψ̂k and correspond-
ing covariances to zero. Denote the position and heading estimates at a reset ` by
dp` and dψ`. These values can be used to drive the step-wise dead reckoning[

x`
χ`

]
=
[
x`−1
χ`−1

]
+
[
R`−1dp`
dψ`

]
+ w` (A.7)

where x` and χ` are the global position in 3 dimensions and heading in the hori-
zontal plan of the inertial navigation system relative to the navigation frame,

R` =

cos(χ`) − sin(χ`) 0
sin(χ`) cos(χ`) 0

0 0 1


is the rotation matrix from the local coordinate frame of the last reset to the
navigation frame, and w` is a (by assumption) white noise with covariance,

cov(w`) = cov
(

[R`−1dp`, dψ`]
)

=
[
R`−1Pp`R>`−1 R`−1Pp`,ψ`
P>p`,ψ`R

>
`−1 Pψ`,ψ`

]
. (A.8)

The noise w` in (A.7) represents the accumulated uncertainty in position and head-
ing since the last reset, i.e. the essentially non-zero elements in (A.6) transformed to
the navigation frame. The dead reckoning (A.7) can trivially be used to estimate x`
and χ` and their error covariances from dp` and dψ` and related covariances. The
relation between the step-wise inertial navigation and dead reckoning is illustrated
in Fig. B.4.

To get [dp`, dψ`] from the inertial navigation, reset instances need to be deter-
mined, i.e. the decoupled situation (A.6) needs to be detected. However, detecting
it is not enough. If it holds for one time instance k, it is likely to hold for the next
time instance. Resetting at nearby time instances is not desirable. Instead we want
to reset once at every step or at some regular intervals if the system is stationary for
a longer period of time. The latter requirement is necessary to distinguish between
extended stationary periods and extended dynamic periods. Further, to allow for
real-time processing, the detection needs to be done in a recursive manner. The
longer the stationary period, the smaller the cross-coupling terms in (A.6). This
means that the system should be reset as late as possible in a stationary period.
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Figure A.3: Illustration of the step-wise inertial navigation and the step-wise dead reckoning. The
displacement and heading change over a step given by the inertial navigation is used to perform
the step-wise dead-reckoning.

However, if the stationary period is too short, we may not want to reset at all,
since then the cross terms in (A.6) may not have converged. In summary, nec-
essary conditions for a reset are low enough cross-coupling and minimum elapsed
time since the last reset. If this holds, there is a pending reset. In principle, the
cross-coupling terms in (A.6) should be used to determine the first requirement.
However, in practice, all elements fall off together and a threshold γp on e.g. the
first velocity component can be used. To assess the second requirement, a counter
cp which is incremented at each time instance is needed, giving the pending reset
condition

(Pvxk
< γp) ∧ (cp > cmin) (A.9)

where cmin is the minimum number of samples between resets. A pending reset is
to be performed if the stationary period comes to an end or a maximum time with
a pending reset has elapsed. To assess the latter condition, a counter cd is needed
which is incremented if (A.9) holds. Then a reset is performed if(

Z({f̃κ, ω̃κ}Wk
) ≥ γz

)
∨ (cd > cmax) (A.10)

where cmax is the maximum number of samples of a pending reset. Together (A.9)
and (A.10) make up the sufficient conditions for a reset. When the reset is per-
formed, the counters are reset, cp := 0 and cd := 0. This gives a recursive step
segmentation. Pseudo-code for the inertial navigation with recursive step segmen-
tation (i.e. step-wise inertial navigation) and the step-wise dead reckoning is found
in Alg. 1.

Not to lose performance in comparison with a sensor fusion approach based on
centralized estimation, the step-wise inertial navigation combined with the step-wise
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Algorithm 1 Pseudo-code of the combined step-wise inertial navigation and step-wise dead
reckoning. The ZUPT-aided inertial navigation and the step-wise dead reckoning refers to the ef-
fect of (A.1)-(B.3) and (A.7), respectively, combined with Kalman type of filtering. For notational
compactness, below Pk = P[pk,vk,qk] and P` = P[x`,χ`].

1: k := ` := cp := cd := 0
2: pk := vk := 03×1
3: qk := {Coarse self-initialization} (See e.g. [98])
4: Pk := {Initial velocity, roll and pitch uncertainty}
5: (x`, χ`) := {Initial position and heading}
6: P(x`,χ`) := {Initial position and heading uncertainty}
7: loop
8: k := k + 1
9: ZUPT-aided inertial navigation
10: ([pk,vk,qk],Pk)←([pk−1,vk−1,qk−1],Pk−1,f̃k,ω̃k)
11: cp := cp + 1
12: if (Pvk < γp) ∧ (cp > cmin) then
13: cd := cd−1 + 1
14: if

(
Z({f̃κ, ω̃κ}Wk

) ≥ γz
)
∨ (cd > cmax) then

15: ` := `+ 1
16: dp` := p̂k, dψ` := φ̂k, Pw` = . . . (see (A.8))
17: pk := vk := 03×1, ψk := 0
18: Pk := 09×9
19: cp := 0, cd := 0
20: Step-wise dead reckoning
21: ([x`, χ`],P`)←([x`−1,χ`−1],P`−1,dp`,dψ`,Pw`)
22: end if
23: end if
24: end loop

dead reckoning needs to reproduce the same state statistics (mean and covariance)
as those of the indefinite (no resets) ZUPT-aided inertial navigation. If the models
(A.1), (A.2), and (A.7) had been linear with Gaussian noise and the cross-coupling
terms of (A.6) were perfectly zero, then the divided filtering would reproduce the
full filter behavior perfectly. Unfortunately, they are not. However, as shown in
the example trajectory in Fig. A.4, in practice the differences are marginal and
the mean and covariance estimates of the position and heading can be reproduced
by only [dp`, dψ`] and the corresponding covariances. Due to linearization and
modeling errors of the ZUPTs, the step-wise dead reckoning can even be expected
to improve performance since it will eliminate these effects to single steps [91, 99].
Indeed, resetting appropriate covariance elements (which has similar effects as of
performing the step-wise dead reckoning) has empirically been found to improve
performance [100].
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Figure A.4: The plots show the trajectory (upper), the position error covariances (middle), and
the covariance between the position and heading errors (lower) as estimated by an extended
Kalman filter based indefinite ZUPT-aided inertial navigation (solid lines) and a step-wise inertial
navigation and dead reckoning (crossed lines). The agreement between the systems are far below
the accuracy and integrity of the former system.
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Physical decentralization of state estimation

The step-wise inertial navigation and dead reckoning as described in Alg. 1 can be
used to implement a decentralized architecture and state estimation. The ranging,
as well as most additional information, is only dependent on position and not on
the full state vector [pk,vk,θk]. Further, as argued in the previous subsection, the
errors of v̂k and [φ̂k, θ̂k] are weakly correlated with those of p̂k and ψ̂k. Therefore,
only the states [x`, χ`] (for all feet) have to be estimated jointly and only line
20 need to be executed centrally. The step-wise inertial navigation, i.e. Alg. 1
apart from line 20, can be implemented locally in the foot-mounted units, and
thereby, only [dp`, dψ`] and related covariances need to be transmitted from the
feet. This way, the required communication will be significantly lower compared
to the case in which all inertial data would have to be transmitted. Also, since
the computational cost of propagating (A.7) is marginal, this can be done both
locally on the processing device of each agent and in a global state estimation.
This way, if an agent loses contact with whomever who performs the global state
estimation, it can still perform the dead reckoning, and thereby, keep an estimate
of where it is. Since the amount of data in the displacement and heading changes
is small, if contact is reestablished, all data can easily be transferred and its states
in the global state estimation updated. The other way around, if corrections to
the estimates of [x`, χ`] are made in the central state estimation, these corrections
can be transferred down to the agent. Since the recursion in (A.7) is pure dead
reckoning (no statistical conditioning), these corrections can directly be used to
correct the local estimates of [x`, χ`]. This way, the local and the global estimates
can be kept consistent.

The straight-forward way of implementing the global state estimation is by one
(or multiple) central fusion center to which all dead reckoning data are transmitted
(potentially by broadcast). The fusion center may be carried by an agents, or reside
in a vehicle or something similar. Range measurements relative to other agents only
have a meaning if the position estimate and its statistics are known. Therefore, all
ranging information is transferred to the central fusion center. This processing
architecture with its three layers of estimation (foot, processing device of agent,
and common fusion center) is illustrated in Fig. A.5. However, the division in step-
wise inertial navigation and dead reckoning is independent of the structure with a
fusion center and some decentralized global state estimation could potentially be
used.

Computational cost and required communication

The step-wise dead reckoning is primarily motivated and justified by the reduction
in computational cost and required communication bandwidth. With a completely
centralized sensor fusion [f̃k, ω̃k], 6 measurement values in total, need to be trans-
ferred to the central fusion center at a sampling rate fIMU in the order of hundreds
of [Hz] with each measurement value typically consisting of some 12-16 bits. With
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Figure A.5: Illustration of the decentralized system architecture. Step-wise inertial navigation is
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local processing device, where step-wise dead reckoning is performed, and relayed together with
ranging data to a central fusion center. The fusion center may be carried by an agents, reside in
a vehicle or something similar, or be distributed among agents.

the step-wise dead reckoning, [dp`, dψ`], Pp` , Pp`,ψ` , and Pψ`,ψ` , in total 14 val-
ues, need to be transferred to the central fusion center at a rate of fsw ≈ 1 [Hz]
(normal gait frequency [101]). In practice, the 14 values can be reduced to 8 values
since cross-covariances may be ignored and the numerical ranges are such that they
can reasonably be fitted in some 12-16 bits each. The other way around, some 4
correction values need to be transferred back to the agent. Together this gives the
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ratio of the required communication of (6 · fIMU)/(12 · fsw) ≈ 102, a two orders
magnitude reduction.

In turn, the computational cost scales linearly with the update rates fIMU and
fsw. In addition, the computational cost has a cubic scaling (for covariance based
filters) with the state dimensionality. Therefore, the reduction in the computational
cost at the central fusion center is at the most fIMU/fsw · (9/4)3 ≈ 103. However, at
higher update rates, updates may be bundle together. Consequently, a somewhat
lower reduction may be expected in practice giving a reduction of again around two
orders of magnitude.

A.4 Robust and low-cost sensor fusion

The step-wise dead reckoning provides a low dimensional and low update rate in-
terface to the foot-mounted inertial navigation. With this interface, the global
state of the localization system (the system state as conceived by the global state
estimation) becomes

x = [xα, χα,xβ , χβ ,xζ , χζ , . . . ]

where xj and χj are the positions and headings of the agents’ feet with dropped
time indices. Other auxiliary states may also be put in the state vector. Our
desire is to fuse the provided dead-reckoning with that of the other foot and that of
other agents via inter-agent ranging. This fusion is primarily challenging because:
1) The high dimensionality of the global system. 2) The non-collocated sensors of
individual agents. 3) The potentially malign error characteristic of the ranging. The
high dimensionality is tackled by only propagating mean and covariance estimates
and by marginalization of the state space. The lack of collocation is handled by
imposing range constraints between sensors. Finally, the error characteristic of the
ranging is handled by sampling based updates. In the following subsections, these
approaches are described. Pseudo-code for the sensor fusion is found in Algs. 2-3
in the final subsection.

Marginalization

New information (e.g. range measurements) introduced in the systems is only de-
pendent on a small subset of the states. Assume that the state vector can be
decomposed as z = [z1, z2], such that some introduced information π is only de-
pendent on z1. Then with a Gaussian prior with mean and covariance

ẑ =
[
ẑ1
ẑ2

]
and Pz =

[
Pz1 Pz1z2

P>z1z2
Pz2

]
, (A.11)
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the conditional (with respect to π) mean of z2 and the conditional covariance can
be expressed as [72]

ẑ2|π= V + U ẑ1|π

Pz1|π= Cz1|π − ẑ1|πẑ>1|π
Pz2|π= Pz2−UPz1z2+VV>+Z+UCz1|πU>−ẑ2|πẑ>2|π
Pz1z2|π= ẑ1|πV> + Cz1|πU> − ẑ1|πẑ>2|π

(A.12)

where U = P>z1z2
P−1
z1

, V = ẑ2−Uẑ1, Z = U ẑ1|πV>+ V ẑ>1|πU>, and Cz1|π is the
conditional second order moment of z1. Note that this will hold for any information
π only dependent on z1, not just range constraints as studied in [72]. Consequently,
the relations (A.12) give a desired marginalization. To impose the information π on
(A.11), only the first and second conditional moments, ẑ1|π and Cz1|π, need to be
calculated. If π is linearly dependent on z1 and with Gaussian errors, this will be
equivalent with a Kalman filter measurement update. This may trivially be used
to introduce information about individual agents. However, as we will show in the
following subsections, this can also be used to couple multiple navigation points of
individual agents without any further measurement and to introduce non-Gaussian
ranging between agents.

Fusing dead reckoning from dual foot-mounted units
The position of the feet xa and xb of an agent (in general two navigation points of
an agent) has a bounded spatial separation. This can be used to fuse the related
dead reckoning without any further measurements. In practice, the constraint will
often have different extents in the vertical and the horizontal direction. This can
be expressed as a range constraint

‖Dγ(xa − xb)‖ ≤ γxy. (A.13)
where Dγ is a diagonal scaling matrix with γ = [1, 1, γxy/γz] on the diagonal, and
γxy and γz are the constraints in the horizontal and vertical direction. Unfortu-
nately, there is no standard way of imposing such a constraint in a Kalman like
framework [102]. Also, the position states being in arbitrary locations in the global
state vector, i.e. x = [. . . ,xa, . . . ,xb, . . . ], means that the state vector is not on
the form of z. Further, since the constraint (A.13) has unbounded support, the
conditional means

[
x̂a|γ , x̂b|γ

]
and covariances cov

(
[xa|γ ,xb|γ ]

)
cannot easily be

evaluated. Moreover, since the states are updated asynchronously (steps occurring
at different time instances), the state estimates x̂a and x̂b may not refer to the same
time instance. The latter problem can be handled by adjusting the constraint γxy
by the time difference of the states. In principle, this means that an upper limit on
the speed by which an agent moves is imposed. The former problems can be solved
with the state transformation

z = Tγx where Tγ =
([

Dγ −Dγ

Dγ Dγ

]
⊕ Im−6

)
Π (A.14)
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where Im−6 is the identity matrix of size m−6, m is the dimension of x, ⊕ denotes
the direct sum of matrices, Π is a permutation matrix fulfilling

Π[. . . ,xa, . . . ,xb, . . . ] = [xa,xb, . . . ]

and z1 = Dγ(xa−xb). With the state transformation Tγ , the mean and covariance
of z become ẑ = Tγ x̂ and Pz = TγPxT>γ . Inversely, since Tγ is invertible, the con-
ditional mean and covariance of x become x̂|γ = T−1

γ ẑ|γ and Px|γ = T−1
γ Pz|γT−>γ .

Therefore, if ẑ1|γ and Cz1|γ are evaluated, (A.12) gives ẑ|γ and Pz|γ and thereby
also x̂|γ and Px|γ . Fortunately, with z1 = Dγ(xa − xb), the constraint (A.13)
becomes

‖z1‖ ≤ γxy.

In contrast to (A.13), this constraint has a bounded support. Therefore, as sug-
gested in [72], the conditional means can be approximated by sampling and pro-
jecting sigma points.

ẑ1|γ ≈
∑
i

wiz(i)
1 and Cz1|γ ≈

∑
i

wiz(i)
1 (z(i)

1 )>

where ≈ denotes approximate equality and

z(i)
1 =

{
s(i), ‖s(i)‖ ≤ γxy
γxy
‖s(i)‖s

(i), 1
. (A.15)

Here s(i) and w(i) are sigma points and weights

{s(i), w(i)} =


{ẑ1 , 1−3/η}, i = 0
{ẑ1 + η1/2li , 1/2η}, i ∈ [1, . . . , 3]
{ẑ1 − η1/2li−3 , 1/2η}, i ∈ [4, . . . , 6]

where li is the ith column of the Cholesky decomposition Pz1 = LL> and the scalar
η reflects the portion of the prior to which the constraint is applied. See [72] for
further details. The application of the constraint for the two-dimensional case is
illustrated in Fig. A.6.

Inter-agent range measurement updates
Similar to the range constraint between the feet of an individual agent, the geometry
of the inter-agent ranging gives the constraints

r − (γa + γb) ≤ ‖xa − xb‖ ≤ r + (γa + γb) (A.16)

where r is the (true) range between agents’ ranging devices and γa and γb are the
maximum spatial separation of respective ranging device and xa and xb; where
in this case xa and xb are the positions of a foot of each agent. The range only
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Figure A.6: Illustration of the separation constraint update for two feet in the horizontal plane.
The plots show (upper-left) the prior position and covariance estimates, (upper-right) the trans-
formed system with the sigma points (blue crosses) and the constraint indicated with the dashed
circle, (lower-left) the projected sigma points and the conditional mean and covariance, and finally
(lower-right) the conditioned result in the original domain with the prior covariances indicated
with thinner lines.

being dependent on ‖xa−xb‖ means that the state transformation z = T1x where
1 = [1, 1, 1] and z1 = xa − xb, and the corresponding mean and covariance trans-
formations as explained in the previous subsection, can be used to let us exploit
the marginalization (A.12).

The inter-agent ranging gives measurements r̃ of the range r. As reviewed in
Section A.2, the malign attributes of r̃ which we have to deal with are poten-
tially heavy-tailed error distributions and non-stationary spatially correlated errors
due to diffraction, multi-path, or similar. This can be done by using the model
r̃ = r + v + v′ where v is a heavy-tailed error component and v′ is a uniformly
distributed component intended to cover the assumed bounded correlated errors in
a manner similar to that of [75]. Combining the model with (A.16) and the state
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transformation T1 gives the measurement model

r̃ − v − γr ≤ ‖z1‖ ≤ r̃ − v + γr. (A.17)

where γr is chosen to cover the bounds in (A.16), the asynchrony between x̂a and
x̂b, and the correlated errors v′. In practice γr will be a system parameter trading
integrity for information.

To update the global state estimate with the the range measurement r̃, the state
ẑ1 and covariance estimates Pz1 must be conditioned on r̃ via (A.17). Due to the
stochastic term v, we cannot use hard constraints as with the feet of a single agent.
However, by assigning a uniform prior to the constraint in (A.17), the likelihood
function of r̃ given ẑ1 becomes

f(r̃|z1) = U(−γr, γr) ∗ V(‖ẑ1‖ − r̃, σ) (A.18)

where U(−γr, γr) is a uniform distribution over the interval [−γr, γr], V(‖ẑ1‖−r̃, σr)
is the distribution of v with mean ‖ẑ1‖ − r̃ and some scale σr, and ∗ denotes con-
volution. Then, with the assumed Gaussian prior z1 ∼ N (ẑ1,Pz1), the conditional
distribution of z1 given r̃, ẑ1 , and Pz1 is

f(z1|r̃) ∝ f(r̃|ẑ1)N (ẑ1,Pz1). (A.19)

Since z1 is low-dimensional, the conditional moments ẑ1|r̃ and Cz1|r̃ can be evalu-
ated by sampling. With the marginalization (A.12) and the inverse transformation
T−1

1 , this will give the conditional mean and covariance of x.
Since the likelihood function (A.18) is typically heavy-tailed, it cannot easily be

described by a set of samples. However, since the prior is (assumed) Gaussian, the
sampling of it can efficiently be implemented with the eigenvalue decomposition.
With sample points u(i) of the standard Gaussian distribution, the corresponding
sample points of the prior is given by

s(i) = ẑ1 + QΛ1/2u(i)

where Pz1 = QΛQ> is the eigenvalue decomposition of Pz1 . With the sample
points s(i), the associated prior weights only become dependent on u(i) (apart from
normalization) since

w(i)
pr ∼ e

− 1
2 (s(i)−ẑ1)>P−1

z1 (s(i)−ẑ1) = e−
1
2‖u

(i)‖2

and can therefore, be precalculated. Reweighting with the likelihood function,
w̃

(i)
po = w

(i)
pr · f(r̃|s(i)) and normalizing the weights w(i)

po = w̃
(i)
po · (

∑
w̃

(i)
po )−1, with

suitable chosen u(i) the conditional moments can be approximated by

ẑ1|r̃ ≈
∑
i

w(i)
pos(i) and Cz1|r̃ ≈

∑
i

w(i)
pos(i)(s(i))>.
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Figure A.7: Illustration of the suggested range update in two dimensions. From left to right, the
plots show: the Gaussian prior given by the mean ẑ1 (blue dot) and the covariance Pz1 (blue
ellipse) and with indicated samples (red dots) and eigenvectors/-values, the (one dimensional)
likelihood function given by the range measurement r̃ and used to reweight the samples, and the
resulting posterior with conditional mean ẑ1|r and covariance Pz1|r calculated from the reweighted
samples.

Consequently, as long as the likelihood function can be efficiently evaluated, any
likelihood function may be used. For analytical convenience, we have typically let
V(·, ·) be Cauchy-distributed giving the heavy-tailed likelihood function

f(r̃|s(i)) ∼ atan
(
r̃−‖s(i)‖+γr

σr

)
− atan

(
r̃−‖s(i)‖−γr

σr

)
. (A.20)

The sampling based range update with this likelihood function and u(i) from a
square sampling lattice is illustrated in Fig. A.7. Potential more elaborate tech-
niques for choosing the sample points can be found in [103].

The presented ranging update gives a robustness to outliers in the measure-
ment data. In Fig. A.8, the influence functions for the sample based update and
the traditional Kalman measurement update are shown for the ranging likelihood
function (A.20) with γr = 2 [m] and σr = 0.5 [m] and position covariance values
of Pz1 = I [m2] and Pz1 = 0.3 I [m2]. By comparing the blue solid and the red
dashed-dotted lines, it is seen that when the position and ranging error covariances
are of the same size, the suggested ranging update behaves like the Kalman update
up to around three standard deviations, where it gracefully starts to neglect the
range measurement. In addition, by comparing the blue dashed and the red dot-
ted lines, it is seen that for smaller position error covariances, in contrast to the
Kalman update, the suggested range update neglects ranging measurements with
small errors (flat spot in the middle of the influence function). This has the effect
that multiple ranging updates will not make the position error covariance collapse,
which captures the fact that due to correlated errors, during standstill, multiple
range measurements will contain a diminishing amount of information; and during
motion the range measurements should only “herd” the dead reckoning.
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ẑ
1
|γ
−
ẑ
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With slight modifications, the ranging updates can be used to incorporate in-
formation from many other information sources. Ranging to anchor nodes whose
positions are not kept in x or position updates (from a GNSS receiver or similar)
may trivially be implemented as range updates (zero range in the case of the posi-
tion update) with z1 = xa−xb replaced with z1 = xa−xc where xc is the position
of the anchor node or the position measurement. Fusion of pressure measurements
may be implemented as range updates in the vertical direction, either relative to
other agents or relative to a reference pressure.

Summary of sensor fusion

The central sensor fusion, as described in Section A.3, keeps the position and head-
ing of all feet in the global state vector x. From all agents, it receives dead reckoning
updates, [dp`, dψ`], Pp` , Pp`,ψ` , and Pψ`,ψ` , and inter-agent range measurements
r̃. The dead reckoning updates are used to propagate the corresponding states
and covariances according to (A.7). At each dead reckoning update, the range
constraint is imposed on the state space as described in subsection A.4, and cor-
rections are sent back to the agent. The inter-agent range measurements are used
to condition the state space as described in in subsection A.4. Pseudo-code for
conditioning the state mean and covariance estimates on the range constraint and
range measurements is shown in Algs. 2-3.
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Algorithm 2 Pseudo-code for imposing the range constraint (A.13), between navigation points
xa and xb, on the global state estimate x̂.

1: ẑ := Tγ x̂ and Pz := TγPxT>γ
2: L := chol(Pz1)
3: Sample and project sigma points/weights
4: (z(i)

1 , w(i))← (ẑ1,L)
5: ẑ1|γ :=

∑
i
wiz(i)

1 and Cz1|γ :=
∑

i
wiz(i)

1 (z(i)
1 )>

6: Calculate conditional mean and covariance by marginalization
7: (ẑ|γ ,Pz|γ)← (ẑ1|γ , ẑ2,Cz1|γ ,Pz)
8: x̂|γ := T−1

γ ẑ|γ and Px|γ := T−1
γ Pz|γT−>γ

Algorithm 3 Pseudo-code for conditioning the global state estimate x̂ on the range measure-
ments (A.17) between navigation points xa and xb.

1: ẑ := T1x̂ and Pz := T1PxT>1
2: (Q,Λ) := eig(Pz1)
3: s(i) := ẑ1 + QΛ1/2u(i) ∀i
4: w̃(i)

po := w
(i)
pr · f(r̃|s(i)) ∀i

5: w(i)
po := w̃

(i)
po · (

∑
w̃

(i)
po )−1 ∀i

6: ẑ1|r̃ :=
∑

i
w

(i)
pos(i) and Cz1|r̃ :=

∑
i
w

(i)
pos(i)(s(i))>

7: Calculate conditional mean and covariance by marginalization
8: (ẑ|r̃,Pz|r̃)← (ẑ1|r̃, ẑ2,Cz1|r̃,Pz)
9: x̂|r̃ := T−1

1 ẑ|r̃ and Px|r̃ := T−1
1 Pz|r̃T−>1

A.5 Experimental results

To demonstrate the characteristics of the sensor fusion presented in the previous
section, in the following subsection we first show numerical simulations giving a
quantitative description of the fusion. Subsequently, to demonstrate the practical
feasibility of the suggested architecture and sensor fusion, a real-time localization
system implementation is briefly presented.

Simulations

The cooperative localization by foot-mounted inertial sensors and inter-agent rang-
ing is nonlinear and the behavior of the system will be highly dependent on the
trajectories. Therefore, we cannot give an analytical expression for the performance.
Instead, to demonstrate the system characteristics, two extreme scenarios are sim-
ulated. For both scenarios the agents move with 1 [m] steps at 1 [Hz]. Gaussian
errors with standard deviation 0.01 [m] and 0.2[◦] were added to the step displace-
ments and the heading changes, respectively, and heavy-tailed Cauchy distributed
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Figure A.9: Illustration of the gain of dual foot-mounted sensors and inter-agent ranging. The up-
per plot shows the step-wise dead reckoning of the individual feet (in blue and green) without any
further information. The middle plot shows the step-wise dead reckoning with range constraints
between the feet of individual agents. The lower plot shows the complete cooperative localization
with step-wise dead reckoning, range constraints, and inter-agent ranging.

errors of scale 1 [m] where added to the range measurements. The ranging is done
time-multiplexed in a Round-robin fashion at a total rate of 1 [Hz].

Straight-line march

N agents are marching beside each other in straight lines with agent separation of
10 [m]. The straight line is the worst case scenario for the dead reckoning and the po-
sition errors will be dominated by errors induced by the heading errors. In Fig. A.9,
an example of the estimated trajectories of the right (blue) and left (green) feet are
shown from 3 agents without any further information, with range constraints be-
tween the feet, and with range constraints and inter-agent ranging. The absolute
and relative root-mean-square-error (RMSE) as a function of the walked distance,
and for different number of agents, are shown in Fig. A.10. The relative errors are
naturally bounded by the inter agent ranging. However, the heading RMSE grows
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Figure A.10: Absolute position RMSE (blue lines) and relative position RMSE (red lines) as a
function of distance for 100 Monte-Carlo runs. The different blue lines correspond, in ascending
order, to increasing number of agents. Clearly, the relative error is bounded by the inter-agent
ranging while the absolute error grows slower the larger the number of agents. The final position
RMSEs as a function of the number of agents are shown in Fig. A.11.
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Figure A.11: Final position RMSE as a function of the number of agents (blue crossed line) for
100 Monte-Carlo runs. From the fit to 1/

√
N (dashed red line), the position error is seen to be

decaying as the square-root of the number of agents.

linearly with time/distance, and therefore, the absolute position error is seen to
grow with distance. Similar behavior can be observed in the experimental data
in [64, 91]. Naturally, the heading error, and therefore, also the absolute position
RMSE drops as 1/

√
N where N is the number of agents. This is shown in Fig. A.11.

We may also note that the position errors of different agents become strongly cor-
related. The correlation coefficients for two agents as a function of distance are
shown in Fig. A.12.
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Figure A.12: Position error correlation coefficient for two agents in the straight-line march scenario
in the x direction (solid blue), y direction (dashed green), and z direction (dotted/dashed red).
Clearly, the positions errors of different agents become strongly correlated with increasing distance
traveled.
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Figure A.14: The plot shows the RMSE of the mobile unit for the three static agents scenario
over 100 Monter-Carlo runs. Being static, the three stationary agents essentially become anchor
nodes, and therefore, the RMSE is bounded.

Three static agents

Three non-collinear agents are standing still. This will be perceived by the foot-
mounted inertial navigation, and therefore, they essentially become anchor nodes.
This is obviously the best-case scenario. A fourth agent walk around them in a
circle. An example of an estimated trajectory is shown in Fig. A.13 and the RMSE
as a function of time is shown in Fig. A.14. Since anchor nodes are essentially
present in the system, the errors are bounded. See [104] for further discussions.
The non-zero RMSE reflects the range constraints in the system.

From the two scenarios, we can conclude that the relative position errors are
kept bounded by the inter-agent ranging while the absolute position errors (relative
starting location) are bounded in the best-case (stationary agents); and that the
error growth is reduced by a factor of 1/

√
N in the worst case.

Real-time implementation
The decentralized system architecture has been realized with OpenShoe units [15]
and Android smart-phones and tablets (Samsung Galaxy S III and Tab 2 10.1) in
the in-house developed tactical locator system TOR. The communication is done
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Figure A.13: The plot shows an estimated trajectory from the scenario with three static agents and
a fourth mobile agent walking around them. Clearly, the position estimation errors are bounded.

over an IEEE 802.11 WLAN. Synthetic inter-agent ranging is generated from po-
sition measurements from a Ubisense system (Ubisense Research & Development
Package), installed in the KTH R1 reactor hall [105]. The intension is to replace
the Ubisense system with in-house developed UWB radios [26]. The equipment
for a single agent is shown in Fig. A.15. The multi-agent setup with additional
equipment for sensor mounting is shown in Fig. A.16.

The step-wise inertial navigation and the associated transfer of displacements
and heading changes has been implemented in the OpenShoe units. The agent
filtering has been implemented as Android applications together with graphical
user interfaces. A screen-shot of the graphical user interface with trajectories from
a ∼10 [min] search in the reactor hall and adjacent rooms (built up walls not
displayed) by 3 smoked divers is shown in Fig. A.17. The central sensor fusion
has been implemented as a separate Android application running on one agent’s
Android platform. Recently, voice radio communication and 3D audio has been
integrated into the localization system [106].
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Figure A.15: Agent equipment carried by each agent in the prototype implementation. The
OpenShoe units are connected to the USB-hub. Radio tags and a Ubisense real-time location
system are used to generate synthetic range measurements between agents.

A.6 Conclusions

Key implementation challenges of cooperative localization by foot-mounted iner-
tial sensors and inter-agent ranging are: designing an overall system architecture
to minimize the required communication and computational cost, while retaining
the performance and making it robust to varying connectivity; and fusing the in-
formation from the system under the constraint of the system architecture while
retaining a high integrity and accuracy. A solution to the former problem has been
presented in the partially decentralized system architecture based on the division
and physical separation of the step-wise inertial navigation and the step-wise dead
reckoning. A solution to the latter problem has been presented in the marginal-
ization and sample based spatial separation constraint and ranging updates. By
simulations, it has been shown that in the worst case scenario, the absolute local-
ization RMSE improves as the square-root of the number of agents and the relative
errors are bounded. In the best case scenario, both the relative and the absolute
errors are bounded. Finally, the feasibility of the suggested architecture and sensor
fusion has been demonstrated with simulations and a real-time system implemen-
tation featuring multiple agents and a meter level accuracy for operation times of
tenth of minutes in a harsh industrial environment.
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Figure A.16: Four agent with equipment displayed in Fig. A.15. The OpenShoe units are inte-
grated in the soles of the shoes and the radio tags are attached to the helmets. The cables and
the USB hubs are not displayed.

Figure A.17: Screen-shot of the cooperative localization system user interface overlayed on a
photography of the Android phone. The interface shows the recursively estimated positions (tra-
jectories) of 3 smoke divers, a smoke diving pair (magenta) and a smoke diving leader (blue),
during a ∼10 minutes search of the R1 reactor hall and adjacent rooms. The built up rooms/walls
are not displayed but can clearly be seen in the search pattern. At the time of the screen-shot,
the smoke diving pair has advanced to the second floor as can be seen by the hight estimates
displayed on the left side.
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Abstract

We present an open-source, realtime, embedded implementation of a foot-
mounted, zero-velocity-update-aided inertial navigation system. The imple-
mentation includes both hardware design and software, uses off-the-shelf com-
ponents and assembly methods, and features a standard USB interface. The
software is written in C and can easily be modified to run user implemented
algorithms. The hardware design and the software are released under permis-
sive open-source licenses and production files, source code, documentation,
and further resources are available at www.openshoe.org. The reproduction
cost for a single unit is below $800, with the inertial measurement unit making
up the bulk ($700). The form factor of the implementation is small enough
for it to be integrated in the sole of a shoe. A performance evaluation of the
system shows a position errors for short trajectories (<100 [m]) of ± 0.2-1%
of the traveled distance, depending on the shape of trajectory.

B.1 Introduction

Foot-mounted inertial navigation is not rocket science and the path from a theoreti-
cal algorithm to a realtime embedded implementation might seem deceptively short.
However, our experience is that the difficulties of developing a well-performing em-
bedded foot-mounted inertial navigation system (INS), yet surmountable, are easily
underestimated. The number of software and hardware components that need to
work together is large enough such that getting them to work in harmony is not
trivial. Further, obtaining sufficient computational power and versatility on an em-
bedded processor and sufficiently low computational cost of the filter algorithms
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Figure B.1: Shoes with units of the presented foot-mounted INS implementation integrated in
the heels and cabling with USB connectors at the shoe shafts. The cabling inside the shoes is
normally protected by a leather patch but is here displayed for clarity.

require care in platform selection and algorithm implementation. Moreover, attain-
ing a form factor and mechanical durability, such that the system can be integrated
into the sole of a shoe and still be able to use off-the-shelf components and easily
available construction methods, is challenging. Few solutions exist on the market
or in the literature with even fewer solutions that provide the documentation and
modifiability desired by researchers.

