
   Degree project in

Decentralized Model Predictive Control 
for smart grid applications

Philipp Heer

Stockholm, Sweden 2013

XR-EE-RT 2013:022

Electrical Engineering 

Master's Degree Project 



Decentralized MPC for smart grid applications

PHILIPP HEER

Master’s Thesis at the Automatic control lab
Supervisor: Prof. Dimos Dimarogonas

Examiner: Prof. Bo Wahlberg
Co-Examiner at ETH: Prof. Manfred Morari

XR-EE-RT 2013:022





Preface

With this thesis, I complete my studies for a Master of Science in Electrical En-
gineering and Information Technology at ETH Zurich. As an exchange student, I
wrote this thesis at KTH in Stockholm. However, the thesis will be part of my ETH
diploma.
First of all I would like to thank Professor Bo Wahlberg and Professor Manfred
Morari for being my examiners and for making it possible for me to write this mas-
ter thesis at KTH Stockholm.
I would also like thank Professor Dimos Dimarogonas for being my supervisor. He
provided me with guidance and support throughout the thesis, but also with the
freedom to discover which directions I would like to emphasize. Him and also the
whole Automatic Control Group at KTH I would like to thank for providing an ex-
cellent working environment making these seven months abroad even more special.
Last but not least I would like to thank my family for their support during my
studies over all the years.

Philipp Heer
Stockholm,

28thAugust 2013



Abstract
This thesis focuses on a model predictive control scheme which allows
organizing the power production of power plants in a decentralized fash-
ion. That way a less computationally demanding control scheme can be
applied to control the frequency at each power plant without a govern-
ing, high level controller for the whole power grid.

The main contribution was to develop a communication scheme be-
tween power plants that can be applied in a competitive environment like
the energy market. Most established schemes for decentralized power
production require giving away a mathematical representation of a plant
to all its neighbors. However, the developed control scheme only requires
informing the neighboring power plants the expected future evolution
of the power networks voltage angle. This is information which is more
efficiently communicated by power plant operators. Additionally, this
simplification does not only yield a notable reduction in communicated
data but also reduces the computational complexity of the control prob-
lem for a single power plant.

The aforementioned control scheme was applied to a network con-
sisting of several different plants for each of which a model was devel-
oped. The modeled plants range from conventionally generated plants
like hydro-, gas- or wind power plants to more modern converter coupled
plants like photovoltaic installations. The plants were modeled such that
energy buffers - in the form of aggregated Electric Vehicle Batteries -
can be taken into account. For the power plants and the energy transfer
between them, linear time-invariant models were augmented with linear
matrix inequalities. These represent physical bounds which the model
has to regard in order to have a realistic system evolution ie, maximal
power line capacities or limiting power plant production capabilities.

Proofs are given which indicate necessary properties of the devel-
oped algorithm to ensure nominal or robust stability. Simulations were
carried out which verified the conditions obtained from the proofs. Also
by simulation, the obtained control scheme was compared with a central-
ized approach, amongst others. Considering the developments towards
a Smart Grid one can say that a power production which is organized
in a decentralized way reduces the computational effort greatly with a
tolerable loss of performance. This statement is backed up with results
from the simulations. The findings also indicate that the addition of
buffers is very beneficial regarding disturbance rejection in the power
grid.

Key words
Decentralized Model Predictive Control, Frequency Control, Linear Pro-
gram, Smart Grid, Transmission Line Constraint
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Chapter 1

Introduction

1.1 Motivation

In the recent past one can see a trend of an increasing share of relatively small
renewable energy sources (RES) in the power grid. Additionally, big conventional
power supplies like nuclear power plants are likely to be phased out of the power
portfolio. This causes problems due to the fact that the power does not flow the
way it was intended when the grid was built ie, from a centralized production site
(power plant) to designated consumers (industry, cities). Considering this one has
to pay attention to topics like power grid stability and security of supply.
Also the introduction of electric vehicles (EV) is an innovation which needs to be
taken in to consideration as potential fluctuations of the renewable resources or
other disturbances in the grid could be compensated for with intelligent usage of
the EVs as local buffers.

Status quo

Today there exists a control scheme which composes of three layers of control for
disturbance rejection in the power grid. The first is local frequency stabilization
which is executed by every plant independently. The second layers’ objective is to
drive the stabilized frequency to the nominal value. A third layer provides additional
resources if necessary and supports the second layer. The second and third layer are
controlled in a centralized fashion where all plants have to follow the same reference.

Proposed control scheme

A single power plant is usually interested in profit maximization. However other
goals need also to be fulfilled for a sustainable net operation as well. For example:

• Keeping the overall balance between production and consumption.
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CHAPTER 1. INTRODUCTION

• Not overloading the transmission lines which introduces a natural constraint.

RES plants (RESP) - which can be very small participants - may want to maintain
a high level of independence. Also a rising number of such micro plants increases
the complexity and the communication overhead for a centralized control facility.
These points yield a decentralized control scheme which keeps the computational
burden small and the level of independency high. Therefore this thesis focuses on
a decentralized control scheme with these properties.
Due to the physical limitations of maximal power production and limiting line
capacity constrains need to be taken into consideration if one wants to control the
power-grid.
A control scheme which includes constraints explicitly in the problem formulation is
model predictive control (MPC). In MPC a limited horizon optimal control problem
is solved at every discrete time step and fed to the system in a receding horizon
fashion.
The focus of the thesis is on the stability and the robustness of the power grid
if, for each plant, an individual MPC controller is used. A novel communication
protocol between two connected power plants is stated which simplifies the control
problem and creates realistic inter-power plant communication. This scheme is
compared with a more elaborate but unpractical setup and also with a centralized
MPC approach.

1.2 Previous work
Centralized and decentralized MPC have been both subject to research in the recent
past [7]. Also various different control schemes have been developed to control the
(constrained) power grid - some even with MPC. In the following a short overview
over publications of these two major topics is given.

Decentralized model predictive control

For an introduction to MPC the reader is referred to [9] which provides a very
good presentation on the principles of MPC. A summary about decentralized model
predictive control is given in [7] with various references as well as applications to
various systems. In [14] the stochastic use of MPC is investigated with a similar
notation as it is used in this thesis.

Model predictive control applied to power grids

There exist publications on power grid control which interpret the plants with the
swing equation [5], [12] with no transmission constraints and no communication
between the plants.
Also centralized MPC approaches have been investigated [6] which imply knowledge
of a system of neighboring plants. There have also been investigations in more
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realistic uses of MPC eg, in [8] where the information received from other plants is
delayed and the system is assumed to be nonlinear.
Additionally, this thesis orientates itself on [1] which serves as a guideline for the
assumed size of the vehicle to power-grid (V2G) parks and on [3] to specify the
assumed size of the renewable plants. Also, [4] shows the improvements which V2G
can bring to a large scale system however with a decentralized PI controller.

1.3 Contributions
The main contributions of this thesis can be split up into three parts:

• A new communication scheme is presented included in the formation of a linear
program (LP). Its solution is used to control the power grid in a decentralized
manner ie, only locally without a higher level controller while still respect-
ing constraints such as power flow limitations on the transmission lines are
kept. Theorems for the nominal and robust stability of individual plants are
provided. Also a LP for a centralized formulation and its according stability
theorems are provided.

• Two types of models corresponding to two types of power plants are formed.
Also a way of augmenting these plant models is investigated which is used to
incooperate energy buffers to the power grid.

• The capabilities of the developed control algorithm is validated by simulations.
These focus on the performance of the overall network towards disturbance
rejection.

1.4 Thesis structure
After this introduction the thesis is divided into the following chapters:

Chapter 2: Modeling
In the second chapter the general physical setup is described. Models describing a
range of power plants are presented.

Chapter 3: Controller development
The third chapter is concerned with control. It shows how the decentralized and the
centralized model predictive control algorithm is formed. Additionally, its stability
properties are described.

Chapter 4: Simulation results
After that, the fourth chapter shows how the specified stability conditions are ver-
ified by simulations. Further simulation results visualize the performance of the
developed control algorithm.

3
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Chapter 5: Conclusion
Finally, in the last chapter a conclusion is provided which reflects on the thesis and
serves as an outlook for possible further investigations atop of this master thesis.

1.5 Notation

I(·) denotes the identity matrix of ones of
the size (·).

I.e. I3 =
[ 1

1
1

]

1(·) denotes a vector of ones of the length
(·).

I.e. 13 =
[ 1

1
1

]

0(·) denotes a matrix of ones of the size
(·).

I.e. 03×2 =
[ 0 0

0 0
0 0

]

(·)T denotes the transpose of a matrix (·). I.e. x = [ 0 −5 1 ]⇒ xT =
[ 0
−5
1

]
#(·) denotes the number of elements also

called cardinality of a vector (·).
I.e. x = [ 0 −5 1 ]⇒ #x = #x′ = 3

#(·) denotes the higher number of ele-
ments in eigher rows or columns also
called cardinality of a matrix (·).

I.e. x =
[ 0 −5 1

2 3 4
]
⇒ #x = #x′ = 3

Rn(·) denotes replication of the vector (·)
for n times into a matrix.

I.e. x =
[

0
−5
1

]
⇒ R2(x) =

[
0 0
−5 −5
1 1

]

R(·) denotes replication of the vector (·)
into a matrix of square size.

I.e. x =
[

0
−5
1

]
⇒ R(x) =[

0 0 0
−5 −5 −5
1 1 1

]
E[(·)] denotes the expected value or mean of

a random variable (·).
I.e. x = N (3, 22)⇒ E[x] = 3

V [(·)] denotes the variance of a random
variable (·).

I.e. x = N (3, 22)⇒ V [x] = 22

|(·)| denotes the absolute value of (·). I.e. x =
[

0 −5 1
]
⇒ |x| =

[
0 5 1

]
||(·)||∞ denotes the infinity norm of (·). I.e. x =

[ 0 −5 1
1 4 3

]
⇒ ||x||∞ =

max∑∀j |xi,j | = 8

Σ(·) denotes the row sum of a matrix (·). I.e. x =
[ 0 −5 1

1 7 3
]
⇒ Σx =

[−4
11
]
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1.5. NOTATION

α • ∗β denotes the element wise use of the
operator • on the matrices α and β.

I.e. x =
[ 3 −5 1

1 10 0.25
]
⇒ 1/∗x =[ 0.333 −0.2 1

1 0.1 4
]

N (µ, σ2) denotes normally distributed variable with mean µ and variance σ2.

(·)min referes to the lower bound of (·).

(·)max referes to the upper bound of (·).

(·)mm referes to the upper and lower bound of (·).
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Chapter 2

Modeling

In this chapter models are presented which describe the behavior of the power grid
and especially of the power plants in a discrete time state-space setup. For that
first the modeling assumptions are stated. These are tolerable simplifications from
the physical reality. After that the models themselves are developed. Two different
kinds of models are derived from the swing equation. Towards the end of the chapter
the properties of the power lines are stated and an analysis of the chosen sampling
time is provided.

2.1 Modeling Assumptions
To model power plants and the interactions between them some assumptions have to
be made. They allow the model to be slim and provide a mathematical framework
in which the models can be stated. A validation of the assumptions made here can
be found in the appendix chapter D.

1. The magnitude of the voltages in the whole network |Ui| is known and constant
at |Ui| = 132kV .

This allows modeling the network with equations that have swing equa-
tion like behavior.

2. The ohmic resistance of the transmission lines is considered zero.
This allows a simpler model of the power plants.

3. The relative angles between two connected power plants ∆δ are kept suffi-
ciently small such that sin(∆δ) =̃ ∆δ holds.

This allows a more accurate linearizion of the power transmission model.

4. Fast dynamics are neglected ie, dynamics with an associated time constant of
τfast >

1
200

1
s .

This allows modeling the DC/DC- and DC/AC-converter as algebraic
components without time constants.
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5. During each discrete time step k the the states x(k), the inputs u(k) and the
measured disturbances w(k) are statistically constant.

This allows for Euler’s first order forward and backward discretization
as a discrete model is needed for the chosen control paradigm.

6. The measured disturbances w and the measured states x are error free.
This allows using the measurements directly without any filtering.

7. The measured disturbances w are uncorrelated.
This allows modeling the stochastic variables independently.

2.2 Type of plants
For frequency control of the power grid one can distinguish two different types of
plants with respect to their dynamical behavior. The type with a conventional
generator - subscripted ig - has a rotating mass as part of the generator1. The
other type is connected to the grid with a DC/AC- or AC/AC- converter also called
converter coupled - subscripted ic.

2.2.1 Conventional generation

Agents with conventional generation are extremely common and are used in plants
like:

• Nuclear power plants,
• Coal fired plants,
• Bio mass plants,
• Gas plants,
• Photo thermal plants,
• Hydro power plants or
• Wind power plants.