Therefore, to give researchers, teachers, and system designers a shortcut to a
working foot-mounted INS implementation suitable for further research, education,
and rapid prototyping, and usable as a component in larger pedestrian navigation
systems, we present an open-source, embedded, foot-mounted INS implementation
containing both hardware design and software/algorithm implementations. Our
hope is that such an implementation will save time, sweat, and tears for navigation
researchers as well as facilitate the use of the technology by researchers not special-
ized in aided INS, e.g. in fields such as biomedical engineering, behavioral science,
and ubiquitous computing. The value of the embedded implementation also lies
in its modularity and in its small weight, bulk, and price in comparison with the
typical sensor-plus-laptop research systems. These properties alleviate the work of
integrating the foot-mounted INS in larger realtime navigation systems, and make
it feasible to equip a larger number of users with foot-mounted INS units for field
performance tests and cooperative navigation studies.

The presented system is a zero-velocity-update (ZUPT)-aided INS built from
off-the-shelf components and with a standard USB interface. The filtering is imple-
mented on a microcontroller (µC) fitted with an OEM inertial measurement unit
(IMU) in a casing, which, in turn, is integrated in the sole of a shoe. Figure B.1
shows a pair of shoes with the system units integrated in the heel. The system can
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Figure B.2: Block diagram of the INS and the internal filtering. The gray arrow indicates the
insertion point of correction from the feedback of Fig. B.3.
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Figure B.3: Block diagram of the ZUPT-aided INS. The zero-velocity detector (B.2) switches the
feedback on and off. The feedback will affect all INS states since they are coupled with the velocity
error. The gain K of the feedback is given by the Kalman gain.

be configured to run any user implemented algorithm executable in ∼ 105 clock
cycles per time update. The software and hardware design are released under per-
missive open-source licenses. Available resources include ready-to-compile, as well
as pre-compiled source code, hardware production files, a Matlab system interface,
and documentation, with everything from electronic schematics and CAD-drawings
of casing components to code documentation and installation instructions. All re-
sources can be downloaded from www.openshoe.org.

B.2 Foot-mounted INS

A foot-mounted INS is simply an INS mounted on the foot combined with addi-
tional filtering that improves the accuracy of the INS by using properties of the
motion related to the IMU mounting point (the foot), i.e. regularly reoccurring
stationary periods. For a tutorial introduction to foot-mounted INS see [1]. The
principles of inertial navigation are simple. The derivative of the position is the
velocity and the derivative of the velocity is the acceleration. Consequently, start-
ing at stationary, integrating the acceleration once and twice renders the velocity
and the change in position, respectively. To obtain the acceleration in the nav-
igation coordinate frame, the measurement vector from the 3-axis accelerometer
must first be transformed to the navigation coordinate frame, and thereafter have
the gravity acceleration component subtracted from it. This is made possible by
a 3-axis gyroscope, which measures the rotational rate of the system. Integrating



82
CHAPTER B. FOOT-MOUNTED INS FOR EVERYBODY – AN

OPEN-SOURCE EMBEDDED IMPLEMENTATION

the rotational rate gives the relative orientation of the IMU, which can be used to
transform the accelerometer measurements. Together, this gives the position, the
velocity, and the orientation of the IMU. A block diagram in Fig. B.2 illustrates
the basic filtering. A discretization (first order) of the continuous block diagram
gives xk

vk
qk

 =

 xk−1 + vk−1dtk
vk−1 + (qk−1fkq−1

k−1 − g)dtk
Ω(ωkdtk)qk−1

 (B.1)

where k is a time index, dtk is the time difference between measurement instants, xk
is the position, vk is the velocity, and qk is the quaternion describing the orientation
of the system relative to the navigation coordinate frame, fk is the accelerometer
measurements, g is the gravity, ωk is the gyroscope measurements (all in 3 di-
mensions), and Ω(·) is the quaternion update matrix. The IMU together with the
filtering (H.1) constitute the INS. For a detailed treatment of inertial navigation
see [2].

Correctly initialized, the INS can give state estimates for all future times. Unfor-
tunately, for low-cost sensors, the quality of the estimates deteriorates swiftly. Due
to the integrations in the inertial navigation, small measurement errors accumulate.
For the microelectromechanical system (MEMS) type of inertial sensors which are
commonly used for foot-mounted inertial navigation, this renders the position es-
timates useless after ∼ 10 [s]. However, the fact that the foot-mounted IMU will
return to stationary at regular intervals can be exploited to circumvent this. The
stationarity can be detected from the inertial measurements by hypothesis testing
[3]. The system is considered stationary at time instant k if

1
N

∑
`∈Wk

(
1
σf

∥∥∥∥f` − g f̄k
‖f̄`‖

∥∥∥∥+ 1
σω
‖ω`‖2

)
< γ, (B.2)

where ‖ · ‖ is the 2-norm, f̄k is the mean accelerometer measurements over the time
window Wk of length N samples centered around k, σf and σω are measurement
error standard deviations, and γ is a zero-velocity detection threshold. If the de-
tector (B.2) has declared the system stationary, the INS should give a zero-velocity
estimate. Due to the accumulated errors it most likely will not. This discrepancy
can be used to correct the INS, giving the so-called ZUPTs, which greatly increases
the quality of the estimates. A Kalman filter feedback (correction) appears as xk

vk
dθk

⇐
xk

vk
0

+ Kkvk and qk ⇐ Ω(dθk)qk, (B.3)

where Kk is the Kalman gain, and dθk is the correction in orientation. The block
diagram of Fig. B.3 illustrates the ZUPT-aiding of the INS. For a detailed treatment
of aided INS see [4].
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x y

z

Figure B.4: Close-up of the position tracking of a single step given by the foot-mounted INS of
Fig. B.3. The system is mounted in the heel. The small discontinuity below the heel is the
correction (ZUPT) provided by the feedback.

Equations (H.1)-(B.3) constitute a minimal filtering for a foot-mounted INS and
are the formulation we used for the presented implementation. As seen in Fig. B.4,
this gives an accurate position tracking of the foot with [cm] to [mm] accuracy over
a step. The behavior of the system over longer trajectories is presented in Section
B.5. Note that the aiding works for all types of motions (not just walking), but for
the system to perform well, it should return to stationary with intervals of ∼ 2 [s]
or less.

B.3 Embedded implementation

For an embedded, foot-mounted INS implementation, the hardware required is: an
IMU that provides the inertial measurements, an embedded processing platform
that provides the computation capability and external hardware interfaces, and a
shoe or equivalent that provides a mounting point for the system. In addition,
software implementations of (H.1)-(B.3) and other auxiliary functions for initial-
ization and system control are needed. The hardware, software, and footware of
the current implementation are described in the following three subsections.

Hardware

The main hardware components of the system is the IMU, a printed circuit assembly
(PCA) with the µC and auxiliary components, and a casing. In addition, there is
cabling and an external USB connector on another small PCA. Figure B.5 shows
the hardware components and assemblies.
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(a) The ADIS16367 IMU from
Analog Devices.

(b) Front side of the main PCA with µC
and oscillator, and back side with the IMU
connector.

(c) The system casing body with grooves
to hold the IMU and the main PCA in
place.

(d) The system assembly without the cas-
ing lid.

(e) PCA including the USB connector and
the USB reprogramming push button.

(f) Full system assembly ready to be in-
tegrated in a shoe or equivalent.

Figure B.5: Main hardware components and assemblies of the presented foot-mounted INS imple-
mentation. The dimensions of the full assembly are 28.5× 32× 40.5 [mm].
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An IMU contains three orthogonally mounted accelerometers and gyroscopes.
The IMU of the implementation is the ADIS16367 iSensor from Analog Devices
seen in Fig. B.5a. The dynamic range of the accelerometers is ±18 [g] and for the
gyroscopes, it is ±1200 [◦/s]. The bandwidth and sample rate of the IMU is 330 [Hz]
and 820 [Hz], respectively. The IMU has a standard serial peripheral interface (SPI).
The casing of the IMU, with its 23.5 [mm] sides, limits the minimum height of the
system assembly.

The IMU is connected to the main PCA shown in Fig. B.5b. The PCA is
based on a 23× 23 [mm] 4-layer printed circuit board (PCB). The main component
of the PCA is a 32-bit AT32UC3C2512 (QFN64 package) µC from Atmel. The
µC provides hardware floating point arithmetic, facilitating the implementation of
many filtering algorithms, and is clocked at 42 [MHz] (clocking frequencies up to
66 [MHz] are supported). The µC has a built-in USB slave device controller, which
means that it can work as a USB slave device without any additional components;
USB OTG is also possible to implement. In addition to the µC, the PCA contains
connectors, an oscillator, and decoupling capacitors. A JTAG interface to the µC is
available on the PCA. An external oscillator is needed since the internal oscillators
have too low quality for the INS. A systematic errors in the time differentials dtk of
a fraction of a percent gives significant scale errors in the position estimates. Note
that the IMU has interface compatibility with all IMUs in the iSensor serie. Hence,
a side-effect of the implementation is that the main PCA constitute an open-source
USB interface to the iSensor IMU serie.

The IMU and the main PCA are enclosed in a plastic casing shown in Fig. B.5c.
Grooves in the casing and the lid hold the IMU and the PCA in place. Figure B.5d
shows the assembly of the casing body, the IMU, and the main PCA.

A 5-wire ribbon cable, carrying the USB pins and an additional pin for USB
reprogramming, is soldered directly to the main PCB. The other end of the ribbon
cable is soldered directly in a small additional PCB, shown in Fig. B.5e. This
PCB features a mini-USB connector and a push-button for the reprogramming pin.
Potentially, the USB connector could be mounted in the system casing but the
permanently mounted cable allow integrations of the system in which the main
system assembly is not directly accessible.

A full system assembly is shown in Fig. B.5f. The dimensions of the full system
assembly are 28.5 × 32 × 40.5 [mm]. The system assembly is powered directly via
the USB vbus pin. Optionally a battery can be added. The power consumption is
< 0.75 [W] (< 150 [mA] at 5 [V]).

Software
The µC software consists of a runtime framework, software communication inter-
faces, and filter algorithm implementations. The software has been written in C,
and compiled and tested with GCC and the avr32gcc compiler utility. The Atmel
Software Framework (ASF), which is openly available from Atmel, provides many of
the low-level functionalities. The µC program memory contains a USB-bootloader,
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Figure B.6: Flow chart of the runtime framework. The runtime framework runs in an infinite loop
that reads data from the IMU, cycles through the process sequence, and receives commands from
and transmits data to, the user.

which means that the system can be reprogrammed via the USB interface. The
programming mode is entered by pressing the reprogramming push button (see Fig.
B.5e) on power-up.

The runtime framework contains the main-routine and is directly or indirectly
responsible for calling all other runtime routines. Figure B.6 shows a flow chart
of the runtime framework and its components. The runtime framework calls ini-
tializations routines after which it enters an infinite loop in which it: waits for an
interrupt, read data from the IMU, runs through a process sequence, and receives
commands from and sends data to the user. The initialization routines setup and
configure necessary µC components. After power up, the IMU regularly sends in-
terrupts, signaling that new inertial measurements are available. These are the
interrupts that the runtime framework is waiting for. The process sequence is a
dynamic sequence (pointer array) of arbitrary filtering functions (function point-
ers). Functions can be inserted or removed from the process sequence based on
user commands (by command response functions) or by functions in the sequence
itself. This way the runtime framework can be configured to run user implemented
algorithms. During normal operations, this sequence contains the functions for the
ZUPT-aided INS, i.e. implementations of equations (H.1)-(B.3). Upon receiving
data from the user, the runtime framework parses them, and executes command
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response functions. All valid commands are associated with a response function,
which is executed on the µC. The transmitted data can be any state. States can be
transmitted a single time, continuously with the rate determined by a rate divider,
or based on some condition detected in the process sequence. The commands and
the transmitted data have standard formats with a header, payload, and a check-
sum. Following the transmit stage, the system listens for the next interrupt.

The software communication interface provides the means of communicating
between the IMU and the µC and between the µC and a user platform (USB
host). The ASF provides low-level SPI and USB functionalities while higher-level
functionalities, such as commands and command level parsing and responses, are
encoded in the communication interface. The USB device controller in the µC is
configured to appear as a virtual serial port (CDC device).

The filter algorithm implementations are the processing algorithms correspond-
ing to (H.1)-(B.3) together with auxiliary functions. With an update rate of 820 [Hz]
and a clock frequency of 42 [MHz], the filtering is limited to ∼ 5 · 104 clock cycles.
However, this can be tweaked by reducing the update rate and increasing the clock
frequency. The current implementation of (H.1)-(B.3) executes within ∼ 2 · 104

clock cycles.
The system has 3 main modes of operation: 1) For data collection, it can work

as a pure IMU. Low-pass filters can be added, and the output downsampled from
the maximum sampling rate of 820 [Hz] to a desired output rate. 2) For stand-
alone navigation, the system can work as a stand-alone ZUPT-aided INS (or run
any user defined algorithms). Any system states can be output in realtime up
to 820 [Hz] or based on user defined conditions. 3) For integration in a larger
pedestrian navigation system, it can work as a displacement and heading change
sensor. In short, this means that the system transmit relative displacement and
heading changes, together with error covariances, for each step.

Footware

Although the shoes we have used were especially made for the system, there is
nothing special about them except for the casing and cabling integration. The
custom made shoes were made possible at a reasonable cost (∼ $30) by the Indian
partner in the project. However, any standard shoe with a carved out hole in
the sole will do. Note that the mounting point is important. We stress that, as
exemplified in Fig. B.1, the system should be integrated in the sole to get as close
as possible to the contact surface between the user and the ground. If the system is
attached to the uppers of the shoes, system parameters need to be changed and the
performance will be worse. Since the system has a permanently mounted extension
cable and can be programmed via the USB, the units themselves do not need to be
easily accessible. Note that the system assembly is strong enough to support the
weight of a user.
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B.4 System reproduction and modification

All software and hardware design are licensed under permissive open-source licenses
and can be freely used, copied, modified, integrated, and/or redistributed. Repro-
ducing the implementation only requires basic engineering skills. For reproduction,
the following four steps have to be done:

1. Acquire an IMU.

2. Have the PCAs produced by a PCB print and population service.

3. Have the casing printed by a rapid prototyping service.

4. Connect the different parts and program the µC.

After completing these steps, the system will be ready for use. Optionally, one may
chose to print and populate the PCBs oneself. However, this requires some special
equipment and soldering skills since currently the implementation is based on a
4-layer PCB design and the components are surface mounted. The reproduction
cost is less than $800, with the IMU making up the bulk of the cost ($700), and
the printing and population of the PCBs and printing of the casing making up the
rest.

Likewise, modifying the system is simple. PCB and casing designs are available
in standard formats and can readily be changed to suit ones needs. The software is
documented with tagged comments (Doxygen), and the code is available together
with AVR Studio 5 project files, making linking with new user-implemented algo-
rithms straight forward. The procedure to implement and run new algorithms is
as follows:

1. Divide the algorithm into a suitable set of processing functions. The functions
can take no arguments and most therefore use global variables (states) to
communicate.

2. Implement the functions in C and configure the runtime environment to rec-
ognize (link with) the functions.

3. Setup a new command with a response function which inserts the new func-
tions into the process sequence.

4. Compile and link the code for the AVR32 platform and program the µC.

5. Power up the system and send the newly defined command over the USB.

If needed, new state variables can be setup in the runtime environments. Note
that the inertial measurements are available for the processing functions as state
variables.
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B.5 Performance evaluation

The nonlinear and unstable nature of a foot-mounted INS filtering makes a general
performance analysis difficult. The performance is dependent on the true trajectory
in a non-trivial way. The main obstacle is that the position errors are strongly
coupled with the heading errors via the true (relative) position. A heading error of
0.5◦ gives a relative position error of 1% of the traveled end-to-end point distance.
However, if the user then walks back the same distance, the position errors cancel
out. Scale errors are canceled out likewise. Two extreme trajectory types can be
identified: a straight-line trajectory in which the heading error couples the strongest
with the position error; and a closed-loop symmetric trajectory in which the heading
and other trajectory induced errors largely cancel themselves out. By studying the
errors in such trajectories, we can get a rough separation of the position errors
induced by the heading errors and the other error sources.

Figure B.7: The straight-line and the figure-of-eight evaluation trajectories. Blue lines correspond
to right foot trajectories and black lines correspond to left foot trajectories. Close up of the final
positions are found in Figs. B.8 and B.9.

In Fig. B.7, 100 straight-line and 100 figure-of-eight trajectories are shown.
Close-ups of the final position estimates of the two different types of trajectories
together with 1σ error covariance ellipsoids are shown in Figs. B.8 and B.9. The
trajectories are recorded from the right (blue) and the left (black) foot with two dif-
ferent IMUs (four IMUs in total). The gyroscopes were calibrated prior to recording
the trajectories but not between individual trajectory measurements. The trajecto-
ries were taken over a period of roughly 1 hour for each IMU pair. The conditions
of the trajectories are normal walking speed (∼ 1.6 [m/s]) on a solid floor. The sys-
tem works fine for running motion (not displayed). Running motion even gives a
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Figure B.8: Scatter plots of the position errors at the end of the straight-line trajectories shown
in Fig. B.7. Green crosses correspond to right foot end positions and red circles correspond to
left foot end positions. The black cross indicates the reference final position.

somewhat better performance for the same trajectories. This is due to the fact that
less gyro measurement errors accumulate since the travel times of the trajectories
become shorter. For a closed-loop trajectory, the initial heading alignment errors
cancel out, but for a straight-line trajectory they will not. Therefore, the mean of
the final positions for the straight-line trajectories was used to calculate the initial
orientation. A plate with imprints of the shoes was used to get the same initial
orientation for each trajectory. The length of the straight-line trajectory was set to
50 [m] with a Class III measurement tape (<2 [cm] error on 50 [m]).

The Figs. B.7, B.8, and B.9 are intended to give an idea of the behavior and
performance of the system. A detailed performance analysis is beyond the scope of
this article. However, it can be noted that the errors perpendicular to the trajectory
for the 50 [m] straight-line trajectory is around ±0.5 [m]. This corresponds to 1% of
the traveled distance. This is probably a combination of initial heading alignment
errors, integrated gyroscope measurement errors, and filter induced errors. We
expect to have an accuracy of approx. ±1 [mm], between heel and toe of the shoe,
of the initial alignment. This corresponds to ±0.15 [m] induced error over 50[m]
(±0.3%) and consequently the rest is judged to be due to measurement and filter
induced errors. The errors along the straight-line trajectory (distance errors) is
around ±0.15 [m] corresponding to ±0.3% of the traveled distance. The closed-loop
errors on the figure-of-eight trajectory is around ±0.15 [m] corresponding to ±0.2%
of the traveled distance (approx. 80 [m] long trajectory). Since the systematic errors
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Figure B.9: Scatter plots of the position errors at the end of the figure-of-eight trajectories shown
in Fig. B.7. Green crosses correspond to right foot end positions and red circles correspond to
left foot end positions. The black cross indicates the reference final position.

are consistent between different IMUs, they are most likely caused by couplings to
the trajectory itself. We can get a verification of the cancelation of errors in the
closed-loop trajectory by noting that the variance in the length direction of the
straight line trajectory is roughly the same as the variance in the symmetric closed-
loop case. Position errors in the height direction (not displayed) are also around
±0.3% of the traveled distance.

B.6 Conclusions

We have presented an open-source, embedded, foot-mounted INS implementation
containing both hardware design and software. The system can easily be reproduced
and used without deeper understanding of the technology. Due to the openly avail-
able software and hardware design, the implementation sets a reference for the field.
Evaluation of the system performance shows that the system has heading related
errors in the order of percent and residual errors in the order of tenth of a percent
of the traveled distance. Consequently, the heading related errors dominate the
system errors. The focus of the implementation has been simplicity. However, the
performance results are in line or even better than many results published in the
literature.
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Abstract

The initialization of the state estimation in a localization scenario based
on ranging and dead reckoning is studied. Specifically, we treat a cooper-
ative localization setup and consider the problem of recursively arriving at
a uni-modal state estimate with sufficiently low covariance such that covari-
ance based filters can be used to estimate an agent’s state subsequently. The
initialization of the position of an anchor node will be a special case of this.
A number of simplifications/assumptions are made such that the estimation
problem can be seen as that of estimating the initial agent state given a de-
terministic surrounding and dead reckoning. This problem is solved by means
of a particle filter and it is described how continual states and covariance esti-
mates are derived from the solution. Finally, simulations are used to illustrate
the characteristics of the method and experimental data are briefly presented.

C.1 Introduction

Cooperative localization is a highly desired ability in many fields [1][2][3]. At its
core is the problem of recursively estimating the involved agents’ positions. Com-
monly, this is done based on dead reckoning and ranging between agents or to
anchor nodes/beacons [4][3][2]. This localization setup is illustrated in Fig. C.1.
Because of the relative measurements, the errors of the state estimates of different
agents may be strongly correlated. Therefore, some joint state estimation is prefer-
able [5][6]. Due to the resulting high state dimensionality, covariance-based filters
(Kalman filters and their derivatives) with relatively low complexity are preferably
used. Unfortunately, because of system non-linearities and the periodicity of the
orientation, when there are large multi-modal uncertainties in the system, such as
during startup or when a new agent enters the localization system, covariance-based
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Figure C.1: Illustration of the considered localization setup. Multiple agents are localizing cooper-
atively in three dimensions by means of individual dead reckoning and ranging to other agents or
anchor nodes. In this article we suggest a method for initializing the related localization estimation
problem.

filters may give erroneous results. Therefore, some initialization procedure is neces-
sary [7]. Most methods described in the literature use (iterative) least-square solu-
tions [2][8][9]. However, assuming that recursive Bayesian covariance-based filtering
is used after the initialization, employing such techniques would appear somewhat
statistically incoherent. Further, the flexibility of varying the cost functions for the
suggested methods are low and they do not provide state and covariance estimates
throughout the initialization. Therefore, in this article we propose a Bayesian mul-
tihypothesis initialization method which recursively arrive at a uni-modal estimate
of the agents state, such that a covariance-based filter can be used from there on.
The suggested method provide on-line state estimates during the initialization and
features the possibility to use an arbitrary likelihood-function for the range mea-
surements, thereby providing the potential to make it statistically robust. Further,
the method does not assume any prior or subsequent absolute heading information
(e.g. from a magnetometer), but may include it. The methods does not rely on
any cooperative feature and therefore it will work equally well for the scenario of
ranging relative anchor nodes/beacons only. Also, the initialization of the position
of an anchor node may be seen as a special case (stationary agent without heading)
of the proposed method [10]. However, this special case is not further investigated.
The basis of the method and the main contribution of this article is the formulation
of the initialization problem as that of estimating the starting state rather than that
of estimating the current state.

Reproducible research: A Matlab implementation of the suggested method and
code for reproducing the simulations in this article are available at www.openshoe.org.
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C.2 Localization setup

A number of agents perform dead reckoning. The state xk of an agent is its position
in three dimensions pk = [xk, yk, zk] and heading in the horizontal plane θk, i.e.
xk = [pk, θk], where [ · , . . . ] is used to denote a column vector. Accordingly, the
state space (dead reckoning) model of an agent is

xk = xk−1 + R(θk−1) (uk + wk) (C.1)

where k is a time index, uk = [dpk, dθk] = [dxk, dyk, dzk, dθ`] is the measured
displacement in three dimensions and heading change in the horizontal plane in the
agent frame,

R(θk) =


cos(θk) − sin(θk) 0 0
sin(θk) cos(θk) 0 0

0 0 1 0
0 0 0 1


is the rotation matrix from the agent frame to the navigation coordinate frame,
and wk is a (by assumption) white error of uk with covariance Qk.

In addition to the dead reckoning, the agents perform ranging. Given the po-
sition of a considered agent p` and the position of another agent (who is already
initialized) or an anchor node pref

` at some time of ranging ` (a subset of the k
index), the range measurements are modeled by some likelihood function

r̃` ∼ V
(
r̃ | ‖p` − pref

` ‖
)

where ∼ denotes that r̃` is a sample from the distribution V(·). Often a model with
additive noise r̃` = ‖p` − pref

` ‖ + v`, where vk ∼ V(r̃|0) can be seen, but in the
suggested initialization method any evaluable likelihood function will suffice. See
Section C.3 for the usage of V(·). This gives a large flexibility when it comes to
tweaking the statistical properties of the method to make it robust. Note that from
the initialization method’s perspective, there is no difference between another agent
and an anchor node.

C.3 Initialization

Based on initial range measurements {r̃0, r̃1, . . . } and dead reckoning data {u1,u2, . . . }
of an agent who has joined the cooperative localization, our desire is to arrive at
a uni-modal estimate of xk with sufficiently low uncertainty such that the mean
x̂k and error covariance Pk estimates together with covariance-based filtering can
be used to carry on the localization of the agent relative to the other agents in
the system. In addition, we wish to provide continual mean x̂k and covariance Pk

estimates throughout the initialization and to determine suitable termination con-
ditions for the initialization. To indicate which range measurements an estimate
has been conditioned on, a second subscript `, as in x̂k|` is added where appropriate.
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The uncertainties in the state of an agent will initially be high (infinite in the
position domain before any range measurement has taken place) such that some
multihypothesis filtering will be necessary during the initialization. To make such
a filtering feasible, some simplifications are necessary. Therefore, the following
assumptions are made:

1. Only ranging relative initialized agents or anchor nodes will be considered.
Potential range measurements relative to other agents under initialization are
discarded.

2. The position errors of initialized agents and anchor nodes are assumed small
relative to the initialization uncertainties and are, therefore, ignored.

3. The dead reckoning errors (relative errors) are assumed small over the period
of the initialization and are therefore, from the perspective of the initialization
procedure, ignored.

Consequently, the initialization will be treated as a local estimation problem in
which only the state of the current agent is estimated, treating the world around it
and its dead reckoning as deterministic. Note that the assumptions 1-3 are often
implicitly made for the initialization methods described in the literature [2][8][9] so
they are not unique to the suggested solution.

Assumptions 1 and 2 serve the purpose of decoupling the initialization estima-
tion problem from the remaining cooperative localization. However, assumption
3 may seem unnecessary at first. The straight-forward solution to the estimation
problem is to run a particle filter recursively estimating the agents position and
heading given the two first assumptions [11]. However, with no initial heading
information, the required number of particles will be large and propagating the
particles with dead reckoning will require evaluating cos(θk) and sin(θk) for each
particle and update. The computational cost of this may be prohibitive and unnec-
essary if assumption 3 holds. Also, if multiple dead reckoning systems are used per
agent as in [3], running a joint particle filter will not be feasible. Instead, as will
be explained, with the 3rd assumption, the initial state x0 may be estimated only
requiring the trigonometric functions to be evaluated when a particle is resampled.
In other words, the 3rd assumption makes it possible to apply the multihypothesis
estimation on the static x0 rather than on xk which changes with time. Estimating
x0 rather than xk allows us to use a significantly lower number of hypotheses (also
referred to as particles). This is because we can transform the dead reckoning to
be relative an estimate x̂0, and this transformation is invertible. Define the frame
transformations

T (x̂k, x̂0) = R>(θ̂0) (x̂k − x̂0) = x̂0
k

T−1(x̂0
k, x̂0) = R(θ̂0) x̂0

k + x̂0 = x̂k.
(C.2)

between the frame relative an estimate x̂0 and the frame relative of an initial state
equal to zero denoted with the superscript (·)0. Here (·)> indicates the transpose
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operation. The corresponding covariances may be transformed accordingly. With
the zero-frame as a basis, the dead reckoning may freely be transform to be relative
to any estimate of x0. Consequently, no intermediate (and potentially poor) x̂0|`
estimates will have an irreversible effect on the dead reckoning, and therefore, a
low number of particles may be used. Finally, in the resampling (see Section C.3)
a small ”forgetting factor“ may be added in the initialization, ensuring that small
errors in the dead reckoning or the position of other agents or anchor nodes, i.e.
assumptions 2-3, will not be a problem.

Filtering

During the initialization (as well as subsequently), the dead reckoning (C.1) is used
to propagate mean x̂k and covariance Pk estimates of xk for all k according to

x̂k= x̂k−1 + R(θ̂k−1)uk
Pk=F(θ̂k−1,dxk,dyk)Pk−1F>(θ̂k−1,dxk,dyk)+R(θ̂k−1)QkR>(θ̂k−1)

where the system matrix is

F(θ̂k−1, dxk, dyk) =


1 0 0 − sin(θ̂k−1)dxk − cos(θ̂k−1)dyk
0 1 0 cos(θ̂k−1)dxk − sin(θ̂k−1)dyk
0 0 1 0
0 0 0 1

 .
The dead reckoning is done relative to an initial state estimate x̂0, and therefore, the
estimates x̂k and Pk should be continually updated as the initialization’s estimate
of x0 is updated. Therefore, the covariance P0

k of x̂0
k is also tracked during the

initialization by

P0
k=F(θ̂0

k−1,dxk,dyk)P0
k−1F>(θ̂0

k−1,dxk,dyk)+R(θ̂0
k−1)QkR>(θ̂0

k−1).

Note that unless agents move, there is no dependence on the heading in the
system. Consequently, initialization in the current setup requires motion of the
initialized agent. However, this will be detected by the terminating conditions of
the initialization (see Section C.3) and it will not terminate until this is the case.

Initial state hypotheses

Before any range measurement relative to the considered agent is given, the initial
position (and heading) prior is assumed to be uniform. However, some initial
estimate x̂0|−1 is needed and it may be set identical to zero or some other agent’s
state. At the first range measurement, the posterior will be identical with the
likelihood function. Since this likelihood function has a simple geometry, it can be
deterministically sampled to start the multihypothesis estimation.
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The initial sampling is done based on a number of base hypotheses. From the
nature of the application, e.g. reasonably flat environment, or some exteroceptive
sensor such as a barometer, a set of initial height hypotheses h(i) with weights w(i)

h

are assumed given. (Uniform hypotheses of the elevation of the agent’s position
relative pref

0 could be used instead.) The first ranging r̃0 gives a set of true range
hypotheses r(j) with weights V(r(j)|r̃0) = w

(j)
r . Hypotheses of the bearing χ(n)

relative to pref
0 are assumed uniformly distributed (over [0, 2π)). The initial head-

ing hypotheses θ(m) are uniformly distributed with either uniform weights w(m)
θ or

weights according to some prior or external information source such as a magne-
tometer or similar. From these base hypotheses and the geometry of the setup,
initial state hypotheses/particles are given by

x(i,j,n,m)
0 = x̄ref

` − r̄(i,j,n) − r(m)

where

x̄ref
` = [pref

`0
, 0]

r̄(i,j,n) = [r̄(i,j) cos(χ(n)), r̄(i,j) sin(χ(n)), zref` −ẑ0
`−h(j), 0]

r(m) = [H(θ(m))T (x̂`, x̂0|0), −θ(m)]

where the horizontal projection of the range hypothesis is r̄(i,j) = (|(r(i))2− (zref` −
ẑ` − h(j))2|)1/2 and

H(θ(m)) =

cos(θ(m)) − sin(θ(m)) 0 0
sin(θ(m)) cos(θ(m)) 0 0

0 0 1 0

 . (C.3)

The corresponding particle weights are w(i,j,m)
|0 = w

(i)
h w

(j)
r w

(m)
θ Σ−1 where Σ is

a normalizing factor such that the weights sum up to 1. An illustration of the
geometry giving the initial hypotheses is shown in Fig. C.2. Note that the absolute
value in r̄(i,j) is necessary to avoid potential problems for small r(i). Since the
origin of the particles/hypothesis in terms of the base hypotheses does not matter,
from here on, they and their weights will be indexed by a single index as in x(i)

0 =
[p(i)

0 , θ
(i)
0 ] and w(i)

|0 . Note that, since the initial bearing and heading hypotheses are
fixed, their corresponding cos(·) and sin(·) values can be precalculated.

Ranging updates

To condition a particle x(i)
0 (and subsequently x̂`|`−1 and P`|`−1) with respect to

a range measurement r̃` where ` > 0, it is reweighted with the corresponding
likelihood of observing the range measurement. The predicted range according to
hypothesis x(i)

0 is

r̂
(i)
` =

∥∥∥H(θ(i)
0 )T (x̂`|`−1, x̂0|`−1) + p(i)

0 − pref
`

∥∥∥ . (C.4)
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Figure C.2: Illustration of the geometry in the horizontal plane of the initial state hypothesis
sampling. The bearing, height, and range hypotheses give vectors r̄(i,j,m) which in turn give the
relative positions of the agent relative pref

` . The heading hypotheses and the dead reckoning give
the vectors r(m) between the agent position and the initial position hypotheses x(i).

Accordingly, the hypothesis weight conditioned on a range measurement r̃` is

w
(i)
|` = w

(i)
|`−1 · V(r̃`|r̂(i)

` ) · Σ−1 (C.5)

where again Σ is a normalizing factor such that the conditioned weights sum up to
1. Suitably, the likelihood function is taken to be Cauchy-distributed

V( r̃|r̂(i)
` ) = σ

π

(
1

(r̃ − r̂(i)
` )2 + σ2

)

where σ is the scale parameter of the distribution. This heavy tailed distribution
will make the initialization robust to measurement outliers and is inexpensive to
evaluate.

With the conditioned weights, the conditional mean position may be calculated
by the weighted sample mean

p̂0|` =
∑
i

w
(i)
|` p(i)

0 . (C.6)

Unfortunately, due to the periodicity of the heading, the conditional mean cannot
be used for the heading. However, since the quality of the estimate is only crucial
when the initialization terminates, assumably providing a low variance estimate,
the simple vector sum algorithm with weighted components may be used,

θ̂0|` = atan2
(∑

i

w
(i)
|` sin(θ(i)),

∑
i

w
(i)
|` cos(θ(i))

)
. (C.7)
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For properties of the vector sum algorithm and more refined methods, see [12][13].
Together (C.6) and (C.7) give x̂0|` = [p̂0|`, θ̂0|`].

Similar to the conditional mean, the conditional covariance may be calculated
by the weighted sample covariance. However, again, care has to be taken to handle
the periodicity of the heading. Define the sample deviation from the mean by

e(i)
0|` = (p̂0|` − p(i)

0 ,mod(θ̂0|` − θ(i) + π, 2π)− π)

where mod(·, a) is the modulus-a division with the sign equal to the divisor. Then
the sample covariance is

P0|` =
∑
i

w
(i)
|` e(i)

0|`(e
(i)
0|`)
>. (C.8)

With the conditional mean x̂0|`, the current state estimates relative x̂0|` is given
by

x̂`|` = T−1(T (x̂`|`−1, x̂0|`−1), x̂0|`). (C.9)

The corresponding covariance is

P`|` = F(θ̂0|`, x̂
0
` , ŷ

0
` )P0

`F>(θ̂0|`, x̂
0
` , ŷ

0
` ) + P0|`, (C.10)

i.e. when the covariance in the navigation frame is evaluated, the complete dead
reckoning is treated as one step.