One uses the swing equation [5] for frequency control which models the relationship
between mechanical and electrical properties of an agent ig in the following way2:

mig δ̈ig (t) +Dig δ̇ig (t) = −
∑
j∈Nig

ligj sin
(
δig (t)− δj(t)

)
+ wigp(t) + uig (t) (2.1)

δ̇ig (t) = ωig (t) (2.2)

1I.e. a synchronous generator
2The set Nj is defined in appendix B
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Where mig = M−1
ig

denotes the inertia of the rotor; Dig denotes its damping coef-
ficient; lij = |Ui||Uj |bij where |Ui| is the voltage at the agent i and bij is the line
susceptance between agent i and j. ωig (t) denotes the electrical, angular frequency
and δig (t) the angle of the voltage with respect to a reference angle. One can govern
the behavior with the mechanical input uig (t) and the system can get distorted by
the disturbance term wigp(t).
The swing equation can be simplified by linearizing around the equilibrium δig (t) =
δj(t):

mig δ̈ig (t) +Dig δ̇ig (t) = −
∑
j∈Nig

ligj
(
δig (t)− δj(t)

)
+ wigp(t) + uig (t) (2.3)

δ̇ig (t) = ωig (t) (2.4)

In matrix notation and discretized3 with sampling time ∆t the swing equation turns
to:

[
δig (k+1)
ωig (k+1)

]
=
[

1 ∆t
−Mig Σligj∈Nig

∆t 1−MigDig ∆t

] [
δig (k)
ωig (k)

]
+
[

0
Mig ∆t

]
uig (k)+

(2.5)

+
[

0
Mig ∆t

]
wigp(k) +

[
0

Mig ∆t

]
wigx(k)

Note that the influence of the neighboring nodes j ∈ Nig to the node i are aggregated
as an affine disturbance term wigx(k) = ∑

j∈Nig
ligjδj(k).

The input uig (k) of the system is constrained due to physical limitations of the
generator. These limitations give an upper and a lower bound on the power which
can be generated:

uig ,min ≤uig (k) ≤ uig ,max (2.6)

This model in its discrete and constrained linear time invariant (LTI) form with
disturbances can be used for control in the following chapters.

2.2.2 Converter coupled agents
The main component which needs to be considered for converter coupled agents is
the DC/AC converter as it is the slowest element in such a plant. Its characteristics
can be considered fast dynamic with respect to the chosen sampling time ∆t [11].
Therefore converter coupled plants can be modeled as algebraic equation unlike the
conventional plants in chapter 2.2.1. The key difference is that the angle of the plant
δic and therefore its frequency ωic can be chosen by the inputs uic if the restricted
input-set allows it.

3Discretized with Eulers first order method. I.e. x(t) = x(k) ; ẋ(t) = x(k+1)−x(k)
∆t

9
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One can state that there is no rotational energy stored (mic δ̈ic = 0) and that the
damping coefficient is zero (Dic = 0). This leads to a swing equatuion of the form:

0 = −
∑
j∈Nic

licj sin
(
δic(t)− δj(t)

)
+ uic(t) + wicp1(t) (2.7)

δ̇ic(t) = ωic(t) (2.8)

Similar to (2.6) the input is bounded4 due to the limiting capabilities of the plant.

uic,min(t) ≤ uic(t) ≤ uic,max(t) (2.9)

The equations can again be linearized and discretized5. In matrix notation the
relations turn to:

[
δic(k)
ωic(k)

]
=

 1
Σj∈Nic

licj

(
uic(k) + wicp1(k) + wicx1(k)

)
1

Σj∈Nic
licj∆t

(
uic(k)−uic(k−1)+wicp1(k)−wicp1(k−1)+wicx1(k)−wicx1(k−1)

)


(2.10)
uic,min(k) ≤ uic(k) ≤ uic,max(k) (2.11)

where again the influence of other agents is expressed with wicx1(k) =∑j∈Nic
licjδj(k).

An example for a system with such a dynamic behavior is photo voltaic plant. Note
that the bounds on the input vary over time ie, due to a change in sunlight intensity.

2.2.3 Electric Vehicles

EVs aggregated in car parks can be interpreted as buffers [4]. If present they extend
the plants described in chapters 2.2.1 and 2.2.2 by an additional state ξ(k) which
represents the stored energy in the aggregated battery of the EVs. Similar to chapter
2.2.2 the DC/AC converter can be considered fast dynamics as per the assumptions
made in 2.1. The state ξ is of limited size ξmm and limited (de-)charging speed
ui2,mm.

ξ̇i = ui2 ; δi,EV = δi + ui2 ; ξi,min ≤ ξi ≤ ξi,max ; ui2,min ≤ ui2 ≤ ui2,max
(2.12)

The additional state leads to an augmented system description which can be applied
to plants with conventional generation or with converter coupled generation.

4Note that for a purely linear model (ie, without input constraints) a frequency mismatch
would always be leveled out. However the bounded input variable could inhibit this and therefore
ωic (k) 6= 0 could occur.

5The use of an algebraic description of this type of plant makes it necessary to use Eulers first
order backward method. I.e. x(t) = x(k) ; ẋ(t) = x(k)−x(k−1)

∆t
. The use of the forward method

would imply future knowledge or non algebraic relations.
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Figure 2.1: Buffer setup.

Conventional generation

Considering ωig ,EV as grid frequency, one can use:

δig ,EV (t) = δig (t) + uig2(t) (2.13)
⇒ωig ,EV (t) = ωig (t) + u̇ig2(t) (2.14)
⇒ δ̈ig ,EV (t) = δ̈ig (t) + üig2(t) (2.15)

(2.16)

to insert in (2.3) and (2.4). This yields:

mig (δ̈ig ,EV (t)− üig2(t)) +Dig (δ̇ig ,EV (t)− u̇ig2(t)) = (2.17)

−
∑
j∈Nig

ligj
(
δig ,EV (t)− uig2(t)− δj,EV (t)

)
+ wigp(t) + uig1(t)

following a discretization the relation can be expressed as:δig ,EV (k+1)
ωig ,EV (k+1)
ξig (k+1)


︸ ︷︷ ︸

xig (k+1)

=

 1 ∆t 0
−Mig Σligj∈Nig

∆t 1−MigDig ∆t 0
0 0 1


︸ ︷︷ ︸

Ag

δig ,EV (k)
ωig ,EV (k)
ξig (k)


︸ ︷︷ ︸

xig (k)

+

 0
Mig ∆t

0


︸ ︷︷ ︸

Egx

wigp(k)+

(2.18)

+

0 0 0 0 0 0
0 1/∆t 0 −2/∆t Mig ∆t 1+MigDig ∆t
0 0 0 0 0 ∆t


︸ ︷︷ ︸

Bg



uig1(k−2)
uig2(k−2)
uig1(k−1)
uig2(k−1)
uig1(k)
uig2(k)


︸ ︷︷ ︸

uig (k)

+

 0
Mig ∆t

0


︸ ︷︷ ︸

Egp

wigx(k)

with a similar notational simplification to (2.5) where the influence of the neigh-
boring agents is aggregated to: wigx(k) = ∑

j∈Nig
ligjδj,EV (k). Additionally, uig1

11



CHAPTER 2. MODELING

corresponds to the non-buffer input and uig2 to the buffer input. The output yig (k)
of the system can be stated as:

yig (k) =
[
0 1 0
1 0 0

]
︸ ︷︷ ︸

Cg

xig (k) (2.19)

The constrains take the form of:

uig ,min(k) ≤uig (k) ≤ uig ,max(k) (2.20)
ξig ,min(k) ≤ ξig (k) ≤ ξig ,max(k) (2.21)

An estimation on the bounds uig ,mm and ξig ,mm can be found in appendix chapter
C. They are stated as time depending variables as the amount of EVs on connected
to the grid can vary over time and thus change the bounds on the stored energy
ξig ,mm and bounds on the energy flow uig ,mm.

Converter coupled

In the case of the converter coupled model the continuous equations (2.7) - (2.8)
can be extended to:

ξ̇ic(t) =uic2(t) (2.22)
δic,EV (t) = δic(t) + uic2(t) (2.23)
ωic,EV (t) = δ̇ic,EV (t) (2.24)

= δ̇ic(t) + u̇ic2(t) (2.25)
uic,min(t) ≤uic(t) ≤ uic,max(t) (2.26)
ξic,min(t) ≤ ξic(t) ≤ ξic,max(t) (2.27)

The discrete formulation yields:

ξic(k+1) = ξic(k) + uic2(k)∆t (2.28)
δic,EV (k) = δic(k) + uic2(k) (2.29)

ωic,EV (k) =δic,EV (k)− δic,EV (k−1)
∆t (2.30)

=δic(k)− δic(k−1)
∆t +uic2(k)− uic2(k−1)

∆t (2.31)

uic,min(k) ≤uic(k) ≤ uic,max(k) (2.32)
ξic,min(k) ≤ ξic(k) ≤ ξic,max(k) (2.33)

12
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It follows that:
ξic(k+1) = ξic(k) + uic2(k)∆t (2.34)

δic,EV (k) = 1∑
j∈Nic

licj

(
uic1(k) + wicp1(k) + wicx1(k)

)
+ uic2(k) (2.35)

ωic,EV (k)∆t = 1∑
j∈Nic

licj

(
uic1(k)−uic1(k−1) + wicp1(k)−wicp1(k−1)+ (2.36)

+wicx1(k)−wicx1(k−1)
)

+ uic2(k)−uic2(k−1)

uic,min(k) ≤uic(k) ≤ uic,max(k) (2.37)
ξic,min(k) ≤ ξic(k) ≤ ξic,max(k) (2.38)

xic(k+1) = ξic(k+1) = ξic(k) + uic2(k)∆t (2.39)

= 1︸︷︷︸
Ac

xic(k) +
[
0 0 0 ∆t

]
︸ ︷︷ ︸

Bc


uic1(k−1)
uic2(k−1)
uic1(k)
uic2(k)


︸ ︷︷ ︸

uic (k)

(2.40)

And the output of the model yic(k) as:

yic(k)=
[
ωic,EV (k)
δic,EV (k)

]
(2.41)

=
[
0
0

]
︸︷︷︸
Cc

xic(k)+
[
− 1

∆tΣl − 1
∆t

1
∆tΣl

1
∆t

0 0 1
Σl 1

]
︸ ︷︷ ︸

Dc


uic1(k−1)
uic2(k−1)
uic1(k)
uic2(k)


︸ ︷︷ ︸

uic (k)

+ (2.42)

+
[
− 1

∆tΣl
1

∆tΣl
0 1

Σl

]
︸ ︷︷ ︸

Gcp

[
wicp1(k−1)
wicp1(k)

]
︸ ︷︷ ︸

wicp(k)

+
[
− 1

∆tΣl
1

∆tΣl
0 1

Σl

]
︸ ︷︷ ︸

Gcx

[
wicx1(k−1)
wicx1(k)

]
︸ ︷︷ ︸

wicx(k)

uic,min(k) ≤uic(k) ≤ uic,max(k) (2.43)
ξic,min(k) ≤ ξic(k) ≤ ξic,max(k) (2.44)

Remark on the models

From this model one can see that plants without EV car parks are a subset of the
one with EV car parks. I.e. plants without EV car parks can use the model of
plants with EV car parks and set: ξi,min = ξi,max = 0.
Also, only consuming stations in the network are possible, ie. ordinary houses. A
converter coupled plant with its input bounds set to zero can be interpreted as such
kind of a ’smart’ consumer. It is denoted smart as it still would have the capability
of communicating disturbances through the network.
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CHAPTER 2. MODELING

2.3 Network Analysis
The plants are one major component of the electrical grid. The second one consid-
ered are the transmission lines between the plants. Connecting several plants has
the benefit of load sharing and increasing robustness in the whole interconnected
network. The topology they form is generally not bound to any structure (ie, tree,
star, etc.) and is of substantial scale. Thus it is considered difficult to analyze the
whole network. A graph theoretical interpretation of the power grid can be found
in appendix B.

Power flow

Pij denotes the power flowing between the line connecting agent i and j. This power
flow can be calculated with [15]:

Pij = lij sin(δi − δj) (2.45)

One can see that the limited power flow is directly coupled with the part of the
model that was linearized in chapter 2.2.1 and 2.2.2. If one performs the same
linearization around the equilibrium δi = δj :

Pij = lij(δi − δj) (2.46)

I.e. the transferred power between two nodes is proportional to the difference of their
angles. This power is assumed to be bounded such that: −Pij,max ≤ Pij ≤ Pij,max
The limiting power exchange Pij,max between two nodes can be interpreted as lim-
iting the difference of of the states ∆δij,max of the two nodes.

Pij,max = lij∆δij,max (2.47)

An estimation on the bound Pij,max can be found in appendix chapter C.
The introduction of a limitation on power flow is of physical nature: The more
energy is exchanged between two nodes the more energy is also lost due to ohmic
resistance of the power line. Subsequently the heat dissipation causes a weakening
of the structural integrity of the transmission line which is to be avoided.
Note that the power loss due to the ohmic resistance is not modeled and therefore
neglected even though the bound on the transferred power is implemented.

2.4 Analysis of the sampling time
To prevent under sampling, the poles of the continuous models need to be con-
sidered. According to [17] the sampling time ∆t should be chosen such that it is
smaller than the half of the time constant of the fastest pole in the system:

∆t < 1
2min

t
|tλ| (2.48)
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2.4. ANALYSIS OF THE SAMPLING TIME

The fastest poles occur when the fastest type of plant - a plant with a small gas
turbine (c.f. appendix C) - is connected to several lines with low susceptance lij :
According to the IEEE 30-bus setup [19] - which is chosen as reference network
- the smallest occurring susceptance is lij,min = 4.11Ω and the highest amount of
interconnections at one agent is six. Together with a plant with a gas turbine the
state-space description turns to:

δ̇1(t)
...

δ̇6(t)
ω̇1(t)
...

ω̇6(t)
ξ̇1(t)
...

ξ̇6(t)



=

 06 I6 06
−ML −MD 06
06 06 I6


︸ ︷︷ ︸

At



δ1(t)
...

δ6(t)
ω1(t)
...

ω6(t)
ξ1(t)
...

ξ6(t)



+ f
(
u(t), wp(t), wx(t)

)
(2.49)

To determine the poles of the system At the eigenvalues λ are computed:

det
(
λI12 −At

)
=0 (2.50)

⇒det
(
λI12 −



06 I6 06
−6.34E3 0 0 0 0 6.34E3

0 −6.34E3 0 0 0 6.34E3

0 0 −6.34E3 0 0 6.34E3

0 0 0 −6.34E3 0 6.34E3

0 0 0 0 −6.34E3 6.34E3

6.34E3 6.34E3 6.34E3 6.34E3 6.34E3 −31.7E3

−7.49E−12 I6 06

06 06 I6


)
=0

(2.51)

⇒λ =


±79.64i
±79.64i
±79.64i
±79.64i

−3.74E−12±195i
−3.74E−12±476E−9i

 (2.52)

⇒|tλ| = 1/∗|λ| =
[ 5.1

12.6
2.1E9

]
ms (2.53)

∆t = 1ms < 1
2min

t
|tλ| = 2.6ms (2.54)

Therefore a sample time of 1ms was chosen.

Bottom line of chapter

At the end of the modeling chapter one has the necessary description of the power
plants and their interaction in the power grid. In the next chapter these models are
used to form a novel control algorithm.
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Chapter 3

Controller development

This chapter provides a short introduction to MPC and describes why this control
scheme was chosen. Furthermore, for each type of model developed in chapter 2,
a decentralized controller is constructed together with its centralized counterpart.
The nominal and robust stability properties are also derived.

3.1 Model predictive control

Depending on a linear or quadratic cost function on the states and inputs, MPC
provides an optimal solution to the control problem which keeps the states or inputs
within their constraints. Unlike in optimal control where the prediction horizon is
infinite, the horizon is kept at a relatively low value N . This gives a computational
benefit which allows the optimization to be performed online. On the downside,
one needs to have a good model for the system at hand for an accurate prediction
and the faster computation is accompanied with a performance drop compared
with a solution of an optimal controller. One choice towards MPC was the smaller
computational burden. This is an important issue as for the small chosen sampling
time a fast computation of the control problem is necessary.
The growing amount of RESP can increase the complexity of a centralized model
exponentially as for every agent added more states, constraints and inputs need to
be calculated. In a decentralized setup however the computational burden increases
linearly with the amount of neighbors to one node. This fact is of tremendous
importance for such huge systems as the power grid. Also a model of each agent
and its interconnection needs to be known to a centralized controller which would
be possible but only in a non-economical and/or non-competitive environment. One
last point to be mentioned is robustness towards controller failure. If one controller
suffers a blackout or other technical malfunction the power grid is more likely to be
kept stable in a decentralized control setup.
In this chapter two discrete model predictive controllers will be developed once for
a centralized and once for a decentralized control approach. In both approaches a
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CHAPTER 3. CONTROLLER DEVELOPMENT

cost function J(k) of the form:

J(k) = fp|y(k+N)|︸ ︷︷ ︸
Jp(k)

+
N−1∑
i=0

fx|y(k+i)|︸ ︷︷ ︸
Ji(k)

(3.1)

is stated which consists of a cost to go term Ji(k) and a terminal cost term Jp(k).
One can see that the cost depends on the output of the system y(k) and subsequently
also on the states of the system x(k) and the inputs u(k) fed to it.
At each time step k the cost function is minimized according to the current state

 

u(k) 
 Plant min J(k) 

y(k) 

x(k) 

w(k) 

u 

Figure 3.1: Controller and plant setup.

and the predicted states subject to the model as in (3.2). This prediction lasts up to
a defined horizon N . Therefore, the result of the minimization is an optimal input
for the current time step and also the following future time steps up until the horizon
k+N . The input u(k) which minimizes the cost function at the current time step is
fed to the system. All other computed inputs up until the horizon u(k+1, . . . , k+N)
are dropped. Figure 3.1 depicts the control loop with the controller:

min
u

J(k) (3.2)

s.t. x(k+1) = f(x(k), u(k), w(k))
y(k) = g(x(k), u(k), w(k))

x ∈X
u ∈U

where f and g represent the system evolution as stated in chapter 2 and X and U
represent the allowed set for the states x and the inputs u.
The above stated minimization can be expressed as a LP. The remaining part of
this chapter describes the development of the LP for the centralized and the de-
centralized control approaches and investigates their nominal and robust stability
conditions.

3.2 Decentralized control
There exists a variety of different decentralized control approaches for various sys-
tems [13]. In this thesis the formed model of one agent is interpreted a linear,
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3.2. DECENTRALIZED CONTROL

constrained and dynamically decoupled however perturbed system.

Consensus

In a decentralized scheme frequency control can be seen as a constrained consensus
based control approach [10] where the frequency ωi of each node i should converge
to a reference value ωref as time progresses. Or more formally:

lim
t→∞

(ωi − ωj ) = 0 ; ∀i, j ∈ P (3.3)

lim
t→∞

(ωi − ωref ) = 0 ; ∀i ∈ P (3.4)

Various publications (c.f. chapter 1.2) assume that each plant has knowledge of
the states and the models of its immediate neighbors to infer the further system
evolution (here called ’conventional communication’ or ’conv comm’). In this thesis
however it is assumed that only the further predicted evolution of the voltage angle
is communicated1 from each direct neighbor j ∈ Ni of an agent i cf, figure 3.2. This
assumption is further called ’solution communication’ or ’sol comm’. This difference
in communication content fundamentally differs in two ways:

• The complexity of the optimal cost problem is smaller as less states need to
be considered in the optimization.

• In a real setup the state-space matrices of other plants are usually not known
or not communicated as this information is treated as confidential. However
the assumed future evolution of the agents’ voltage angle is more likely to be
communicated.
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Figure 3.2: Left: conventional decentralized communication to node 3. Right:
decentralized solution communication to node 3.

Additionally there is less information to be communicated. Summarizing:
Each agent i receives from each of its neighbors j ∈ Ni the expected angle

1This implies that the angle δi is measurable which is a reasonable assumption according to
[5].
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CHAPTER 3. CONTROLLER DEVELOPMENT

δj(k, . . . , k+N |k) at time k from k up to the horizon k+N :

wix;j(k) = δj(k, . . . , k+N |k) ∧ j ∈ Ni (3.5)

This communication is executed at the end of each time step k.

Remark on Complexity

If one considers the computational complexity of the three different control ap-
proaches (centralized, conv comm and sol comm) one notices that there is a strong
connection to the horizon length N of the control problem. As the possible solu-
tions of the LP grow with each added predicted time step the complexity grows
exponentially with the chosen horizon N .
The three approaches differ as in the centralized setup of - the possible solutions -
all states of all plants in the network2 A need to be considered. In the conv comm
case this influence is reduced to the direct neighbors Ni of a plant i. This gives
already a big reduction in complexity. The exponential relation to the neighbors
from the conv comm case turns to a linear dependency in the sol-comm case. In
chapter 4.3 a validation of these relations is given.

Table 3.1: Computation complexity for one agent for three different control schemes.

Centralized computation complexity O(eN·#x·#A) ∼ O(eN , e#A)
Conv comm computation complexity O(eN·#x·#N ) ∼ O(eN , e#N )
Sol comm computation complexity O(eN·#x , N ·#N ) ∼ O(eN , N ·#N )

In chapter 2 models of the various types of plans were presented. The conven-
tionally generated plant model was of the form of a standard state space update
equation with additional disturbance terms (2.18)-(2.21); for one agent ig one can
describe its system evolution as:

xig (k+1) =Agxig (k) +Bguig (k) + Egpwigp(k) + Egxwigx(k) (3.6)
yig (k) =Cgxig (k) (3.7)

The terms for the disturbances are split up in a measured disturbance term (Egpwigp(k))
describing the local applied load and a term describing the state information ob-
tained by the neighboring states (Egxwigx(k)). Because of this introduced com-
munication the physically connected plants can be modeled dynamically separated
from each other. Thus the control problem is simplified.
For the other - converter coupled plant model - a set of linear equations (2.39)-(2.44)

2The set of nodes in a network A is defined in appendix B.
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suffices to model a converter coupled plant ic:

xic(k+1) =Acxic(k) +Bcuic(k) (3.8)
yic(k) =Ccxic(k) +Gcpwicp(k) +Gcxwicx(k) (3.9)

In the following chapters a controller for each type of plant is laid out.

3.3 Control problem for a conventionally coupled agent
The control objective for each individual plant is to minimize deviations from a
global reference frequency ωref while regarding the power flow limit Pij,max of any
transmission line connected to the agent ig while still regarding the bounds uig ,mm
and ξig ,mm. To meet this objective the states xig (k) are defined as follows - keeping
in mind (2.18)-(2.21):

xig (k) =

xig1(k)
xig2(k)
xig3(k)

 =

δig (k)− δref (k)
ωig (k)− ωref

ξig (k)

 =

δig (k)− ωrefk∆t
ωig (k)− ωref

ξig (k)

 (3.10)

As defined the state xig1 can be interpreted as summarized deviation of xig2 which
is also minimized for disturbance rejection purposes. If one expresses the system
evolution from (2.18) - (2.21) up to a horizon of N steps such that it only depends
on the current state xig (k) and the occurring inputs uig , wigp and wigx then the
respective matrices turn to:

Ag=


I#Ag

Ag

A2
g

...
AN

g

; Bg=


0 0 0 ... 0
Bg 0 0 ... 0
AgBg Bg 0 ... 0
... . . . . . . . . . ...

AN−1
g Bg ... AgBgBg 0

;Cg=

 Cg

. . .
Cg

;Eg=


0 0 0 ... 0
Egx 0 0 ... 0
AgEgx Egx 0 ... 0

... . . . . . . . . . ...
AN−1

g Egx ... AiEgxEgx 0


(3.11)

With the stacked vectors:

xig =

 xig (k)
...

xig (k+N)

 ; xig3,mm =

 xig3,mm(k)
...

xig3,mm(k+N)

 ; uig =

 uig (k)
...

uig (k+N)

 (3.12)

uig ,mm =

 uig,mm(k)
...

uig,mm(k+N)

 ; wigp =

 wigp(k)
...

wigp(k+N)

 ; yig =

 yig (k)
...

yig (k+N)


Note that each agent ig can have more than one neighbor j ∈ Nig . One can define:

wigx =
∑
∀j∈Ni

wigx;j(k) (3.13)
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But for each neighbor there exists a flow-constraint which needs to be fulfilled.
One can state ∆yig2 as a vector containing all deviations of yig2 to its neighbors
wigx;j ∀ j ∈ Nig :

∆yig2 = yig2 −


wigx;1

...
wigx;j

...
wigx;#Nig

 (3.14)

Because of the stacking of the several vectors one can express the cost function as:

Jig (k) = fp|yig (k+N)|+
N−1∑
j=0

fx|yig (k+j)| (3.15)

=


fx
...
fx
fp


T

|yig | = fT
y |yig | (3.16)

The resulting optimization problem is a LP with inequality constraints augmented
with slack variables:

min
u

fT · µ ≥ 07N (3.17)

s.t. xig = Agxig (k) + Bguig + Egwigp + Egwigx
yig = Cgxig

−Pigj,max − εp,min ≤ ligj∆yig2 ≤ Pigj,max + εp,max ∀j ∈ Nig
uig ,min ≤ uig ≤ uig ,max + εm

xig3,min ≤ xig3 ≤ xig3,max

µ =

 uig|yig |
ε


ε =

εp,minεp,max
εm

 ≥ 03N

f =

 0#ui

fy
fε


with fε ∈ R3N being a tuning parameter.

Slack variables

The introduction of slack variables ε represent:
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• the networks ability to perform over/under its specified upper/lower bound
on the transmitted power (εp,max/εp,min) for a short period of time and

• the plants ability to produce more power than specified (εm) for a short period
of time.

These are both physically valid extensions to the control problem.

Remark on feasibility

Infeasibility occurs when a (bounded) input set is unable to keep the states inside
a bounded state set.
In the posed LP the bound on the exchanged power ∆yig2 limits the output set
on yig2. However slack variables are added leading to a theoretically unbounded
output set for yig2 and thus a feasible solution can always be calculated.
The constraint on xig3 does not threaten feasibility due to the setup of the model.
ie, the state is assumed to be disturbance free and the bound on the input which
influences xig3 is symmetrical around the origin. Therefore infeasible state sets can
be avoided by predictive control.

3.3.1 Nominal stability of an agent

The topic of nominal stability is concerned with the stability of the system (2.18)-
(2.21) if no unforeseen perturbations occur:

V [wigx(k)] = 0 ; E[wigx(k)] = wigx(k) (3.18)
V [wigp(k)] = 0 ; E[wigp(k)] = 0 (3.19)

ie, which conditions need to be met such that the system


xig (k+1) = Agxig (k) +Bguig (k) + Egxwigx(k)
yig (k) = Cgxig (k)
uig ,min(k) ≤ uig (k) ≤ uig ,max(k)
xig3,min(k) ≤ xig3(k) ≤ xig3,max(k)

(3.20)

is stable if no disturbances occur or if the disturbances are perfectly known3? The
following theorem answers this question.