Initialization termination
Once a uni-modal distribution of x(i)

0 with sufficiently small covariance has been
attained as a result of ranging updates and resampling, the initialization should
be terminated and the states of the agent estimated jointly with the remainder of
initialized agents in the system. The uni-modality comes together with a small
covariance for any reasonable choice of ranging likelihood function. The small
covariance requirement may be assessed by the size of the diagonal entries of P0|`.
Consequently, the terminating conditions for the initialization is

diag(P0|`) < γcov

where γcov is the bounds on the allowable variances and the ’less-than’ relations are
applied to each component of the vectors. If this holds, the initialization may be
terminated and subsequent range measurement handled by any covariance-based
filter of choice.

Resampling
After a few ranging updates, most initial particles will have a negligible weight.
Unless an excessive number of particles are to be used, this sample impoverishment
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has to be mitigated by resampling. Ideally we would like to sample new particles
from the posterior distribution. Unfortunately, the posterior distribution is only
available as a particle cloud. However, since a static quantity x0 is estimated, a
simple Gaussian proposal function suffice, and we employ the following resampling
strategy. If the weight of a particle is below some threshold

w
(i)
|` < γ

1
N

where N is the number of particles, draw a new ith sample

x(i)
0 ∼ N (x̂0|`, α

2 P0|`) (C.11)

from the Gaussian distribution N (x̂0|`, α
2 P0|`) and make the assignment w(i)

|` =
1/N . The threshold γ will be a system parameter which will determine the trade-off
between particle diversity and particle impoverishment. Most naturally we would
use α = 1. However, if α > 1 this will add a forgetting factor to the initialization.
This can be used to make the initialization robust to errors in the dead reckoning
during the initialization at the cost of a potentially prolonged initialization. The
resampling (C.11) is implemented by drawing a sample n from a standard Gaussian
distribution and making the assignment

x(i)
0 = x̂0|` + αL0|` · n (C.12)

where P0|` = L0|`L>0|` is the Cholesky factorization of P0|`.

Computational cost
Since there is no dynamic in the estimated initial state x0, the computational cost
associated with the initialization only comes from the ranging updates and the
resampling and there is no dependence on the number of agents or anchor nodes
(apart from that each agent need to be initialized). For each range update and
particle, the predicted range r̂(i)

` needs to be calculated by (C.4). The cost is 7
multiplications (mul) and 8 additions and subtractions (add) and a square-root
operation. The cost of the reweighting (C.5) (with a Cauchy distributed likelihood
function) with a separate renormalization step is approximately 2 mul, 3 add, and
one division (div) operation per particle. Calculating the mean position (C.6) and
mean heading (C.7) will cost 5 mul and 5 add per particle. Calculating the sample
deviation e(i)

0|` costs 6 add plus a modulus division. In turn, calculating the sample
covariance requires 14 mul and 10 add per sample. The computational cost for
calculating the transformations (C.2) and the covariances (C.10) will be marginal.

Assuming that samples are drawn from a pre-generated list of samples from
a standard Gaussian distribution and thereby do not carry any cost, the compu-
tational cost of the resampling (C.12) is 40 multiplications and 40 additions per
resampled particle. In addition, cos(θ(i)) and sin(θ(i)) need to be evaluated and
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Table C.1: Total number of operations required per particle for performing the ranging update
and resampling in the initialization procedure.

add mul div other
ranging update 32 32 1

√
·, mod(·, 2π)

resampling 40 40 - cos(·), sin(·)
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Figure C.3: Illustration of the simulated trajectories and ranging measurements. The initially
lower agent is initialized relative to the upper agent.

stored for later use for each resampled particle. The Cholesky factorization of
the 4 × 4 matrix P0|` only needs to be evaluated once, making the cost marginal.
The total number and type of required operations per particle is summarized in
Table C.1.

C.4 Simulations

To illustrate the Bayesian recursive initialization as described in the previous sec-
tion, we simulate a basic scenario. Two agents move along the trajectories and
perform the ranging shown in Fig. C.3. The ranging errors are assumed Cauchy-
distributed with scale σ = 1 [m]. The lower agent is initialized relative the upper
agent. A realization of the resulting recursive state estimates, with α = 1, is seen
in Fig. C.4. The related particle clouds (particles with weights w(i) > 1/N) in the
horizontal plane and histograms of their headings are seen in Fig. C.7. After the
first ranging, the particles are evenly distributed in a torus. After the second rang-
ing, only a few rings of particles remain. Following subsequent ranging, the particle
clouds become more and more uni-modal and the mean x̂0|` and the most likely
particle are seen to approach the true initial position. Finally, the covariance is low
enough that the subsequent estimation can be performed by a covariance-based
filter.
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trajectory. Initially the state estimate of the lower (red) agent being initialized make large jumps.
However, already after a 3 range updates the state estimate is reasonable and after an additional
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Figure C.5: Position RMSE for 100 realizations during the initialization for different number of
particles. As can be seen, only a few hundred particles is required to get an acceptable performance
for the simulated scenario.

For clarity, in Fig. C.7, an excessive number of particles are used (N = 9216).
However, the initialization results are largely unchanged for down to a few hun-
dred particles. The position root-mean-square-error (RMSE) as a function of the
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Figure C.6: Result of recursive initialization of one agent (red dashed line) relative to another
agent (blue solid line) overlayed on a floor-plan. The estimated trajectories roughly correspond
to the true trajectories.

sample index for different number of particles is shown in Fig. C.5. The RM-
SEs have been calculated over 100 realizations with random seedings of the sam-
pling. The number of particles is varied by changing the granularity of the base
hypotheses of the heading and the bearing. The displayed numbers of particles
(36864, 9216, 2304, 576, 114) correspond to the granularities (5.625◦, 11.25◦, 22.5◦,
45◦, 90◦). The initial range hypotheses are (r̃0 − 1, r̃0, r̃0 + 1) and the height hy-
potheses are (−0.5, 0, 0.5) with uniform weights. It is observed that the performance
of the initialization is largely unchanged for granularities equal to or below 45◦. The
behavior displayed around 45◦ and above should come as no surprise since clearly
a granularity of 45◦ − 90◦ is very coarse. However, note that the traveled distance
is approx. 150 [m] so the final RMSE of 7 [m] for the 90◦ case is still acceptable.

C.5 Experimental data

The recursive Bayesian initialization has been implemented as a part of the posi-
tioning system described in [3]. Fig. C.6 shows the initialization (jagged trajectory
segment) and subsequent covariance-based position estimation of one agent (red
dashed line) relative to another agent (blue solid line) equipped with OpenShoe
dead reckoning units [14] and with synthetic range measurements provided by the
Ubisense real-time localization system installed in the R1 reactor hall. The trajecto-
ries roughly correspond to the true trajectories. Overall, the suggested initialization
method has shown stable results over the development of the localization system.
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Figure C.7: The plots show the particle clouds in the horizontal plane (particles with weights
w(i) > 1/N) and the weighted histograms of particle headings after conditioning by the respective
range measurements. The red plus-signs indicate the true initial position x0, the black crosses
indicate the recursive estimates x̂0|`, and the green diamonds indicate the most likely particle.
The black ellipses indicate the one-sigma confidence ellipse given by P0|`.
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C.6 Conclusions

In this article, we have suggested a method for initializing the state estimation in
a (cooperative) localization scenario based on dead reckoning and ranging. This
is done by recursively estimating the initial state of an agent by a particle filter
while treating its surrounding and its dead reckoning as deterministic. Estimating
the initial state rather than the the current state has been shown to give an easier
estimation problem requiring less particles and giving a lower computational cost.
The effectiveness of the method has been demonstrated with simulations and a real
system implementation.
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Abstract

The relation between voice radio communication and pedestrian localiza-
tion is studied. 3D audio is identified as a linking technology which brings
strong mutual benefits. Voice communication rendered with 3D audio pro-
vides a potential low secondary task interference user interface to the localiza-
tion information. Vice versa, location information in the 3D audio provides
spatial cues in the voice communication, improving speech intelligibility. An
experimental setup with voice radio communication, cooperative pedestrian
localization, and 3D audio is presented and we discuss high level tactical pos-
sibilities that the 3D audio brings. Finally, results of an initial experiment,
demonstrating the effectiveness of the setup, are presented.

D.1 Introduction

Pedestrian localization and voice radio communication are key technologies for
achieving situational awareness, efficient control, and coordination in dismounted
units. They form the basis for higher level functionalities such as navigation, tar-
get acquisition, threat alert, and threat cueing and have both been extensively
studied in the literature. However, apart from performance limitations of specific
technical solutions, both technologies have more general limitations in their user
interfaces, which have received less attention. At the commanding level, the local-
ization information is naturally provided with a top-down perspective on a display,
together with graphical command and communication tools. Unfortunately, due to
secondary task interference, watching such a display is not feasible at all times for
all levels of personnel. This will limit and delay the localization information pene-
tration in the unit. Further, voice radio conversations can be hard to comprehend
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Figure D.1: Illustration of the integrated localization and voice radio communication system
setup. Localization is performed by foot-mounted inertial sensors and inter-agent ranging. The
processing is done on a common communication (com.) and processing (proc.) platform. The
integration makes it possible to create a dynamic 3D audio effect on the voice radio. This improves
speech intelligibility and gives the agents a sense of location for their colleagues.

compared to face-to-face conversations; especially when multiple agents communi-
cate on the same channel. Consequently, good radio discipline is required, which
prevents natural conversations and limits the pace of the information exchange.
This in turn fundamentally limits the level of situational awareness, coordination,
and control, which can be achieved with voice radio communication [1, 2]. There-
fore, in this article we describe how these user interface limitations of pedestrian
localization and voice radio communication can be mitigated by tightly integrat-
ing them to create 3D audio effects. A small tactical unit experimental setup,
illustrated with two agents in Fig. D.1, with 3D audio based on the integration
of an infrastructure free cooperative pedestrian localization system and voice ra-
dio communication, is presented. Further, the tight integration is argued to bring
a multitude of other high level tactical possibilities. Finally, initial experimental
results of the effectiveness of the suggested setup are presented.

The key observation of the article is that the localization and the voice radio
communication are enablers for and have strong mutual benefits in 3D audio. We
suggest using 3D audio as a means to give a coarse perception of the relative lo-
cations of agents within a group. This is done by adding the spatial information
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from the pedestrian localization to the group voice radio communication to cre-
ate a dynamic 3D audio effect. This will enable the agents to hear where their
colleagues are. Additionally, the 3D audio will also help the group members dis-
tinguish between each other in a conversation. Such spatial audio cues have been
shown to increase speech intelligibility. Together, this will lessen some of the prob-
lems of group voice radio communication. 3D audio as a means to improve speech
intelligibility and to gain tactical capabilities, has been studied before, e.g. [3–6].
However, the main contributions of this article is the recognition of 3D audio as
a means to give coarse localization information; a presentation of a complete in-
tegrated pedestrian localization, voice radio, and 3D audio system implementation;
and a discussion of related tactical implications. Despite frequent tactical usage of
3D voice communication in virtual computer games, to our knowledge, this is the
first presented system of its kind, which uses real world positioning information
together with 3D voice communication.

D.2 Pedestrian localization

Localization of dismounted units can be achieved from a multitude of sensor and
filter technologies [7, 8]. However, only a few solutions provide desirable tactical
characteristics. The solution should preferably be infrastructure independent and
only rely on a minimum of dynamics and environmental assumptions. At the same
time, it should make do with a minimum of communication resources, while pro-
viding good relative agent pose estimates. With these requirements, in practice we
are left with pedestrian dead reckoning and inter-agent ranging [9]. Recently, a few
such localization solutions have appeared in the literature [9–11]. Our experimental
setup relies on the one presented in [9]. Consequently, here we give a brief review
of the solution and describe our implementation.

Localization principles

Pedestrian dead reckoning can be implemented in a number of ways [12]. However,
foot-mounted inertial navigation provides a unique, high accuracy, and robust dead
reckoning [13, 14]. From a system perspective, the inertial navigation can be viewed
as a subcomponent, which gives measurements of the displacement dpk and heading
change dψk of a step k, and related uncertainties. The state xk of an agent is
its position in three dimensions pk = [xk, yk, zk] and heading in the horizontal
plane θk, i.e. xk = [pk, θk], where [ · , . . . ] is used to denote a column vector.
The displacements and heading changes of individual steps can then be used to
implement the dead reckoning

xk = xk−1 + R(θk−1) (uk + wk) (D.1)
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Figure D.2: Illustration of the system perspective of the foot-mounted inertial navigation. It
provides displacement dpk and heading changes dψk over individual steps. These displacement
and heading changes are used to propagate the pedestrian dead reckoning, giving the pose xk of
an agent.

where k is a time index, uk = [dpk, dθk],

R(θk) =


cos(θk) − sin(θk) 0 0
sin(θk) cos(θk) 0 0

0 0 1 0
0 0 0 1


is the rotation matrix from the agent frame to the navigation coordinate frame,
and wk is a (by assumption) white error of uk with known covariance. The relation
between the steps, the displacement and heading changes, and the dead reckoning
is illustrated in Fig. D.2. See [9] for further details.

The dead reckoning (D.1) trivially provides pose estimates xk and a related
uncertainty estimate Ck (error covariance) of all agents, relative some initial es-
timates. Unfortunately, measurement errors will inevitably accumulate in (D.1),
causing unbounded error growth. Consequently, after some time, independent of
the quality of the initial estimate, the pose estimates cannot be used to produce
useable relative pose estimates, needed for group coordination and 3D audio. This,
however, can be circumvented by introducing inter-agent ranging. The range mea-
surements are used to continually adjust the relative positions of the agents. This
will bound the relative pose estimate errors and reduce overall error growth. This
correction is illustrated in Fig. D.3. From a system perspective, this can be thought
of as an adjustment of the global state estimate. Let

x = [xa,xb,xc, . . . ]
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Figure D.3: Illustration of the correction of agents’ positions based on an inter-agent range mea-
surement. In the upper plot, two agents have drifted apart. This is perceived in the range
measurement, which is used to correct the agents’ pose estimates in the lower plot. Continuous
corrections by inter-agent range measurements bound the relative errors and reduce the absolute
errors.

denote the global state vector, where the time indices k have been dropped, and the
alphabetic indices instead indicate different agents. Then, the ranging correction
can be viewed as the update

x,Cx
r7→ x+,C+

x (D.2)

where (·)+ denotes updated quantities and r is the range measurement. See [9]
for further details. Note also, that the inter-agent ranging can be used to make
the localization system completely independent of any extroceptic information or
initial agent pose estimates [15].

Implementation

In implementing the pedestrian localization, the fundamental measurements must
be acquired, (D.1) and (D.2) and the related processing performed, and the results
need to be distributed. Consequently, sensory hardware, processing and communi-
cation platforms, software that implements the processing, and supportive software
that controls and manage the connections and information transfer are needed.
The fundamental difference between (D.1) and (D.2) is that the former only con-
cerns a single agent, while the latter concerns more than one agent. With a naive
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Figure D.4: Hardware for localization and 3D audio voice radio communication. The OpenShoe
units (integrated in the sole of the shoes) and the stereo headset are connected to the Android
platform (tablet for the commander and smartphone for other agents), which rely on a WiFi
network for communicating with the Android platforms of other agents. Cables are not displayed.
The Ubisense radio tag provides synthetic inter-agent range measurements.

implementation, gathering all measurements at one point, performing the process-
ing, and distributing the results, this would make no difference. Unfortunately,
this would give an unacceptable sensitivity to varying connectivity and delays that
would be too large for the 3D audio. Instead, just like what is outlined in [9], (D.1)
is implemented locally (on each agent); while (D.2) is implemented centrally.

The foot-mounted inertial navigation has been implemented with OpenShoe
units on both feet [16]. The OpenShoe units perform the basic step-wise inertial
navigation, and supply displacement and heading changes. Currently, the inter-
agent ranging is provided as synthetic range measurements from a Ubisense radio
localization system. However, our ambition is to replace this with in-house devel-
oped UWB-radios [17]. The processing and communication platforms are Android
smart-phones and tablets (Samsung Galaxy SIII and Samsung Tab 2) relying on
a WiFi network for communication. The hardware for a single agent is shown in
Fig. D.4.

The processing and supportive softwares have been implemented as Android
applications and services. The local processing, performing (D.1) and interfacing
the OpenShoe units, is implemented as an Android service. This service provides
a local controller and a graphical user interface (GUI) with pose estimates of the
agent. It also forwards the basic data to a central processing server that implements
(D.2), receiving back corrections to its own pose estimate. The central processing
server is also implemented as an Android application together with a global system
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Figure D.5: Illustration of software components and their communication in a running system.
Components within dashed red boxes belong to a single agent and run on his local processing
platform. The common components (system controller and central processing) run on the pro-
cessing platform (Android device) of one agent or potentially on a separate platform. The local
processing interfaces with the sensory equipment, while the audio processing playback the voice
radio to the agent.

controller, which distributes the results of the server, providing all agents with
estimates of their colleagues. The processing has been implemented with IT++
linked with CLAPACK compiled for ARM/Android, and wrapped in a Java service.
The C/C++ code is interfaced via the Java Native Interface (JNI). The system
has been implemented to handle an arbitrary number of agents. In Fig. D.5, the
software architecture and components of a running system is illustrated. The audio
part receives pose estimates of all agents, as well as information on whom to make
contact with in the system, via the local controller/GUI.

D.3 3D audio and voice radio

Binaural hearing allows individuals to obtain a sense of direction for the origins
of sounds. Primarily, the intensity difference and the interaural time delay (delay
between the ears) allow for this sense of direction; although frequency cues caused
by the diffraction, reflection, and scattering from ears, pinnae, torso, and head also
contribute [18]. The sense of distance is mainly created by the sound intensity,
reverberation, and the direct-to-reverberant energy ratio [19]. The directional and
distance cues are primarily determined by the pose of the agent and the position
of the sound source. Consequently, by exploiting the pose estimates from the lo-
calization system, spatial cues can be (re-)introduced in the voice communication.
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3D audio principles
Directional cues can be modeled by Head Related Transfer functions (HRTF) [20,
21], which are obtained by measuring (preferably in an anechoic chamber to elim-
inate environmental impingements) the impulse responses from a nearby sound
source, at different bearings (azimuth and elevation), to the respective ears of a
subject. In practice, the measurements of individualized HRTFs are not always
feasible, and it has been shown that the use of non-individualized HRTFs, obtained
by measurements on a representative subject or a dummy-head [21], indeed en-
ables fairly accurate localization of virtual sound sources at the price of somewhat
increased up-down and front-back confusion [20, 22].

Given a virtual sound source in the form of a sending agent b and a receiving
agent a, the distance, azimuth, and elevation of the sound source relative to the
receiver are

db,a = ‖pb − pa‖
ψb,a = arctan2(xb − xa, yb − ya)− θa
χb,a = arcsin((zb − za)/db,a).

(D.3)

The spatial relations are illustrated in Fig. D.6. The HRTFs

hR(ψb,a, χb,a) and hL(ψb,a, χb,a)

for the right (R) and left (L) ears can then be used to (re-)create 3D audio effects,
which when presented through stereo headphones worn by agent a, are perceived
as originating from the direction of agent b.

Using only HRTFs for 3D auralization can give a “flat” sound that is not well
externalized, i.e. the sound is perceived as originating from inside the head. By
adding artificial reverberation to the signal, the sensation of externalization can
be significantly improved. It appears that it is mainly the early reflections (up to
about 80−100 ms) that contribute to this effect [22, 23]. Late reflections (>100 ms)
seem to reduce the localization accuracy [22].

Implementation
To allow easy access to the audio streams, the voice radio communication is imple-
mented as an Android service, interfacing the localization subsystem as described
in the previous section. The underlying voice communication engine is PJSIP,
which is an open source multimedia communication library written in C. PJSIP was
compiled for ARM/Android and interfaced from Java using JNI. The audio com-
munication between agents is done over WiFi using the G.722 speech codec and
point-to-point connections. Point-to-point communication is of course inefficient
and imposes limited scalability, but is adequate for initial small group (<5 agents)
tests.

The 3D auralization was based on the KEMAR HRTF database [21], where
artificial reverberation was added for improved externalization. A room of 4 ×
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4 × 3[m] (width × depth × height) with a wall reflection coefficient of 0.65 was
simulated using the room image method [24], where two artificial receivers were
positioned at 2±0.1×2×1.75[m] (using a left-handed Cartesian coordinate system
with the origin in the bottom left corner of the virtual room) and the source was
positioned on a sphere at a distance of approximately 1[m] from the receivers.
Transfer functions in the form of 512-tap Finite Impulse Response (FIR) filters,
corresponding to 32 ms at a sample rate of 16 kHz, were calculated for a total of
1022 different positions on the sphere with the azimuth angle varying between −180
and 180 degrees in steps of 5 degrees and the elevation angle varying between −40
to 90 degrees in steps of 10 degrees; as of that of the KEMAR HRTF database.
All FIR filters were pre-calculated and stored in two tables residing in the memory
of the Android device. Hence, the only real-time processing required is finding a
set of filters that corresponds to the relative position in the pre-calculated tables,
together with the actual filtering. With the received audio stream sb from agent
b and the table indices i = bψa,b/5e and j = bχa,b/10e, the left and right ears of
agent a are presented with

sRa,b = hRFIR(i, j) ∗ sb
sLa,b = hLFIR(i, j) ∗ sb

where hR/L
FIR(i, j) are the FIR filters for the left and right ear. The whole chain of

information transfer is illustrated in Fig. D.6. When changing the relative position
(and corresponding FIR filters), linear cross-fading over a duration of 20 ms (the
length of an audio frame) is used.

In the current implementation, only directional information is used, i.e. leaving
out distance information, which in this case would be in the form of a varying direct-
to-reverberant energy ratio. This is done since speech intelligibility is prioritized
over positional information; naturally, it would be more difficult to communicate
when the direct-to-reverberant energy ratio is low rather than high.

D.4 Tactical usage and implications

The two direct advantages of combined 3D voice radio communication and pedes-
trian localization are improved voice communication and location perception of
communicating group members. Improved voice communication is achieved through
the use of spatial cues, aiding the so-called cocktail party effect [25], i.e. the abil-
ity to focus on one voice in a noisy environment full of ongoing conversations.
Applications using 3D audio in the field of tele- and videoconferencing have been
proposed [26], and it has been shown that it improves memory, focal assurance, and
perceived comprehension [4, 5]. The tactical advantages of improved voice commu-
nication means improved coordination, group agility, and context awareness.

The tactical advantages of the ability to perceive the location of communicating
group members have, to our knowledge, not been studied specifically. A study of the
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Figure D.6: Illustration of the voice radio communication and the spatial relations between agents.
The 3D audio effects are created by the receiving agents, by convolving the audio stream with the
appropriate FIR filters (for left and right ear); selected based on the azimuth and elevation of the
sending agent.

perception of nearby pedestrians can be found in [27]. However, some qualitative
benefits, apart from the obviously improved context awareness, can be pointed out.
It makes common relative (implicit or explicit) spatial specifiers such as here and
there, easier to use and understand in a conversation; e.g., the phrase ‘Come here!’
gets a clear meaning, without knowledge of the location of the utterer. Further, in a
conversation with multiple agents, a participant can directly determine wether any
of the other participants may be collocated. Moreover, it gives coarse 360◦ X-ray
vision in the way that an agent can perceive the position of another agent outside his
normal field of vision, through walls, and in the dark. This could potentially help
greatly with coordination in low visibility environments and in situations where an
agent should not look away from a scene.

The tactical usage of 3D audio in scenarios without voice communication has
previously been studied. Such systems also rely on localization and 3D audio render-
ing. Consequently, the presented setup gives a basis for such applications. In such
cases the virtual sound source(s) can be in the form of e.g. a continuously pulsating
ringing sound [28], pure tones [29], various kinds of white/colored noise [3, 29, 30],
or synthetic/recorded speech [31] such as e.g. ’Doorway here’ when approaching a
doorway. The most common application is probably navigation [28, 30–32], where
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the agent follows virtual audio cues. The combined localization and 3D audio func-
tionality presented here makes it possible to: dynamically guide agents by providing
a sound source (trajectory) on a commanding display, provide automatic acoustic
homing, and allow agents to retreat along their own path. Similar applications
that have also been studied are target acquisition [3] and threat alert and threat
cueing [6, 33]. With the presented system, agents could potentially alert each other
based on their relative location to the threat.

Limitations

The presented system comes with a number of limitations. The most fundamental
one is probably the requirement of stereo headphones. This could have the im-
plication that the perception of the near acoustic environment is lessened, due to
the sound insulating properties of the headphones. Further, the 3D audio adds a
system dependence between the localization system and the voice communication
system; if the positioning systems fails, the 3D audio presentation will be inaccu-
rate. Moreover, our specific implementation comes with a number of limitations.
The TCP/IP based voice communication adds time delays in the communication,
which at near distances causes a mismatch between the direct audio component and
the component presented by the system. However, the system is intended for basic
research and not operational use; and currently, efficient communication strategies
is not our main focus. Finally, at present no head tracking is implemented and
therefore, the audio rendering rely on the orientation of the body rather than the
orientation of the head. However, it should be noted that e.g. [22] reports that head
tracking does not seem to improve localization accuracy; although that was in a
controlled environment where the listeners were sitting still in front of a computer
and not distracted by other tasks.

D.5 Experiment

The foundation for all tactical advantages provided by the 3D audio is the ability
to perceive the direction of the source of a voice. The limitation of this ability has
been studied for a long time [34]. To test the effectiveness of the presented setup,
a similar experiment to that described in [34] was carried out with and without
the experimental system. The experimental setup is illustrated in Fig. D.7. Two
test subjects were used. The blind-folded test subject stood in the KTH R1 reactor
hall with a test object walking around him in a half-circle with a radius of 10[m].
The test object stopped at a uniformly distributed azimuth angle (pre-generated)
relative to the test subject, after which he counted to five. Following this, the test
subject pointed out the perceived direction of the voice with a laser pointer and the
angle was noted down. This was repeated 50 times for each test subject, with the
experimental system, and 25 times for each test subject without any equipment.
The resulting orientation errors are shown in Fig. D.8. To prevent any sound cues
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Figure D.7: Experimental setup: a test subject is pointing out, with a laser pointer, the perceived
location of a test object after it has counted to five.

Figure D.8: Histograms of azimuth deviations between the actual and pointed location of the two
different test subject. Blue and green corresponds to the results with the experimental system
and with no equipment, respectively.

apart from those provide by the system, the headphones were replaced with in-
ear type headphones (earbuds), which were covered with class II (35 dB damping)
acoustic earmuffs. It can be seen that a fairly accurate direction was perceived with
the system, even though it was slightly less accurate than without any equipment.
This can be explained by a number of factors such as e.g. non-individualized HRTFs,
limited frequency response of the system (as mentioned previously, the G.722 speech
codec was used, resulting in a bandwidth of 50–7000 Hz), and imperfect location
information. Nevertheless, it was demonstrated that the system is able to provide
a fairly accurate sense of direction, and a natural next step in our research is to
utilize this in more elaborate experiments.

D.6 Conclusions and outlook

In this article, 3D audio has been used as a linking technology between voice radio
communication and pedestrian localization. We have described a complete system
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implementation with pedestrian localization integrated with spatial audio based
voice communication. The effectiveness of the setup has been demonstrated with a
basic test of the perception of the source direction of an agent’s voice.

There are two paths for further research: a technical path and a psychological
path. For the technical part, head tracking and improved voice communication
should be implemented. The head tracking is most likely implemented by adding
an extra sensor to the head and including the sensor data provided into the local
agent’s pose processing. Further, individualized HRTFs adapted to the headphones
should be used. The psychological part relates to quantitative testing of spatial
awareness and coordination with and without 3D audio. The impact of the artifical
reverberation on the percieved direction should be studied, as well as the possibility
to use other distance cues besides the direct-to-reverberant energy ratio.
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Abstract

A method for computationally inexpensive approximation of a set of scale
levels in a Gaussian scale-space is presented. Box filters of different widths and
orientations are cascaded to approximate the Gaussian kernels. The signal is
downsampled at higher scales to reduce the number of samples and thereby
the computational cost. Integer signal representation is used throughout the
filtering, and the signal is downshifted as required to keep within the numerical
range of the representation. The filtering require only add (and subtract) and
shift operations to implement. An optimization problem is formulated for
designing the filter cascade and a branch-and-bound technique is used to
solve it. The level of approximation versus the computational cost is studied
and based on a qualitative comparison with state-of-the-art approximation
methods, it is concluded that the presented method shows unprecedented low
computational cost and unique properties for low cost Gaussian scale-space
approximation.

E.1 Introduction

Gaussian scale-space is an important analytical and practical tool, primarily used
in the areas of image processing and computer vision. The scale-space gives a
representation of the signal/image with low-pass characteristics parameterized by
a continuous scale dimension. In practice, the scale dimension is discretized and
a set of scale levels are computed. Four such scale levels are illustrated in Figure
E.1. Computing the scale levels means convolving the signal with a smoothing
(Gaussian) kernel for every scale level. The computational cost of this can be
substantial and therefore some approximation of the kernels is often used combined
with downsampling for higher scale levels.
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Figure E.1: A scale level is the original signal/image convolved with a smoothing (Gaussian)
kernel. Four such scale levels with increasing smoothing are shown above. This article presents a
low cost method for synthesizing such sets of scale levels.

Various Gaussian kernel approximation techniques have been suggested in the
literature. The computational cost and the approximation properties vary signif-
icantly. Cascaded box filters (a.k.a. uniform, sum-box, boxcar, zeroth order/con-
stant B-spline, running average, Dirichlet, and rect filters) were early suggested as
a computationally inexpensive method for synthesizing Gaussian kernels and com-
puting an ordered set of scale levels [1][2][3]. The low computational cost of box
filters is attractive but we recognize that: 1) The analysis of the multiple Gaussian
scale level approximation is rudimentary since the focus is on individual kernels.
2) The potential of box filters are only fully exploited with integer signal repre-
sentation but this adds unaddressed issues of finite numerical range. 3) Box filters
lack the ability to approximate arbitrary scale differences well since they only ap-
pear in integer widths. 4) No accompanying downsampling rules are given in the
publications. 5) The filter cascade design methods are limited in terms of design
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parameters, and only consider local design criteria.
In this article, we address these points and present a method for approximating a

set of scale levels in a Gaussian scale-space with integer signal representation, using
only add and shift operations. The method is based on cascaded unit-magnitude
box filters of different widths and orientations. For handling small scale levels and
scale differences, we introduce a set of modified low variance box filters termed
delta-box filters. The signal values are downshifted as required in the cascade to
ensure they are within the numerical range of the signal representation. The signal
is downsampled based on a scale measure to reduce the number of samples and
hence, the computational cost, yet taking aliasing effects into account. We define
global cost functions for the approximation and formulate an optimization prob-
lem for designing the filter cascade subject to a maximum allowable computational
cost. Further, a branch-and-bound technique together with heuristics is used to
solve the cascade design problem. The achievable level of approximation versus the
computational cost is studied, illustrating the complementary approximation capa-
bilities of the different box filters. The approximation error is empirically noted to
be roughly exponentially decreasing with increasing allowable computational cost.
The method is qualitatively compared with state-of-the-art methods for Gaussian
scale-space approximation, such as general compact support Gaussian kernel ap-
proximations [4][5][6], binomial filters [7][8][9][10], recursive filters [11][12][13][14],
and frequency domain methods [15]. Based on the comparison, it is concluded that
the presented method shows unprecedented low computational cost and unique
properties for low cost Gaussian scale-space approximation. In essence, if [1][2][3]
show that box filter can be used to approximate multiple scale levels, we discuss
the implications and show how it is done in practice.

The main merits of the presented method is its low computational cost, simple
arithmetic operations, and integer signal representation. Since the issue of scale
appears in any imaging situation and due to the long and successful history of
scale-space [16][17][18], it is believed to have a large range of applications in gen-
eral 2D signal processing with a focus on realtime image processing and computer
vision applications. To our knowledge, this article is the first to explicitly describe
an approximation method using only add and shift operations, and integer signal
representation. This gives a lower computational cost in general, but will be espe-
cially important for hardware implementations where integer operations and simple
arithmetic are favored. To our knowledge, this article is also the first to consider
global cost functions to distribute the computational cost across the cascade. This
makes it possible to exploit the computations in a more efficient way compared to
the case where each scale level is considered separately. This also makes it possible
to use an adjustable computational cost such that a trade-off between cost and level
of approximation can be made. The resulting cascade design method is believed to
be applicable to a wider set of cascade design problems than the presented. The
presented method bears resemblance to that presented in [9]. However, we general-
izes the cascade filters, which allow for approximation of arbitrary scale levels (e.g.
log-periodic as is the normal case [17]), and add global cost functions for cascade
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design and explicit integer signal representation.
The remaining article is organized as follows. In Section E.2, the fundamental

conditions of and presumptions about the scale-space approximation are given. In
Section E.3, implementation and properties of the box filters are discussed. In
Section E.4, additional filter components, providing scaling and downsampling are
discussed. In Section E.5, the issues of cascade design and the achievable level of
approximation are dealt with. In Section E.6, we make a qualitative comparison
of the presented method with the methods available in the literature. Finally, in
Section E.7, conclusions about the method are drawn.

E.2 Scale-space approximation prerequisite

In this section, basic scale-space definitions are given and, based on the central limit
theorem, a general approximation strategy is developed. Further, downsampling
and signal representation are discussed and cost functions for the approximation
are given.

Gaussian scale-space
Scale-space is a tool to handle structures of different scales in a signal. The scale-
space representation of the signal Γ (arbitrary dimension) is

L(σ) = Γ ∗N(σ) (E.1)

where ∗ denote the convolution and N(σ) is a smoothing kernel with a scale pa-
rameter σ [19]. The smoothing kernel N(σ) is essentially a low-pass filter with pass
characteristics parameterized by σ. The Gaussian kernel is the canonical choice
of smoothing kernel [20][21], and this article will only be concerned with this ker-
nel. Only symmetric kernels are used and therefore, the Gaussian kernel standard
deviation is parameterized with the single variable σ. We will mainly be con-
cerned with 2-dimensional (2D) signals (images), but the results generalize to the
M -dimensional (MD) case.

Since there will always be some degree of pre-smoothing (blur) in the cam-
era/sensor, it is reasonable to assume that the signal has already been low-pass
filtered before sampling. We will interpret this to mean

X = L(σ0) = Γ ∗N(σ0) (E.2)

where X is the available measured signal. That is, the measured signal constitutes
a non-zero scale level.

Discretizing the scale dimension σ, a set of I scale levels {L(σi) : i ∈ 1, . . . , I} is
to be calculated. For this purpose the cascade smoothing axiom of the scale-space
theory

L(σi) = L(σi−1) ∗N(σi − σi−1) (E.3)
is often exploited. Instead of approximating large smoothing kernels N(σi), smaller
kernels N(σi − σi−1) can be approximated which is normally easier.
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Approximating the Gaussian kernels

The central limit theorem implies that under quite general conditions, any linear
filter with positive coefficient applied repeatedly, sufficient number of times, will give
a filter response that, up to scale, appears Gaussian. This is often used together
with some simple filters cn to make computationally efficient approximations of the
Gaussian kernel

N(σ) ∼ Λ(σ) = cn ∗ cn+1 ∗ . . . (E.4)

where ∼ denotes approximate equality up to an arbitrary scaling and Λ(σ) is (up
to an arbitrary scaling) an approximation of the kernel N(σ) with some scale σ.
The cascading property (E.3) holds approximately and up to scale for the Gaussian
kernel approximations, i.e. inserting (E.4) into (E.3) yields

L(σi) ∼ L(σi−1) ∗ Λ(σi − σi−1). (E.5)

Cascading Gaussian kernel approximations can be expected to give better scale
level approximations since the central limit theorem applies to the Gaussian ap-
proximations themselves. Consequently, cascading Gaussian kernel approximations
is an efficient way of approximating a set of scale levels.

The relations (E.2), (E.4), and (E.5) suggest using a single filter cascade out of
which the unnormalized scale level approximations are drawn at suitable locations,

∼L(σI)︷ ︸︸ ︷
. .
.

∼L(σ2)︷ ︸︸ ︷
∼L(σ1)︷ ︸︸ ︷

X∗ c1∗ c2∗. . . ∗ cm1+1∗ cm1+2 ∗. . .∗. . .∗ cmI−1∗ cmI (E.6)

where mi is the number of filters cn up to and including scale level i. With this
approach, the scale-space approximation essentially boils down to selecting cascade
filters cn and locations mi. In our case, the simple filters cn will contain a box filter
each, and occasionally, scaling and a downsampling operator.

In principle, the filters cn could be normalized giving approximate equalities
in (E.4)-(E.6). However, not requiring this makes more attractive choices of cn
possible. Instead, the scaling will be carried out (included in cn) as required for
each filter and scale level. See Sections E.4 and E.4 for further discussions on this.

Downsampling in the cascade

Naturally, the high frequency content at higher scale levels will be small and there-
fore, it becomes unnecessary to keep all sample points. Therefore, decimators
(downsampling operators) can be used in the cascade (E.6), to lower the com-
putational cost, giving an oversampled signal pyramid or hybrid scale-space [9].
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Decimators are not associative, but for notational convenience, we will include po-
tential downsampling in the filters cn and assume that convolutions, as in (E.6),
are evaluated from left-to-right.

The downsampling implies that the kernels that are being approximated in the
cascade are

N(σi/rmi) ∼ N(σ0) ∗ c1 ∗ · · · ∗ cmi ,

instead of N(σi), where rmi is the downsampling factor (typically a power of two)
after filter cmi has been applied. We will take L(σi) to mean the scale level i
independent of the downsampling factor such that the ∼ relations in (E.6) still
holds with downsampling.

Approximating a number of scale levels, downsampling will typically give the
single most important possibility for computational cost reduction. The reduction
in the number of samples is by a factor r−2

n (r−Mn in the M dimensional (MD)
signal case) giving a corresponding reduction in the computational cost. However,
downsampling requires a cascade of some sort since the signal need to be low-pass
filtered before downsampling to avoid aliasing. Consequently, the possibility of
using downsampling is an additional important argument for using a filter cascade
to approximate a set of scale levels.

Quality of kernel approximations
There are two conflicting qualities of the scale level approximations (E.6): the level
of approximation (approximation error) and the computational cost.

We measure the approximation error by the weighted sum of the squared errors
for each scale level. Only approximation up to an arbitrary scaling is required,
giving the approximation error

I∑
i=1

wi min
ρ
‖N(σi/rmi)− ρCi‖2 (E.7)

where ‖ · ‖ is the 2-norm over all filter taps,

Ci = N(σ0) ∗ c1 ∗ . . . ∗ cmi , (E.8)

and a scaling factor ρ has been added to fit the approximations to the ideal ker-
nels N(σi/rmi). The phase shifts of N(σi/rmi) and Ci are assumed equal. Since
minρ ‖N(σi/rmi)−ρCi‖2 is dependent on σi/rmi and the signal dimension, weights
wi are necessary to give desired (equal) contributions from different scale levels. See
Section E.5 for further discussion on these weights. We do not explicitly consider
the aliasing effects of the downsampling in (E.7). Instead, this will be considered
when determining the downsampling points. In the presentation of many approx-
imation techniques, isotropy is discussed as a quality of the approximation, e.g.
[13][9][10]. Since the full cascade response is used in (E.7), the isotropy of the
approximation is included in the cost function.
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The computational cost of the convolution with cn is primarily determined by:
1) the number and types of arithmetic operations required per sample,1 2) the num-
ber of samples, and 3) the cost of the arithmetic operations. Memory requirement
and memory read and write operations are also important. However, these effects
are ignored in this analysis since their impact is difficult to assess in the general
case and will be highly platform and filter implementation dependent. Also, due
to the separability of box filters, most memory bottle-necks can be solved by loop
unrolling. Therefore, we measure the computational cost of the cascade (E.6) as

mI∑
n=1

P/r2
n

∑
m∈⊗

wmQn,m (E.9)

where P/r2
n (P/rMn in the MD signal case) is the number of samples (assuming

signal length to be a power of two) to which cn is applied and P is the number of
sample of the original signal, ⊗ is the set of required arithmetic operation types, wm
is the implementation platform dependent cost of the arithmetic operation types,
and Qn,m is the number of each arithmetic operation type m required for every
sample in the convolution with cn.

The cost functions (E.7) and (E.9) we call global since they account for the
quality of the whole cascade. The desire is to minimize both (E.7) and (E.9). A
suitable trade-off will be determined by the scale-space application. Unfortunately,
a general explicit relation between (E.7) and (E.9) cannot be expected to be found.
The possible range of cn candidates is large, and to limit this set, we will initially
focus on the computational cost and later, in Section E.5, discuss the resulting level
of approximation (E.7) as a function of (E.9).

From the computational cost point of view, filters cn with few and inexpensive
arithmetic operations and downsampling are desirable. Typically, the number and
type of arithmetic operations Qn,m are clear from a choice of cn, but the costs
of different arithmetic operations wm are not. The costs wm are determined by
the implementation platform and the signal data type representation as will be
discussed next.

Integer signal representation

The integer data type is the natural representation for most digitally measured sig-
nals. Therefore, the measured signal X can be assumed to be in integer signal rep-
resentation. In contrast, the Gaussian kernel assumes a continuous range of values
and consequently most Gaussian scale-space approximation methods rely on non-
integer attributes (e.g. non-integer filter taps) preventing the integer representation
from being maintained. In those methods, floating or fixed point representations
have to be used to mimic the continuum of values.

1We have chosen to work with arithmetic operations. In a more platform dependent treatment,
machine instructions could have been used instead.
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Using floating point is unfortunate in terms of computational cost. In compari-
son with integer arithmetic, the latency and throughput of floating point arithmetic
is typically from equal to an order of magnitude worse. In hardware, the number of
logical gates and registers required for floating point arithmetic are of an order of
magnitude higher than that of integer arithmetic [22]. Also, in practice, the com-
putational cost is often affected by the ability of a compiler to generate efficient
machine code. The lack of associativity and commutativity of arithmetic of most
floating point standards, in contrast to integer arithmetic, makes this task more
challenging for floating point than for integer representations. Fixed point repre-
sentation, on the other hand, gives the capability to represent non-integer values
and arithmetic with the same computational cost as that of integers, apart from
the scaling that might require extra operations or hardware. However, while inte-
ger representation and manipulations are native to almost all digital systems, fixed
point the-like are not. This means that the implementation complexity increases.
Also, since the measured signal is in integer representation, fixed point will, in gen-
eral, give worse numerical range and accuracy. This is because the smallest signal
value and value difference will be larger than the smallest representable value of the
fixed point signal representation. Clearly, with the focus on computational cost, it
would generally be beneficial to retain the integer signal representation.

Integer signal representation gives a somewhat tricky set of arithmetic operation
considerations. The numerical range of the representation is clearly limited and
overflow (and underflow) might occur as a result of addition and multiplication (and
subtraction). Division, on the other hand, gives truncation errors that reduce the
numerical accuracy. As for the types of arithmetic operations, additions of integers
are less expensive than multiplications and divisions apart from multiplications
and divisions by a power of two, which can be implemented with left and right
shift operations respectively. These shift operations can be seen as a separate
set of arithmetic operations. In the following discussions, all multiplications with a
powers of two, i.e. 2±λ where λ is an integer, are assumed as implemented with shift
operations. In general, we make no difference between additions and subtractions
and henceforth, we will only speak about the cost of additions.

In summary, for efficient implementation we would like our cascade filters cn to
allow integer signal representation and exploit only additions and multiplications
and divisions by powers of two. With suitable partial normalization (downshifting)
to avoid overflow, this can indeed be achieved with box filters, as will be discussed
in the following sections.

E.3 Box filters

Box filters are compact support linear filters with uniform filter taps. A box filter
easily generalizes to any dimensions. We assume that the nonzero taps have unit
magnitude and the widths of the box filters to be the same in all dimensions.
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Figure E.2: Box filter illustrations: (a) b+
4 in 1D, (b) b+

4 in 2D, (c) box filter along one diagonal,
and (d) b×4 in 2D. The axis k and l correspond to filter tap indices.

Ordinary box filters

Box filters along the index dimensions we call ordinary box filters. 1D and 2D
ordinary box filters of width 4 are illustrated in Figures F.9a-F.9b. In 1D, the
ordinary box filter can efficiently be implemented with an integral signal. Denote
the samples of a 1D slice along an index dimension of the signal X with x. Then
the convolution

y = x ∗ b+d
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where b+d is an 1D ordinary box filter of width d > 2, can be implemented with

ik = ik−1 + xk

yk = ik+d − ik−d
(E.10)

where k is the sample index, i is the integral signal, and d+ d = d− 1. The shifts d
and d determine the phase-shift of the box filter. Ignoring boundary effects, (E.10)
requires 2 additions per sample independent of d. The beauty of the integral signal
is not only that the filtering can be implemented with 2 additions per sample but
also that only a single intermediate variable/register is required. The width d = 2
is a special case since it does not require the integral signal and can be implemented
with

yk = xk+d + xk−d.

This means that convolution with b+2 only require 1 addition per sample.
Higher dimensional box filters can easily be seen to be separable into 1D box

filters and therefore, each dimension in the signal can be filtered sequentially. For
d > 2 and a 2D signal, this costs 4 additions per sample (2M in the MD signal
case). For d = 2, the same number is 2 additions per sample.

Since only sample additions and subtractions are used for the implementation
of box filters, integer signal representation can be used in the filtering. Note that
integer overflow in ik is not a problem for integer signal representation since the
differentiation ik+d−ik−d have opposite effect. However, overflow in the signal itself
is potentially a problem as discussed in Section E.4. In contrast, with floating point
signal representation, overflow would normally not be a problem, but ik−1 +xk can
create numerical problems for long signals since the magnitude difference between
ik−1 and xk could become large resulting in loss of precision in the addition. There-
fore, generally, floating point signal representation should not be used together with
box filters implemented with integral signals.

Just like for any other separable 2D filter, the locality of the ordinary box filter
is good along the primal storage dimension and poor along the other dimension.
However, note that for a vectorized implementation, the situation is the reverse
since then xk and xk of two adjacent lines along the primal storage dimension will
be located far way from each other while they will be located beside each other for
the other dimension. Therefore, loop-unrolling and vectorization should be used
differently along different signal dimensions.

Diagonal box filters
For signal dimensions ≥ 2, box filters are not confined to the signal index dimen-
sions, but can also be applied along other orientations [3]. Many different rotations
are conceivable, but for simplicity, we confine ourselves to the sampling lattice di-
agonals and antidiagonals. A box filter along one diagonal is illustrated in Figure
F.9c. In 2D, using two subscripts to denote the sample index, a box filter with
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d > 2 can be applied along the diagonals (+) and antidiagonals (−) with

i±k,l = i±k−1,l±1 + xk,l

yk+p,l+q = i±
k+d,l∓d

− i±k−d,l±d

where {i±k,l} are the integral signals along the indicated diagonals. The shifts p
and q are needed to make the phase-shift of the filter zero. They will depend on
d and d as well as on the order in which the filter is applied to the diagonal and
antidiagonal. The shifts p and q are assumed chosen such that the phase-shift is
zero. Similarly, in the case d = 2

yk+p,l+q = xk+d,l±d + xk−d,l∓d.

The filter response of a diagonal box filter of width 4 in 2D is illustrated in Figure
F.9d. A superscript × as in b×d will be used to indicate that the box filter is oriented
along the diagonals. Obviously, the diagonal box filters require the same number
of additions as ordinary box filters of equal widths and can be used together with
integer signal representation.

The virtue of the diagonal box filters is most easily seen in the spectral domain
where the diagonal box filters have their zeros in parallel with the diagonals. In
contrast, the ordinary box filters have their zeros in parallel to the main axis.
This can be seen in the 2D frequency responses of b×3 ∗ b

×
3 and b+4 ∗ b

+
4 shown

in Figures E.3b and E.3a. If diagonal and ordinary box filters are combined, their
widths (zeros) can be chosen such that they suppress each other’s side lobes and the
rotational symmetry of the main lobe is improved. An example of this can be seen
in the frequency response of b×3 ∗b

+
4 in Figure E.3c, which can be compared with an

ideal Gaussian kernel frequency response in Figure E.3d. Note that the number of
required arithmetic operations of the filters in Figures E.3a-E.3c is the same. The
highest side lobes of Figures E.3b and E.3a are an order of magnitude larger than
that of E.3c, and the rotational symmetry of the main lobe has improved.

Another less obvious, but as important, gain of using diagonal box filters in
combination with ordinary box filters is an improved granularity of filter variances.
The filter variances of diagonal box filters are higher as compared to the ordinary
box filters of equal widths. This means that the diagonal box filters often end
up in between ordinary box filters in terms of variance, thus giving an improved
granularity of filter variances. This is illustrated in Figure E.4a where the σ’s of the
Gaussian kernels, giving the least-square fit in 2D to different filters, are plotted
versus the filter widths. In a sense, the diagonal box filters give box filters of non-
integer widths. Also note that diagonal box filters always have an odd support
meaning that they, in contrast to even-width ordinary box filters, can always be
made to have zero phase-shift.

Finally, diagonal box filters have an interesting locality property. For filter-
ing along individual diagonals, they have poor locality since two points along any
diagonal will be located far away from each other (in memory). However, for a



144
CHAPTER E. FAST SCALE-SPACE APPROXIMATION BY CASCADED

BOX FILTERS AND INTEGER SIGNAL REPRESENTATION

u

v

1

2

1

2

0
0

|F(b+

4 ∗ b
+

4 )|

(a)

u
v

1

2

1

2

0
0

|F(b×

3
∗ b

×

3
)|

(b)

u

v

1

2

1

2

0
0

|F(b+

4 ∗ b
×

3 )|

(c)

u

v

1

2

1

2

0
0

|F(N(1.77))|

(d)

Figure E.3: 2D box filter frequency responses: (a) b+
4 ∗ b

+
4 ; (b) b×3 ∗ b

×
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3 . Subfigure

(d) shows the ideal Gaussian kernel with σ = 1.77 (and half a sample phase-shift) giving an rms-fit
to b+

4 ∗b
×
3 . The axis u and v are normalized frequencies, the contours are in decades (logarithmical

scale), and the static gain (0, 0) of all filters has been normalized to 1.

vectorized implementation, the situation is the reverse. One can always select in-
cremental points along adjacent diagonals such that they are located beside each
other. Therefore, diagonal box filters are especially suited for implementation on
GPUs or similar platforms but potentially less suited for implementation on some
low end processing units without vector instructions.
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Figure E.4: Scales σ of the Gaussian kernels, giving the least square fit in 2D to the corresponding
ordinary box filters (diamonds) and diagonal box filters (circles) in (a) and delta-box filters in (b),
plotted versus the widths d and shifts s respectively.

As seen in Figure E.3b, the highest side lobes of the diagonal filters have a
height equal to that of the main lobe. The reason for this is seen in Figure F.9d.
The interlaced filter response makes the diagonal half sampling frequency (a check
pattern) pass unaffected through the filter. Therefore, only diagonal box filters
cannot be used in the filter cascade but they must be combined with other box
filters to suppress high diagonal frequencies.
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Delta-box filters
The quality of box filters is that they require few and inexpensive arithmetic op-
erations. However, ordinary and diagonal box filters cannot approximate arbitrary
(small) Gaussian kernels well since they only come in integer widths and have a
minimum width of 2 meaning that only a finite number of filters can be used before
the total variance exceeds that of the kernel to be approximated.

To get around this shortcoming of ordinary and diagonal box filters, but still
exploit the low computational cost of the box filters, and to retain the possibility
of using integer signal representation, we have used what we have come to refer
to as delta-box filters. For 2D signals, a low variance and low cost filter can be
constructed by a b×2 filter and a scaled delta function 2sδ in parallel,

bδs = b×2 + 2sδ (E.11)

where s ≥ 0 is an integer.2 This filter will require 3 add and 1 shift operations
for s > 0. The filter responses of bδ2 in sample domain and frequency domain are
illustrated in Figure F.9. The σ’s of the Gaussian kernels, giving the least-square fit
to the corresponding filter bδs, as a function of s, are shown in Figure E.4b. The bδs
filters have an odd sized support (zero phase) and can therefore be used independent
of other filters. In contrast, diagonal box filters must be combined with other box
filters (bδs or b+d ) to suppress high frequency content while ordinary box filters of
even width (e.g. b+2 ) often need to be combined with other ordinary box filters of
even width to get an overall odd sized support (zero phase). Therefore, the lower σ
values of Figure E.4a are normally not directly accessible and the delta-box filters
become more valuable than might first be expected from the plots in Figure E.4.
To our knowledge, the delta-box type of filter (implementation) has not appeared
in the literature previously.

E.4 Additional filter components

Cascaded box filters of different widths and orientations can indeed approximate
the Gaussian kernels in a setting like (E.6) [1][2][3]. However, since box filters with
integer taps have static gain larger than 1, the numerical range soon becomes an
issue with the integer signal representation. In addition, we desire downsampling
in the cascade, which should be added according to some downsampling rule, and
normalization will be required if scales are to be compared with each other. This
is discussed in the following subsections.

Downshifting the signal to avoid overflow
For 2D signals, the ordinary and diagonal box filters have a static gain of d2 (dM in
theMD-signal case) and the delta-box filters a static gain of 4+2s. If the bit-depth

2With s = 2 and a subtraction in (E.11), this construction could be used to implement the
cross-point Laplacian approximation.



E.4. ADDITIONAL FILTER COMPONENTS 147

k
l

1

b
δ
2

(a)

u

v 1

2

1

2

0
0

|F(bδ
2
)|

(b)
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of the b×2 delta-box filter. Solid contours are in decades. Half decades (dashed white lines) has
been added for clarity.

of the measured signal is Dx and the bit-depth of the integer signal representation is
Dy (excluding potential sign-bit), the static gain at each point in the cascade must
be less than 2Dy−Dx to prevent integer overflow (the static gain is the maximum
gain of box filters). This requires

p∏
j=0
‖cj‖ < 2Dy−Dx ∀ p ∈ [1,mI ], (E.12)

where ‖cj‖ is the static gain of cj and, consequently, the cascade needs to be scaled
(scaling included in some cn). A normalization (static gain scaling to 1) is intuitive
and simple but costly, as it requires an integer division for every sample, and gives
poor numerical accuracy. Instead, a scaling as required by (E.12), with a power of
two (downshifting), could be used, giving a partial normalization.

The downshifting will inevitably give a loss in numerical precision while just
enough downshifting to ensure that no overflow occurs during convolution with
an individual filter will require downshifting prior to every subsequent filter. The
amount of downshifting will be a trade-off between numerical precision and com-
putational cost. Before a box filter of cn is applied, a suitable scaling is given
by

2−(Sn+H(Sn)Un) (E.13)

where
Sn = R(dlog2(Kn−1 gn)e − (Dy −Dx)), (E.14)

Kn = Kn−1 2−(Sn+H(Sn)Un) gn, (E.15)
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R(·) is the ramp function, H(·) is the Heavyside function, d· e denote the ceil op-
eration, gn is the static gain of the box filter in cn, K0 = 1, and Un ≥ 0 is a
system parameter giving extra downshifting to adjust the numerical precision to
computational cost trade-off. The integer quantity Kn ≤ 2Dy−Dx is the static gain
of the cascade after filter n has been applied3 and Sn is the smallest power of 2
(downshifting factor) sufficient to ensure that no overflow occurs. Note that, for
most filters, (E.13) will give no downshifting and the arithmetic operations in (E.15)
should be done from left to right so as to not lose numerical precision. Also note
that (E.14) can be used with a varying signal representation bit-depth Dy which
might be beneficial for hardware implementations.

Downsampling rule
From the computational cost point of view (E.7), downsampling as early as possible
is desirable whereas aliasing effects and granularity of box filter widths in relation to
the scale levels, affecting the approximation error (E.9), suggest not downsampling
at all. The trade-off is assumed expressed in a downsampling threshold γ↓. Prior
to the application of a filter in the cascade, the signal is downsampled with a factor
rn/rn−1 where

rn =
⌈

ςn−1

γ↓ · rn−1

⌉
· rn−1 (E.16)

and where ςn−1 is the standard deviation of the Gaussian kernel giving a least-
square fit to the overall filter response after filter n− 1 has been applied

ςn = arg min
σ

(min
ρ
‖N(σ)− ρN(σ0/rm0) ∗ c1∗ · · · ∗ cn‖2). (E.17)

The two kernels in (E.17) are assumed to have the same phase-shift. The quantity
ςn is a measure of the scale in the filter cascade and the signal is downsampled if this
scale exceeds γ↓. If the scale levels are logarithmically spaced and equal number of
scale levels per octave is desirable, γ↓ should be a power of the ratio between scale
levels. The downsampling rule (E.16) is similar to that found in [9], but the scale
measure (E.17) is different.

Normalization and further processing
The static gain in the filter cascade, corresponding to a scale level, is typically dif-
ferent from the gain of other scale levels, i.e. Kmi 6= Kmj for i 6= j. However, equal
static gain is only necessary when scale levels are to be compared with each other.
Further processing of the scale levels can be applied without normalization to equal
static gain. In the common case where further processing includes differentiation

3Due to the truncation, the downshifting will add a slight nonlinearity and Kn is actually the
maximum possible gain. However, for typical values of Dy and Dx this nonlinearity is negligible
and will not be explicitly treated.



E.5. CASCADE DESIGN 149

(approximating derivatives) [16], decreasing the static gain, postponing normaliza-
tion will clearly improve numerical accuracy. As described in [23], arbitrary further
processing might also be implemented with box filters making it possible to keep
the integer representation.

At some point, the scale levels will typically have to be compared. This means
that either some thresholds or the scale level itself need to be normalized. Denote
the maximum gain after possible further processing of each point in the scale level
i with K ′mi . The potential signal range at scale level i is then [0 , 2Dx K ′mi ]. If
floating point signal representation is used for further processing, the normaliza-
tion of the scale level is straight forward and done with a simple scaling (floating
point multiplication) with e.g. K−1

mi . If the integer signal representation has been
retained, this is not advisable. For maximum utilization of the numerical range, a
maximum signal range of [0, 2Dy ] ([−2Dy , 2Dy ] for signed representation) and equal
static gain for each scale level is desirable. The numerical range and the equal static
gain can be achieved by normalizing the signal with 2Dy/(2Dx K ′mi). However, nor-
malizing with a naïve multiplication might give significant loss of precision, and
may potentially cause overflow due to rounding. Instead, the normalization should
be performed with a left to right multiplication with

(2−ai) · b(2Dy+ai/(2Dx K ′mi))c (E.18)

where b·c denote the floor operation and ai are system parameters determining
trade-offs in numerical precision within a scale level (maximum truncation error
2ai), and in the static gain relative to other scale levels. 2ai in the second factor
should ensure that this factor is much greater than 1 such that large numerical errors
in the rounding are avoided. The factor b(2Dy+ai/(2Dx K ′mi))c can be precomputed
and consequently, the normalization can be done with one shift and one integer
multiplication per sample. Since potential threshold can normally be normalized
off-line or only have to be done once for every scale level, such a normalization can
be done with a fix/floating point division with subsequent conversion to integer
representation.

The reason behind (E.18) can easily be understood by an example. Assume we
wish to scale our integer signal with 2Dy/(2Dx K ′mi) = 9/5 = 1.8. Then, in terms
of integers, our choices are: multiplying with 1, giving a large loss in precision, or
multiplying with 2, giving a smaller loss in precision but potential overflow. Both
choices are clearly unacceptable. Instead with ai = 2 we could shift down the signal
by 2 (divide by 4) and multiply by 7 giving the scaling 7/4 = 1.75 or with ai = 5
shift down by 5 (divide by 32) and multiply by 57 giving the scaling 57/32 = 1.78.

E.5 Cascade design

Together, the box filters, the scaling, and the downsampling give the filter candi-
dates

cn = ↓rn/rn−1 ∗ 2−(Sn+H(Sn)Un) δ ∗ bαnβn (E.19)
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for the cascade (E.6), where ↓rn/rn−1 is a decimator giving a downsampling by
a factor rn/rn−1. The candidates cn are parameterized by the box filter types
αn ∈ {+,×, δ} and the filter widths and shifts βn ∈ N. Since the loss in numerical
precision due to the downshifting is difficult to measure, Un is not treated as a filter
parameter but a system parameter normally assigned a constant value. Given the
filter candidates (E.19), the filter cascade (E.6) is to be chosen based on a trade-off
between the minimizations of the cost functions (E.7) and (E.9).

Optimal filter cascade
The filter cascade is parameterized by the cn filter parameters and by mi. Expand-
ing the error term in (E.7) gives

‖N(σi/rmi)− ρCi‖2 = ‖N(σi/rmi)‖2 + ρ2‖Ci‖2

− 2ρ vec(N(σi/rmi)) · vec(Ci).

where vec(·) is the vectorization operator. This implies that

min
ρ
‖N(σi/rmi)− ρCi‖2 =

‖N(σi/rmi)‖2 −
(

vec(N(σi/rmi)) · vec(Ci)
)2

‖Ci‖2
.

Factoring out ‖N(σi/rmi)‖2 from wi gives

arg min
{ci,mi}

I∑
i=1

wi min
ρ

(‖N(σi/rmi)− ρCi‖2)

⇔ arg min
{ci,mi}

I∑
i=1

w′i

(
1−
(

vec(N(σi/rmi)) · vec(Ci)
)2

‖N(σi/rmi)‖2‖Ci‖2

)

⇔ arg max
{ci,mi}

I∑
i=1

w′i

(
vec(N(σi/rmi))
‖N(σi/rmi)‖

· vec(Ci)
‖Ci‖

)2
(E.20)

where w′i = wi/‖N(σi/rmi)‖2. The latter expression (E.20) eliminates ρ and since
each factor in the inner product is normalized to unity, choosing desirable weights
w′i becomes easy. Equation (E.20) can be interpreted as the sum of the weighted
squared correlation coefficients between ideal and approximated filter responses.

The number of additions required for ∗ cn per sample is

Qn,± = 2(R(dn − 1)−R(dn − 3)),

where dn is the box filter width, and the number of shift operations is

Qn,� = H(Sn) +H(sn − 1)
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where sn is the shift of the delta-box filters and sn = 0 for all but the cn filters
containing a delta-box filter. Together this gives the computational cost (E.9)

mn∑
n=1

P

r2
n

(
w+2

(
R(dn − 1)−R(dn − 3)

)
+ w�

(
H(Sn) +H(sn − 1)

))
. (E.21)

Note that the downsampling does not carry any computational cost itself since it
is only a matter of which samples to use for the next filtering.

Since the approximation error (E.20) and the computational cost (E.21) (cor-
responding to (E.7) and (E.9) respectively) are in conflict with each other, one has
to be bounded such that the other can be maximized/minimized. This will give a
Pareto optimal filter cascade. (E.21) being a discrete valued function, inexpensive
to calculate and intuitive to bound, we set an allowable computational cost (bound)
Q on it. This gives the cascade design optimization problem

arg max
{ci,mi}

I∑
i=1

w′i

(
vec(N(σi/rmi))
‖N(σi/rmi)‖

· vec(Ci)
‖Ci‖

)2
(E.22)

subject to:
mn∑
n=1

P

r2
n

(
w+2

(
R(dn − 1)−R(dn − 3)

)
+w�

(
H(Sn) +H(sn − 1)

))
≤ Q. (E.23)

giving the optimal filter cascade subject to a maximum computational cost Q and
under the constraints of the filter candidates (E.19). Note that in case further
processing of the scale levels are used, (E.22)-(E.23) can easily be adjusted to
include the approximation error and parameterization of such filtering.

Practical cascade design
Making a quantitative conclusion about the effects of a change in the filter cascade
on (E.22) seems difficult. Further, despite our simple filter candidates, (E.22) is
cursed by dimensionality and we cannot expect to make an exhaustive search even
for scenarios with relatively few allowable operations. Instead, we suggest using
a recursive branch-and-bound method combined with heuristics to solve (E.22)-
(E.23). This has allowed us to solve (E.22)-(E.23) for the scenarios of up to roughly
50 operations per sample and 10 scale levels in up to 3 octaves.

Each term in (E.22) is nonnegative and therefore, the sum in (E.22) for a po-
tential cascade is lower bounded by all partial sums. Only the sum of all terms
in (E.22) matters and therefore, a depth-first search is used. For each point n in
the filter cascade, the search is branched for all possible search variables (all valid
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cn and mi) and as soon as a partial sum exceeds the smallest value of the sum in
(E.22) for any search branch this far, or if (E.23) is violated, the search branch is
aborted. If a search branch reaches the end (mI) without being aborted, this is
the best cascade design this far. When no search branches are left we are given the
solution to (E.22)-(E.23).

To speed up the search the following heuristics are used:

• Obviously, only limited filter widths dn and shifts sn need to be considered,
and maximum values are used as search parameters.

• To avoid initial deep and poor search branches, an initial value of the largest
sum of (E.22) is set based on searches given a lower value of Q.

• Box filters commute and information loss in the downsampling and down-
shifting is judged to have little effect on the final error. Therefore dn−1 ≤ dn
and αn−1 ∈ {+,×} ⇒ αn /∈ {δ} is assumed unless n − 1 = mi for some i or
rn
rn−1

6= 1.

• Search branches for which ςn/σi > γσ̄, where σi is the next scale level to
appear and γσ̄ ≥ 1 is a search parameter, are not initiated (has unreasonably
large scale).

• A search branch with mi = n is not initiated if ςn/σi < γσ (has unreasonably
low scale) where γσ ≤ 1 is a search parameter.

The scale ςn−1 in (E.16) must be calculated a large number of times in the
search. This includes a least-square fit which has to be done numerically. To avoid
this, ςn−1 is approximated with

ςn−1 ≈ ( 1
2
∑

k‖k‖
2Cn−1(k))1/2. (E.24)

where ‖k‖2 is the radial distance, in sampling distances, from the center of the
filter response to the filter tap in Cn−1 indexed by k.

Some other practicalities also have to be considered when settling on the cascade
design. If the filter width is even, d = d is not possible and the filter will inevitably
give a phase-shift of the signal of half a sample. This can be compensated with
another even filter with d and d chosen such that it shifts back the signal. A shift is
not a fundamental problem and one might even use alternating half sample shifts
between adjacent scale levels to facilitate comparisons of measures between them.
However, normally we will require that the filter’s response at each cascade scale
level position mi is odd (odd support along main axes) such that all scale levels
can easily be lined up with each other. Similarly, for downsampling, we require the
filter response to be odd: otherwise the downsampling would either inevitably make
the resulting filter response skewed or require interpolation between points which
would be equivalent to filtering with a box filter with d = 2, effectively making the
filter support odd. If the filter response is even when a downsampling is supposed
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to take place, we postpone it to the next cascade filter. For similar reason, we
would normally only downsample with a power of two. For reasonable γ↓ settings
and scale levels, this is not a limitation.

Achievable level of approximation

The achievable level of approximation (minimum value of the sum in (E.7)) is
dependent on the desired scale levels {L(σi) : i ∈ 1, . . . , I} as well as on Q and on
γ↓. However, to illustrate the behavior of the achievable level of approximation, in
Figure E.6 we give the approximation error of the 9 scale levels {L(2i/2) : i ∈ [0, 8]}
in 3 octaves (γ↓ = 4) for a 2D signal (image), with w′i = 1

9 ∀ i, σ0 = 0.53, Dx = 8,
Dy = 32, Un = 6, w+ = w� = 1, and sampled Gaussian kernels, as a function
of Q/P . No cost for any potential normalization has been included and the filter
response has been forced to be odd at each scale level. The approximation error has
been normalized with the number of scale levels (w′i = 1

9 ) such that the maximum
error is 1. The approximation error can be compared with a 5-tap and a 7-tap
truncated N(

√
2) (truncation at ≈ 2σ and ≈ 3σ) which would give a contribution

as of Figure E.6 of 2 · 10−3 and 6 · 10−5 respectively. The curves in Figure E.6
correspond to the Pareto optimal filter cascades given only ordinary box filters
(top/dash-dot line); both ordinary and diagonal box filters (middle/dashed line);
and ordinary, diagonal, and the delta-box filters (bottom/solid line). Note that the
solid and dashed lines are partially overlapping.

From Figure E.6, it is clearly seen that all box filter classes (ordinary, diagonal,
and delta-box) are justified. The value of including diagonal box filters is especially
prominent at low computational costs. This can primarily be attributed to the low
cost b×2 filter which, in contrast to the b+2 filter, has odd support and therefore can be
used alone between scale levels. Further, it can also be seen that the approximation
level using only ordinary and diagonal box filters saturates for higher computational
costs and the value of including the delta-box filter is especially prominent here.
This has to do with the finite granularity of box filter widths, i.e. the general prob-
lem of approximate an arbitrary Gaussian kernel with box filters. This makes the
approximation error of the lower scale levels to stop improving and start dominat-
ing the total approximation error giving the saturation effect. Since the variance
of the delta-box filters can be made arbitrarily small, this does not happen when
these filters are included and the achievable approximation level keeps improving
with higher allowable computational cost. Over all, the approximation quality is
seen to improve approximately exponentially with the computational cost.