3The affine term wigx(k) = E[wigx(k)] is known a priori and therefore accounted to the nominal
system.
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Theorem 1 Decentralized nominal stability:
Given (3.20) a subsystem is nominally stable if the weighting of the cost function
fTµ is chosen such that it fulfills the following properties:

fx = 1 ; fp
(
φN+1 − φN

)
≤ 1

(
φ1 − φN

)
(3.21)

if additionally

fx = 1 ; fp
(
φN+1 − φN

)
< 1

(
φ1 − φN

)
(3.22)

then the sub-system is asymptotically stable.
For the definitions:

uig (k) = −(Kigxig (k) + gig (k)) (3.23)
A∗g = (Ag −BgKig ) (3.24)

φ1 =
∣∣∣CgA∗gxig (0) + Cg

(
−Bggig (0) + Egxwigx(0)

)∣∣∣ (3.25)

φN =
∣∣∣CgA∗Ng xig (0) + Cg

N−1∑
j=0

A∗N−1−j
g

(
−Bggig (j) + Egxwigx(j)

)∣∣∣ (3.26)

φN+1 =
∣∣∣CgA∗N+1

g xig (0) + Cg

N∑
j=0

A∗N+1−j
g

(
−Bggig (j) + Egxwigx(j)

)∣∣∣ (3.27)

Proof 1 The proof to theorem 1 can be found in appendix E.

3.3.2 Robust stability of an agent
In this chapter the robust stability of the system posed in (2.18)-(2.21) is analyzed.
One can consider a bounded disturbance term of the form:

||Egpwigp(k) + Egxwigx(k)||∞ = γ∗ <∞ (3.28)

with the bound γ∗. If one assumes a bound ||Egpwigp(k)||∞ = γ∗p and one measures
the bound ||Egxwigx(k)||∞ = γ∗x one fulfills the triangle inequality by setting the
bound on the disturbance to: γ = γ∗p + γ∗x ≥ γ∗. With this upper bound γ the
system (2.18)-(2.21) turns to:



xig (k+1) = Agxig (k) +Bguig (k)±


0
γ

0


yig (k) = Cgxig (k)
uig ,min(k) ≤ uig (k) ≤ uig ,max(k)
xig3,min(k) ≤ xig3(k) ≤ xig3,max(k)

(3.29)

Following this one can augment the nominal stability condition made in 3.3.1:
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Theorem 2 Decentralized robust stability:
Given (3.29) a subsystem is robustly stable if the weighting of the cost function fTµ
is chosen such that it fulfills the following properties:

fx = 1 ; fp
(
φN+1 − φN

)
≤ 1

(
φ1 − φN

)
(3.30)

if additionally

fx = 1 ; fp
(
φN+1 − φN

)
< 1

(
φ1 − φN

)
(3.31)

then the sub-system is asymptotically stable.
For the definitions:

uig (k) = −(Kigxig (k) + gig (k)) (3.32)
A∗g = (Ag −BgKig ) (3.33)

φ1 =
∣∣∣CgA∗gxig (0) + Cg

(
−Bggig (0)±

0
γ
0

)∣∣∣ (3.34)

φN =
∣∣∣CgA∗Ng xig (0) + Cg

N−1∑
j=0

A∗N−1−j
g

(
−Bggig (j)±

0
γ
0

)∣∣∣ (3.35)

φN+1 =
∣∣∣CgA∗N+1

g xig (0) + Cg

N∑
j=0

A∗N−jg

(
−Bggig (j)±

0
γ
0

)∣∣∣ (3.36)

Proof 2 The proof to theorem 2 can be found in appendix E.

Remark on the nominal stability

The nominal stability of one agent ig implies bounded measured disturbances from
the neighboring agents j ∈ Nig and therefore nominally stable neighbors. This leads
to:

(nominal stability ∀ig ∈ P)⇒ (nominal stability of P)

Remark on the robust stability

A similar reasoning as for the case of nominal stability holds for the case of robust
stability:

(robust stability ∀ig ∈ P)⇒ (robust stability of P)

3.4 Control problem for a converter coupled agent
For the formulation of a controller for a converter coupled agent indexed ic one has
to deal with the algebraic relations from (2.39)-(2.44). In order to form a LP one
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can follow the same steps as in chapter 3.3 and pose the system evolution up to a
horizon of N steps in advance:

Ac =


I#Ac
Ac

A2
c

...
AN

c

; Bc =


0 0 0 ... 0
Bc 0 0 ... 0
AcBc Bc 0 ... 0
... . . . . . . . . . ...

AN−1
c Bc ... AcBc Bc 0

; Cc =
[
Cc

. . .
Cc

]
; (3.37)

Dc =
[
Dc

. . .
Dc

]
; Gc =

Gcp

. . .
Gcp


The variables can be stacked to:

xic =

 xic (k)
...

xic (k+N)

; uic =

 uic (k)
...

uic (k+N)

; wicp =

 wicp(k)
...

wicp(k+N)

; (3.38)

wicx =

 wicx(k)
...

wicx(k+N)

; yic =

 yic (k)
...

yic (k+N)


Note that each agent ic can have more than one neighbor j ∈ Nic . One can define:

wicx =
∑
∀j∈Ni

wicx;j(k) (3.39)

But for each neighbor there exists a flow-constraint which needs to be fulfilled.
One can state ∆yic2 as a vector containing all deviations of yic2 to its neighbors
wicx;j ∀ j ∈ Nic :

∆yic2 = yic2 −


wicx;1
...

wicx;j
...

wicx;#Nic

 (3.40)

yic has been chosen such that the cost function can be stated the same as in chapter
3.3:

Jic(k) = fp|yic(k+N)|+
N−1∑
i=0

fx|yic(k+i)| (3.41)

=


fx
...
fx
fp


T

|yic | = fT
y |yic | (3.42)
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One can conclude that also for the converter coupled agent a LP can be stated
which minimizes frequency and angle deviations:

min
u

fT · µ ≥ 06N (3.43)

s.t. xic = Acxic(k) + Bcuic

yic = Ccxic + Dcuic + Gcwicp + Gcwicx

−Picj,max − εp,min ≤ licj∆yic2 ≤ Picj,max + εp,max ∀j ∈ Nic
uic,min ≤ uic ≤ uic,max
xic,min ≤ xic ≤ xic,max

µ =

 uic|yic |
ε


ε =

[
εp,min
εp,max

]
≥ 02N

f =

 0#uic

fy
fε


with fε ∈ R3N being a tuning parameter.

3.4.1 Converter coupled stability analysis

The dynamic part of this model ie, the stored energy by the EV park ξic is nominally
stable due to its eigenvalues and therefore also robustly stable as it is assumed that
there are no disturbances acting on this value.
Due to the algebraic structure of the model one cannot use classic state space
stability analysis. However, one can say that with the controller stated above, the
algebraic part of the model is controlled such that it reduces deviations from the
equilibrium as long as the constraints on the input u allows it. This holds as long as
the weights of the cost function are chosen positive fx, fp > 0 such that a positive
cost arrises and a minimization can make sense.

3.5 Centralized control
The centralized control approach developed here serves as reference benchmark for
the decentralized controllers developed in the chapter 3.2.
In the centralized control approach all states and the whole topology is assumed to
be known to one controller which influences all control inputs independently. Thus
a globally optimal solution for all plants can be calculated.
The description of the control problem is divided up in several parts starting with
the description of the conventional plants in a centralized control approach, then
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CHAPTER 3. CONTROLLER DEVELOPMENT

the converter coupled plants are described. After that the two parts are merged
together and finally formulated as a LP.

Conventional plants

Similar to the decentralized control setup; if one defines the states for each conven-
tional plant in the whole network ig ∈ P as:[

xig1(k)
xig2(k)
xig3(k)

]
=
[
δig (k)−ωrefk∆t
ωig (k)−ωref

ξig (k)

]
; xj(k)=

 x1j(k)
...

x#Agj(k)

; xg(k)=
[

x1(k)
x2(k)
x3(k)

]
(3.44)

And the inputs and disturbances defined as:

ug1(k) =



u11(k)
...

u#Ag1(k)
u12(k)
...

u#Ag2(k)

; ug(k) =
[

ug1(k−2)
ug1(k−1)

ug1(k)

]
; wpg(k) =

 wp1(k)
...

wp#Ag
(k)

 (3.45)

the system evolution can be expressed as:

xg(k+1) =

 I#Ag
I#Ag

∆t 0
−MLgg∆t I#Ag

−MD∆t 0
0 0 I#Ag


︸ ︷︷ ︸

Ag,sys

xg(k)+

 0
M∆t

0


︸ ︷︷ ︸
Eg,sys

wpg(k)+ (3.46)

+

0 0 0 0 0 0
0 −I#Ag

/∆t 0 2I#Ag
/∆t M∆t I#Ag

+MD∆t
0 0 0 0 0 −I#Ag

∆t


︸ ︷︷ ︸

Bg,sys

ug(k)+

0 0
0 Lgc
0 0


︸ ︷︷ ︸

Fg

yc(k)

yg(k) =
[

0 I#Ag
0

I#Ag
0 0

]
︸ ︷︷ ︸

Cg,sys

xg(k) (3.47)

with M=diag(M1 . . .M#Ag
), D=diag(D1 . . . D#Ag

). The term yc(k) is a coupling
term to the converter coupled plants defined in (3.55). L is the Laplacian matrix
of the network P. By using the laplacian one can incorporate the influence of the
neighboring agents of the same type of model into the system matrix Asys rather
than interpreting the interaction between neighbors as measured disturbance terms
like in the decentralized setup in chapter 3.2. The constraints that act on the whole
network can be described as:

Pg,min(k) ≤ Bggyg2(k) ≤ Pg,max(k) (3.48)
xg3,min(k) ≤ xg3(k) ≤ xg3,max(k) (3.49)
ug,min(k) ≤ ug(k) ≤ ug,max(k) (3.50)
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3.5. CENTRALIZED CONTROL

with Bgg as a matrix forming the difference of the connecting agents4.

Converter coupled plants

For the converter coupled plants one has to incorporate the according algebraic
equations similar to the decentralized approach in chapter 3.4. The system evolution

for the states xc(k) =

 ξ1(k)
...

ξ#Ac
(k)

 and the inputs uc(k) =



u11(k)
...

u#Ac
1(k)

u12(k)
...

u#Ac
2(k)

 can be states

as:

xc(k+1) = I#Ac︸ ︷︷ ︸
Ac,sys

xc(k) +
[
0 0 0 I#Ac

∆t
]

︸ ︷︷ ︸
Bc,sys

[
uc(k−1)
uc(k)

]
(3.51)

The system output can be described with the help of the laplacian L and the
adjacency matrix H:

yc(k) =
[
ω1(k) . . . ω#Ac

(k) δ1(k) . . . δ#Ac
(k)
]T

(3.52)

=
[
0 −(Lcc/∗HRcc − I#Ac

)/∆t 0 (Lcc/∗HRcc − I#Ac
)/∆t

0 0 0 Lcc/∗HRcc − I#Ac

][
yc(k−1)
yc(k)

]
+

(3.53)

+
[
−Lcg/∗(HRcg∆t) 0 0 Lcg/∗(HRcg∆t) 0 0

0 0 0 Lcg/∗HRcg 0 0

][
xg(k−1)
xg(k)

]
+

+
[
−I#Ac

/∗(HRcc∆t) 0 I#Ac
/∗(HRcc∆t) 0

0 0 I#Ac
/∗HRcc 0

][
uc(k−1)
uc(k)

]
+

+
[
−I#Ac

/∗(HRcc∆t) I#Ac
/∗(HRcc∆t)

0 I#Ac
/∗HRcc

][
wpc(k−1)
wpc(k)

]
+
[
0 0 0
0 0 I#Ac

]
xc(k)

One can resolve the implicit statement of yc(k) if one defines:

Gc1 =
(
I2#Ac

−
[
0 (Lcc/∗HRcc − I#Ac

)/∆t
0 Lcc/∗HRcc − I#Ac

])−1

(3.54)

4In Graph-theoretical terms: B is the weighted, transposed, directed, incidence matrix of the
network P .
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and reformulates (3.53) accordingly:

yc(k) =Gc1

[
0

I#Ac

]
︸ ︷︷ ︸

Cc3,sys

xc(k)+Gc1

[
0 0

(Lcc/∗HRcc−I#Ac
)/∆t 0

]
︸ ︷︷ ︸

Gc

yc(k−1)+ (3.55)