Note, as argued in [13], since different errors might cancel out, the actual error
of a filtered signal behaves similar to, but is most likely much smaller than, the
values indicated in Figure E.6.
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Figure E.6: Achievable level of approximation given system parameters as specified in Section
E.5. The top dash-dot line includes only ordinary box filter, the middle dashed line includes both
ordinary and diagonal box filters, and the bottom solid line includes ordinary, diagonal, as well
as delta-box filters.

E.6 Qualitative comparison with other approximation
techniques

The achievable level of approximation as exemplified in Figure E.6 gives an absolute
measure of the approximation quality. Unfortunately, the level of approximation
can still not be easily compared with that of other approximation techniques due to
their different natures, e.g., integer versus non-integer signal representation, differ-
ent downsampling requirements, and different sets of arithmetic operations. How-
ever, we can still make a qualitative comparison. The methods for Gaussian kernel
(scale-space) approximations, available in the literature, can be divided into general
compact support filter approximations, recursive filter approximations, frequency
domain methods, and binomial filters and other methods based on box filters.

Applying some compact support Gaussian kernel approximation is probably the
most intuitive way of approximating (E.3) [4][5][6]. However, assuming separability
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and exploiting the symmetry of the kernel, to apply a general compact support
Gaussian kernel approximation, with 3 filter taps (minimum number of taps pos-
sible) between each scale level to the scale level setup and downsampling given in
Section E.5, would require minimum approximately 40 floating point operations per
sample (Q/P ). However, the maximum σ (rms-fit) with 3 filter taps is 1.06 (all taps
equal), so the approximation would not make much sense. Going up to 5 filter taps
adds 6 floating point operations per scale level (divided by r2

mi). With truncation
at 2σ, around 130 arithmetic operations are required to approximate all 9 scale lev-
els. In conclusion, the range of number of integer arithmetic operations displayed
in Figure E.6 is below what is even possible to achieve, in terms of floating or fixed
point operations, with a general compact support Gaussian kernel approximation.
Also, the larger the scale differences become, the larger the required filter widths,
and the larger the computational cost.

Recursive filters is, in general, an attractive method for approximating Gaus-
sian kernels [11][12][13][14]. Their computational cost is independent of the kernel
size and for larger kernels, they show impressive approximation qualities. For indi-
vidual scale level approximations, they seem to offer a very good alternative, but
they are not suitable for low cost multiple scale level approximations. As we have
argued, downsampling offers the single largest cost saving in the approximation,
but requires some sort of cascade. However, recursive filters are not suitable for
cascade constructions since their approximation qualities get worse for smaller ker-
nels [13]. The arithmetic operations of the recursive filters are 6 additions and 6
multiplications (without normalization) for each signal dimension [13]. This is far
above the range of number of arithmetic operations in Figure E.6. Finally, the step
size (granularity) of the computational cost is much larger compared to box filters
and the recursive filters require some non-integer signal representation due to its
non-integer filter coefficients.

For frequency domain methods [15], a Fourier transform is required for every
scale level. Therefore, even though such methods can give exceptionally high level of
approximation, the minimal computational cost is far beyond that of the presented
method. Even the cost scaling in terms of sample points is worse, O(P log(P ))
versus O(P ). Also, downsampling is not straight-forward how to combine in a
sensible way with frequency domain methods.

Many publications suggest using binomial filters for approximating the Gaussian
kernels [7][8][9][10]. Binomial filters can be used with integer signal representation,
but there are a number of reasons for using box filters instead. Binomial filters are
a special case of ordinary box filters (b+2 ∗b

+
2 ): so if they were optimal, given (E.22)-

(E.23), the cascade design would deliver them.4 Since the standard deviation of
the approximated Gaussian kernel only grows as the square root of the number
of cascaded binomial filters, the downsampling is primarily controlled by the need
for larger filters and not by signal aliasing considerations. This is unfortunate

4Indeed for large allowable computational cost and only ordinary box filters, a majority of the
filters in the cascade become b+

2 filters making the cascade similar to that of binomial filters.
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since a too early downsampling gives aliasing effects similar to those obtained by
using a truncated Gaussian. This gives poor properties for derivative calculations
[24]. Also, evenly spaced scale levels are difficult to achieve. For a situation where
we want to sample the scale parameters densely, binomial filters might be useful.
However, in this case, interpolation between scales might be a more memory efficient
approach [25][26]. Also note that in this case, due to its lower variance and good
vectorization properties, delta-box filters, with its 3 add and single shift operations
instead of 4 adds, might give an attractive alternative to binomial filters.

Other methods using box filters are also typically special cases of the presented
method since they only use ordinary box filters. For methods using B-splines, the
box filters are even restrained to the same widths, see [27] and references therein.

E.7 Conclusions

A filter cascade is an efficient way of approximating a set of ordered Gaussian ker-
nels, and from a computational cost point of view, integer signal representation is
desirable. Downsampling in the cascade reduces the computational cost with an
adjustable aliasing to computational cost trade-off. Box filters have an exceptional
low computational cost and together with the presented scaling, they can be im-
plemented with only add and shift operations. The set of ordinary, diagonal, and
delta-box filters together with the scaling give a versatile set of filters capable of
approximating arbitrary scale differences. Combined with a global cost function
which distributes the computational costs efficiently in the cascade, the box filter
cascade gives a fast and efficient low cost scale-space approximation.

The qualitative comparison with other approximation methods shows that the
presented method either has fewer arithmetic operations than any other available
methods or constitutes a generalization of them. In addition, all methods, except
those based on binomial filters or box filters, require fixed/floating point signal
representation and multiplications. Based on this, we conclude that the presented
method shows unprecedented low computational cost and unique low cost approx-
imation qualities for Gaussian scale-space approximation.
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Abstract

A general structure of an orientation measure for orientation assignment
of 2D image feature points is heuristically motivated. The measure is dis-
cretized and general approximation methods are presented. Orientation as-
signment methods found in the literature are shown to exploit special cases of
the general measure, which thereby provides a unifying framework for them.
An analytical robustness analysis is conducted, giving a number of desir-
able robustness properties of the measure components. Following this, a
detailed treatment of implementation issues such as gradient sampling and
binning is given and based on the desirable properties and other implemen-
tation considerations, specific measure components with implementations are
suggested. Together, this constitutes a novel feature point orientation as-
signment method, which we have called RAID. We argue that this method is
considerably less expensive than comparable methods in the literature, and by
means of a quantitative perturbation analysis, a significantly improved orien-
tation assignment repeatability is demonstrated compared with the available
methods found in the literature.

F.1 Introduction

Establishing point correspondences between images is an active research area and
a fundamental technique within computer vision and pattern recognition [1–3].
The correspondences are typically established by matching so called feature points
(a.k.a. interest points and keypoints) by comparing point descriptors of the local
area around the points. Such feature point descriptors can be made rotationally
invariant [4–6]. However, it has been argued and the practice in the field shows
that rotationally invariant descriptors often have poor discriminability or have a
large computational cost [1, 6, 7]. Therefore, for many applications, orientation
dependent descriptors are used. To make the descriptors invariant to perspective
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rotation, an orientation must be assigned to the feature point prior to assembling
a descriptor for it. Obviously, the repeatability of this orientation assignment will
directly affect the quality of the descriptor, and therefore, also the quality of the
point matching. Even if the feature point descriptors can tolerate small variations
in the assigned orientation and still produce matches with reasonable accuracy, a
variation will always have a negative effect; and clearly the repeatability of the
orientation assignment and the feature point detection sets an upper limit for the
feature point matching.

To determine the orientation of a feature point, weighted gradients (finite dif-
ferences) over a small area surrounding the points are often used, and dominating
gradient arguments are sought after. Unfortunately, the methods show a far from
perfect repeatability and many of them exploit several computationally expensive
evaluations of functions such as the square-root and the arctangent functions. If an
improved repeatability could be achieved, this would directly lead to a better over-
all feature point matching performance, and if the function evaluations could be
avoided, a significant computational saving could be made. Considering the large
number of publications on different feature point detectors and descriptors (see [2]
and [3] for reviews), and the crucial impact on matching quality; surprisingly, little
has been published on the feature point orientation assignment. To our knowledge,
only a handful methods are available in the literature, and a majority of these are
presented only as part of the complete feature point detection, description, and
matching schemas SIFT [7], SURF [8], MOPS [9, 10] (The same method was also
earlier briefly mentioned in [11]), and methods by [12] (hereafter referred to as
FAST-9). However, only short sections of the articles are dedicated to the orienta-
tion assignment, little analysis and evaluation are presented, and the methods are
only vaguely motivated. It can also be noted that in the reference text [1], only
1 out of 45 pages on feature points is spent on orientation assignment. Recently
two novel fast methods, HoI and CoM, have been published in [13], together with
some analysis and evaluation. However, they do not seem to give any improved
orientation repeatability.

Most likely, the reason so little has been published on feature point orientation
assignment is the lack of formal analysis, which makes structured studies difficult,
and that the available methods work well enough. The results shown in [7] and [9]
look impressive at first, but note that the repeatability has been defined as correct
to within ±15◦ and ±3×18.5◦ respectively! The results for the remaining methods
appear to be similar or worse [13]. Obviously, the descriptors can tolerate such
variations, but we believe that the variations/errors pose unnecessary constraints on
the design of the descriptors. Therefore, in this article we formalize the orientation
assignment and show that significantly better repeatability and lower computational
cost relative comparable methods are achievable by using a proposed general solution
structure with proper settings. Further, to establish the feature point orientation,
gradient histograms are used. Such histograms are often used for feature point
descriptors. Therefore, large parts of the presented formalization and analysis are
also applicable to such feature point descriptors. However, this connection is not
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further investigated in this article. See [14] for a partial analysis.
In general, the feature point orientations need to be determined based on some

orientation measure. In loose terms, we define the orientation measure to be a
function which gives a measure of how a feature point is oriented in some direction.
Then typically, extrema of such an orientation measure is used to assign one or more
orientations to a feature point. The orientation measure is somewhat arbitrary with
the only requirement being that it gives a repeatable result and is computationally
feasible to implement. We begin the analysis in Section F.2 with a few heuristic
assumptions based on which we motivate a general structure for an orientation
measure. Following this, in Section F.3, the measure is discretized and general
approximations are given. In Section F.4, the methods in the literature are shown
to exploit special cases of the general measure. An analytical robustness analysis
is conducted in Section F.5, giving desirable properties for different components of
the measure. Based on the robustness analysis and considering the computational
cost, specific component choices and implementations are suggested in Section F.6,
giving a novel orientation assignment method named RAID (Robust and Accurate
Interest point Direction). Subsequently, in Section F.7, a perturbation analysis is
conducted to tune system parameters and to assess and compare the performance
of RAID, in absolute terms and relative the methods available in the literature.
The suggested method is shown to have a significantly better and more robust
repeatability at a lower computational cost. Finally, Section F.8 concludes the
article.

Reproducible research: A Matlab implementation and code for reproducing the
perturbation analysis is available at www.ee.kth.se/~jnil02/RAID.

F.2 General orientation measure

The orientation of an arbitrary scale-space point p = {y, σ} with the 2D image
plan location y ∈ R2 and scale σ in an image s can naturally be defined to be the
argument/phase of the gradient arg(∇scσ(y)), where scσ is the cσ scale-level of the
image s, ∇ is the vector differentiation operator, and arg(·) is the vector argumen-
t/phase. The scale-level constant c may be 1, but not necessarily. Unfortunately, a
feature point with good autocorrelation or curvature properties intrinsically lacks
a well defined orientation. Extrema of the eigenvalues of the Hessian or the auto-
correlation matrix means that ∇scσ(y) ≈ 0 and therefore, the gradient argument
arg(∇scσ(y)) is poorly conditioned or not defined for a feature point p = {y, σ}.
This suggests that some local region (in the spatial/image dimension or in the scale
dimension) around the point p needs to be used to determine its orientation in a
repeatable manner. Note, that the descriptor will describe not just the point p but
the surrounding of the point; which further supports the use of an area around the
point.

The gradient arguments still provide the natural orientation information in the
image. Consequently, to assign an orientation to p we should consider the gradient
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arguments over the region. Apart from a radial dependence (see below) we can-
not reasonably have any preferences for any points over any others. Therefore, we
should look at a continuum of points in the local region. For analysis simplicity
and implementation efficiency, initially we wish to construct a linear orientation
measure which tells us how much p is oriented in a certain direction. By linear we
mean, linear in the contributing points. In essence, this gives an integral over the
local region. Unfortunately, due to the periodic nature of the orientation, adding
arguments does not yield a meaningful result. Instead, the distribution of argu-
ments over a summation kernel in the local region will have to be considered. This
gives the integrand factor ws(φ − arg(∇scσ(x))) where x is a point in the local
region and ws(·) is the (2π periodic) summation kernel. However, all gradient ar-
guments and image points are not equal. Large gradients will be more resilient to
image perturbations such as lighting changes and image noise [14, 15]. Also, from
an orientation determination point of view, sharp changes with large gradients are
better than smooth changes, since they give more distinct features in the distribu-
tion. Together, this suggests emphasizing large gradients with some weight. This
weight should be intensity and rotation invariant, giving a homogeneous weight
wm(‖∇scσ(x)‖), depending on the gradient magnitudes ‖∇scσ(x)‖ [14]. Further,
image points close to the feature point are more likely to be physically related to
the feature point than points farther away. Therefore, gradient arguments of image
points close to the feature points should be given a higher weight than those farther
away. To make the weighting scale invariant, the distance needs to be scaled with
the inverse of the feature point scale σ. The determination of the orientation itself
needs to be rotation invariant, and therefore, the weight must be circularly sym-
metric. Together this suggest using a second circularly symmetric monotonically
decreasing weight wρ( 1

σ‖x− y‖) = wσ(‖x− y‖) over the region around the feature
point, where 1

σ‖x− y‖ is the radial distance of the point x from the feature point
image position y in terms of the scale σ. Naturally, the support of wσ(·) is used to
define the local region around the feature point.

In summary, the weighted distribution h(φ,p) of the gradient arguments in the
local region around the feature point p is given by

h(φ,p)=
∫∫

ws(φ− ψ(x))wm(‖∇scσ(x)‖)wσ(‖x−y‖)dAx (F.1)

where ψ(x) = arg(∇scσ(x)), dAx is the area differential with respect to x, and
the integral is taken over the support of wσ(·). The distribution h(φ,p) gives a
measure of the orientation of a feature point p in the orientation φ. From the
distribution/orientation measure (F.1), an orientation ψp can be selected by deter-
mining a phase of it. In general, we will assume that this is done by selecting the
maximum

ψp = arg max
φ

(h(φ,p)). (F.2)

However, any feature of h(φ,p) with a distinct phase could be used, e.g. the
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minimum; see Section F.6 for comments on assigning multiple orientation to a
point.

The general measure (F.1) will be the basis of this article. In the following sec-
tion, we will show how this measure can be approximated in general. Subsequently,
the sensibility of the measure is supported by showing that available methods in the
literature exploit special cases of (F.1). The main merit of the general measure (F.1)
and the general approximations is that they clearly show what the design choices are
in settling in on a specific orientation measure, essentially defining an orientation
assignment method. Also important, is that the continuous formulation will enable
straight-forward analysis of the robustness of the orientation measure/assignment.

F.3 Discrete approximation

In practice, the image s will be digital and the integral in (F.1) will have to be
evaluated by sampling the gradients in the discrete pixels. Since this will also be
a sampling of the distribution h(φ,p) itself, in principle ws(·) should be replaced
by some kernel density estimation (KDE) smoothing kernel. However, since the
continuous quantity (F.1) will never be evaluated, for simplicity this will be ignored.
This gives the discrete approximation of the orientation measure (F.1)

hd(φ,p)=
∑
k

∑
l

ws(φ− ψ(xk,l))wm(‖∇scσ(xk,l)‖)

· wσ(‖xk,l − y‖)Ak,l (F.3)

where the summation indices k and l index a pixel sampling grid (gradient sampling
locations) over the support of wσ(·), and Ak,l is the area associated with the sample
(k, l). The approximation (F.3) can directly be interpreted as a convolution

hd(φ,p) =
∑
k

∑
l

ϑ(xk,l, φ)wσ(‖xk,l − y‖)

= (ϑ ∗ wσ)(y, φ) (F.4)

where ∗ denotes the discrete convolution with respect to the image domain, y is the
dependent variable in the convolution, and the “signal” is a directional weighted
gradient argument image

ϑ(φ,xk,l) = ws(φ− ψ(xk,l))wm(‖∇scσ(xk,l)‖)Ak,l.

An illustration of ϑ(φ,xk,l) for a specific φ and the summation kernel wσ(‖xk,l−y‖)
is shown in Fig. F.1.

Unfortunately, the desired quantity is the distribution hd(φ,p) as a function
of φ (since the maximum in (F.2) is with respect to φ), given a feature point
p. Therefore, the convolution as of (F.4) does not help much. Both the spatial
weighting (the convolution) and the argument weighting will have to be reevaluated
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Directional gradient
argument image ϑ(φ,x)

Spatial weight wσ(·)

Figure F.1: Illustration of the orientation measure interpreted as a convolution in the image plane.
The convolved signal is the directional gradient image ϑ(φ,xk,l) for a specific orientation φ. The
kernel is the spatial weight wσ(‖xk,l − y‖)

for every considered φ when evaluating (F.2). However, the argument φ − ψ(xk,l)
suggests that (F.3) could also be interpreted as a convolution with respect to φ. If
the samples xk,l are placed in a list indexed by i, (F.3) can be rewritten as

hd(φ,p)=
∑
i

ws(φ−ψ(xi))wm(‖∇scσ(xi)‖)

· wσ(‖xi−y‖)Ai (F.5)

=
∫ 2π

0
ws(φ− τ) γ(τ,p)dτ

= (ws ∗ γ)(φ,p) (F.6)

where ∗ denotes the continuous circular convolution, φ is the dependent variable in
the convolution, and

γ(τ,p)=
∑
i

δ(τ − ψ(xi))wm(‖∇scσ(xi)‖)wσ(‖xi − y‖)Ai (F.7)

where δ(·) is the delta function. Illustrations/examples of the signal γ(τ,p) and
the orientation measure hd(φ,p) is shown in Figs. F.2-F.3.

The convolution in (F.6) is with respect to the desired variable and the spatial,
and magnitude weighting only has to be evaluated once for every φ. Unfortunately,
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even though the data is discrete, the sampling is non-uniform and therefore, the
convolution will still need to be reevaluated for every φ. Fortunately, borrowing
from the KDE techniques, the calculations can be facilitated by binning the data.
By binning all samples with respect to the gradient arguments and a binning rule
wb(ψ(xj), n) in N , equally spaced bins (see [16] for a review), (F.3) can be approx-
imated by

hb(φ,p) =
N−1∑
n=0

∑
j

ws(φ−
π

N
− 2π
N
n)wb(ψ(xj), n)

· wm(‖∇scσ(xj)‖)wσ(‖xj − y‖)Aj

=
N−1∑
n=0

w′s(φ′ − n)
∑
j

wb(ψ(xj), n)

· wm(‖∇scσ(xj)‖)wσ(‖xj − y‖)Aj (F.8)

=
N−1∑
n=0

w′s(φ′ − n)µ(n,p)

= (w′s ∗ µ)(φ′,p) (F.9)

where hb(φ,p) ≈ hd(φ,p) ≈ h(φ,p), j is some arbitrary indexing of the gradient
samples, φ′ = N

2πφ−
1
2 , w

′
s(·) = ws( 2π

N (·)), and

µ(n,p)=
∑
j

wb(ψ(xj),n)wm(‖∇scσ(xj)‖)wσ(‖xj − y‖)Aj

is the binned and weighted gradient samples. An illustration/example of the binned
signal µ(n,p) and the resulting approximation hb(φ,p) can be found in Figs. F.2-
F.3. The convolution in (F.9) is again the circular convolution. However, since
the data is binned we may evaluate it only at discrete points in essence giving a
discrete circular convolution. This discrete approximation combined with interpo-
lation will allow a substantial reduction in computational cost compared to (F.4)
and (F.6), since the full battery of techniques for discrete convolution can be used
to calculate hb(φ,p) for every (discrete) φ at once. Therefore, (F.8) is in general
our approximation of choice for (F.1).
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Figure F.2: Illustration of the basic sample data γ(n,p) and µ(n,p) with wm(‖∇scσ(x)‖) =
‖∇scσ(x)‖, the Gaussian kernel wσ(·) with a standard deviation of 1.5σ, and N = 32. When
convolved with the summation kernel, they give rise to the orientation measures shown in Fig. F.3
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Figure F.3: Illustration of the orientation measure approximations hd(φ,p) (red solid) and hb(φ,p)
(blue dashed) given the argument samples in Fig. F.2 with a Gaussian summation kernel and a
3rd order B-spline summation kernel and parabolic interpolation, respectively. Both kernels have
a standard deviation of 16◦. See Section F.6 for details
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F.4 Appearance in available methods

The orientation assignment methods of the popular SIFT and SURF methods are
primarily described in words [7, 8]. However, by formalizing them, we can show
that their corresponding orientation measures are (approximately) special cases of
(F.5) and (F.8). Similarly, the orientation assignment method of MOPS [9] and the
center-of-mass (CoM) method [13] can be rewritten on the form of (F.1). Further,
the FAST-9 based orientation assignment method suggested in [12] gives a related
approximation. In the following subsections we show how this orientation measure
identification is done. A summary of the measure components for the different
methods are found in Table F.1.

SIFT orientation assignment
For each image sample location xj ∈ Z2 around the feature point p, the gradient
magnitude and argument is approximated by

‖∇sσ(xj)‖ ≈
∥∥∥∥[sσ(xj+[1, 0])− sσ(xj+[−1, 0])

sσ(xj+[0, 1])− sσ(xj+[0,−1])

]∥∥∥∥
arg(∇sσ(xj))≈atan2

(
sσ(xj+[0, 1])−sσ(xj+[0,−1]),
sσ(xj+[1, 0])−sσ(xj+[−1, 0])

)
.

Based on the the argument samples, an orientation histogram is formed with 36
bins. Each sample is added to the histogram and weighted by the gradient magni-
tude and by a Gaussian spatial weight with a standard deviation of 1.5σ. Subse-
quently, maxima of the histogram are picked out and a parabolic interpolation is
applied to arrive at the feature point orientations.

The quantity which is maximized in order to assign the orientations in SIFT
can directly be identified as

N−1∑
n=0

wpb(φ′ − n)
∑
j

whist(ψ(xj), n)

· N̄rmax
1.5σ (‖xi−y‖)‖∇sσ(xj)‖

where N = 36,

wpb(ϕ) =


1
2ϕ(1 + ϕ) −3/2 < ϕ ≤ −1/2

1− ϕ2 −1/2 < ϕ ≤ 1/2
1
2ϕ(1− ϕ) 1/2 < ϕ ≤ 3/2

0 otherwise

is the parabolic interpolation kernel, whist(ψ(xj), n) is the simple/histogram binning
rule

whist(ψ(xj), n) =
{

1 2π n
N ≤ ψ(xj) < 2π n+1

N

0 otherwise
,
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and N1.5σ(·) is the zero-mean Gaussian kernel with a standard deviation of 1.5σ
and N̄rmax

1.5σ (·) is the truncated kernel

N̄rmax
1.5σ (r) =

{
N1.5σ(r) |r| < rmax

0 otherwise

(the support rmax is not defined for SIFT but can reasonably be assumed to be
around 3 standard deviations, i.e. rmax = 4.5σ). Consequently, SIFT can be seen
to exploit an orientation measure equivalent to (F.8) with

w′s(·) = wpb(·), wσ(·) = N̄1.5σ(·), wm(·) = (·),
wb(· , n) = whist(· , n), c = 1, N = 36, and Aj = 1.

SIFT does not only suggest picking the maximum of hSIFT(φ,p), but in addition
it also picks additional orientations in case the value of other bins are more than
80% of the largest bin value. See Section F.6 for further comments on this.

SURF orientation assignment
The SURF orientation assignment uses gradient samples (Haar-wavelets) but does
not directly uses its arguments. Instead, it first makes a vector addition of the
sampled Haar-wavelet responses around the feature point over a uniform window
of π/3 in the argument domain. The responses are weighted in the image domain
by a Gaussian window with a standard deviation of 2σ and truncated at 6σ. The
vector with the largest magnitude is selected, and the argument of the vector is
used to assign the orientation to the point.

Haar-wavelets can be seen as finite difference derivative approximations in the
scale-space, i.e. approximations of ∇s0.8σ(x) (the value 0.8 comes from a fit of
the wavelets to the corresponding Gaussian derivatives). Therefore, the SURF
orientation assignment to a feature point p can be expressed by

ψp = arg

∑
i∈W (θ)

N̄6σ
2σ (‖xi − y‖)∇s0.8σ(xi)

 where (F.10)

φ = arg max
φ

∥∥∥∑
i∈W (φ)

N̄6σ
2σ (‖xi−y‖)∇s0.8σ(xi)

∥∥∥
 (F.11)

where W (φ) is a uniform window of width π/3 centered around φ. By using the
argument of the vector-wise addition and setting

θ + ε = arg

 ∑
i∈W (θ)

N̄6σ
2σ (‖xi − y‖)∇s0.8σ(xi)
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where ε is the deviation of the argument from the center of the window, (F.11) can
be rewritten as

θ=arg max
φ

∑
i∈W (φ)

cos(φ+ε−ψ(xi))N̄6σ
2σ(‖xi−y‖)‖∇si‖


where for notational compactness ∇si = ∇s0.8σ(xi). This can be interpreted in the
way that the norm outside the sum in (F.11) gives a small cross coupling/clustering
between the sum elements manifested in the term ε. This cross coupling will add an
attractive force between argument samples, since the weight will be larger towards
the vector sum argument. However, the weight ratio is at the most 2, since cos(0) =
1 and cos(π/3) = 1/2. Unless the sum in (F.10) is very skewed, ε ≈ 0 and ψp ≈ θ
which yields

ψp≈arg max
φ

∑
i∈W (φ)

cos(φ−ψ(xi)) N̄6σ
2σ(‖xi−y‖)‖∇si‖


=arg max

φ

(∑
i

¯cosπ/3(φ−ψ(xi)) N̄6σ
2σ(‖xi−y‖)‖∇si‖

)

where ¯cosπ/3 is the cosine window truncated at ±π/6 (width π/3), i.e.

¯cosπ/3(ϕ) =
{

cos(ϕ) |ϕ| ≤ π/6

0 otherwise
.

In Fig. F.4, the difference in the resulting orientation from the vector addition com-
pared to the truncated cosine window is shown. 97% of the samples are within±10◦,
which is on the same level as the orientation errors from small image perturbations.
Cf. orientation repeatability results in Section F.7. Consequently, in practice, the
clustering effect is small and we may use the above approximation. The argument of
the latter arg max(·) can be seen to be in the form (F.5). Consequently, from (F.2)
SURF can be seen to exploit an orientation measure with

wσ(·) = N̄6σ
2σ (·), wm(·) = (·), ws(·) = ¯cosπ/3(·)
c = 0.8, and Ai = 1.

The binning is avoided and the summation kernel is introduced by using the vector
addition of the gradients.

MOPS orientation assignment
The orientation assignment method of MOPS performs a Gaussian smoothing of the
image and takes the argument of a single gradient sample at the feature point image
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Figure F.4: Difference in the SURF orientation assignment based on vector summation and based
on the truncated cosine window for 2000 feature points. The difference is on the same level as the
orientation errors from small perturbations. See orientation repeatability results in Section F.7
for comparison

location. The Gaussian smoothing corresponds to a higher level in the scale-space
and the assigned orientation is

ψMOPS
p = arg(∇s4.5σ(y)). (F.12)

However, the gradient operator ∇ and the Gaussian smoothing commute. There-
fore, working in the continuous domain, we may rewritten this as

∇s4.5σ(y) = ∇(N4.39σ ∗ sσ)(y)
= (N4.39σ ∗ ∇sσ)(y)

=
∫∫
N4.39σ(‖x− y‖)∇sσ(x)dAx

=
∫∫
N4.39σ(‖x−y‖)‖∇sσ(x)‖

[
cos(arg(∇sσ(x)))
sin(arg(∇sσ(x)))

]
dAx.



174
CHAPTER F. A UNIFYING APPROACH TO FEATURE POINT

ORIENTATION ASSIGNMENT

Taking the scalar product (projection) of the latter expression and the vector
[cos(φ), sin(φ)] yields

[cos(φ), sin(φ)] ·∇s4.5σ(y)

=
∫∫
N4.39σ(‖x−y‖)‖∇sσ(x)‖(

cos(φ)cos(arg(∇sσ(x)))+sin(φ) sin(arg(∇sσ(x)))
)
dAx

=
∫∫
N4.39σ(‖x−y‖)‖∇sσ(x)‖

· (cos(φ−arg(∇sσ(x))))dAx.

This quantity is obviously maximized when the vector [cos(φ), sin(φ)] is aligned
with ∇s4.5σ(y), i.e. when φ = ψMOPS

p . Further, adding a constant to the cosine
summation kernel does not change the maximizing orientation. Consequently,

ψCoM
p =arg max

φ

(∫∫
N4.39σ(‖x−y‖)

· ‖∇sσ(x)‖ (cos(φ−arg(∇sσ(x)))+1)dAx
)
.

The maximized quantity is in the form of the orientation measure (F.1) with

wσ(·) = N4.39σ(·), wm(·) = (·), ws(·) = cos(·) + 1,
and c = 1.

This shows that MOPS exploits a special case of the general orientation measure.
Gaussian smoothing followed by a single gradient is equivalent with weighting gra-
dients by the same Gaussian window and adding the arguments together with a
cosine kernel. The former allows calculation of only a single gradient at the cost
of a specific spatial window (Gaussian) and a specific argument summation ker-
nel (cos(·)). Note that the exact division between the Gaussian window and the
scale-level at which the gradient are taken is somewhat arbitrary. The “smoothing”
can freely be shifted between the spatial weight and the scale-level. Here we have
assumed that the gradients are taken from the feature point scale-level σ.

CoM orientation assignment
The CoM orientation assignment methods proposed by [13] assigns the orientation
to a feature point by the argument of the “mass-centre” of the weighted image
intensities in a region around the feature point. The assigned orientation is

ψCoM
p = arg

(
1
S

∑
i

v(‖xi − y‖)(xi − y)sσ(xi)
)

(F.13)
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where 1
S is an (unimportant) normalizing constant, the weight v(·) is

v(r) =
{

1− (r/rmax)2 |r| ≤ rmax

0 otherwise
(F.14)

and the sum is taken over all pixels of the support of v(r). [13] does not specifically
mention any scale-space in describing CoM. However, nothing prevents us from
using it in a scale-space.

The sum in (F.13) can be seen as an integral approximation just like (F.3). Then
in the continuous domain, the argument of (F.13) can be rewritten (approximated)
as

c = 1
S

∫∫
v(‖x− y‖)(x− y)sσ(x)dAx

= 1
S

∫∫ (
∇z

r2
max
4 v2(‖z‖)

∣∣∣∣
x−y

)
sσ(x)dAx.

The integral can be interpret as the convolution in the image domain. This will
allow us to differentiate the image rather than the weight, giving

c = 1
S

(
∇r

2
max
4 v2 ∗ sσ

)
(y)

= 1
S

(
r2
max
4 v2 ∗ ∇sσ

)
(y) .

Switching back to the integral notation and expanding ∇sσ(·) in polar components
yield

c=
∫∫

r2
max
S4 v2(‖x− y‖)‖∇sσ(x)‖

[
cos(arg(∇sσ(x)))
sin(arg(∇sσ(x)))

]
dAx.

In the same fashion as for MOPS, taking the scalar product (projection) of the
latter expression and the vector [cos(φ), sin(φ)] yields

[cos(φ), sin(φ)] · c 4S
r2
max

=
∫∫

v2(‖x− y‖)‖∇sσ(x)‖ (cos(φ−arg(∇sσ(x)))dAx

which is maximized when the vector [cos(φ), sin(φ)] is aligned with c, i.e. when
φ = arg(c) ≈ ψCoM

p . Consequently,

ψCoM
p ≈arg max

φ

(∫∫
v2(‖x−y‖)

· ‖∇sσ(x)‖ (cos(φ−arg(∇sσ(x)))+1)dAx
)
.
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The maximized quantity is in the form of (F.1) with

wσ(·) = v2(·), wm(·) = (·), ws(φ) = cos(φ)
and c = 1,

and therefore, CoM is also seen to exploit a special case of the general orienta-
tion measure. The results shows that CoM is almost identical to the orientation
assignment method of MOPS apart from a somewhat different spatial weight (the
Gaussian and the biweight seen in Fig. F.10). Indeed, they are empirically shown
to have very similar characteristics in [13]. Like MOPS, the continuous convolution
and the binning is avoided but at the cost of a specific angular summation kernel.
Further, no gradients need to be sampled and no arguments (except the orientation
itself) have to be evaluated.

FAST-9 orientation assignment
The FAST-9 detector orientation assignment method by [12] uses directed pixel dif-
ferences of the FAST-9 detector. The differences are summed up by vector additions
in a fashion similar to SURF and the argument is used to assign the orientation of
the point. However, no angular window is used and the effective filters, providing
the vector sum components, can be seen as a Gaussian gradient approximation. [12]
does not exploit a scale-space. However, in principle there is nothing that prevents
us from using it in a scale-space. Assuming that the underlaying smoothing (σ) cor-
responds to 1.6 [pixel] (pre-smoothing of the octaves in SIFT), gives a least-square
fit of a Gaussian derivative with standard deviation of the corresponding Gaussian
window of 2.2 [pixel]. The corresponding FAST-9 derivative approximation and
a the least-square fitted ideal Gaussian derivative are shown in Fig. F.5. Conse-
quently, the orientation assignment method can be thought of as a fast version of
the MOPS (F.12) with c = 2.2. The FAST-9 detector essentially provide a finite
difference derivative approximation with some additional smoothing.

HoI orientation assignment
Finally, the HoI orientation assignment method [13] is based on a spatial histogram
of image intensities. This method cannot easily be cast in the setting of our general
orientation measure, and may be viewed as a different species of orientation assign-
ment methods. The HoI method performance is similar to the SIFT orientation
assignment method, but at the cost of assigning a significantly lager number of
orientations (3 on average) to each feature point. Some further comments about
this is given in Section F.7.

F.5 Robustness analysis

The orientation of a feature point needs to be reproducible under changes, which
a feature point might undergo between two images. This means that the orien-
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Figure F.5: Top left plot shows effective filter for the FAST-9 finite difference vector summation x-
component. Top right shows a scale-space smoothing equivalent with the initial octave smoothing
of SIFT. The two lower plots shows the corresponding FAST-9 derivative approximations (convo-
lution of two top plots) and a fitted Gaussian derivative (standard deviation 2.2). Consequently,
the FAST-9 methods essentially perform a smoothing of the image similar to MOPS

tation measure h(φ,p) and its approximations should be robust to the same set
of changes. Between two images there might be: a perturbation of the image, a
small displacement of the detected image position and scale of the feature point,
and a perspective change. In the following subsections, the introduced errors in the
orientation measure are studied. Further comments and discussions on the implica-
tions are given in the next section where the results are used and specific measure
components are suggested.

Image perturbations
A perturbation of an image will cause perturbations of the gradient samples based
on which the orientation distributions are calculated. The difference between two
orientation distributions can be measured as ‖h1(φ,p) − h2(φ,p)‖2 ≈ ‖h1

d(φ,p) −
h2
d(φ,p)‖2 where ‖ ·‖2 is the L2 norm with respect to φ and the superscripts denote

two images with independent perturbations. To make the orientation assignment ro-
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bust to image perturbations, the expected error should be small. Denoting the indi-
vidual sample components hi(φ,p) = ws(φ−arg(∇s(xi)))wm(‖∇scσ(xi)‖ )wσ(‖xi−
y‖)Ai and using the Minkowski’s inequality gives

‖h1
d(φ,p)− h2

d(φ,p)‖2 ≤
∑
i

‖h1
i (φ,p)− h2

i (φ,p)‖2.

Consequently, the errors of each gradient sample may be considered, rather than the
error of the whole distribution. Further, for analytical tractability, we treat the case
with a perturbation in the gradient arguments and the case with a perturbation of
the gradient magnitude separately. First, assume there is a perturbation only in the
arguments, i.e. arg(∇s1

cσ(xi))) 6= arg(∇s2
cσ(xi))) but ‖∇s1

cσ(xi))‖ = ‖∇s2
cσ(xi))‖.

Let wσ = wσ(‖xi−y‖)Ai, φj = arg(∇sjcσ(xi))), and wjm = wm(‖∇sjcσ(xi)‖). Then,
assuming that ws(·) is differentiable and denoting w1

m = w2
m = w̄, the mean-square-

error may be quantified by

E(‖h1
i (φ,p)− h2

i (φ,p)‖22)

= w2
σw̄

2E

(∫ 2π

0

(
ws(φ−φ1)− ws(φ−φ2)

)2
dφ

)

≈ w2
σw̄

2E

∫ 2π

0

(
∂

∂ϕ
ws(ϕ)

∣∣∣∣
φ

)2

(φ1 − φ2)2dφ


= w2

σw̄
2E
(
(φ1 − φ2)2) ∫ 2π

0

(
∂

∂ϕ
ws(ϕ)

∣∣∣∣
φ

)2

dφ. (F.15)

Conversely, assuming that arg(∇s1
cσ(xi))) = arg(∇s2

cσ(xi))), but ‖∇s1
cσ(xi))‖ 6=

‖∇s2
cσ(xi))‖, gives the mean-square-error

E(‖h1
i (φ,p)− h2

i (φ,p)‖22)

= w2
σ E

(
(w1

m − w2
m)2) ∫ 2π

0
ws(φ)2dφ. (F.16)

The relations (F.15) and (F.16) give a picture of how different perturbations affect
the orientation measure, and how the choices of ws(·) and wm(·) affect them. The
perturbation in the image can be caused by either camera noise or setting changes
and illumination changes. All these errors can be mitigated by weighting the sam-
ples with wm(·), and/or adjusting the smoothness of ws(·) (adjusting the weight
of the integral factor of (F.15)), relative to their susceptibility to perturbations.
Further, the smoother the kernel ws(·), the smaller the errors. However, since ws(·)
provides a low pass filtering of the signal, which will limit the accuracy by which
the maximum (F.2) can be found, there will be a trade-off between the robustness
and the accuracy [17]. See Sections F.6 and F.7 for further discussions and results.
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Feature point detection errors
A position error ε in the image plane of the feature point detection will change
the weightings of all gradient samples. Denote a reference and a perturbed feature
point with

p = {y, σ} and p′ = {y + ε, σ}.
Without loss of generatlity, assume that ε = (ε, 0), i.e. the position perturbation is
in the x-direction. Further, assume that wσ(·) is differentiable and that the second
derivative times ε is small. Denote the weighted arguments

Sσ(φ,x) = δ(φ− ψ(x))wm(‖∇scσ(x)‖)

and define the cylindrical coordinates {r, θ} centered around y, i.e. r = ‖x−y‖ and
θ = arg(x−y). Then the induced descriptor error is

h(φ,p)− h(φ,p′)

=
∫∫

Sσ(φ,x)(wσ(‖x−y‖)−wσ(‖x−y−ε‖))dAx

≈
∫∫

Sσ(φ,x)ε ∂
∂x
wσ(‖x−y‖)dAx

=
∫∫

Sσ(φ, r, θ)ε cos(θ)dθ
(
∂

∂τ
wσ(τ)

∣∣∣∣
r

)
rdr. (F.17)

Similarly, assume there is a small error in the scale of a detected feature point,
giving a reference and a perturbed feature point

p = {y, σ} and p′ = {y, σ + ε}.

In general, the analysis of the scale error will be harder to analyze. This is because
the signal Sσ(φ,x) changes with the scale. The differentiation (gradient) of the
scale space is essentially a bandpass filtering of the original image. Consequently,
selecting a different scale will give a different frequency band of the original image.
The effect of this will be dependent on the image. However, for analysis tractability,
we may assume that

Sσ(φ,x) ≈ Sσ+ε(φ,x).
Then, similar to the position errors, this gives the induced descriptor errors

h(φ,p)− h(φ,p′)

≈
∫∫

Sσ(φ,x)(wσ(‖x−y‖)−wσ+ε(‖x−y‖))dAx

=
∫∫

Sσ(φ, r, θ)(wρ( 1
σ r)−wρ(

1
σ+εr))rdrdθ

≈
∫∫

Sσ(φ, r, θ) dθ ε

(σ + ε)ε

(
r
∂

∂τ
wσ(τ)

∣∣∣∣
r

)
rdr. (F.18)
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Figure F.6: Illustration of the effect of a perspective translation. The translation has the effect
that a feature point is viewed from a slightly different angle ε. Compared to the reference per-
spective (a), as seen in (b) this will shift the x-coordinate of all previous sample points towards
the image plane line perpendicular to the translation with a factor cos(ε)

Both the position error and the scale error will give measure errors which are
dependent on the derivative of wσ(·), but with different spatial weighting. This
may be used as design criteria for the spatial weight. See Section F.6 for further
discussions and results.

Perspective change

A perspective translation shifts gradient arguments, which are not perpendicular to
the translational axis projected in the image. This is simply an effect of the image
projection, and nothing that we can do much about. (Potentially, affine unwarping
techniques could be used, e.g. [18], but there would still be a small remaining
perspective error.) However, in addition to shifting the gradient arguments, this
will also in essence shift the texture relative to the feature point. This can be seen
by observing a texture on a flat surface, as illustrated in Fig. F.6. The impact of
the perspective translation is determined by the corresponding change in view angle
ε. Without loss of generality, we assume that the translation is in the horizontal
direction. Then the change in view angle, will induce a corresponding shift in the
horizontal direction towards a vertical line through the feature point image location
by a factor cos(ε).

Since, the perturbations of the gradient argument are out of our control, for
the sake of analysis tractability, we will neglect this and assume that the signal
Sσ(φ,x) is unchanged and that the magnitude of the gradients are zero in the
non-overlapping areas. Consequently, we only consider the shift and scaling of the
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texture. Then the induced descriptor error is

h(φ,p)− h(φ,p′)

≈
∫∫

Sσ(φ, r, θ)(wσ(r)−cos(ε)wσ(r cos(ε)cos(θ)))rdrdθ

≈
∫∫

Sσ(φ, r, θ)
(
((1− cos(ε))wσ(r)

+ cos(ε)(1−cos(ε) cos(θ))
)(
r
∂

∂τ
wσ(τ)

∣∣∣∣
r

)
rdrdθ

= (1− cos(ε))h(φ,p)

+
∫∫

Sσ(φ, r, θ)v(ε, θ)dθ
(
r
∂

∂τ
wσ(τ)

∣∣∣∣
r

)
rdr (F.19)

where v(ε, θ) = cos(ε)(1−cos(ε) cos(θ)). Consequently, in terms of the spatial weight
wσ(·), this gives the same desirable characteristics as of the scale error (F.18).

The perspective may also change in scale and rotation. The feature point de-
tection is assumed done in scale and therefore, in principle, this should not induce
any errors apart from the scale errors (F.18). As for the perspective rotation, this
is treated in the following subsection.

Approximation errors
The approximation of the continuous measure will add a number of errors. A
perspective rotation will rotate all gradient arguments equal, and therefore, only
shifts the gradient arguments. This is equivalent to a shift in the φ parameter and
therefore, for h(φ,p) this gives a corresponding shift in the feature point orienta-
tion. However, the sampling points in the approximations hd(φ,p) and hb(φ,p)
are static (the gradients are naturally sampled before the orientation is assigned)
and therefore, they will change relative to the projected continuous image. The
effect will be small changes in the argument and gradient magnitude; and these
changes will be dependent on the distance between sampling points in the image
domain, which will be dependent on the rotation and the sampling density. The
mean distances between a sample point in a reference and a rotated sampling grid,
weighted by a Gaussian window with standard deviation of 2 distance units, are
shown for different sampling distances in Fig. F.7. An initial sharp increase is seen
in the mean distance as a result of the rotation. After the initial sharp increase,
the mean distance levels out at a level roughly linearly dependent on the sampling
distance. The result indicates that the behavior noted for the SURF orientation
assignment in [19] is likely due to too sparse sampling. The sampling distances may
be compared with those in Fig. F.17. Using more samples gives smaller location
errors but also a higher computational cost. Further, the effect of the sampling
distance is also dependent on the signal bandwidth, which in turn is determined
by the scale level cσ (which is closely connected to the spatial weight and the sum-
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Figure F.7: Weighted mean of distances to nearest sample point between a regular reference
sample grid and the same sampling grid rotated around the feature point

mation kernel). Consequently, the number of samples will be a trade-off with the
computational cost and cσ and the sampling distance need to be balanced against
each other to avoid excessive aliasing. The induced sampling errors of the detection
and other perspective changes will give similar results. See Sections F.6 and F.7
for further discussions and results.

The use of binning in hb(φ,p) will shift all samples in the orientation domain
as of the last factor in (F.15). The errors can be mitigated by using a sufficiently
large N and by minimizing the last integral factor in (F.15). See Section F.7 for
further discussions and results.

Finally, the gradients will have to be approximated and sampled. This will be
further discussed in the following section.

F.6 Fast and robust implementation

An important value of the general orientation measure (F.1) and the approximation
(F.8) is that the defining attributes of the measure can be listed:

• The gradient samples ∇scσ(xj)

• The binning rule wb(·, n) and number of bins N

• The kernels/weights ws(·), wσ(·), and wm(·)
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The available methods in the literature gives examples of sets of attributes (sum-
marized in Table F.1), but better attributes may be possible to find. Evaluation of
different orientation assignment methods by [13] shows that SIFT have the best
performance. However, it also shows the highest (together with SURF) computa-
tional cost and make up an extreme in terms of the amount of smoothing applied
with the summation kernel.

Equipped with the orientation measure approximation (F.8), the robustness
analysis, and the resulting desirable kernel and weight properties, in the following
subsections, we specify a specific set of attributes as of the list above, giving the
novel orientation assignment method RAID. Also, to make the implementation well
specified and computationally attractive, we will consider e.g. the computational
cost and some implementation issues of the gradient sampling and the binning. A
summary of the resulting orientation assignment procedure is found in Algorithm 4.
Subsequently, in the following section, we quantify the repeatability performance
of the suggested implementation. The scale level constant c is tightly connected
to the descriptor creation and as shown for MOPS, under certain circumstances, it
can be shifted to smoothing in the image domain. Therefore, from here on we will
assume that c = 1.

Image gradient approximation
To calculate the orientation measure hb(φ,p), image gradients ∇s(x) need to be
sampled. The gradients are naturally approximated by finite differences in the scale
space. To maximize the locality of the memory access and to allow for the highest
degree of downsampling in the scale space (introduction of the least amount of
smoothing), differences of adjacent pixels are desirable to use for approximating
the derivatives. However, this is not without difficulties. Using the finite difference
filters [1 −1] and [1 −1]> as initially suggested for SIFT [20] gives a phase shift
of half a pixel and therefore two such filters cannot be used to sample the x- and
y-gradients in a single point. Instead, using the filters [1 0 −1] and [1 0 −1]>, as
later suggested for SIFT [7], remedy this problem; but gives unnecessarily large
difference distances. This is illustrated in Figs. F.8a-F.8d. Instead, to deal with
the phase shift and to minimize the difference distances, we favor the diagonal finite
differences

∇usσ(x+[0.5, 0.5])≈sσ(x)−sσ(x+[1, 1])
∇vsσ(x+[0.5, 0.5])≈sσ(x+[1, 0])−sσ(x+[0, 1])

(F.20)

where x ∈ Z2, ∇z = ∇ · z where · is the scalar product, and u and v are the unite
vectors along the diagonals. As illustrated in Figs. F.8e and F.8f, this gives the u-
and v-gradients sampled in a single point. Since the orientation reference for the
gradient argument is arbitrary, ∇usσ(x) and ∇vsσ(x) can directly be used for the
gradient samples.

Even though the gradient sample (F.20) refers to a single point, it does not
coincide with an integer pixel location. However, this is less of a problem and can
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Figure F.8: Illustration of different finite difference gradient approximation strategies. Black boxes
correspond to a filter response of −1 and white boxes to 1. The red crosses indicate the zero phase
position of the filter. The black and white dots indicate the integer sampling location. The brown
box indicates the region which is mapped to the shown sampling location by (F.21). Note that
its center coincides with the corresponding zero phase position

be compensated for in the gradient sampling strategy. Sample points are naturally
integer pixels from each other. Therefore, to get integer finite difference points, the
feature point positions need to be mapped onto Z2 off-set by [0.5, 0.5]. If a sample
point xj ought to be a vector rj ∈ Z2 (see next subsection) away from the feature
point position y ∈ R2, then we may choose

xj = byc+ [0.5, 0.5] + rj . (F.21)

This gives a mean shift of half a pixel in negative direction. Consequently, there
will be no systematic errors in the actual gradient sampling points. The region in
which the feature point position gives a certain integer sample location is illustrated
in Fig. F.8g.

Gradient sampling strategy
Ideally, since the quality of the distribution estimate is fundamentally limited by
the number of samples, we would like to draw as many samples as possible. Unfor-
tunately, the computational cost scale with the number of samples, and therefore,



F.6. FAST AND ROBUST IMPLEMENTATION 185

we have to restrict the number of samples points. Also, since the image is dis-
crete, the pixel density of the image sets an upper limit on the sampling density of
the gradients. Given the strategy for sampling individual gradients, a strategy for
choosing which points to sample is needed. The area over which we are to draw
samples (the support of wσ(·)) varies with the scale of the feature points. However,
the number of samples should be roughly the same and therefore, our sampling
density should vary with the scale. SIFT and CoM specifies sampling all pixel im-
age points, giving a varying number of pixels, while SURF uses an integral image
for the scale-space approximation, and therefore their sampling strategies are not
useful to us.

Since the image has discrete pixels, our sampling strategy cannot change con-
tinuously, but discrete sampling distances are needed. Since the scale levels are
typically logarithmically spaced [21], to fit with the scale levels, our sampling den-
sities should have a logarithmic spacing as well. Further, since downsampling (by
factors of 2) is preferably used in the scale space [7, 22], we need to have sampling
distance ratios which are powers of 2. The minimum difference between sampling
distances in a quadratic sampling grid is 21/2. Therefore, with the logarithmically
spaced sampling distances 2n/2 : n ∈ N0, the relative sampling grids Gn are suitably
chosen as

Gn=


Z2 n = 0

2n+1
2

([
1 −1
1 1

]
z+[0, 1

2 ]
)

: z ∈ Z2 n odd

2n/2(z + [ 1
2 ,

1
2 ]) : z ∈ Z2 n even

. (F.22)

The sampling strategies for the first 4 sampling distances (n = 1, . . . , 4) are illus-
trated in Fig. F.9. The terms [ 1

2 ,
1
2 ] and [0, 1

2 ] have the impact of centering the
sampling points around a central point. The reason that the center point should not
be sampled is because the gradient in the feature point can be assumed small there,
and therefore, of little value. Since the spacing in the sampling grids are powers of
two, potential downsampling in the scale space will only change n accordingly.

The sampling distance 2n/2 for a point p needs to be chosen based on the scale
σ of p. The bandwidth of the frequency content in the scale level of the image is
directly proportional to the scale, and therefore, the sampling distance should be
equal to the scale times a constant. However, the requirement that n ∈ N0 means
that the sampling distances should be chosen as

n = max(b2 log2(aσ)c, 0). (F.23)

The sampling distance factor a becomes a system parameters, which determines
the gradient sampling density in terms of σ.

Together, the sampling locations (F.21), the sampling grids (F.22), and the
sampling distances (F.23) give the gradient sampling points X(p, n) around the
feature point p

X(p, n) = {byc+[0.5, 0.5]+x : x ∈ Gn, ‖x‖ ≤ ασ} (F.24)
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(a) n = 0 (b) n = 1

(c) n = 2 (d) n = 3

Figure F.9: Illustration of sampling grids with logarithmically spaced sampling distances. The
sampling points are indicated with the black dots and the red cross indicates the center of the
sampling grids. The different sampling grids are chosen based on the scale of the feature point,
such that approximately the same number of gradient samples are drawn independent of σ

where ασ is the support radius of wσ(·). An important notice about the sampling
is that, in practice, the sampling points of X(p, n) will most likely be implemented
with hardcoded off-sets in the memory from the central pixel byc. Therefore, at
runtime and there will only be a single addition for each sample point in resolving
the points X(p, n).

Argument binning

Before the convolution (F.9) is performed, the quantities ψ(n,p) are needed. This
in turn requires us to bin and weight the gradient samples. As is later argued in
Section F.6, this weighting and binning make up a major part of the computational
cost, and therefore, care need to be taken when making the implementation. We will
only consider simple/histogram binning whist(ψ(xj), n). Higher order binning rules
could potentially be used. SIFT suggests using bilinear binning for the descriptor
creation when only 8 bins are used. However, for the suggested number of sam-
ples and bins (see Section F.7), the computational cost of evaluating these rules,
compared to the cost of increasing the number of bins and applying smoothing,
suggests that using a larger number of bins is preferable.

The binning whist(ψ(xj), n) might seem deceptively straight-forward to imple-
ment; however, a naive implementation requires that an atan2(·) function is eval-
uated for each gradient sample, followed by a scaling and a rounding to find the
appropriate bin. However, for only a few bins, this is not advisable and the atan2(·)
evaluation forms a computational bottleneck. A thorough treatment of the binning
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problem is given in [23, 24]. Based on the results there, the needed number of
bins (see Section F.7), and the fact that the image data is most likely in the form
of an integer array, we conclude that a binning by projection and bisection is the
preferred implementation. With the constraint that N is a power of 2 (can be
relaxed [24]), by defining projection vectors q(β) ∈ R2 such that

arg(q(β)) 2π≡ 2π β
N

+ 1
2π

where 2π≡ denotes equality modulus 2π, and letting β be an integer variable initial-
ized to 0; the loop

loop i = log2(N)− 1 : 1
iβ = 1
m = ∇s(x) · q(β)
iβ = iβ ⊕ sb(m)

(F.25)

gives the bin of arg(∇s(x)) in β, where the leading superscript iβ indicates the ith
bit of β, · denotes the scalar product (projection), ⊕ denotes the xor operation,
and sb(·) denotes the sign-bit of the argument. Note that the equality sign has been
used to denote assignment in the loop above. For further implementation details
and potential variations of (G.6) see [24].

Spatial weighting

Once a bin has been found, the sample needs to be weighted with wρ( 1
σ‖x − y‖).

Calculating 1
σ‖x − y‖ = r requires a square-root, which may be computationally

expensive. Consequently, we would like to use only 1
σ2 ‖x−y‖2 = r2 and therefore,

we may assume that

wρ(r) =
{∑K

n=0 knr
2n r ≤ α

0 r > α
(F.26)

where α is the support radius of wρ(·), K is the number of terms, and kn are
the coefficients. In general, (K → ∞ gives the Maclaurin series) this will include
all even differentiable functions, e.g. the Gaussian kernel. To avoid any abrupt
changes, the spatial weight wσ(r) should be continuous. Consequently,

wρ(α) = 0 which gives k0 = −
K∑
n=1

knα
2n
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Further, just rescaling all of the gradients makes no difference. Consequently, an
arbitrary static gain g is assumed, giving

g =
∫∫

wρ(r)rdrdθ

= 2π
K∑
n=0

kn
2n+ 2α

2n+2 (F.27)

To satisfy these conditions, we must have K ≥ 1. If a larger number of terms
(K > 1) are used, they should be used to make the orientation assignment robust.
From the robustness analysis, we have that wρ(·) affects the errors induced by
detection errors in image position (F.17) and scale (F.18) and the errors induced
by perspective translation (F.19). We control the last factors in the integrals and
cannot reasonably make any assumptions about the the proceeding signal factors.
Consequently, by targeting the squared errors we should minimize∫ (

∂

∂r
wρ

)2
rdr and

∫ (
r
∂

∂r
wρ

)2
rdr

to minimize the errors due to feature point position detection error and feature
point scale errors and perspective translation, respectively; where for notational
compactness we have used ∂

∂τwρ(τ)
∣∣
r

= ∂
∂rwρ. We cannot minimize both, so there

will be a trade-off between robustness to position errors and scale and translation
errors. In general, we may minimize

ξ

∫ (
∂

∂r
wρ

)2
rdr+(1− ξ)

∫ (
r
∂

∂r
wρ

)2
rdr (F.28)

where ξ ∈ [0, 1] is a system parameter determining the trade-off. The minimum is
achieved by setting all partial derivatives to zero

∂

∂kn

(
ξ

∫ (
∂

∂r
wρ

)2
rdr+(1−ξ)

∫ (
∂

∂r
wρ

)2
r3dr

)
=0 (F.29)

for all n ∈ {3, . . . ,K}. Since (F.28) only contains second order terms (in kn),
(F.29) only gives linear relations which together with wρ(α) = 0 and (F.27) make
up a linear set of equations easily solvable for any K. For ξ = 1 (position error
robustness optimized weight), independent of K, the minimum is given by

wρ(r) =
{

2g
πα2

(
1− 1

α2 r
2) r ≤ α

0 r > α
(F.30)

which is the well known Welch/Epanechnikov window/kernel. For ξ = 0 (scale and
translation error robustness optimized weight) the minimum gives a weight which
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Figure F.10: Illustration of the weight wρ(·) optimized for position error robustness (ξ = 1) and
scale and translational error robustness (ξ = 0) together with the biweight and the Gaussian
window. The position error optimized weight correspond to the Welch window. Due to its low
computational cost and low noise equivalent bandwidth we favor the Welch window with the
biweight as an alternative for a higher degree of robustness to scale and translational errors

becomes pointier and pointier for a larger K. The weight (F.30) together with the
solution for ξ = 0 and K = 20 are seen in Fig. F.10. These give outer bounds for
wρ(·).

When settling on a weight wρ(·), apart from the robustness, we have to consider
the computational cost and the effective fraction of samples (noise suppression
capability relative a uniform window with the same support). The effective fraction
of samples as a function of ξ is shown in Fig. F.11. Clearly, ξ values towards 1 are
desirable. Further, (F.30), which is equivalent to ξ = 1, has an exceptionally low
computational cost. Therefore, in general, we favor (F.30). If more robustness to
scale and translational errors are desired, the biweight v2(·) ((F.30) squared) may
be used as an inexpensive intermediate weight.

The above results show that the Gaussian weight suggested in [7–9] is not nec-
essarily a good choice, especially when computational costs and effective fraction
of samples (0.43 for the Gaussian window truncated at 3 standard deviations) are
taken into account. Interestingly, the biweight, which is used in CoM, arises for
ξ = 1 if we in addition to a continuous weight wρ(r) require that the derivative is
continuous, i.e. if we require that ∂

∂τwρ(τ)
∣∣
α

= 0. The equivalence (apart from the
spatial weight) of MOPS and CoM together with the results in [13] demonstrates
that the biweight performs better than the Gaussian window. We take this one
step further and use the Welch window.
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Figure F.11: Effective fraction of samples of wρ(·) as a function of ξ for K = 20. A uniform
window has an effective fraction of samples of 1. In terms of noise suppression capability ξ = 1
(effective fraction of samples of 0.75) gives us 50% more samples than ξ = 0 (effective fraction of
samples of 0.5). This indicate that we should favor ξ values towards 1

Weighted kernel density estimation

Once the spatial weighting is done, what remains are the magnitude weighting by
wm(·) and the summation/kernel smoothing by ws(·). As previously noted, this cor-
responds to a weighted KDE. From (F.15) and (F.16), it is seen that the choices of
wm(·) and ws(·) will together affect the robustness to image perturbations. Ideally,
we would like to adapt wm(·) and ws(·) to the likelihood function of the gradi-
ent argument sample. A basic analytical treatment of the likelihood function can
be found in [15], giving insight into the desirable characteristics of the magnitude
weighting and kernel smoothing. However, performing an adaptive KDE based on
the likelihood function would include convolving every sample independently with
a different kernel, which due to the computational cost is not feasible. On the other
hand, the magnitude weight will have to be evaluated for every sample and there-
fore, instead we suggest using a fixed smoothing/summation kernel and adjusting
the weight to adapt the effective density contribution.

Magnitude weighting

The magnitude weight wm(·) should compensate for image perturbation errors. Un-
fortunately, in contrast to the spatial weight there is no clear minimization criteria
for (F.15) and (F.16) since the sample components will sum up. However, it is clear
that easily perturbed samples should be given low weights and vice versa. With
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this regard, there is no difference between (F.15) and (F.16). From the statistical
linearity of the argument function, the stochastic component in (F.15) [14]

E
(
(φ1 − φ2)2) ∼ ‖∇sσ(x)‖−2, (F.31)

i.e. the argument variance is inversely proportional to the gradient magnitude
squared. Consequently from (F.15), it may seem natural to use wm(‖∇sσ(x)‖) =
‖∇sσ(x)‖. As seen in Table F.1, this is used for all available methods, but without
any motivation. However, (F.31) only holds for large gradients, and considering that
man-made environments often have large amounts of smooth and evenly colored
surfaces, the weighting wm(‖∇sσ(x)‖) = ‖∇sσ(x)‖ does not ensure robustness to
image perturbations. Using a fixed smoothing/summation kernel, combined with
the division of the likelihood function in an informative and an uninformative part
in the analysis in [15], shows that the weight should swiftly drop to zero after a
certain threshold. Further, a large magnitude gives a kind of “double” value since it
gives both a resilience to perturbations, but also distinct features in the argument
domain (see experimental data in [14]). In addition, the magnitude weighting
requires an evaluation of the square root in ‖∇sσ(x)‖ for every sample, which
is computationally expensive. See [14] for further details and characteristics of
different weighting strategies. Therefore, instead of using the magnitude weighting,
we suggest using the thresholded quadratic weight

wm(‖∇sσ(x)‖)=
{

0 ‖∇sσ(x)‖2<γσ
‖∇sσ(x)‖2−γσ otherwise

. (F.32)

With (F.32) the square root is avoided, the quadratic weighting puts further em-
phasis on large gradients, and the threshold ensures that easily corrupted samples
with small gradients are ignored. In addition, the non-linearity in the quadratic
weight (F.32) also helps in distinguishing malign maxima in the distribution. An
example of this is seen in Fig. F.12 where the orientation measure of Fig. F.3 is
plotted against the same measure but with a quadratic weighting. Further, the
threshold can lower the computational cost since gradient samples with magnitude
below the threshold do not have to be binned. Normally, between 5-25% of the
gradient samples are discarded due to the threshold. The image noise falls off with
the scale-level. Therefore, the threshold will have to be scaled with the inverse
of the feature point scale. Typically, we have used γσ = 10 · σ

2
noise

4πσ2 where σ2
noise

is a (constant) estimate of the noise power in the image. The suggested weight
(F.32) is not perfectly homogenous as it should. However, for dominating samples
‖∇sσ(x)‖2 � γσ making the weight approximately homogeneous.

Kernel smoothing

Together the argument binning, the spatial and the magnitude weighting give
µ(n,p). To arrive at the orientation measure, the summation/kernel smoothing
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Figure F.12: Illustration of the orientation measure hb(φ,p) with wm(‖∇sσ(x)‖) = ‖∇sσ(x)‖
(red dotted) and wm(‖∇sσ(x)‖) = ‖∇sσ(x)‖2 (blue solid) given the same data as of Fig. F.3.
The non-linearity created by the quadratic weighting helps in distinguishing the maxima of the
malign distribution

(the convolution (F.9)) has to be performed, and finally an orientation has to be
assigned by finding the maximum of the measure.

In general, the cost of implementing the continuous convolution will be substan-
tial. However, since we are only interested in the maximum, convolving the binned
kernel with the parabolic interpolation kernel wpb(·) is essentially free. Therefore,
an inexpensive continuous convolution implementation may be achieved by first per-
forming a discrete circular convolution of the binned signal, followed by a parabolic
interpolation. Consequently, the summation kernel is preferably in the form

ws(φ) =
(
wpb ∗ (X2π/N × w̃s)

)
(φ)

where X2π/N is the Dirac comb with spacing 2π/N, × is the argument/filter domain
multiplication, and w̃s(·) is a kernel we shall choose to get desirable properties of
ws(·). With this summation kernel structure,

(w′s ∗ µ)(φ′,y) =
((
wpb ∗ (X2π/N × w̃s)

)
∗ µ
)

(φ′,y)

=
(
wpb ∗

(
(X2π/N × w̃s) ∗ µ

))
(φ′,y);

where the latter convolution is essentially a discrete convolution with the sampled
kernel (X2π/N×w̃s)(φ′). Since we are only interested in the maxima of the result of
the second convolution, we can implement the continuous convolution (w′s∗µ)(φ′,y)
by this discrete convolution followed by a parabolic interpolation only around the
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maxima (maxima of the discrete signal values). Still, for a general discrete kernel,
the computational cost of (X2π/N × w̃s) ∗ µ may be substantial. Therefore, due
to the ease of low-cost convolution approximation and the approximately Gaussian
likelihood of arg(∇sσ(x)) for samples for which ‖∇sσ(x)‖2 ≥ γσ [15], the Gaussian
kernel is a natural candidate. Also from the scale-space theory, we know that it is
guaranteed not to create any new maxima [25].

There are two applicable low-cost methods for approximating the convolution
with the Gaussian kernel, recursive filter approximations and cascaded box filters
(B-spline). Note, that since N will be fairly small, frequency domain methods are
relatively expensive and therefore not suitable. Recursive methods require non-
integer variables and will be awkward to initialize due to the circular convolution.
Therefore, cascaded box filters seems to be the most appropriate approximation.
The number of box filters (order of the B-spline) are chosen based on the desired
quality of the Gaussian kernel approximation. We suggest using 3 filters, since the
incremental gain of more than 3 filters is small. Consequently, w̃s(·) is chosen to
be the third order B-spline. Given the binned signal µ(n,p), where the indices are
assumed periodic µ(n,p) = µ(n + N,p), the application of a box filter of width d
can efficiently be implemented with only a single addition and subtraction by [22]

in = in−1 + µ(n,p)
µ′(n,p) = in+bd/2c − in−dd/2e

(F.33)

with the initial conditions i−dd/2e = 0 and where µ′(n,p) is the filtered signal.
Performing this three times gives ((X2π/N × w̃s) ∗ µ)(·) = µ′′′(·).

The width d of the box filters determines the bandwidth of the KDE. This
become a system parameter which we will tune with respect to orientation repro-
ducibility. See Section F.7 for tuning results. Clearly, wpb(·) has poor properties
in terms of (F.15). Therefore, a substantial smoothing is required. The kernel re-
sulting from the tuning is shown in Fig. F.13 together with the summation kernels
for SIFT, SURF, and MOPS/CoM. The discontinuities in the kernels of SIFT and
SURF obviously give poor robustness properties while instead the cosine kernel of
MOPS/CoM is very broad.

Orientation assignment

Finally, given the discrete signal ((X2π/N × w̃s) ∗ µ)(·), the orientation assignment
(F.2) is to be approximated. As previously indicated and as suggested in [7], this
is done with parabolic interpolation, giving the continuous convolution with the
wpb(·) kernel. The maximum signal value index η is easily found by a linear search
included in the last box filtering. Denote the ηth signal value with v0 and the
adjacent values with v−1 and v+1, then the off-set of the interpolated maximum
relative η is

∆ = 1
2

v+1 − v−1

2v0 − v−1 − v+1
;
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Figure F.13: Illustration of the summation kernels ws(·) for RAID (blue solid), SURF (red dashed),
SIFT (green dotted-dashed), and MOPS/CoM (black dotted). The kernels of SURF and SIFT get
poor robustness properties from their discontinuities and resulting poor high frequency responses.
In contrast, the MOPS/CoM summation kernel is smooth but very broad

which yields the approximation

ψp = arg max
ψ

(h(φ,p)) ≈ 2πη + ∆
N

. (F.34)

A summary of the complete orientation assignment procedure for RAID is provided
in Algorithm 4.