+Gc1

[
Lcg/∗(HRcg∆t) 0 0
Lcg/∗HRcg 0 0

]
︸ ︷︷ ︸

Cc1,sys

xg(k)+Gc1
[
−Lcg/∗(HRcg∆t) 0 0

0 0 0

]
︸ ︷︷ ︸

Cc2,sys

xg(k−1)+

+Gc1

[
I#Ac

/∗(HRcc∆t) 0
I#Ac

/∗HRcc 0

]
︸ ︷︷ ︸

Dc1,sys

uc(k)+Gc1

[
−I#Ac

/∗(HRcc∆t) 0
0 0

]
︸ ︷︷ ︸

Dc2,sys

uc(k−1)+

+Gc1

[
I#Ac

/∗(HRcc∆t)
I#Ac

/∗HRcc

]
︸ ︷︷ ︸

Dc1,sys

wp;c(k) +Gc1

[
−I#Ac

/∗(HRcc∆t)
0

]
︸ ︷︷ ︸

Dc2,sys

wpc(k−1)

Where HR = R(ΣH) is an aggregated form of the adjacency matrix H. ie, for the
network depicted in figure 3.2 the matrix H, ΣH, and HR = R(ΣH) are:

H =
[ 0 l12 l13 l14
l12 0 l23 0
l13 l23 0 0
l14 0 0 0

]
; ΣH =

 l12+l13+l14
l12+l23
l13+l23
l14

; (3.56)

R(ΣH) =

 l12+l13+l14 l12+l13+l14 l12+l13+l14 l12+l13+l14
l12+l23 l12+l23 l12+l23 l12+l23
l13+l23 l13+l23 l13+l23 l13+l23
l14 l14 l14 l14

 (3.57)

Merging

Now the state description from xc(k+1) in (3.51) and the description from xg(k+1)
in (3.46) are combined to an aggregated description:

xc(k+1) = Ac,sysxc(k) +Bc,sysuc(k) (3.58)
xg(k+1) = Ag,sysxg(k) +Bg,sysug(k) + Eg,syswpg(k) + Fgyc(k) (3.59)

= Ag,sysxg(k) +Bg,sysug(k) + Eg,syswpg(k)+ (3.60)

+Fg
(
Cc3,sysxc(k)+Gcyc(k−1)+Cc1,sysxg(k)+Cc2,sysxg(k−1)+

+Dc1,sysuc(k)+Dc2,sysuc(k−1)+Dc1,syswpc(k)+Dc2,syswpc(k−1)
)

= (Ag,sys+FgCc1,sys)xg(k)+FgCc2,sysxg(k−1)+FgCc3,sysxc(k) (3.61)
+Bg,sysug(k)+FgDc1,sysuc(k)+FgDc2,sysuc(k−1)+FgGcyc(k−1)+
+Eg,syswpg(k)+FgDc1,syswpc(k)+FgDc2,syswpc(k−1)
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⇒ x(k+1) =
[
xg(k+1)
xc(k+1)

]
(3.62)

=
[
Ag,sys+FgCc1,sys FgCc3,sys

0 Ac,sys

]
︸ ︷︷ ︸

Asys

[
xg(k)
xc(k)

]
︸ ︷︷ ︸

x(k)

+
[
Bg,sys FgDc1,sys

0 Bc,sys

]
︸ ︷︷ ︸

Bsys

[
ug(k)
uc(k)

]
︸ ︷︷ ︸

u(k)

+

(3.63)

+
[
FgCc2,sys FgDc2,sys FgGc FgDc2,sys FgDc1,sys Eg,sys

0 0 0 0 0 0

]
︸ ︷︷ ︸

Esys



xc(k−1)
uc(k−1)
yc(k−1)
wpc(k−1)
wpc(k)
wpg(k)


︸ ︷︷ ︸

wp(k)

Similarly the outputs of the two state descriptions - (3.55) and (3.47) - are aggre-
gated:

yg(k) = Cg,sysxg(k) (3.64)
yc(k) = Cc3,sysxc(k)+Gcyc(k−1)+Cc1,sysxg(k)+Cc2,sysxg(k−1)+ (3.65)

+Dc1,sysuc(k)+Dc2,sysuc(k−1)+Dc1,syswpc(k)+Dc2,syswpc(k−1)

⇒ y(k) =
[
yg(k)
yc(k)

]
(3.66)

=
[
Cg,sys 0
Cc1,sys Cc3,sys

]
︸ ︷︷ ︸

Csys

x(k) +
[
0 0
0 Dc1,sys

]
︸ ︷︷ ︸

Dsys

u(k)+ (3.67)

+
[

0 0 0 0 0 0
Cc2,sys Dc2,sys Gc Dc2,sys Dc1,sys 0

]
︸ ︷︷ ︸

Gsys

wp(k)

The state constraints of the conventional plants can be translated to output con-
straints. This is due to the form of the output matrix Cg,sys which can be expressed
as yg2(k) = x1(k) for the concerning state. One can express the flow-constraints as:

−Pmax ≤ By2(k) ≤ Pmax with y2(k) =
[ yg2(k)

yc2(k)

]
This leaves a system description of the form of:

x(k+1) = Asysx(k) +Bsysu(k) + Esyswp(k)
y(k) = Csysx(k) +Dsysu(k) +Gsyswp(k)
−Pmax ≤ By2(k) ≤ Pmax

x3,min(k) ≤ x3(k) ≤ x3,max(k)
umin(k) ≤ u(k) ≤ umax(k)

(3.68)
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With B as a matrix forming the difference of the connecting agents5. ie, for the
network depicted in figure 3.2 the matrix B is:

B =
[
l12 −l12 0 0
l13 0 −l13 0
0 l23 −l23 0
0 0 l14 −l14

]
(3.69)

LP formulation

For a prediction horizon of N one can stack the matrices of the network description
as:

Asys =


I#Asys

Asys

A2
sys

...
AN

sys

 ; Bsys =


0 0 0 ... 0

Bsys 0 0 ... 0
AsysBsys Bsys 0 ... 0

... . . . . . . . . . ...
AN−1

sys Bsys ... AsysBsys Bsys 0

; (3.70)

Esys =


0 0 0 ... 0

Esys 0 0 ... 0
AsysEsys Esys 0 ... 0

... . . . . . . . . . ...
AN−1

sys Esys ... AsysEsys Esys 0

; B =
[ B

. . .
B

]

Csys =

 Csys

. . .
Csys

; Dsys =

Dsys

. . .
Dsys

; Gsys =

Gsys

. . .
Gsys


The stacked vectors can be stated as:

x =

 x(k)
...

x(k+N)

 ; u =

 u(k)
...

u(k+N)

 ; wp =

 wp(k)
...

wp(k+N)

 ; y =

 y(k)
...

y(k+N)


(3.71)

x3,mm =

 x3,mm(k)
...

x3,mm(k+N)

 ; umm =

 umm(k)
...

umm(k+N)

 ; y2 =

 y2(k)
...

y2(k+N)


following the new notation the cost function can be expressed as:

J(k) = fp|y(k+N)|+
N−1∑
i=0

fx|y(k+i)| (3.72)

=


fx
...
fx
fp


T

|y| = fT
y |y| (3.73)

5In Graph-theoretical terms: B is the weighted, transposed, directed, incidence matrix of the
network P .
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and finally augment the system with slack variables (c.f. chapter 3.3) one can state
the control problem in the form of the following LP which only depends on the
measured states x(k), the expected disturbance wp and the last input applied to
the system u(k−1):

min
u

fT · µ ≥ 07N#A (3.74)

s.t. x = Asysx(k) + Bsysu + Esyswp

y = Csysx + Dsysu + Gsyswp

−Pmax − εp,min ≤ By2 ≤ Pmax + εp,max

umin ≤ u ≤ umax + εm

x3,min ≤ x3 ≤ x3,max

µ =

 u|y|
ε


ε =

εp,minεp,max
εm

 ≥ 03N#A

f =

 0#u

fy
fε


with fε ∈ R3N#A being a tuning parameter.

3.5.1 Nominal stability
To investigate on the nominal stability one can consider the state space formulation
(3.68) with V [wp(k)] = 0⇒ wp(k) = 0 to obtain the nominal system description:

x(k+1) = Asysx(k) +Bsysu(k)
y(k) = Csysx(k) +Dsysu(k)
umin(k) ≤ u(k) ≤ umax(k)
x3,min ≤ x3(k) ≤ x3,max

(3.75)

To obtain conditions on how to choose the weights in (3.74) to achieve nominal
stability one can regard at the following theorem.
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Theorem 3 Centralized nominal stability:
Given (3.75) the system is nominally stable if the weighting of the cost function fTµ
is chosen such that it fulfills the following properties:

fx = 1 ; fp
(
φ̃N+1 − φ̃N

)
≤ 1

(
φ̃1 − φ̃N

)
(3.76)

if additionally:

fx = 1 ; fp
(
φ̃N+1 − φ̃N

)
< 1

(
φ̃1 − φ̃N

)
(3.77)

then the system is asymptotically stable.
For the definitions:

u(k) = −Ksysx(k) (3.78)
A∗sys = (Asys−BsysKsys) (3.79)

φ̃1 =
∣∣∣(Csys−DsysKsys)A∗sysx(0)

∣∣∣ (3.80)

φ̃N =
∣∣∣(Csys−DsysKsys)A∗Nsysx(0)

∣∣∣ (3.81)

φ̃N+1 =
∣∣∣(Csys−DsysKsys)A∗N+1

sys x(0)
∣∣∣ (3.82)

Proof 3 The proof to theorem 3 can be found in appendix E.

3.5.2 Robust stability

One can pose a bound on the occurring disturbances to the system 3.68.

|Esyswp(k)| ≤ γx,sys <∞ (3.83)
|Gsyswp(k)| ≤ γy,sys <∞ (3.84)

The physical representation of wp(k) is the power demanded by consumers which
is always finite given a realistic framework. To set γx,sys < ∞ and γy,sys < ∞
is therefore a reasonable approach. With these bounds one can state the system
description as follows:

x(k+1) = Asysx(k) +Bsysu(k)± γx,sys
y(k) = Csysx(k) +Dsysu(k)± γy,sys
umin(k) ≤ u(k) ≤ umax(k)
x3,min(k) ≤ x3(k) ≤ x3,max(k)

(3.85)

To obtain the bounds on which the system can perform robustly one can consider
the following theorem.
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Theorem 4 Centralized robust stability:
Given (3.85) the system is robustly stable if the weighting of the cost function fTµ
is chosen such that it fulfills the following properties:

fx = 1 ; fp
(
φ̂N+1 − φ̂N

)
≤ 1

(
φ̂1 − φ̂N

)
(3.86)

if additionally

fx = 1 ; fp
(
φ̂N+1 − φ̂N

)
< 1

(
φ̂1 − φ̂N

)
(3.87)

then the system is asymptotically stable.
For the definitions:

u(k) = −(Ksysx(k) + gsys(k)) (3.88)
A∗sys = (Asys −BsysKsys) (3.89)

φ̂1 =
∣∣∣(Csys−DsysKsys

)(
A∗sysx(0) + (−Bsysgsys(0)± γx,sys)

)
− (3.90)

−Dsysgsys(1)± γy,sys
∣∣∣

φ̂N =
∣∣∣(Csys−DsysKsys

)(
A∗Nsysx(0) +

N−1∑
j=0

A∗N−1−j(−Bsysgsys(j)±γx,sys)
)
− (3.91)

−Dsysgsys(N)± γy,sys
∣∣∣

φ̂N+1 =
∣∣∣(Csys−DsysKsys

)(
A∗N+1
sys x(0) +

N∑
j=0

A∗N−j(−Bsysgsys(j)± γx,sys)
)
−

(3.92)

−Dsysgsys(N+1)± γy,sys
∣∣∣

Proof 4 The proof to theorem 4 can be found in appendix E.

Bottom line of chapter

At the end of the control chapter the formulation of a decentralized and a centralized
model predictive controller is completed alongside with their corresponding stability
theorems. To assess the controllers’ capabilities simulations are carried out in the
next chapter.
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Chapter 4

Simulation results

This chapter serves as validation on the theorems made in chapter 3.3 thru 3.5 by
means of simulations. Furthermore some interesting properties of the developed
controller are shown.
First, the general simulation setup is described then the validation of the theorems
follows. The chapter continues with a comparison of the developed controller with a
the centralized setup and a more conventional decentralized setup. Next to that, the
benefits of adding converter coupled plants or EVs to the grid are shown together
with an investigation on the stochastic bounds of those installations.

4.1 Simulation setup
For network simulations, plant- and power line-configurations according to table
4.1 were assumed. The code was implemented in MATLAB1 with no additional
toolboxes. The only extension used was a linear program solver called GLPK2. The
buffer-flow bound u2,mm and the Buffer-state bound ξmm were assumed to be static
for simplicity. The used buffer sizes ξmm differ from the values made in appendix
C. This is because in the simulations were set up to actively try to hit the bounds
and smaller buffer sizes exacerbate this behavior.
As this thesis does not focus on the stochastic properties of the occurring distribu-
tions wp they are assumed be transient impulses for simplicity.

1Version v2011a.
2GLPK is a GNU version of CPLEX but smaller and with more limitations. It should be

used whenever possible to avoid the need of the MATLAB standard linear program solver called
linprog() which compared with GLPK has a massive lack of computational-time-performance.
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Table 4.1: Simulation parameters.