Selecting a single maxima has its weaknesses. As seen in Fig. F.3, some fea-
ture points will have malign distributions with two or more almost identically large
peaks. For such feature points, the assigned orientation might jump between the
peaks. To improve repeatability in this case, multiple orientations might be se-
lected [7, 13]. However, for every orientation, a separate descriptor will have to be
calculated and matched. Consequently, the computational cost of assigning mul-
tiple orientations might be substantial. With the improved performance of RAID
(partially due to the effect of the non-linearity in the magnitude weighting illus-
trated in Fig. F.12), we do not think that the increased computational cost is
justified and suggest avoiding it.
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Algorithm 4 Orientation assignment to p = {y, σ}
Select sampling strategy n with (F.23)
Sample gradients (F.20) for each point in X(p, n)
for all gradient samples do

Find bin with (G.6)
Calculate spatial weight (F.30)
Calculate magnitude weight (F.32)
Add to µ(n,p)

end for
Apply box filter to µ(n,p) 3 times with (F.33)
Perform interpolation and assign orientation with (F.34)

Computational cost
The computational cost of of the orientation assignment can essentially be divided
into two components: the cost related to individual gradient samples (i.e. the cost of
computing µ(n,p)) and the cost of performing the kernel smoothing. The cost of the
orientation assignment itself (interpolation) is marginal. Sampling and weighting
a single gradient sample takes approximately 9 additions and 7 multiplications. In
addition, the sample has to be binned. Each loop in (G.6), apart from the first 3
loops which can be performed with a few bit operations, takes one addition, one
multiplication, and around ten bit operations. Performing the kernel smoothing
(F.33) three times takes 6 additions per bin. Consequently, the computational cost
of the orientation assignment can be expressed as

M(9w++7w×+(w++w×+waux)(log2(N)−3))+N ·6w+

where M denotes the number of gradient samples, w+ and w× are the cost of
an addition and a multiplication, respectively, and waux is the cost of around ten
auxiliary bit operations.

For an adequate number of samples and bins (see Section F.7) and reasonable
relative costs w+/w× and w+/waux, the cost of evaluating µ(n,p) (gradient sam-
pling, weighting, and binning) is dominating; and the cost of (F.33) is smaller, but
not marginal (∼ 20%). For the evaluation of µ(n,p), the cost of the binning is
smaller than the cost for the sampling and weighting. However, a naive binning
implementation, explicitly calculating the gradient argument, would likely dominate
the computational cost [23]. In total, assigning the orientation to a feature point
will require some 1200 arithmetic operations and about an equal number of bit
operations. The computational cost of the orientation determination might seem
disturbingly large considering it is “just” the orientation; however, the gradient
sampling and many of the calculations may be required for the descriptor creation.
In practice, the gradient samples will be a subset of the samples used for the descrip-
tor with additional loops in (G.6) to achieve a higher granularity of the binning.
Therefore, the marginal computational cost of calculating the orientation is less.



196
CHAPTER F. A UNIFYING APPROACH TO FEATURE POINT

ORIENTATION ASSIGNMENT

Comparing the computational cost with that of the orientation assignment
methods of the two closet methods, SIFT and SURF, can only be done in a quali-
tative sense, since both methods require high level functions and SURF exploits an
integral image instead of an explicitly generated scale-space. However, both SIFT
and SURF requireM atan2(·) and

√
· evaluations and uses relatively larger number

of samples (see next section). Therefore, their computational cost is expected to
be significantly higher. It may not be obvious at first that SURF requires atan2(·)
for every gradient sample since it does not exploit binning; however, to confine the
vector sum of the gradients over the π/3 wide window, their arguments are needed
(unless an excessive number of projections are to be made).

The fast orientation assignment methods MOPS, CoM, FAST-9 and HoI indeed
show lower computational cost than RAID. However, they also show the lowest
performance. MOPS and CoM show similar computational cost and performance.
The FAST-9 method show the lowest computational cost but also the worst per-
formance [13]. However, none of them exploit gradient samples. Consequently, if
gradient samples are needed for the descriptor creation, the combined computa-
tional cost may not be significantly lower. The actual computational cost is highly
dependent on the possibility to share computations with the descriptor creation.
The HoI method has a lower computational cost than RAID. However, to achieve
similar performance to SIFT (which as seen in the next section performs the worst
out of RAID, SIFT, and SURF), a larger number of orientations has to be assigned
to every feature point (3 on average). Consequently, a larger number of descriptors
has to be created and therefore, the combined computational cost will probably not
be lower.

F.7 Parameter tuning and perturbation analysis

From the implementation description in Section F.6, a number of system parame-
ters are left for tuning. Further, the analysis in Sections F.5 and F.6 indicate that
the suggested method should have an improved repeatability and robustness com-
pared to available methods in the literature. To quantify this and to perform the
parameter tuning, we conduct a quantitative perturbation analysis where pertur-
bations are introduced in an image to simulate the changes that the feature points
might undergo between two images. Given the perturbed and unperturbed images,
the difference in the orientation of feature points given by different orientation mea-
sures and parameter settings are quantified by the fraction of feature points which
are assigned an orientation which is correct within < 3◦ and correct within < 10◦.

The performance comparison is made with the orientation assignment methods
of SIFT and SURF. We make no comparison with the MOPS, CoM, FAST-9 and
the HoI methods, since they have all been shown to perform similar or worse than
SIFT [13]. We make the comparison with SURF since our experience is that the
poor performance found in [13] is due to its gradient approximations and not due
to the orientation assignment method as such. Indeed, with a normal scale-space,
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(a) (b)

(c) (d)

Figure F.14: High-resolution monochrome images used for the perturbation analysis

the orientation assignment of SURF is found to perform better than that of SIFT.

Data generation

For the perturbation analysis we need reference image data, together with reference
feature points, as well as perturbed image data with the reference feature point
positions. To isolate the effect of the orientation measure from the effect of the
feature point detection, we wish to compare the exact same image scene points
in the reference and perturbed images. Further, to get a detailed view of the
orientation reproducibility, we need to be able to add perturbations in a fine grained,
independent, and controlled manner. This rules out the traditional multiple view
reference data sets which are designed to test the whole chain of feature point
detection, description, and matching and only give individual perturbed images
with uncertain perturbation characteristics.

To be able to add perturbations in a fine grained manner, we use high resolution
images, which are subsampled to give the reference and perturbed images. A set
of 4 images shown in Fig. F.14 are used for the analysis. Our experience is that
the absolute performance can change slightly with different scenes, but that the
characteristics and relative performance of parameter settings and different orien-
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Figure F.15: Illustration of the subsampling of the high resolution image in Fig. F.14. Yellow
crosses indicate sample points. The sampling points are transformed to correspond to the desired
perspective changes and the image is low-pass filtered accordingly. For clarity, the sparsity of the
sample points and the low-pass filtering are exaggerated by a factor of 40

tation assignment methods remain the same. To avoid an unhealthy dependence
between the tuning and evaluation, a cross-validation is performed by using image
(a) and (b) in Fig. F.14 for the tuning, and image (c) and (d) for the evaluation.
Before subsampling, the high resolution images are low-pass filtered along the sam-
pling axes with a Gaussian kernel with low-pass characteristics determined by the
subsampling sampling point spacing (standard deviation of 0.7 [pixel] as of the
downsampled image). This is done to avoid aliasing and gives an essential noise
free image upon subsampling. The sampling points are determined based on the
desired perspective. The sampling points are not confined to integer pixel points,
but linear interpolation is used to determine the values at the sampling points. An
illustration of the subsampling procedure is shown in Fig. F.15. Given the image
point samples, desired image noise and lighting gradients are added. From a down-
sampled reference image (no prespective change, no image noise, and no lighting
gradients), the reference feature points are determined. Based on the perturbation
at hand, the reference image point positions are transformed to the correspond-
ing scene positions in the perturbed image. Finally, desired positions and scale
errors are added. The reference points are detected in the reference image based
on thresholded maxima of the Hessian determinant (found by parabolic interpola-
tion in the scale-space) with the 500 strongest points used for evaluation. A set of
feature points is illustrated in Fig. F.16.
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Figure F.16: Illustration of feature points in a perturbed image. The red dots indicate the feature
points, while the circles indicate their scales

In practice, photos of different scenes were taken with a Canon EOS 550D
camera on a tripod. The resulting 16-bit color images were transformed into 16-bit
3456 × 5184 [pixel] monochrome images, which were subsequently subsampled to
VGA-images (640×480 [pixel]) with desired pertubations. To make sure that all of
the sampling points of the subsampled image for all perturbations would fall inside
the high resolution photos, an unperturbed spatial resolution ratio (subsampling
distance relative to the high resolution image pixel size) of 3.5 was used, and the
sampling points were centered around the center of the high resolution photo.

The scale-space is created by FIR Gaussian filter approximations truncated at
3 standard deviations. Given the perturbed images and the correspondingly trans-
formed feature points, the gradients surrounding the sampling points are sampled
as described in Section F.6. These gradient samples constitute the basic data based
on which the orientation measure is calculated and the orientation repeatability is
assessed.

Parameter tuning

The system parameters which need to be tuned with respect to data are the sam-
pling distance factor a, the spatial weighting support α, the summation kernel
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Figure F.17: Illustration of the effect of the sampling density (in terms of σ) for different number
of samples (support of spatial weight). A minima in terms of sampling density is seen around
a = 1 and the gain of using more than 60 samples is seen to be marginal

bandwidth/box filter width d, and the number of bins N . The parameters are tuned
to maximize repeatability in the feature point orientations; but also computational
cost considerations are taken into account. For the tuning, the perturbations are
picked at random with 100 realizations used for the tuning. The distribution of the
rotation is uniform from 0◦ to 90◦. The noise is set to 30[dB] peak-signal-to-noise-
ratio (PSNR). The position, scale, and translational errors are normally distributed
with standard deviations 0.2σ, 7 %, and 5◦, respectively. See next subsection for
explanations and a more detailed perturbation analysis.

Obviously, the more gradient samples, the better distribution estimate and the
larger the sampling region (to some limit) the more likely we are to have a charac-
teristic distribution to estimate. Ignoring the sampling distance quantization and
lower bound, from (F.23) and (F.22) it is seen that the sampling distance is aσ.
From (F.24) it is seen that the support region of wρ(·) is (ασ)2π. Consequently, the
number of samples M (the support area in terms of sampling distances squared)
are

M = π(α/a)2.

In practice, we are limited by the computational cost, which scales with the number
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of sampling points. Therefore, a natural tuning approach is to fix the number of
samples M . Further we have found it the most illustrative to tune with respect
to the sampling distance a. The result is shown in Fig. F.17. The result can be
explained by too sparse sampling, giving poor performance for large a values; and
too small support region, giving poor performance for small a values. Naturally, the
repeatability increases with a large number of samples; however, the return of using
more than 40 samples is diminishing. Further, a performance maximum is found
for the sampling distance around 1σ (a = 1). Together, M = 40 and a = 1 gives
the spatial weight support radius 3.6σ (α = 3.6), which is smaller compared with
both support radii of SIFT (4.5σ, assuming truncation at 3 standard deviations)
and SURF (6σ). SURF is specified to sample the gradient with the same density
(1σ steps). Assuming the same sampling density for SIFT (originally a similar
but varying sampling density is suggested with the first level in an octave pre-
smoothed with a Gaussian kernel with standard deviation of 1.6), its orientation
assignment uses about 50% more samples than RAID while SURF uses almost 3
times as many samples as RAID. The reason is that they have to compensate for
poor (non-smooth) summation kernels with larger number of samples. In contrast
to the support size results shown in [13], with increasing performance for larger
support sizes; the results in Fig. F.17 shows the fundamental trade-off between
computational cost and the support size. With a fixed number of samples and
therefore, a fixed computational cost, there will be a best support size.

The next two parameters are the number of bins N and the box filter width d.
The width d clearly scales withN and therefore, we look at d/N rather than d. Since
the binning is assumed implemented with bisection, only power-of-2 numbers of
bins are consider. The orientation reproducibility as a function of d/N for different
numbers of N is shown in Fig. F.18. The resulting reproducibility shows that
smoothing around d/N = 0.1 is preferable, and demonstrates the fundamental
trade-off between noise reduction and phase estimation. The smoothing d/N = 0.1
roughly correspond to a Gaussian kernel with a standard deviation of 16◦. This is
in line with the cosine window of SURF, which has a standard deviation of 17◦.
See Fig. F.13 for a detailed view of the summation kernel. The results also shows
that the incremental return of using more than 64 bins is small. In general, we have
used d = 8 and N = 64; which can be compared with the 36 bins used in SIFT.
With (G.6), the cost of 64 bins is equal to the cost of 36 bins. Note, that the left
most data points correspond to d/N = 1/N , i.e. no smoothing.

Perturbation analysis and performance
The performance of a feature point orientation assignment method is ultimately de-
termined by its orientation reproducibility, given various disturbances as discussed
in Section F.5. Also, the computational cost will be of importance but is not con-
sidered in this subsection. Here we will look at the orientation reproducibility given
perspective rotation, feature point detection position error, perspective translation,
image noise, and image lighting gradients.
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Figure F.18: Illustration of the effect of smoothing and the number of bins. A clear minimum in
terms of erronous orientations is observed in the < 3◦ level around d/N = 0.1 and the gain of
using more than 64 bins is seen to be marginal

To make the results between the different methods comparable, all methods are
given the same gradient sampling grid. However, as noted before, SIFT uses 50%
more samples than RAID while SURF uses almost 3 times as many samples. The
samples are calculated as described in Section F.6 and with a = 1. For SURF, the
same sampling density is specified. However, a larger difference is that originally
SURF uses an integral image to approximate the gradients. Instead, we use Gaus-
sian derivatives. This introduces less high frequency disturbances. This suggests
that SURF is expected to perform better, compared to its original setup. This can
indeed be observed if we compare our results with those from [13]. For SIFT, only
one orientation is assigned. This is necessary to make a fair comparison. According
to [7], more orientations will be assigned to roughly 15% of the feature points. This
explains some differences between the results shown here for SIFT and the results
presented in [7].
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Figure F.19: Orientation reproducibility for different image noise values. The sensitiviy to noise
(high frequency disturbances), due to the poor summation kernels of SIFT and SURF, is clearly
seen

Image noise

To test the robustness for image noise, a white Gaussian image noise is added to
the downsampled image. The noise is parameterized by its PSNR in decibel scale.
No other perturbations, but the noise is present. The orientation reproducibility as
a function of the PSNR is shown in Fig. F.19. PSNR 20[dB] roughly corresponds
to an image bit-depth of 3 bits, whereas PSNR 60[dB] corresponds to a bit-depth
of 10 bits. The RAID shows an improved performance compared to both SIFT
and SURF, especially for the < 3◦ error level for which the smoothness of the
summation kernel is important.

Perspective rotation

To test the robustness to perspective rotations, the sampling grid of the subsam-
pled image is rotated. No other perturbations are added. The resulting orientation
reproducibility is shown in Fig. F.20. RAID greatly outperforms both SIFT and
SURF. The performance of SURF is in line with the results presented in [19]. The
jagged appearance of SIFT at the < 3◦ level, is due to frequently occuring horizon-
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Figure F.20: Orientation reproducibility for different perspective rotations. The RAID orientation
assignment greatly outperforms those of SIFT and SURF, both at the < 3◦ and the < 10◦ error
levels

tal and vertical orientations in the images, which gives small rotation dependent
binning errors.

Lighting variations

To test the robustness to varying lighting conditions, a lighting gradient is added to
the image. No other perturbations are added. The gradient magnitude is parame-
terized by the intensity change over the width of the image relative to the maximum
image value. A relative gradient magnitude of 1 is percieved by a human observer
to dominate the image. The resulting reproducibility is shown in Fig. F.21. The
reproducibility decreases linearly for both the < 10◦ and the < 3◦ levels for all
methods. However, again RAID performs the best and SIFT performs the worst.

Perspective translation

To test the robustness to view point changes due to translation, the sampling
points for the perturbed image, as shown in Fig. F.15, are stretched in the hori-
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Figure F.21: Orientation reproducibility under an even lighting gradient. All methods show similar
characteristics, but RAID gives an overall better performance. For large lighting gradients, the
smoothing is seen to hurt the performance at the < 3◦ error level

zontal direction. No other perturbations are added. The corresponding orientation
reproducibility is shown in Fig. F.22. Again, RAID performs the best and SIFT
performs the worst. For a small view point change, SURF and especially SIFT
suffers, while RAID is largely unaffected. For larger view point changes, were the
perspective become significantly changed (compare with the cos(ε)-term in (F.19)),
all methods start to suffer.

Feature point detection

Finally, to test the robustness to errors in the detected image plane and scale posi-
tions of the feature point, errors in terms of the original scale σ of the feature point
were added. No other perturbations were added. The resulting orientation repro-
ducibility for errors in the image plane position is shown in Fig. F.23. Again RAID
is seen to perform the best, especially for small errors. The resulting orientation
reproducibility for errors in the scale position is shown in Fig. F.24. For the scale
errors, all methods perform roughly the same. For small errors, RAID performs
marginally better due to its general resilience to perturbations; while for larger er-



206
CHAPTER F. A UNIFYING APPROACH TO FEATURE POINT

ORIENTATION ASSIGNMENT

0 5 10 15 20 25 30 35
0

5

10

15

20

25

30

35

40

View change [◦]

P
er
ce
nt

o
f
er
ro
n
o
u
s
o
ri
en
ta
ti
o
n
s

Orientation error levels for different view angle changes (translation)

 

 
RAID
SURF
SIFT

<3°

<10°

Figure F.22: Orientation reproducibility under view angle changes due to view point translation.
RAID greatly outperforms SIFT and SURF at small view angle changes and at the < 3◦ error
level

rors, SIFT and SURF perform marginally better due to their spatial weights, which
are better adapted to scale errors.

Altogether, the results of the perturbation analysis show that RAID, despite
using considerably fewer gradient samples, expresses a significantly improved ro-
bustness to perturbations compared to the orientation assignment methods of SIFT
and SURF. Both SIFT and SURF show a sensitivity to small perturbations (see
Figs. F.19-F.20 and F.22-F.23), most likely introduced by their poor summation
kernels.

F.8 Conclusions

In this article, we have formalized the feature point orientation assignment in terms
of a general orientation measure and general approximations of it. Orientation as-
signment methods in the literature have been shown to exploit special cases of
it, providing a means to analys and compare them. Available orientation assign-
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Figure F.23: Orientation reproducibility for different image plane position detection errors. The
problem with the Gaussian spatial weight of SIFT and SURF is clearly seen in the poor perfor-
mance for small position errors

ment methods have been seen to primarily differ in their summation kernels. An
analytical robustness analysis has been conducted, giving desirable properties of
the orientation measure components. Based on the robustness analysis, a detailed
treatment of the design and implementation of each measure component has been
given, making up a novel orientation assignment method named RAID. Specifically,
we have given a detailed gradient approximation and sampling method and we have
argued that:

• Projection based or similar techniques should be used to bin the gradient
arguments.

• A Welch window should be used for the spatial weighting.

• The magnitude weighting should preferably contain a quadratic non-linearity.

• Smoothing should be applied in the argument domain with cascaded box
filters and parabolic interpolation.



208
CHAPTER F. A UNIFYING APPROACH TO FEATURE POINT

ORIENTATION ASSIGNMENT

−15 −10 −5 0 5 10 15 20
0

5

10

15

20

25
Orientation error levels under error in detected scale

Relative scale error [%]

P
er
ce
nt

o
f
er
ro
n
o
u
s
o
ri
en
ta
ti
o
n
s

 

 
RAID
SURF
SIFT

<3°

<10°

Figure F.24: Orientation reproducibility for different scale position detection errors. All methods
perform similarly with RAID performing marginally better for small errors and SIFT and SURF
performing marginally better for larger errors

By doing so, square-roots and trigonometric functions are avoided all together and
relatively fewer samples can be used. Together this gives a considerably lower
computational cost compared to the orientation assignment methods of SIFT and
SURF. System parameters relating to the gradient sampling and the kernel smooth-
ing have been tuned illustrating fundamental trade-offs in the orientation assign-
ment. Finally, a perturbation analysis has been conducted to evaluate the robust-
ness of RAID and to compare the performance with the orientation assignment
methods of SIFT and SURF. The results show that a significantly improved orien-
tation repeatability is achieved, especially at the < 3◦ error level.

Other orientation assignment methods found in the literature, MOPS, CoM,
FAST-9, HoI, provide a lower computational cost but also significantly lower per-
formance. However, the actual computational cost will be heavily dependent on the
possibility to share computations with the descriptor creation. All the fast methods
circumvent the gradient sampling. Consequently, for descriptors not using gradi-
ents they could be justifiable but for descriptors using gradients RAID provide a
novel state-of-the-art for feature point orientation assignment.
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Fast argument quantization

John-Olof Nilsson and Peter Händel

Aquantized low-resolution argument of a complex number or two-dimensional
vector is required in many digital signal processing algorithms. Examples
include: amplitude and phase-shift keying (APSK) code demodulation
for which it may be used to evaluate the Voronoi diagram; low-level pro-
cessing for many computer vision methods which exploit histograms

of gradient sample arguments, e.g. scale-invariant-feature-transform (SIFT) and
histogram-of-oriented-gradients (HOG); and phase tracking/frequency estimation
for which it may be used as a low-cost phase approximation. Often, such quantized
arguments will have to be computed a large number of times and under real-time
constraints. Therefore, efficient solutions to these calculations are of interest.

The argument quantization can be viewed as two-dimensional data binning in
equidistant sectors as illustrated in Figure G.1. Consequently, we present three
efficient solutions to this data binning problem. First, a straight-forward solu-
tion explicitly calculating the complex/vector argument is presented. Secondly,
we present a solution based on projection and bisection which can be implemented
without any division and with only integer data representation. Thirdly, we present
a phase rotation based solution suitable for vectorization/parallelization. The so-
lutions we refer to as binning by argument (BBA), binning by projection (BBP),
and binning by rotation (BBR). We also present ways of finding the first 3 bits,
i.e. the half-plane, quadrant, and octant sector, using bit-manipulations. Finally,
a table of types and numbers of required operations for the implementation of each
solution is presented. Further details and extensions of the presented methods can
be found in the report [1].

G.1 Sector binning

The data binning in sectors, or sector binning, entails finding the sector that a
complex number x = x0+j x1 or two-dimensional vector x = (x0, x1) occupies. The
problem is illustrated in Figure G.1 for 16 equidistant sector bins, corresponding
to a 4-bit argument quantization. Formally, the sector binning can be described by
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Figure G.1: Sample x falls in sector 1.

the mapping
g : x 7→ n

s.t. 2π n
N
≤arg(x)<2πn+ 1

N

(G.1)

where n is the sector bin number, N is the total number of sectors, arg(·) is the
complex/vector argument defined on [0, 2π), and 2π n

N and 2π n+1
N are the delimiting

arguments of the sector n. The sector binning (G.1) may also be extended to the
non-equidistant case with arbitrary delimiting arguments [1].

G.2 Binning by argument

The straight-forward way of implementing the sector binning, as described by (G.1),
is by explicitly calculating the argument arg(x). By simple manipulations, (G.1)
yields

n = bN2π arg(x)c (G.2)

where b · c denotes the floor-operation. Consequently, by calculating arg(x), the
sector n can easily be found. Now, arg(x) = atan2(x1, x0), which is atan(|x1

x0
|)

mapped onto the four quadrants. Unfortunately, the evaluation of atan(·) can
incur a significant computational cost.

Multiple fast approximations of atan(·) and atan2(· , ·) are available in the lit-
erature [2][3] and have previously been presented in this column [4][5]. For the
sector binning we suggest using an atan2(· , ·) implementation based on the atan(·)
approximation number 7 from [5],

atan(z) ≈ π
4 z + 0.273 z (1− |z|).
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Together with the relation [6]

atan(|x1

x0
|) = π

4 + atan(z)

where
z = |x1| − |x0|
|x1|+ |x0|

,

it gives

N

2π atan(|x1

x0
|) ≈ (G.3)

N

8 +N

8 z+ 0.273N
2π z (1−|z|).

This approximation lets us exploit the factor N
2π to simplify the implementation and

has an accuracy to computational cost trade-off suitable for up to some hundred
equidistant sector bins (maximum error corresponding to 0.22◦).

The approximation (G.3) gives the scaled argument of x in the first quadrant.
Now, we want to extend it to all four quadrants. This can be done with a series
of bit manipulations and an addition. Let the symbols ⊕ and ∧ denote the logical
xor and and operations, respectively. Let the single bit s indicate the even/odd
status of the quadrant of x, i.e.

s = sb(x0) ⊕ sb(x1)

where sb(·) denotes the sign-bit (1 if the number is negative and 0 if it is positive).
Let r be an integer number with the first bit equal to sb(x0), the second bit equal
to sb(x1) ∧ s, and the remaining bits zero (i.e. r = 0, 1, 2). Further, define the
sign-bit-copy function

sbc(α, β) =
{
β if α = 0,
−β if α = 1,

where α is a single bit and β is a positive number. Then (G.3) can be mapped onto
the four quadrants by

N

2π atan2(x1, x0) =

N

2 r + sbc(s, N2π atan(|x1

x0
|)).

Apart from bit-manipulations, this requires 2-3 multiplications, and 6 additions;
and no conditional branches are required. In case N is a power of 2, the multi-
plications with N

2 and N
8 can be implemented with left shifts. In case N is not a

power of 2, N2 r can preferably be implemented with a memory access by r in the 3
element look-up table [0, N2 , N ].
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Figure G.2: Projection of x and x′ on q.

With this approximation of N
2π atan2(x1, x0), the relation (G.2) gives the sec-

tor bin n. We refer to this as binning by argument or BBA. While simple and
straight-forward, this solution to the sector binning unfortunately has a number of
undesirable properties. First of all, it requires a division operation, which is slow
on many general purpose processing platforms and requires a large number of gates
if implemented in hardware. Secondly, it requires non-integer data types, which
obviously complicates the implementation and adds numerical approximation is-
sues. Thirdly, it exploits the function approximation (G.3), which gives systematic
errors in the binning, i.e. the de facto delimiting arguments will be slightly off from
those in (G.1). (See [5] for a detailed error plot.) These properties hold for any
implementation in which the argument is explicitly calculated. Therefore, for many
platforms and applications, alternatives are desirable.

G.3 Binning by projection

Implementing the sector binning by computing the argument might seem a little
backward. A highly accurate argument is calculated while all we need to know is
between which two lines in Figure G.1 that x falls. Obviously, the argument is not
needed to find that out.

If p is a vector, such that arg(p) = 2π n
N and q is a vector rotated counter clock-

wise by π/2 relative p. Then, as shown for two samples x and x′ in Figure G.2, if
the argument difference between a sample and p lies between π and −π, the sign
(bit) of the projection of the sample on q can be used to determine whether its
argument is smaller or larger than the argument 2π n

N of p.
The sign of the projection is the same as the sign of the scalar product between

x and q. By defining vectors qn such that

arg(qn) 2π≡ 2π n
N

+ 1
2π (G.4)

where 2π≡ denotes equality modulus 2π, the sector binning (G.1) can equivalently
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Figure G.3: Projections of x on qn` .

be written
g : x 7→ n

s.t. x · qn ≥ 0 > x · qn+1,

−π < 2π n
N
− arg(x) ≤ π,

−π < 2πn+ 1
N
− arg(x) ≤ π

(G.5)

where · denote the scalar product. This projection approach partially resembles/-
generalizes the ideas presented in [7][8].

If N is a power M of 2 (N = 2M ), then (G.5) is easily solved by bisection. Let
n be an integer variable initialized to 0 and let a leading superscript i(·) indicate
the ith bit of the variable. Then the loop

loop i = M − 1 : 1
in = 1
d = x · qn
in = in ⊕ sb(d)

(G.6)

gives the solution to the sector binning (G.5). This is what we refer to as binning by
projection or BBP. Note that here = has been used to denote assignment and that
the loop goes from higher to lower values of i. The projections (inner products) in
the loop is illustrated in Figure G.3 where qn of the `th loop is denoted with qn` .
Each projection on qn` successively halves the search space (with middle arg(qn`)−
π/2) of sectors in which x can be found. The BBP solution can also be extended
to the case when N is not a power of 2 and the sector bins are not equidistant [1].

The beauty of the projection and bisection is that we may choose qn arbitrarily,
as long as (G.4) is satisfied. Therefore, qn may be chosen such that the implemen-
tation of the scalar product x · qn is simplified. This means that one or both of the
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multiplications in x · qn can be avoided. Also, the solution only requires additions,
multiplications, and bit-manipulations. Therefore, no non-integer data types are
required. Obviously BBP does not suffer from the undesirable properties of BBA.
However, instead it has a computational cost which grows as the logarithm of N
(M −1 loop iterations) and the bisection requires data dependent memory accesses
in a small qn look-up table. The latter can be undesirable since the memory ac-
cesses may be slow when compared to arithmetic operations and they cannot easily
be vectorized.

G.4 Binning by rotation

In case data dependent memory accesses are undesirable, the sector binning can
be solved in a recursive manner without any memory accesses by manipulating x
itself. Treating x as a complex number, means its argument can be manipulated by
multiplying it with another complex number. This will rotate x with the argument
of the complex number. Rotating x by π and the sign of x1 will tell us in which
half plane x is in. Rotating the product with π/2 towards zero argument will then
result in the sign of x1 giving us the quadrant of x. Continuing rotating with π/4
gives the octant and so forth. Along these lines and with the rotating complex
numbers ci, with real parts ai and imaginary parts bi, chosen such that

arg(ci) = π 2−i+(M−1); (G.7)

i.e. arg(cM−1)=π, arg(cM−2)=π/2, arg(cM−3)=π/4, and so forth; the sector bin
number n (initialized to 0) of x can recursively be calculated with

loop i = M − 1 : 1
in = 1
bi = − sign(x1) bi
x = x× ci
in = in ⊕ sb(x1)

(G.8)

where × denotes the complex multiplication. We refer to this as binning by ro-
tation or BBR. The switching of the sign of bi ensures that the rotation of x is
always towards zero argument. Note that − sign(x1) bi can be implemented with
sbc(¬ sb(x1), bi ), where ¬ denotes the not operation. Consequently, it only re-
quires bit-manipulations. The manipulation of x by the loop is illustrated in Fig-
ure G.4 where ci` is used to denote the rotating complex number of the `th loop.
Each rotation halves the number of potential sectors and therefore, the loop in
essence describes another form of bisection. The number of required arithmetic
operations for evaluating (G.8) is larger when compared to (G.6). However, the
data dependent memory accesses have been avoided. Unfortunately, this solution
cannot be extended to non-equidistant and non-power-of-2 number of sector bins.
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Figure G.4: Rotations of x by ci.

Similar to the choices of qn in BBP, the primitive rotations ci can be chosen to
simplify the implementation of (G.8), letting us avoid multiplication operations in
x × ci. Also, only bit-manipulations, additions, and multiplications are required;
and therefore, integer data types can be used throughout.

G.5 Finding half-plane, quadrant, and octant

The first three loops in (G.6) correspond to finding the half-plane, quadrant, and
octant sector which x occupies. These first three loops can be simplified. The first
loop/bit (the half plane) is simply given by the sign bit of x1

M−1n = sb(x1). (G.9)

The second loop/bit (the quadrant) is given by
M−2n = M−1n ⊕ sb(x0). (G.10)

Finally, the third loop/bit (octant) is given by
M−3n = M−2n ⊕ sb(|x0| − |x1|). (G.11)

For subsequent loops, no straight-forward simplifications compared to (G.6) can be
found. Using (G.9)-(G.11), instead of the first three bisection loops, will signifi-
cantly reduce the cost of the bisection. Also, for applications in which binning in
only 4 or 8 sectors is desired (M = 2 and M = 3), this will directly give the sector
bin number without any multiplications.

Expression (G.9) and (G.10) can also be used to replace the first two loops of
(G.8). However, for (G.8), x needs to be rotated accordingly which can be achieved
with the initial reassignment [

x0
x1

]
=
[

|x1|
− sign(x1)x0

]
.
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G.6 Computational cost

Apart from the atan( · ) approximation and the non-integer variable and constant
representations in BBA and the necessary numerical approximations in the rela-
tions (G.4) and (G.7) when selecting qn and ci for BBP and BBR, respectively,
all three solutions, BBA, BBP, and BBR, have the same logical result. Therefore,
their performance is primarily determined by their computational requirements and
costs.

The exact numbers and types of required operations for the different solu-
tions are dependent on many implementation choices. However, in Table G.1, a
rough picture of the approximative numbers and types of operations required for
BBA, BBP, and BBR is given. The operations have been divided into: additions
and subtractions (add/sub), multiplications (mul), divisions (div), absolute values
(abs), memory accesses (mov), bit-shifts (shift), bit-assignments (bit-assign), bit-
wise xor/and/not (bit-op), and other miscellaneous operations/functions (other).
Further, it has been assumed that the number of sector bins N is 2M (a power of 2);
the half-plane, quadrant, and octant sector calculations are used; and for both BBP
and BBR, one and two multiplications in x = x · qi and x = x× ci, respectively, are
replaced with bit-shifting and signcopy. Finally, the loops are assumed unrolled,
and therefore, no operations for iteration variable manipulation are counted.

BBA BBP BBR
add/sub 6 (M − 3) + 1 2(M − 2)

mul 2 (M − 3) 2(M − 2)
div 1 0 0
abs 3 2 0
mov 0 3(M − 3) 0
shift 2 (M − 3) 2(M − 2)

bit-assign 3 2(M − 3) + 3 2(M − 2) + 2
bit-op 2 (M − 3) + 2 (M − 2) + 2

other floor,
sbc(·) M signcopy sbc(·),

2M signcopy

Table G.1: Operations required to perform the sector binning.

G.7 Discussion and conclusions

We have presented three different solutions to sector binning of a complex number
or two-dimensional vector. This binning can be viewed as a quantization of the
related argument. Table G.1 shows the strengthes and weaknesses of each solution.
BBA requires division and non-integer data types, but the computational cost is
independent of the number of sector bins. BBP requires the least number of op-
erations for a small number of sectors, but the computational cost scales with the
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logarithm of N and data dependent memory accesses are required. BBR avoids
the data dependent memory accesses at the cost of a somewhat higher number of
required operations. Both BBP and BBR can be implemented with only integer
data types.

Which solution to favor is a matter of the intended platform, the number of
sector bins/quantization level, and the application. For embedded platforms, a
moderate number of bins, and sequential processing typical for communication ap-
plications, we would generally favor BBP. However, for processing of large data
chunks (e.g. images), opting for vectorization, and for platforms with readily avail-
able multipliers, we would favor BBR. Finally, for platforms with a fast division
operation and in the case of a large non-power-of-2 number of sector bins or floating-
point data, we would favor BBA.
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Abstract

A real-time implementation and the related theory of a visual-aided iner-
tial navigation system are presented. The entire system runs on a standard
laptop with off-the-shelf sensory equipment connected via standard interfaces.
The visual-aiding is based on epipolar constraints derived from a finite visual
memory. The navigational states are estimated with a square-root sigma-
point Kalman filter. An adaptive visual memory based on statistical coupling
is presented and used to store and discard images selectively. Timing and
temporal ordering of sensory data are estimated recursively. The computa-
tional cost and complexity of the system is described, and the implementation
is discussed in terms of code structure, external libraries, and important pa-
rameters. Finally, limited performance evaluation results of the system are
presented.

H.1 Introduction

A monocular camera and inertial sensors are an attractive sensor combination for
autonomous positioning and navigation: the setup is intuitive in that it resem-
bles our own senses; the sensor hardware is inexpensive, compact, easily available,
and can be found in many consumer products; it is independent of external infras-
tructure; and the inertial sensors are self-contained and have a high integrity and
dynamic range, while the camera imagery contains an excess of information. Sev-
eral methods capable of stand-alone positioning based on this sensor combination
can be found in the literature, e.g. [1][2][3]. However, there are few presentations
of full realtime, online implementations and related system analysis, see [4] for an
exception. Realtime capabilities are often measured in terms of computational time
or assessed by partial system analysis. A complete implementation would uncover
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Figure H.1: Illustration of processing and hardware of the implementation of the vision-aided INS.
The red blocks constitute the INS while the blue blocks give the visual-aiding. The green block
handles timing (synchronization) in the system. For the processing platform, a standard laptop
has been used. Note that sensors units and laptop are not to scale.

many theoretical and practical issues that need to be resolved for a realtime sys-
tem to work online. It would also validate the theoretical claims of the system
analysis. The step from an algorithm to a realtime implementation might seem
deceptively short when described on paper but in reality, it can often be quite long
and cumbersome.

Therefore, in this article we present a realtime implementation and related the-
ory and analysis of a monocular visual-aided inertial navigation system (INS). The
extraction of visual information is based on comparisons between the current cam-
era image with a set of images in a finite visual memory. Epipoles are calculated and
used as observations related to the navigational states. The basic visual informa-
tion extraction method has previously been presented and used on synthetic data
in [5]. A similar approach has also been presented in [6]. Figure H.1 shows an illus-
tration of the system components and functional blocks. A concise description of
the theory behind the visual-aiding is given and the related filtering is implemented
with a sigma-point Kalman filter in a numerically robust square-root form, which
we have found necessary for real-data processing. For ease of implementation, the
visual information extraction method is presented in a set-based framework using
homogeneous coordinates. To limit the visual memory, and thereby the compu-
tational cost, a novel adaptive memory has been developed, which uses statistical
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coupling to determine which past views to preserve and which to discard. This
memory has potential bearing on all methods that use a finite memory to gener-
ate observations. The system hardware implementation is based on off-the-shelf
components and therefore no hardware synchronization of sensory data is assumed.
Time synchronization and temporal ordering are based on methods previously pre-
sented in [7] and are briefly described here. A description of the implementation
in terms of code structure, external libraries, and hardware is given. For the whole
system realtime capability on a standard laptop is achieved. Unlike in [4], no exter-
nal processing hardware, such as graphical processing units, are used. An analysis
and measurement of the computational costs and processing complexity and re-
lated trade-offs in parameter settings are presented. Finally, limited performance
evaluation tests are presented and conclusions drawn.

H.2 Inertial navigation

The inertial navigation is the backbone of the presented visual-aided INS imple-
mentation. The INS propagates and outputs the main navigational states of the
system: position p ∈ R3×1, velocity v ∈ R3×1, and orientation q ∈ H. The posi-
tion p and velocity v are in the navigation coordinate frame n, which is the local
tangent plane, and the orientation q is the unit quaternion describing the rotation
between the n frame and the body coordinate frame b. The b frame is identical to
the sensor frame of the inertial measurement unit (IMU).

The mechanization equations for the INS are of first-order discretization type,
i.e.

pk+1 = pk + vkdtk
vk+1 = vk + (qkfkq−1

k − g)dtk (H.1)
qk+1 = Ω(ωkdtk)qk,

where the Coriolis term has been neglected; k is a time index and dtk is the time
difference between time instants with indices k + 1 and k; g = [0 0 g]T is the
gravity vector where g is the local gravitational field strength; f ∈ R3×1 is the
specific force and ω ∈ R3×1 are the rotational rates in b; and Ω(·) is the quaternion
update matrix. For a detailed treatment of inertial navigation, see [8]. For a
discussion of how to get the time indices k and differentials dtk, see Section H.7.

The IMU provides measurements of the specific force f̃k and of the rotational
rates ω̃k. Compounding the inertial measurement into a measurement vector ũk =
[f̃Tk ω̃T

k ]T and the specific force and the angular rates into an input vector uk =
[fTk ωT

k ]T, the inertial measurements and the measurement errors are modeled as

ũk = uk + bk + wu
k and bk+1 = bk + dtkwb

k, (H.2)

where wu
k is white measurement noise, bk is slow varying sensor biases, and wb

k is
a white driving noise terms.
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Combining the INS states into a state vector xins
k = [pT

k vT
k qT

k ]T, relation
(H.1) can compactly be written as a function xins

k = fimu(xins
k−1,uk). The inertial

navigation alone is deterministic. Even though the sensor errors are stochastic,
without aiding, there is no further information to estimate them. Consequently,
given some initial state estimates x̂0 and bias estimates b̂0, the estimates can be
propagated in time by

x̂ins
k+1 = fins(x̂ins

k , ũk − b̂k)
b̂k+1 = b̂k

(H.3)

for all k > 0. This way the INS works as the system backbone, continuously
providing state estimates with the rest of the system having the role of correcting
it.

H.3 Visual information

The visual information extraction is the process of extracting spatial information
from the imagery. Since the imagery is invariant under scene scaling, it cannot give
absolute spatial relations and therefore we refer to the spatial information as visual
constraints. Further, since the images are a result of overlapping scenes, we refer
to them as views.

All views could jointly be used to calculate the visual constraints. However, for
realtime navigation, the information from a new image needs to be incorporated
recursively. Therefore, for each time instant we only consider the pairwise relations
between the most recent view and past views.

Feature points
The views contain an excess of information and therefore, they must be interpreted
and condensed somehow. The most commonly used method for this is to estab-
lish point correspondences between views. For this, we use feature points (FPs)
z(i)
p ∈ R3×1 indexed by p and selected in the view (i) based on some distinctiveness

measure. This way the visual information of a view is condensed into few distinct
and well-localized quality points. The FPs are in homogenous coordinates, meaning
that a point [x y] in the image plane is represented as [x y 1]. The FPs are
accompanied by descriptors η(i)

p that are vectors describing the points. Define the
set of all interest points Z(i) = {z(i)

p } and the set of all descriptors N (i) = {η(i)
p }

from view (i). Based on these, the set of all point correspondences, between the
current view (c) and the past view (i), are consolidated by

M(i) =
{
{p, q} : ‖η(c)

p − η(i)
q ‖η < γη

}
where γη is some similarity threshold. The set M(i) constitutes the basic spatial
information between views.
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Visual constraints
Geometrically the point correspondences between the current view (c) and view (i)
are governed by epipolar geometry and the fundamental matrix F(i) ' A−T [p(c)−
p(i)]×R(c)

(i) A−1 where ' denotes similarity up to scale; A is the camera calibration
matrix; [ · ]× is the cross-product matrix; p(c) and p(i) are the positions of the focal
points of view (i) and (c); and R(c)

(i) is the rotation matrix between the views. In
terms of the navigation states, the focal point is

p(i) = p` + q`pb(c)q
−1
` (H.4)

where ` is the time instant the image of view (i) was taken and pb(c) is the displace-
ment between the b frame and the camera focal point in the b frame. Similarly, the
rotation matrix is

R(c)
(i) = gr(d−1q(i)

k

−1
d) (H.5)

where d is the static rotation between the camera coordinate frame of view (c)
and the b frame, q(i)

k is the rotation between the coordinate frame of view (i) and
the b frame, and gr is the mapping between quaternions and rotation matrices.
Ideally, under perfect FP detection and matching, the point correspondences and
the fundamental matrix are related by

z(c)
p

T
F(i)z(i)

q = 0 : {p, q} ∈ M(i). (H.6)

The fundamental matrix describes the spatial relation between different views
completely[9]. Therefore, relation (H.6) will be the foundation for all visual con-
straints.

The visual constraint can be calculated for all past images. However, this gives
a growing computational cost, which is clearly unacceptable. For many situations,
the navigation system will be in motion such that within a short period of time,
there is no overlapping perspective between views and consequently no matches
and no visual constraints. To remedy this, a visual memory of finite size P is used

V =
{
{Z(1),N (1),p(1),q(1)

k }, · · · , {Z
(P ),N (P ),p(P ),q(P )

k }
}
.

For further details of how the views are inserted and removed from the memory see
Section H.6.

Epipole constraints
The problem with (H.6) is that it cannot easily be posed as an observation related
to the navigational states. Further, estimating F(i) from M(i) and Z(i) is com-
putationally demanding and establishing a statistical description of the errors is
difficult. Instead we have previously demonstrated that visual constraints from the
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matches can be extracted by unwrapping the rotation of the features points by the
orientation estimates of the inertial navigation and calculating epipoles from the
unwrapped matches [5].

The idea is that under the pure translational motion, the fundamental matrix
becomes F(i) ' A−T [p(c) − p(i)]×A−1. Then the null-space of F(i) is described
by the epipole y(i) of the (i)th view relative to the current view, i.e. F(i)y(i) = 0.
Define the mapping gr : [x y z]T 7→ [x/z y/z]. Then, this means that

y(i) = Āgr(∆p(i)). (H.7)

where ∆p(i) = dqk(p(c) − p(i))qk−1d−1 is the relative translation between views
in the current view frame and Ā = A1:2,1:3 is the truncated camera calibration
matrix. In contrast to (H.6), the epipole visual constraint (H.7) is, via (H.4),
directly amenable as an observation related to the navigational states and is the
constraint used in the current system.

Epipole measurement
For (H.7) to hold, pure translation between views is required; but this will not
hold in the general case. However, the inertial navigation provides accurate (∼ 1◦)
relative orientation information over time periods up to minutes. Combined with
the visual-aiding itself, it can be expected that the relative orientation information
over the maximum time baseline in the finite visual memory is good and relative
orientation estimates can be used to create apparent pure translation, i.e. parallel
image planes. This is achieved by correcting the FPs for the relative orientation of
views. We refer to this procedure as rotation unwrapping.

To unwrap the rotation of the past views, the relative rotation between the
current view and the past views is needed. Therefore, the orientations of views q(i)

k

in V relative to the current view are kept in a matrix Θk = [q(1)
k · · ·q

(P )
k ]. As soon

as the orientation qk in xins
k is updated, the matrix Θk is updated by

Θk+1 = Ω(ωkdtk)Θk

When the view (c) is inserted in V at time instant k as a view (i), the corresponding
orientation is set to q(i)

k = [0 0 0 1].
The rotations of view (i) are unwrapped by correcting the FPs in Z(i) by the

rotation q(i)
k . In homogenous coordinates this is done simply by a vector rota-

tion followed by a renormalization. Define the mapping g1/z : [x y z]T 7→
[x/z y/z 1]T. Then a FP z(i)

p is corrected for the rotation q(i)
k by u(i)

p =
g1/z(q

(i)
k

−1
z(i)
p q(i)

k ). Accordingly the set of corrected FPs are calculated as

U (i) = {g1/z(q
(i)
k

−1
z(i)
p q(i)

k ) : z(i)
p ∈ Z(i)}. (H.8)

This transformation establishes apparent parallel views. However, (H.7) is depen-
dent on the epipole point rather than on the point correspondences. For pure
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translation, the FPs fall on a line radiant from the epipole point. Conversely,
the line intersecting two matched FPs ideally intersects the epipole point. Con-
sequently, two such lines will intersect in the epipole point and each pair of FP
matches will generate a measurement of the epipole point. Define the mapping
gL : [x y z] 7→ [x z − y]. Then the line l(i)p,q ∈ R3×1, in homogeneous coordi-
nates, intersecting the points z(c)

p and u(i)
q , is l(i)p,q = gL(z(c)

p ×u(i)
q ) where × denotes

the cross-product. Accordingly, the set of all lines of matching pairs in the rotation
unwrapped views is

L(i) = {gL(z(c)
p × u(i)

q ) : {p, q} ∈ M(i)}

In turn, the point at which two lines l(i)r and l(i)s intersect is y(i)
r,s = g−1

L (l(i)r × l(i)s )
where r, s ∈ M(i) are 2-tuples and g−1

L : [x y z] 7→ [x − z y]. Accordingly,
the set of all intersections of lines is

Y(i) = {g−1
L (l(i)r × l(i)s ) : l(i)r/s ∈ L

(i), r 6= s}

Each member of the set Y(i) is a measurement of the epipole y(i) as of (H.7). Such
sets of measurements are created for all views in V.

In summary, the spatial information in the current view is condensed to a set
of FPs Z(c). From a finite visual memory V, the featured point of the current
image is matched by the FPs Z(i) in the memory to createM(i). Apparent parallel
views are created by unwrapping the FPs creating U (i). Based on these sets, lines
intersecting the matched points are calculated giving L(i). The intersections of all
lines are calculated giving the epipole measurements in Y(i).

Outlier rejection

The FPs can reasonably be assumed to have small and well behaved deviations
between views. However, the matching between points is not perfect and the
epipoles are derived measurements and the calculations as such can be ill con-
ditioned. Therefore, some measurement outlier rejection procedures are needed.

Poor matches can be detected by the relation (H.6). The fundamental matrix
relative a view (i) can be estimated by F̂(i)

k = A-T[p̂k−p̂(i)
k ]×gr(q̂(i))A−1, where p̂k

and p̂(i)
k are calculated from (H.4) and (H.5) with the state estimates from (H.3).

Then a match is rejected if z(i)
p

T
F̂ijz

(j)
q > γF , where γF is a geometric rejection

threshold. This gives the outlier rejection

M(i) \
{
{p, q} ∈ M(i) : z(i)

p

T
F̂ijz(j)

q > γF

}
⇒M(i)

where \ denotes the relative set complement or “set minus”. The line derived
from the matching point will be ill conditioned if the points lie too close together.
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Consequently point matches are rejected if ‖zcp−u(i)
q ‖ < γa, where γa is a distance

threshold. Accordingly

M(i) \
{
{p, q} ∈ M(i)∀‖zcp − u(i)

q ‖ < γa

}
⇒M(i).

If the lines are almost parallel, determining their intersection becomes ill condi-
tioned. Therefore, an intersection is rejected if the angle between the lines is too
small. Define the mapping gl : [x y z] 7→ [x/(x2 + y2) y/(x2 + y2)]. Then

Y(i) \
{
gl(l(i)r ) · gl(l(i)s ) < γ× : r, s ∈M(i)

}
⇒ Y(i)

where γ× is some parallelness threshold. Note that gl(l(i)r ) · gl(l(i)s ) = cos(θ), where
θ is the angle between the lines.

H.4 Complementary models

In principle, the process models (H.1) and (H.2) could be combined with appended
view positions p(i) and the measurement model (H.7), giving a state space descrip-
tion of the system. However, propagating the statistics for qk is difficult due to
the constraint that qk ∈ H. To overcome this, we use the customary approach
of using complementary filtering with feedback. This means that the deviations
of the INS state estimates (errors) from the true states are estimated instead of
the states themselves. The feedback means that any non-zero deviation estimate
is fed back, correcting the states propagated by (H.3). For a detailed treatment of
complementary filtering for INS, see [10].

Process model
For complementary filtering, corresponding complementary models are needed. A
first-order deviation model for (H.3) is

δpk+1 = δpk + dtkδvk
δvk+1 = δvk + dtk[R̂n

b,k f̃k]×δθk
+ dtkR̂n

b,kδfk + dtkR̂n
b,kwf ,k

δθk+1 = δθk − dtkR̂n
b,kδωk − dtkR̂n

b,kwω,k

δbk+1 = δbk + dtkwb
k,

(H.9)

where δpk, δvk, δθk and δbk are the deviations of states of position, velocity,
orientation, and sensor bias and wu

k = [wT
f ,k wT

ω,k]T. Define the deviation state
vector δxins

k = [δpT
k δvT

k θTk δbT
k ]T and the corresponding process noise vector

wT
k = [wu

k
T wb

k

T]T. Then (H.9) can compactly be written in the form

δxins
k+1 = Fins

k δxins
k + Gins

k wk.
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The camera positions of old views p̂(i), given by p̂k, q̂k, and (H.4), obvi-
ously do not have any dynamics. Consequently, neither do the related deviations
δp(i)

k and therefore the process model is the identity δp(i)
k+1 = I3δp(i)

k . When
the image is captured, the error state is related by δp(i)

k = Tins
k δxins

k , where
Tins
k =

[
I3 03×3 [R̂n

b pbc]× 03×6.
]
. Compounding the P camera states δxcam =[

δp(1)T · · · δp(P )T
]T

, we can write the IMU and camera position error processes
jointly as

δxk+1 = Fkδxk + Gkwk ∈ R15+3P (H.10)

where δxk = [δxins
k δxcamk ]T, Fk = Fins

k ⊕ I3P and Gk =
[
(Gins

k )T 0T3P×12
]T.

This gives a complementary process model for the whole system.

Measurement model
The dependence of the measurement model (H.7) of the system states comes in via
∆p(i)

k . In terms of the deviation states

∆p(i)
k = dqk(p̂(i)−δp(i) − p̂k + δpk

+ C(δθk)q̂kpb(c)q̂
−1
k )qk−1d−1 (H.11)

where C(δθk) ≈ I3 − [δθk]× is the direction-cosine matrix. Inserting (H.11) into
(H.7) yields the complementary measurement model.

H.5 State estimation

The INS propagates state estimates according to (H.3) given inertial measurements
ũk. Based on these state estimates and the observed epipoles as of sets Y(i), the
deviation states δxk shall be estimated. These are subsequently fed back to correct
the INS and camera states.

In principle, all epipole measurements Y(i) could be used as independent mea-
surements. However, if the error covariances were identical up to scale, then equiv-
alently we could use the weighted sample mean

ỹ(i) =
∑

y(i)
p ∈Y(i)

wpgr(y(i)
p ),

where
∑
wp = 1, as a single measurement. This significantly reduces the computa-

tional burden of the measurement updates and lets us establish an estimated error
covariance of the sample mean by

C(i) =
∑

y(i)
p ∈Y(i)

wp(ỹ(i) − y(i)
p )(ỹ(i) − y(i)

p )T + λ(i)I2. (H.12)
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where λ(i) = 1
M σy, M is the number of elements in Y(i), and σy is a system

parameter. The term I2λ
(i) prevents the covariance from collapsing when only few

measurements are available.
Stacking all p ≤ P available measurements at instant k together into a mea-

surement vector yk, combined with the process model (H.10), yields the complete
state-space model,

δxk+1 = Fkδxk + Gkwk

ỹk = hk(x̂k, δxk) + vk,
(H.13)

where hk(·) represents the measurement model in (H.7), in terms of deviation states
as of (H.11). The augmented noise vector vk has a block diagonal covariance matrix
Ck = C(1) ⊕ · · · ⊕C(p) ∈ R2p.

The deviations δx are estimated by a square-root sigma-point Kalman filter.
The filter is summarized in Algorithm 5 and further explained below (for details
see [11]). The necessary statistics are approximated by propagating “sigma-points”
through the measurement model. The sigma-points are generated from the square-
root of the error covariance matrix P1/2 of the predicted deviations

δX ` =


0 ` = 0
η · [P1/2]` ` = 1, . . . , N
−η · [P1/2]`−N ` = N + 1, . . . , 2N

,

where [P1/2]` denotes the `th column of P1/2. This is compactly expressed by
the mapping gσ. After the deviation is estimated, the error covariance matrix is
updated by a series of rank-1 Cholesky downdates, denoted by gchol-d. The time
updates are performed by a standard square-root Kalman filter. The deviation
process model (H.10) is linear and therefore the sigma-point transform is not needed
to approximate the statistics. The mapping gQR computes the time update of P1/2

k

using the QR factorization [12].
As a view (i) is replaced in the memory, the corresponding state needs to be

removed and the new one inserted. To keep the temporal order between states,
the new view is added last in the state vector. The corresponding square-root
covariance update is

P1/2 =

 X 0 0
· · 0
Y Z V

⇒ P1/2 =

 X 0 0
Y W 0

T′X 0 0


where X and V are lower triangular matrices, the blank rows correspond to the rows
related to the removed view state, W is the lower-triangular Cholesky factorization
of ZZT + VVT , and T′ = [Tins 03×3(i−1)].
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Algorithm 5 Estimation using sigma-point Kalman filter, with weights {wc},
{wm} and η. The number of error states N = 15 + 3P .
1: for k = 0, . . . do
2: Update x̂ins

k and Θk

3: if new image ∃ then
4: Extract feature points Z(c)

5: FormM(i), U (i), L(i) and Y(i),∀i = 1, . . . , P
6: end if
7: if ∃Y(i) then
8: Form ỹk and Ck

9: %Generate sigma-points and prediction:
10: δX j = gσ(P1/2

k|k−1)
11: Y` = hk(x̂k, δX `)
12: ŷk =

∑2N
l=0 w

m
` Y`

13: %Measurement update:
14: Ce,k =

∑2N
l=0 w

c
l

(
Y` − ŷk

)(
Y` − ŷk

)> + Ck

15: Cx,e,k =
∑2N
l=0 w

c
l δX `

(
Y` − ŷk

)>
16: Kk = Cx,e,kC−1

e,k
17: δx̂k = Kk

(
ỹk − ŷk

)
18: P1/2

k|k = gchol-d(C1/2
e,k ,Kk)

19: Use δx̂k to correct state estimates x̂k
20: P1/2 := P1/2

k|k
21: else
22: P1/2 := P1/2

k|k−1
23: end if
24: if new image ∃ then
25: Update V,P1/2,Θ and δxcam

26: end if
27: %Time update:
28: P1/2

k+1|k = gQR([FkP1/2 GkQ1/2])
29: end for
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H.6 Adaptive visual memory

The visual memory V has finite size P but new images arrive at regular intervals.
Therefore, old images need to be removed from the buffer at some point. Unfortu-
nately, due to the realtime constraint, the size P is restricted and therefore images
might have to be discarded while still contributing to the navigation solution. How-
ever, discarding the oldest view is in general not a good strategy. On the one hand,
the oldest image will have the largest time baseline and as such the greatest potential
value. On the other hand, the oldest view is also the one that is the most likely to
have no perspective overlap with the current and future views, in which case it is of
no value. Consequently, a utility measure of each stored view (i) is needed.

The value of a view is naturally measured by its statistical coupling to the
current and future navigation deviation states δxins

k . The second-order statistics of
this coupling will be determined by the covariance of the epipole measurements, the
geometry between views, and the covariance of the deviation states. For each new
view, the coupling to the current deviation state can be defined by the corresponding
Kalman gain submatrix (see Algorithm (5)) K̄k = Kk(1:15,·). By dividing the gain
submatrix into components related to each individual view, K̄k = [K(1)

k · · ·K
(p)
k ],

the contribution of each view K(i)
k ∈ R15×2 is separated in the sense that δx̂ins

k|k =∑p
i=1 K(i)

k e(i)
k , where e(i)

k is the innovation of the visual constraint of the (i)th view.
The different states have different units and might be valued differently. There-

fore, a weight vector wµ ∈ R15×1 weighing the different states is necessary. Define
an instantaneous coupling factor

µ
(i)
k , ‖[wµ wµ] ◦K(i)

k ‖F

where ‖ · ‖F is the Frobenius norm and ◦ is the Hadamard product. If there is
no observation related to the view (i) at time k, µ(i)

k = 0. Since ‖wµ ◦ δxins
k|k‖2 ≤∑p

i=1 µ
(i)‖e(i)

k ‖2, µi quantifies the potential gain each view (i) has in correcting
the navigation solution. For simplicity and motivated by the strong coupling of all
other states to the position state, we have typically used wµ = [13×1 012×1]T.

The instantaneous coupling factor µ(i)
k gives a measure of the coupling of view

(i) with the current states δxins
k . Also, due to the dead-reckoning nature of the

system, it gives an indication of the coupling to future states δxins
k . However, due

to the risk of non-overlapping scenes of the views, without any further information
about the future trajectory, the further away in the future the less information the
current coupling factor µ(i)

k carries about future coupling factors. Consequently, to
determine the utility of a view, we need to balance instantaneous coupling factors
of the current and past views. For this reason, we define a view utility g(i)

k for each
camera sample k based on a history of instantaneous coupling factors, computed as

g
(i)
k = λg

(i)
k−1 + µ

(i)
k ,
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where 0 ≤ λ < 1. The view utilities g(i)
k are kept track of for each view in the visual

memory. At the end of each measurement update, the view (j) = arg min(i)(g
(i)
k )

with the smallest utility is removed from the buffer and the current view (c) is
inserted in its place. A nonzero initial frame utility g0 can be used to favor new
images. This will be useful if large memory sizes are used and λ is small. The
decaying memory in g(i)

k makes it possible for “good” views to survive in the memory
during periods of motion blur or look-around motions. Since there is nothing epipole
specific to the adaptive visual memory, the utility measure could be used for any
finite memory, e.g. for positions of individual feature points.

H.7 Time synchronization and temporal ordering

No synchronization of the sensors is assumed. For realtime processing, this implies
that the time instants of the measurements tk and the time indices k need to
be estimated recursively. The sensors are assumed free running providing data at
regular intervals with respect to their local oscillators. This means that the dynamic
of the time instants relative the processing unit clock can be modeled by [7][

t`
α−1
`

]
=
[
1 d`
0 1

] [
t`−1
α−1
`−1

]
+
[

0
w`

]
(H.14)

where t` is the time instant of the `th measurement from a peripheral unit with
respect to the central clock; α−1

` is the inverse of the clock pace of the peripheral
oscillator; d` is the period of the measurement with respect to the peripheral clock;
and wl is some random frequency drift in the oscillator. In turn, the time stamps
from the central unit can be modeled by

γ` = t` + τ + v` (H.15)

where τ is a constant mean communication delay and v` is a random delay com-
ponent. Relations (H.14) and (H.15) make up a timing state-space model for the
sensor units. The state and consequently the measurement time instants t` can
be estimated by a Kalman filter giving a time synchronization between the asyn-
chronous measurements. The estimates t̂` in turn give the timing indices k and the
time differentials dtk needed for all filter time updates.

Due to varying communication delays and thread and buss scheduling, it cannot
be assumed that measurements will arrive in the order of their estimated sampling
instants t̂`. To order the measurements in realtime, predictive temporal ordering
is used [7]. Based on the timing estimates and the state space model (H.14), the
timing of the next measurement is continually predicted by

t̂`+1|` = t̂`|` + d`α̂
−1
`|` . (H.16)

The updated timing estimate of an incoming measurement is compared with the
predicted timing of the next time measurement of the other sensor. If it is within
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Figure H.2: Sensor units of the visual-aided INS implementation. The camera is rigidly mounted
together with the IMU. Each sensor unit is connected to the processing platform with asynchronous
data busses, i.e. IEEE-1394 and USB.

four standard deviations of the predicted timing estimate, the system waits for the
measurement of the other sensor to arrive to determine which temporal order they
should have. Otherwise, the system proceeds and processes the incoming estimate.
If a measurement is incorrectly ordered as judged by the updated timing estimates,
the measurement is rejected. In the considered setup, this happens in less than 1
in 105 measurements.

H.8 Realtime implementation

The visual-aided INS described in Sections H.2-H.7 has been implemented in re-
altime. The implementation runs on standard laptops with off-the-shelf sensor
equipment. All code has been written in C/C++.

Hardware

The required hardware is an IMU, a camera, and a processing platform. Various
MicroStrain IMUs (GX2) have been used with the system. The camera is an AVT
Guppy WVGA F-036B with 8-bit grayscale images and 752×460 pixels resolution.
The camera features a FireWire (IEEE1394) interface. Several standard laptops, all
running Linux and with Intel i5 and i7 CPUs and 2-6 GB RAM, have successfully
been used as processing platforms. Figure H.2 shows the sensor units.

Processing framework

The foundation for the system software implementation is an in-house developed
soft-realtime processing framework. The framework contains a set of virtual classes
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that define internal interfaces and threading functionality and declare main runtime
routines. Main filtering components, i.e. the blocks as of Fig. H.1, inherit these
virtual classes and therefore have to define the virtual runtime routines. This way,
conformity of the framework-derived components is ensured.

Components for controlling and receiving and parsing data from each sensor
and rendering the filtering results have been developed for the processing frame-
work. Control and reception of the data from the IMU is based on standard POSIX
(IEEE 1003) system calls. Control and reception of the data from the camera is
based on the IIDC 1394-based Digital Camera Specifications high level program-
ming interface library libdc1394. The rendering is based on the Simple DirectMedia
Layer (SDL) library.

The processing framework uses different threads for receiving data from each
sensor, performing the filtering, and rendering the result. The threading has been
implemented with POSIX threads (pthreads). The different framework components
are connected to each other by callback functions. The different threads hand over
data using internal circular buffers.

Feature-point methods
For the FP detection, description, and matching, as described in Section H.3, the
SURF method was used. The SURF method was selected, despite its weaknesses
and lack of theoretical foundation, due to its low computational cost. However,
available SURF implementations were found too slow and instead an in-house de-
veloped implementation of SURF with some minor modifications was used. The
implementation is capable of processing a WVGA image in ∼30[ms] on a standard
laptop. To bound the computational cost for the image processing, to ensure real-
time capability, an upper limit Nmax was set on the number of FPs. The FPs were
selected based on the distinctiveness (detection) measure, i.e. the determinant of
the Hessian.

Recently, multiple improved FP methods have been presented, e.g. [13]. They
should be favored if the system is re-implemented.

Filtering
The filtering as described in Algorithm 5 mainly consists of matrix operations
and control sequences. The matrix operations has been implemented using the
library ITPP (including the BLAS and LAPACK libraries) and LINPACK for the
Cholesky downdating.

H.9 Computational complexity and cost

Naturally, the computational cost relative to the computational capability of the
processing platform determines the possibility of running a filter in realtime. How-
ever, many of the processing stages have parameters affecting the computational
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cost and at the same time, the system performance; meanwhile, the computational
capability varies with different platforms. Therefore, the scaling of the computa-
tional cost becomes important, since it enables a trade-off between the computa-
tional cost, the performance, and the computational platform.

As Fig. H.1 illustrates, the system can be divided into a set of processing
blocks. Naturally, the computational cost divides in the same blocks. Based on
an inspection of the related processing, the INS, the synchronization and temporal
ordering, and the visual memory is directly seen to have marginal computational
costs and is therefore omitted from this discussion. The remaining blocks from
Figure H.1 are the FP extraction and matching, the epipole calculation, and the
complementary filtering.

The FP extraction and matching consists of an image processing part, a FP
description part, and the matching. The image processing cost scales linearly with
the number of pixels Npix, the FP description cost scales linearly with the number
of FPs Nfp, and the matching cost scales with the product of the number of FPs
in each set that is matched. All these calculations have to be done at an update
rate of fcam. This gives the computational cost

cfp = (cpix ·Npix + cη ·Nfp + cm(PNfp) ·Nfp)fcam (H.17)

where cpix is the computational cost per pixel, cη is the cost for creating a descriptor
for each FP, and cm is the cost of a single match, and it has been assumed that
the number of FPs (Nfp) is roughly the same in all sets. A more detailed analysis
can be found in [14]. Epipole calculation entails calculating the sets U (i), L(i), and
Y(i). The calculation of Y(i) scales with the square of the number of matches and
is therefore dominant. The calculations have to be done for every new view and
for each view in V. However, only a fraction of all FPs give matches and only a
few arithmetic operations are required to calculate the cross product. Therefore,
the computational cost of the epipole calculation is marginal in comparison to the
matching, i.e. the last term in (H.17). The complementary filtering requires two
types of updates: the time updates, which are done for every inertial measurement;
and the measurement updates, which are done for every view. Since the filter is
run in a complementary mode with feedback, the time update only entails updating
the covariance matrix. This entails a QR-decomposition that scales as the cube
of the state vector dimension. The measurement update scales similarly with the
dimension of the measurements. However, the camera update rate is typically much
lower than the IMU update rate and therefore the cost is marginal. This gives the
computational cost

cfilter = ctud · (3P + 15)3 · fins. (H.18)

where ctud is the time update cost per covariance matrix element and (3P + 15) is
the state dimension of the complementary filter.

Naturally, the exact values of the coefficient cpix, cη, cm, and ctud depend on the
filtering implementation and processing platform. However, to make a qualitative
analysis of the computational cost, only rough values are needed. Based on runtime
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measurements with Callgrind (Valgrind profiling tool), on the laptops in use, the
following rough values of the coefficient (in [s]) were observed

cpix ∼ 10−7, cη ∼ 10−4, cm ∼ 10−7, and ctud ∼ 10−9.

These values can directly be seen to be reasonable considering the number of arith-
metic operations involved in the different processing stages. Assume fins = 250[Hz]
and fcam = 10[Hz]. Based on these values, we may note that

1. For small number of feature points (Nfp . 100) and small memory sizes
(P . 30), the computational cost is dominated by the basic image processing.

2. For larger number of feature points but small memory sizes (P . 30), the
computational cost is dominated by the matching.

3. For larger memory sizes, the cost is dominated by the filter time update.

This complexity analysis is rather general. If the factor (PNfp) is exchanged against
the general number of FPs, that the FPs of the current image is matched against,
and (3P + 15)3 is changed to some arbitrary dimension of the filter state, then the
analysis applies to any Kalman-based filtering of imagery data based on FPs.

The major trade-off between parameters, performance, and computational cost
becomes that between the memory size P and the maximum number of FPs. We
have generally used a trade-off around 200 FPs and P = 10. With these settings, the
feature point extraction and matching make up roughly 80% of the computational
cost and the filter time-update roughly 20%.

H.10 Experimental results

An experiment was conducted during which we walked around the laboratory. The
system was held in the hand facing forward in the walking direction. The system
was moved around in a figure of an eight followed by three laps around the “lower”
circle in the eight. The trajectory is shown in Fig. H.3.

The trajectory was around 200 [m]. Obviously, the heading estimate drifts away
after some time but since the trajectory is closed-loop, many of the induced errors
cancel out and the estimate of the end position estimate is only about 2 [m] off from
the starting position.

H.11 Conclusions

We have presented a realtime visual-aided INS. The system is capable of running on
a standard laptop and only requires off-the-shelf hardware. A closed-loop trajectory
shows an error around 1% of the traveled distance.
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Figure H.3: Example trajectory estimated by the visual-aided INS plotted on a map overlay. A
green circle indicates the starting position while a red cross indicates the final position.
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