Item Symbol Value Unit
Number of
nodes

#A 4 −

Horizon N 15 −
Time of distur-
bance

td 6 ms

Disturbance
for t<td

wp3 0E3 W

Disturbance
for t≥ td

wp3 900E3 W

Line suscep- b12 6 Ω

tances b13 6 Ω

b14 5 Ω

b34 7 Ω

Rotor inertia M1 500E−9Ws2

M2 250E−9Ws2

M3 250E−9Ws2

M4 300E−9Ws2

Rotor damping D1 300E3 Ws
D2 160E3 Ws
D3 160E3 Ws
D4 150E3 Ws

Power-flow P12,max 300E3 W
bound P13,max 300E3 W

P14,max 300E3 W
P34,max 300E3 W

Production u11,max 500E3 W
bound u12,max 500E3 W

u13,max 500E3 W
u14,max 500E3 W

Buffer-flow u21,max 75E−6 −
bound u22,max 75E−6 −

u23,max 75E−6 −
u24,max 75E−6 −

Buffer-state ξ1,max 500E−12s

bound ξ2,max 500E−12s

ξ3,max 500E−12s

ξ4,max 500E−12s

Table 4.2: Adapted parameters com-
pared to table 4.1 for the buffer less test.

Item Symbol Value Unit
Buffer-state ξ1,max 0 s
bound ξ2,max 0 s

ξ3,max 0 s
ξ4,max 0 s

Table 4.3: Adapted parameters com-
pared to table 4.1 for test setup (a).

Item Symbol Value Unit
Rotor inertia M1,M4 0E−9 Ws2

Rotor damp-
ing

D1,D4 0E3 Ws

Production
bound

u11,max,
u14,max

250E3 W

Table 4.4: Adapted parameters com-
pared to table 4.1 for test setup (b).

Item Symbol Value Unit
Rotor inertia M4 0E−9 Ws2

Rotor damp-
ing

D4 0E3 Ws

Production
bound

u14,max 250E3 W

Table 4.5: Adapted parameters com-
pared to table 4.1 for test setup (c).

Item Symbol Value Unit
Rotor inertia M3 0E−9 Ws2

Rotor damp-
ing

D3 0E3 Ws

Production
bound

u13,max 250E3 W
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Figure 4.1: Test setup used for simulations.

4.2 Verification of the stability conditions
Validation for each of the four made theorems were performed, however only the
ones for theorem 1 are shown.
According to theorem 1 the stated system is nominally asymptotically stable if:

fx = 1 ; fp
(
φN+1 − φN

)
< 1

(
φ1 − φN

)
(3.22)

i.e. if the occurring disturbance lies in a bounded interval and if the weight fp can
be chosen big enough.
For the choice of fp two cases can be considered:

1. φN+1 − φN = 0

2. φN+1 − φN 6= 0

Figure 4.2: State and input analysis with f∗p1 (---) and f∗p2 (- -).
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Figure 4.3: f∗p1 (left) and f∗p2 (right) analysis.

In the first case makes the choice of fp arbitrary. The fact that φN+1 and φN are
absolute values implies φN+1 − φN = 0⇒ φN+1 = 0; φN = 0
This case also includes the case of the right hand side being zero. i.e. if φ1 is zero
then φN and also φN+1 are zero.
The second case calls for a suitable weight fp as control action needs to be applied
up until the horizon length N . However, all φ depend on computed control inputs
which themselves again depend on fp. This means that the validation of a correctly
chosen fp happens after the calculation of the control inputs. Considering this, an
a priori choice of a suitable fp cannot be made with the stated stability properties
and is therefore analyzed a posteriori.
In the following the results of two simulation runs for the network in figure 4.1 are
given. In both cases a step disturbance of wp = 9MW is applied to node 3 at time
td. In figure 4.2 one can see the results of the two simulation runs3. They only
differ in the choice of fp. In one the weight is chosen to be fp1 = 1E−9[ 1

1 ] and in the
other the weight was fp2 = [ 1

1 ].
One can see that the state evolution differs only little with slightly better perfor-
mance (state deviation) for the case of a higher weight fp = fp2. On the other
hand, if one analyses the needed weight f∗p to fulfill equation (3.22) one can see a
big difference. Figure 4.3 depicts the calculated weight f∗p which would be needed to
fulfill (3.22). In the case of the smaller weight fp = fp1 there are multiple occasions
where f∗p > fp. This is the case when the calculated state deviations up to the hori-
zon N cannot be decreased by the bounded control action of one node considering
its limited knowledge (assumed state evolution, communicated disturbances from
neighbors). This can be seen nicely for agent 3 in the time interval t3 = [6, 17]ms.
Comparing the two cases of fp = fp1 and fp = fp2 one can see big differences
in between f∗p1 and f∗p2 but not in the corresponding state evolutions. This can
be explained with the fact that due to the different weighting with respect to the
cost-to-go-factor fx the LP optimizes the terminal cost Jp(k) rather than the inter-
mediate cost-to-go Jx(k) between the visible realization in and the terminal cost.

3Note that for the inputs u1 only the ones for node 3 are shown for viewability

40



4.3. COMPARISON OF THE DIFFERENT CONTROL SCHEMES

Next to the better indication in figure 4.3, for a higher cost weight fp = fp2 one

Figure 4.4: Power exchange and slack variable analysis with f∗p1 (---) and f∗p2 (- -).

can also see that the transmitted power between the nodes exceeds its bounds less
often and by a smaller margin as with fp = fp1 cf, figure 4.4.

4.3 Comparison of the different control schemes

In this section three different control setups are evaluated. Once the decentralized
scheme developed in chapter 3.3 and 3.4 then the centralized one from chapter 3.5
and finally a conventionally communicated decentralized control approach which
was brefly described in chapter 3.2.
To analyze the three setups, all were applied to the same network. It was expected
that the centralized controller would perform better than the decentralized approach
as it has the knowledge of all states to compute a network-wide optimal solution.
However, it would be the one formulation which is hardest to solve and should
therefore take the longest to solve. The conventional communication setup was
expected to perform better than the proposed decentralized scheme but also take
longer to solve.

Disturbance Rejection Performance

In figure 4.5 one can see that in the decentralized run the the negative deviations of
the states ωd are controlled as soon as the information reaches an agent. Negative
deviations are then leveled out. Compared to the centralized approach one can see
a clear difference as here the expected disturbances can be precompensated leading
to reduced state deviations. This compensation can be seen in figure 4.6 by the
input u2c.
The time used to correct for the disturbance is 21% longer as in the centralized
case. This is a good result. However, the inputs u1 and u2 take longer (188% longer
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than in the centralized case) to reach a steady value. It takes more than twice as
long to than in the centralized controller setup.

Figure 4.5: Decentralized (top) vs conv-comm (middle) and centralized (bottom)
state analysis.

Time complexity

The time to compute the two different setups says a lot about their usability as
for a sampling time of ∆t = 1ms one needs fast computation at each agent in the
network. In table 4.6 one can see the time measurements corresponding with the
simulation runs in figure 4.5 and 4.6. The proposed decentralized scheme was by far
the fastest, being more than five times faster than the conventional communication
case and more than twelve times faster than the centralized case.

4.4 Performance gain with EV car parks
One further objective was the introduction of buffers to the network. Such appli-
ances - here in the form of EV-carparks - are assumed to arise to the grid topology
in the future. Introducing buffers to the power grid is a huge benefit for grid op-
erators as so far the production and consumption level of electrical energy needed
to be kept in balance. Buffers now enable storing energy in advance and falling
back on it when needed. This enables an intelligent use of RES which are mostly
of fluctuating nature.
As described in chapter 3.3 only deviations from frequency ω and angle δ deviation
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Figure 4.6: Decentralized (top) vs conv-comm (middle) and centralized (bottom)
input analysis.

Table 4.6: Computation times for one agent for three different control schemes.

Decentralized computation time 1.64s
Conv-comm computation time (avg.) 8.64s
Centralized computation time 20.6s

are penalized. Buffer values are only restricted in some set but are not connected
to any cost4. For all plants buffers were added to the network according to table
4.1 and the results compared with a purely buffer less simulation run cf, table 4.2.
Figure 4.7 shows how the influence of a small buffer can minimize state deviations5.
First occurring distortions are attempted to be leveled out with buffered energy.
This can be observed by the input u2 and by the frequency ω between the time in-
terval tbuff = [5ms, 8ms]. Compared to the buffer less case there is a glitch leading
to a bigger frequency deviation in the beginning. This happens because not only
ω but also δ is tried to be minimized and during tbuff this behavior leads to the
lowest cost. The whole control action takes 22ms in both cases which is an inter-
esting observation. For smaller disturbances one would see a faster convergence.
But as the introduced buffers are only of small size a rather big share still has to

4This was an arbitrary but reasonable decision. One could have also done it the other way
around.

5Note that for the display of u1 in figure 4.7 some inputs are hidden for viewability reasons
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be compensated by the input u1. This leads to a reaction as slow as when only u1
is present in the buffer less case.
Despite the lack of increased time performance one can make out reduced overall
state deviation. This can be observed in the simulation after time tbuff2 = 22ms
especially for the state δ.
The evolution of the input u1 is less smooth in the buffered case. This is due to
the fact that two inputs are present in the buffered case which partially act on the
same states to be minimized. The fast changing behavior between the two inputs
is not punished by any cost6.

Figure 4.7: State analysis with (---) and without (- -) Buffers.

4.5 Influence of converter coupled plants
To account for the higher amount of converter coupled plants in future power grids
some measurements were made. It was assumed that the increased share of such
fast plants would improve disturbance rejection performance.
Several test runs were performed of which three are shown in figure 4.9 and 4.10.
Simulation run (b) consisted of one introduced converter coupled plant (agent 4)
next to the disturbed plant according to table 4.4. Simulation (a) had additionally
a converter coupled agent at node 1 cf, table 4.3. Lastly, simulation run (c) directly
had a converter coupled plant at the disturbance (agent 3) according to table 4.5.

6The inputs are just restricted to be in a certain set. ’Flipflop-solutions’ are therefore possible
and valid solutions of the problem however impractical in actual power plant realizations
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Figure 4.8: Simulation runs: (a) on top, (b) to the left and (c) to the right with
indicated converter coupled agents (- - -).

Figure 4.9: Converter coupled simulations state analysis.

If one compares the results between test run (a)
(
(b)
)
on the top

(
in the middle

)
of figure 4.9 and 4.10 with a reference measurement on the top in figures 4.5 and
4.6, one can see only little difference. One can measure a 1ms

(
3ms

)
faster con-

vergence to the equilibrium which is an improvement of 7.1%
(
18.8%

)
compared to

the reference. The summed up state deviations differ by 12.6%
(
13.5%

)
. For the

simulation run (b) this improvement can be explained by the faster reaction of the
converter coupled agent to the communicated disturbance and a consequently lower
communicated disturbance to the neighboring nodes 1 and 3. This is one effect that
results in a similar inputs for node 4 but differing inputs for node 1 and 3. This
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effect would be even more notable in the test run (a) but is prevented by the lower
maximal production bound of node 1.

Figure 4.10: Converter coupled simulations input analysis.

Simulation (c) on the bottom of figure 4.9 and 4.10 shows well the capabilities of
converter coupled plants in the grid. The disturbance is leveled out by the converter
coupled agent without delay due to its fast dynamics and the residual disturbance is
communicated to the neighbors and taken care of by agent 1 and 4. The increased
deviation of the frequency ωc3 in the time interval [6ms, 9ms] can be explained with
a lower input bound u1,max for converter coupled plants compared to conventional
plants.

4.6 Investigation on the stochastic bounds
As described in chapter 2.2.2 and 2.2.3 the bounds on the inputs u2,mm can change
randomly as well as the bounds on the stored energy in the electric vehicles ξmm and
the input bounds for converter coupled plants uic,mm. In the other simulations so
far these bounds were assumed to be fixed at a certain level. In this section however
the influence of changing bounds is investigated thru simulations which can be seen
in figure 4.11 and 4.12.
Setup (b) was used for this kind of simulation with one converter coupled agent.
As before a disturbance is applied to agent 3 at time td = 6ms however, at time
index tb = 29ms the input bounds on are reduced by 50% displayed on the top and
reduced by 100% displayed on the bottom of figure 4.11 and 4.12.
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One can see that the agents connected with agent 3 quickly adapt to the differ-
ent loads and reallocate. This happens both in the case of a lowered bound and
also if the production is switched off completely. It was interesting to see that the
performance of the controllers did not decrease in the case of a switched off plant.
Consensus can still be achieved and the use of slack variables can be minimized.
Furthermore one can observe that the additional load which needs to be compen-
sated is shared equally by the neighbor of the failing node. At least as long as the
bounds on the production or the transmission line capacity allows it cf, figure 4.13.

Figure 4.11: State analysis with changes on the constraints.

Figure 4.12: Input analysis with changes on the constraints.
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Figure 4.13: Power flow analysis with changes on the constraints.

Bottom line of chapter

The last chapter showed the potential the developed controller from chapter 3 has.
Not only it was compared against other control schemes but also its performance
towards the new challenges of a smart grid was demonstrated. In the next chapter
a summary and an outlook on potential further work with this type of controller is
given.
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Chapter 5

Conclusion

This last chapter serves as reflection on the obtained results and also on the con-
ducted work. In the second part of this chapter an outlook is provided which states
open questions and provides ideas for further investigations atop of this thesis.

5.1 Discussion

The main goal of this thesis was to provide a decentralized control scheme for power
plants that respects bounds such as maximal production or limiting transmission
line capabilities. Additionally, a realistic communication content was pursued.
Following from that, one could derive the main contributions of this thesis which
consisted of (1) the development of models describing the power plants and their in-
teraction with each other over power lines, (2) the development of a communication
scheme and the according mathematical formulation of an optimization problem
leading to an optimal controller together with the description of stability conditions
for said controller and (3) simulations indicating the performance of the developed
controller in a small network. All three main contributions lead to a fulfillment of
the main goal.
Even in the decentralized setup the simulations show that the transmission bounds
are respected. This is also true in the case of failing power plants as long as the
overall production can match the occurring disturbance. The use of slack variables
is attempted to be avoided but they are used if necessary for a short period of time.
This behavior was both targeted for and anticipated as the choice of the weight of
the slack variables majorly influenced the outcome of the simulations.
Next to the simplified communication scheme the advantages of buffers and con-
verter coupled plants were shown and the controllers capabilities to use them to-
gether with conventionally generating power plants.
Compared to a centralized setup where the controller has knowledge of all states
the proposed decentralized scheme has an acceptable reduction of performance. Yet
this disadvantage is very well outweighed by the faster computation time and the
usability regarding the available data. For the proposed control scheme the same
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holds true for a conventionally communicated decentralized control setup.

Conclusion

The proposed controller can be regarded as a first step to a scheme which can be
considered to be used for controlling the power grid. It has the potential to be
part of a smart grid. Despite the positive results which can be observed in the
simulations there is still a lot of work necessary.

5.2 Outlook

The topic of decentralized model predictive control applied to the power grid is a
topic of ongoing research. The defined control objectives were met but during the
evolution of the thesis a couple of interesting further questions arose which laid
outside of the scope of the thesis and were therefore left untackled. Such as:

Different modeling approach

Next to the used swing equation, there exist also other approaches to model the
power grid. Models like the PQ-bus which does not fix a voltage level or the PV-bus.
More elaborate power grid simulations also consider a combination of all these.
An extension of the proposed control scheme would be an interesting thing to pur-
sue.
Also the application to rail-transmission-lines which operates at different frequen-
cies and voltage levels over Europe could be interesting to investigate. The occur-
ring topologies include moving trains as production and consumption participants.
These introduce a difficult setup if one wants to control the railway supply at a
specified frequency or voltage level.

Introduce stochastic properties

The robustness analysis takes into account uncertainties of the disturbance wp in the
system. But uncertainties in the model parameters are left aside. The used models
are kept very simple compared to the complexity of any power plant. Therefore,
if the simple models are applied to real plants a mismatch is introduced. In a
robustness analysis including the model parameters it would be interesting to see
which bounds the controller could handle.
A model of the expected disturbances wp and wx would also increase robustness
as for future events necessary resources could be reserved. As the influence of the
- in reality highly random - disturbances is quite high such an analysis would be
advisable.
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Realistic data propagation

So far the communicated data arrives instantly at the receiver without package
drop or manipulated data. This is a simplification which needs to be taken care
of if one wants to apply the developed controller in real life. Unexpected delay of
data or overlying noise can massively affect the outcome of the algorithm. Thus
an investigation in this subject would be advisable if this control approach is to be
continued.

Different data to be sent

The voltage angle δi was chosen to be the communicated variable. This was a
reasonable choice as the transmitted power to the neighbors is directly coupled
with δi and subject to constraints. However, the voltage angle is not the on which
consensus should be agreed upon, its the angular frequency ωi.
It could be interesting to adapt the algorithm such that ωi is communicated - instead
or additionally to δi.
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Appendix A

Nomenclature

Stability A system described with ẋ = f(x, u, w) is called stable if
{
∀ε >

0 ∃δ | ||x(0)|| ≤ δ ⇒ ||x(t)|| ≤ ε
}

Asymptotic
stability

A system described with ẋ = f(x, u, w) is called asymptotically
stable if

{
∃δ | ||x(0)|| ≤ δ ⇒ limt→∞||x(t)|| = 0

}
Nominal stability Nominal stability denotes the the stability conditions for a sys-

tem described with ẋ = f(x, u, w) if ẋ = f(x, u, 0) holds.

Robust stability Robust stability denotes the the stability conditions for a sys-
tem described with ẋ = f(x, u, w) if ẋ = f(x, u, γ) holds where
γ denotes a bound on the disturbances w.
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Appendix B

Graph theoretical interpretation

The electrical transmission grid can be interpreted as undirected weighted graph.
The feeding points represent nodes on the graph and the transmission lines represent
edges on the graph weighted with the line susceptance lij . Formally one can state:
A network P = (A, E) is a collection of agents A = (1, . . . , i, . . . ,#A) and edges
E ⊆ (A×A).
The neighbors of an agent i can be expressed in the neighbor-set Ni = {j ∈ A |
(i, j) ∈ E}.
A network P = (A, E) consists of at least two agents (#A ≥ 2) and each agent
i ∈ A has at least one connected neighbor (#Ni ≥ 1).
As the network can be interpreted as undirected weighted graph it can also be
described by its laplacian matrix L or also by its adjacency matrixH: P = (A, E)⇔
P = (L)⇔ P = (H).
According to the definitions made in chapter 2.2.1 and 2.2.2 one can define two
sets of agents. On the one hand there exist agents corresponding to plants with
conventional generation ig ∈ Pg ⊆ P and on the other hand there are the agents
corresponding to converter coupled plants ic ∈ Pc ⊆ P. The total network consists
of the union of the two different sets of agents: Pg∪Pc = P. Furthermore: Pg∩Pc =
∅
One can group the agents like [ ig1 ... ig#Ag

ic1 ... ic#Ac ] and therefore the laplacian
can be interpreted as:

L =
[
Lg Lgc
Lcg Lc

]
(B.1)

Similarly one can group the incidence matrix B and the adjacency matrix H:

B =
[
Bg Bgc
Bcg Bc

]
, H =

[
Hg Hgc
Hcg Hc

]
(B.2)
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Appendix C

Assumed generator and line parameters

Plant type ui,max
1 [kW ]/[−] Pi,j,max

2 [kW ] Di [Ws] Mi [Ws2]
PV on dwelling 4 [2] 17 [16] - -
PV on industry 20 [2] 300 [16] - -
Wind turbine small 50 [2] 300 [16] 300E3 [15] 500E−9

Wind turbine big 250 [2] 300 [16] 300E3 [15] 500E−9

Biomass 2E3 [21] 2.6E3 [16] 400E3 [15] 1.5E−6

Geothermal 2E3 [22] 2.6E3 [16] 400E3 [15] 1.5E−6

Hydro small 3E3 [23] 10.5E3 [16] 200E3 [15] 500E−9

combined Gas 400E3 [24] 1.5E6 [4] 260E3 [15] 1.5E−6

Nuclear 1E6 [25] 1.5E6 [4] 160E3 [15] 250E−9

V2G Park 150 [4] 300 [16] - -
The statements for the maximal production ui,max refer to the input ui1,max except
in the case for the V2G Park where the production is referred to ui2,max. The lower
bound for all plants can be considered as3 ui1,min = 0. The photo voltaic (PV)
plants and the V2G park do not require the parameters Di and Mi as they all are
coupled to the grid with a converter.
The rotor masses Mi were chosen such that realistic response times result. I.e. gas
driven turbines (Geothermal; Biomass; combined Gas) have a smaller response time
than a hydro power plant or wind turbines. Nuclear power plants are modeled as
high delay systems. As a reference the hydro power plant from [15] was chosen.
Figure C.1 depicts the response times of the various plants to a Pi = +100MW
load step.

1Maximal Production
2Maximal Line capacity: refers to a transmission line which is usually connected to such kind

of a plant.
3All plants are only capable of producing Energy and not consuming.
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Figure C.1: Frequency responses to a load step of Pi = +100MW .

Derivation of V2G input bound ui;2,max

It is assumed that 50 EV park in a given aggregated car park and that from each
EV ±3kW power can be generated [4]. Therefore -ui;2,min = ui;2,max = 150kW per
carpark.

Derivation of V2G capacity ξi,max

The amount of car parks #EV park is a function of the total consumed power. Assume
that for every EV there are 80 conventional cars and that every inhabitant owns
0.5 cars [27]. Then, with every inhabitant on average consuming 5000kW [26] one
can say that:

#EV park = Pinstalled
40MW

EV parks should be distributed accordingly to this scenario.
Furthermore the total energy stored in a given car park can be assumed to be

-ξi,min = ξi,max = 50 EV

EV park
· 40kWh

EV
= 2000 kWh

EV park

according to [4].
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Validation of assumptions

This chapter serves as validation of the assumptions made in chapter 2.1.

1. The magnitude of the voltages in the whole network |Ui| is known and constant
at |Ui| = 132kV .

The voltage level can change in three ways: (1) in the form of trans-
formers, (2) due to ohmic losses along power lines or (3) by a high over
or underproduction compared to the acting disturbances. (1) introduces
no harm to the model as the inputs are stated either with the unit of
power for u1 or are kept unit less for u2. (2) can be neglected as the loss
is comparably small to the overall energy flowing on a power line. (3) is
due to a matter of choice for enabling to model the power grid without
a supercomputer.

2. The ohmic resistance of the transmission lines is considered zero.
As for (2) of the first assumption: the power loss can be neglected as
the loss is comparably small to the overall energy flowing on a power
line

3. The relative angles between two connected power plants ∆δ are kept suffi-
ciently small such that sin(∆δ) =̃ ∆δ holds.

In todays centralized frequency control setups deviations in the order of
miliherz are leveled out. For the proposed control scheme the same con-
ditions should apply. As the voltage angle is linked to the derivation of
the frequency one can say that the angle deviations stays below 0.01rad
which keeps the made error sufficiently small.

4. Fast dynamics are neglected ie, dynamics with an associated time constant of
τfast >

1
200

1
s .

This is a common simplification in a lot of modeling tasks. Dynamics
which are multiple times faster than the time scale of interest (sampling
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time δt) see the slower dynamics as constant whereas the slower dy-
namics see the faster dynamics instantly changing, algebraic variables.
Therefore one models only the dynamics with timescales around the time
scale of interest and assumes the rest to be either constant or instantly
changing.

5. During each discrete time step k the the states x(k), the inputs u(k) and the
measured disturbances w(k) are statistically constant.

The inputs u(k) can be chosen to be constant from one sampling instant
to the next. The disturbances w(k) and therefore also the states x(k)
are considered long time distortions in the grid, ie a failing production
site which is meant to consume a lot of energy.

6. The measured disturbances w and the measured states x are error free.
As this is a thesis which serves as framework one simplifies the con-
trol problem with this legit but only partially true assumption as the
measured states are collected with some delay.

7. The measured disturbances w are uncorrelated.
In reality this is not necessarily true ie, for distortions affecting larger
areas as tornadoes. However, as the system is setup in a decentralized
fashion there is no availability to other disturbances from which one
could benefit.
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Proofs

Proof to Theorem 1
The proof consists mainly of two parts. Firstly, a Lyapunov function is stated and
analyzed. From this conditions on the weights of the cost function can be made.
Secondly, by a corollary, a bound on the measured disturbance is given by analyzing
the bounds on the inputs.

Lyapunov function analysis

Consider the posed linear cost Jig (k) = fTµ as Lyapunov function candidate VJig (k):

VJig (k) = fp|yig (k+N)|+
N−1∑
j=1

fx|yig (k+j)| (E.1)

For the chosen lyapunov function candidate the following properties need to be sat-
isfied such that it can be used as lyapunov function [18]:

• It is zero at the origin: V0 = 0

• It is non negative: VJig (k) ≥ 0 ∀k ∈ N

• And it is non increasing at each time step: VJig (k+1) − VJig (k) ≤ 0 ∀k ∈ N

If a lyapunov candidate fulfills these three conditions the underlying system is stable.
If additionally the cost function is decreasing: VJig (k+1) − VJig (k) < 0 ∀k ∈ N then
the underlying system is asymptotically stable [18].
The first property V0 = 0 holds as there is no affine term to the cost function which
could introduce a non zero result while Jig (k) = 0.
The second property holds for positive weights. ie, fx, fp ≥ 0⇒ VJig (k) ≥ 0 ∀k ∈ N
In the following the third property: VJig (k+1) − VJig (k) ≤ 0 is analyzed.
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Choose1 k = 0:

VJig (k+1) − VJig (k) ⇒ VJig (1) − VJig (0) (E.2)

⇒VJig (1)−VJig (0) =
(
fp|yig (N+1)|+

N∑
j=2

fx|yig (j)|
)
−
(
fp|yig (N)|+

N−1∑
j=1

fx|yig (j)|
)
≤ 0

(E.3)

One can define a stabilizing controller2 of the form uig (k) = −(Kigxig (k) + gig (k))
then A∗g = (Ag−BgKig ) is the asymptotically stable system matrix of the controlled
system. Following this one can proceed the statement (E.3):

⇔
(
fp|yig (N+1)|+

N∑
j=2

fx|yig (j)|
)
−
(
fp|yig (N)|+

N−1∑
j=1

fx|yig (j)|
)
≤ 0 (E.4)

⇔fp|yig (N+1)|+ fx|yig (N)| − fp|yig (N)| − fx|yig (1)| ≤ 0 (E.5)
⇔fp|Cgxig (N+1)|+(fx − fp)|Cgxig (N)|−fx|Cgxig (1)| ≤ 0 (E.6)

⇔fp
∣∣∣CgA∗N+1

g xig (0) + Cg

N∑
j=0

A∗N+1−j
g

(
−Bggig (j) + Egxwix(j)

)∣∣∣
︸ ︷︷ ︸

φN+1

+ (E.7)

+(fx−fp)
∣∣∣CgA∗Ng xig (0) + Cg

N−1∑
j=0

A∗N−1−j
g

(
−Bggig (j) + Egxwix(j)

)∣∣∣
︸ ︷︷ ︸

φN

−

− fx
∣∣∣CgA∗gxig (0) + Cg

(
−Bggig (0) + Egxwix(0)

)∣∣∣︸ ︷︷ ︸
φ1

≤ 0

⇔fpφN+1 + (fx − fp)φN − fxφ1 ≤ 0 (E.8)

⇔fp
(
φN+1 − φN

)
≤ fx

(
φ1 − φN

)
(E.9)

For a cost to go weight fx = 1 one can say that the lyapunov candidate fulfills all
three conditions for stability if: fp

(
φN+1 − φN

)
≤ 1

(
φ1 − φN

)
For fx = 1 and asymptotic stability the condition turns to:

fp
(
φN+1 − φN

)
< 1

(
φ1 − φN

)
(E.10)

�

1As the model is time invariant, the analyzed time index k can be chosen freely.
2The simplification Kig (k) = Kig∀k holds as possible constraint violations can be leveled out

by the affine term gig (k). The conditions on the existence of Kig and gig (k) are given in the next
subchapter.
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Corollary to Theorem 1 Boundedness condition
However to incorporate the bounds on the input one has to set a limit to the measured
disturbance. Regarding the bounds on the input:

uig ,min(k) ≤ uig (k) = −(Kigxig (k) + gig (k)) ≤ uig ,max(k) (E.11)
⇒uig ,min(k) +Kigxig (k) ≤ −gig (k) ≤ uig ,max(k) +Kigxig (k) (E.12)

If one considers (E.7) one can say that a asymptotically stabilizing controller
(
Kig ,

gig (k)
)
can be formed if:

Bg
(
uig ,min(j)+Kigxig (j)

)
≤ Egxwix(j) ≤ Bg

(
uig ,max(j)+Kigxig (j)

)
∀j ∈ {0. . .N}

(E.13)

Proof to Theorem 2
This proof follows the same setup as the proof for theorem 1 where first a lyapunov
function is found and analyzed and secondly a bound on the disturbance is given:

Lyapunov function analysis

As lyapunov function candidate is again the cost function Jig (k) = fTµ chosen. As
the structure of the function is still the same as in theorem 1 its first two conditions
are still the same and fulfilled.

• Jig (k) = 0⇔ V0 = 0

• VJig (k) ≥ 0 ∀k ∈ N

In the following the third property VJig (k+1) − VJig (k) ≤ 0 is analyzed with the
simplification k = 0.

VJig (k+1) − VJig (k) ≤ 0⇒ VJig (1) − VJig (0) ≤ 0 (E.14)

⇒VJig (1)−VJig (0) = fp|yig (N+1)|+
N∑
j=2

fx|yig (j)|−
(
fp|yig (N)|+

N−1∑
j=1

fx|yig (j)|
)
≤ 0

(E.15)

One can choose a stabilizing controller for Ag of the form uig (k) = −(Kigxig (k) +
gig (k)). This leaves a asymptotically stabilizes system matrix A∗g = (Ag − BgKig )
with which one can continue statement (E.15):

⇔ fp|yig (N+1)|+
N∑
j=2
|fxyig (j)| −

(
fp|yig (N)|+

N−1∑
j=1
|fxyig (j)|

)
≤ 0 (E.16)

⇔ fp|yig (N+1)|+ fx|yig (N)| − fp|yig (N)| − fx|yig (1)| ≤ 0 (E.17)
⇔fp|Cgxig (N+1)|+(fx − fp)|Cgxig (N)|−fx|Cgxig (1)| ≤ 0 (E.18)
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⇒ fp
∣∣∣CgA∗N+1

g xig (0) + Cg

N∑
j=0

A∗N−jg

(
−Bggig (j)±

0
γ
0

)∣∣∣
︸ ︷︷ ︸

φN+1

+ (E.19)

+ (fx−fp)
∣∣∣CgA∗Ng xig (0) + Cg

N−1∑
j=0

A∗N−1−j
g

(
−Bggig (j)±

0
γ
0

)∣∣∣
︸ ︷︷ ︸

φN

−

− fx
∣∣∣CgA∗gxig (0) + Cg

(
−Bggig (0)±

0
γ
0

)∣∣∣
︸ ︷︷ ︸

φ1

≤ 0

⇔fpφN+1 + (fx − fp)φN − fxφ1 ≤ 0 (E.20)

⇔fp
(
φN+1 − φN

)
≤ fx

(
φ1 − φN

)
(E.21)

For a cost to go weight fx = 1 one can say that the lyapunov candidate fulfills all
three conditions if: fp

(
φN+1 − φN

)
≤ 1

(
φ1 − φN

)
For fx = 1 and asymptotic stability the condition turns to:

fp
(
φN+1 − φN

)
< 1

(
φ1 − φN

)
(E.22)

�

Corollary to Theorem 2 Boundedness condition
However to incorporate the bounds on the input one has to set a limit to the measured
disturbance. Regarding the bounds on the input:

uig ,min(k) ≤ uig (k) = −(Kigxig (k) + gig (k)) ≤ uig ,max(k) (E.23)
⇒uig ,min(k) +Kigxig (k) ≤ −gig (k) ≤ uig ,max(k) +Kigxig (k) (E.24)

If one considers (E.19) one can say that a asymptotically stabilizing controller
(Kig , gig (k)) can be formed if:

Bg
(
uig ,min(j) +Kigxg(j)

)
≤ ±

0
γ
0

 ≤ Bg(uig ,max(j) +Kigxg(j)
)
∀j ∈ {0 . . . N}

(E.25)
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Proof to Theorem 3
This proof follows the same setup as the proof for theorem 1 where first a lyapunov
function is found and analyzed and secondly a bound on the disturbance is given:

Lyapunov function analysis

As lyapunov function candidate is again the cost function J(k) = fTµ chosen. As
the structure of the function is still the same as in theorem 1 its first two conditions
are still the same and fulfilled.

• J(k) = 0⇔ V0 = 0

• VJ(k) ≥ 0 ∀k ∈ N

In the following the third property VJ(k+1) − VJ(k) ≤ 0 is analyzed with the simpli-
fication k = 0.

VJ(k+1) − VJ(k) ≤ 0⇒ VJ(1) − VJ(0) ≤ 0 (E.26)

⇒VJ(1) − VJ(0) = fp|y(N+1)|+
N∑
j=2

fx|y(j)| −
(
fp|y(N)|+

N−1∑
j=1

fx|y(j)|
)
≤ 0

(E.27)

One can choose a stabilizing controller for Asys of the form u(k) = −Ksysx(k).
This leaves a asymptotically stabilizes system matrix A∗sys = (Asys−BsysKsys) with
which one can continue statement (E.27):

⇔ fp|y(N+1)|+
N∑
j=2
|fxy(j)| −

(
fp|y(N)|+

N−1∑
j=1
|fxy(j)|

)
≤ 0 (E.28)

⇔ fp|y(N+1)|+ fx|y(N)| − fp|y(N)| − fx|y(1)| ≤ 0 (E.29)
⇔ fp|(Csys−DsysKsys)x(N+1)|+ (fx − fp)|(Csys−DsysKsys)x(N)|− (E.30)

−fx|(Csys−DsysKsys)x(1)| ≤ 0

⇒ fp
∣∣∣(Csys−DsysKsys)A∗N+1

sys x(0)
∣∣∣︸ ︷︷ ︸

φ̃N+1

+(fx − fp)
∣∣∣(Csys−DsysKsys)A∗Nsysx(0)

∣∣∣︸ ︷︷ ︸
φ̃N

−

(E.31)

−fx
∣∣∣(Csys−DsysKsys)A∗sysx(0)

∣∣∣︸ ︷︷ ︸
φ̃1

≤ 0

⇔fpφ̃N+1 + (fx − fp)φ̃N − fxφ̃1 ≤ 0 (E.32)

⇔fp
(
φ̃N+1 − φ̃N

)
≤ fx

(
φ̃1 − φ̃N

)
(E.33)

For a cost to go weight fx = 1 one can say that the lyapunov candidate fulfills all
three conditions if: fp

(
φ̃N+1 − φ̃N

)
≤ 1

(
φ̃1 − φ̃N

)
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For fx = 1 and asymptotic stability the condition turns to:

fp
(
φ̃N+1 − φ̃N

)
< 1

(
φ̃1 − φ̃N

)
(E.34)

�

Corollary to Theorem 3 Boundedness condition
Finally the bounds of the input ui need to be kept:

umin(j) ≤ u(j) = −Ksysx(j) ≤ umax(j) ∀j ∈ {0 . . . N} (E.35)

Proof to Theorem 4
This proof follows the same setup as the proof for theorem 1 where first a lyapunov
function is found and analyzed and secondly a bound on the disturbance is given:

Lyapunov function analysis

As lyapunov function candidate is again the cost function J(k) = fTµ chosen. As
the structure of the function is still the same as in theorem 1 its first two conditions
are still the same and fulfilled.

• J(k) = 0⇔ V0 = 0

• VJ(k) ≥ 0 ∀k ∈ N

In the following the third property VJ(k+1) − VJ(k) ≤ 0 is analyzed with the simpli-
fication k = 0.

VJ(k+1) − VJ(k) ≤ 0⇒ VJ(1) − VJ(0) ≤ 0 (E.36)

⇒VJ(1) − VJ(0) = fp|y(N+1)|+
N∑
j=2

fx|y(j)| −
(
fp|y(N)|+

N−1∑
j=1

fx|y(j)|
)
≤ 0

(E.37)

One can choose a stabilizing controller for Asys of the form u(k) = −(Ksysx(k) +
gsys(k)). This leaves a asymptotically stabilizes system matrix A∗sys = (Asys −
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BsysKsys) with which one can continue statement (E.37):

⇔ fp|y(N+1)|+
N∑
j=2
|fxy(j)| −

(
fp|y(N)|+

N−1∑
j=1
|fxy(j)|

)
≤ 0 (E.38)

⇔ fp|y(N+1)|+ fx|y(N)| − fp|y(N)| − fx|y(1)| ≤ 0 (E.39)
⇔ fp|(Csys−DsysKsys)x(N+1)−Dsysgsys(N+1)± γy,sys|+ (E.40)

+(fx−fp)|(Csys−DsysKsys)x(N)−Dsysgsys(N)± γy,sys|−
−fx|(Csys−DsysKsys)x(1)−Dsysgsys(1)± γy,sys| ≤ 0

⇒ fp
∣∣∣(Csys−DsysKsys

)(
A∗N+1
sys x(0) +

N∑
j=0

A∗N−j(−Bsysgsys(j)± γx,sys)
)
− (E.41)

−Dsysgsys(N+1)± γy,sys
∣∣∣+

+(fx−fp)
∣∣∣(Csys−DsysKsys

)(
A∗Nsysx(0)+

N−1∑
j=0

A∗N−1−j(−Bsysgsys(j)±γx,sys)
)
−

−Dsysgsys(N)± γy,sys
∣∣∣−

−fx
∣∣∣(Csys−DsysKsys

)(
A∗sysx(0) + (−Bsysgsys(0)± γx,sys)

)
−

−Dsysgsys(1)± γy,sys
∣∣∣ ≤ 0

⇔fpφ̂N+1 + (fx − fp)φ̂N − fxφ̂1 ≤ 0 (E.42)

⇔fp
(
φ̂N+1 − φ̂N

)
≤ fx

(
φ̂1 − φ̂N

)
(E.43)

For a cost to go weight fx = 1 one can say that the lyapunov candidate fulfills
all three conditions if: fp

(
φ̂N+1 − φ̂N

)
≤ 1

(
φ̂1 − φ̂N

)
For fx = 1 and asymptotic stability the condition turns to:

fp
(
φ̂N+1 − φ̂N

)
< 1

(
φ̂1 − φ̂N

)
(E.44)

�

Corollary to Theorem 4 Boundedness condition
However to incorporate the bounds on the input one has to set a limit to the measured
disturbance. Regarding the bounds on the input:

umin(k) ≤ u(k) = −(Ksysx(k) + gsys(k)) ≤ umax(k) (E.45)
⇒umin(k) +Ksysx(k) ≤ −gsys(k) ≤ umax(k) +Ksysx(k) (E.46)

If one considers (E.41) one can say that a asymptotically stabilizing controller Ksys
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can be formed if:

Bsys
(
umin(j)+Ksysx(j)

)
≤ ±γx,sys ≤ Bsys

(
umax(j)+Ksysx(j)

)
∀j ∈ {0. . .N}

(E.47)

Dsys

(
umin(j)+Ksysx(j)

)
≤ ±γy,sys ≤ Dsys

(
umax(j)+Ksysx(j)

)
∀j ∈ {0. . .N+1}

(E.48)
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